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ABSTRACT. If two polyhedrons are locally subanalytically homeomorphic

(that is, the graph is locally subanalytic), they are PL homeomorphic. A lo-

cally subanalytic manifold is one whose coordinate transformations are locally

subanalytic. It is proved that a locally subanalytic manifold has a unique PL

manifold structure. A semialgebraic manifold also is considered.

1. Introduction. One of the main results is Theorem 4.1, which states that

a locally subanalytic homeomorphism of polyhedrons is locally subanalytically iso-

topic to a PL homeomorphism. Consequently, a subanalytic triangulation of a

subanalytic set (whose existence is shown in [3, 5]) is unique up to a PL home-

omorphism. These answer questions posed in [3 and 13] in weaker forms. The

former result also gives a negative answer to a conjecture in [13] of whether there

exists a semialgebraic homeomorphism from îly to RP5, where II5, is Siebenmann's

example of a PL manifold homeomorphic, but not PL homeomorphic, to RP5 [16].

We sketch its proof. Let h: X —* Y be a locally subanalytic homeomorphism of

polyhedrons. We find closed neighborhoods X\, Y\ of the singular sets of h, h~ ' in

X, Y', respectively, using Whitney stratifications of the singular sets, such that (1)

Xi, F, are C°° triangulable, and (2) X - X, and Y -Yx are C°° diffeomorphic

and, hence, PL homeomorphic. For (1) we need a generalization of the C°° trian-

gulation theorem of Cairns-Whitehead. The key lemma to (2) is a version (2.14) of

Proposition 5.1 of [14] (about topological equivalence of subanalytic functions). By

the Alexander trick we extend the PL homeomorphism X — Xi —<• Y — Y\ to the

global. We once more use the Alexander trick to find a locally subanalytic isotopy

of h to a PL homeomorphism.

We show locally subanalytic triangulations of locally subanalytic sets and Propo-

sition 2.14 in §2; and we explain our generalization of the Cairns-Whitehead theo-

rem and the Alexander trick in §3. §4 deals with Theorem 4.1 and its proof.

As the set of all locally subanalytic homeomorphisms of open subsets of Rn is a

pseudo-group, we can define locally subanalytic manifolds as those whose coordinate

transformations are locally subanalytic (§5). We show that every locally subanalytic

manifold has a unique PL manifold structure (5.3).

In §6 we define semialgebraic manifolds. The relation between semialgebraic

manifolds and compact PL manifolds possibly with boundary is similar to that

between Nash manifolds and compact C°° manifolds possibly with boundary, as
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follows (see [14]). By putting boundary on a semialgebraic manifold, we can

compactify it; in other words a noncompact semialgebraic manifold is semialge-

braically homeomorphic to the interior of some compact semialgebraic manifold

with boundary. As a compact semialgebraic manifold possibly with boundary is

semialgebraically homeomorphic to a compact PL manifold possibly with bound-

ary, we have a correspondence from the semialgebraic homeomorphism classes of

all semialgebraic manifolds to the PL homeomorphism classes of all compact PL

manifolds possibly with boundary. We prove that the correspondence is one-to-one

and onto. Accordingly there exist two semialgebraic (=finite) PL manifolds PL

homeomorphic but semialgebraically distinct.

As a semialgebraic triangulation of semialgebraic sets is always possible [5, 6], it

is meaningful to study properties of semialgebraic polyhedrons. We see in §7 that

a semialgebraic polyhedron essentially consists of finite cells. A curious property

of semialgebraic homcomorphisms is that compact polyhedrons À'i and X<¿ are PL

homeomorphic if Xi x R and X2 x R are semialgebraically homeomorphic (7.5).

This is derived from finiteness of semialgebraic maps.

In this paper, manifolds do not have boundary and are separable, unless oth-

erwise specified. A topological manifold with boundary with a system of coordi-

nate neighborhoods {(Ua,ipa)}, such that iba are homeomorphic onto open sets

of [0,oo)" and whose coordinate transformations are of class C°°, is called a C°°

manifold with cornered boundary.

2. Locally subanalytic sets.

2.1. DEFINITION. Let X be a subset of Rn and U an open neighborhood of X.

We call X subanalytic in U if each point x G U has an open neighborhood U' such

that X n V is a finite union of sets of the form Im f\ - Im ¡1, where /1 and ¡2 are

proper analytic maps from analytic manifolds to Rn. If X is subanalytic in some

U or in R", then X is called locally subanalytic or subanalytic, respectively.

We remark that every polyhedron contained in a Euclidean space is locally sub-

analytic, but a polyhedron might not be subanalytic if it is not closed. (This is the

reason why we define the concept "locally subanalytic".)

A continuous map of subanalytic sets is called subanalytic if the graph is suban-

alytic, and a locally subanalytic map is relatively defined. For example, a PL map

of polyhedrons in Euclidean spaces is locally subanalytic. Moreover we define a lo-

cally subanalytic map of polyhedrons by PL imbedding the polyhedrons in Euclidean

spaces. This definition does not depend on the choice of PL imbeddings because

the composition of locally subanalytic maps is locally subanalytic. A homotopy

ft: X -* F, t € [0,1], is called (locally) subanalytic if X x [0,1] 9 (x, t) -* ft(x) G Y
is (locally) subanalytic.

2.2 Triangulation of locally subanalytic sets. The following is a locally subanalytic

version of Propositions 3.1, 3.1' and Remark 3.10 in [15]. As the proof is the same,

we omit it.

Let K be a simplicial complex in R" and U an open neighborhood of the un-

derlying polyhedron \K\, where \K\ is closed. Let {X,} be a family of subsets of

\K\ locally finite in U and subanalytic in U. Then there exist a subdivision K' of

K and a locally subanalytic isotopy r(: \K\ —► \K\, t G [0,1], of the identity map

such that:

(2.2.1) Tt(a) = o for any a G K and t G [0,1];
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(2.2.2) for any o G K' and t G [0,1], r((Intcr) is an analytic submanifold of

R" and rt|int(T: Inta —> Tt(Intcr) is an analytic diffeomorphism, where Inter, the

interior of a, is called an open simplex of K'\ and

(2.2.3) each Xt is the image under ri of a union of open simplexes of K'.

Moreover, let L be a subcomplex of K. Assume each X, n (\K\ — \L\) is a union

of open simplexes of K — L. Then

(2.2.4) for any t G [0,1] and a G K with a D |L| = 0, we have a G K' and

Tt = ident on a. (See Remark 3.8 in [15].)

2.3. DEFINITION. A stratification of a set X C Rn is a partition of X into

C°° submanifolds Xt of R" such that {X,} is locally finite at X and Xt n X3• ̂  0

implies Xj D Xj.

A Whitney stratification is a stratification satisfying the Whitney condition (b)

(see [8]). An analytic stratification means that all strata are of class C". If all

strata are subanalytic in an open set U C Rn, we call the stratification subanalytic

in U. From now on we omit U in the case U = Rn.

Let X C Rn be a C°° submanifold. A tube at X is a triple T = (|T|,7r,p),

where |T| is a C°° tubular neighborhood of X for some Riemannian metric of

Rn, 7t: |T| —► X is the projection, and p is a nonnegative C°° function on |T|

such that p_1(0) = X and each point x G X is a nondegenerate critical point of

p\ir-l{x) (p 's called a distance function).

It is easily seen (cf. the proof of Lemma 4.11 in [15]) that the above definition

agrees with [2].

Let {Xj} be a stratification in R". A controlled tube system for {Xt} consists of

one tube T, = ( | X¿ |, 7r», p» ) at each X, such that

(2.3.1) moiTjix) = ixt(x) and plonJ(x) = Pl(x) for x G |Tt| n \Tj\ n irJl(\Ti\).

Let {Ti} be a controlled tube system for a stratification {X,} of X C R". A

vector field £ on {X,} consists of one C°° vector field £¡ on each X¡. We call it

semicontrolled if, for each i,j,

(2.3.2) d(pi\Xi)$jX=Q   forxGX.nt/,,

where Ul C |7¿| is some neighborhood of X, in Rn. If, furthermore,

(2.3.3) dfakki* = &*,<*)  iorxeXjnUi,

£ is called controlled.  If £ is continuous as a map from X to Rn, then we call it

continuous.

2.4. Existence of controlled tube system [2, Corollary 2.7, Chapter II]. Every

Whitney stratification admits a controlled tube system. Moreover, we have the

following (see the proof of the corollary quoted above). Let {X,} be a Whitney

stratification in Rn such that Xi G {Xz} and dimXi < dimXt for any i, and let

{Tt — (|7¿|,7r,-,pt-)} be a tube system for {Xt} not necessarily controlled. Then

there exists a controlled tube system {T¡ = (\T¡\,ir'l,p'i)} for {Xj} such that for

each t,

IJÎIClTil,        ft=p'ton|r;|        and        ttj = ir\ on |T¡|.

Hence we can choose a controlled tube system so that px is the square of the distance

function from X¡ in the usual metric of Rn. We call such a tube system canonical.

2.5. Lift of vector fields [15, Lemma 4.11]. Let {T,} be a controlled tube system

for a Whitney stratification {X,} in Rn.   Assume X, G {X,}.   Let f[ be a C?°°
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vector field on Xi. Then there exists a continuous controlled vector field £ = {£,}

on {(X, n U, Ti\x,nu)}> U an open neighborhood of Xi, such that £1 = £',.

2.6. Flows of vector fields. Let {X¿} be a stratification of a locally closed set

X C Rn, {T,} a controlled tube system for {Xt}, and £ = {£,} a vector field on

{Xj}. For each i, let 0¿: D, -» X,, D,. C X, x R, be the maximal C°° flow defined

by &. Put Z? = [J Dt and define 0: D -* X by 0|D, = 0, for each i. We call 0 the
/îow of £.

If £ is semicontrolled, the flow of £ clearly has the following property. Let C be

a compact subset of one X,. Then there is a positive constant e such that for any

x G 7rt_1(C) n X with pi(x) < e, pt is constant on 0(D n x x R) n 7rt_1(C).

Corollary 4.7 in [2, Chapter II] shows, moreover, that if £ is controlled then D

is open in X x R and 0 is continuous.

2.7. Properties of subanalytic sets [4, 15]. Let X, Y C Rn be subanalytic sets.

(2.7.1) X, X n Y and X - Y are subanalytic.

(2.7.2) The image of X under a proper subanalytic map from X to a Euclidean

space is subanalytic.

(2.7.3) There exists a subanalytic subset X' of X with dimX' < dimX such

that X — X' is an analytic manifold.

(2.7.4) Assume, moreover, X is a connected analytic manifold. Let /: Rn —» Rm

be an analytic map. Then there exists a subanalytic closed subset X' of X such

that dimX' < dimX and the differential d(f\x) has constant rank on X - X'.

(2.7.5) Assume X and Y are analytic manifolds, X n Y = 0 and X D Y. Then

there exists a closed subanalytic subset Y' of Y such that dim y < dim F and

(X, y - y') satisfies the Whitney condition (b).

2.8. LEMMA (SEE [15, (5.3.6), (5.3.7)]). Let {Xi,X2} be a subanalytic ana-

lytic stratification of a set X C R", and f\,f2 subanalytic functions on X. Assume

frl(0) = f2l(0) = Xi, X2 D Xi and the restrictions to X2 of fi and f2 are
positive analytic functions.  Then the set

S = {x G X2|aigrad fix + a2grad f2x = 0 for some 01,02 > 0 with ai + 02 > 0}

is empty in a neighborhood of Xi.

PROOF. Considering the graph of /1 x fi, we can assume that f\,fi are the

restrictions to X of analytic functions F\, F-¿ on Rn respectively. If we prove that S

is subanalytic, the lemma follows from (5.3.7) in [15]. Lemma 1.6 of [17] says that

the subset of Rn x G„,m consisting of (x,TX2a;), x G X2, is subanalytic, where

m — dimX2, TX2 is the tangent space, and G„,m is the Grassmann manifold with

naturally given affine algebraic structure. It is easy to see that the sets {(H,H') G

Gn,m x Gn^n-m I H !■ H'} and {(H,x) G C7nm x Rn | x G H} are algebraic in

Gn,m x Gn,n-m and C7ntn x Rn respectively. Hence

{(x,TX2x,(TX2x)x,u,v) |xGX2, uGTX2z, v 1 TX2x}

is a subanalytic subset of R" x Gn.m x Gnin-m x Rn x Rn-  Take its image X2

under the projection Rn x Gn,m x Gn,n_m x Rn x Rn -» Rn x Rn x Rn. Then

X2 = {(x,u,v) G X2 x Rn x Rn|u G TX2x, v 1 TX2x).

(2.7.2) says that X2 is subanalytic, and so is

X2 = {(x,u,v,w) G X2 x Rn I w = u + v}.
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Clearly the subset of Rn x Rn consisting of points (x, grad Fix) is analytic. Hence

X2 = {(x,u,v,w) G X2 | w = gradFix}

is subanalytic. Now {(x, grad /lz) | x G X2} is the projection image of X2 onto the

first two factors. Therefore, by (2.7.2), {(x,grad/ix)} is subanalytic and, moreover,

so is {(x, grad f\x, grad f2x) \ x G X2}. After considering the subanalytic set

{(x, grad/ix, grad/2l,ai,a2) | x G X2, oia2 > 0,

ai + a2 = 1, ai grad fix + a2 grad f2x = 0} ,

we see in the same way as above that S is subanalytic.

2.9. COROLLARY. Under the same notations and assumptions as 2.8, there

exist a C°° vector field v on X2 and a neighborhood U of Xi in X such that vf\

and vf2 are positive on U — X,.

PROOF. Define v on U - Xi for small U by |grad f2|grad /i + |grad/i|grad/2,

and extend v to X2.

2.10. LEMMA. Let X C Rn be a subanalytic set, {X¿} its subanalytic analytic

Whitney stratification, and {T,} a controlled tube system for {X,}. Assume X\ G

{X,} and Xi C Xt for any i. Let /1, f2 be the restrictions to X of analytic functions

on R" such that /fl (0) — f2 1 (0) = Xi and f\, f2 > 0 on X - Xi. Then there exist

a neighborhood U of Xi in Rn and a controlled vector field £ = {£,} on {Xl}l^i

such that for each i, £t/i and f{f2 are positive on U (1X,.

PROOF. Apply 2.9 to /i,/2 and {Xi,X,} for each i ± \. Then there exists a

vector field £' = {£¿} on {X¿},^i such that £¿/i and £^/2 are positive on U O Xt

for some neighborhood U. Hence the lemma follows from [15, Lemma 4.14]. But

we repeat the proof because we later use the same idea of proof.

We assume for simplicity U = Rn, the index set= {1,2,...} and dimX, <

dimX¿+i for any i. We modify £' so as to be controlled by induction as follows.

Let k > 2. Assume £'|vt_! is controlled for some neighborhood V/t-i of (Jt=2 ■^«,

We will modify {£t'}t>fc so that £'|vt is controlled for some Vfc. By 2.5 we can
lift £k, namely there exists a continuous controlled vector field {£_,k} on {(Xj n

Wic,Tj\xjnwk)}]>k such that £** = £^. for some neighborhood W^ of X/t. By the

continuity of {£jk}, we can suppose that £,k/i and £j/t/2 are positive on Xj n Wk.

Let Vk_x and W'k be neighborhoods of [J1=2 ^« an(^ ^k-, respectively, such that

F'fc_, - (X - X) - Xx C V*_i,       Wk - (Xk - Xk) C wk.

Let <p be a C°° function on Rn - (X - X) - Xt such that

0<y?<l,    p-l(l)D(W'k-Vk-X),     supp^C Wk-V'k_x,

and for each x G Xfc, <p is constant on nk 1 (x) fl W'k. This is possible when we

choose sufficiently small Vk_v Put

c„     f <PÍjk + (1 - <p)t'j   forj>fc,
<J       \ í'j for 3 < k.

Then £"/i and i'ff2 are positive on each X}, j / 1, and it is easy to check also

that {£"}|vt, Vit = Vk-i U W'k, is controlled. Hence the lemma follows.
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We require the vector field in 2.10 to satisfy the following additional property in

exchange for (2.2.3).

2.11. LEMMA. Let X, {X,}, {Tt},/i and f2 be the same as 2.10. Assume X
is locally closed in Rn and

Xx =Rm xO = {(x,,...,xn)GRn \xm+i = ... = xn = 0}.

Then there exist an open neighborhood U of Xx and a semicontrolled vector field

£ = {£¿} on {Xi}i^x such that for each i, £t/i and £,/2 are positive on t/flX, and

for each i and 1 < / < m, £¿|{il=o}nx,nt/ îs tangent to {x¡ = 0} n Xt D U.

To prove this we need the following, which is inspired by the proof of Thorn's

First Isotopy Lemma (see [2, Theorem 5.2, Chapter II]).

2.12. LEMMA. Let {Xt} be a Whitney stratification of a locally closed set

X C Rn such that Xx = Rm xO G {Xt}, X, C Xt for any i. Let {T¿} be a controlled

tube system for {X,}. Given 1 < m' < m. Then we have open neighborhoods V,W

and O ofO in Rm' x 0 (c Rm' x Rn"m'),0 x R"""1' (c Rm' x Rn"m') and Rn,

respectively, and a homeomorphism. a: V x W —► O such that: for each i, ct\vxxi0

is a diffeomorphism onto X, flO, where Xxq — W (~l Xt; for each i,

(2.12.1) ptoa{x,y) = pt(y),        x G V, y EW near Xt0;

and for each 1 < I <m,

(2.12.2) On{x,=0}

PROOF. We consider the case m' = 1. By 2.4, we have a tube system {T[ =

(|ÏY|,<,*>;)} for {X,} such that |Tt'| C \Tl\,pl = p\ on |JV| and ir[ is the orthogonal

projection. Hence, we may suppose that 7Ti is the orthogonal projection. Since

{Xt, Rn — X} is a Whitney stratification and X is locally closed, we also assume X

is a neighborhood of Xi. Apply 2.5 to d/dxx \x, ■ Then we have a controlled vector

fied £ = {£î} on {(Xt D U, T¿|x,n(/)} such that £i = d/dxx for some neighborhood

U of X,. It follows that

(2.12.3) d{pi\Xj )£i = 0   on X3 n U,

for each i, j and some neighborhood Ul of Xt D U, and

(2.12.4) d{*l\xMi=d/dxi    onXlr\U'

for each i and some neighborhood {/' of Xx ■ In particular,

(2.12.5) each £t is transversal to {xi = 0} H U'.

We remark that {X, n {xi = 0} D U"} is a Whitney stratification for some neigh-

borhood U" of Xx. Let 0 be the flow of £, and let Vi and Wx be open connected

small neighborhoods of 0 in R x 0 (c R x Rn_1) and 0 x R""1 (c R x R™-1),

respectively. Define ax'. Vx x Wx —> R" by

ai(xi,0, ...,0,x2,...,xn) = 0(0, x2,...,xn,xi).

a((Vn{x, =0}) xW)    ifl<m',

a(V x (W n {xi = 0}))    ifl>m'.
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Put ai(Vi xWx) = Ox- Then ai is ahomeomorphism onto Ox by 2.6, and ctx\vt xxtl

is a diffeomorphism onto X, n Ox for each i by (2.12.5), where Xn = Wi n X,. It

also follows from (2.12.3) that, for each i,

pr oax(x,y) = pi(y), x G Vi, ¡/ëWi near Xtl,

and, from (2.12.4), that for each 2 < / < m,

ai(Vi x (Wx n {x( = 0})) =OxH {x¡ = 0}.

It is trivial that qi(0 x Wx) = Ox n {x¡ = 0}. Hence the lemma for m' = 1 is

proved.

If m' = 2 argue in the same way as above about {Xt n {ii = 0} n £/"}. Then

we have neighborhoods V2\W^,0'2 ofOinOxRxO, OxOx Rn"2, 0 x Rnl,

respectively, and a homeomorphism q'2: V2 x W2 —► 02 such that the properties

corresponding to (2.12.1) and (2.12.2) are satisfied. We choose V2 and W2 so small

that 02 cWi. Put

V2 = {(xi,x2,0,...,0)|(x1,0,...,0)Gyi,(0,x2,0,...,0)GV2'},

W2=W!i,        02 = ax(Vx xO'2),

and define a2: V2x W2 —> 02 by

q2(xi,x2,0,...,0, x3,..., xn) = Qi (xx,0,..., 0, q'2(0, x2,0,...,0, x3.xn)).

Then the lemma for m' — 2 follows. For general m', repeating the above argument,

we obtain the lemma.

2.13. PROOF OF 2.11. For each subset / = {t'i,...,»«»'} of {l,...,m}, put

ñ/ = {(x1,...,xn)GR"|x11 =.-. = Xim, =0},

X' = XnR',      {X/} = {Xlnfí/},

//=/j!x'     and    Pi' = Pi\\T,\nR'-

Then {X/} is a subanalytic analytic Whitney stratification of X1 in a neighborhood

U1 of X{ in R1, and each p\' satisfies the conditions of the distance function (2.3).

Hence, by 2.4, we have a controlled tube system {T¡ = (\T'\, -n\,p{)} for {X/ nU'}

such that

(2.13.1) |T/| c \Tt\ n R'        and        p\ = pt on \Tl\.

Apply 2.10 to {X/ n U'j^T/jJi and f[, and let £' = {£/}t7ii be a resultant
controlled vector field. If / = {l,...,m'}, consider the vector field (0, £7) on

Rm' x 0 x U1 (c Rm' x R"-m' x Rm' x R"""1') and an extension of £/da(0, £7)

on X (lO1 - Xx, where a is given in 2.12 and O1 is a neighborhood of 0 in Rn. In

another case of /, by changing coordinates we reduce to the case above. We keep the

notation £7 for the extension. Then we have the following. {£/} is semicontrolled

by (2.12.1) and (2.13.1). For each i and l G /, £.'\{x,=o}nx,no' ¡s tangent to

{x¡ = 0} n Xt n O' by (2.12.2). For each i, i\fx and £//2 are positive on V/ n X,

for some small neighborhood V/ of XlP\RI f\0!/k in Rn by 2.10, where k is a large

integer, since fx and f2 are restrictions of analytic functions and the extension of

£/ is of class C°°. Hence, we have to restrict £t; to V/ O X,. Moreover, to avoid

the difficulty that £/|{zi=n}nx,no' may be not tangent to {x; =0}flX,nO' for
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some l G Ie = {1,..., m} - /, we restrict £/ to V/ fl X, - {üig/c x, = 0}. Now we

remark that for each i / 1, at least one of £/ is defined at each point of X, near 0

even after the above restriction. Hence, using a C°° partition of unity in the same

way as in the proof of 2.10, we can contruct a vector field £¿ on each X¿, i / 1, in

a neighborhood of 0 so that {£¡} satisfies the requirement of the lemma. It is easy

to define £ globally once more by a C°° partition of unity.

2.14. PROPOSITION. Leí{X¿}¿=i.m be a subanalytic analytic Whitney strat-

ification of a locally closed set X C Rn such that dimX, < dimX¿+i for any i.

Let {Tt} be a controlled tube system for {X,}. Let fx,f2 be nonnegative analytic

functions on a neighborhood U of Xx whose zero sets in X are Xx■ Let <p\,...,<pk

be continuous functions on a neighborhood of X, and Y\,... ,Yk the respective zero

sets. For each i, set

X+ =Xnf]{ipJ>0},       x+=xtnx+.
3

Assume that: each tpj is analytic and C°° regular near Yj\ each i and each subset

{jit • • • i jk'} °f {1> • • • i k}, Yjt is transversal to X, n Yn n • • ■ ("1 YJk; and

(2.14.1) X+ D {/; < e) is compact for some e > 0, / = 1 or 2.

Then we have a positive number and positive functions £i,e2(i1) on R,...,

em_i(íi,...,ím_2) on Rm~2 such that for any sequence of positive numbers ¿i <

£ii ¿2 < £2(^1)1 ■ • • ,¿m-i < £m-i(¿i, • • • ,0,11-2) there exists a C°° diffeomorphism

n of Xm such that:

(2.14.2) {7r(x) / x} is contained in UC\U', where V is a given small neighborhood

ofX+;

(2 14 3)       n{X™ ~^fl-6^- ^2 - ¿2>-<*»-» ^ *"-»»

= X+-{f2<6x}-{p2<62}-{pm.x < ¿m-i};

(2.14.4) 7r(Xmnyj) = Xmnyj    for any 3.

1 fl1(6l)    f21(6l;

PROOF. By 2.11 there exist open neighborhoods Ul of Xt, i — 1,...,m— 1, and

a C°° vector field £m on Xm such that Ux C U,

(2.14.5) £m/I,£m/2>0   onXmn/7i,
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(2.14.6) d(pl\Xrn)fm =0     on Xm n U, for each i > 1,

(2.14.7) d{ipj\Xm)£m = 0   on Xm n K, for each j.

Let 0m: £)m —♦ Xm be the flow of £m. Shrinking Ux, we can assume by (2.14.1),

(2.14.5) and (2.14.7)

X+ n Ux = X+ n {/i < £'}    for some 0 < e' < e,

em(Dm n ((x+ nrJi)xR-)) = x+n t/,,

where R~ = (-oo,0], and for each xo G X+ ní/i, /i o0m(xo,i) and f2 o0m(xo,i)

are C°° regular and increasing on x0 x (t~, 0] = Dm fl (xo x R~ ) and tend to 0 as

í —► t~. Hence, we may regard Xm n Ux as (0, e') x (/f1^') n X+) and fi\x+nu

as the projection onto the first factor.

Choose a small ex > 0 and so that ex < e' and X+ fl {/2 < £j} c Ux- Let

0 < ¿i < £i. Then for any point x G X+ with /i(x) = ¿i there exists uniquely

y G X+ such that y G 0m((x x R) n Dm) and /2(t/) = 6i. Put 7r(x) = y. Then 7r is

a diffeomorphism from /f l(6x) n X+ to /2-1(öi) H X^ such that

*(/r*(*i) n x+ n y,) = /2-l(6x) n x+ n rç   for any j,

Pion = px    on /j" '(¿On X+ fl Í7, for any z

by (2.14.6) and (2.14.7); here f/¿ are shrunk if necessary. It is easy to extend 7r by

virtue of 0m to a diffeomorphism of X+ so that

(2.14.8) 7T = ident on X+ n {fx > e' or }x < of},

(2.14.3)' rr(X+ - {fx < ¿,}) = X+ - {/2 < ¿,},

(2.14.4)' rr(X+ n Y3) = X+ n ^ for any j,

(2.14.9) Pi o it = pi on X+ n Ux for any i > 1,

(2.14.10) tt(x) G 0m(Dm n (x x R)) for any x G X+,

where b~x~ is an arbitrarily given positive number such that

X+ n {fx < ¿f} C {/3 < M    and    of < ÓL

Then (2.14.2) follows from (2.14.8) and, moreover, 7r satisfies (2.14.3). To see this,

we remark by (2.14.1) that X^ n {¿f - e" < fx < e' + e"} is compact for small

e" > 0. Hence, we have a small e2 > 0 such that

{x G X+ | ¿f < fx(x) < e', p2(x) < e2) C U2.

Let 0 < 62 < £2. Then it follows from (2.14.8) and (2.14.9) that

tt(2.14.3)"        tt(X+ - {/, < 6x} - {P2 < 62}) = X+ - {/2 < Ó,} - {p2 < 62}.

Repeating this argument for P3,...,pm-i, we obtain equality (2.14.3). By the

method of choice of o2,...,¿m_i, we clearly have positive functions £2(ii),...,

£m-1(¿i, • • •, tm-2) required in the proposition.

Moreover, we extend tt to a diffeomorphism of Xm by the use of 0m so that

(2.14.2) remains true. That is easily carried out by (2.14.10). Then (2.14.4) holds

by (2.14.7). Hence the proposition is proved.
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2.15. REMARK. In 2.14 the assumption dimX, < dimXt+i is intended for clar-

ifying the meaning of 2.14. If we replace it by the assumption dimXi < dimX¿ <

dimXm for i ^ l,m, then (2.14.3) must be changed by

(2.15.1) *(Fl) = F3l

where

Fx = X+ - {fx < 6x} - {P2 < Sh}-{pm-x < o-m_,},

F2 = X+ - {/2 < 6i) - {P2 < 6h}-{pm^x < i.,},

lx = dimX, — dimXi + 1.

By the method of construction of 7r, the following is clear. For any subset

{ix,-..,ik} of {2, ...,m},

15 »(Fi n {Pii = o(ii} n • • ■ n {Plk = 6lik})

= F2n{Pll =Shi}n---n{Pik = 6iik}.

3. C°° triangulations and the Alexander trick. In this section K and L

denote simplicial complexes, and M a C°° submanifold of Rn.

3.1. DEFINITION. A C°° map f: K -* M is a map /: \K\ -> M such that
f\„, o G if, are of class C°°. A linear isomorphism g: K —> L is a homeomorphism

g: \K\ —» |L| carrying each simplex of K linearly onto one of L. Let /: K —► M be

a C°° map and let b G |K|. We define dfb: St(6, Ä") — Rn by

d}b(x) = d(f\„)b(x - b)    for x, b G o G Ä",

where St (6, Ä") denotes the closed star of b in K.  We call / a C°° imbedding if /

and d/(, are homeomorphisms onto the images for any 6 G \K\.

A locally finite family {X,} of closed sets in M is called locally C°° triangulable

if each Xj is contained in a C°° submanifold Yz of M of the same dimension so that

(3.1.1) Xt is the closure of the union of some connected components of Yx —

Udim Y,<dim Yx *J'

(3.1.2) each point a of M has a C°° coordinate system ip: U —► Rm such that

ip(U Cl y), with a G y, are linear subspaces of Rm.

For example, M itself, or a C°° manifold with cornered boundary, is locally C°°

triangulable.

The following shows that a locally C°° triangulable family is uniquely and glob-

ally C°° triangulable, which is a generalization of the Cairns-Whitehead theorem

that a C°° manifold is uniquely C°° triangulable. The original proofs also prove

the generalization, so we omit the proof (see [11, 10.5, 10.6]).

3.2. PROPOSITION. Let {X,} be a locally C°° triangulable family in M. Then

there exist K and a C°° imbedding f: K —> M such that f(\K\) = \Jl Xx and each

X, is the union of some f(o) 's, o G K (we call f a C°° triangulation of {Xt}).

Moreover, if g: L —» M is another C°° triangulation of {Xt}, then K and L have

subdivisions K' and L', respectively, and we have a linear isomorphism h: K' —> L'

such that

f-1(Xl) = (goh)-1(Xl)    for any i.

In 3.2 if {X,} consists of one element and if there is no confusion, we also call

\K\ a C°° triangulation of the element.
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3.3. The Alexander trick (e.g. [12]). Let X, Y be compact polyhedrons, p,q be

points, and p * X, q * Y be cones. Let h: p * X —> o * y be a homeomorphism

whose restriction to the base X is PL onto the base Y. Then there exists an

isotopy ht, t G [0,1], such that ht = h on X, í G [0,1], h0 = h and /¡j is a PL

homeomorphism. Moreover, if h is subanalytic, ht can be subanalytic, which is

easy to see by the definition of subanalytic map.

The following is also clear. Let G: p*X —> q*Y be a. homeomorphism such that

G(X) = y. Let gt:X —> Y, te [0,1], be an isotopy of G\x. Then there exists an

isotopy Gt of G such that Gt\X — gt- In the case that G and gt are subanalytic,

Gt can be subanalytic.

4. Piecewise linearization of locally subanalytic homeorphism. In this

section we prove the following.

4.1. THEOREM. Let X, Y be polyhedrons, d a metric onY, h: X —> Y a locally

subanalytic homeomorphism and e a positive continuous function on X. Then there

exists a locally subanalytic isotopy ht: X —> Y, t G [0,1], of h such that

(4.1.1) hx is PL, and

(4.1.2) d(h(x), ht(x)) < e(x) for any x G X and t G [0,1].

Moreover, if h is PL on a neighborhood of a subpolyhedron X' of X, we can

choose the isotopy so that

(4.1.3) ht(x) = h(x) for any t G [0, l] and any x in a neighborhood of X'.

PROOF. Let X,Y be contained in Rn, and K, L be rectilinear triangulations

of X, y respectively. Apply 2.2 to the family of sets h(o), a G K, subanalytic in

some open neighborhood of Y. Then we can reduce the problem to the case where

for each a G K, h(o) is the underlying polyhedron of some subcomplex of L.

Assume for the present that h(o), a G K, are PL balls. Then there exists the

required isotopy ht which satisfies, moreover, ht(a) = h(o~) for any t G [0,1] and

o G K. We prove this by induction on m = dimX. If m = 0, it is trivial. Hence

we assume it for dim < m — 1. Let Km~l be the (m - l)-skeleton of K, and

¿•(m-i) j.ne subcomplex of L whose underlying polyhedron is h(\Km~1\). By the

inductive assumption we have a locally subanalytic isotopy gt: \Km~x | —* |L**m~ '' |

of h\\K»<-t\ such that gx is PL and gt(o) = h(o) for any í and a G Km~l, which

implies gt(da) = h(da) for any t and a G K — Km~l. Hence, 3.3 shows that ot

can be extended to a locally subanalytic isotopy Gt: X —♦ Y of h and Gx is locally

subanalytically isotopic to a PL homeomorphism, so the isotopy fixes |Km_1|.

Thus we have a locally subanalytic isotopy ht: X —* Y of h satisfying (4.1.1) and

ht(a) = h(a) for any í G [0,1] and o G K. (4.1.2) follows from (2.2.1) when we

choose fine triangulations of X, Y, and (4.1.3) follows from (2.2.4). Therefore we

only have to prove the weaker Theorem 4.4 below.

4.2. REMARK. In 4.1 if X,Y are contained in Rn as closed sets, then ht is

subanalytic.

4.3. COROLLARY. (Hauptvermutung for triangulations of subanalytic or semi-

algebraic sets). For any locally closed and (locally) subanalytic set X C Rn, we

have a polyhedron in R", which is (locally resp.) subanalytically homeomorphic to

X, uniquely up to a PL homeomorphism. The semialgebraic version also holds true

(see §6.1).
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4.4. THEOREM. Let X, Y C Rn be compact polyhedrons whose local dimen-

sions at any point are constant m and which are subanalytically homeomorphic.

Then X, Y are PL homeomorphic.

We prove the theorem in a sequence of lemmas. Let ft, L be rectilinear trian-

gulations of X, y, respectively, h: X —> Y a subanalytic homeomorphism, Z its

graph, and px- Z —> X, p2: Z —> Y the projections. Then we have

4.5. LEMMA. There exist a subanalytic analytic Whitney stratification {Zt} of

Z and a subanalytic homeomorphim \t: Zx —► Bm' for each i, where Bm' = {x G

Rm' I |x| < 1} and mt = dimZ¡, such that:

(4.5.1) for each i,j, pd\z, is a diffeomorphism;

(4.5.2) for each i,i' with Zi> C Zi, Xi|z,< î5 a diffeomorphism, and Xi(Z%) —
Int Bm'\

(4.5.3) for each i, {graph\t\z,, |Zt' C Zx} is a subanalytic analytic Whitney

stratification; and

(4.5.4) each o G ft or G L is the union of some p3(Zx) 's, j — I or 2.

PROOF. We remark that (4.5.4) is identical with

(4.5.4)' if o G ft or o G L intersects with pd(Zx), then p3(Zx) C a.

We inductively prove 4.5. Let k > 0. Assume

(4.5)fc there is a closed subanalytic subset Z' of Z of dimension < k, a subanalytic

analytic Whitney stratification {Z,} of Z - Z', and a subanalytic homeomorphism

X,: Zx -* Bm' for each i such that (4.5.1)-(4.5.3) and (4.5.4)' hold and ml> k for

all i.
(4.5)m is trivial, so it is sufficient to show (4.5)jt-1 - If dimZ' < k, (4.5)fc_i

is identical to (4.5)fc. Hence we assume dimZ' = k. Apply (2.7.1)-(2.7.5) to all

Z' fl Zt and graphXilz'nz ■ Then we have a closed subanalytic subset Z" of Z'

of dimension< k such that: the connected components Z[,..., Z[ of Z' — Z" are

subanalytic analytic manifolds; for each i,j, d(p3\z') has rank k; if Z[, nZ¡ /(!

then Z[, C Z¿; for such a pair i,i', Xx\z', is a C" diffeomorphism; and for the same

i,i', (Zi,Z[,) and (graphXi\z,,graphXilz',) satisfy the Whitney condition (b). If

p~l(lntc¡) C\Z[, a G K or a G L, is of dimension < k, we add such a set to Z".

Then (4.5.4)' holds for Z[,...,Z[. Hence we have shown (4.5)fc_i except for the

existence of \i'- Zt —» Bk for each i such that Xi\z' is a C""' diffeomorphism onto

Int Bk. _f

To see that apply 2.2 to each (z[, z\c\Z" = %-Z-). Then there exist a simplicial

complex Kx and a subanalytic homeomorphism r¡: |Ä"t| —* Z, such that for each

a G Kx, Ti|int<T: Into" — r¿(Inta) is an analytic diffeomorphism and Z, fl Z" is tlic

image under r, of the underlying polyhedron of a subcomplex of Kx. Denote by Z"

the union of the images under tx of all Simplexes of dimension k - 1 of ft,. Then

we have Z" D Zx D Z". We remark that there is a subanalytic homeoinorphisiii

from a fc-simplex to Bk whose restriction to the interior is of class C'w. Hence, if

we replace Z" by IJZ", there exist required xt: Zx —> Bk, which proves 4.5.

Let / be the index set of {Z,}. Put

lk = {i g / | dim Zx < k},        0 < k < m - 1,

r1 =0,        Xi = px(Zx)    and    Yx = p2(Zx)    for each i G /.
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Then it follows that {X,} and {y} are subanalytic analytic Whitney stratifica-

tions of X and Y, respectively, and h maps Cw diffeomorphically each X¿ onto

y. Let p\^,Pi,p( be the squares of the distance functions from X¿, Z¿, Yt in

Rn,Rn x R",Rn, respectively, in the usual metrics, and let m, denote dim X,.

Let o be a sequence of positive numbers Sq, ... ,<5m_i, y. /m_1 —> {=, >} a map,

and -70: /m_1 —> {>} the constant map. Put

XSl=    f|   {xGX|pf(xh(i)om,},
¿g/m-l

UX = {xeRn\pX(x)<26mt}-    [J    {^^^.^J     forzGi"1-1,
m3<m,i

where p* (x)~t(i)b~mx means pf (x) = om, if 7(1) is "=" and p* (x) > om, if -y(¿)

is ">". We write X^ briefly as Xg. We similarly define Zs^,U^, Z6,Yg~,,Uig

and y¿. Then Xg1,Zg1 and Yg~, are compact subsets of U¿¿/">-i ^.,U,í;"-i &

and Utrf/-"-! ^»i respectively. Moreover, they are C°° manifolds with cornered

boundary for 0 restricted as follows.

There exist a positive number and positive functions £o,£i(io) on R, • • •,

£m-i(to, ■ ■ ■ ,tm-2) on Rm_1 such that for any sequence 0 of positive numbers,

èo,...,Sm-x, with 60 < £0,oi < ei(6o),...,6m-x < £m_i(<5n,... ,om_2), and for

any i G 7m_1, pf is analytic on U$ and C°° regular on £/,* — X,, and for the same

o, i and any subset {ji,..., jk} of Im~l, {x G t/*¿ | pft(x) = 6mj¡ } is transversal

to

xt n {x g u$é I p£(x) = 6mj2} n • • • n {* € Ufa I p£(*) - *.Ä }•

The existence of such £0, • ■ ■, £m-i is clear by the definition of analytic Whitney

stratification, and similar statements hold for Z and Y.

4.6. LEMMA. We can choose £0, •. •, £m-1 so that for any sequence 0 bounded

by £o,- ■ ■ ,£m-i is above, there exists, moreover, a C°° diffeomorphism hg: Xg —>

Ys such that hg(Xg1) — Ys-, for any 7: /m_1 —► {=, >}.

PROOF. We prove the lemma through the medium of Z, namely, we find C°°

diffeomorphisms p\g: Zg —► Xg and p2g: Zg —► Y¿ such that pi¿(Z¿^) = X¿-, and

P2é(Z¿-,) = y¿-, for any "y. For this we only have to construct a C°° diffeomorphism

7Té of (Ji^/m-i Z¿ such that

(4.6.1) ng(Zg1) = p11(Xg1)   for any 7.
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Put

xpi = px  o px,    Z^6l =    f|   {zeZ | ipi{zh{i)6mi}.
¿g/m-1

Then (4.6.1) equals iig(Zg-1) = Zx¡,g1.

We inductively construct ng as follows. Let 1 < / < m. Assume there are

£rj,...,£m-i and a C°° diffeomorphism ngi of [Jl^Im-i Zx such that

(4.6.1), n6ll  f| {ipxl(i)6mi}n      fl     {pnWomjl =^iT
y¿e/ii ¿€/m-i_/i-i y

(4.6.l)m is trivial, and (4.6.1)o = (4.6.1), so it is sufficient to construct ^¿(/-j),

which satisfies (4.6.1),_i. For it, after lessening £j_i,... ,£m_i, we will construct

a C°° diffeomorphism 7r¿; of Um-i ^ sucn ínaí

Ki I  fl WnWWn      f|     {«7(0«™*}
(4.6.2) \,ie/'~2 ie/--i_/<-2

=    f|   {^7(»>mjn        f|        fon(»)«m«},
,€/l-l ¿€/m-l_/l-l

and

(4.6.3) the closure of {ir'6l(x) ^ x} is contained in a small neighborhood of

Uie/'1-/'-2 ^» because irg(i-i) = 7r¿; o tt'61 satisfies (4.6.1)'"1.

We will choose this neighborhood of Uie/'-i —/'-2 %i so small as tobe the disjoint

union of some small neighborhoods Ux of Zx, i G / — Il~2. Hence we can assume

jl-i _ jl-2 consists of one i.

Fix positive numbers 60,... , ¿/_2 so that ¿0 < £rj, • ■ • i^i-2 £ £(-2(<$0i • • • ,°i-3)-

Consider a subanalytic analytic Whitney stratification

{Zi-V,_2}je/-.-,_/«-.u|    (J    Z,--V,_a

where

V,_2 =    IJ   {t/>;<6m./2},
JE/'"2

a canonical tube system {T3 — (\Tj\,irj,Pj\\T,\)} for {Z; — V¡_2}je/m-i_/i-2, fx =

Pn ¡2 — ip\ and {<px,... ,<Pfc} = {i>j — om }je/i-2. It is easy to check that these

satisfy the assumptions in 2.14 or 2.15. Hence, we have a positive number and pos-

itive functions eí_1,e{(tí-i),...,£Ín_i(í|-i,...,ím-2) such that for any sequence

of positive numbers

¿¡-1 < £;_i,0¡ < £¡(o;_i),..., óm_i < e'm_x(6i-x,. ■ ■ ,6m-2),

there exists a C°° diffeomorphism n'6l of U^/--' %j ~ Vi-a such that (4.6.2) is

satisfied and

(4.6.4) {ir'6l(x) # x} is contained in Ux - U¿€/'-»{V>¿ < 2óm>/3}. Here (4.6.2)

follows easily from (2.14.4), (2.15.1) and (2.15.2), and (4.6.4) follows from (2.14.2).
Clearly (4.6.4) implies that n'6i is extensible to \Jlt±Im-¡ Zx. As e',_l is determined
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by 6q, ..., oj-2, we regard it as a positive function in (¿o,..., ¿¡_2)-variables, hence

e\ is regarded as a positive function in ¿o,... ,o/_i, and so on. Thus, if we take

eo,...,e<-a,inin{£j_i,£j'_i}i.••,min{eTO_i,4n_\) m Place of £o,---,£m~u then

the required ir'6l exists.

For each i, 6 and 7 as above, put

Xt6l=     f|    {x<=Xi\p?{xHJ)6mi},

**,=   fl   {veYi\PÏ(vh(3)tmi},

X¿¿ = Xjé-jQ    and    Y¿¿ = y¿-,0-

Then, in the same way as 4.6, we choose £q,. ..,£to_i so that for any t and any 0

bounded by £o,...,£m-i, there exists a C°° diffeomorphism hxg: Xxg —* y¿ such

that hxg(Xxg1) = Ytg1 for any 7, and Xxg~, and Yxg-1 are C°° manifolds with cornered

boundary.

Put

*&,-      f|     {l6RB|/Df(x)7(Í)ámy}n{l€Rn|pf(l)<6mj},

*«,=    fl    {»€Rn|fty(»)7Ü)¿mJ}n{y6Rn|ftv'(y)<¿mi}.

Then, for any 0 bounded as above, they are C°° manifolds with cornered boundary

and, moreover, we have the following. Let 0 be fixed, and Xg (or. l/¿) be the

family of Xt¿-, and Xt (or y¿-, and Vtf respectively) for all ¿ G / and for all

7: /m_1 —♦ {=,>}. Then the union of Xg or y g contains X or y, respectively,

and Xg or y g is locally C°° triangulable for the following reason. Let D be the

family of all C°° manifolds Rn, X, n U$ and {x G U¡¡ \ p?(x) = ¿m,}, 1 G /,

and V the family of all intersections of elements of D. Then for any Ax, ■ ■ ■ ,Ar of

D, Ax is transversal to A2 fl • • ■ D Ar and, hence, V satisfies (3.1.2). By definition

of Xis-, and Xfs , they are defined by D' by means (3.3.1). Hence Xg is locally C°°

triangulable.

Furthermore we can easily prove by (4.5.4) that Xg Uft and y g U L are locally

C°° triangulable.

4.7.   LEMMA.   For small £0, • • • ,£m-i> let i, 6 and 7 6e £/ie .some as above. A

C°° triangulation of Xxg^ (3.2) is a PL ball.

PROOF.   We prove this by induction on mx. Let fc > 1.  As the case mx = 0 is

trivial, we assume 4.7 for mx < k. Let ¿0 G Ik — Ik~1. Put

J = {i G / I X, C XX0},        J' = J n /'    for  - 1 < / < fc.

Let x¿o: Zl0 —> ñ = Bk C R^ be the homeomorphism in 4.5. Put

Bi = xM)    forieJ,        B6l=    f|   {beB\p?(bh(i)6m,},

where pf are the squares of the distance functions from Bx in Rfc in the usual

metric. Then (4.5.2), (4.5.3) and 4.6 show that for small £0,... ,£fe-i, Xlt)g1 and
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Bg1 are C°° diffeomorphic. Hence it is sufficient to prove that a C7°° triangulation

of Bg-j is a PL ball. In the same way as {Xx}, we define Big^, Bf6 , Bg. We remark

that Bg and Bg U B are locally C°° triangulable and dB = \JxeJk-i Bx.

The case 7 = 70: It is clear that B C [jxeJ B*6 , and Bt+S = Bgl0. For each

i G Jk~l, we also have

(4.7.1) (Bl+g10,BnB^o,BnBt6lon{pf=6m,},Bxg10)

is C°° diffeomorphic to

(Bk-,n',Bk-m'n{xx >0},dBk-mT\{xx >0},0)xBi6lo,

where
Bk~m' = {(xx,... ,Xfc_m.) G Rfc"m-| |x| < 1}.

The reason is the following. Let q: T —> Big^ be the orthogonal projection

of a small tubular neighborhood in Rfc. Recall that for any subset ¿i,...,i¡ of

Jm,_1, {pf = 6m¡ } is transversal to

Bi -   IJ  [pj < 6mi 12)   n {Pf2 = émj2} n • • • n {Pxi = om.}.
mJ<m1 y

Hence, using C°° vector fields £ near Bxg10 with dpf £ = 0 and their C°° flows, we

obtain, in the same way as 2.14 and 4.6, but more easily, a C°° diffeomorphism t

of Rfc such that t\bu^   = ident, px o t = pi near Bxgl0,

r{pj =6m]}nT = q-1 (Bxgl0 Í) {P] = 6mj })     for any jeJ™'-1,

and for any x G Bxgl0 and y G r(dB) C\q~x(x), the vector xy is a tangent vector of

dB at x. Now Bigl0 is homeomorphic to a ball by the induction hypothesis since

B{gl0 and Xigl0 are C°° diffeomorphic. Hence the normal bundles of Bxgl0 in Rfc

and d-B are trivial, which proves (4.7.1).

By 3.2 we have a C°° triangulation g: C — Rfc of S¿ U ß. Let C^C^C" be

the subcomplexes of C whose underlying polyhedrons are mapped by g onto Bxgl0,

BOB^ , and BP,B^lo Pi{pf = om,} respectively. Then the induction hypothesis

shows that |Ci| are PL balls for i G Jk~1. Moreover, (4.7.1) and the uniqueness of

C°° triangulation (3.2) imply that |C,'| and |Ct"| are PL balls of dimension k and

k — 1, respectively, for i G Jk~1.

We want to see that |C¿ | = |C¿0| is a PL ball. Order B\,..., BXo in such a way

that mi < mxi if i < i', and regard Bg10 as obtained by the orderly excisions of

B n Btg^ 1 = 1,.. ,¿0 - 1, from B. Put

Wx=[j(BnBJ+6lo),        i = l,...,i0.

Then

H/t0 = B6l0,        Wx = (Bn B+lo)UWX+1,

(BnB+lo) nwx+1 = BnB^ n {pf = 6m,},      f = l,...,¿0 - 1.

It is clear that the interior of B n ß,^0 H {pf = omi} is contained in the interior

of Wx for i: = l,...,io - 1.   Recall the° following fact (e.g. [12, 3.13, 3.16]).   Let
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Ai,A2 C Rfc be polyhedrons such that Ax U A2 and A2 are PL k-balls and Axf\A2
is a PL (k — l)-ball whose interior is contained in the interior of Ai U A2. Then

Ax is a PL fc-ball. From this, it inductively follows that (JJ>t |CJ| for any i is a

PL fc-ball and, in particular, that |C,' | is a PL ball. Since a C°° triangulation is

unique, we have shown that any C°° triangulation of Bgl0 is a PL ball.

The general case of 7: We assume 7/70- At first we remark that if there are

i ^ i' G J with m¿ = mx> and with 7(1') = 7(1') = = then Bg-, is empty. Hence we

exclude such a case. Let ix G Jk~l be such that 7(11) = = and 7(1) = > for any

i G Jk~l - Jm'i. Then we have already proved by the induction hypothesis that a

C°° triangulation of B n Bt^ n {pfx = 6mii } is a PL ball. As

BnBflSln{pfl=6mii}=    f|   {beB\pf1(j)6mj}n{pfi=6mu},

we obtain Bg~i by removing B fl B,^, i G Jfc_1 - Jm"', in order from B fl BfiS H

{p^ — om> } in exactly the same way as in the case 7 = 70. Hence we see that a

C°° triangulation of Bg-, is a PL ball. We complete the proof of 4.7.

4.8. REMARK. For each i G /m_1,0 and 7 as above, a C°° triangulation of X+s

is a PL ball, and that of X n Xt   is PL homeomorphic to a PL cone whose base

corresponds to the union of X n X¿g   H {p? = om,} and all X n X¿ , such that

Xig-,1 c dXign. We also have

xnX+1n{Pxx = 6rnx} = xnx+1n   \J   x +

PROOF. Let q: T —> Xigl0 be the orthogonal projection of a small tubular

neighborhood in Rn, and xo a point of Xigl0. Then we have seen in the proof of

4.7 that q is trivial and that there is a C°° diffeomorphism r of Rn such that

T\xiS-,0 = ¡dent,        ftor = px    near Xt¿-,0,

r{pf =6mj}nT = q~1 (Xté70 n {pf = 6mj})    for j € I--1.

Now (4.5.4) means that X, is contained in one open simplex of ft, say Intoo-

Hence, by the method of construction of r, we can assume r(a) = o for o G ft,

which implies t(X) = X. Therefore we have a C°° diffeomorphism r': X^^o —►

q_1(xo) x Xig~,0 such that for any 7,

T'\xi6l0 = x0 x ident,

(4.8.1) /(Intffo n^) = (Intoo nq-^xo)) x Xx6l,

r'(X+1) = q-1(x0)xXxg1,

(4.8.2) r'(XnX+^) = (Xnq-^xo)) x Xx6l.

Here (4.8.2) easily follows from (4.8.1) and the homogeneity property of X at Into0-

Hence a C°° triangulation of Xt is a PL ball, and that of X fl Xt is PL home-

omorphic to a PL cone since a product of PL cones is a PL cone. The other

statements in the remark are clear.

4.9. PROOF OF 4.4. Let 6 be fixed so that the above statements hold. As Xg Uft

and ygUL are locally C°° triangulable, by 3.2 we have simplicial complexes ft', V
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and C°° imbeddings f:K' -» Rn, g: V — Rn such that /(|ft'|) = X, g(\L'\) = Y,

and each of Xt¿-p X n Xt^ , o G ft, y6-y, ITl V¿t and o G L is a union of some

f(a'),a' G ft', or g(a'),a' G L'. In particular, we can regard / and g as C°° trian-

gulations of ft and L respectively. Hence, by the uniqueness of C°° triangulation

(3.2), |ft'| and \L'\ are PL homeomorphic to X and Y respectively. Therefore we

need only prove that |ft'| and \L'\ are PL homeomorphic. Let Kxg^, ft¿ be the sub-

complexes of ft' whose underlying polyhedrons are mapped by / to X,^-,, XflXt ,

respectively, and let Z/j¿-,,L~¿ be similarly defined. Then 4.7 says that \Kxg^\ and

|Lj¿-J are PL balls. Order the indexes in /, 1,2,... so that mi > m2 > • • •.

We inductively construct a PL homeomorphism from |ft'| to |L'| as follows. Let

i > 1. Assume a PL homeomorphism

hi- Ui**J-*UiLW

such that for any j < i and any -y,

(4.9.1) hi(\K^\) = \L%J.

If m, = m, the existence of At¿ follows from 4.6 and from the uniqueness of the C°°

triangulation. Hence, we assume m,+i < m, and it is sufficient to extend hx to

fc+i:    U   l^oH   U   l**,l

so that hx+l satisfies (4.9.1) for any j < i' + 1 and any 7. For any 7, 4.8 shows

that \Kr¡+i)6  I 's ^ homeomorphic to a PL cone so that the union of |ft(t | n

Uj<i \Kj6l0\ and a11 \K{i+i)6i'\ such that \K(i+i)S-i'\ c d\K(i+i)t>i\ corresponds to

the base of the cone. Hence we regard |ftt+1)(5 J as a PL cone with base the above

union. We remark that

l*(W,l nUl^J-U !*&*♦. I'

where

Í1Ü)    for J > i + L
for j = i+ 1,

>       for j < i + 1.

Clearly these hold true for Ljg-, and l>t6 and we also regard \Lîl+^b \ as PL

cones. Order the elements of {7: Im'1 —> { = ,>} | K(x+1)g-, ^ 0}, 71,72,..., so

that dim ft(,+ i)¿-,i < dim ft(,+1)^2 <•■■•

We also use induction for the extension of hx.   Let 0 < /, and assume a PL

extension of hx,

h* U i*("Wi u U i*&J - U K+d*^ u U IJ&J.
fc<f j<l fc</ J<1

such that
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Now it follows from the cone structures of \Ktx+1\g-1i+i I and |Z-^+1)6 l +, | that the

bases of the cones are contained in the domain or the target of hn. Hence 3.3 shows

a PL extension of hx¡ :

haw- U itf(t+i)^ulM~W,H U ^(Wiulji^oi-
fc<i+l j<i k<l+\ j<i

It is trivial that

/li(i+l)(|ft(t+1)(5y+i|) = l¿(,+ i)é-,i + il-

Thus by induction we obtain a required PL extension hx+x of hx, which completes

the proof of 4.4.

4.10. REMARK. In 4.1, given a locally finite point set {ai,...} in X, we can

clearly choose ht, t G [0,1], so that ht(ax) = h(ax) for any i.

5. Locally subanalytic manifolds. It is clear by definition that the set of

all locally subanalytic homeomorphisms of open subsets of a Euclidean space is a

pseudo-group. Denote it by T.

5.1. DEFINITION. A manifold with r-structure is called a locally subanalytic

manifold. A continuous map /: Mx —* M2 of locally subanalytic manifolds is

called locally subanalytic if for each pair hi'. Ux —> Rn and h2: U2 —» Rm of

coordinate systems of Mi and M2, h2ofoh\l: hx(Ux ̂ f~l(U2)) -» Rm is locally

subanalytic.

5.2. REMARK, (i) A PL manifold is a locally subanalytic manifold, (ii) The

composition of two subanalytic homeomorphisms is not necessarily subanalytic.

Hence the set of subanalytic homeomorphisms of open subsets of Rn is not a pseudo-

group, (iii) A topological manifold contained in Rn as a subanalytic subset is not

necessarily a locally subanalytic manifold, e.g., Edwards' example of a polyhedron

[1] which is homeomorphic to R" but has no PL manifold structure is not a locally

subanalytic manifold by 4.1 and 5.3.

5.3. THEOREM. For any locally subanalytic manifold M, M is locally subana-

lytically homeomorphic to a PL manifold. If there are two locally subanalytic home-

omorphisms fx'- M —> Nx and f2: M -* N2 onto PL manifolds, f2 o f~l: Nx —► N2
is locally subanalytically isotopic to a PL homeomorphism.

For the proof we need

5.4. LEMMA. M is locally subanalytically homeomorphic to some closed sub-

analytic subset of a Euclidean space.

PROOF. The case of compact M: Clearly we have a finite open covering {t/¿}

of M and a locally subanalytic homeomorphism h{-. U{ —» R" for each i. We can

assume that {h~l(0)} is a covering of M where O = {x G Rn| |x| < 1}. Let

<p: Rn —► Rn+1 be a subanalytic map such that <p\o: O —* <p(0) is a homeomor-

phism and <p(Rn - O) is a point. Let Hx: M —► Rn+1 be the extension of <p o h,

defined by HX(M - Ui) = <p(Rn - O). Then Y[t HX(M) is a subanalytic subset of

a Euclidean space, and \\i Ht is a subanalytical homeomorphism.

The noncompact case: The case is shown in the same way as 2.10 in [11] (a C°°

imbedding of a C°° manifold in a Euclidean space).

PROOF OF 5.3. By 2.2 and 5.4, M is locally subanalytically homeomorphic to

a polyhedron N.   We need only prove that N is a PL manifold.  For any point x
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of N, by Definition 5.1 there is an open neighborhood U of x locally subanalyti-

cally homeomorphic to Rn. As U itself is a polyhedron, 4.1 shows that U is PL

homeomorphic to Rn. Hence U and, consequently, N are PL manifolds.

6. Semialgebraic manifolds. See [7] for the fundamental properties of semi-

algebraic sets. Let St(x, ft) denote the open star of x in a simplicial complex ft.

6.1. DEFINITION. A subset of Rn is called semialgebraic if it is a finite union of

sets of the form

{x G Rn | fix) > 0,..., /fc(x) > 0, fk+1(x) = 0,..., f(x) = 0},

where fx are polynomials on R". A continuous map of semialgebraic sets is called

semialgebraic if the graph is semialgebraic.

For example, a compact polyhedron in a Euclidean space is a semialgebraic set,

and a PL map of compact p '^ons in Euclidean spaces is semialgebraic. We can

define a semialgebraic map of compact polyhedrons without particular imbedding

of the polyhedrons in Euclidean spaces (see 2.1).

Let T denote the pseudo-group of all semialgebraic homeomorphisms of semial-

gebraic open subsets of a Euclidean space. A manifold with T-structure is called

a semialgebraic manifold if there is a finite system of coordinate neighborhoods.

A semialgebraic map of semialgebraic manifolds is defined in the same way as a

locally subanalytic map (5.1).

A compact PL manifold or the interior of a compact PL manifold with boundary

is a semialgebraic manifold. Conversely, we have

6.2. THEOREM. Let M be a semialgebraic manifold. Then there exists a

compact PL manifold possibly with boundary in some Euclidean space whose interior

is semialgebraically homeomorphic to M.

PROOF. Assume M is not compact, because the compact case follows more

easily. Let h^ Ux —» Rn, Ux C M, i = 1,..., fc, be a system of coordinate neigh-

borhoods of M. For each i put

ipi(x) = l/dist(x,hi(Ui) - hx(Ux)),        x G hx(Ux),

h'i = (hx,ipiohi).

Then <px and, hence, h[ are semialgebraic, h\ is a homeomorphism from Ux onto

the image, and the image is closed in Rn+1. Recall that Rn+1 is algebraically

homeomorphic to Sn+l-a point by the stereographic projection. Hence we have a

semialgebraic map h": Ui —* Rn+2 such that h": Ux —► h'¡(Ux) is a homeomorphism,

h'l(Ux) is bounded in Rn+2, and for every point sequence {x.,} of Í7, such that any

subsequence does not converge in Ui, {h"(xj)} converges to a point a¿ ^ h"(Ux).

By the last condition we can extend h" to M by putting h"(x) = a, for x ^ t/j. Let

h" be the extension, and put h = [l¿=i ~K'- M —> Rfc(n+2). Then h is semialgebraic

and a homeomorphism onto the image, h(M) is bounded and semialgebraic, and

h(M) - h(M) is a point. Hence we can reduce the problem to the case where M is

contained in Rm as a bounded semialgebraic subset and where M — M is a point

a.

By Theorem 3 of [6] we have a compact polyhedron X C Rm and a semialgebraic

homeomorphism /: M —► X. The proof of 5.3 says that X - f(a) is a PL manifold.
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Let ft be a rectilinear triangulation of X such that f(a) G ft, and ft' is the

barycentric subdivision of ft.  Then X - St(/(o),ft') is a compact PL manifold

with boundary whose interior is semialgebraically homeomorphic to M.

In 6.2 we denote by C(M) the PL manifold possibly with boundary.

6.3. THEOREM. Let Mx,M2 be semialgebraic manifolds. The following are

equivalent.

(i) Mx,M2 are semialgebraically homeomorphic.

(ii) C(Mx), C(M2) are semialgebraically homeomorphic.

(iii) C(Mx), C(M2) are PL homeomorphic.

PROOF. (iii)=>(ii)=>(i) are trivial. Hence we prove (i)=>(iii). We assume Mi and

M2 are not compact, because the compact case is trivial by 4.1. At first we imbed

C(Mi), C(M2) in Rm for some m so that there are cones Nx, N2 with vertexes

oi,a2 G Rm and bases dC(Mi), dC(M2), respectively, such that C(M\) C\N\ =

dC(Mx) and C(M2) D N2 = dC(M2). Then we have PL maps &: C(Mx) -»

C(Mi) U Nx and ip2: C(M2) -* C(M2) U N2 such that t/>i|c(M,)-ac(M,) and

^2|c(Ai2)-ac(M2) are homeomorphisms onto C(Mi)UiVi -ax and C(M2)liN2-a2,

respectively, and ipx(dC(Mx)) = ax and ip2(dC(M2)) = a2. As i/>i and i>2 are

semialgebraic, so are V>i|c(Af,)-ac(M,) and ^2|c(M2)-ac(M2)- Hence (i) implies a

semialgebraic homeomorphism h: C(Mx) U Nx — ax —* C(M2) U N2 — o2.

Clearly the extension h: C(MX) U Nx -» C(M2) U N2 of h defined by h(ax) - a2

is a homeomorphism, and its graph is the closure of the graph of h. Now the closure

of a semialgebraic set is semialgebraic [7]. Accordingly h is semialgebraic. Apply

4.1 and 4.10 to h. Then we have rectilinear triangulations fti,ft2 of C(Mi) U

N\,C(M2) U N2, respectively, and a linear isomorphism (3.1) q:fti —> ft2 such

that oj G fti, a2 G ft2 and g(ai) = o2. Hence there is a PL homeomorphism from

C(Mx) UNx -§t(ax,Kx) to C(M2)U N2 - St(a2,K2) because of q(St(a,,fti)) =

St(a2,ft2). It is clear that C(Mx) and C(M2) are PL homeomorphic to C(Mi) U

JV, - St(ai,fti) and C(M2) U N2 - St(a2,ft2) respectively. Therefore C(Mi) and

C(M2) are PL homeomorphic.

6.4. COROLLARY. Let S be the semialgebraic homeomorphism classes of all

semialgebraic manifolds, P the PL homeomorphism classes of all compact PL man-

ifolds possibly with boundary, and C: S —► P the map induced by C( ). Then C is
one-to-one and onto.

PROOF. Trivial by 6.2 and 6.3.

6.5. REMARK. Let P' be the PL homeomorphism classes of interiors of compact

PL manifolds possibly with boundary, and i: P —► P' the natural map. Then i is not

one-to-one [10]. In other words there are two compact PL manifolds with boundary

in a Euclidean space whose interiors are PL homeomorphic but semialgebraically

homeomorphic.

6.6. THEOREM. Let M,N be semialgebraic manifolds, f: M —► N a semial-

gebraic map, and h: N —+ C(N) — dC(N) a semialgebraic homeomorphism (6.2).

Then we have a semialgebraic homeomorphism g: M —> C(M) — dC(M) such that

ho f o g~l is extensible to C(M) —* C(N) as a semialgebraic map.

PROOF. Imbedding C(N) in a Euclidean space, we may assume that N — Rfc

and f(M) is bounded, and it is sufficient to prove that fog~ ' is extensible to C(M).
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Moreover, by 6.2 we can assume that M is contained in Rm as a semialgebraic

bounded subset. Let Mi be the graph of /, and px, p2 be the projections of Mi to

Rm, Rk respectively. Then by [6] we have a compact polyhedron X C Rm x Rk,

a subpolyhedron Y and a semialgebraic homeomorphism h: (X,Y) —♦ (Mi, Mi -

Mi). In the proof of 6.2 we have already shown that X - Y is a PL manifold. Let

(ft, L) be a rectilinear triangulation of (X,Y) such that L is a full subcomplex of

ft (see [12] for the definition). Define a simpiicial map n: ft —► {[0,1],0,1} by

putting 17(1;) = 0 for vertexes v G L and n(u) = 1 for other vertexes. Then [12,

3.10] and the proof of [12, 3.8] tell us that |j7"1([£, 1])| for any 0 < £ < 1 is a

compact PL manifold with boundary |t7_1(£)|. It is easy to see also that there is

a PL map x: ln_1([£>l])l —* X such that xl|tr'((£.il)l is a homeomorphism onto

X — y. Then pxohox\\n-'((e,i])| 's a semialgebraic homeomorphism onto M, and

fopxohox\\v-i((e,i])\ is extensible to |(7_1([£, 1])| because of fopxohox = p2ohox

on \r¡~l((e, 1])|. Hence, g - (px ° h o x)"1 is a required homeomorphism.

7. Semialgebraic polyhedrons and semialgebraic homeomorphisms.

7.1. DEFINITION. A set of the form

{x G Rn I /,(x) > 0,..., fk(x) > 0, }k+x(x) = 0,..., fi(x) = 0},

where /, are linear functions, is called a cell (we do not assume compactness as

usual). We define a cell complex in the same way as the case of compact cells.

7.2. LEMMA. Let X c R" be a finite union of cells. Then the closure of a

connected component of Rn — X is also a finite union of cells.

PROOF. There is a finite cell complex ft such that |ft| = Rn and X is a union

of cells of ft for the following reason. Let X be the union of cells Xi,..., Xm, and

let each X, be described by linear functions fxl,..., fa. Let a = (qi, a2, Q3) be a

partition of {1,... ,m} x {1,... ,1}. Put

xa = n {fij < 0 for (i,j) ea,}n {fx] = O for (t,j) G Q2}

n{/y>0for(t,j)Ga3}.

Then the collection ft of all XQ satisfies the required properties (see [11, 7.3, 7.5]).

Since a cell is closed and connected, and since Rn is the disjoint union of all open

cells of ft, a connected component of Rn — X is a union of open cells of ft. Hence,

the lemma follows.

We prove in the same way

7.3. LEMMA. Let Xi,...,Xm be cells in R". Then we have a finite cell

complex ft such that \K\ — (J^li Xi and each X, is a union of cells of ft.

7.4. THEOREM. Let X, Y C Rn be semialgebraic polyhedrons and f: X —> Y

a semialgebraic PL map. If X is closed in Rn, it is a finite union of cells Xx. In

the nonclosed case, X is a finite union of connected components X, of sets of the

form C — (X — X), C being cells. We can choose such decompositions {X,} and

{Yx} of X andY, respectively, so that for eachi, f(Xx) C Yj and f\Xt is linear for

some j.

PROOF. We treat only the case where X and Y are closed in R", because the

nonclosed case needs more complicated notation. Let the dimension of X be r. We
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prove the first statement of the theorem by induction on r. If r = 0, it is trivial, so

we assume the statement for dimension < r. Let ft be a rectilinear triangulation

of X, and X' the singular set of X, namely, consisting of points where the germ

of X is of dimension < r or not C°° smooth. Clearly X' is closed, and we know

it is semialgebraic [7]. Let o G ft, and assume a point of Into is contained in

X'. Then, by the homogeneity of X at Into, any point of Into is contained in X',

which means X' is a subpolyhedron of X. Hence, by the induction hypothesis X'

is a finite union of cells.

Now we will see that the closure of each connected component of X — X' is a

finite union of cells. Let W be such a component. Since W is at once a connected

C°° manifold of dimension r and a union of open simplexes of ft, we have a plane

P of dimension r containing W. Hence, W is a connected component of P - X'.

Obviously, P fl X' is a semialgebraic polyhedron of dimension < r. Therefore, by

the induction hypothesis and 7.2, the closure of W is a finite union of cells. Now

the number of connected components of a semialgebraic set is finite. Hence X is a

finite union of cells.

For the last statement, consider the graph Z of /. As Z is a closed semialgebraic

polyhedron in Rn x Rn, the first statement implies a cell decomposition {Z[} of Z.

Let px or p2 be the projection of Rn x Rn to the first or second factor, respectively,

and put YJ = p2(Z[) for each i. Now we can prove in the same way as the compact

cell case that Y¡ are cells. By 7.3 we have a cell decomposition {Yx} of Y such that

each y is a union of some Y's. Put {Zt} = {Z1. fl P2~1(Yk)} and Xx — px(Zx) for

each i. Then {Xt} is a cell decomposition of X, each f(Xx) is contained in some

one Yj, and f\Xx is linear. Hence the theorem is proved.

7.5. THEOREM. Let Xi,X2 C R" be compact polyhedrons. If Xx xR, X2 x
R C R" x R ore semialgebraically homeomorphic, Xx and X2 are PL homeomor-

phic.

PROOF. Since R is semialgebraically homeomorphic to (0,1) C R, vi x (0,1)

and X2 x (0,1) C R" x R are semialgebraically homeomorphic. Let Yx, Y2 be open

cones in R" x R, with vertex 0 = 0x0 and bases A'i x 1, X2 x 1 respectively.

Then we have natural semialgebraic homeomorphisms from À'i x (0,1), X2 x (0,1)

to Yi — 0, Y2 - 0 respectively. Hence there is a semialgebraic homeomorphism

/: Yi — 0 —+ y2 — 0. Here we can assume without loss of generality that f(x) —> 0 as

x —► 0. Let / be the extension of / to Yi defined by /(0) = 0. Then we see in the

same way as the proof of 6.2 that / is semialgebraic. Hence, by 4.1 and 4.10, (Yi ,0)

and (Y2,0) are PL homeomorphic. Now the links of 0 in rectilinear triangulations of

Yi and Y2 are PL homeomorphic to Xi and X2 respectively. Therefore the theorem

follows.

7.6. EXAMPLE. In 7.5, if Xi and X2 are not compact, they are not nec-

essarily PL homeomorphic as follows. Let Y be Mazur's example [9] of a com-

pact contractible PL manifold with boundary of dimension 4 whose boundary

is not simply connected, and let Xi be the interior of Y. Assume Y is PL

imbedded in Rn. Let X2 be an open 4-simplex in R". Then it is known that

Y x [0,1] and X2 x [0,1] are PL and, hence, semialgebraically homeomorphic.

Hence Xi x (0,1), X2 x (0,1) C R™ x R are semialgebraically homeomorphic. But

Xi and X2 are not homeomorphic, because Xi is not simply connected at infinity.
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