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SOME ESTIMATES FOR NONDIVERGENCE STRUCTURE,

SECOND ORDER ELLIPTIC EQUATIONS
BY

LAWRENCE C EVANS1

Abstract. We obtain various formal estimates for solutions of nondivergence

structure, second order, uniformly elliptic PDE. These include interior lower bounds

and also gradient estimates in Lp, for some/) > 0.

1. Introduction. This paper presents some new estimates for solutions of nondiver-

gence structure, second order, uniformly elliptic PDE of the form

Í -auUY r = Xf    in ß,(11) iJXlXj    XE ,

I u = 0 on ail,

and, more generally,

(1.2) " X"J    J
\ u = 0 on 9ß.

Here ß is a bounded, smooth, open subset of R", E c ß is measurable, / is bounded

and measurable, and the symmetric coefficients a,y satisfy the uniform ellipticity

condition:

there exist real numbers 0, 6 > 0 such that

W < a,7(x)^. < 0|£|2 U G R«, * g ñ).

Moreover we will implicity assume throughout that the a{j are smooth on ß, so that

solutions of (1.1), (1.2) exist and belong at least to the Sobolev spaces W2'P(Q)

(1 < p < oo ). However all the bounds we derive are independent of the moduli of

continuity of the a,7 and so depend on these coefficients only through 6 and 0.

Estimates for equation (1.2) which do not depend on the continuity of the

coefficients have long been studied, both for their own sake and for applications to

nonlinear PDE. The principal discoveries so far include the two dimensional

estimates of Bernstein and of Nirenberg [4, §12.2], the supremum-norm bounds of

Aleksandrov-Bakelman-Pucci [4, §9.1], and .the recent, important Holder and

Harnack estimates of Krylov-Safonov [6]. (See also [4, §9.8, 7, 9].) One special case

of these latter results states, roughly, that if ß' c c ß is a connected and compactly
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contained subdomain, E c ß', and u solves

(-OijUXlXj = 0    inß\F,

Í1-3) \« = 1 on9F,
\u = 0 on 8ß,

then

(1.4) inf« > C\E\'

for certain constants C, / > 0, depending only on 6,0, ß' and ß. This says

probabilistically that a sample path of the diffusion associated with the above elliptic

operator will with probability at least C|F|' hit the set E before it first exits ß,

provided it begins inside ß'.

Our first theorem below provides a complementary estimate, this on the mean

sojourn time of sample paths within the set E. In PDE terms we prove

Theorem 1. Let ß' c c ß be a connected subdomain. There exist positive constants

m = m(n, 6, 0) and C(ß') = C(ß', ß, 6, 0) such that

infM> C(Q')\E\m,
a-

whenever E is a measurable subset o/ß' and u solves (1.1).

Probabilistically, a sample path of the diffusion will, if it begins in ß', on the

average thus spend at least C(ß')|F|m units of time in E before it first exits ß.

Notice this is not a consequence of the Krylov-Safonov result: that a sample path

hits the set E is no guarantee it will spend a positive amount of time within E.

Nevertheless our proof in §§2 and 3 is strongly based on methods from [6],

especially the idea of considering small cubes large fractions of whose interiors

belong to E.

Theorem 1 has an immediate application in deriving a (quite weak) gradient

estimate for the solution of (1.2):

Theorem 2. Assume u solves (1-2). Then there exist positive constants C and p,

depending only on n, ß, 0, and®, such that \\Du\\LP < C||/||Ln.

The proof, in §4, is based upon a duality argument of a type employed by

Bensoussan, Lions and Papanicolaou in [2, §3.5.2]. As noted, this bound is rather

poor; but in light of known pathologies for the operator L = -a,y82/8x,9^ (cf.

Miller [8], Bauman [1]), it is not at all clear what kind of gradient estimate could be

expected.

A consequence of Theorem 2 is this

Corollary. Assume F: RnX" -> R is smooth and satisfies the uniform ellipticity

condition

(1.5) 0|£|2<|£(r)^<0|£|2        (rGR»x«,|GR")
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for some 0 < 6 < 0. Let ube a smooth solution of the fully nonlinear elliptic PDE

(1.6) F(D2u) = 0   ¡nil.

Then for each Q'ccQ there exist positive constants p and C, depending only on

n, Q', ß, 0 and 0 such that

||Z>2u||l>(S<)<C||M||h^(í2).

This bound is fairly pitiful, but is to my knowledge the only a priori second

derivative estimate for (1.6) available if n > 3 under just the natural hypothesis (1.5).

Of course if F satisfies additional structure assumptions, far stronger estimates can

be had: see [4, §17.4] for F concave, [3, §§2-3] for F "linear at infinity", and [5, p.

42] for F "close to linear". N. S. Trudinger has noted that a variant of the corollary

provides formal estimates on the third derivatives in LXoc (for some p > 0) for a

solution of Bellman's equation; this is explained in the concluding remark of §5.

Notation and terminology. A(x) = ((a¡j(x))), \E\ = Lebesgue measure of the (mea-

surable) set E.

All cubes mentioned below are closed and have sides parallel to some fixed

coordinate axes; if Q is a cube with side R, aQ denotes the cube with the same

center and side aR.

We employ the summation convention throughout; the letter C denotes various

constants depending only on known quantities.

Acknowledgement. I wish to thank A. Bensoussan for bringing to my attention

to duality argument from [2] and N. S. Trudinger for several useful comments,

including the remark mentioned above. I also thank the referee for a very thorough

reading of this paper.

Noted added in proof. A forthcoming paper of E. Fabes and D. Stroock

presents a new approach to [6,7,9] and this paper, via the theory of Ax weights.

2. Estimates concerning cubes. We temporarily assume, in addition to hypothesis

(A), that

(B) ß and ß' are cubes,    ß = 4ß',

and

,   , ( there exists a real number a such that

v   ' \    trA(x)>a>2@       (x G ß).

These restrictions will be removed in §3.

Lemma 2.1. There exist constants 0 < ß, y < 1 such that if Q c ß' is a cube,

E c ß' is measurable and

(2.1)

then

(2.2)

\QnE\>ß\Q\,

u > yv   in ß,
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where u and v solve the PDE

(23) i-<WJ = X3o    inQ>

\v = 0 on 3ß,

/24) (-aijux,xj'mXEnQ     'wß.

I « = 0 on 3ß.

The constants ß and y here depend only on n,6,@ and a, and not on the size of Q.

Proof. Upon translation and scaling, we may suppose Q to be the unit cube, with

side 2 and center 0. Let w be the solution of

(2 5) |-WXß    in0,

\ w = 0 on 3ß.

Estimate on u and w from above. Define

r(x) = l/|x|

for p > 0 to be selected in a moment. We compute

r(x) m l/\x\P       (x * 0),

-Oarxx =     P Jtr^l -(p + 2)au-~-
1    i 1        i    ¡P + 2 \ J i    i2

|x|       \ |jc|

>-JTjM-(#»+-2)e).
1*1

From condition (C) it follows that -atjr,j > Cx/\x\p+2 for some Cx > 0, provided

p > 0 is taken sufficiently small. Thus (2.3) implies

(2.6) 0 < t) < C^lxf       (x g ß, x # 0).

This bound and the estimate of Aleksandrov-Bakelman [4, p. 220] give also

(2.7) 0 < v < C3        (x G ß).

Since 0 < w < v in ß, we have

(2.8) 0 < w < C3/\xf,       0 < w < C3.

Estimate on w from below. Set

\(x) = e(l - |jc| )

and fix e > 0 so that

-a,/*,*, <1    in 5(1).

Since 5(1) c g we have w ^ sin B(l), whence

(2.9) w(x)>CA   in 5(1/2)

for some C4 > 0. In view of the weak Harnack inequality for supersolutions [4, p.

246] it follows that

(2.10) w> C5   in 3g

for some C5 > 0.
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Estimate onw — u. Extend w — u > 0 to be zero in R" \ ß; then

(2.11) -a,j(w - u)x¡Xj < Xq\e   inR".

For each /x > 0 the Aleksandrov-Bakelman estimate gives

(2.12) max|w> - u\ < Cu||x0\Jr„ + max \w - u\

< Cp|ô\£|1/n + max|w|

*íQ
1

a(i - ßy» + i-
r*'J

by (2.1) and (2.8).

Completion of proof. In light of (2.10), (2.12) and (2.8) we have

u = w-(w-u)>C5- C6[a(l - ß)l/" + 1/p*]

> C5/2 > C7w   in Q

for some C7 > 0, provided we first choose u large enough and then ß sufficiently

close to 1.

Furthermore

-a,,(u- Cnw)XiX. = 0    inß\ß,

u - C7w = 0 on 3ß,

and so

(2.13) u > C7w   inß.

Next observe from (2.7) and (2.10) that for some C8 > 0

u > Csv   in 3<2;

whence follows (2.2).   D

Notation. If Q is a cube, we denote by Q any one of the 2" subcubes formed by

bisecting the sides of Q.

Lemma 2.2. Let E be a measurable subset of the cube ß' satisfying \E\ < ß|ß'|. Then

there exists a countable collection of cubes {Q¡} in ß' such that

(a) int Qk n int Q, = 0 (k # /),

(b)\E\\J,Q,\ = 0,

(c)Hl\Ql\>\E\/ß,and

(d)for each cube Q, there exists at least one subcube Q, satisfying \E n Q,\ > ß\Qt\.

This result is essentially due to Krylov and Safonov [6]; see also [4, pp. 226-227, 9,

p. 853].

LEMMA 2.3. Let E c ß', |F;| < ß|ß'| and set F = \J,Q,. Then

(2.14) u > yv   in Si,
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where u and v solve the PDE

( ~aii°x , =Xf    in ß>(2.15) ,J x,Xj     AF

\ v = 0 on 3ß,

Í ~anux * = Xf    in Si,(2.16) ,J x¡x'     AE

\u = 0 on 3ß.

Here ß, y are the constants from Lemma 2.1 and {Q,} the cubes described in Lemma

2.2.

Proof. We have

where

u = Xy,       v = £(/,

i-ö,X*, = Xe,   inß'

\v' = 0 on 3ß,

í-oíX^^Xíne,     inñ>

U'=0 on3ß.

For each ß, fix some subcube Q¡ satisfying

(2.17) \E n Q,\> ß\Q,\.

Introduce the functions «' and v' solving

-aijV'x¡Xj = X3Q,     inß.

v' = 0 on3ß,

-"ijK.xj = X£nß;    inß,

,m'=0 on3ß.

According to Lemma 2.1 and (2.17) w' > yû'. But u1 > «' and v1 3* t/(since ß, c 3Q¡).

Thus m' > yu' and so

u = Y,u'> yllv'= yv- n
i i

3. Proof of Theorem 1. Continue for the time being in assuming conditions (B)

and (C).

We claim there exist constants m, C(ß') > 0 such that for k = 1,2,...

[if E c ß' is measurable, u solves (1.1) and |F| > ß*|ß'|, then

(3-1}* \ inf« > C(0')|£f.
I Í2'

The proof is by induction. First note that, upon our redefining ß to be closer to 1 if

necessary, the methods for §2 show infa,u > C(ß') for some constant C(ß') > 0
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provided \E\ > ß|ß'| and u solves (1.1). Now set

(3.2) w = logy/logß> 0

and observe then that (3.1), is valid for some possibly new constant C(ß') > 0.

Now assume (3.1)^ and suppose u solves (1.1), where

ßk\Si'\>\E\>ßk+1\ii'\.

Define F = U,Q¡, the cubes {Q¡} taken from Lemma 2.2. We have

(3.3) \F\=I1\Ql\>l-f>ßk\Si'\;

whence by the induction hypothesis

infü > C(ß')|if,
a.'

v solving (2.15). Then Lemma 2.3 implies

.      .     .    .in

infws* y infü > C(ß')y|F|
£2' Q'

>C(ß')^|Ff       by (3.3)

-C(0')|£|"   by (3.2).

This proves (3.1) k+1 and completes the induction.

We have consequently established Theorem 1 under the additional assumptions

(B) and (C), which we now remove.

First we retain hypothesis (C), but now drop (B). Thus assume ß' c c ß are open,

bounded subsets of R", ß' connected. There exists a finite collection of cubes

{Qk}k-i with equal sides and disjoint interiors such that

O'c \jQk<z LUßfcCß.
k=l k=l

If E c ß', then \E n Qk\ > \E\/N for some k e {!,...,N). Letv solve

-<*iiKxj - XBneA    iri4Qk,

v = 0 ond(4Qk).

Then the calculations before show

infü > C(Qk)\E n Qk\   > C9\E\
Qk

for an appropriate constant C9. Since u > v and ß' is connected the estimates of

Krylov and Safanov [6] give

infu > C(Q')\E\m.
SI'

Finally we eliminate the restrictive hypothesis (C). Set

ß = fix(-l,l)x(-l,l)cR"+2,

o' = fi'xH.i)x(-i,è), é = ex(-i,i)xH.a
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A =

"a

a„i

0

•in

0

V   0 . 0/(n + 2)x(n + 2)

Since

tri = trA + 2@>n6 + 2@ = a> 20,

condition (C) holds for Ä = ((a,- ■)). Thus if ü is the solution of

-ß/y"*,», = X£    inß,

ü = 0 on 3ß,

we have

(3.4) info > C\E\

for certain constants C = C(ß'), m. Now if m solves (1.1) and we regard u as really

being a function of (xx,... ,xn+2), we have

-aijUx¡x¡ = XF    inß>

m > 0 on 3ß,

for

í«íx(-i,i) x(-i,i)a¿.

Hence u > û in ß; and so (3.4) implies infn. u > C\E\m.    D

4. Proof of Theorem 2.    Choose some smooth, bounded, connected domain

ß c c ß'. According to the Fredholm alternative there exists a solution w of

-(a,jW)XXj = l    inß',

w = 0 on 3ß'.

Estimate on w from above. Select any/ g L"(ß') and let u solve

-aijvx,Xj = /    in fi',

. v = 0 on 3fi' '

Then

(4.1)

f wfdx = / w(-a,,jv     ) dx

= / -(a,/»)     vdx
Jq< • '

= j vdx ^ C||/||l"(Q')»
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and so

(4.2) ||w||l"/<"-'>(Q')<C10.

Estimate on w from below. Let E c fi be measurable and suppose v now solves

-auvXXj = xE    inß',

v = 0 on 3ß'.

Then

[wax = f w(-auv    ) dx = f v dx > Cu|£;|m
je Ja' ' JQ'

for certain constants m, Cxx > 0, according to Theorem 1. Thus, in particular, w > 0

a.e. in ß'. Fix X > 0 and take F = {* g fi|l/w(jc) > X). Then

\E\/X > [wdx> CU\E\'
Jf

Consequently

'in'E

\E\<Cx2\-^">-»,

and this in turn implies

(4.3) /Jc

dx
<CI /     -.a  "*  "-13

Í2 W(X)

for C13 and 0 < a < l/(m - 1).

Estimate on Du. Now assume u solves (1.2) in fi. We multiply both sides of the

equation by wu and integrate by parts to obtain

(4.4) \(awu)udx=\fwudx.

The term on the left equals

2 \

jwauuXiuXj + (a,jw)Xj  y     dx

= fwauuxuXj -(aiJw)x¡x—dx

,2 U2
> Í6w\Du\   + ^dx.

Since ||w||L«.{n) < C||/||£»(i2), the calculation above, (4.4) and (4.2) yield

(4.5) (w\Du\2 dx ^ CiAffvw-
Ja

Finally observe that
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for any p, q, r, s > 0,1/r + 1/s = 1. Choose

2a a a + 1
P = ^TÎ>  q = ^+-[>  r = -^T'  '-« + !.

where a is the constant from (4.3). Then

/ •,«/(«+!)/ j     \l/(a + l)

¿w*<Uw-*)    (/J)
« (c,4Ml.)"/"*"c1Y<»" - c15||/|t(»„

owing to (4.3) and (4.5).   D

5. Proof of the corollary. Now assume u to be a smooth solution of (1.6) in fi and

choose fi' c c fi. Let w solve

-(aijw)x,Xj = l    mfí>

w = 0 on 3fi.

Select a smooth cutoff function f which equals 1 in fi', 0 near 3fi. Differentiate (1.6)

with respect to xk:

lf(D2u)uXkXiXj = 0.

We set

to obtain

VmU"'        ûi>= 3r~(Z)2u)

-a¡¡vr _ = 0   infi.•J    *i*-j

Multiply by f 2wv and integrate by parts to find

(S2wauD v   +(auw) A2vv  dx = - /*2a, wftvv  dx.
Ja ■ ' '       ' Jq •

The second term on the left equals

-fa(auw)XiXß2C+(aijw)xßtxV2dx

= ¡ï'y + a,jw((^x)xjv2 + 2ff„wJ dx.K2
'a

Consequently

0 /"f2tv|Z)i)|2^ < - Uauw!Xx.vvx. + aijw(ttx)xv2dx

< y^2w\Dv\2dx + CJwv2(\D£\2 + £\D2£\) dx;
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whence

/ w\Dv\  dx < C fwv2 dx < C|H|l»(B).
JQ' JQ

Since v = uXk is any derivative of u, the estimate above and the calculations in §4

show

f \D2uf dx < C16||u||»"-<»(a).
Ja.'

Remark. The following observation is due to N. S. Trudinger.

Suppose in addition to (1.5) that F is concave. Differentiate (1.6) twice in some

direction r\ and discard the term involving D2F to find

dF
-^r(D2u)uVVXiXj<0   infi.

arij

Define a¡, as above and set v = uvr This gives

(5.1) -aiAjXy<0   infi.

Set K = \\D2u\\L~, take f and w as above, multiply (5.1) by f 2w(v + K) and mimic

then the foregoing calculations to find

( \Dvf dx < C       (C,p>0).
Jq>

We then derive the bound

(5.2) f ID3/ dx < C17,

C17 depending on ¡|u|| ̂ 2.« and the other usual quantities.

A review of the proof shows that the various constants here depend on F only

through 0,0 and HDFH^«. Estimate (5.2) thus formally applies to the Bellman

equation

inf {Lau} =0   infi,
aeA

where each L" is a linear, constant coefficient elliptic operator with ellipticity

bounds 6, 0.

It is not at all clear if any of this can be made rigorous.   D
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