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MULTI-INVARIANT SETS
ON COMPACT ABELIAN GROUPS
BY
DANIEL BEREND

ABSTRACT. Let G be a finite-dimensional connected compact abelian group. Gener-
alizing previous results, dealing with the case of finite-dimensional tori, a full
characterization is given herewith of those commutative semigroups Z of continuous
endomorphisms of G which satisfy the following property: The only infinite closed
Z-invariant subset of G is G itself.

Introduction. A multiplicative semigroup of integers 2 is lacunary if all its positive
elements are powers of a single integer a, and nonlacunary otherwise. In S, p. 48]
Furstenberg proves:

THEOREM. If = is a nonlacunary semigroup of integers and a is an irrational, then
Sa is dense modulo 1.

The theorem gives a partial answer to the following question in the theory of
diophantine approximations: Which sets S of positive integers have the property
that any irrational number a can be approximated by a rational number m/s with
s € S so that Ja — m/s| < ¢/s, where € > 0 is arbitrarily small? The case where S is
a multiplicative semigroup is completely settled by the theorem. We note that the
theorem forms a generalization of a result of Hardy and Littlewood by which if r is a
fixed positive integer and « is an irrational, then {n’ajn € N} is dense modulo 1.
Further connections with the theory of diophantine approximations are discussed in
[6].

From the point of view of the theory of dynamical systems we have a semigroup
of continuous endomorphisms of the circle group T. The theorem implies that,
unless 2 is a “one-parameter” semigroup, the orbit of every nontorsion element is
dense in the group.

The theorem is almost equivalent to the assertion that nonlacunarity is a necessary
and sufficient condition for a semigroup 2 to have the property that the only infinite
closed Z-invariant subset of T is T itself. In [1] the conditions for a commutative
semigroup £ of endomorphisms of T" to possess this property are investigated. The
following result is obtained there.
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THEOREM. X has the aforementioned property iff it satisfies the following conditions:

(1) There exists some o € Z such that the characteristic polynomial of 0" is
irreducible over Z for every positive integer n.

(2) For every common eigenvector v of 2 there exists some o. € Z such that the
corresponding eigenvalue \ . of o, lies outside the unit disc in the complex plane.

(3) There exist two nonzero endomorphisms o and 7 in T such that ¢' = ™ with
l,m € Zimplies! =m = 0.

In this paper we extend the class of groups that are examined. Given any
finite-dimensional connected compact abelian group, a full characterization is given
of those commutative semigroups of endomorphisms having the property in ques-
tion.

In Chapter I a general framework is outlined for the study of semigroups of
continuous transformations of compact metric spaces. Some results of Furstenberg
[5], relating originally to one-parameter semigroups, are proved in this more general
setup.

The class of groups under examination can be characterized as that of duals of
torsion-free discrete abelian groups of finite rank. We divide their study into four
steps. First, in Chapter II, the g-adic multi-solenoid. that is the dual group of
Z[1/a]’, is dealt with. Several important facts concerning this group are presented,
after which the main theorem is formulated (Theorem I1.1). The main theme of the
proof is carrying out the p-adic analogues of considerations held in the course of
proving the case of T” employing archimedean valuations.

In Chapter III we settle the case of groups which are obtained as quotient groups
of those considered in Chapter II. It comes out that, unlike the case of a-adic
multi-solenoids, where semigroups of endomorphisms with the sought property
always exist, most of the groups studied in this chapter admit no such semigroups.

Chapter 1V is concerned with groups whose duals are of the form A", A being a
rank 1 torsion-free group of idempotent type. In Chapter V we arrive at the most
general case. The groups considered here are quotient groups of those dealt with in
the former chapter. The work in both these chapters relies heavily upon the fact that
the groups in question can be represented as inverse limits of groups studied in
former chapters.

I wish to express my gratitude to H. Furstenberg for his helpful advice concerning
the problems discussed here.

CHAPTER 1. MULTI - PARAMETER FLOWS

1. Disjointness. A flow is a couple (£, £), where { is a compact metric space and
2 a semigroup of continuous transformations of & into itself. Assume for simplicity
that 2 contains a unit element / acting on Q as the identity. If 2 is generated by a
single transformation 7, then the flow is denoted by (£, T'). In this chapter we
present a few results, proved in [5] in the case of “one-parameter” flows (£, T'), for
“multi-parameter” flows (£, Z).

Let (2,2) be a flow. A set A C Q is Z-invariant if 2A C A, where £4 =
Us,es0(A). A closed Z-invariant set 4 defines a subflow (A, Z), where = now
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denotes the original semigroup of transformations restricted to 4. Given a point
£ € Q, the set 2¢ is the orbit of &.

Let X = (2, Z) and Y = (&, 2) be two flows with the same acting semigroup
2. A homomorphism of X onto Y is a continuous mapping ¢ of &, onto 2,
commuting with @, i.e. such that o(p§) = p(g) foro € Z,£ € Q .. Wedenote X 5 Y
and say that Y is a factor of X. The product of the flows X and Y is denoted by
X X Y and defined as the couple (£, X &,, Z), the action of 2 on @, X £, being
given by

o(&,m) =(of,0m), o€Z,§€Qy,neQ,.

X and Y are factors of X X Y under the projections 7y and 7, respectively.
DEFINITION L.1. The flows X = (2, 2) and Y = (&, Z) are disjoint if given any

flow Z = (8., Z) and homomorphisms Z 5 Xand Z 5 Y, there exists a homomor-
phism Z L XX Ywitha = 7y and B = m,y.

LEMMA L.1. The flows X and Y are disjoint iff the only closed subset A € @, X @,
satisfying (1) ZA C A, (2) 7yA = Qy, B)myd = Qy,is A = Q) X Q.

The proof bears no difference relative to the one-parameter case [S, Lemma I1.1].

LEMMA 12. Let X and Y be disjoint flows, Z any flow. Suppose there is a
homomorphism X X Z L Y. Then for every ¢ € Q the mapping §{ — y(§,§) carries
Q, onto Qy.

Again, the proof is exactly as in the one-parameter case [S, Lemma I1.2].

DEFINITION 1.2. A flow (£, 2) is ergodic if every closed 2-invariant proper subset
of § is nowhere dense.

DErINITION 1.3. A flow (&, 2) is minimal if it has no proper subflow. A closed
2-invariant set A C  is minimal if the subflow (A, Z) is minimal.

DEFINITION 1.4, X = (£, 2) is an Zflow if there exists a sequence of subsemi-
groupsof 2, = = SV > @ > ... with I € £* for each k, such that:

(1) The flow (2, *) is ergodic for every k > 1.

(2) /2% has a finite group structure in the following sense: £ decomposes into
a disjoint union

2=2{")U2‘2“U sz'l:) (21k>=2(k))~

such that for every 1 < i, j < n, there exists some 1 < h < n, with SR c Ik,
The collection {Z{*’[1 < i < n, } with the operation o defined by Z{*) e Z(X) = Z¢h)
for that h forms a finite group (=*’ being its unit).

(3) The collection of fixed points of =¥’ becomes dense:

<

U (e qz®e=(£)) =9

k=1

We note that if (2, 2) is an Sflow then every o € I is surjective. In fact, since
o™ € 2% every fixed point of =¥’ belongs to the image of o. Since the collection
of all fixed points is dense, o is surjective.
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THEOREM L.1. Let X = (Ry, Z) be an Fflow and Y = (Ry, Z) a minimal flow.
Then X and Y are disjoint.

PrOOF. We employ the disjointness criterion given by Lemma I.1. LetA € @, X @,
be a closed Z-invariant set, the projections of which on §2, and €, are 2 and Q,,
respectively. It has to be shown that A = @, X Q,.

Let (2¥)®_, be a sequence of subsemigroups of = satisfying the conditions of
Definition 1.4 for the &flow X. Choose inductively a sequence of subsets of 2,

Q,=2020P2 -,

such that Q4 is =*-minimal. The set 2§’ = N_, 24 is closed and nonvoid.
For fixed k define the sets

A, ={EeBnez®RP (&) ed), 1<isn,
where n = n, is as in Definition 1.4. It is evident that U7, ZXQ( is a closed
S-invariant subset of €, and the minimality of Y implies U™, SVQ¥) = Q. We
therefore have U7_, A, ; = . Since the sets A, ; are closed one of them, say A,
has a nonempty interior. Obviously A, ; is Z‘*-invariant for each i, and by the
ergodicity of (R, Z*)) we obtain A, ; = Q.
Set

Fo= {£€Qy=¢ = {£}}.
We easily see that
A= E}WAU 2 E}kwlAk.j 2 E;k)ﬂ(sz)Fk) = F,.

Thus the sets in the descending sequence (A, ;)%-; contain the corresponding sets in
the ascending sequence ( F)¢.,. Since UF_, F, = @y, it follows that A, , = Q, for
every k. That is, for every §{ € @, and k > 1 we have (¢, 1) € A for some n € Q4.
We conclude that for every £ € Q, there exists some n € Q4°) with (§,7) € A.

Now fix k. Let ¢ be an element of F,. Select n € Q) with (£, 1) € A. Since A is
Z-invariant we have

A2 Z(g,m) = (§) x W = (£} x QP 2 (£} x .

Hence

Set
Qy={neQyQyx{n} cAa}.

The set Q' contains 2{°’, whence it is nonvoid. Since the transformations in Z are
surjective as transformations of &y, Y is Z-invariant. &) is also evidently closed.
The minimality of Y implies therefore Q) = Q,. Thus A = &, X &, which com-
pletes the proof.

2. Group flows. A flow (G, ), where G is a compact metric abelian group and = a
semigroup of continuous endomorphisms, is a group flow.
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DEFINITION LS. Let (G, 2) be a group flow. A closed Z-invariant set A C G is
restricted if the only closed Z-invariant set B C G for which4 + B= Gis B = G.

THEOREM 1.2. If (G, 2) is a group $flow, then every minimal set is restricted.

PROOF. Let M be a minimal set and B a closed Z-invariant set with M + B = G.
We shall employ Lemma 1.2 for the ﬂ;)ws X=(M2),Y=(G,Z)and Z = (B, 2).
Consider the homomorphism X X Z — Y defined by

y(p,B)=p+B, pEMPBEB.
Since X is minimal and Y an %flow, it follows from Theorem 1.1 that X and Y are
disjoint. By Lemma 1.2 we obtain y(p, B) = G for every p € M. Hence B = G,
completing the proof.

A (one-parameter) process is a quadruple (2, 4, p, T), where (2, &, p) is a
probability space and T a measure-preserving transformation of the space. The
process is ergodic if A € # and A T-invariant implies p(A4) =0 or p(A4)=1.
Assume now that (2, T) is a flow, & is the Borel field of € and the support of p is
the entire space 2. In this case the ergodicity of the process (2, &, u, T) implies that
of the flow (8, T). In fact, if A is a T-invariant proper subset of © then necessarily
p(A) = 0, whence A4 is nowhere dense.

Let G be a compact metric abelian group, # its Borel field and p the Haar
measure. T = G is the dual group. It is easy to see that any epimorphism o of G
preserves u. The following theorem (see, for example, 3, p. 76]) characterizes ergodic
epimorphisms.

THEOREM 1.3. (G, %, u, 0) is ergodic iff every nontrivial y € T has an infinite orbit
in the dual group under the dual endomorphism of o.

CHAPTER II. INVARIANT SETS ON MULTI - SOLENOIDS OF FINITE TYPE

1. Generalities and the main theorem. Given a positive integer a, Z{1/a] denotes
the ring obtained from Z by adjoining 1/a. The same notation relates also to the
additive group of this ring. Endowed with the discrete topology, Z{1/a] is a
topological group. We may assume a to be square-free, say a = p, p, --- p,. The
dual group is denoted by 2, and is called the a-adic solenoid. The construction of
the a-adic solenoid, as well as that of more general solenoids, is described in detail in
{7, §10]. We now survey a few facts concerning ,, emphasizing those which are of
importance for the study of endormorphisms of &, and Q.

Let Q, and Z, denote the ring of a-adic numbers and its subring of a-adic
integers, respectively. (The definitions and basic properties of these rings appear, for
example, in [9].) Consider the monomorphism

i:Z[1/a] > R X Q,
given by

i(s)=(s,s), seZ[1/a].
It is easy to verify that i/ forms a discrete embedding of Z{1/a] in R X Q,, and
hence the former group may be considered as a subgroup of the latter. To study the
dual endomorphism we recall that R is topologically isomorphic with R, the action
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of the character x , corresponding to x € R being given by x,(y) = exp(2wixy) for
y € R. Similarly, Q, is topologically isomorphic with Q, and the action is given by
X.(y)=exp(2mi{xy}), where {z} denotes the “fractional part” of z € Q,. The
dual endomorphism

m=0:RXQ,—>Q,

gives therefore {2, as a quotient group of R X Q.
We now claim that

Ker(7) = {(s,-s)|s € Z[1/a]}.

In fact, this follows in a routine manner from Ker(7) = A(R X Q,, Im(i)), where,
given a closed subgroup H of a locally compact abelian group G, 4(G, H) denotes
the annihilator of H in G.

From the preceding remarks we easily conclude that £, can be concretely
interpreted in the following way. To each x € @, there corresponds a unique
(y,2)€[0,1) XZ,< R X Q, carried to x by 7. If to x, x, € Q, there corre-
spond (y,, z;), ()5, 2,) € [0,1) X Z, then to x; + x, there corresponds (y; + y, —
[yi +»:2) 2, + 2, + [y, + »,]). Thus @, consists of the set [0, 1) X Z, with the
described operation, and the collection of all sets

U =[0,1/n)xa"Z,u(1 = 1/n,1) X(-1 + a"Z,)

with n € N forms a basis for the open neighbourhoods of 0. In a slightly different
manner §, may be thought of as the set of all doubly-infinite sequences with entries
in {0,1,...,a — 1}, where the “left half” of any sequence is an g-adic integer and
the “right half” a real number in [0, 1] expanded to the base a. (Note that certain
pairs of sequences are to be identified, for instance
210 -1 -2 210 -1 -2
(....0,0,0,a—1,a-1,...) and (...,0,0,1,0,0,...).)

We turn to study the ring End(£,) of all continuous endomorphisms of §£,. The

following lemma will be useful for this and similar purposes.

LeMMA I1.1. Let G be a locally compact abelian group, H a closed subgroup of G,
I' = Gand A = A(T, H). A continuous endomorphism o of G/H can be lifted to G iff
the dual endomorphism 6 of A can be extended to I'. The lifting is unique iff the
extension is.

The lemma is an easy consequence of duality. We shall also use the fact that the
liftings to G of two endomorphisms o, 7 € End(G/H ) commute iff the extensions to
I' of 6, ¥ € End(A) commute.

It can now be shown that any ¢ € End(£2,) has a unique lifting to R X Q,. In
fact, in view of the lemma it is sufficient to prove that any 7 € End(Im(i)) can be
uniquely extended to R X Q,. First, it is evident that 7 is of the form 7, for some
t € Z[1/a], where

17(s,s)=(st,st), se€Z[1/a].
Obviously, 7, can be extended to R X Q, by
T(x, y) =(xt,y1),  (x,y) ERXQ,.
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To show the uniqueness of the extension it is sufficient to prove that any ¢ €
End(R X Q,) is of the form ¢, , for suitable u € R and v € Q,, where

@ (X, y) = (xu, ), (x,y) ERXQ,.

Denote by Hom(G,, G,) the group of all continuous homomorphisms from a locally
compact abelian group G, to another one G,. We claim that Hom(R,Q,) = {0} and
Hom(Q,,R) = {0}. The first of these assertions follows from connectedness consid-
erations and the second is deduced from it by passing to dual endomorphisms.
(Alternatively, direct proofs can be given.) Since any endomorphism of R (resp. Q,)
is of the form v, for some w € R (resp. w € Q,), where ¢, (z) = zw for all z € R
(resp. z € Q,), we infer that the endomorphisms of R X Q, are of the indicated
form. Thus we obtain the unique lifting possibility of endomorphisms of 2, to
R X Q,.

Our interest in this chapter is focused on commutative semigroups of endomor-
phisms of €. This group is a quotient group of R” X Q7. It is easy to verify that

End(R" X Q}) = M,(R) X M,(Q,),

where M,(R) denotes the ring of r X r matrices over a ring R. As in the one-
dimensional case one can show that any endomorphism of ) admits a unique
lifting to R" X Q). We get End(Q) = M,(Z[1/a]). The action of a character
Y = (Y1 Y2s---»Y,) € Z[1/a]" on  is given by

y(x)=exp(27ri2 {ijj}), x = (X, Xy....,x,) € Q.
j=1

Commuting endomorphisms of £/ are lifted to commuting endomorphisms of
R” X Q. Elements of Q; will be considered as column vectors, matrices of End(£/,)
acting upon them from the left. If 6 € End(£2}), then ¢ is given by the same matrix,
acting from the right upon elements of Z[1/a]", which are considered as row vectors.
Hence 6 will also be denoted by o.

Recall now that the ring Q, decomposes into the direct product, taken over the
prime divisors p of a, of the fields of p-adic numbers, i.e. Q, = I'lj”= 1Q,,. and also
Z,= I_I;',,l z p, (s€e, for example, [9, Chapter 5]). It can be shown that Hom(Q,,Q,)
= {0} for distinct primes p and ¢. Hence End(Q}) = IT]_, End(Qy, ). The lifting of
an endomorphism ¢ of €, to R"X Q, X --- X Q] is given by a matrix ¢ €
M,(Z[1/z)) acting by

o(xg, Xqs....x,) = (0xg, 0X,,...,0x,).

To simplify the notations in what follows we put p, = oo, so that Q, = R and
Z, =[0,1]. ||, denotes the p-adic valuation on Q,, (| - o is the usual valuation on
R). The same notation will be employed for the unique extension of the valuation to
a given finite extension of Q »,- The index j will be dropped in case there is only one
relevant valuation.

Let 2 be a commutative semigroup of endomorphisms of £7.

DefFINITION IL1. (7, 2) is an ID flow if the only infinite closed =-invariant
subset of Q7 is Q, itself.
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More briefly, £ may be called an ID semigroup.

DEFINITION I1.2. Two endomorphisms o and T are rationally dependent if o' = 1™
for some integers / and m, not both of which are 0. Otherwise, they are rationally
independent.

Rational dependence and independence of pairs of nonzero complex numbers, or
elements of some other ring, is similarly defined.

The characteristic polynomial and the minimal polynomial of a matrix o are
denoted by f, and m, respectively.

The following theorem forms the main result of this chapter. It generalizes the
theorem cited in the Introduction.

THEOREM I1.1. A commutative semigroup Z of endomorphisms of Q. is ID if and only
if the following conditions hold:

(1) There exists an endomorphism o in 2 such that f . is irreducible over Q for every
positive integer n.

(2) For every common eigenvector v of 2 there exists an endomorphism o, € Z whose
eigenvalue in the direction of Z is of norm greater than 1.

(3) = contains a pair of rationally independent endomorphisms.

REMARK II.1. As was pointed out, it is possible to lift = to a commutative
semigroup of endomorphisms of I'[,’;OQ",I, acting as linear transformations on each
Q},- Lemma IL5 will show that the first condition of the theorem guarantees the
diagonalizability of = over a suitable finite extension of Q, hence over suitable finite
extensions of the fields Qp/, 0 < j < h. The vectors of the bases over these exten-
sions with respect to which Z is in diagonal form, r(h + 1) vectors in all, are the
common eigenvectors of 3, mentioned in the second condition of the theorem.

We turn to prove the theorem, demonstrating first the necessity of the conditions.
Those steps whose proof is identical to that given for finite-dimensional tori will be
omitted.

2. The necessity of the conditions. Throughtout most of this section £ denotes a
commutative ID semigroup of endomorphisms of §2. We prove a series of lemmas
which together imply that 2 satisfies the conditions stated in Theorem 11.1.

LEMMA 11.2. m is irreducible over Q for every o € Z.

PROOF. Suppose, to the contrary, that m, is reducible for some o € 2. By [8,
Chapter 8] there exists a Z-invariant nontrivial proper subspace I' of Q. Hence
I' N Z[1/a]" is a nontrivial proper Z[1/a]-submodule of Z[1/a]". It follows that
AQ,, T N Z[1/a]") is an infinite closed Z-invariant proper Z[1/a]-submodule of
Q7 , contradicting the ID property of Z. This proves the lemma.

Denote by A the field of algebraic numbers.

LEMMA I1.3. There exists a basis of A" with respect to which every ¢ € Z is in
diagonal form.

The proof relies only upon the fact that m, is irreducible for every o € Z. It goes
exactly as in the toral case [1, Lemma 3.2}.
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Select a basis vV, v@,...,v'" satisfying the conditions of the lemma. The eigen-
values of an endomorphism o € 2 corresponding to this basis are denoted by
Ao Aygr---sA, .. From Lemma IL.2 it follows that ¢ is uniquely determined by
A .- Let K denote the field extension of Q obtained by adjoining the set A, =
{)\l.aw €2 }

LEMMA II4.[K: Q] =r.

PROOF. Since any element of K is obviously an eigenvalue of an r X r rational
matrix, and therefore of a degree not exceeding r over Q, we have [K : Q] < r.
Assume that [K : Q] = k < r. Then the (additive) Z[1 /a}-module of endomorphisms
3’ generated by Z is of rank k. Let 0,, 0,,...,0, be a basis of this module. For an
arbitrary rank 1 Z[1/a}-submodule T of Z{1/a]’, consider the set " = T*_, To,. T
is a nontrivial Z-invariant Z{1/a]-submodule of Z[1/a]", the rank of which is at
most k. Considering A(£2], I'") we obtain therefore a contradiction to 2 being ID.
This completes the proof.

The necessity of the first condition of the theorem can now be proved.

PROPOSITION 11.1. There exists some 6 € 2 such that f,. is irreducible over Q for
every positive integer n.

The proof goes along the following lines. Assuming that the proposition fails to be
true we arrive at a decomposition of = of the form

!
==UZ,
i=1 v
where F|, F5,...,F, are the proper subfields of K and for an arbitrary subset B of K
we denote

»/F={a€K|3nEN,a"EB}, Zp={o€Z,€B}.

Let T be an arbitrary Z{1/a}-submodule of Z[1/a]" of rank r — 1. Set H = A(Q,, I').
The set =H is an infinite closed =-invariant set, and to arrive at a contradiction we
have to prove only that it is properly contained in £/,. For this it is sufficient to show
that for any proper subfield F of K the set 2 rH is contained in the union of finitely
many closed proper submodules of §2;. We claim that VF can be decomposed as

m

(1) VF = U F a;

j=1
for suitable elements ay, a5,...,a, € K. Suppose such a decomposition has been
established. Then it remains to prove that 2, H is contained in a closed proper
submodule of @/ for every a € K. It is obvious that the Z[1 /a}-module spanned by
2 r, 1s of rank not exceeding [ F : Q). Let 0y, 0,...,0, be a basis of this module. The
set N:_; T'o;”! forms a submodule of Z[1/a]" of rank not less than r — [F : QJ. and
hence A(2,,N:_,To; ') is a proper submodule of Q). Now it is obvious that
SrH € A(Q,,N:_, To "), which implies that SH is a proper subset of 27,

It is evident that (1) is equivalent to

(2) [VF*: F*] < o,
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where F* is the multiplicative group of F. The proof of (2) depends on classical
algebraic number theory and can be found in [1] as the main step in the proof of
Proposition 3.1.

Given a polynomial f € Q[x], we denote by Q( f) its splitting field over Q. The
same notation is used for an automorphism of Q( f) and for its natural extension to
Q(f)". Since the following lemma will also be employed in the next section, we do
not assume 2 to be an ID semigroup.

LeMMA IL5. Suppose 2 is a commutative semigroup of endomorphisms of Q.
containing some o with f_ irreducible over Q. Then:

(1) The roots Ay o, Ay ,....,A, , of f, are mutually distinct.

(2) There exists a basis vV, v'?, ... .v'" of A" such that

(a) Z is in diagonal form with respect to this basis,

(b) v e Q()\Lo)’forl <i<r,

(c) an element { of the Galois group of the extension Q( f,)/Q takes v'” to v'” iff it
takes N, ;10 .

(3) Every T € = can be uniquely expressed in the form v = ¥/_} a,6' with a, € Q,
O0<igr—-1

For the proof see [1, Lemma 3.4].

We shall now prove the necessity of the second condition in Theorem II.1. Select
some ¢ € = with f, irreducible over Q. Let vV, v® ... .v!") be a basis of A" with the
properties stated in the last lemma. For 0 < j < h denote by K| the splitting field of
f, over Q, . '/, v* ... 0" is a basis of K| corresponding to the given basis of A".
The eigenvalues of any 7 € Z, considered as a linear transformation of K/, with
respect to this basis will be denoted by A Mg reaA

1.j.r oy

PROPOSITION I1.2. For every 1 < i < rand 0 < j < h there exists a o € Z such that
Aol > 1.

PROOF. Suppose that for some j we have, say, |A; | ,| < 1 for every o0 € Z. Assume
that o'/, v*/,....v%/, for instance, are all the conjugates of v'/ over Q b Then
AL jos Ay jgee oAy, are all the conjugates of A, , , over Q, for every o € Z. Since
Q,, is complete in the p-adic metric we have

I}‘I.J.ol = l>\2.j.0| == Mk./ﬁl’ o€ Z,

l.j.0

and in particular all these numbers are at most 1.

It is easy to verify that an element of the form /_,a,0"/. @, € K for 1 <i <,
belongs to Q,’,/ iff a,, a,,....a, are conqugtc over Q, in correspondence with the
conjugacy of v'/, v®/, .. v, i.e. iff Y(v"/) = v'> for some ¢ in the Galois group
of K,/Q, implies Y (a, ;) = a;, . The projection of the set

k
Er = Q;lr\{ Y av'|e, € K. ||, <RVI<i< k} cQ,

=1

on {/ is a Z-invariant set in Q] for any R > 0. This projection is an infinite closed
set and for sufficiently small R > 0 it is properly contained in £/,. The contradiction
to 2 being ID proves the proposition.
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Given a nonsingular matrix ¢ we denote by G(o) the group composed of all
integral powers of o and by S(o) the semigroup consisting of all the nonnegative
ones. The following lemma forms the first stage towards the proof of the necessity of
the third condition in Theorem II.1.

LEMMA I1.6. Let 0 € End(R2}). Then
(1) S(o) is not an 1D semigroup.
(2) If o is invertible G (o) is not 1D.

PROOF. We may assume f, to be irreducible over Q. An infinite closed proper
subset of €, invariant under the semigroup in question, has to be constructed. We
distinguish between two cases:

Case 1. ¢ is not an automorphism.

It may be assumed that |A; ; ,| > 1 for every 1 < i < r, 0 <j < h. Pick a nonzero
point e in 7~!({0}), where = is the projection of [1/_,, Qj, on &;. Decompose e into a
sum of eigenvectors of o:

h r
(3) €= Z Z a; ;v
j=0 i=1
It is easy to see that the projection on 2/, of the set

h
0;(e)={o"(e)n=0,1,2,...} € I'I0 Q,,
=

has the required properties.
Case 11. o is an automorphism.
We may assume that |A, ; | # 1for1 <i<r,0<j<h
Let 4 and B denote the sets of pairs (i, j) with |A, | <1 and with |A,  _|> 1,

i.j.o i.j.o
respectively. Select e as in the former case and, employing the decomposition (3),

take the point

v=e— Y a, v’ = Y a, v,
(i. ))EA (i.j)eB

Using both representations of v one can show that the projection on £/, of
h
0,(0)= (a"(n)inez}c T1 @
j=

is infinite and that 0 is its only accumulation point. It follows that the closure of this
set possesses the needed properties. This completes the proof.

PROPOSITION 11.3. Z contains a pair of rationally independent endomorphisms.

PROOF. Choose an endomorphism ¢ # +/ in Z with f,. irreducible over Q for all
n € N. Denote by Dp(o) the set of all matrices with entries in the ring R,
commuting with o and rationally dependent of it. Lemma IL5 implies that Do(0) is
a commutative group. We have to show that its subsemigroup Dy, ,, (@) is not ID.
First we claim that D4, ,,,(@) can be represented in the form

(4) DZ[I/a](o) = O G(o)o,

i=1
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if o 1s an automorphism and in the form

s
(5) DZ[l/a](o)= LJIS(O)OI
i=
if o is not an automorphism for suitable g,, 0,,...,0,. Once such a decomposition is
given the proposition is proved. In fact, let E be an infinite closed G (o )-invariant (or
S(o)-invariant) proper subset of §, as constructed in the former lemmas. The
conditions imposed upon o guarantee its ergodicity, whence E is nowhere dense (see
Chapter 1, §2). The setU;_, 0;(E) is therefore an infinite closed D4, ,, (o )-invariant
proper subset of &, implying that Dz, ,,,(@) is not ID.
It thus remains to be shown that Dz, ,,,(¢) can be represented as in (4) or (5). Let
7 € Dg(0). Suppose

(6) '=0" (I.meZ-{0}).
In particular
(7) Nio =N,

The solutions A, , € K of (7) correspond to the solutions 7 € Dg(o) of (6). We have
to find therefore the solutions of (7). For this a few notions and results from the
theory of algebraic numbers are needed (see, for example, [10, Chapter 3]). Let T be
the set of equivalent classes of discrete valuations on K for which A, ; is of norm 1.
The set S, consisting of all the other equivalence classes, is finite. Denote by E; the
finite group of roots of unity belonging to K. According to the generalized Dirichlet
unit theorem there exist S-units ¢, €,,. .., g, in K such that any S-unit 7 in K can be
uniquely written in the form

n=¢ ehekr.o gk (¢ € Ex .k ky,... .k, €EZ).

Since A, , is obviously an S-unit we have

Moo= £ ehes o b
Clearly A, ; forms a solution of (7) iff it is of the form
(8) N, = Eefhiels oo eibs

for some ¢’ € Ey and t € Z/k, where k is the g.cd. of k,, k,....,k,. We obtain
therefore [ Dg(0) : G(0)] < o0.

If o is an automorphism, then Dy , (o) is a group and we conclude that
[Dz(1,4)(0) :G(0)] < oo, which implies that D4, ,,,(0) can be represented as in (4).

If o is not an automorphism, then to any 7 € Dy ,,,(0) there corresponds in (8) a
nonnegative . Selecting from each coset of Do(0) modulo G (o) that endomorphism
T € Dy ,)(0) (if there exists any) with minimal ¢, we get a finite set of endomor-
phisms for which (5) holds. This proves the proposition.

The conditions stated in Theorem II.1 have thus been shown to be necessary for =
to be an ID semigroup. We turn now to the proof of their sufficiency.

3. Sufficiency—sets containing 0 as a nonisolated point. £ is a commutative
semigroup of endomorphism of {2/, satisfying the conditions of Theorem II.1. E is a
closed Z-invariant subset of @/ which contains 0 as a nonisolated point. We want to
show that E = Q.
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The lifting of E to [T, Q,, is also denoted by E. v, 0@, 0" is a basis of A7
with the properties discussed 1 in Lemma IL5 and v, v?/,. .., 0™ is a corresponding
basis of K, where K| is a finite extension of QP,’ 0<j<h The points of [1" j=0 K/
can be represented by r X (h + 1) matrices. For convenience in terminology we shall
refer to I'I;;O K as a vector space, to products of subspaces of the spaces K as
subspaces of it, and to the vectors e’/, 1 < i < r,0 < j < h, of the standard bases of
the spaces K as its standard basis. The collecuon of vectors v'/, 1 <i<r,
0 <j < h, is the new basis of the space, and with respect to this basis the linear
transformations in 2 are in diagonal form. A point v € ﬂ” o K/ belongs to ., Q;
iff in its representation with respect to the new basxs v = Z T=0li=10, /v" thc
equality ¢ (v'/) = v’/ implies V(a, ;)= a;, ;forany 0 <j < handy in the Galois
group of K /Q The semigroup obtamed from = by diagonalization is denoted by -
$ and the matrices corresponding to ¢, 7 € £ are denoted by é, 7 € Z. The set of all
vectors of coefficients of the points of E represented with respect to the new basis is
denoted by E. The connection between the representations of vectors and of
transformations with respect to the standard basis of l_lj'=0 K/ and with respect to
the new one is given through the matrix U, whose columns are the vectors
BRI ()

leen a set A of pairs (i, j) we denote by V, the subspace of [1" /-0 K/ spanned by
the vectors e/ with (i, j) € A. Employing the fact that 2 contains a matnx all the
dlagonal elements of which are distinct, it can be shown that a subspace of [T/_, K/
is 2-invariant iff it is of the form V, for some A. Our assumptions concerning E
guarantee that £ contains a null sequence of nonzero points. Let M be a minimal
set of pairs (i, j) such that ¥,, contains such a sequence (#'™")%_, of points of E.
Points of ¥V, will be regarded as | M|-dimensional vectors.

LEMMA I1.7. Let 0 € Z. Then either |, ; ;| > 1 for all (i, j) € M or |A
all (i, j) € M.

< 1 for

:/ol

PROOF. Assume, to the contrary, that for some o € £ we have A, ; ;| > 1 for
(i, j)€ My and |A, | | < 1 for (i, j) € M,, M, and M, being nonvoid complemen-
tary subsets of M. Put N(¢) = max; ;,c m|A, ; o For @ > 0 consider the set

Ry = {(zi~f)(i.j)eM € Vyla < il max |Z,,| aN(o)}.

For sufficiently large m there exists a positive integer j,, such that 6/~(u'™) € #,.
Let w = w(a) be a limit point of this sequence. Obviously, w is a nonzero point of £
lying in V). Applying the construction for a sequence (a,)5~ - descending to 0 we
obtain a nul] sequence (w“’) ~, of nonzero points of lying in V). This
contradicts the minimality of M and thereby proves the lemma.

The lemma and the second condition of the theorem imply the existence of some
6 € 2 for which

(9) o> 1 (i j)eMm.
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Employing a construction similar to the one made in the course of the proof of the
last lemma we can show

LeMMa I1.8. If o € = satisfies (9), then there exists some point u'® € E N Vy,, all of
whose coordinates are nonzero, such that the sequence

(10) u™=g¢"-"(u?), n=20,1,2,...,
is a null sequence of points in E N V,,.

LeMMA I1.9. For every o, T € Z there exists some a such that
loglA, , .I/10glA, .l =a,  (i,j)EM.

PROOF. Both ¢ and 7 may be assumed to satisfy (9). Suppose for some nonvoid
M, € M we have

logIA,"j‘Tl/logIA“].ul = a, (I’ j) € Ml’

11
(1) loglA, , ,l/loglA, ol <a,  (i,j)EM—-M,.

Let (u™)>_, be as in the preceding lemma. Define
(12) wk./ — ~k—l(u([ka])). k > I > 0
Denoting by v, ,, (i, j) € M, the components of any v € V,, we obtain

kA — k—1 \-lka] ,,(0),i./
w Z )\,_N >‘,.,.o u; e
(i. )EM

ij°

It follows from (11) that the sequence (w*/)¥_, of points of E is bounded for any /,
and has some limit point w'” lying in V,,. Since (w'")i, is evidently a null
sequence of points in E, the minimality of M implies M, = M, which completes the
proof.

In the next lemma we employ the functions exp and log on finite extensions of
Q,. The definitions and basic properties of these functions can be found in (10, pp.
206-207]. It will also be convenient to consider exp as the usual isomorphism of T
onto the unit circle in the complex plane, i.c. exp(8) = e2™?, and log as its inverse.

Denote M, = {i|(i, j) € M },0 <j < h. m,is the number of elements of M,.

LEMMA 11.10. There exist some O < s < h and elements §; € K for i € M, not all
of which are 0, such that for every t € Z the vector
(13 W=+ T (expler) — 1w’
€M,
lies in E, where u'® is as in (10).

PROOF. Select two rationally independent endomorphisms ¢ and 7 in 2. We may
assume that both of them satisfy (9). Let a be as in Lemma I1.9. If « is irrational,
then V), is a vector space over R or over C. In this case the proof of the analogous
lemma in the toral case [1, Lemma 4.5] is still applicable. Hence we assume a to be
rational. Passing to appropriate powers of ¢ and T we may assume that a = 1.

Consider the sequence (w*))¥_, obtained from (12) in the special case / = O:

wik) = Fh(yR), k> 0.
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We have
(14) W= T N XA 0 = T o u®e,

it je%ij
(i. )eM (i. M
where p; is a unitin K for (i, j) € M.

For j > 1 the following notations will be employed. e; is the index of ramification
of K; over ij, R is the ring of integers of K, B is the prime ideal of R; and U ,, is
the multiplicative group 1 + P7". Recall that in the descending sequence of sub-
groups of the multiplicative group R} of unitsin R,

* “e
RJ'QU]'JQU].ZQ 9

each group is of finite index in its predecessor [10, p. 203]. Passing to an appropriate
power of o and 7 it may be assumed therefore that p, ;€ Uy, ,, 1)+ for
1 <j < h. It is thus possible to set

(15) : 6, ,=1logp, , (i, j)) e M.

By (14) we have

(16) wki=" 3 exp(k6, ;)u%e".
(i.)eM

Consider the set {(k0, ;) emlk = 0,1,2,...} of vectors in the group T™" X R{"
X -+ X Ry Its closure is a subgroup, which is infinite since o and 7 are rationally
independent. It can be shown that such a subgroup contains a subgroup of the form
{0} X --- X H; X --- X{0}, where H, is a subgroup of T™° (if s = 0) or of RY" (if
s > 1), the form of which is Z,§ with 0 # § € Z™ or 0 # £ € Z,", respectively.
Passing to the limit in (16) we obtain the desired conclusion.

Let A and B be subsets of a metric space ( X, d). B forms an e-net for A if for
every a € A there exists some b € B with d(a, b) < e. A subset 4 of V), is a line
segment if it is of the form

A=a+{0} X -+ XZ,bX -+ x{0},

where a € V), and 0 # b € K™ for some 0 < s < h. The number max, ¢ b, is
the length of the segment.

LEMMA I1.11. For every € > O the set E forms an e-net for arbitrarily long line
segments in V,.

PrROOF. Let {w!”|t € Z, } be an “arc” in E as given by the preceding lemma. If
s = 0, then the proof is similar to that of the toral case [1, Lemma 4.6], so we shall
deal only with the case s > 1, say s = 1. For an endomorphism o € £ satisfying (9)
set

wmd = gm(w), Iezpl,m=0,l,2.-...

By (13) we have

W= gm(u®) + T N7 (exp(§1) ~ )ufer.
i€M,
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Put
(17) - 6m(u(0)) + Z A" gitul(_f)l)e:.l’

il.e
€M,

fort € Zm andm =0,1,2,.... We have
wht = oyt = N (exp(§0) — 1 - &), i€ M.
To estimate this expression we first show that if y € K| satisfies
n(y) > 3e/(py - 1),
where n, is the exponent corresponding to the ideal §,, then
(18) lexp(y) =1 = yl, < |y?/2!;.
In fact, for such y we have

m (Y1) = Iny(y) = m(11) = Iy (y) — e, ‘Zl [1/pf]

2 In(y) —eld/(py — 1) 2 2n,(y) > n(y?/2Y), 123,
which, since | - |; is nonarchimedean, implies (18).
Obviously, it may be assumed that n,(§;) > 3e,/(p, — 1) fori € M,. Let || - || be
any norm on V., Assuming, for example, that 1 € M, and that |A,; | is
maximal among all the elements |A,, | with i € M), we get

(19) Iw™ s 0™ < clAyy G110, tE€Z,,m=0,1,2,...,

for a suitable constant c.
Now consider the arcs

ém={wmtepprt, ) <E, m=0,12,..,
and the corresponding line segments
S ={vymrepiz, ), m=0,12,...,

where (s,,)5.; 15 a sequence of positive integers to be determined later. First, for
& to form an e-net for £ ™ for sufficiently large m it is sufficient in view of (19)
to have

(20) 1PN = 0 asm — co.

From (17) it follows that a sufficient condition for the length of F to tend to
infinity with m is that

(21) |P1|f'"|}‘1.1.o|m — 00 asm — 0.

Since (s, )5~ can evidently be chosen so as to satisfy both (20) and (21) the lemma
follows.

PROPOSITION 11.4. E contains a translate of some infinite closed Z[1 /a}-submodule
of Q.

We review the proof. Let &™ and # (™), m > 0, be the sets defined in the course
of the proof of Lemma II.11, & and #‘™ the corresponding sets before the
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diagonalization. It is clear that for every ¢ > 0, &™ forms an e-net for #™ for
sufficiently large m and that the length of # ™ tends to infinity with m. We claim
that# ™ ¢ 1}, Q;, . In fact, we only have to show that if, for instance, y(v) = v/
for some y in the Galois group of K;/Q, , then y(v7'/) = v3'}". Since u® e E we
have ¢(u{%) = uf’). We also have \[a()\]”) A, for every 0 € £ and hence
¥(p1,) =P where p,.; is determined by (14). This implies y(6, ;) = 6, ;, 6, , being
defined in (15) It follows that ¢(§,) = §, for the elements §; in (13). Thus we have
Yoy = o

Compactness considerations prove that the projections of the line segments # (™
on {2/ have a subsequence converging in the Hausdorff metric to some translate of
an infinite closed Z[1/a}-submodule of Q. This limit is contained in E. This
completes the proof.

For the proof of the next lemma see [1, Lemma 4.7].

LEMMA 11.12. Let G be a compact abelian group and T = G. A sequence (G, )*_, of
closed subgroups of G satisfies G,, = G as m — oo (in the Hausdorff metric) iff for
every 0 # v € T we have y &€ A(T, G,,) for sufficiently large m.

PROPOSITION I1.5. Let o be an endomorphism of Q. with f . irreducible over Q for
every positive integer n and H an infinite closed Z[1/a)-submodule of Q. Then
o™(H)—> QL asm — 0.

PROOF. In view of the preceding lemma we only have to show that if 0 # y €
Z[1/a)’, then y &€ A(Z[1/a)",e™(H)) for sufficiently large m. Assume, to the
contrary, that y € A(Z[1/a)’, 6™+(H)) for every k, where (m,)¥-, is an increasing
sequence of positive integers. Then yo™+ € A(Z[1/a]’, H) for all k. Hence there
exists some 0 # & € Z[1/a]" such that yo™&” = 0 for all k. Obviously, we may
assume that y, 8 € Z" and ¢ € M,(Z). The sequence (yo™87)%_, of integers satisfies
the recursion determined by the polynomial f;. Since f;. is irreducible over Q for
every n € N no root A, , and no ratio A, ,/A; ; is a root of unity (unless r = 1, in
which case the thcorem 1s trivial). By [2, p. 302, Problem 9], we have yo™8” = 0 for
every m € N. Hence the o-invariant subspace of Q” spanned by {oc™6|m € N} is a
proper subspace of Q”. The minimal polynomial of the restriction of o to this
subspace is a nontrivial divisor of f,. This contradicts the irreducibility of f, and
thereby proves the proposition.

Combining the conclusions of Propositions I1.4 and I1.5 we obtain E = Q.

The conditions of Theorem II.1 were thus shown to imply that a closed =-
invariant subset of Q] which contains 0 as a nonisolated point is necessarily &, itself.
In the next section the general case is considered.

4. The sufficiency of the conditions. Let £ be a commutative semigroup satisfying
the conditions of Theorem II.1. We want to show that 2 is an ID semigroup.

Given an abelian group G and a positive integer / we denote by G[/] the subgroup
of G consisting of all those elements whose order divides /.

LeMMA 11.13. Q. [/] is finite for every | € N.
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PROOF. Since Q/[/] = Z[1/a)"/IZ[1 /a]" it is sufficient to show that this quotient
group is finite. We shall show, more generally, that if A is a rank r subgroup of O,
then A/IA is a group of order not exceeding /". Let v,, v5,...,7, belong to distinct
classes of A modulo /A. Consider the ascending sequence of subgroups of A defined
by

A =ANLz w-012..
n:

A, is a rank r subgroup of Z"/n! and hence it is isomorphic with Z’. Since
w0, = A there exists some n, such that y, € A, for 1 <i < k. The elements
Y1» Y2- - -» Y @re, in particular, distinct modulo /A, . Now Z"/IZ" is a group of order

1”7, so that k < /”. This proves the lemma.

LemMa 11.14. Let o be any epimorphism of Q.. Ker(e) is a finite subgroup of Q..

In fact, for some / we have /o~ € M,(Z[1/a)). Obviously Ker(o) € Q/[/] for
such /.

LemMa 11.15. Let o be an ergodic endomorphism of Q.. A finite o-invariant set
consists only of torsion elements.

PROOF. Any element x in such a set belongs to Ker(¢™ — 0") for some distinct
positive integers m and n. It is easy to see that the ergodicity criterion of Theorem
1.3 implies that o has no roots of unity among its eigenvalues. It follows that
6™ — 0" is an epimorphism. The preceding lemma now implies the desired conclu-
sion.

LEMMA 11.16. Let q be a prime not dividing a. The subgroup of 2, consisting of all
torsion elements whose order is a power of q, is dense in .

PROOF. We claim that, in general, if G is a compact abelian group then the
subgroup, consisting of all torsion elements whose order is a power of ¢, is dense iff
NX_o 9"G = {0}. In fact, consider the following ascending sequence of subgroups of
G:

G, = G[q"], n=20,1,2,....
We have
A(G,G,)=q"G, n=0,1,2,....
Hence

Thus U%Z_, G, is dense in G iff N=_, ¢"G = {0).
In our case, since ¢ + a it is clear that N>_, ¢"Z[1/a]” = {0}, whence the lemma
follows.

LEMMA 11.17. There exists a subsemigroup 2, of Z, generated by not more than
max{2, r(h + 1)} endomorphisms, which also satisfies the conditions of Theorem I11.1.
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The proof is simple and bears no difference from the toral case [1, Lemma 5.3].

The following proposition forms the main step of this section. It generalizes
Proposition IV.1 of [5] in two respects. First, it relates to semigroups of endomor-
phisms of @/, instead of T” and, secondly, it drops the commutativity assumption.

PROPOSITION 11.6. Let = be an arbitrary semigroup of endomorphisms of .
Suppose that:

(1) There exists some ergodic o € 2.

(2) There exists a prime q not dividing a such that det o is a g-adic unit for every
g€ 2.
Then (R, ) is an Fflow.

PROOF. For an arbitrary fixed nonnegative integer k denote by ¢ the natural
projection of Z[1/a] onto Z[1/a]/q*Z[1/a]. The natural extension of ¢ to a
projection of M,(Z[1/a)) onto M,(Z[1/a)/q*Z[1/a]) is also denoted by . Let =X
be the set of elements of = carried to / by ¢. Evidently, £ is a subsemigroup of =
and 24D c 3 for all k.

Let ¢ € =. Since det ¢ is a g-adic unit it is invertible modulo g*. Hence @(o) is
invertible. Denoting by Z{¥) = 2% ¢ 3 the inverse images in = of the
elements of M (Z[1/a]l/q*Z[1/a)]) we see that the second condition in Definition
1.4 of Fflows is satisfied.

< contains some ergodic 0. For a suitable / we have ¢’ € Z*). Now ¢’ is also
ergodic, so that (2, =) is ergodic, implying the first condition in the definition of
Fflows.

It is clear that every torsion element of order g* is a fixed point of £‘*’. Lemma
I11.16 implies therefore that the third condition in the definition of %flows is also
satisfied. This completes the proof.

We now return to study semigroups 2 satisfying the conditions of Theorem I1.1.

PROPOSITION 11.7. Let M be a Z-minimal set. M is a finite set of torsion elements.

PrOOF. By Lemma I1.17, £ may be assumed to be finitely generated. Hence Z
satisfies the conditions of Proposition I1.6. Suppose M is infinite. Then M — M is a
closed Z-invariant set containing 0 as a nonisolated point. The results of §3 imply
M — M = Q. Since (2. 2) is an Fflow it follows from Theorem 1.2 that M = Q.
The contradiction proves the proposition.

It is now easy to conclude the proof of Theorem II.1. Let E be an infinite closed
S-invariant subset of £,. The set E’ of accumulation points of E is closed and
S-invariant. By the last proposition E contains some torsion element. Hence for a
suitable positive integer / the set /E is a closed Z-invariant set which contains 0 as a
nonisolated point. Hence /E = /. We infer from this that £ has a nonempty
interior. 2 being ergodic we conclude that E = Q.

The proof of Theorem II.1 is now complete.

REMARK I1.2. In [1, §6] the conditions for a commutative semigroup of endomor-
phisms of T” to be ID were examined. They were shown to be rather mild and easy
to verify in many cases. The same holds for semigroups of endomorphisms of Q.
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We also note the following immediate consequence of Theorem II.1 and Lemma
I11.17.

THEOREM 11.2. Let = be a commutative 1D semigroup of endomorphisms of Q. Z
contains a subsemigroup X, generated by at most max{2, r(h + 1)} endomorphisms,
which is also ID.

Thus, ID semigroups are not necessarily large. Similarly to the toral case, explicit
general examples of ID semigroups generated by just two endomorphisms can easily
be given.

CHAPTER III. QUOTIENT GROUPS OF MULTI - SOLENOIDS OF FINITE RANK

1. Generalities and the main theorem. In this chapter the ID property will be
studied for commutative semigroups of endomorphisms of quotient groups of 7.
First, the groups in this class and their rings of endomorphisms have to be described.

Let G be a quotient group of Q). A = G is a subgroup of Z[1/a). AN Z is
isomorphic with Z* for some 0 < s < r. Let ¢ be an isomorphism of A N Z" onto
Z°. It is obvious that { can be uniquely extended to an isomorphism of A onto some
subgroup of Z[1/a]° containing Z°. We may assume therefore that Z" C A C
Z[1 /a)". Combining this with the endomorphisms introduced in the beginning of the
preceding chapter we obtain the monomorphisms

iy Iy Iy
Z'>A->1Z[1/a]" >R X Q)
and the dual epimorphisms
TeQ/HEQ SR X Q,

where H is a closed subgroup of Q; and 7, = i ,» 1 <Jj < 3. The mappings i, are
discrete embeddings and the mappings m; are therefore open. It is easy to verify that

AR X Q,,Z") = Ker(m) ® {0} X Z’.

Hence 7;!(H) = Ker(m,) ® H’, where H’' is a subgroup of R” X Q/, contained in
{0} X Z; which is mapped isomorphically onto H by m;. We shall consequently
denote H' by H.

Recall that Z, = ,-1 Z,,and thus H is a closed subgroup of [1%_, Z' This can
be shown to 1mply that H I'[ , where H, is a closed subgroup of Z’ for
1 < j < h. Henceforth, referring to 9 /H we assume that H has the aforementloned
properties.

Let 0 € End(Q2,/H). Since A 2 Z’ it is clear that ¢ can be uniquely extended to
Z[1/a]". From Lemma II.1 it follows that ¢ can be uniquely lifted to Q.. If 0 and =
commute, then so do their liftings to @/ as well. The elements of End(2,/H) are
represented by matrices in M,(Z[1/a]), but not every such matrix gives rise to an
endomorphism. The liftings of ¢ to Q/ and to R” X Q/, will also be denoted by o.
Since H is o-invariant as a subgroup of &, and {0} X QY is o-invariant in R” X Q,
H is o-invariant as a subgroup of R” X Qg as well. This implies that H, is o-invariant
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for 1 < j < h. In fact, we show that H,, for example, is o-invariant. Let x € H, and
assume that

h
o(x)= Ly, yEHVI<j<h
=1

Take a sequence (s,)%-, of positive integers such that p/» - 1asn - o in Z, for
2 < Jj < h. Then on the one hand

0((1’21’3 “‘P;.)S"x) —o0(x) asn— o0,

and on the other hand

h
o((p2ps - Pa)"x) = L (P2ps -~ Ph)x")? -y, asn—> .
=1

Thus o(x) = y, € H,, which proves that H, is o-invariant.

Now fix an arbitrary 1 < j < h. Let V, denote the subspace of Q’ spanned by H,.
Suppose V; is s-dimensional. Obv10usly, V; is o-invariant. Con51der the restriction 0,
of o to V. We claim that all the eigenvalues of o, are of norm not exceeding 1. Let
K, denote the splitting field of f, over Q Suppose that, contrary to our claim,
v‘” € K; is an eigenvector of o, w1th an engenvalue of norm greater than unity (in
the umque extension of the p -adic valuation from Q, to K;). Let v, v, ... v be
all the conjugates of vV over Q,. b, All these vectors are eigenvectors of g,. Set
x = X!_, v It is easy to see that x € V). Since H;isa Z, », -module we may assume,
replacing x by some p*x, that x € H,. Now adjom vectors v“*Y, .. v in an
arbitrary way to v™®,..., 0" so as to get a basis of K;. Since H, is compact the set of
vectors of coefficients of all the elements of H, with respect to this basis is also
compact. But the collection of vectors of coefficients of {ay'(x)|n = 0,1,2,...} € H,
is already unbounded. The contradiction proves our claim.

The concept of an ID semigroup of endomorphisms of Q/H is defined as in the
case of /. The following theorem, which generalizes Theorem II.1, forms the main
result of the present chapter.

THEOREM 1I1.1. A commutative semigroup = of endomorphisms of Q./H is an ID
semigroup iff the following conditions are satisfied:

(1) There exists some 6 € Z such that f, is irreducible over Q for every n € N.

(2) For every common eigenvector v of Z, which is not an eigenvector of the
restriction of 2 to I'[j;, V;, there exists some o, € Z whose eigenvalue in the direction of
v is of norm greater than unity.

(3) 2 contains a pair of rationally independent endomorphisms.

2. The necessity of the conditions. Let £ be a commutative ID semigroup of
endomorphisms of £,/H. To prove the necessity of the conditions we have to show
that, assuming the conditions to be violated, an infinite closed Z-invariant proper
subset of §2/ /H can be constructed. This set will be the projection of an appropriate
subset of 7, as constructed in the course of the proof of Theorem II.1.
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PROPOSITION IILI.1. There exists some 6 € Z with f . irreducible over Q for every
n € N.

PROOF. In view of the proof of Proposition I1.1 it is clearly sufficient to show that
the projection of any infinite closed proper Z[1 /a}-submodule of &/ on &/ /H forms
an infinite nowhere dense set there.

Let M be such a submodule of §/. Consider the homomorphisms

M 4 Qr it Qr/H
and the dual homomorphisms
Z(1/a]"/4(Z[1/a)’, M) < Z[1/a]" < A.

Since M is infinite A(Z[1/a)", M) is a Z[1/a]-submodule of infinite index in
Z[1/a]’. Recall that Z[1 /a] is a Euclidean ring and that every nontrivial submodule
is of finite index. The elementary divisor theorem [11, p. 111] implies that
A(Z{1/a}’, M) is of rank less than r. Since A is of rank r, Im(m,i,) is infinite. Hence
Im(m,i,) is also infinite. It remains to show that this set is nowhere dense. To this
end note that A(Z[1/a]’, M) is a nontrivial Z[1 /a]-submodule of Z[1/a]’, whence
it is infinite. Rank considerations imply that Ker(7,i,) is infinite. Consequently the
image of M in Q)/H is of infinite index, and so nowhere dense. This proves the
proposition.

Employ now the notations introduced before Proposition 11.2. Denote by U, the
subspace of K spanned by H,. Our remarks in the beginning of Chapter II, §3
imply that U, is spanned by some subset of the basis 0"/, v*/,...,v"/ of K /- Put

{(1 JIN<i<r0<j<h v’ ¢ Uj}

Note that if v/ and v'2/ are conjugate over Qp/ and (i, j) € S then (i,, j) € S as
well.

PROPOSITION 111.2. For every (i, j) € S there exists some o € Z with |\, | > 1.

i.j.0

PROOF. Suppose that for some j we have, say, (1, j) € S but |A; ; ;| < 1 for every
o € 3. Assume that v/, v>/,...,v*"/ are the conjugates of v*/ over Q,, . Consider the
set & defined in the proof of Proposmon I1.2. Under the projection of Q onQ/H
this set is carried into a closed Z-invariant proper subset of €/ /H. It is easy to see
that &, is mapped in a 1-1 manner, and therefore its projection is infinite. The
contradiction proves the proposition.

PRrOPOSITION 111.3. Z contains a pair of rationally independent endomorphisms.

The proof is carried out employing the constructions made in the proofs of
Lemma I1.6 and Proposition 11.3. We omit the details.
This completes the proof of the necessity.

3. The sufficiency of the conditions. Z is a commutative semigroup which satisfies
the conditions of Theorem IIl.1. We employ the notations introduced before
Proposition I11.2.
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PROPOSITION 111.4. Let E be a closed Z-invariant subset of Q.,/H containing 0 as a
nonisolated point. Then E = Q) /H.

PROOF. Let (#™)%_, be a nontrivial null sequence of points in E. The lifting of E
to I/, Q;, contains a null sequence (#'™)7_, which forms a lifting of (u'™)7.,.
Decompose #'™ into a sum of elgenvectors inT1}_ K

ulm = Z Z "‘i./.mvi"/-
j=0 i=1
Itis easy to see that L, e s, 0"/ € [P, V. Since &'™ — 0 as m — oc we have
a, ; m — 0asm — oo for every (i, j). Hence for m sufficiently large L, e 5@, ; 0"
€ H. The sequence
wm =Y a0 m=1,23,...,
(i. €S

therefore forms another lifting of (¥™)7_, to IT/_,Qj;, . Thus, the lifting of E to

/=OQP, contains a nontrivial null sequence of points lying in a Z-invariant
subspace V of ]'Ij;o Qj;, having the following property: For every common eigenvec-
tor of the restriction of 2 to V there exists some ¢ € £ with its corresponding
eigenvalue of norm greater than unity. Examining the sufficiency part of the proof of

Theorem I1.1 we observe that this information guarantees that the lifting of E to @,
is £/, itself, and hence E = Q/H.

Lemma 1111, (R, /H ){[!] is finite for every | € N.

The proof of Lemma 11.13 is sufficiently general to cover this case also. The
following two lemmas are also proved as the parallel ones in the case of /.

LemMa 111.2. If o is an epimorphism of .,/ H, then Ker(o) is finite.

LemMma I11.3. If o is an ergodic endomorphism of Q.,/H. then every finite o-invariant
set consists of torsion elements only.

The following lemma is an immediate consequence of Lemma I1.16.

LemMa 111.4. Let q be a prime not dividing a. Then U_(2,/H)(q"] is dense in
Q/H.

Denote by d(H,) the rank of the Z, ,-module H, (or, equivalently, the dimension of
V, over Q ,) for 1 <j < h. Setd(H ) = Z" d(H ). The following generalization of
Lemma 11.17 holds.

LEMMA IILS5. There exists a subsemigroup Z, of =, generated by not more than
max{2, r(h + 1) — d(H)} endomorphisms, which satisfies also the conditions of Theo-
rem I11.1.

Proving that Z is an ID semigroup is now carried out as in the case of Q. It is
easy to see that (2 /H, ) may be assumed to be an #flow. Then we show that a
Z-minimal set is necessarily a finite set of torsion elements. Finally, it is proved that
the only infinite closed set is 2/ /H.
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RemaARrk II1.1. Unlike what was seen in the former cases, commutative ID
semigroups on groups of the form Q) /H are, in some sense, rare. That is, for most
subgroups H of £/, the group @/, /H admits no ID semigroups.

ExaMpLE II1.1. Consider the group 3. It has a continuum of subgroups obtained
as projections of 2-adic segments in R? X Q?3, the form of which is {(0,0, x, ax)|x €
2%Z,} for some a € Z, and k > 0. Let H be such a subgroup. If a is not an
algebraic number of degree 2 over Q then there exist no ID semigroups on Q3/H. If
a = 0, for instance, then the group is T X €,. T X {0} is a fully invariant subgroup,
i.e. it is invariant under all the continuous endomorphisms of the group. In fact,
since U_( T[2"] is dense in T while ©,[2] = {0} we have Hom(T, 2,) = {0}. Hence
every endomorphism o is represented by a triangular matrix, and so T X {0} is fully
invariant. The situation is similar for other rational numbers a. We note that f is
reducible over Q for every endomorphism o. On the other hand, if a is transcenden-
tal or algebraic of degree greater than 2 then End(Q3/H) = {/I|/ € Z}. In this case
every closed subgroup of 22/H is fully invariant and f, is reducible for every o.

The example shows that the first condition in Theorem III.1 indirectly forms a
heavy constraint upon the form of a subgroup H of Q/ for which there exist ID
semigroups of endomorphisms on £//H. We note that the case which was seen
concerning the group T X £, can be generalized. To formulate the following
theorem we recall a few definitions regarding abelian groups (see, for example, [4,
Chapter XII]). Let T be a torsion-free abelian group. Let p,, p,,... be the sequence
of all primes. For y € T and prime p denote by 4 ,(y) the largest integer k such that
pXlv: if p*|y for every k put h(y) = c0. h,(y) is the p-height of y. The characteristic
of y is denoted by x(v) and is defined as the sequence of p-heights of y:

x(v) = (h, (¥). b, (¥)....).

Two characteristics (k|, k,,...) and (/,, /,,...) are equivalent if k, = I, for almost
all n and k, # /, implies that k, and /, are both finite. An equivalence class of
characteristics is a type. If x(v) is of type ¢ we say that v is of type ¢. The type of v is
denoted by #(y). A type ¢ is given by a characteristic in its class. A partial order is
defined on the set of all characteristics by setting (k,, k,,...) < (/;, [5,...)if k, <[,
for all n. For types we get a partial order by putting 7, < ¢, if there exist
characteristics x, € ¢, and x, € 1, such that x; < x,. If 6: I', = T, is a homomor-
phism, then x(oy) > x(v) and t(oy) > t(y) for every ¢ € I. A group is homoge-
neous if all its nonzero elements are of the same type.

THEOREM II1.2. Let G be a connected compact abelian group. If G is not homoge-
neous, then there exist no 1D semigroups of endomorphisms on G.

PROOF. Suppose v,, Y, € G are nonzero elements of different types ¢, and t,,
respectively. Assume, say, that 7, # ¢;. Given any type ¢ we denote G(1)= {y e
Glt(y) = t}. G(1,) is a fully invariant subgroup of G. Our assumptions imply that it
is infinite and that it is of infinite index in G. Hence A(G, G (1,)) is an infinite closed
fully invariant proper subgroup of G. This proves the theorem.

We remark that, on the other hand. if commutative ID semigroups on £ /H exist,
then they are not necessarily large. By Theorem I11.1 and Lemma I11.5 we easily get
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THEOREM 111.3. Let = be a commutative ID semigroup of endomorphisms of Q. /H
2 contains a subsemigroup Z,, generated by not more than max{2, r(h + 1) — d(H)}
endomorphisms, which also forms an ID semigroup.

CHAPTER IV. MULTI - SOLENOIDS OF ARBITRARY TYPE

Generalities and the main theorem. Let P = { p,, p;, p,,...} be a set, where
Po = o0 and p; is a prime for j > 1. Denote by Z[1/P] the ring obtained from Z by
adjoining all the numbers 1/p; for j > 1. The dual group of the additive group of
Z[1/P] will be denoted by £,. If P is infinite, then £ is called a solenoid of infinite
type. For P = {p,} and P = { py, p;,...,p,} we obtain the circle group and the
a-adic solenoid (with a = p, p, - - - p,), respectively. Our notations in the course of
this chapter mostly refer to the infinite case.

We now state a few facts which are analogous to those which were studied for
solenoids of finite type. Denote by °°'1 Q, the local direct product of the groups
Qp relative to the compact open subgroups Zp , j= 1. That is TT° _IQ is the
subgroup of [TZ,Q, consisting of those elements (x,)=, for whlch x; € Z for
almost all j. A ba51s of neighbourhoods of 0 is given by the collection of sets of the
form I172, U, where for every j the set U, is a neighbourhood of 0 in Q,, and
U =1, for almost all j (see [7, pp. 56-57] for the definition and the basic properucs
of local direct products). Put I1,c,Q, =R X ﬂ°° 1Q,,- The monomorphism i:
Z[1/P] = I1,c»Q, given by i(s) = (s, 5,...), 5 € Z[l/P], is a discrete embedding.
Let us examine the dual epimorphism. Thc group [T, » Q, is self-dual ([7, 25.34.b]
contains this fact as a special case). The action is given by

((yp)pe,,)(xp)pep l—[ 82""‘ vy

Hence the dual of i

n=i: [T Q,~ 9
pEP
exhibits £, as a quotient group of [T, , Q,.

The group £, can also be represented as an inverse limit of solenoids of finite
type. If a/b then there exists a natural embedding Z([1/a] — Z[1/b]. The system
composed of all groups Z[1/a], a being a product of primes in P, with these
embeddings forms a direct system whose limit is Z[1/P]. Passing to duals we obtain
an inverse system whose limit is .

An explicit representation of Qp is given by the set [1,c,Z,. If to the elements
x, y € Qp there correspond (x,),cps (¥,),ep €I1,epZ,, then to z = x + y there
corresponds (z,,),, < p, Where

_[Fe t e —lxe vy p=o0,
P x,ty, tlx, ty].  p# .

The projections £, — @, for alb and @, — £, take on a very simple form in this

representation, namely they are defined as projections on the relevant components.
It is easy to see that any endomorphism of Z[1/P}" can be uniquely extended to

[T,cpQj. It follows that any endomorphism of §; can be uniquely lifted to
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[T, »Q,. Endomorphisms of 2, correspond to r X r matrices over Z{1/P]. Their
liftings act upon [T, ,Q; as “linear transformations”. The liftings of commuting
endomorphisms are also commuting. We note that endomorphisms of Q/, a being a
product of primes in P, can be uniquely lifted to £} and to £/, for a|b.

ID semigroups of endomorphisms of Q} are defined as in the former cases and the
characterization of the commutative ones is given by

THEOREM IV.1. A commutative semigroup of endomorphisms of Qp is ID iff it
satisfies the three conditions stated in Theorem 11.1.

REMARK 1V.1. The second condition of the theorem relates, in the case of infinite
P, to infinitely many eigenvectors; to every p € P there corresponds a finite
extension K, of Q,, such that in K] there are r common eigenvectors of Z. The third
condition of the theorem follows in this case from the second one. In fact, this is
valid since for every endomorphism o all the eigenvalues A, ;, A, .... A, ; are units
in K, for almost all p.

2. The proof of the theorem. The necessity of the conditions is proved similarly to
the case of finite type multi-solenoids. To obtain the first condition Z[1/P}-modules
are employed instead of the Z[1 /a]-modules of Proposition II.1. For the second we
use the projection on £} of a subset of [T, , Q) constructed as in the proof of
Proposition I1.2. We note that the sets obtained in } may be thought of as inverse
limits of invariant sets in groups /. Since it is sufficient to deal with the case of
infinite P we obtain by Remark IV.1 the third condition too. Thus we may pass to
the proof of the sufficiency of the conditions.

Unlike the preceding cases we do not split the proof into two parts. The main idea
is now to make use of projections of Z-invariant sets in {5 on quotient groups of @5,
which are isomorphic to groups of the form £ /H. From Theorem III.1 we shall
conclude that the projection of the given set on any quotient group of that form is
the whole of the group. This will imply that this set is @5. A few lemmas are first
needed.

LEMMA 1V.1. Q5[1] is finite for every | € N.
The proof of Lemma I1.13 covers our case also.

LEMMA IV.2. Let a and b be positive integers with a\b and let 7: Q, — §, denote the
natural projection. If x € Q; is a torsion element then m(x) € Q, is a torsion element
whose order is the same as that of x.

PRrOOF. It is sufficient to deal with the case r = 1. We have to show that if x € @}
is a torsion element and #(x) = 0 then x = 0. We may assume that x € €,[q] for a
certain prime ¢. To show that the restriction of 7 to £,[q],

7" Q[q] - Q,[q].

forms a monomorphism, it is sufficient to prove that its dual
#': Z[1/a]/qZ[1/a] - Z[1/b]/qZ[1/b],
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which is naturally induced by the embedding of Z[1/a] into Z[1/b), is surjective.
Now if g|b then the group on the right-hand side is trivial, while if g t b, then 7’ is
obviously 1-1 and since both groups are of the same order g it is also onto. This
proves the lemma.

Now let 2 be a commutative semigroup of endomorphisms of Q} satisfying the
conditions of the theorem. E is an infinite closed Z-invariant set. 7, denotes the
projection of } on @/, where a is a product of primes in P.

PROPOSITION IV.1. There exists an a such that w,( E) is infinite.

PROOF. By the characterization of ergodicity in Theorem 1.3 we easily see that =
contains some ergodic endomorphism o. Let a be the product of finitely many
primes in P, including all the primes dividing the denominator of some entry in o.
Obviously, o induces an ergodic endomorphism on £/ ((£2}, o) is a factor of (2}, 0)).
The set m,( E) is closed and o-invariant. Assume it is finite. Then by Lemma I1.14 we
have 7,(E) € Q/[/] for an appropriate positive integer /. Lemma IV.2 implies that
m,(E) € Q}[!] for every b which is divisible by a. From the representation of 2} as
an inverse limit of multi-solenoids of finite type we conclude that £ € Q}[/]. Lemma
IV.1 proves the finiteness of E. The contradiction completes the proof.

PROPOSITION 1V.2. For every product a of primes in P, w,(E) = Q..

ProOF. In view of the preceding proposition we may assume that 7,( £') is infinite.
Suppose, say, that a =p,p, --- p,. Choose a finite set of endomorphisms
6,,0,,...,0, € 2 such that f,, is irreducible for all n, o, is rationally independent of
6, and for every 1 < rand 0 </ < hthereexistssomel <7< swith|A, |, | > 1.
Let 2, be the subsemlgroup of Z generated by o0y, 0,,...,0,. Let b be the product of
finitely many primes in P, including all those primes dividing the denominator of
some entry of one of the matrices 0,, 0,,...,0,,sayb =p,p, --- p, - p;-

For every h + 1 <j < k denote by H, the closed subgroup of Z, consisting of
those elements lying in the subspace of K/ spanned by the eigenvectors
v, 03, 0" with A, ol <1 foreveryo e 20. The group H, is not neccssarily
2- invariant but from compactness considerations we easily infer that 2, H; pj" 'z,
for a suitable /; (see also the remarks preceding Theorem I11.1). Set H; = JE H
Evidently, H/ 15 a closed 2 -invariant subgroup of Z, . Hence 2, may be consndcred
as a commulatlvc semigroup of endomorphisms of 9,,/]"[ j=n+1Hj. One can show
that our construction implies that, as such, 2, satisfies the condmons of Theorem
IIL1, and hence (2;/T15_, ., H}, Z,) is ID. Let m; denote the projection of £} on
Q; /T1X i=n+1H;. The set my(E) is a closed Z-invariant set. Since 7,( E) is infinite,
my(E) is infinite as well. Hence m;(E) = Q;/I1%_, . H/, and therefore m,(E) = Q.
This proves the proposition.

From Proposition 1V.2 and the representation of £} as an inverse limit of groups
of the form £ we immediately obtain E = @}. The proof of Theorem IV.1 is thus
concluded.

REMARK IV.2. As in the case of multi-solenoids of finite type the conditions for a
commutative semigroup of endomorphisms of a multi-solenoid of infinite type to be
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ID are rather mild and easy to verify. We can also construct explicitly ID semi-
groups. On the other hand, it is obvious that in the infinite type case no finitely
generated semigroup (commutative or not) is ID.

CHAPTER V. FINITE - DIMENSIONAL CONNECTED COMPACT ABELIAN GROUPS

1. Generalities and the main theorem. This chapter deals with the characterization
of commutative ID semigroups of endomorphisms of finite-dimensional connected
compact abelian groups. This class of groups contains as special cases the classes
studied in the former chapters.

Let G be such a group. T’ = G is a torsion-free discrete abelian group of finite rank
(see, for example, [7, Chapters 23-24]). We may assume therefore that Z" Cc I € Q’
for some r. To make the notations compatible with those of the preceding chapter
we assume that I' € Z[1/P]" for a certain P (which may be considered to include all
the primes). Hence G is of the form Q}/H.

We have to connect our group with €} and with quotient groups of multi-solenoids
of finite type. Let a be a product of primes in P. Consider the commutative diagram
of monomorphisms

h
Z > T'nZll/al - Z/a) - [J1Q,

j=0 "
! l l !
7 - r - zlip]” - [T Q

pEP

and the corresponding dual diagram of epimorphisms:

h h
T <« Q/[1H < 9 < T]Q
Jj=1

y=0 "
7 T T T
T o« ayH o« % < [1Q

PEP

The inverse image of H in [T, » Q;, contains a subgroup, contained in[1,cp_(, Z,
which is carried isomorphically to H. This group, which we denote by H also,
decomposes in the form H =TI172, H,, where H; is a closed subgroup of Z, for
j = 1. If a and b are products of primes in P with a|b, then we have a natural
embedding T N Z{1/a])" > T N Z[1/b]" and a corresponding dual projection
Q;/1,,, H, = Q/T1,, H,. Passing over all the products of primes in P we obtain
an inverse system whose limit is £} /H.

Let 0 € End(R}/H). As in the case of finite P it is easily verified that ¢ admits a
unique lifting to €5. The groups H,, j > 1, are invariant under the lifting of o to
IT,c »Q,- The liftings of commuting endomorphisms are commuting as well.

Denote by V, the subspace of Q;,/ spanned by H, for j > 1 and ¥V, = {0}. If
o € End(Q}/H), then the invariance of H, under o implies that the eigenvalues of
the restriction of o to ¥/ are of norms not exceeding unity. Put

H=VnZ,.KH j>1

It is easy to see that H, is a subgroup of finite index in H,.
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The following theorem, which includes Theorems II.1, 1I.1 and 1V.1 as special
cases, forms the main result of the whole paper.

THEOREM V.1. A commutative semigroup 2 of endomorphisms of @5/ H is ID iff the
following conditions hold:

(1) H; = H, for almost every j.

(2) There exists a 6 € Z such that f. is irreducible over Q for every n € N.

(3) For every j > 0 and every common eigenvector v of the semigroup Z of linear
transformations of Q’/, which is not an eigenvector of the resiriction of Z to V), there
exists an endomorphism o, € Z whose eigenvalue in the direction of v is of norm greater
than unity.

(4) Z contains a pair of rationally independent endomorphisms.

REMARK V.1. The first condition of the theorem relates only to the structure of the
group in question. If it is not satisfied then there exist no commutative ID
semigroups of endomorphisms on the group. Recall that in the case of Q) /H there
were also restrictions on the structure of H required to guarantee the existence of ID
semigroups. But whereas in that case the restrictions were implicit in the condition
regarding the existence of some ¢ € 2 with f, irreducible, in our case the structure of
2 alone cannot ensure that the group admits any ID semigroups (see also Example
V.1).

2. The proof of the theorem. We first prove the necessity of the conditions. To
obtain conditions (2) and (3) we employ projections of properly chosen invariant
sets in @5. The method is the same as the one used in the case of @/, /H.

Now we have a basis v', v®,... ,0'” of A" with the properties considered in
Lemma IL5. U is the matrix formed by these column vectors. The entries of U and
of U~! belong to a certain number field K. Let P, denote the set of all primes p € P
for which all the elements of U and of U ™! are of norm not exceeding unity for every
extension of the p-adic valuation from Q to K. The set P — P, is finite. If p, € P,
then a vector v in Q}, belongs to Z; iff in the representation v = L7_, a, ;0" we
have |a; | <1 for every l1<is<r Hence if p; € P, then Z, is Z-invariant, and
therefore H; is also Z-invariant. Put H;=H;ifp, € P and H = H,if p; € P,. Then

) H] is a Z-invariant compact subgroup of IT,c,Q; containing [T~ , H,. The
projection of [T72, H] on 2} /H is a closed Z-invariant proper subgroup of Q5/H. If
for infinitely many 1nd1ces J the subgroup H; is properly contained in H,, then this
projection is infinite. It follows that condmon (1) of Theorem V.1 is necessary for
the existence of commutative ID semigroups on Q5/H.

We turn to prove the necessity of condition (4). If for infinitely many numbers j
the rank of the Z, -module H, is strictly less than r, then obviously the third
condition implies the fourth. Assume therefore that H, is of rank r for almost every ;.
Then the first condition implies that H, = Z, for almost all j, so that our group is
actually a quotient group of a multi- solen01d ‘of finite type, where the theorem was
already proved.

Now the sufficiency of the conditions will be proved. Two lemmas are needed
first.
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LEMMA V.1. (R%/H )] is finite for every | € N.

The proof of Lemma I1.13 applies to this case also.
Given products a and b of primes in P with a|b we denote by 7, , the projection of
§2; on & as well as the projection of &} /T1, , H, on @7 /T1

P, ltl
LEMMA V.2. Let a and b be as before. Suppose that H, = Ll |, for every j for which

p;((b/a). Let x be a torsion element of er’/np,lh H,. Then m, ,(x) is a torsion element
of /11, |, H, of the same order as x.

PROOF. Assume that, say, a=p,p, ---p, and b=p,p5 -~ p,- - p,. It is
sufficient to show that x € (Q;/T1}_, H))[/] and 7, ,(x) = 0 imply x = 0. Lifting to
§; we see that we have to prove thatif x € @}, Ix € [1}_, H and m, ,(x) € l'l;;, H
then x € l'l"' H,. Employ the explicit representations of £, and {2, as products of
suitable Z,, ’s. Our assumptions imply that x = (xy, X5,...,X,,...,X;) With x, € H,
forl <j < h and x; € Z’ for h + 1 <j < k. Since x, belongs to the subspace of
Qy, spanned by /x; wegetx € Hforh+1<j<k ButH H forh +1<j<k.
We obtain x; € H;forl <j < k This completes the proof

Let £ be a commutallve semigroup of endomorphisms of ©/H such that the
conditions of the theorem are satisfied. E is an infinite closed Z-invariant set. m,

denotes the projection of &7/H on &;/1I1, , H

PROPOSITION V.1. There exists some a such that m,(E) is infinite.

PROOE. Select an ergodic 0 € 2. Let a be the product of finitely many primes in
P, including all those primes dividing the denominator of some entry of ¢ and all
those primes p; such that H, # H,. Assume that, say, a = p, p, - - - p,. o induces an
ergodic endomorphism on Qu/l"lj;l H, m,(E) is a closed Z-invariant set. If it is
finite then 7,(E) € (£, /I"[jgl H,)[!] for some /. By Lemma V.2 we obtain m,(E) C
(2;/T1_, H))[!] for every b of the form b = p, p, --- p, - - - p,. The representation
of Q/H as an inverse limit of groups of the form 9,’,/]’[;;1 H; implies then that
E C (2p/H)[!]. This contradicts the infinity of E and thereby proves the proposi-
tion.

The end of the proof is analogous to that of the case of 5. First it is shown,
similarly to Proposition IV.2, that =,(E) = Q;/I1, , H, for every a. From the
representation of Q5/H as an inverse limit of quotient groups of multi-solenoids of
finite type we infer that E = Q}/H. This completes the proof of Theorem V.1.

REMARK V.2. In the proof we saw that if P is infinite then €,/H usually admits
no finitely generated commutative ID semigroups. In fact, if such semigroups do
exist then the group is actually isomorphic to a quotient group of a multi-solenoid of
finite type.

We now bring without proof a condition on the dual group I' which is equivalent
to the condition H, = H,. Consider the group

L =Trnz[l/p| /2. ;=1

Then H, = H iff T is a divisible group.
EXaMPLE V.1. Let " be the subgroup of Q consisting of all rationals with
square-free denominator. Obviously End(T') = Z. Every subgroup of T is fully
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invariant. The dual group G = I' can be represented by the set [ 0,1) X [, G,
where P is the set of all primes and C, is the cyclic group of order p (addition is
defined by transferring the remainder in the first component to all others). The set of
all closed subgroups of G has the power of the continuum and each subgroup is fully
invariant. More generally, out of all the subgroups of Q, only for those which are
isomorphic with Z{1/P] for some P do there exist ID semigroups on the dual group.
This is a special case of the following

THEOREM V.2. Let G be a connected compact abelian group and let T = G. A
necessary condition for the existence of 1D semigroups of endomorphisms on G is that T
be a homogeneous group of idempotent type.

Recall that a type ¢ is idempotent if there exists a characteristic x = (k,, k,....) € ¢
with k, = 0 or k,, = oo for all n (see [4, Chapter XII}).

PrROOF. T is necessarily homogeneous by Theorem IIL.2. If I' is not of an
idempotent type, then it contains fully invariant infinite subgroups of infinite index.
In fact, let 0 # y € T. Set

A={6eTx(8) > x(v)}.
A is an infinite subgroup of I'. Since I is not of an idempotent type, there exist
infinitely many primes p such that p|y but p* t y for sufficiently large k. The
collection of all elements y/p for these primes p forms an infinite set of elements
which are mutually incongruent modulo A. Hence A is of infinite index in T.

Evidently A is fully invariant. It follows that A(G, A) is an infinite closed fully
invariant proper subgroup of G. This completes the proof.
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