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ABSTRACT. If two polyhedrons are locally subanalytically homeomorphic
(that is, the graph is locally subanalytic), they are PL homeomorphic. A lo-
cally subanalytic manifold is one whose coordinate transformations are locally
subanalytic. It is proved that a locally subanalytic manifold has a unique PL
manifold structure. A semialgebraic manifold also is considered.

1. Introduction. One of the main results is Theorem 4.1, which states that
a locally subanalytic homeomorphism of polyhedrons is locally subanalytically iso-
topic to a PL homeomorphism. Consequently, a subanalytic triangulation of a
subanalytic set (whose existence is shown in (3, 5]) is unique up to a PL home-
omorphism. These answer questions posed in (3 and 13] in weaker forms. The
former result also gives a negative answer to a conjecture in [13] of whether there
exists a semialgebraic homeomorphism from II3 to RP5, where II3 is Siebenmann’s
example of a PL manifold homeomorphic, but not PL homeomorphic, to RP5 [16].

We sketch its proof. Let h: X — Y be a locally subanalytic homeomorphism of
polyhedrons. We find closed neighborhoods X, Y; of the singular sets of h, h~! in
X, Y, respectively, using Whitney stratifications of the singular sets, such that (1)
X1, Y; are C*™ triangulable, and (2) X — X; and Y — Y, are C* diffeomorphic
and, hence, PL homeomorphic. For (1) we need a generalization of the C* trian-
gulation theorem of Cairns-Whitehead. The key lemma to (2) is a version (2.14) of
Proposition 5.1 of [14] (about topological equivalence of subanalytic functions). By
the Alexander trick we extend the PL homeomorphism X — X; — Y — Y, to the
global. We once more use the Alexander trick to find a locally subanalytic isotopy
of h to a PL homeomorphism.

We show locally subanalytic triangulations of locally subanalytic sets and Propo-
sition 2.14 in §2; and we explain our generalization of the Cairns-Whitehead theo-
rem and the Alexander trick in §3. §4 deals with Theorem 4.1 and its proof.

As the set of all locally subanalytic homeomorphisms of open subsets of R™ is a
pseudo-group, we can define locally subanalytic manifolds as those whose coordinate
transformations are locally subanalytic (§5). We show that every locally subanalytic
manifold has a unique PL manifold structure (5.3).

In §6 we define semialgebraic manifolds. The relation between semialgebraic
manifolds and compact PL manifolds possibly with boundary is similar to that
between Nash manifolds and compact C*° manifolds possibly with boundary, as
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follows (see [14]). By putting boundary on a semialgebraic manifold, we can
compactify it; in other words a noncompact semialgebraic manifold is semialge-
braically homeomorphic to the interior of some compact semialgebraic manifold
with boundary. As a compact semialgebraic manifold possibly with boundary is
semialgebraically homeomorphic to a compact PL manifold possibly with bound-
ary, we have a correspondence from the semialgebraic homeomorphism classes of
all semialgebraic manifolds to the PL homeomorphism classes of all compact PL
manifolds possibly with boundary. We prove that the correspondence is one-to-one
and onto. Accordingly there exist two semialgebraic (=finite) PL manifolds PL
homeomorphic but semialgebraically distinct.

As a semialgebraic triangulation of semialgebraic sets is always possible [5, 6], it
is meaningful to study properties of semialgebraic polyhedrons. We see in §7 that
a semialgebraic polvhedron essentially consists of finite cells. A curious property
of semialgebraic homeomorphisms is that compact polyhedrons X, and X, are PL
homeomorphic if X, x R and X3 x R are semialgebraically homeomorphic (7.5).
This is derived from finiteness of semialgebraic maps.

In this paper, manifolds do not have boundary and are separable, unless oth-
erwise specified. A topological manifold with boundary with a system of coordi-
nate neighborhoods {(Ua, %)}, such that v, are homeomorphic onto open sets
of [0,00)" and whose coordinate transformations are of class C®, is called a C®
manifold with cornered boundary.

2. Locally subanalytic sets.

2.1. DEFINITION. Let X be a subset of R™ and U an open neighborhood of X.
We call X subanalytic in U if each point z € U has an open neighborhood U’ such
that X N U’ is a finite union of sets of the form Im f; — Im f;, where f, and f are
proper analytic maps from analytic manifolds to R™. If X is subanalytic in some
U or in R", then X is called locally subanalytic or subanalytic, respectively.

We remark that every polyhedron contained in a Euclidean space is locally sub-
analytic, but a polyhedron might not be subanalytic if it is not closed. (This is the
reason why we define the concept “locally subanalytic”.)

A continuous map of subanalytic sets is called subanalytic if the graph is suban-
alytic, and a locally subanalytic map is relatively defined. For example, a PL map
of polyhedrons in Euclidean spaces is locally subanalytic. Moreover we define a lo-
cally subanalytic map of polyhedrons by PL imbedding the polyhedrons in Euclidean
spaces. This definition does not depend on the choice of PL imbeddings because
the composition of locally subanalytic maps is locally subanalytic. A homotopy
fee X =Y. t€]0,1], is called (locally) subanalytic if X x [0,1) 5 (z,t) — fi(z) €Y
is (locally) subanalytic.

2.2 Triangulation of locally subanalytic sets. The following is a locally subanalytic
version of Propositions 3.1, 3.1’ and Remark 3.10 in {15]. As the proof is the same,
we omit it.

Let K be a simplicial complex in R™ and U an open neighborhood of the un-
derlying polyhedron |K|, where |K]| is closed. Let {X;} be a family of subsets of
|K| locally finite in U and subanalytic in U. Then there exist a subdivision K’ of
K and a locally subanalytic isotopy 7: |K| — |K|, t € [0,1], of the identity map
such that:

(2.2.1) 7(0) = o for any 0 € K and t € [0, 1];
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(2.2.2) for any 0 € K’ and t € [0,1], 7(Into) is an analytic submanifold of
R"™ and 7¢|into: Inte — 7¢(Into) is an analytic diffeomorphism, where Int o, the
interior of o, is called an open simplez of K’; and

(2.2.3) each X; is the image under 7, of a union of open simplexes of K.

Moreover, let L be a subcomplex of K. Assume each X, N (|K|—|L|) is a union
of open simplexes of K — L. Then

(2.2.4) for any t € (0,1] and 0 € K with 0 N|L| = 0, we have ¢ € K’ and
7¢ = ident on 0. (See Remark 3.8 in [15].)

2.3. DEFINITION. A stratification of a set X C R"™ is a partition of X into
C* submanifolds X; of R™ such that {X;} is locally finite at X and X; N X; # 0
implies X; D X 5

A Whitney stratification is a stratification satisfying the Whitney condition (b)
(see [8]). An analytic stratification means that all strata are of class C¥. If all
strata are subanalytic in an open set U C R", we call the stratification subanalytic
tn U. From now on we omit U in the case U = R™.

Let X C R™ be a C° submanifold. A tube at X is a triple T = (|T|,,p),
where |T| is a C*™ tubular neighborhood of X for some Riemannian metric of
R", m: |T| — X is the projection, and p is a nonnegative C* function on |T|
such that p~!(0) = X and each point z € X is a nondegenerate critical point of
plx-1(z) (p is called a distance function).

It is easily seen (cf. the proof of Lemma 4.11 in [15]) that the above definition
agrees with [2].

Let {X;} be a stratification in R™. A controlled tube system for {X;} consists of
one tube T; = (|T;|, 7, p;) at each X; such that

(2.3.1) m; om;(z) = mi(z) and p; o m;(z) = pi(z) for z € |T;| N |T5| ﬂ7rJ-'1(|T,~|).

Let {T;} be a controlled tube system for a stratification {X;} of X C R". A
vector field £ on {X;} consists of one C* vector field £ on each X;. We call it
semicontrolled if, for each 1, 7,

(2.3.2) d(PilX,){j: =0 forzxe XJ' nuU;,
where U; C |T;| is some neighborhood of X; in R™. If, furthermore,
(2.3.3) d(mi|x;)€5z = &imy(z) forz e X;NU;,

¢ is called controlled. If £ is continuous as a map from X to R", then we call it
continuous.

2.4. Ezistence of controlled tube system (2, Corollary 2.7, Chapter 1I]. Every
Whitney stratification admits a controlled tube system. Moreover, we have the
following (see the proof of the corollary quoted above). Let {X;} be a Whitney
stratification in R™ such that X, € {X;} and dim X; < dim X; for any ¢, and let
{T: = (|Ti|, ™, pi)} be a tube system for {X;} not necessarily controlled. Then
there exists a controlled tube system {T = (|T}|,n},p!)} for {X;} such that for
each 1,

IT{ICITil, pi=p;on|T]| and m = on|Tj|

Hence we can choose a controlled tube system so that p; is the square of the distance
function from X; in the usual metric of R™. We call such a tube system canonical.

2.5. Lift of vector fields (15, Lemma 4.11]. Let {T;} be a controlled tube system
for a Whitney stratification {X;} in R". Assume X, € {X,}. Let £] be a C®
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vector field on X ;. Then there exists a continuous controlled vector field £ = {&;}
on {(X;NU, Ti|x,~nu)}, U an open neighborhood of X, such that & = ¢.

2.6. Flows of vector fields. Let {X;} be a stratification of a locally closed set
X C R", {T;} a controlled tube system for {X,}, and £ = {¢;} a vector field on
{X;}. For each 1, let 6;: D; — X;, D; C X; X R, be the maximal C* flow defined
by &. Put D =J D; and define : D — X by 8|p, = 6; for each i. We call 8 the
flow of &.

If € is semicontrolled, the flow of £ clearly has the following property. Let C be
a compact subset of one X;. Then there is a positive constant ¢ such that for any
z € 7 }(C)N X with p;(z) < ¢, p; is constant on (D Nz x R) N7 }(C).

Corollary 4.7 in |2, Chapter II] shows, moreover, that if £ is controlled then D
is open in X x R and 6 is continuous.

2.7. Properties of subanalytic sets (4, 15]. Let X,Y C R™ be subanalytic sets.

(2.7.1) X, XNY and X — Y are subanalytic.

(2.7.2) The image of X under a proper subanalytic map from X to a Euclidean
space is subanalytic.

(2.7.3) There exists a subanalytic subset X’ of X with dim X’ < dim X such
that X — X’ is an analytic manifold.

(2.7.4) Assume, moreover, X is a connected analytic manifold. Let f: R* — R™
be an analytic map. Then there exists a subanalytic closed subset X’ of X such
that dim X’ < dim X and the differential d( f|x) has constant rank on X — X".

(2.7.5) Assume X and Y are analytic manifolds, X NY =0 and X D Y. Then
there exists a closed subanalytic subset Y’ of Y such that dimY’ < dimY and
(X,Y —Y’) satisfies the Whitney condition (b).

2.8. LEMMA (SEE (15, (5.3.6), (5.3.7)]). Let {X1,X2} be a subanalytic ana-
lytic stratification of a set X C R™, and fy, fo subanalytic functions on X. Assume
f710) = f£7'(0) = X), X2 D X; and the restrictions to X2 of fi and fo are
positive analytic functions. Then the set
S = {z € Xz|agrad f); + azgrad fo, =0 for some a;,az > 0 with a; + a; > 0}
is empty in a neighborhood of X;.

PROOF. Considering the graph of f; x f2, we can assume that f,, f, are the
restrictions to X of analytic functions Fy, F; on R" respectively. If we prove that S
is subanalytic, the lemma follows from (5.3.7) in [15]. Lemma 1.6 of [17] says that
the subset of R™ x G,, ,, consisting of (z,TX3;), T € X2, is subanalytic, where
m = dim X, T X, is the tangent space, and G, , is the Grassmann manifold with
naturally given affine algebraic structure. It is easy to see that the sets {(H,H') €
Gom XGnn-m | H L H'} and {(H,z) € Go.m X R™ | £ € H} are algebraic in
Gnm X Gpn—m and G, m x R"™ respectively. Hence

{(z, T Xz, (TX2z) ,u,v) | € Xo, u€ TXoz, v L TXoz}

is a subanalytic subset of R™ X Gp.m X Gpn—m x R™ x R™. Take its image X}
under the projection R® X G, X Gpnem X R x R® - R™ x R™ x R™. Then

X5 ={(z,u,v) € Xog x R* x R*u € TX2,, v L TX2;}.
(2.7.2) says that X} is subanalytic, and so is

X5 ={(z,u,v,w) € X3 x R" |w =u+v}.
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Clearly the subset of R™ X R™ consisting of points (z, grad F}.) is analytic. Hence
Xz = {(z,u,v,w) € X! | w = grad F;,}

is subanalytic. Now {(z,grad fiz) | € X2} is the projection image of X onto the
first two factors. Therefore, by (2.7.2), {(z, grad f,;)} is subanalytic and, moreover,
so is {(z,grad fi,grad f2;) | = € X2}. After considering the subanalytic set

{(z,grad fi5,grad f2;,a1,a2) | = € X2, @102 >0,
ay + a2 = 1, a; grad fi; + a2 grad f2; = 0},
we see in the same way as above that S is subanalytic.

2.9. COROLLARY. Under the same notations and assumptions as 2.8, there
ezist a C™ wvector field v on X2 and a neighborhood U of X, i X such that vf,
and v f, are positive on U — X .

PROOF. Define v on U — X, for small U by |grad f2|grad f; + |grad f1|grad f2,
and extend v to Xs.

2.10. LEMMA. Let X C R" be a subanalytic set, {X;} its subanalytic analytic
Whitney stratification, and {T;} a controlled tube system for {X;}. Assume X, €
{X;} and X, C X; for anyi. Let fi, fo be the restrictions to X of analytic functions
on R™ such that f7'(0) = f7'(0) = X, and f1, f2 > 0 on X~ X,. Then there ezist
a neighborhood U of X, in R™ and a controlled vector field £ = {&} on {Xi}ix1
such that for each v, & f1 and & f2 are positive on U N X;.

PROOF. Apply 2.9 to fy, f2 and {X,, X;} for each ¢ # 1. Then there exists a
vector field & = {£]} on {X;}ix1 such that ¢! f, and & f, are positive on U N X;
for some neighborhood U. Hence the lemma follows from [15, Lemma 4.14]. But
we repeat the proof because we later use the same idea of proof.

We assume for simplicity U = R", the index set= {1,2,...} and dimX; <
dim X, for any z. We modify ¢’ so as to be controlled by induction as follows.
Let k > 2. Assume {'|y, _, is controlled for some neighborhood Vi_; of Uf__._; X..
We will modify {}i>k so that &'|y, is controlled for some Vi. By 2.5 we can
lift &, namely there exists a continuous controlled vector field {£;x} on {(X; N
Wi, Tj|x,nw, ) }j>k such that &k = & for some neighborhood Wy of Xj. By the
continuity of {;«}, we can suppose that &;x fi and ;i f2 are positive on X; N Wi.
Let V;_, and W, be neighborhoods of U¥Zs X: and Xy, respectively, such that

‘_/,k-l"(j(——X)—XICqu, WL—(_Xk—Xk)ch.
Let ¢ be a C* function on R™ — (X — X) — X; such that
0S¢S 1’ SO_I(I)D(WIIC_VIC—I)’ SllpngCWk—V;c_l,

and for each £ € X, o is constant on m !(z) N W,. This is possible when we
choose sufficiently small V/_,. Put

¢ = &+ (1 - so){} for j > k,
7 for j < k.

Then ¢ fi and & f2 are positive on each Xj, j # 1, and it is easy to check also
that {€}'}|v., Vi = Vi_, UW,, is controlled. Hence the lemma follows.
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We require the vector field in 2.10 to satisfy the following additional property in
exchange for (2.2.3).

2.11. LEMMA. Let X,{X;},{T:}, f1 and f, be the same as 2.10. Assume X
1s locally closed in R™ and

Xi=R"x0={(z1,...,z2) ER" | zppy1 = - = 2, = 0}.

Then there exist an open neighborhood U of X, and a semicontrolled vector field
& ={&} on {Xi}iz1 such that for each i, & fi and &, f2 are positive on UN X, and
for each 7 and 1 <1 < m, &l(z,—0ynx.nu 5 tangent to {z; =0} N X, NU.

To prove this we need the following, which is inspired by the proof of Thom'’s
First Isotopy Lemma (see |2, Theorem 5.2, Chapter II}).

2.12. LEMMA. Let {X;} be a Whitney stratification of a locally closed set
X C R™ such that X; = R™x0 € {X;}, X; C X, for anyi. Let {T;} be a controlled
tube system for {X;}. Given 1 < m' < m. Then we have open neighborhoods V, W
and O of 0 in R™ x 0 (CR™ x R*™) 0x R*™ (Cc R™ x R"™™) and R",
respectively, and a homeomorphism a: V x W — O such that: for each i, aly x x,,
1s a diffeomorphism onto X; N O, where X;0 = W N X;; for each 1,

(2.12.1) p: o a(z,y) = pi(y), zeV, yeW near X,;

and for each 1 <1 < m,

a((VNn{z;=0}) xW) fl<m,
(2.122) 0N {z =0} = {a(V < (WA {z =0})) ifl>m.

PROOF. We consider the case m’ = 1. By 2.4, we have a tube system {T! =
(IT}|, =}, pl)} for {X;} such that |T}| C |T|, p; = p; on |T}| and 7} is the orthogonal
projection. Hence, we may suppose that m; is the orthogonal projection. Since
{X;,R™ — X} is a Whitney stratification and X is locally closed, we also assume X
is a neighborhood of X;. Apply 2.5 to 8/8z,|x,. Then we have a controlled vector
fied £ = {&} on {(X. NU,Ti|x,~v)} such that £, = 9/0z, for some neighborhood
U of X,. It follows that

(2.12.3) d(pilx;)¢; =0 on X;NU;

for each 7,7 and some neighborhood U; of X, N U, and
(2.12.4) d(m|x,)& =98/0zy on X, NU’
for each 7 and some neighborhood U’ of X;. In particular,
(2.12.5) each &, is transversal to {z; =0} NU".

We remark that {X; N {z, = 0} NU"} is a Whitney stratification for some neigh-
borhood U” of X,. Let 6 be the flow of £, and let V|, and W, be open connected
small neighborhoods of 0 in R x 0 (C R x R*!)and 0 x R*™! (C R x R*™!),
respectively. Define a;: V) x W; — R™ by

ay(z1,0,...,0,22,...,2,) =0(0,22,...,Zn,T1).




TRIANGULATIONS OF SUBANALYTIC SETS 733

Put a; (V) xW;) = O,. Then a; is a homeomorphism onto O; by 2.6, and a,|v, x x,,
is a diffeomorphism onto X; N O, for each ¢ by (2.12.5), where X;; = W, N X,. It
also follows from (2.12.3) that, for each 1,

pioci(z,y) = pi(y), z eV, y €W near X;,
and, from (2.12.4), that for each 2 <[ < m,
al(Vl X (Wl N {I[ = 0})) = Ol N {17( = 0}

It is trivial that a;(0 x W) = O; N {z; = 0}. Hence the lemma for m’ = 1 is
proved.

If m’ = 2 argue in the same way as above about {X; N {z; = 0} NU"”}. Then
we have neighborhoods V;,W3,05 of 0in 0 x R x 0, 0 x 0 x R""2, 0 x R""!,
respectively, and a homeomorphism o: V; x W3 — O such that the properties
corresponding to (2.12.1) and (2.12.2) are satisfied. We choose V; and W} so small
that O3 C W;. Put

Va2 = {(z1,22,0,...,0) | (z1,0,...,0) € V1,(0,22,0,...,0) € V3},
W, = Wy, 02 = a1 (V1 x 03),
and define aj: Vo x Wy — O3 by
az(z1,72,0,...,0,23,...,2,) = a1(z1,0,...,0,a5(0,22,0,...,0,z3,...,Zs)).

Then the lemma for m’ = 2 follows. For general m’, repeating the above argument,
we obtain the lemma.
2.13. PROOF OF 2.11. For each subset I = {7y,...,7n} of {1,...,m}, put

Rl - {(Il,...,zn) € Rnlzil — e = I‘im; — 0}’
X'=XnR', {X[}={XnR'},
f]l = leX' and pll/ = piIIT.IﬁR'~

Then { X/} is a subanalytic analytic Whitney stratification of X/ in a neighborhood
U’ of X{ in R, and each p!’ satisfies the conditions of the distance function (2.3).
Hence, by 2.4, we have a controlled tube system {T/ = (|T/|,x!, p!)} for {X!NUT}
such that

(2.13.1) IT/|c|TiNnR"  and  p/ =p; on|T/|.

Apply 2.10 to {X! nU'},{T!}, f] and fi, and let ¢/ = {¢}; 2 be a resultant
controlled vector field. If I = {1,...,m’}, consider the vector field (0,¢!) on
R™ x0xU! (CR™ x R*™™ x R™ x R" ™) and an extension of ¢/da(0, ¢/)
on X NO! — X;, where a is given in 2.12 and O/ is a neighborhood of 0 in R™. In
another case of I, by changing coordinates we reduce to the case above. We keep the
notation ¢! for the extension. Then we have the following. { ¢!} is semicontrolled
by (2.12.1) and (2.13.1). For each i and | € I, &!|(z,—0ynx.no! is tangent to
{z: =0} N X; NO' by (2.12.2). For each i, ¢! f, and ¢! f, are positive on vinXx;
for some small neighborhood V! of X; N\R'NO! /k in R™ by 2.10, where k is a large
integer, since f; and f; are restrictions of analytic functions and the extension of
{{ is of class C*°. Hence, we have to restrict f{ to V,-’ N X;. Moreover, to avoid
the difficulty that &/|(;,_0ynx.n0: may be not tangent to {z; = 0} N X; N O' for
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some l € I° = {1,...,m} — I, we restrict & to V! N X; — {[],c;c z: = 0}. Now we
remark that for each ¢ # 1, at least one of ¢! is defined at each point of X; near 0
even after the above restriction. Hence, using a C* partition of unity in the same
way as in the proof of 2.10, we can contruct a vector field £; on each X;, 7 # 1, in
a neighborhood of 0 so that {¢;} satisfies the requirement of the lemma. It is easy
to define £ globally once more by a C° partition of unity.

2.14. PROPOSITION. Let{X;}i=1, .. m be a subanalytic analytic Whitney strat-
tfication of a locally closed set X C R™ such that dim X; < dim X4, for any ¢.
Let {T;} be a controlled tube system for {X,}. Let fy, fo be nonnegative analytic
functions on a neighborhood U of X, whose zero sets in X are X;. Let p1,..., 0k
be continuous functions on a neighborhood of X, and Y1, ..., Y the respective zero
sets. For each 1, set

Xt=xn({e; 20}, X'=XinX".
J
Assume that: each p; is analytic and C™ regular near Yj; each i and each subset
{7, - o} of {1,...,k}, Y], is transversal to X; NY;, N---NY},; and

(2.14.1) X* N {fi <€} is compact for some e >0, | =1 or 2.

Then we have a positive number and positive functions €y,€2(t1) on R,...,
Em—1(t1,-. . tm—2) on R™~2 such that for any sequence of positive numbers 6; <
€1, 02 < e€a(b1),-- - 0m-1 < E€m-1(61,-..,6m_2) there exists a C™ diffeomorphism
7 of X, such that:

(2.14.2) {m(z) # z} is contained in UNU’, where U’ 1s a given small neighborhood
of X*;

(2.14.3) m(Xp —{f1<8)—{p2 <02}~ ~ {pm-1 < bm-1})
B =Xn—{f2<bi} {2 <o} =~ {pm-1 Sbmr};
(2.144) (XmNY;)=XnNY;, forany ;.
X2
1
(6,)
-1
P57 (8,)
Xl —lh l.-1 X2
£y (61) £, (61)

PROOF. By 2.11 there exist open neighborhoods U, of X;, 1 =1,...,m—1, and
a C* vector field &, on X,, such that U, C U,

(2~14~5) €mfla£mf2 >0 on X, NUy,
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(2.14.6) d(pilx,.)ém =0 on Xy, NU; for each 7 > 1,

(2.14.7) d(p;|x,.)ém =0 on X, NY; for each ;.

Let 0,,: D,, — X, be the flow of £,,. Shrinking U,, we can assume by (2.14.1),
(2.14.5) and (2.14.7)

XtnU =Xtn{fi <€} forsome0<e <ce,
0 (D N (X NU ) x R7)) = XE N,

where R~ = (—00, 0], and for each 2o € X;;, NU1, fi06m(z0,t) and f2 0 0 (z0,t)
are C™ regular and increasing on zo X (t7,0] = Dp, N (2o X R7) and tend to 0 as
t — t~. Hence, we may regard X;; N U, as (0,¢') x (f;*(¢) N XZ) and filxxav,
as the projection onto the first factor.

Choose a small €; > 0 and so that ¢; < € and X}, N{f2 < &1} C U;. Let
0 < 6 < ;. Then for any point z € X, with f)(z) = 6 there exists uniquely

y € X;} such that y € 0,,((z x R) N Dy,,) and f2(y) = 6;. Put w(z) =y. Then 7 is
a diffeomorphism from f;!(6;) N X}, to f5 (1) N X, such that

(TN )N XENY;) = 71 (&) N XL NY;  for any j,
piom=p; on f{'(6,)NX;} NU; for any ¢

by (2.14.6) and (2.14.7); here U; are shrunk if necessary. It is easy to extend 7 by
virtue of 0,, to a diffeomorphism of X} so that

(2.14.8) m=ident on X} N{f; > €' or f1 <67},
(2.14.3) (X —{fi < 6}) = X —{fa < b1},
(2.14.4) (X} NY;) = X}, nY; for any j,

(2.14.9) piom=p; on X;} NU; for any 7 > 1,
(2.14.10) 7(z) € Opn(Dm N (z X R)) for any z € X},

where 6, is an arbitrarily given positive number such that
XEn{fi<é}C{f2<b} and & <é.

Then (2.14.2) follows from (2.14.8) and, moreover, 7 satisfies (2.14.3). To see this,
we remark by (2.14.1) that X5 N {6 —€” < fi < ¢’ +¢€"} is compact for small
€” > 0. Hence, we have a small €5 > 0 such that

{ze Xt |67 < fi(z) <€, pa(z) < €2} C Ua
Let 0 < 63 < €5. Then it follows from (2.14.8) and (2.14.9) that
m(2.143)"  w(Xh - {fi <6} —{p2<62}) = X5 —{f2 <61} — {p2 < 62}

Repeating this argument for p3,...,pm—1, we obtain equality (2.14.3). By the
method of choice of é2,...,6,_1, we clearly have positive functions e2(t,),...,
€m—1(t1,...,tm—2) required in the proposition.

Moreover, we extend m to a diffeomorphism of X, by the use of 6,, so that
(2.14.2) remains true. That is easily carried out by (2.14.10). Then (2.14.4) holds
by (2.14.7). Hence the proposition is proved.
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2.15. REMARK. In 2.14 the assumption dim X; < dim X, is intended for clar-
ifying the meaning of 2.14. If we replace it by the assumption dim X, < dim X; <
dim X,,, for « # 1, m, then (2.14.3) must be changed by

(2.15.1) m(F1) = Fy,

where
Fl =X7-'tl - {fl S 61} - {p2 S 6[2} - {pm—l S 61".-1}!
Fo=XE—{fa<b1} —{p2<éb,} = —{pm-1<4,,_,}.

l; =dim X; —dim X, + 1.

By the method of construction of m, the following is clear. For any subset
{i1,... ik} of {2,...,m},

m(Fi N {py, = b, 1N 0 {ps, =61, })
=FR0{p, =6&,}0--N{p =6, }.

3. C* triangulations and the Alexander trick. In this section K and L
denote simplicial complexes, and M a C*° submanifold of R™.

3.1. DEFINITION. A C*® map f: K — M is amap f: |K| — M such that
flo, 0 € K, are of class C™. A linear tsomorphism g: K — L is a homeomorphism
g: |K| — |L| carrying each simplex of K linearly onto one of L. Let f: K — M be
a C* map and let b € |K|. We define df,: St(b, K) — R" by

dfp(z) = d(flo)o(z —b) for z,b€ 0 € K,

where St(b, K) denotes the closed star of b in K. We call f a C* imbedding if f
and df, are homeomorphisms onto the images for any b € |K]|.
A locally finite family {X,} of closed sets in M is called locally C* triangulable
if each X; is contained in a C*® submanifold Y; of M of the same dimension so that
(3.1.1) X; is the closure of the union of some connected components of Y; —

(2.15.2)

dim Y; <dimY; Yj'

(3.1.2) each point a of M has a C°° coordinate system : U — R™ such that
e(UNY;), with a € Y;, are linear subspaces of R™.

For example, M itself, or a C* manifold with cornered boundary, is locally C*°
triangulable.

The following shows that a locally C* triangulable family is uniquely and glob-
ally C* triangulable, which is a generalization of the Cairns-Whitehead theorem
that a C* manifold is uniquely C triangulable. The original proofs also prove
the generalization, so we omit the proof (see [11, 10.5, 10.6]).

3.2. PROPOSITION. Let {X,} be a locally C* triangulable family in M. Then
there exist K and a C™ imbedding f: K — M such that f(|K|) = U, Xi and each
X, 1s the union of some f(0)’s, 0 € K (we call f a C™ triangulation of {X;}).
Moreover, if g: L — M is another C* triangulation of {X;}, then K and L have
subdivisions K' and L', respectively, and we have a linear isomorphism h: K' — L'
such that

7YX =(goh) Y (X:) for anyi.

In 3.2 if {X,} consists of one element and if there is no confusion, we also call
|K| a C*™ triangulation of the element.
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3.3. The Alezander trick (e.g. [12]). Let X, Y be compact polyhedrons, p, ¢ be
points, and p* X, g *Y be cones. Let h: p* X — g *Y be a homeomorphism
whose restriction to the base X is PL onto the base Y. Then there exists an
isotopy h¢, t € [0,1], such that hy = hon X, t € [0,1], ho = h and h; is a PL
homeomorphism. Moreover, if h is subanalytic, h; can be subanalytic, which is
easy to see by the definition of subanalytic map.

The following is also clear. Let G: px X — ¢*Y be a homeomorphism such that
G(X)=Y. Let ¢: X - Y, t € |0,1], be an isotopy of G|x. Then there exists an
isotopy G; of G such that G;|x = g¢- In the case that G and g; are subanalytic,
G can be subanalytic.

4. Piecewise linearization of locally subanalytic homeorphism. In this
section we prove the following.

4.1. THEOREM. Let X,Y be polyhedrons, d a metriconY, h: X — 'Y alocally
subanalytic homeomorphism and € a positive continuous function on X. Then there
ezists a locally subanalytic isotopy hy: X — Y, t € [0,1], of h such that

(4.1.1) hy s PL, and

(4.1.2) d(h(z), he(z)) < €(x) for any z € X and t € [0,1].

Moreover, iof h 1s PL on a neighborhood of a subpolyhedron X' of X, we can
choose the tsotopy so that .

(4.1.3) h¢(z) = h(z) for any t € [0, 1] and any z in a neighborhood of X'.

PROOF. Let X,Y be contained in R™, and K, L be rectilinear triangulations
of X, Y respectively. Apply 2.2 to the family of sets h(o), o € K, subanalytic in
some open neighborhood of Y. Then we can reduce the problem to the case where
for each o € K, h(o) is the underlying polyhedron of some subcomplex of L.

Assume for the present that h(o), 0 € K, are PL balls. Then there exists the
required isotopy h, which satisfies, moreover, h;(¢) = h(o) for any t € [0,1] and
o € K. We prove this by induction on m = dim X. If m = 0, it is trivial. Hence
we assume it for dim < m — 1. Let K™~ ! be the (m — 1)-skeleton of K, and
L*'™-1) the subcomplex of L whose underlying polyhedron is h(|JK™~!|). By the
inductive assumption we have a locally subanalytic isotopy g¢: |K™ 1| — |L*(m~1)|
of h|jkm-1| such that g, is PL and g;(0) = h(o) for any t and 0 € K™~!, which
implies g¢(d0) = h(d0) for any t and 0 € K — K™~ 1. Hence, 3.3 shows that g,
can be extended to a locally subanalytic isotopy G;: X — Y of h and G| is locally
subanalytically isotopic to a PL homeomorphism, so the isotopy fixes |K™!|.
Thus we have a locally subanalytic isotopy h;: X — Y of h satisfying (4.1.1) and
h¢(o) = h(o) for any t € [0,1] and 0 € K. (4.1.2) follows from (2.2.1) when we
choose fine triangulations of X,Y’, and (4.1.3) follows from (2.2.4). Therefore we
only have to prove the weaker Theorem 4.4 below.

4.2. REMARK. In 4.1 if X,Y are contained in R™ as closed sets, then h; is
subanalytic.

4.3. COROLLARY. (Hauptvermutung for triangulations of subanalytic or semi-
algebraic sets). For any locally closed and (locally) subanalytic set X C R™, we
have a polyhedron in R™, which s (locally resp.) subanalytically homeomorphic to
X, uniquely up to a PL homeomorphism. The semialgebraic version also holds true

(see §6.1).
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4.4. THEOREM. Let X, Y C R™ be compact polyhedrons whose local dimen-
sions at any point are constant m and which are subanalytically homeomorphic.
Then X,Y are PL homeomorphic.

We prove the theorem in a sequence of lemmas. Let K, L be rectilinear trian-
gulations of X, Y, respectively, h: X — Y a subanalytic homeomorphism, Z its
graph, and p;: Z — X, po: Z — Y the projections. Then we have

4.5. LEMMA. There ezist a subanalytic analytic Whitney stratification {Z;} of
Z and a subanalytic homeomorphim x;: Z; — B™ for each i, where B™ = {z €
R™: | {z| < 1} and m; = dim Z;, such that:

(4.5.1) for each 1,3, pj|z, ts a diffeomorphism;

(4.5.2) for each i,7' with Z; C Z;, Xilz, s a diffeomorphism, and x.(Z;) =
Int B™:;

(4.5.3) for each i, {graphxi|z,|Z; C Z.} is a subanalytic analytic Whitney
stratification; and

(4.5.4) each 0 € K or € L 1s the union of some p;(Z;)’s, j =1 or 2.

PROOF. We remark that (4.5.4) is identical with

(4.5.4)" if 0 € K or 0 € L intersects with p;(Z;), then p;(Z;) C 0.

We inductively prove 4.5. Let k > 0. Assume

(4.5)k there is a closed subanalytic subset Z’ of Z of dimension < k, a subanalytic
analytic Whitney stratification {Z;} of Z — Z’, and a subanalytic homeomorphism
Xi: Z; — B™ for each 7 such that (4.5.1)-(4.5.3) and (4.5.4)" hold and m; > k for
all 7.

(4.5)m is trivial, so it is sufficient to show (4.5)k_;. If dimZ’ < k, (4.5)k-1
is identical to (4.5)x. Hence we assume dim Z’ = k. Apply (2.7.1)-(2.7.5) to all
Z' N Z; and graph ;| 2:nZ,- Then we have a closed subanalytic subset Z” of 2’
of dimension< k such that: the connected components Z},...,Z] of Z' — Z" are
subanalytic analytic manifolds; for each ¢, 7, d(p,| z;) has rank k; if Z], N Z,#0
then Z!, C Z;; for such a pair 1,7, x|z, is a C* diffeomorphism; and for the same
1,7, (Z;,Z!,) and (graph x,|z,,graph X;IZ;,) satisfy the Whitney condition (b). If
p;l(Inta) NZ!, o€ K oro € L, is of dimension < k, we add such a set to Z".
Then (4.5.4)" holds for Z{,...,Z/. Hence we have shown (4.5)x_1 except for the
existence of x;: —Z‘i — Bk for each 7 such that x| z: is a C* diffeomorphism onto
Int B*.

To see that apply 2.2 to each (Z,, Z,NZ" = Z;—Z!). Then there exist a simplicial
complex K; and a subanalytic homeomorphism 7,;: |K;| — 7: such that for cach
0 € K;, Ti|linto: Int o — 7;(Int 0) is an analytic diffeomorphism and 7: N Z" is the
image under 7; of the underlying polyhedron of a subcomplex of K;. Denote by 2
the union of the images under 7, of all simplexes of dimension k — 1 of K,. Then
we have Z!' D 7; N Z". We remark that there is a subanalytic homcomorphism
from a k-simplex to B* whose restriction to the interior is of class C'*. Hence, if
we replace Z” by |J Z', there exist required x;: 7; — Bk, which proves 4.5.

Let I be the index set of {Z;}. Put

I*={iel|dmZz; <k}, 0<k<m-1,

"' =90, X:=p1(Zy) and Y; =po(Z,) foreachiel.
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Then it follows that {X;} and {Y;} are subanalytic analytic Whitney stratifica-
tions of X and Y, respectively, and h maps C* diffeomorphically each X; onto
Y;. Let p¥,pi,pY be the squares of the distance functions from X;, Z;, Y; in
R™,R™ x R, R", respectively, in the usual metrics, and let m; denote dim X;.
Let 6 be a sequence of positive numbers &, ...,0m—1, 7: I™"! — {=,>} a map,
and vo: I™~! — {>} the constant map. Put

Xsn= [ {z€X|p¥@()bm,},
e[m-1
U,')g = {z€R"| th(x) < 26m.} - U {p;{ < 6,,,’/2} for i € 7™ 1,

m;<m;

where pX (2)7(1)6m, means pX (z) = 6m, if ¥(2) is “=" and pX(z) > bm, if Y(¢)
is “>”. We write X;., briefly as X;. We similarly define Zs.,UZ, Zs, Y5, UX
and Y. Then Xs.,Zsy and Y5, are compact subsets of U;gym-1 Xi,U;grm-1 Zi
and Uie ym-1Y;, respectively. Moreover, they are C*° manifolds with cornered
boundary for 6 restricted as follows.

There exist a positive number and positive functions €g,€;(to) on R,...,
Em—1(to,---,tm—2) on R™~1 such that for any sequence § of positive numbers,
507 se )6m—l7 with 60 S 50’61 S 51(50), (X 76'm—l S Em—l(ao’ vee ’6m—2)) and for
any 1 € I™~1, pX is analytic on U and C* regular on U — X;, and for the same
8, 1 and any subset {j1,...,5} of I™"!, {z € Uff,s | p;f(a:) = 6m,, } is transversal
to

X; N {z € Ufs | p(2) = bmy} N N {2 € Uy | pX(2) = by ).

The existence of such €g, ..., €m,—1 is clear by the definition of analytic Whitney
stratification, and similar statements hold for Z and Y.

4.6. LEMMA. We can choose €q,...,Em—1 S0 that for any sequence 6 bounded
by €o,...,Em—~1 as above, there exists, moreover, a C*®° diffeomorphism hs: X5 —
Ys such that hs(Xs,) = Ysq for any v: ™! = {=,>}.

S ANEE

PROOF. We prove the lemma through the medium of Z, namely, we find C*®
diffeomorphisms pys: Zs — X5 and pas: Zs — Y5 such that pys(Zs4) = X5 and
p26(Zs~) = Y5~ for any ~. For this we only have to construct a C*° diffeomorphism
ms of U, 2ym-1 Z; such that

(4.6.1) n5(Zs~) = p7 '(Xs4) for any ~.
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Put
Vi=pFop1, Zusy= () {2€Z|%i(2)1(1)bm.}.
ielm-1
Then (4.6.1) equals 75(Zs+) = Zys~-
We inductively construct w5 as follows. Let 1 < | < m. Assume there are
€0,--.,Em—1 and a C* diffeomorphism 7s; of Ul-#,,,.l Z; such that

(4.6.1); ol ( N wn@ém}n {Pﬂ(i)ém.}) = Zys~.-

et iefm-t—Ji-1

(4.6.1)p, is trivial, and (4.6.1)g = (4.6.1), so it is sufficient to construct ms_),
which satisfies (4.6.1),_;. For it, after lessening ¢;_;,...,€m_1, we will construct
a C* diffeomorphism 7, of |J,,_, Zi such that

61 ( () {¥v(i)bm, } N N {piv(i)bm, })
(4.6.2) €2 wefm-t-gt-2
= ) Wn@sm3n [ {e16)bm,}.
iern-t ierm=1_Jt-1
and

(4.6.3) the closure of {m},(z) # z} is contained in a small neighborhood of
Useri-1_i-2 Z: because ms(1_1) = ms o Ty, satisfies (4.6.1)' 1.

We will choose this neighborhood of (J,¢ -1 _ ;-2 Z; so small as to be the disjoint
union of some small neighborhoods U; of Z;, « € I'~! — I'~2. Hence we can assume
I'=1 — I'=2 consists of one 1.

Fix positive numbers &g, ...,8_2 so that & < €g,...,0-2 < €1-2(b0,---,61-3).
Consider a subanalytic analytic Whitney stratification

{Z, - Vica}jerm-1-p2U { U Zj— Vt—z} ,

Jgrm-!
where
Via= | (¥ <6m,/2},
J‘ell—Z
a canonical tube system {T; = (|T;|. 7, p;li1,1)} for {Z; —Vi—2}jeqm-1_p-2, fi =
pi. f2 =v; and {p1,...,0k} = {¥; — bm, };er-2. It is easy to check that these
satisfy the assumptions in 2.14 or 2.15. Hence, we have a positive number and pos-

itive functions el_p €(ti=1),- - €m_1(ti—1,... tm_2) such that for any sequence
of positive numbers
6[—1 S 5;_—116[ S 5;(61_1),.-.,6";_] S Elyn—](él—lv'~~16m—2)1

there exists a C* diffeomorphism 7, of U ¢;m-1 Z; — Vi—2 such that (4.6.2) is
satisfied and

(4.6.4) {7y (x) # z} is contained in U; — U;cp-2{¥; < 26m,/3}. Here (4.6.2)
follows easily from (2.14.4), (2.15.1) and (2.15.2), and (4.6.4) follows from (2.14.2).
Clearly (4.6.4) implies that 7y, is extensible to Uz(f_l"'-‘ Z;. As g)_, is determined
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by éo,...,61—2, we regard it as a positive function in (g, . .., —2)-variables, hence
7. . A .

€; is regarded as a positive function in &,...,0_1, and so on. Thus, if we take
€0y---,€1—2,min{e;_1,€_,},...,min{em_1,€),_,} in place of €g,...,€m—1, then

the required 7y, exists.
For each 1,6 and ~ as above, put

Xisy=[) {z€Xi|of(@)(5)6m, },

jermi—t
Yisy= [ {yeYilp) ¥)10)bm,},
jermi—!
Xis = Xisyo and Yis = Yigy,.
Then, in the same way as 4.6, we choose ¢q, ...,e,, -1 so that for any 7 and any 6

bounded by &g, ...,em—1, there exists a C* diffeomorphism h;s: X;5 — Y;s such
that h,s(Xis~) = Yis for any v, and X;s-, and Y;s., are C* manifolds with cornered

boundary.
Put
X5, = [ {2€R"|pf(@)7(1)bm,} N{z € R™ | p}(z) < bm, },
jel"'- -1
Yi = [) WeR™|pf @()6m,} N{y€R™|pf () <bm,}-
jelmt-l

Then, for any é bounded as above, they are C> manifolds with cornered boundary
and, moreover, we have the following. Let é be fixed, and X5 (or, Ys) be the
family of X;s, and X;Z,, (or Yis~ and Y,»6+_7 respectively) for all 7 € I and for all
v: I™=! — {=,>}. Then the union of Xs or Ys contains X or Y, respectively,
and X5 or Ys is locally C* triangulable for the following reason. Let D be the
family of all C* manifolds R, X; N U and {z € UJ | pX(z) = 6m,}, 1 € I,
and D’ the family of all intersections of elements of D. Then for any Ay,..., A, of
D, A, is transversal to A, N---N A, and, hence, D’ satisfies (3.1.2). By definition
of X5~ and X;’;,Y, they are defined by D’ by means (3.3.1). Hence X is locally C*®
triangulable.

Furthermore we can easily prove by (4.5.4) that Xs UK and Ys U L are locally
C*° triangulable.

4.7. LEMMA. For smalleg,...,em—1, let i, 6 and ~ be the same as above. A
C* triangulation of X;s~ (3.2) s a PL ball.

PROOF. We prove this by induction on m,. Let k > 1. As the case m; =0 is
trivial, we assume 4.7 for m; < k. Let ig € I* — I*~!. Put

J={iel|X;c X}, J'=Jdnl' for —1<I<k
Let xi,: Z;, — B = B¥ C R* be the homeomorphism in 4.5. Put

Bi=x:,(Z) foried, Bsy= [) {b€B]|pP®)1(:)ém,},
i€Jk-1

where p? are the squares of the distance functions from B; in RF in the usual
metric. Then (4.5.2), (4.5.3) and 4.6 show that for smull €q,.... €51, X;ys~ and
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Bs-, are C> diffeomorphic. Hence it is sufficient to prove that a C* triangulation
of B~ is a PL ball. In the same way as {X,}, we define B;s-, Bifh, Bs. We remark
that Bs and Bs U B are locally C* triangulable and 0B = {J,¢ j«-1 Bi.

The case v = o: It is clear that B C U, B, and Bjs = Bs,. For each

1€ Jk=1 we also have
(4.7.1) (B4 ,BNBL_ .BNBY_ N{p? =6} Bisy,)

60 160 160
is C*° diffeomorphic to

(B¥=m+ B¥=™ 0 {z, > 0},0B* ™ N {z; > 0},0) X Bis~,.

where
B=™ = {(z,... Tk_m,) € RF"™||z| < 1}.

The reason is the following. Let ¢: T — Bjs-, be the orthogonal projection
of a small tubular neighborhood in R*. Recall that for any subset ¢;,...,7 of
Jm=t {pB = b, } is transversal to

(Bi* U {5 <6m, /28 | N {pE = bm, 300 {ps = b, }-

m,<m,

Hence, using C™ vector fields ¢ near B4, with dp2¢ = 0 and their C* flows, we
obtain, in the same way as 2.14 and 4.6, but more easily, a C* diffeomorphism 7
of R¥ such that T|B = ident, p; o7 = p; near Bis-,,

5o
7{p; = 8m,} NT = q7(Biso N {p; = bm,}) forany j € J™!,

and for any z € Bis., and y € 7(0B) N ¢~ 1(z), the vector zy is a tangent vector of
0B at z. Now B, is homeomorphic to a ball by the induction hypothesis since
Big~, and Xis-, are C* diffeomorphic. Hence the normal bundles of B;s, in R¥
and 9B are trivial, which proves (4.7.1).

By 3.2 we have a C* triangulation g: C — R* of Bs U B. Let C;,C!,C! be
the subcomplexes of C whose underlying polyhedrons are mapped by g onto B;s~,,
B ﬂB;,m, and BN B;_m N{ p? = 6y, } respectively. Then the induction hypothesis
shows that |C;| are PL balls for ¢ € J¥~!. Moreover, (4.7.1) and the uniqueness of
C® triangulation (3.2) imply that |C!| and |C}’| are PL balls of dimension k and
k — 1, respectively, for 1 € J*— 1.

We want to see that |C] | = |C;,| is a PL ball. Order By, ..., B, in such a way
that m; < m, if + < ¢, and regard Bs., as obtained by the orderly excisions of

BNBY_ ,i=1,...,ip — 1, from B. Put

1670’
w.=|J(BNB}.,), i=1....
j>
Then
Wi, = Bsyg,  Wi=(BNBS )UWiiy,
(BN B, )NWip1 = BNBL N{pf =ém}, i=1...,00-1

It is clear that the interior of BN B, N {p? = é,} is contained in the interior
of W, for « = 1,...,79 — 1. Recall the following fact (e.g. [12, 3.13, 3.16]). Let
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Ay, A2 C R* be polyhedrons such that A; U A2 and A, are PL k-balls and A; N A2
is a PL (k — 1)-ball whose interior is contained in the interior of A; U A3. Then
A; is a PL k-ball. From this, it inductively follows that |J;,|C;| for any i is a
PL k-ball and, in particular, that |C] | is a PL ball. Since a Nols trnangulat:on is
unique, we have shown that any C> tna,ngulatlon of Bs., is a PL ball.

The general case of 4: We assume v # ~vp. At first we remark that if there are
i # i € J with m; = m;» and with ~(¢) = 4(¢) = = then Bs,, is empty. Hence we
exclude such a case. Let i; € J¥~! be such that 4(¢;) = = and y(¢) = > for any
1€ Jk~1 — J™i1 . Then we have already proved by the induction hypothesis that a
C®° triangulation of BN B, 6,, N{pE = ém, } is a PL ball. As

BNBs N{ph =bm,}= [ {b€B|pPv(1)bm,} N {65 = ém.,},
serm !

we obtain Bsy by removing BN Bj_,i € J*~! — J™: in order from BN B}, n
{p,l = 6m, } in exactly the same way as in the case v = 0. Hence we see that a
C triangulation of Bs is a PL ball. We complete the proof of 4.7.

4.8. REMARK. For each: € I m-1 § and ~ as above, a C* triangulation of X
is a PL ball, and that of X N X, ,6,7
corresponds to the union of X N X
Xis~y C 0X;5~. We also have

Xn z6qn{p1 = bm }—'ant&y U 15‘70

m;<m;

16y
is PL homeomorphic to a PL cone whose base

,6_1 N{pX = ém,} and all X N X;s-y' such that

PROOF. Let ¢: T — Xjs,, be the orthogonal projection of a small tubular
neighborhood in R™, and z¢ a point of X;s~,. Then we have seen in the proof of
4.7 that ¢ is trivial and that there is a C*° diffeomorphism 7 of R™ such that

T|Xisq, = ident,  pjo7 =p; near Xis,,

7{pY =b6m,}NT = g7 (Xisyo N{p} =bm,}) forjeI™ "
Now (4.5.4) means that X, is contained in one open simplex of K, say Intaoyg.
Hence, by the method of construction of 7, we can assume 7(0) = o for 0 € K,
which implies 7(X) = X. Therefore we have a C* diffeomorphism 7’: Xj;_yo —
g~ (z0) X Xis~o such that for any ~,

7’| X5,y = Zo X ident,
(4.8.1) 7'(Int oo N X5, ) = (Int oo N g ! (z0)) X Xisr,
7(X%,) = a7 (o) X Xis~,

(4.8.2) (XN X5 = (XNg™ (20)) X Xis-.

Here (4.8.2) easily follows from (4.8.1) and the homogeneity property of X at Int 0¢.
Hence a C* triangulation of X;;,y is a PL ball, and that of X N X;§_ is PL home-
omorphic to a PL cone since a product of PL cones is a PL cone. The other
statements in the remark are clear.

4.9. PROOF OF 4.4. Let 6 be fixed so that the above statements hold. As XsUK
and Y5 UL are locally C° triangulable, by 3.2 we have simplicial complexes K’, L’
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and C* imbeddings f: K’ — R", ¢g: L' — R" such that f(|K'|) = X, ¢(|L'|) =Y,
and each of X;5,, X N X;;,Y, c€K, Yy, YN Y,.];,7 and o € L is a union of some
f(o'),0' € K', or g(¢'),0’ € L'. In particular, we can regard f and g as C* trian-
gulations of K and L respectively. Hence, by the uniqueness of C* triangulation
(3.2), |[K'| and |L’| are PL homeomorphic to X and Y respectively. Therefore we
need only prove that |K'| and |L’| are PL homeomorphic. Let K5, K5, be the sub-
complexes of K’ whose underlying polyhedrons are mapped by f to Xis, X OXIM,
respectively, and let L;s-, Lzé'y be similarly defined. Then 4.7 says that |K,57| and
|L;s-| are PL balls. Order the indexes in I, 1,2,... so that my > m, > -

We inductively construct a PL homeomorphism from |K’| to |L'| as follows. Let
t > 1. Assume a PL homeomorphism

hi: Ul 16‘10 U'Ljé'yol
j<i 1<

such that for any 7 < 7 and any ~,

(491) |K]6'7|) ILjé'yl

If m; = m, the existence of h; follows from 4.6 and from the uniqueness of the C>®
triangulation. Hence, we assume m,,; < m, and it is sufficient to extend h; to

hisr: U I Jéwol_* U | J5’70|

J<it1 J<it1

so that h;;; satisfies (4.9.1) for any j < ¢+ 1 and any ~. For any ~, 4.8 shows
that |K(l+l)57| is PL homeomorphic to a PL cone so that the union of |K(z+1)5-1l N
U< |K]6,m| and all |K( +1)6 | such that | K4 1)s| C O|K (i +1)s+| corresponds to
the base of the cone. Hence we regard |K
union. We remark that

_ +
(l+l)6w| n U } 167()' U |KJ'6mH l

1< i<

(1“)6_7[ as a PL cone with base the above

where
v(y) forj>uv+1,
forj=1+1,

Yi+1(g) =9 =
> for y <i+1.

Clearly these hold true for Ljs- and LY., and we also regard |L(1+1)5~,| as PL

cones. Order the elements of {y: I™~! — {=>} | K(i41)s, # 0}, 7',7%,..., s0
that dim K(,‘+l)5.yl < dim K(l+l)6-72 <ol

We also use induction for the extension of h;. Let 0 < [, and assume a PL
extension of h;,

ha: U 1K(1+1 6'7"' U U |K 1'5‘70 U (i+1)6~* «| U U ILJMO

k<l 1<a k<l 1<e

such that

ha(|K L for k <.

(1+l)6'~1"|

(1+1)6'7"|)
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Now it follows from the cone structures of |K(1+1)6,1,+,| and IL(1+1)5 1+1] that the
bases of the cones are contained in the domain or the target of h;;. Hence 3.3 shows
a PL extension of h;; :

hi+1y: U | (z+1)67"| U U |K 6'10 U (l+l)6’7"| U U |L16'vo

k<l+1 j<i k<l+1 j<i
It is trivial that
hi(l+l)(lK(t+l)6-71+lI) = |L2;+1)5.71+1|~
Thus by induction we obtain a required PL extension h,.; of h;, which completes
the proof of 4.4.

4.10. REMARK. In 4.1, given a locally finite point set {a;,...} in X, we can
clearly choose hy, t € (0, 1], so that hy(a;) = h(a;) for any s.

5. Locally subanalytic manifolds. It is clear by definition that the set of
all locally subanalytic homeomorphisms of open subsets of a Euclidean space is a
pseudo-group. Denote it by T'.

5.1. DEFINITION. A manifold with [-structure is called a locally subanalytic
manifold. A continuous map f: M; — M, of locally subanalytic manifolds is
called locally subanalytic if for each pair hy: U; — R™ and hy: U — R™ of
coordinate systems of M; and My, hs ofohl’lz h(Uy N f~1(Uz)) — R™ is locally
subanalytic.

5.2. REMARK. (i) A PL manifold is a locally subanalytic manifold. (ii) The
composition of two subanalytic homeomorphisms is not necessarily subanalytic.
Hence the set of subanalytic homeomorphisms of open subsets of R™ is not a pseudo-
group. (iii) A topological manifold contained in R™ as a subanalytic subset is not
necessarily a locally subanalytic manifold, e.g., Edwards’ example of a polyhedron
(1] which is homeomorphic to R™ but has no PL manifold structure is not a locally
subanalytic manifold by 4.1 and 5.3.

5.3. THEOREM. For any locally subanalytic manifold M, M 1is locally subana-
lytically homeomorphic to a PL manifold. If there are two locally subanalytic home-
omorphisms fi: M — Ny and fo: M — Ny onto PL manifolds, fgofl":Nl — Ny
18 locally subanalytically isotopic to a PL homeomorphism.

For the proof we need

5.4. LEMMA. M 13 locally subanalytically homeomorphic to some closed sub-
analytic subset of a Euclidean space.

PROOF. The case of compact M: Clearly we have a finite open covering {U;}
of M and a locally subanalytic homeomorphism h;: U; — R™ for each i. We can
assume that {h;'(O)} is a covering of M where O = {z € R"||z| < 1}. Let
: R® - R™*! be a subanalytic map such that p|o: O — ©(0) is a homeomor-
phism and o(R™ — O) is a point. Let H;: M — R™*! be the extension of p o h;
defined by H;(M — U;) = ¢(R™ — O). Then [], Hi(M) is a subanalytic subset of
a Euclidean space, and []; H; is a subanalytical homeomorphism.

The noncompact case: The case is shown in the same way as 2.10 in [11] (a C®
imbedding of a € manifold in a Euclidean space).

PROOF OF 5.3. By 2.2 and 5.4, M is locally subanalytically homeomorphic to
a polyhedron N. We need only prove that N is a PL manifold. For any point z
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of N, by Definition 5.1 there is an open neighborhood U of z locally subanalyti-
cally homeomorphic to R®. As U itself is a polyhedron, 4.1 shows that U is PL
homeomorphic to R™. Hence U and, consequently, N are PL manifolds.

6. Semialgebraic manifolds. See (7] for the fundamental properties of semi-
algebraic sets. Let St(z, K) denote the open star of z in a simplicial complex K.

6.1. DEFINITION. A subset of R™ is called semzalgebraic if it is a finite union of
sets of the form

{zeR"| fiz) >0,..., fi(z) >0, fe+1(z)=0,..., fi(z) =0},

where f; are polynomials on R™. A continuous map of semialgebraic sets is called
semaalgebraic if the graph is semialgebraic.

For example, a compact polyhedron in a Euclidean space is a semialgebraic set,
and a PL map of compact p . 'vons in Euclidean spaces is semialgebraic. We can
define a semzialgebraic map of compact polyhedrons without particular imbedding
of the polyhedrons in Euclidean spaces (see 2.1).

Let T denote the pseudo-group of all semialgebraic homeomorphisms of semial-
gebraic open subsets of a Euclidean space. A manifold with I-structure is called
a semualgebraic manifold if there is a finite system of coordinate neighborhoods.
A semualgebraic map of semialgebraic manifolds is defined in the same way as a
locally subanalytic map (5.1).

A compact PL manifold or the interior of a compact PL manifold with boundary
is a semialgebraic manifold. Conversely, we have

6.2. THEOREM. Let M be a semialgebraic manifold. Then there ezxists a
compact PL manifold possibly with boundary in some Euclidean space whose interior
1s semialgebraically homeomorphic to M.

PROOF. Assume M is not compact, because the compact case follows more
easily. Let h;: U; - R™, U; C M, i = 1,...,k, be a system of coordinate neigh-
borhoods of M. For each 2 put

<p,'(1:) = l/dist(z, hi(U,') - h,‘(U,‘)), T € hl(U;‘),
h; = (hi, i o hi).

Then p; and, hence, h] are semialgebraic, h] is a homeomorphism from U; onto
the image, and the image is closed in R™*!. Recall that R**! is algebraically
homeomorphic to S®*1-a point by the stereographic projection. Hence we have a
semialgebraic map hY: U; — R"*2 such that h!: U; — h”(U;) is a homeomorphism,
R!(U;) is bounded in R"*2, and for every point sequence {z;} of U; such that any
subsequence does not converge in U;, {hY(z;)} converges to a point a; ¢ h!(U;).
By the last condition we can extend h! to M by putting h!/(z) = a, for z ¢ U,. Let
h” be the extension, and put h = [[*_, h?: M — R*¥("+2)_ Then h is semialgebraic
and a homeomorphism onto the image, h(M) is bounded and semialgebraic, and
h(M) — h(M) is a point. Hence we can reduce the problem to the case where M is
contained in R™ as a bounded semialgebraic subset and where M — M is a point
a

By Theorem 3 of {6] we have a compact polyhedron X C R™ and a semialgebraic
homeomorphism f: M — X. The proof of 5.3 says that X — f(a) is a PL manifold.




TRIANGULATIONS OF SUBANALYTIC SETS 747

Let K be a rectilinear triangulation of X such that f(a) € K, and K’ is the
barycentric subdivision of K. Then X — St(f(a), K') is a compact PL manifold
with boundary whose interior is semialgebraically homeomorphic to M.

In 6.2 we denote by C(M) the PL manifold possibly with boundary.

6.3. THEOREM. Let My, M- be semialgebraic manifolds. The following are
equivalent.

(i) M, M2 are semialgebraically homeomorphic.

(ii) C(M,), C(M3) are semialgebraically homeomorphic.

(i) C(M,), C(M3) are PL homeomorphic.

PROOF. (iii)=(ii)=>(i) are trivial. Hence we prove (i)=>(iii). We assume M, and
M, are not compact, because the compact case is trivial by 4.1. At first we imbed
C(M,), C(M3) in R™ for some m so that there are cones N;, N2 with vertexes
a1,a2 € R™ and bases C(M;), dC(M3), respectively, such that C(M;) N N, =
0C(M,) and C(M2) N N; = 0C(M2). Then we have PL maps ¢;: C(M;) —
C(Ml) U N; and s: C(Mz) — C(Mg) U N, such that "/’lIC(M,)—aC(Ml) and
Y2|c(M,)-ac(M,) are homeomorphisms onto C(M;)UN; —a; and C(M2)UN2 —ay,
respectively, and ¥;(0C(M;)) = a; and ¢2(8C(M3)) = a2. As ¢; and 1, are
semialgebraic, SO are wl|C(M1)-6C(M1) and ’1)2|C(Mg)—-6C(Mg)- Hence (l) implies a
semialgebraic homeomorphism h: C(M;) U Ny —a; — C(M3) U N3 — a.

Clearly the extension h: C(M;)UN; — C(M2)U N; of h defined by h(a;) = a2
is a homeomorphism, and its graph is the closure of the graph of h. Now the closure
of a semialgebraic set is semialgebraic [7]. Accordingly h is semialgebraic. Apply
4.1 and 4.10 to h. Then we have rectilinear triangulations K;, K, of C(M;) U
Ni1,C(M2) U N;, respectively, and a linear isomorphism (3.1) g: K; — K2 such
that a; € K1, a2 € K, and g(a;) = az. Hence there is a PL homeomorphism from
C(M;) U N; — St(a;, K;) to C(M3) U N — St(az, K2) because of g(St(a;, K;)) =
St(az, K2). It is clear that C(M,) and C(M:) are PL homeomorphic to C(M;) U
Ny - St(ay, K1) and C(M3) U N2 — St(az, K2) respectively. Therefore C(M;) and
C(M;) are PL homeomorphic.

6.4. COROLLARY. Let S be the semialgebraic homeomorphism classes of all
semialgebraic manifolds, P the PL homeomorphism classes of all compact PL man-
tfolds possibly with boundary, and C: S — P the map induced by C( ). Then C is
one-to-one and onto.

PROOF. Trivial by 6.2 and 6.3.

6.5. REMARK. Let P’ be the PL homeomorphism classes of interiors of compact
PL manifolds possibly with boundary, and ¢: P — P’ the natural map. Then ¢ is not
one-to-one [10]. In other words there are two compact PL manifolds with boundary
in a Euclidean space whose interiors are PL homeomorphic but semialgebraically
homeomorphic.

6.6. THEOREM. Let M, N be semialgebraic manifolds, f: M — N a semial-
gebraic map, and h: N — C(N) — dC(N) a semialgebraic homeomorphism (6.2).
Then we have a semialgebraic homeomorphism g: M — C(M) — dC(M) such that
ho fog™! is extensible to C(M) — C(N) as a semialgebraic map.

PROOF. Imbedding C(N) in a Euclidean space, we may assume that N = R*
and f(M) is bounded, and it is sufficient to prove that fog~! is extensible to C(M).
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Moreover, by 6.2 we can assume that M is contained in R™ as a semialgebraic
bounded subset. Let M, be the graph of f, and p;, p2 be the projections of M, to
R™, R respectively. Then by [6] we have a compact polyhedron X ¢ R™ x R,
a subpolyhedron Y and a semialgebraic homeomorphism h: (X,Y) — (M, M, —
M,). In the proof of 6.2 we have already shown that X —Y is a PL manifold. Let
(K, L) be a rectilinear triangulation of (X,Y’) such that L is a full subcomplex of
K (see [12] for the definition). Define a simpiicial map n: K — {[0,1],0,1} by
putting n(v) = 0 for vertexes v € L and n(v) = 1 for other vertexes. Then [12,
3.10] and the proof of {12, 3.8] tell us that |np~!([¢,1])| for any 0 < € < 1 is a
compact PL manifold with boundary |[n~=!(¢)|. It is easy to see also that there is
a PL map x: [n7'([¢,1])] — X such that x|,-1((.1}) is a homeomorphism onto
X —Y. Then p, ohoXxlj;-1((e,1)) is a semialgebraic homeomorphism onto M, and
fopiohox|iy-1((e.1)) is extensible to |[n~!([e, 1])| because of fop;ohox = ppohox
on [n~1((g, 1])|. Hence, g = (p1 ohox)~! is a required homeomorphism.

7. Semialgebraic polyhedrons and semialgebraic homeomorphisms.
7.1. DEFINITION. A set of the form

{zeR" [ fi(z) 20,.... fi(z) 20, fir1(z) =0,..., filz) = 0},

where f, are linear functions, is called a cell (we do not assume compactness as
usual). We define a cell complez in the same way as the case of compact cells.

7.2. LEMMA. Let X C R"™ be a finite union of cells. Then the closure of a
connected component of R™ — X s also a finite union of cells.

PROOF. There is a finite cell complex K such that |K| = R™ and X is a union
of cells of K for the following reason. Let X be the union of cells X;,..., X,,, and
let each X; be described by linear functions f;,..., fi. Let a = (o, a2,a3) be a
partition of {1,...,m} x {1,...,1}. Put

Xa =N{fi; <0for (i,5) € ar} N {fi; =0 for (¢,5) € a2}
N{f.; >0for (z,)) € az}.

Then the collection K of all X, satisfies the required properties (see (11, 7.3, 7.5]).
Since a cell is closed and connected, and since R™ is the disjoint union of all open
cells of K, a connected component of R™ — X is a union of open cells of K. Hence,
the lemma follows.

We prove in the same way

7.3. LEMMA. Let Xi,...,Xm be cells in R™. Then we have a finite cell
complez K such that |K| = -, Xi and each X; is a union of cells of K.

7.4. THEOREM. Let X,Y C R™ be semialgebraic polyhedrons and f: X — Y
a semialgebraic PL map. If X s closed in R™, it 1s a finite union of cells X;. In
the nonclosed case, X ts a finite union of connected components X; of sets of the
form C — (X — X), C being cells. We can choose such decompositions {X;} and
{Y:} of X and Y, respectively, so that for each i, f(X;) CY; and f|x, is linear for
some j.

PROOF. We treat only the case where X and Y are closed in R™, because the
nonclosed case needs more complicated notation. Let the dimension of X be r. We
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prove the first statement of the theorem by induction on r. If » = 0, it is trivial, so
we assume the statement for dimension < r. Let K be a rectilinear triangulation
of X, and X’ the singular set of X, namely, consisting of points where the germ
of X is of dimension < r or not C* smooth. Clearly X’ is closed, and we know
it is semialgebraic [7]. Let 0 € K, and assume a point of Into is contained in
X'. Then, by the homogeneity of X at Into, any point of Int o is contained in X’,
which means X’ is a subpolyhedron of X. Hence, by the induction hypothesis X’
is a finite union of cells.

Now we will see that the closure of each connected component of X — X’ is a
finite union of cells. Let W be such a component. Since W is at once a connected
C°° manifold of dimension r and a union of open simplexes of K, we have a plane
P of dimension r containing W. Hence, W is a connected component of P — X'.
Obviously, P N X' is a semialgebraic polyhedron of dimension < r. Therefore, by
the induction hypothesis and 7.2, the closure of W is a finite union of cells. Now
the number of connected components of a semialgebraic set is finite. Hence X is a
finite union of cells.

For the last statement, consider the graph Z of f. As Z is a closed semialgebraic
polyhedron in R™ x R™, the first statement implies a cell decomposition {Z} of Z.
Let p; or p2 be the projection of R™ x R™ to the first or second factor, respectively,
and put Y; = py(Z]) for each i. Now we can prove in the same way as the compact
cell case that Y, are cells. By 7.3 we have a cell decomposition {Y;} of Y such that
each Y/ is a union of some Y;’s. Put {Z;} = {Z; N P;'(Yy)} and X; = py(Z;) for
each . Then {X;} is a cell decomposition of X, each f(X,) is contained in some
one Y}, and f|x, is linear. Hence the theorem is proved.

7.5. THEOREM. Let X, X2 C R™ be compact polyhedrons. If X; x R, X, X
R C R™ x R are semialgebraically homeomorphic, X, and X, are PL homeomor-
phic.

PROOF. Since R is semialgebraically homeomorphic to (0,1) C R, X; x (0,1)
and X2 x (0,1) C R™ x R are semialgebraically homeomorphic. Let Y;, Y2 be open
cones in R™ x R with vertex 0 = 0 x 0 and bases X; x 1, X2 x 1 respectively.
Then we have natural semialgebraic homeomorphisms from X; x (0,1), X2 x(0,1)
to Y7 — 0, Y2 — 0 respectively. Hence there is a semialgebraic homeomorphism
f:Y1—-0 — Y, - 0. Here we can assume without loss of generality that f(z) — 0 as
z — 0. Let f be the extension of f to Y, defined by f(0) = 0. Then we see in the
same way as the proof of 6.2 that f is semialgebraic. Hence, by 4.1 and 4.10, (Y;,0)
and (Y3, 0) are PL homeomorphic. Now the links of 0 in rectilinear triangulations of
Y; and Y; are PL homeomorphic to X; and X, respectively. Therefore the theorem
follows.

7.6. EXAMPLE. In 7.5, if X; and X, are not compact, they are not nec-
essarily PL homeomorphic as follows. Let Y be Mazur’s example [9] of a com-
pact contractible PL manifold with boundary of dimension 4 whose boundary
is not simply connected, and let X; be the interior of Y. Assume Y is PL
imbedded in R™. Let X, be an open 4-simplex in R™. Then it is known that
Y x [0,1] and X2 x [0,1] are PL and, hence, semialgebraically homeomorphic.
Hence X; x (0,1), X2 x(0,1) C R™ x R are semialgebraically homeomorphic. But
X and X, are not homeomorphic, because X, is not simply connected at infinity.
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