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BILINEAR FORMS ON H*
AND BOUNDED BIANALYTIC FUNCTIONS

BY
J. BOURGAIN

ABSTRACT. Given an arbitrary Radon probability measure on the circle 7, a
generlization of the classical Cauchy transform is obtained. These projections
are used to prove that each bounded linear operator from a reflexive subspace
of L! or L*(w)/H? into H* (D) admits a bounded extension. These facts lead
to different variants of the cotype-2 inequality for L!(7)/H"'. Applications are
given to absolutely summing operators and the existence of certain bounded
bianalytic functions. For instance, we derive the Hilbert space factorization
of arbitrary bounded linear operators from H> (D) into its dual without an a
priori approximation hypothesis, thus completing some of the work in [1]. Our
methods give new information about the Fourier coefficients of H>(D x D)-
functions, thus improving a theorem in ().

0. Introduction. The results of this paper are related to previous work in [1].
We are mainly concerned with lifting and extension properties, and their applica-
tions to absolutely summing operators on the disc algebra, and the existence of
certain bianalytic functions.

One of the problems appearing in this framework is to find analogues of the clas-
sical Riesz-projection R satisfying LP-L? (1 < p < oo0) and L!-L1'* boundedness
properties with respect to given measures. Since these measures are in general not
weights, R itself cannot be used. In §1 it is shown that if A is a positive L!-function
on the circle 7, there exists an L'-function A; > A and an “analytic” projection
satisfying previously considered boundedness properties with respect to the mea-
sure A, -dm (m = Haar measure). This fact leads to a conceptual simplification of
methods applied in [1] (see §2) to prove the cotype-2 and Grothendieck properties
of L1/H}. A way to formulate the cotype-2 property is that given any sequence
(¢5) of H>-functions on the unit circle 7 satisfying the condition || }_ |¢;|%|lc0 < 1,
there exists a bounded function ® on 2 x w (2 = Cantor group) which is H* in
the second variable and satisfies

/ ®(¢,0)c; de = ¢;(0) for each j
n

(denoting the jth Rademacher function by €;). An explicit construction of the
function ® does not seem to be known. This fact means equivalently that if Y is
the subspace of L!({2) spanned by the Rademacher function and T is any bounded
linear operator from Y into H, there exists a linear extension T of T from LY()
into H®, ||T|| < const||T||. We generalize this principle to arbitrary reflexive
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314 J. BOURGAIN

subspaces Y of either L! (§2) or L!/H} (§5). The L'-case provides for instance
the inequality (|| ||. denotes the L' /H}-norm)

const/”E ’yj(w)a:j”‘ dw > supz [(z;, 51,

where (v,) are independent p-stable variables (1 < p < 2), (z;) is a sequence
in L'/H!, and the supremum is taken over all H>-sequences (¢;) such that
I 18517l <1 (0" = p/(p— 1))

This fact leads to results concerning (g, 1)-summing operators on the disc alge-
bra which were not covered in [1]. They allow us to prove that bounded linear
equators from H°°(D) into any Banach space which has finite cotype is g-integral
for some g < co. As a corollary the projective tensor algebra H®(D)®H> (D) is
closed in L®(m)®L> (7). Notice that we obtain the H-version of U. Haagerup’s
theorem on C* algebras (see [3]), although the approximation problem for H® is
still unsolved at the time this paper was written.

Since bounded operators from L! /H} to H* correspond to H*°-functions on the
bidisc, the L!/H{-extension result permits us to solve some interpolation problems
for bianalytic functions (see §6). In this context these results seem the deepest
obtained so far. The reader will find in §6 some related open questions and the
failure of the so-called (i,-,)-theorem for the bidisc algebra.

Most of this work was done while the author was visiting Mittag-Lefller Institute,
which he thanks for their hospitality. The applications to summing operators arose
partially from discussions with S. Kisliakov and G. Pisier at Paris shortly after.
The reader is referred to [16 and 15] for the theory of absolutely summing and
integral operators and to [2] for the basic 1-variable HP-theory.

1. Existence of certain projections. If 4 is a Radon probability measure on
the unit circle m, let HP(x) denote the closure in LP(u) of the analytic polynomials
(0 < p < 00). Denote by m the Haar measure on 7 and let du = Adm + dus be
the Lebesgue decomposition of u. As a consequence of peak-set theory ([1], e.g.),
HP(u) decomposes as

HP(p) = H?(A) & LP ().

In this section we consider projections from LP(u) onto HP(u) for 1 < p < oo.
The decomposition mentioned above reduces the problem to the case du = A dm,
where A is in L} (7). In [15] the existence of a projection is shown for fixed
1 < p < 0o under the additional hypothesis that log A is in L!(w). If ® is an outer
function with |®| = A!/? (on 7), such a projection is given by the formula

P(¢) = ' R[®g],

where R is the Riesz projection. Clearly this projection depends on p. In fact,
for the questions in which we are interested, it suffices for given A in L!(w) to
construct good projections with respect to some measure A; - dm, where A <
A, and fA1 dm < CfAdm. Now A; can be chosen such that A}/z satisfies
Muckenhoupt’s A;-condition (see [14]) and, taking |®| = Al/2, it can be shown
that the projection defined above is p-bounded for all 1 < p < 2 (see [7, §2]).
Several problems relative to the theory of absolutely summing operators on the
disc algebra require in addition the L!(A;)-L*(A;) boundedness of the projec-
tion. The above operator P does not satisfy this property in general, and the
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purpose of this section is to exhibit such projections. In [1] the cotype-2 and
Grothendieck properties of L!/H} were proved using operators (at least implic-
itly) satisfying a weak-type property but with respect to distinct measures. Using
similar methods, the following fact will be shown.

THEOREM 1.1. Given A in L} (), [ A =1, there ezist Ay > A, [A; < C,
and a projection P from L%(A;) onto H%(A,) which is LP(A,)-LP(A,) bounded
for 1 < p < oo and L*(A;)-LM*(A,) bounded.

In what follows, HP-functions will always be considered as functions on 7. C
will be used to denote various constants. The proof of Theorem 1 depends on the
following proposition.

PROPOSITION 1.2. Assume f in L(n), f > 0 and [ f = 1. Fiz an integer
r > 1. Then there ezist positive scalars (c;) and H™ -functions (0;), (7;) and that
1. ||6;}lco < 1 for each z;
2. 122 Iml oo < C5
3.) 077 =1ae
Defining F = Y_ ¢i|7i|, we have
4. f<F,
5. |n|F < Ce; for each t,
6. |Fl: <C,
where C 1s a constant depending on r.

The role of the power r will appear later. We assume r > 2 for convenience.
Proposition 1 will be derived from

LEMMA 1.3. If f is as tn Proposition 1.2, there are H* -functions (¢;)i=1,2,...
and G in L(w) satisfying

LY 1¢:lY o < C,

2. Z:@ =1,

3‘ f S G;

4. Y M*|¢'3 < G,

5. ‘d),'G < CMi,

6. |G| <C,
where M > 2 and C are constants. ,

DEDUCTION OF PROPOSITION 1.2 FROM LEMMA 1.3. We will replace the
functions ¢; by functions ¢; satisfying (1) and (2) of Lemma 1.3 and

4. Mg/ < CG,

5. |¢:|V/"G < CM".
If one writes for each ¢,

é; =170; with |;| =1 (on 7) and 7; in H*®,
then ZMilTi' < CG, and by (5,)1 (2)1

CTIG <Y InPG<CY Mil.

It follows by taking ¢; = CM* (for some C) and F = Y ¢;|ni| that conditions
(4)-(6) of the proposition hold.
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We now show how (4’) and (5') are realized. First, expand

1= (Zd’i)ar = zi:‘l’idh',

where

and
i3r— 1 < (3")!

..... —_

Defining @) = ®;¢;, clearly |¢;| < C|¢;| and hence (1) and (5) still hold. Moreover,
for each ¢,

3
iV <cC (Z |¢J~|) ,  C=C(n),

j2e
and hence, using (4) of (1.3),

3
Y Mgl <cy (Z M'U-"/*'*Mf/“l«»jl)

i j>i
<CY S MUIBMIg, < CG;
1<J

thus (4') holds with ¢, replaced by ¢}. (5') is obtained similarly, writing

1=(Y¢) =Y @4,
where

- E . . () . . !
q)i - ﬂtl,...,t'_|¢il 11" 1 S ﬂt],...,h_l S T.,

T,entro1 <1
and defining ¢; = ®,¢). Again |¢;| < C|¢!| and (1), (2) and (4') are valid. Also
B <CY Il 1eTG < CY 145G < oM.

i<t <t
PROOF OF LEMMA 1.3. We assume || f||co < 00. The general case then follows
from a standard compactness argument left to the reader. Fix 0 < € < 1, let
0 <6 < 1 and M > 2 be constants to be made precise later, let j satisfy f < M7,
and let A; = [f > M'] for : = 0,1,...,5. Define inductively outer functions v;
with modulus given by
[;] = 1= (1 -€)xa,-

Fort:=0,...,7 -1,
il = [1 = (1 - €)xa.] - [sup{1,6 7M1 = Wigal,..., 6 U1 — |}
Since

11 — a8 )|, < C(||1 - allz + || log a|l2), H = Hilbert transform,
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it follows that
J
11— will3 < Clloge™)*| il +C D 6720791~ 3.
k=i+1
Multiplication by M* and summation yield
i ~ ) 1\ k-

S M-l < Cloge P LM +C TS () MHIL- il
1=0 i<k
Thus for §2M large enough, we obtain the estimation

3 M1 - i]l3 < Cloge™")? ) M*|Ai| < C(loge™")?.
By construction, |¢;| < € on A; and
(*) |9s] |1 — | < 6%~* for k < 4.

Define .
G=M(1- e)‘3zM'|l -l +1,

which clearly satisfies conditions (3) and (6) of the lemma. Take
b1 =1—1;,
é; = ¥;(1 - ¥5-1),

&1 = YY1 Y1(1 — o),
$o = Y;%¥j-1- - Yo.
Thus (2) and (4) hold. It follows from (*) that for ¢ < k,
max (|, |1 = 9il) < 679/,
From this it is easily seen that for any p > 0,

Jj+1 J
Z|¢g|p < 2+Z6p’/2 < Cs.
1=0 s=0

It remains to verify (5). Fix ¢t =0,...,7 — 2. Then by (x)
J
161G < CM* +C Y M|y [thigal [Wigal 11 — vl
k=143
<CM +C673 )" Mks3*-)
k=143

=CM:* (1 +678 E(M&a)k-f) < CM:,

k>i

if, moreover, 6, M are chosen s.t. $3M < 1/2. This condition is compatible with
the previous requirement that 62M be large.
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PROOF OF THEOREM 1.1. We apply to f = A + 1, taking r = 5. Define
Ay=F,  P(¢)=) 67'R[rd].

Clearly Py(¢) = Y.' 6,72 R[r;¢] makes sense (as an L''*°-function) for finite sums
Y and in L*(7). For 1 < p < oo the LP(r)-boundedness of R gives (using (2) and
(5) of Proposition 1.2)

/ [PodlPAL < C / S Il IRl g)P A
<cY e [IRmalP <<, [ 18P T alnl.

Thus, for ¢ in LP(A), the series defining P converges in LP(A,) and

[1Porai<c, [1orar

It is easily seen that P(¢) is in HP(A,) by using the inclusion H*® C HP(A;) and
approximation of R by R * P, (0 < p < 1), where P, is the Poisson kernel. Also, if
¢ is in HP(A,), it follows from Proposition 1(3) that P¢ = ¢.

It follows from the weak-type property of R that if o € L(n) and 3 € L>®(n),
then

/ IR[a]|/218) dm < Cllall /21181721812,

Hence, for any w in LY (7), ||w|l = 1, again by the conditions listed in (1.2),

/1P0¢|1/2WA1 < /Z’ |72 |R[r:¢)|" 2w,

<cYe / IR0 rdw < C S aallmial 2wl V2,
which by the Cauchy-Schwarz inequality is dominated by

{/|¢| ) }m{/wm}w.

Specifying w = x[|p,¢|>1], there follows now

I1Po@)zsmcan < € [ 161 (3 lnl).

If ¢ € L'(Ay), then P¢ =lim Py in L*(A;) and [|[Po||p1.00(a,) < ClldliLi(a,)-
This completes the proof.

REMARKS. 1. The results of this section admit generalizations in the frame of
Dirichlet and log modular algebras. For instance, one may consider the H®({2)-
spaces defined using holomorphic Brownian martingales in [19]. On the other
hand, generalized Cauchy projections for the bidisc-algebra A(D?) need not exist
(see remarks at the end).

2. It may be an interesting question to determine for what functions A; the
conclusion of Theorem 1 is valid, i.e. there exists a projection with the required
properties.

3. Defining Hf(u) as the closure in LP(u) of the analytic trigonometric poly-
nomials of mean zero, Theorem 1.1 can be restated for H5(A;) (in fact, one need
only replace R by R — [ - dm.
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2. Extension of operators defined on reflexive subspaces of L. Recall
that a normed space Y has type p (1 < p < 2) provided the inequality

[ e e < o (Swr) ™

holds for all finite sequences (y;) in Y and some constant C (¢; is the sequence
of Rademacher functions). The smallest C for which the above inequality holds
is denoted Tp,(Y). Recall also that a linear operator on a Banach space X is p
absolutely summing (0 < p < o0) provided its p-summing norm

o) = sup { (S utzl?) 1 (SlenaP) ™ <1, 1a"le <1

is finite. The Pietsch factorization theorem (e.g. [16]) states that an operator

u: X — Y is p-summing if and only if there is a factorization of the form X —
C(K) LA Ly(K,p) LA L>(H) for the operator j o u, where u is a probability
measure, ¢ is an embedding, é is the canonical inclusion, and L>(H) is any space
with Y embedded, j: Y — L°(H).

In the range 1 < p < 0o, we want to know later that a p-summing map is called
p-integral if the above factorization holds with L°°(H) replaced by Y**. It is well
known that a subspace Y of L! is reflexive iff it has type p for some 1 < p<2. Y
can then be embedded in L" for any r < p (17, 11]. This embedding is obtained
by a change of density: There is a nonnegative mean-1 function A such that

(+) (/ (I%i)r A) v < C'/ ly| forallyeY.

The constant C’ depends on p, r and T,(Y). Denote by i: Y — L! the embedding
operator and ¢*: L — Y™ its adjoint. The existence of a change of density follows
from the fact that ¢* is 7’-summing and from the Pietsch theorem. We include for
completeness the estimate for the *'-summing norm.

LEMMA 2.1. 7. (2*) < Cp, Tp(Y) (' =7/(r — 1)).
PROOF. Suppose (¢;) is a sequence in L™ and (y;) a sequence in Y such that

IS 65| st and Fiwir <1,

If () is a sequence of independent r-stable variables, we get

St <|[(Siwr)”| =[S wemn], @
<1, [ (Sllehs)r) " o

If (6;) denotes a sequence of p-stable variables, the second factor in the right member
is dominated by

/,/ IZ Nyl (w)6; (")

/T
dods' < [ (e @r)” do' < G

This proves the lemma.
Denote by q: L!(r) — L'/H} the quotient map. The following lifting property
holds.
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PROPOSITION 2.2. Assume that Y is a reflezive subspace of a space L'(Q).
say Y 1is of type p > 1. If (y;) is a sequence in Y and (z;) a sequence in L*/H},
there exist L'(m)-functions (f;) such that

q(f;) =z; for each j,

[IS s, i< [ |Snorn] as

where C depends only on p and Tp(Y).

and

PROOF. First, fixing some 1 < r < p, we may assume the equivalence of the
L'(Q)- and L7(Q)-norms on Y by changing the density. Further, since there will
be uniform dependence of the constants, only finite sequences must be considered.

Define
I= inf/“Zyj(w)fj“l dw,

where the infimum is taken over all liftings.
Choose (f;) C L*() realizing 2I and define A in L} () by

8= [ S u)s] do

Apply Theorem 1.1 to A, giving A; and the projection P onto HZ(A;). Take an
outer function ® so that |®| = A; on w. Define

Q=1d-P (Q annihilates H}),
fi= ®Q(®~'f;) for each j.
Since clearly g(f;) = z; = q(f;), it follows that

1< [|Suwws], @

Let F,, = }_y;(w)f; and G,, an L!(m)-function satisfying g(F.,) = q(G.,) for each
w. Take 0 < a < 1 and 0 < 6 < 1 such that 1 = fa + (1 — 6)r. By Holder’s
inequality and the fact that Q(®~1F,) = Q(¢~1G,,), we get

IS/HQ(‘I”IGw)HU(A,)d‘*’
—0a

fa 1
<{[10@6lmapdo} { [ 10076l o, o
By the boundedness properties of P,
1Q(®™'GCu)llLa(ay) < CIR(RT'GL)lL1w(a,) < Cl®7'GullLi(a,) = CllGullx

and

lQ(e~'G.)
Also, by hypothesis,

1/r 1/r
[1e7 Rl o < { [ imrai=} " <cr{ farai=}

Loy = 1Q@ ' Fo)llr(ay) < Cll® ™ Full-(ay)-
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Collecting these inequalities, we obtain the estimate

fa
IsC{/||Gwl|1w} Ji-ba

and hence, by the defintiion of G,,,

I< C/ I3 w5 (@) aw,

proving the proposition.

THEOREM 2.3. LetY be as in Proposition 2.2 and letu: Y — H® be a bounded
linear operator. Then u has an extension @: L} () — H*® with ||i| < C||ul|, where
C depends onp > 1 and Ty(Y).

PROOF. Consider the subspace Y ® L' /H' of L} ()®L'/H} on which we define
the linear form y ® z — (u(y),z). We claim that the linear form is bounded by
C|lu|l. Let (y;) (resp. (z;)) be a finite sequence in Y (resp. L!/HJ). Take liftings
(f;) in L(r) satisfying Proposition 2.2; then

[IEwn] a2 e [[Suws],

207l [ | 560w a0
> 0™l Y ulys). 23),

which proves the claim. Considering a Hahn-Banach extension, an element £ in
L% () is obtained, where ||¢|| < C||u|| and

/5(011 Jy(w)dw = u(y) foryinY.

The extension u of u is then defined from £.

REMARKS. 1. For 1 < p < 2, Theorem 2.3 implies in particular that any
operator from a subspace Y of LP(Q1) into H™ extends. This fact is equivalent
to the (¢,,1, )-property of H® (cf. 15, §9; and 9]). (A space X has the (ip,mp)-
property if every p-summing map on X is p-integral.)

2. Theorem 2.3 does not hold for arbitrary subspaces Y of L'(Q2). Take, for
instance, L!(?) = L!(7) and Y = H!. Define u by

u(y) =Y _ 57 "i(5)e’.
1=1

Then u is bounded by Hardy’s theorem, but does not admit an extension.

3. Applications. First we give the analogue of the cotype-2 inequality for
L!'/H}, replacing the Rademacher functions by p-stable variables (in fact, we may
consider any sequence in L!({2) equivalent to the usual IP-basis).

COROLLARY 3.1. Denote by (;) a sequence of independent p-stable variables
on a probability space Q (1 < p < 2). For (z,) a sequence in L'/H§,

cpsup|2(zj,¢j)' < /”Zvj(w%” dw 53“P|E<Ija¢k)la




322 J. BOURGAIN

where the supremum is taken over all sequences (¢;) in H® satisfying ¥ |¢;? < 1
and p' = p/(p - 1).

PROOF. The left side follows from the lifting property stated in Proposition 2.2.
For the right side, just observe that if £ € L« (1) and ¢; = [ £(w w) dw, then

(o)™

The next results are consequences of Theorem 2.3 and general operator ideal
theory.

< i€l

COROLLARY 3.2. 1. Assume that Y 1s a reflexive subspace of L'(Q?) and
i: Y — LY(Q) is the embedding operator. If u € B(H*®,Y) and 1u is nuclear,
then u ts nuclear. Moreover, vy(u) < Cvy(iu), where v, denotes the nuclear norm
and C depends on type and type-constant of Y.

2. IfY 1s a reflerive quotient of L™, then II;(Y,L'/H}) = N(Y,L'/H}).
Related to (1), notice again the example of the identity operator H* — H! and the
embedding i: H' — L'(r). Then tu is integral, but u is not integral.

Corollary 3.1 permits us to extend certain properties of (p, ¢)-summing operators
on C(K)-spaces defined on H*. Recall that a linear operator u between normed
spaces E, F is (p,q)-summing provided that for some constant C and all finite
sequences (z;) in E,

(S tuteotr)"” 2 csup{ (Sitanair) s o in b7, ol < 1)

holds. The smallest constant satisfying the property is denoted mp o(u).

In the sequel, u will be a linear operator from H° into a Banach space Z. It will
always be possible to assume that Z is finite dimensional and, by local reflexivity,
that the range of adjoint operator u* is contained in L'/H{j. The next fact was
observed by G. Pisier (private communication).

COROLLARY 3.3. Ifq > p > 2 then mg(u) < Cpqmp 2(u).
PROOF. If (g;) are 2-stable, we have

= o

w (X))
for finite sequences (2]) in Z*.
Consider now sequences (¢;) in H*® and (z}) in Z* such that ) |#;|? < 1 and

1

S |l27 |9 < 1. If () is a ¢'-stable sequence, Corollary 3.1 yields

S tuto. 0] < co [ [E wlwpnia)
< matu) [ (T I 1P ()

dw

The integral can be evaluated as in Lemma 2.1, using p’-stable variables. Hence
the estimate ¢, o7y 2(u) follows.
In fact, this result has the following improvement (cf. [12]).
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THEOREM 3.4. Ifq > p > 2 then mg(u) < cp qTp,1(u).

From this fact the results on H°-bilinear forms mentioned in the introduction
will be derived. Of course one can assume p > 2. By Corollary 3.3 it will suffice to
majorize 7p2(u). We proceed by the extrapolation method. To avoid problems of
approximation by finite rank operators, however, we proceed on a bounded number

of vectors. For fixed n = 1,2,..., let 1r(")(u) denote the (p, ¢)-summing norm of
the operators u: E — F with respect to n vectors, i.e. the smallest constant ¢ > 0

satisfying
n 1/p 1/q
(Srer) e m (Sieer)

llz=fi<1

whenever (z;)%, in E. With this notation we have the following analogue to
Corollary 3.3 (we continue to use the '-notation for the conjugate index).

LEMMA 3.5. Ifp>r > 2 then ﬂg‘,(u)SCP,u’,(,f}( )-

PROOF. Again, by Corollary 3.1, K, ,(u) < 7% (u) < CK, 4(u), where K, 4(u)

is the smallest constant such that
n 1/p'
pys (1) (Z (i )

) / Z%(w)u

for all finite sequences (7)., in Z*, and (~y;) is an s’-stable sequence. To estimate
K, ,(u), consider r -stab]e varlables (7:) and introduce a Rademacher-average in
the left member of (1) to obtain the majorization' since p' < 7/,

Koatw) [ (Z 1P @) " do < eprpata) (S 1)

proving the lemma.

To interpolate, the following fact will be used, whose proof we momentarily
postpone.

LEMMA 3.6. Fizr > 2. For § > 0 there is a constant Cs such that if (¢;) 1s a
sequence of H® -functions satisfying 5_ |¢:|> < 1, there is a decomposition of each
@: as a sum of H*-functions ¢; = ¢} + ¢!/, where )_ |¢7|” < 6" and )_ |¢}| < Cs.

PROOF OF THEOREM 3.4. Fix 2 < r < p. To estimate w,(,"z)(u) consider a
finite sequence (¢;), of H°-functions satisfying the hypothesis of Lemma 3.6.
Choose 6 > 0 and con81der a decomposition as in 3.6. Then

(S uor) " < (X huept) " + (X huteir)

< Csmiry) (u) + 67 (u)

and, hence,

9 (u) < Comil) () + 7™ (u).

Thus, by 3.5, it follows that 7':;',"2) (w) < Cw;,','l) (u) for § > 0 small enough. Since n is
arbitrary, this means 7, 2(u) < Cmp 1 (u).
Lemma 3.6 is a consequence of the following (x stands for indicator function).
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LEMMA 3.7. Assume B < 0o and (A;) are measurable subsets of m satisfying
IxA:lloo < B. For § > 0 there ezist H™®-functions 7; satisfying:

1. |1 = 7| < 6 on A; for each <.

2. ||Itilloo < C for each i.

3. 1 X Imllleo < C(B,6).

DEDUCTION OF 3.6 FROM 3.7. Defining A; = [|¢:| > 6], it follows from the
hypothesis of 3.6 that || 3" x4, |lco < 6; 2. Apply 3.7 with 6 replaced by é;. For each
© define ¢ = ¢;7; and ¢; = ¢;(1 —7;). Clearly, by (1) and (2) of 3.7, ||¢7|lcc < Cé1
while, by (3) of 3.7, | 2 |l < C(b1).

Consequently, 3 |¢7|” < C6]~2 and it remains to choose §; small enough.

The proof of 3.7 is essentially contained in [1] (see §4). It is based on the following
result concerning interpolating sequences in the disc (see [1, Corollary 3.7] and [2]
for basic theory).

LEMMA 3.8. Givenn > 0 there is a constant M (n) such that of E1,E,,...,EyN
18 a partition of an n-separated sequence in the disc, there are H®-functions ¢, ...,
YN satisfying:

1. ¥(2) =1 for each z in E; andi=1,...,N.

2. |[¥illoo < C for eacht=1,...,N.

3 12 il oo < M(n).

The interest of the lemma is that the constant C appearing in (2) does not
depend on 7. The next reasoning is well known and will therefore be presented
without all of the details (cf. [1, Lemma 4.3]).

PROOF OF 3.7. We proceed by a separation argument in (vazl L°°(A;))oo
(alternatively, a compactness argument could be used). Thus it must be shown
that if for each 7 = 1,..., N we take c; in L!(r) supported on A; and ¥ [la;|[; < 1,
then there exist H®-functions v; (1 < 7 < N) verifying (2) and (3) of 3.7 such that

N
(*) ; /ai-/aidh‘

Fix 6; > 0. Standard approximation arguments (discretization of the Poisson
integral) permit us to write

oy — Z asz

ZEEt

< 6.

<61”Q,’”1 (l=l,,N),

1

where E;,...,En is a partition of an 7-separated sequence E in the disc and
n = (61, B). Consider the functions ¥, given by 3.8. Then for:=1,...,N,

[a-Ta
2€E;
/aiwi - Z a,

ZeEt

< 51”01'”1’

< 6 Clleilhh ((2),(3) of 3.8),

and hence (*) holds for 6; small enough.




BILINEAR FORMS ON H* 325

REMARK The estimate obtained for C(B,6) in 3.7 is of the form BC'/¢ (C =
constant). This leads to an exponential dependence of Cs = C(6) in Lemma 3.6.
One can, however, fix some 8 and consider functions 70 given by 3.7. Fix some
integer v and define 7, = 1 — (1 — 72)*. Then |1 — 7;| < 6§ on A, ||7i]lcc < C” and
I3 7] lloo < C(80)C"B. For appropriate choices of é and v, one can thus ensure
the conditions:

"1-7| <éon A

2. |Inilleo <677

. N Il < C67B,
where k > 0 is any arbitrary fixed number.

For 1 < p < oo define now for F = (f1,..., fn),

/
I1FUl, = ot [ (015 + )™

If1<p<g<ooand1-6 =p/q one has, for 0 < ¢ < 6, the interpolation
inequality

IFle < ColllFlll*HIFINS-
It is clear from the definition of the 7p ;-norms that if u: X — Y is a bounded
linear operator and Y has a finite cotype p > 2 constant, say Cp(Y'), then 7, 1 (u) <
Cp(Y)||u|l. Combining this remark, Theorem 3.4 and the (i,-7p) equivalence (1 <
p < 0o) for operators defined on H* (see [5]), the next corollary follows.

COROLLARY 3.9. If Y s an arbitrary Banach space of cotype p > 2, then
B(H®,Y) = I,(H*,Y) whenever ¢ > p. This means that any bounded linear
operator u from H*®(D) to Y factors through some identity L>°(u) — LI(u) for
some Borel probability measure u on the spectrum of H®. In view of [10], one can
restate the result by saying that any u in B(H*,Y) has a bounded linear extension
i in B(L*™(x),Y), constdering H*® (D) as subspace of L>°(r).

Since L'/H} has the cotype-2 property and H* identifies with its dual space,
the local reflexivity principle impies that (H°°)* also has cotype-2. Hence, since
any operator from an L° space into a space with cotype-2 is 2-summing.

COROLLARY 3.10. B(H®,(H®)*) = mo(H®,(H*)*) and, in particular,
those operators factor through Hilbert space. Equivalently, bounded bilinear forms
on H*®(D) are the restrictions of bounded bilinear forms on L>®(x).

Let us give some formulations of the latter fact in terms of projective tensor
algebras. If A, B are commutative Banach algebras, the Banach space projective
tensor product AQ B again has a natural structure of a commutative Banach algebra
and is called the projective tensor algebra of A and B. More details on this can be
found in (8] and in the introduction of [10].

COROLLARY 3.11. Ifi denotes the natural imbedding of H>(D) into L*>°(x),
then i®1 i3 an isomorphic embedding of the projective temsor algebra H™(D)®
H>®(D) into L®(m)®L>®(r). Thus H®(D)®H>®(D) 1is a closed subalgebra of
L®(m)®L>(r).

Notice that Corollary 3.11 is an isomorphic, and not an isometric, result, as
pointed out in [4]. Since the identity map from L% (7)®L>(7) to the injective
tensor product L™ (m)®L>(x) is one-to-one, (3.11) implies
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COROLLARY 3.12. The natural map associating to an element of H*(D)®
H®> (D) a bounded bianalytic function on the bidisc, i.e. an element of H*®(D x D),
s one-to-one.

Notice that this result would be formal if we knew that H°°(D) has the bounded
approximation property.

COROLLARY 3.13. If the two-variable function induced by an element ¢ of
L®(m)QL>®(r) belongs to H®(D x D), then ¢ is an element of H®(D)QH> (D).
More correctly, if (fo), (9a) are sequences in L (7), Y || falloo - 19alloo < 00, and

Y- fa(0)ga(¥) is the boundary value of a bounded bianalytic function on D x D,
then there is a representation

E fa(0)ga(¥) = Z Fa(ew)ca(eiw) for 6,y €,
where Fo,Go € H®(D) and Y || Fa|| ||Gall < co.

PROOF. By (3.11), if ¢ is not in H®&®H™, there is a bilinear form 3 on L™
which annilhilates the cross product H*® ® H*® and (¢, ) # 0. By Grothendieck’s
theorem, (3 extends to a bounded bilinear form on L?(u) for some probability
measure p on the spectrum of L*°(m). Using a suitable finite rank orthogonal
projection on L2(u), B can be replaced by an element (; of the cross-product
(L°°)* ® (L*°)* annihilating H*® ® H* such that (¢, ;) # 0 still holds. From the
reflexivity principle, 8; may be chosen of the form §; = Z; ur ® vy, with u,, v, in
L(r) and either u, L H® or v, 1L H*® for each 7. But, clearly, this contradicts
the assumption that ¢ induces an element of H*®(D x D).

4. Interpolation inequalities involving Riesz projections. Let R_ denote
the Riesz-projection on the (strictly) negative integers. The method of proving the
next inequality is related to [6, §4]. However, the exponent 8 will be important for
our purposes.

PROPOSITION 4.1. Ifl<p<gand1l/p=60+(1-0)/q, then
IR-¢llp < CliglIT ool R-[¢]ll5~°
holds.

PROOF. Fix A > 0. We truncate ¢ by multiplication with the outer function 7
with boundary value

7= ae'Hl%82  where o = (1 vV A~ ¢|) L.
Thus ¢ = 7¢ + (1 — 7)¢ and clearly
R_[¢] = R_[r¢] + R_[(1 - 7)R_[4]},
IR-[8]llp < Cplirdllp + Cpll(1 — 7)R-[¢]llp,

ol < [ 1ol Nemiigl > N
[lol<A]

by Holder’s inequality

la-nr-lollz<{ [ 1 T.m/(q-p)}"*’/" ( |R_[¢“q}p/q‘
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Also
|1 — 7[P9/(a=P) < C|1 — 7P < Cm||@]| > A] + Cp / log? 12l
[i¢l>

< CAH¢ll1,00-
Collecting inequalities yields
IR-[8]15 < Co{ AP~ |8ll1,00 + (A [Ill1,00) ~P/9|| R~ [8][I5}.
Taking
= [6lT IR (41l

gives the required result.
The proof of 4.1 also gives the following.

COROLLARY 4.2. Let() be a probability space and ¢ be defined on xS} equipped

with the product measure. Denote by R(_l) the R_-projection with respect to the first
variable. Then

IRV g]llp < ClloI] ool R 81577
Taking {1 = m, m we have, from the weak-type property of the Riesz projection

COROLLARY 4.3. Define A ={(m,n) in Z x Z; m <0 and n < 0}.
1. If K 13 the orthogonal projection A, that is, K = R_ ® R_, then for functions
dponmXxm,

IK(8]ll, < CllglISI K Slll;~°-
2. Assume Spec ¢ C A. Then

[
Iollp < € (inf 6 + 711 ) 1613,

where the infimum s taken over functions f with Spec f C (Z x Z)\A. (Spec¢
denotes the spectrum of ¢.)
Corollary 4.3 can be generalized using the projections considered in §1.

PROPOSITION 4.4. For i = 1,2 consider A; in LY (n), [A; = 1. Let &; >
1+ A; be the L'-majorant and P; the projection on H3(A;) obtained in Theorem
1.1. Define Q; = 1d—P; (i = 1,2). Equip mx 7 with the measure A;(z) dz Az(y) dy
and let Q = Q; ® Q2. Then

[}
IQlell, < ¢ (inf 16 + 1) ol

where again the infimum 13 taken over functions f with Spec f C (Z x Z)\A.

PROOF. Taking (1 = 7, A;(y) dy in 4.2 and using the weak-type property of Q,

(1) _ 0 (03] 1-6
(T) "R— [Q2¢] "LP(Az(y) dz dy) S C"¢"Ll (Kz(y) dz dy) "R— [Q2¢]"L'(K')(y) dz dy) .

By the proof of Theorem 1.1, Q; is explicitly given by
Qile] =Y 6:7*R_[rial.
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Hence, for ¢ a function on 7 x m,

Qlel = 6:(x)7:(2)* RV [r:(2)Q2l9)),
IRIIP < CY In(z) R_" x Q2)[ri(z)¢]IP.

Continuing with the notations used in the proof of Theorem 1.1, it follows from (1)
that

J[ QP @mw < c e [[ 1R @ @inie)olPEat)
S CZC’“T' ¢" 1(Ba(y) dzdy)”(R(l) ® QQ)[T‘l I)¢]"I[J,(ql(-o))
Notice that Spec f C (Z x Z)\A implies

QU =0=(RY ®Qa2)lf].
By this observation and the L‘(Ag)-boundedness of @2,

IQIBllE < C Y cillm(@)(B + NI &, ) go a IT(@)NT0 T
Since pd + p(1 — 6)/g = 1, Holder’s inequality and the fact that A; = Y ¢;|7| give
IQI8lIE < Clig + fIF llplz*~*,

thus proving the proposition.
We end this section with some inequalities involving only LP (p < 1) and L.
They will not be applied later on.

PROPOSITION 4.5. For 0 < p <1 we have
IR-[#lll> < Colll ool R-[]l11"*.
PROOF. Let 7 be an H*-function to be defined later. Clearly
R_[¢] = R_[¢7] + (1 -T)R_[¢] + R-[(1 - 7)TR_[¢]] - R_[(1 - T)7R_[¢]].
From Kolmogorov’s inequality it follows that
(%) IR-[¢lllp < Cpllgrlly + Cpll(1 = 7)7R_[¢]ll1 + [I(1 — 7) R-[&] |-
Fix a function 0 < w < 1 and define inductively
wp = w, wik+1 = |H[wk]| (H = Hilbert transform).
If we let wo, = ZZ’;O 2=%wy then, by construction,
|H [woo)| < 2weo-

Moreover,
[woollz < 2[|wll2-

Choose w > o = max(0,log(|¢|/A)) and let 7 be the outer function with boundary

value
—woo —1H [weo]

T=e
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Hence || = e7“= < €79 and |1 — 7| < 3w on 7. For this choice, (*) becomes

IR-[8]ll < Cp {A¢I<A] |61 + Am||4| > /\]}

(1-p)/p
# (=) IR 6l + Gl R_l6ll.

Choosing 0 < 6 < 1, the first term can be estimated by 6\ + (log1/6)||¢|l1,00. Fix
a positive integer J. w will be one of the functions 20,20, ...,270. Since for any

positive number ~,
J

S 2iye 1 <5,
=0
an averaging argument shows that, for some choice of w,

lwooe™=R_[#]ll < CIH|IR-[g]lls-

Without restriction, we may assume p > 2(1 — p). Thus, by the definition of w, o,

[n-menrs<cfu-msc fu<c o

Collecting the previous inequalities, one gets for any 0 < § < 1,

1 8ll1.00 (1-p)/p
Gy IR-{6lly < 6+ (log 3 ) Wolo + (571427 (1) 0 oy,

Take A = K’||¢||1,00 and § = K7, where K is large enough. Thus

G, IR-[¢llp < Tl#ll1,00 + I IR-[B]lx

and 4.5 follows for an appropriate choice of J.
Again, 4.5 applies to the double-Riesz transform K = R_ ® R_ and yields

COROLLARY 4.6. For 0 <p <1, |[K[¢]ll, < Cpolldlli/ 21 K[¢]l13/? holds.
(4.6) has the following formal consequence.
COROLLARY 4.7. For functions ® on 7 x m,

1K [8ll11.00 < Clil I 111>
We rely on the following probabilistic lemma.

LEMMA 4.8. Assume that X is a random variable on a probability space () such
that || X||1,00 < 0o. Then there exists an average Y of independent copies of the
symmetrization X, of X such that, for0<p< 1,

Co X N100 MY llp < Cpll Xl1,00-

The proof is standard. Fix A < 0 and use the fact that ||Y||, dominates the
LP-norm of the square function of independent copies of Ax( x,|<x- The number
of copies is of order [|X;| > A]~!. We leave the details to the reader.
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To deduce (4.7), let ¢ = ¢(z,y) be a polynomial on 7 X 7 and consider (almost)
independent copies of ¢ of the form ¢(z,y) = ¢(n;z,n,y), where (n;) is a suit-
able sequence of positive integers. Observe that K(¢](n;z,n;y) = K[¢;](z,y). It
remains to combine the left inequality in (4.8) with (4.6).

REMARK. The exponent 1/2 in (4.6) and (4.7) is sharp. To see this, let Py, Q,
(0 < r < 1) be the Poisson kernel and conjugate Poisson kernel, respectively. Take
¢ = Pr ® Pr-

Thus

4K[¢]| = (- Q- ®Q,) +i(Pr ®Q, + Q, ® F;).

A simple computation shows that (P = m x m)
P[(1Q-1®1Qr]) > (1 =7)7'] ~ (1 - r)log(1 — )~
and, therefore,
IK(8)ll1,00 > log(1 —7)~"  while [|K[@]]l ~ (log(1 —7)7").

5. Extension of operators defined on reflexive subspaces of L!/H}. In
this section we use the results of §4 to prove the following theorem.

THEOREM 5.1. Assume Y 1s a reflexive subspace of L' /H} of type p > 1 with
constant Tp(Y'). Then, given a bounded linear operator u from Y into H*, there
is an eztension U of u to L' /H} such that |[u|| < C||u||, where the constant C only
depends on p and T,(Y).

Clearly (5.1) includes (2.3). Since the bounded operators from L!/H} into
H® also corresponds to bounded analytic functions on the bidisc (A(D x D) =

A(D)®A(D)), Theorem 5.1 has following reformulation:
COROLLARY 5.2. TakeY as in (5.1) and let u € B(Y, H*®). Then there exists
® in H®(D x D) satisfying

121 < Clull,  uw)¥) = [ @6.VE B (yinY).
Applications of (5.2) will be given in the next section. Let us first recall the
following lifting principle for reflexive subspaces of L' /H} (see (1, §2] for the proof).

PROPOSITION 5.3. Assume Y as in (5.1) and let q: L' — L'/H{ be the quo-
tient map. Then there ezists a subspace Y of L(7) such that q|Y is an isomorphism
between Y and Y, and, more precisely,

Igll: < Cllg@)|l foryin,
where C = C(p, Tp(Y)).

Let 7 in Y be the element corresponding to y in Y (thus ¢(¥) = y). Again take
A={(m,n)in Z x Z; m <0, n < 0}. For ¢ in L!(r x m), define

Il = inf _lle+ Sl

Sp(f)NA=

- sup{/ 66;€ in H*(D x D) and ||€lloo < 1}.
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Proceeding as in §2, Theorem 5.1 will follow from

PROPOSITION 5.4. Given (y;) in Y and (z;) in L'/H}, there are functions
(f;) in LY(m) such that q(f;) = z; for each j and

(h J[IZnw150)| doas < |2 0u)

PROOF. Choose 1 < g <r < p, g =0+ (1-0)r~'. Take A; in L} (m),
J Az = 1 such that

/(—y—> A2 <Clglly forginY.
Az

Let I be the infimum of the left member in (1) and (f;) C L!(x) so that

[ 1= wwise)|<ar

8,0 =17 [ [ w,0050)] dw.

Aply Proposition 4.4 to the pair Ay, A,. For ¢ = 1,2, let ®; in H'(D) be an outer
function with |®;| of boundary value A,. For each j define

fi=®1Qu[®7'f;).

Define

Since clearly q(f;) = q(f}),

1< [[|Zwwis6)| aav.

Analogously, if we let y; = ®2Q2[®; lg‘;j], then ¢(3,) = q(y;) and it follows by
construction (fixing first ) that

1<c [[|vws;6) avav.

I<c / / Q&5 (8)®; () F[ K1 (6)Ba(wh) df du,

where F(6,%) = 3_5;(4)f;(0) and Q@ = Q1 ® Q2.
Application of (4.4) gives (with respect to the measure (A; x A;)dfdy on 72)
1<C|e7' ()25 (W)F + fl31197 ' (%2 (w)F |} ~°
whenever Spec f C (Z x Z)\A.

Clearly f can be replaced by ®;'(8)®;'(v))f in the first factor. A suitable
choice of f proves that

(1-0)/r
IsCIIFII‘.’{ / |F(o,w)rzl(o)‘-'&(w)‘-'} .

Exploiting (1), the second factor is dominated by

cr-o { / Al(a)le(o)l-f}(l_o)/r.

Therefore, I < C||F|., completeing the proof.

Thus
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6. Consequences. Recall that a subset A of Z x Z is a A>-set provided the L!-
and L2-norms are equivalent on polynomials with spectrum contained in A.
The proof of the next fact is immediate from Corollary 5.2.

COROLLARY 6.1. Assume that A is a Ap-subset of the positive integers and
that (¢k)kea 18 a sequence of H®-functions which is weakly 2-summable, i.e.

sup > |¢k(2)|? < oo.
zeD keA
Then there ezists ® in H>®(D x D) satisfying, for each k in A,

Bo(k) = / (0, %)e™*? db = ¢ ().

COROLLARY 6.2. If (f;)j=0,1,.. i a sequence of L*-functions on =, then the

operator from H® (D x D) into I' mapping ® into the sequence |(®(7), f;)|;=0.1.2,...
1s bounded iff

1/2
i . 12
(+) Jnf, | (1 +hl?) T < oo

PROOF. The “if” part is trivial. Denote the Cantor group {1, —1}" by (2 and let
Y be the Hilbertian subspace of L(l L1/ H(;)(Q) generated by the functions ¢; ® e~*/?

( = 0,1,2,...). Since L'/H} and its direct sum in the /!-sense, (L'/H}) &

(L'/H}) @1 - - -, are isomorphic as Banach spaces, Corollary 5.2 applies as well to

L(l Li/HY) (), which has the same local structure as the L!-direct sum. Thus for any
L)

weakly 2-summable sequence (¢;) in H*, there is a function ® in L*°(2 x D x D)
satisfying
®(e,-) is H*(D x D) for each ¢ in 12,
and
/ ®(c,0,9)e; 7° dode = ¢;(), for each j.
QxD

Hence, for fixed ¢,

oo
7=0
Inserting €; in the jth term and integrating in ¢,

> (£, 83 < Clldllco-

3=0

/ / (e, 0,)¢7° f;(%) dB dp| < C|]|oo-

Taking the supremum of the left-member over suitable (¢,;) C H*™ gives (*).
Next, we have, as a consequence of (6.2), S.:Kisliakov’s characterization of the
I'-multipliers on the bidisc-algebra A(D x D) (see [6]).

COROLLARY 6.3. The norm of the l'-multiplier on A(D x D) gives by the
Matriz (Gmn)o<m,n<oo 15 equivalent to (3, |amn|?)Y/2.

PROOF. Fix a sequence £, = +1 and let

fm(®) = Z Enlmne ™Y for each m.

m=0
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Then the operator-norm of ® — ((®s(m), fm)) ranging in I! is bounded by the
multiplier norm. By (6.2)

[o ]
Z Enlmne ™Y

n=0

2
<C (I ll=L'/H;-norm),

oo

>

m=0

and it remains to integrate with respect to ¢, after using the weak-type minorization
for the negative Riesz-transform of the L!/H{}-norm.

REMARKS. 1. (6.1)-(6.3) rely only on the weaker version of (5.1) for translation-
invariant Y. In this setting one could in fact even impose on the bianalytic functions
® the additional condition that for fixed v, ®(6,%) has a uniformly convergent
Fourier series in 6.

2. There are many problems related to the results we discussed before.

It is not known to what extent the Banach space properties of A(D) generalize
to A(D x D). One may ask the questions:

PROBLEM 1. (a) Does A(D x D)* have cotype-2?

(b) Does A(D x D)* have finite cotype-9?7 Thus

/”Esjfjl{‘de >C (Z "fj”g)l/q

for all finite sequences (f;), where
Iflle = sup |{¢,f)] for fonmxm.

$€A(D?)

lollo <1
(5.2) answers (a) affirmatively if one restricts to A(D x D)*-elements of the form
Y (za ® Ya), where z, € A(D)* and y, is taken in a fixed reflexive subspace of
A(D)*.

The constant appearing in the inequality depends (a priori) on the type and the
type-constant of this reflexive space.

Despite the fact that R_ ® R_ has no regularity with respect to the L!(r x =)-
norm, certain results for the bidisc-algebra could be obtained from the interpolation
inequalities given in §4. Inequalities of this nature do not seem to be known for the
3-fold projection R_ ® R_ ® R_. The problem of whether or not the analogue to
Kisliakov’s theorem on [!-multipliers holds for A(D3) is open. Thus

PROBLEM 2. (a) Define K = R_ ® R_ @ R_. Is there an analogue of (4.3),
(4.6) and (4.7)? Does there exist 0 < p < ¢ < oo and 6 > 0 such that ||K[f]||, <
CIFISIK AN A

(b) Let (@k,1,m)k,1,m>0 be a positive matrix such that )_ ak 1,m|¢(k,1,m)| <
C||#lloo holds for ¢ in A(D?). Is it true that Y a? , . < 00?

Obviously, any affirmative version of (a) implies (b).

3. If X is a Banach space and 1 < p < 0o, one defines k,(X) = sup(ip(u)/mp(u)),
i.e. the ratio of the p-integral to the p-summing norm, where the supremum is taken
over all linear operators u from X into an arbitrary Banach space. If X = A(D)
or X = H®(D), it is known that k,(X) < Cp?/(p — 1). The reader will find
an exposition and applications of these results in [16]. In fact, this estimate on
kp(X) for X = A(D) is also a corollary to the projection theorem presented.in
§1. Our purpose here is to prove that if X = A(D)?, then k,(X) = oo whenever
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p # 2. Of course, this implies the nonexistence of generalized Riesz operators for
the polydisc-algebras in more than one variable. In particular, Theorem 1.1 will not
generalize to algebras of more than one variable. The technique described below
permits us to disprove the i,-m, property (p # 2) for the ball-algebras A(B,),
m > 1. Details for the ball-algebra will appear elsewhere. Qur argument shows the
existence of an L'-function A on 72 such that the natural map A(D?) — HP(A-do)
(0 = Haar measure on 72) is not p-integral whenever p # 2.
The first observation is

LEMMA 6.4. Assume X ts a linear subspace of a C(K)-space (K = compact)
and ky(X) < 0o, where p is some value in [1,00(. Let e >0 and (¢;)7_, a sequence
in the unit ball of X such that the sets [|¢;| > €] = {t € K||¢;(t)| > €} are mutually
disjoint. Then there ezists a decomposition ¢; = ¢;+¢7, ¢; and ¢} in X, satisfying

(i) 19 lloo < Bkp(X)nmax)""e,

(i) 321671 lloo < 3kp(X)mmax(22)7",

PROOF. Denote by A and B the respective numbers in (i) and (ii). If (¢;) does
not decompose, then either

(1) | max|g; = ¥sllloo >4 or S lwl|_>B

whenever ¥ = (¢1,...,%,) is an n-sequence in X. A separation argument shows
the existence of a probability measure u on k satisfying

(2) |max (6, ~ w5l s > 4/2 and [l |, > B2

The details are standard and left to the reader. Consider the case p > 2 (the case
p < 2 is similar). By hypothesis there is thus a probability measure v on K and an
operator T, ||T|| < kp(X), factoring
X - XP(w)
l Tr
C(K) — L)

where XP(u) is the closure of X in LP(u) and the maps other than T are identity
maps. This is, of course, the Pietsch theorem from above. Clearly (2) remains
valid for systems ¥ = (¢1,...,%n) where ¥; € XP(u). Define ¢; = T(a;), where
aj = ¢;X[j¢,1>¢] (1 <7 <n). Then

lmax g = %1l < [SIT(W; = 05l

<17 | (s - )

and hence is dominated by k,(X)n!/Pe.
On the other hand, by the square function property

“E sl ”L‘(u) <ntf? <Z IT(aj)I2)1/2
<n2r (S lesf)

]l/p

Lr(v)

Lr(p)

< nl/zkp(x)
Lr(v)
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since the a;’s are disjointly supported. A contradiction of (2) results. This proves
the lemma.
The key observation is the following property.

LEMMA 6.5. There ezists for each € > 0 and n = 1,2,... a system (¢;)7_,
in the unit ball of A(D?) such that {z € n2||@;(z)] > €} are disjoint subsets
of 2, while || 3" |¥;]|lco > cne whenever (¥5)}=q in A(D?) is an approzimation
l¢; — 5]l < e (1 <3< n) (c apositive numerical constant).

Momentarily postponing the proof, we show how the lemmas give the required
conclusion, i.e. the (ip, 7p) failure of A(D?) for any p # 2. Fix p # 2 and choose

e = Lcky(X)In~max(Zp)7

where c is the constant appearing in (6.5). Apply (6.4) to the sequence (¢;)7_,
given by (6.5). Hence, a decompostiion ¢; = ¢; + ¢/ in A(D?) is obtained, where
¢! satisfy (i), (ii) of (6.1). Hence ||¢[loo < ¢, implying (¥; = ¢/)

3"317(X)'n"mx&"nl)—l 2> c2nal‘kp(X)_ln" max(2,p) "
kp(X)? > (c2/12)nt/2-max(p.p)""

By letting n tend to infinity, the finiteness of k,(X) is contradicted.

The proof of Lemma 6.5 uses the spaces of homogeneous polynomials Py =
[27wN=73|5=0,1,...,N] on D2. The ¢; of (6.2) will be homogeneous polynomials
of degree N;. We claim that it suffices to consider only systems (;)7_,, where
¥; € Pn, for each j = 1,...,n. Indeed, the conditions ||¢; — ¥jllco < c (1 < j < n)
and || Z;-'zl [¥5] lloo < ¢ in € satisfied by some system (4;) in A(D?) are preserved
if 1, is replaced by ‘/;j € Pn;, defined by
2n

- 1
'd’j(za w) = ﬂ

This reduces (6.5) to the following problem.

¥ (€2, ePw)e "N dg.

LEMMA 6.6. There is a sequence (p; 7=1 of analytic trigonometric polynomials
of degree N; such that the sets {0 € =||p;(0)] > €} are mutually disjoint and
I E;-’=l gl llc > ¢ tn € whenever (g;)7_, is a sequence of analytic polynomials
satisfying ||lpj — gjlleo < ¢ and degree(q;) < degree(p;) (1 < j < n).

The reduction is carried out by restricting, for example, ¢; to 7 x 7 and writing

¢i(z,w) = whi ick (g)k = wNipj (5}-) .

We outline the proof, which is rather elementary. Let us agree to call an analytic
trigonometric polynomial on 7 a polynomial and use the notation d( ) for the
degree. We use

LEMMA 6.7. There ezists a polynomial p, ||pllec = 1 and p(0) = 0, and an
interval I in 7 such that [|p| < €] C I, and for each 0 € [0,2n] there is a measure
p € M(m\I) satisfying ||u| < 66~ and a(5) = €7® for 7 =0,1,...,d(p) + 1.
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PROOF. The existence of the measure will be ensured by the property ||q|| Lo (x\1)
> (¢/6)|l9lloo if d(g) < d(p) + 1. For each integer N define

a(Nv 5) = Sup{a > OI “p”L°°(1r€[—a,a]) > €”p”oo if d(p) S N’ ﬁ(O) = 0}

Of course a(N,¢) — 0 for N — oo and N can be chosen with a(N,€) = o(€). p
is a minimizing polynomial of degree N, and I some interval of length 2a. The
required property is easily seen to hold.

PROOF OF 6.6. Let pand I be as in (6.7). Consider a (nonanalytic) polynomial
7 satisfying ||7||oo =1, |1 = 7) < yon 7w\ I and |7| < v if |p| > 2¢, v = y(n) being
some small number.

Then define
p1(0) = p(6),
p2(0) = 7(8)p(k16),
p3(0) = 7(8)7(k10)p(k20),

pn(o) =7(0)- - T(kn—Zo)p(kn—lo)v
where (k;) is an increasing sequence constructed inductively. In particular, it can
be chosen such that the p; are analytic, and d(p;) < k¢—1(d(p) + 1/2). Clearly
Iptlloo < 1 and [|pe] > 2€] C [|7(ke-10)| < 7], making the sets {|p;| > 2¢] disjoint.

Fix a sequence of polynomials (g;);, d(q:) < d(p:) and |pt — gtlloo < 1/10.
We exhibit a point where Y |q:| is large, using an argument of successive small
perturbations. Assume that 8, € [0, 27| was defined and the conditions

(1) |Qs(0t)| >5/10 (3'_“ lv‘“’t)a |l—T(ks—10t)| <7

satisfied. Since py41(0) = [I,<, 7(ks0)p(k:0) and k; is large, we may essentially as-
sume (1) valid for a point 6, that satisfies, moreover, p(k:0;) ~ 1. Thus |p¢+1(6;)| ~
1, hence |g;41(6:)| > 4/5. Consider (see (6.4)) a measure p on w, ||u|| < 6™}, u
supported by [|1 — 7| < 7] and fi(5) = e¥*% for 5 = 0,1,...,d(p) + 1. Define py,
by fi1(kej) = (5), f1(k) = O otherwise. Let & = ji; * F', where
F(0) Z ky ;C- 1 i500+0)
l71<ke

is the 6;-translate of the k;-Féjer kernel. One then obtains ||v|| = ||p1|| = ||p]| <
6¢~! and supp v = supp u1{|1 — 7(k:8)| < 7,

b(j) = €% for j =0,1,...,(d(p) + k.
Let v(0) = 27 B(1 + €*(®~%))R where R < 3k¢. Since
d(ge41v) < ke(d(p) + 3) + 3ke = ke(d(p) + 1),

we have

€
= 6|Qt+1(9t)|a

€
“Wt+1||L°°(|1-r(k,o)|<-y) 2 IIth+l||L°°(suppu) > 6 '/Wtﬂ dv

implying the existence of a point 6, so that

(2) [v(041)ge+1(0e41)| > 2¢/15, 1 — 7(k¢bet1)| <.
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Since |1 + €*(®+1=0¢)| > 2(g/10)!/R, R large with respect to ki, ..., ki—1, O¢+1 is
sufficiently close to 8; to preserve (1) and, in addition, (2) yields the properties for
s=t+1.

The point 8,, obtained at the end verifies

TV N

10.
11.

12.

13.

14.

15.

16.

17.

18.
19.

o n
lge ()| > €.
2 T
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