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RADIAL FUNCTIONS AND
INVARIANT CONVOLUTION OPERATORS
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CHRISTOPHER MEANEY

ABSTRACT. For 1 < p < 2 and n > 1, let Ap(R") denote the Figa-
Talamanca-Herz algebra, consisting of functions of the form

() > fevae
k=0

with 3", || fillp - llgkllpr < co. We show that if 2n/(n + 1) < p < 2, then the
subalgebra of radial functions in Ap(R") is strictly larger than the subspace of
functions with expansions (*) subject to the additional condition that fx and
gk are radial for all k. This is a partial answer to a question of Eymard and
is a consequence of results of Herz and Fefferman. We arrive at the statement
above after examining a more abstract situation. Namely, we fix G € [FIA|g
and consider B A,(G) the subalgebra of B-invariant elements of Ap(G). In
particular, we show that the dual of B A,(G) is equal to the space of bounded,
right-translation invariant operators on LP(G) which commute with the action
of B.

Introduction. In his survey of the properties of the Figa-Talamanca-Herz alge-
bras A,(G), Eymard asks the following question, [Ey, 9.3]. If u € Ap,(R") is radial
does it have an expansion

[o e}
u= E fixq
1=0

with not only the usual conditions f; € LP(R"), g, € LP (R"™), and

>l llpllanlly < oo,
=0

but also f; and g; radzal for all 1?

We use results of Herz and Fefferman to show that the answer is no when n > 1
and 2n/(n+1) <p< 2.

A similar statement is possible for central functions in A,(G), where G is a
compact, simply connected, simple Lie group.

It is possible to view the radial part of A,(R") in a more general setting. Suppose
that G is a locally compact group with a group of topological automorphisms B
such that B contains all inner automorphisms of G and B is compact in Aut(G).
We examine the subalgebra of B-invariant elements of A,(G), written 2 A,(G), and
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show that its dual is the space of bounded right-translation invariant operators on
L?(G) which commute with the action of B. Furthermore, let A,(G, B) be the
image of (BL?(G))®(BLP (G)) under the map f ® g — g * f¥. For h € L}(G),
denote by A(h) the operator f — h=* f, acting on LP(G) and having norm |||A(h)|||p.
If h € BLY(G) then A(h): BLP(G) — BLP(G) and we denote the norm of this
operator by Np(f).

We arrive at our answer to Eymard’s question via the following general principle.
If there exists a sequence {h,}, € BL!(G) with {|||A(hn)|||p}~ unbounded and
{Np(hy)}» bounded, then

BA,(G) # A,(G, B).

1. [FIA]g groups. If G is a locally compact group let Aut(G) be the group
of topological automorphisms of G, equipped with the Birkhoff topology described
in [Br] and [PtSu]. Throughout this paper we assume that there is a subgroup
B C Aut(G) such that: (i) B contains all inner automorphisms of G; and (ii) B is
compact in Aut(G). This is abbreviated by writing G € [FIA]g. For a list of the
properties of the class [F1A]g see the survey article [Pa].

Examples include locally compact abelian groups, with B trivial; central groups,
with B equal to the group of inner automorphisms; and G = R", B = SO(n).

For a € Aut(G) and f a function on G we let ®f(z) = f(a=!(z)), z € G. The
hypothesis G € [FI1A|g implies that G is unimodular and we fix a Haar measure
mg on G. In particular, mg is B-invariant (see [Br, §IV.5]). The action of B
extends to the Lebesgue spaces of G with respect to mg. If f belongs to one of
the spaces LP(G) (1 < p < 00) or Co(G) then the map o — ©f provides a strongly
continuous representation of B by isometries [Br, p. 78|. If E is a Lebesgue space
or a space of functions on G then we let

BE:.={fecE:*“f=f VYacB)}.

Having equipped G with mg we define convolution of functions on G as in
[HwRs, §20]. Since m¢ is B-invariant we see that

(1.1) *p*9) = (*p)*(“¥), Va€B,
whenever ¢ * 9 makes sense. Note also that
(*HY=2(fY), VYaeAut(G),

where f¥(z) = f(z71).
If f € Co(G) or LP(G) (1 < p < 00) we set

(12) Zsf = /B (8 ) dm(B),

where the right-hand side is the Bochner integral with respect to the normalized
Haar measure mp of the compact group B. This is denoted f# in [Msk|. The
operator Zg is obviously bounded and provides the projections Co(G) — BCo(G)
and LP(G) — BLP(G). Since B contains all inner automorphisms of G, BL}(G) is
contained in the centre of L}(G).

The maximal ideal space of the commutative Banach algebra 2 L!(G) is identified
with X g, the space of B-characters as defined in [Msk, §2]. These can be considered
as the zonal spherical functions for the Gel’fand pair (G x B, {1} x B). Hence, Xp
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can be equipped with a measure v so that the Gel'fand transform 7: BL!(G) —
Co(Xg) extends to an isometric isomorphism 7: BL2(G) — L?(Xg,v), see [Go].
The usual interpolation argument shows that if 1 < p < 2 and (1/p) + (1/p') =1
then ¥ extends to be a bounded map
F: BLP(G) —» L” (XB,v).
For further details on analysis on [F] A]5 groups see [Ha, HHL, KS, LM, Mz,
Msk, Pa, Pt, PtSu].

2. Figa-Talamanca-Herz spaces. Fix G € [FIA|z and 1 < p < co. The
action of G on LP(G) by right translation is denoted by

(p(2)f)(y) := f(yz), Vz,y€G,
and left translation is

A@)Ny) == f(z"'y), Vz,y€GC.
Furthermore, if h € L!(G) and f € LP(G) then we set

A(h)f :=hx f,
so that A(h) is a bounded linear operator on LP(G). The space of all bounded linear
operators on LP(G) which commute with p(G) is denoted Cv,(G) and is equipped
with the operator norm ||| - |||p. Clearly A: L}(G) — Cuv,(G) is a homomorphism
of Banach algebras.
The Figa-Talamanca-Herz space A,(G) is the image of L?(G)®L* (G) under the
map

(2.1) P(f®g):=gx*f",

and the norm on A,(G) is the quotient norm on (LP(G)®LP (G))/ker(P). Since
G is amenable (see [Pa, diagram 1]) we can identify A,(G)* with Cv,(G). For
T € Cvp(G) and ¢ € A,(G), having series expansion ¢ = P(} o> fn ® gn), the
pairing is

(2.2) (T, ) =Y gn*(Tfa)"(1).
n=0
In particular, if h € L'(G) then

(2.3) Ah).0) = | phdme.
JG

Herz has shown that Cv,,(G) is the ultrastrong closure of A\(C.(G)) [Hz 3, Theorem
5].

2.4 LEMMA. IfT € Cvp(G) then there is a net {hy}, C C.(G) such that

A < Ty Y,
and

(T, ) = li_I’n/ ph dmg, V€ Ay(G).
G

For details see [Cw, Ey, FT, Hz 2, Hz 3, Rb).




668 CHRISTOPHER MEANEY

Herz also considered the map M, which takes functions on G to functions on
G x G and is defined by

(2.5) (Mh)(z,y) == h(zy™'), Vz,yeG.
In particular, if ¢ € A,(G) then My is a multiplier of LP(G)®L? (G) and

P((Mp)an®gn)=30'P< fn®gn)~

n=0 n=0

This shows that A,(G) is a Banach algebra (see [Ey, Théoréme 1]).
We next consider the action of B on A,(G). In fact, both B and B x B act on
LP(G)®LF (G). For f € LP(G), g € LP (G), and 8,8’ € B set

(2.7) “(fe9):=(°f)® (Pg);

(2.8) BEY f@g):=(Pf)® (%)

Equation (2.7) (resp. (2.8)) defines a strongly continuous representation of B (resp.
B x B) on LP(G)®LP (G), acting as isometries. We need only remark that

If®g-*(fogll=lIfeg-(*Neg+ENog- (N (gl
<N =P 1llplglly + 15 1lpllg — Pally-

From equation (1.1) we see that if h € LP(G)®LP (G) and if § € B then
(2.9) P(Ph) = #(Ph).
2.10 LEMMA. If f € Ay(G) and B € B then #f € Ap(G) and the map B —

Bf is a strongly continuous representation of B on A,(G), acting by isometries.

Furthermore, Zpf € Ay(G) and ||Zgflla,(c) < IIflla,c)-

The case p = 2 was proved in [PtSu|. The following results were verified by
Mosak (Msk, p. 284].

2.11 LEMMA. (i) If f € L*(G) and g € BL'(G) then Zg(f xg) = (Zgf) * g
and Zg(g* f) = g* (Zs/f).

(ii) If f,h € L'(G) then Zg(f * h) = Zg(h * f).

(iii) If 1 <p < o0, f € LP(G) and g € LP (G) then Zp(f *g) = Zp(g * f).

2.12 COROLLARY. If1 < p < oo then BA,(G) = BA,(G) with equality of
norms.

Note that BA,(G) is a closed subalgebra of A,(G). If h € BA,(G) and S € B
then (Mh)(8(z), B(y)) = h(B(zy~')) = Mh(z,y), so that Mh is a multiplier of the
invariant subspace

B(LP(G) ® L7 (G)).
The action of B x B does not fit in with P, for if f € LP(G), g € LP(G), and
3,3 € B then

PPfe®g) =("g)+(?f)V =P(f 0" #y).
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In fact, F € LP(G)®LP (G) is B-invariant if and only if
F= / (*F)dmp(B),  (Bochner integral)
B
while it is B x B-invariant if and only if it belongs to (BL?(G))®(EL" (G)). Ey-
mard’s question [Ey, 9.3] asks if
(2.13) B4,(G) = P(BLP(G))&(BL¥ (G)))?

Peters [Pt] has shown that the answer is yes when p = 2.
Let us use the abbreviation

(2.14) A,(G, B) := P((BLP(G))®(BL¥ (G))).

This is the analogue of a Figa-Talamanca-Herz space for the hypergroup of B orbits
in G (see [Ha, HHL)).

2.15 REMARK. We cannot use the technique of [Hz 2] to verify whether
2A,(G, B) is an algebra. For if h € 4,(G, B) C BA,(G) then Mh is a multiplier of
B(LP(G)QLP'(G)) but not necessarily of (BLP(G))&(BLP (G)), since it need not
be B x B-invariant. The best we can say is that the function

(2,9) — /B h(z - Bly~1)) dms(B)

is a multiplier of (BLP(G))®(BL" (G)).

3. Invariant convolution operators. Maintain the notation and hypotheses
of §2. The compact group B acts on Cv,(G) via conjugation. If T € Cv,(G) and
B € B let T be the bounded linear transformation on L?(G) defined by

(CT)f=P"(T(f)), VfeLP(O)
An elementary calculation confirms that AT € Cv,(G) and clearly

NPTl = Tl

3.1 DEFINITION. We set BCvp(G) = {T € Cvp(G): T = T, VB € B}. From
(2.2) and (1.1) it follows that if ¢ € Ap(G) can be written as P(3_7°_ fn ® gn) and
if T € Cvp(G) then -

CT.o) = gar O TN ()
n=0

(3.2
’ = 3 Can) + (@A

(T ©), VBeB.

We wish to show that ZCv,(G) is the closure of A(BC.(G)).

3.3 LEMMA. If p € Cc(G) then |||X(ZBo)lllp < [IIA(@)|]]p-

PROOF. We know that

HIA(ZBo)lllp = sup

/ f(Zpp)dmg|,
G
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where the supremum is taken over {f € A,(G): || f|la, < 1}. However,

/G 1(zs¢)dma| = | [ [ (#ypdme dms|.

since mg is B-invariant, and the right-hand side is less than or equal to

/B NI 11 4, dms.

Now apply Lemma 2.10. Q.E.D.
Fix T € BCv,(G) and let {h,}, C C.(G) be a net as described in Lemma 2.4.
We have just seen that

(3.5) AMZsR)p < T (llps V-
Furthermore, for every ¢ € A,(G),

(3.4)

T6) = [ CT0)dmal8) (T, 28p) = lim(Zag) < k(1)

(3.4) limp + (Zphy)(1) = im(A(Zph-), ¢).

3.7 LEMMA. IfT € BCv,(G) then there ezists a net {h,} C BC.(G) such that
“I’\(hw)”lp < l”Tmp, V7, and

(3.6)

(T, o) = li}yn/ ph- dmg, Vo e Ap(G).
G

This shows that 2Cuv,(G) is the image Z3Cv,(G) where Z} is the adjoint of
Zp: Ap(G) — A,(G). From [Mz, p. 67, it follows that BCv,(G) = BA,(G)*.

3.8 PROPOSITION. The dual of the Banach space Z A,(G) is equal to ZCv,(G),
with the pairing as in (2.2).

3.9 COROLLARY. For 1 < p < oo and G, € [FIA|g we have BCv,(G) =
BCvy(G) and BCv,(G) C BCv2(G).

PROOF. The first, part follows from Corollary 2.12 and the second form from
the Riesz-Thorin convexity theorem. Q.E.D.

This is different from the case of all of Cv,(G), for there are examples [Hz 4,
Hz 5, Lh, Ob] of values p and groups G with Cv,(G) # Cvy (G). Corollary 3.9 is
very well known for various special cases, such as locally compact abelian groups
and compact groups, with B the group of inner automorphisms.

3.10 REMARKS. Recall the notation of §1. Hartmann [Ha| has shown that

BA42(G) = %2(G,B) = L (X,v),

where the isomorphism is the “inverse Fourier transform” 7~!. Hence, 2Cv2(G) =
L>®(Xp,v), so that elements of 2Cv,(G) can be viewed as multipliers. That is, if
T € BCv,(G) then there is T € L (X, v) such that

(T,p)= [ (FT)(Fp)dv,

Xp

for all p € BAy(G) N C.(G).
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Conversely, m € L*(X g, v) is equal to ¥T for some T € BCv,(G) if and only if

(3.11) m-Fp-dv
XB
for all p € BAp(G) N C.(G). We could also use ZA3(G) N C.(G), equipped with
I - la,(c), as a test space in (3.11). See [Cw].

This line of reasoning suggests a means of sometimes distinguishing A,(G) and
A,(G, B).

Observe that 2L!(G) acts on BLP(G) via convolution. Let us denote by N,(f)
the norm of A(f): BLP(G) — BLP(G), where f € BL}(G). Clearly, from (2.14) we
know that

< const - [[pl| a,(6)

No(1) = sup | [ rodme|: o € 2,(G. B)lella, <1.

If one could show that N,(f) # |||A(f)|llp, for some f € BL!(G), then it would
follow that %,(G, B) # BA,(G), since

IIIA(f)IIIp=sup{ /G fodma|: o€ BA,(G), lplla, 51}.

We shall demonstrate this for special cases in the next sections.

4. Radial multipliers. In this section we let G = R", for fixed n > 1, and
B = SO(n), so that BLP(G) is the subspace of radial elements of LP(R"). We use
f to denote the usual Fourier transform of an integrable function f on R™. The
Schwartz space is denoted by S(R™) and D(R") is the space of C®-functions with
compact support.

It is well known that T € SP(™(Cy,(R") corresponds to an element FT €
L%°([0,00)) such that

@@ = [ FeFT(enes de

for all f € §(R™). Conversely, we have seen in §3 that m € L*°([0,00)) is of the
form m = FT, for some T € S°(")Cy,(R™), provided

(4.1) |, ftemlende| < constflLa, e

for all f € SO p(R™).
For each r > 0 let T, be the operator defined by

@& = [ fleeesde
gl<r
for all f € S(R™). We recall the following results of Herz [Hz 1] and Fefferman
[F].
4.2 LEMMA. (a) Forn >0, r >0, and 2n/(n + 1) < p < 2 the operator T? is
bounded on SO LP(R™) and the norm is independent of .
(b) Forn>1,7>0, and p # 2, T® ¢ Cvp(R").

The following lemma was shown to me by Michael Cowling.
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4.3 LEMMA. Let ¢y € C*®([|0,00)) be compactly supported and have ' < 0.
Furthermore let Ty, be the operator defined by
(TN = $(l€Nf(€),  VEEeR™, fe SRM).
Then for each 2n/(n + 1) < p < 2 there is a constant cp, > 0 such that
ITofllp < cpllfllp®(0),  for all f € SO SR™).
PROOF. For f,g € SO(") §(R™) we see that

(Tu 1)+ 9(0) / F(©)a(e)v(e)) de

Integrating by parts we see that this is equal to

- /0°° /ﬂ@ €)dedr = - / W (F)(T2 1) * 6)(0) dr.

Now apply the preceding lemma. Q.E.D.
Note that we could also have used [GT, p. 238| and (Ig].
We can now give a partial answer to [Ey, 9.3].

4.4 THEOREM. Forn>1land2n/(n+1)<p<2,
SO(n)A (Rn) # P(SO n)Lp(Rn) SO(n) Lp (Rn))

PROOF. Suppose 50" 4, (R") = A,(R", SO(n)). The open mapping theorem
implies equivalence of norms

£, < lIflla, < &llflla,-
Fix a smooth, compactly supported function ¥ on [0, 00| such that:
(i) () =1ift < L5
(i) 0 < y(t) < 1if t > 1; and
(iii) ¥'(t) < 0, V¢ > 0.
For each k > 1 let ¥, be the element of S°(") §(R) such that

V(€)= (w(l€))k, VEeR™

For an arbitrary pair f,g € D(R™) our hypothesis implies that there exists se-
quences {F}};>0 and {G;}i>0 contained in SO(")D(R") and satisfying

Zsom)(f Z Fi + G

and Y720 1 FllplGilly < 26| fllpligllp - ThlS mvolves Lemma 2.10 and the density
of SO(M)D(R™) in SO(™) LP(R™). We now examine

[(A(¥k), f* )| = [(M¥k), Zso(n) (f * 9))]

oo
Z‘I’k + F xGi(0)] <> llRlplIGullyr
1=0 1=0

on account of Lemma 4.3.
However, this shows that for all k > 1,

(45) / FEOFNWEN)* de

< 2kcp|| fllpllgllp-

The left-hand side converges to |(T7, f * g)| as k — oo and so (4.5) contradicts
Fefferman’s solution of the multiplier problem for the ball, [Ff]. Q.E.D.




RADIAL FUNCTIONS AND INVARIANT CONVOLUTION OPERATORS 673

5. Central multipliers. Let G be a d-dimensional, compact, simply connected,
simple Lie group of rank r, with a fixed maximal torus T. In this case G € [FIA|g,
with B the group of inner automorphisms of G, and Zp is the operation of central-
ization,

Z5(z) = /G f(yzy™") dme(y).

Hence, ZA,(G) is the subalgebra of central functions in 4,(G) and BLP(G) is the
subspace of central elements of LP(G).

We use some results of Stanton and Tomas, [SnTo], to show that BA,(G) #
A,(G, B) for certain values of p. Fix a Weyl group-invariant polyhedron R in the
Lie algebra of T and let {D,: n > 1} be the Dirichlet kernels for summation of
Fourier series on G, as described in [SnTo, p. 478]. There is a constant p(R),
satisfying

2d/(d+7r)<p(R)<(2d-2r+2)/(d—r+2)<2,

such that for all p(R) <p<2andn>1

IDn + flip < constpllfll, V¥ f€PLP(G).

However, if p # 2 then
sup [||A(D)ll, = oo.

5.1 THEOREM. For G, B, R and p(R) as above and p(R) < p < 2, we have
54,(G) # P(PLP(G)&PLP (G)).

This is an immediate consequence of §3 and [SnTo, Theorems D and E].
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