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THE DIRAC OPERATOR ON SPACES WITH CONICAL

SINGULARITIES AND POSITIVE SCALAR CURVATURES1

BY

ARTHUR WEICHUNG CHOU2

Abstract. We study, in the spirit of Jeff Cheeger, the Dirac operator on a space

with conical singularities. We obtain a Bochner-type vanishing theorem and prove an

index theorem in the singular case. Also, the relationship with manifolds with

boundary is explored. In the Appendix two methods of deforming the metric near

the boundary are established and applied to obtain several new results on construct-

ing complete metrics with positive scalar curvature.

0. Introduction. In recent years analytic tools (e.g., elliptic operator theory) have

become increasingly important in studying the topology of compact smooth mani-

folds. Examples are Bochner's method and the Atiyah-Singer index theorem.

Bochner's method is to obtain a local formula expressing a geometric (elliptic)

operator as the sum of a "rough Laplacian", which is nonnegative on closed

manifolds, and a curvature term. Thus, if the curvature term is positive, the kernel of

this operator vanishes. Results of this type are called " vanishing theorems". For the

Dirac operator D on spinors, we have the Lichnerowicz-Bochner formula

(0.1) D2= v*°V + k/4,

where V is the connection on the bundle of spinors and k is the scalar curvature.

Again for closed manifolds, k > 0 yields Ker(D2) = (0}, i.e., there are no harmonic

spinors (see [22, 23]).

The Atiyah-Singer index theorem [1, 4] says that, on a closed manifold the index

of an elliptic operator L, i.e., dim(Ker(L)) — dim(Coker(L)), can be expressed as a

linear combination of Pontrjagin numbers which are toplogical invariants. For the

case of the Dirac operator D and an even-dimensional closed spin manifold M,

Lichnerowicz [23] obtained from the index theorem that

(0.2) Index(D+) = Â(M),   thei-genus of M.

Combined with the vanishing theorem (0.1), it follows that k > 0 implies Â(M) = 0.

This provides us with a topological obstruction to the existence of a metric on M

with « > 0. Recently, Gromov and Lawson have greatly extended the scope of this

method by considering spinors with coefficients in suitable bundles, and they also

developed a parallel theory for the Dirac operator on complete manifolds (see [16,

18]).
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An extension of this kind of theory to singular spaces for the Laplacian A was

developed by Jeff Cheeger in [6-8] (see also [10, 11]). In this paper we establish the

corresponding theory for the Dirac operator by use of his ideas. Let us not recall

some definitions and basic ideas.

Let A7"1 be a closed Riemannian manifold of dimension m with metric g. By the

cone C(N) on N, we mean the space (0, oo) X N equipped with the metric dr ® dr

+ r2g, where r e (0, oo). Set

C0,u(N)= {(r,x)^C(N),0<r<u}

and

C0JN) = {(/-,x)eC(A/),0<r<M}.

(0.3) Definition. Xm + l is called a space with conical singularities if there exists

Pj e Xm + 1, j = 1,2,. ..,k, such that Xm + 1\\JkJ=x{PJ} is a smooth Riemannian

manifold, and each P- has a neighborhood U¡ such that UJ\{PI} is isometric to

C0,u,(Nj"') f°r SOme Uj and Njm-

Without loss of generality we assume that k = 1 and h > 1. We write Xm+1

= Cox(Nm) U Mm+l, where N = dM and the union is along the boundary. Of

course, in general, Xm+1 is not a manifold. For the purpose of this paper we also

assume that Xm+l \ {P} is a spin manifold and Nm has the induced spin structure

(see §1 for defintions). Notice that C(Sxm) = Rm+1, where Sxm is the standard sphere

of radius one. This is just Euclidean space in polar coordinates.

By definition, analysis on a space with conical singularities X means analysis on

the smooth part X\{P) of X. Since this manifold is incomplete, the situation is

quite different from that of a compact or complete manifold. For example, the

elliptic operators, such as the Laplacian and the Dirac operator, are no longer

essentially selfadjoint. Thus we have to choose a particular selfadjoint extension. See

[6, 7] for the case of the Laplacian.

Because local analysis on M is well understood, we first restrict our attention to

the cone part C0X(N). To carry out analysis on the cone, we observe that, by using

separation of variables, we can reduce local analysis on the cone to global analysis

on the cross-section N. In fact, if we restrict a function g(r, x) on C(N) to ( r} X N,

then by standard theory of eigenfunction expansion of the elliptic operator L on

compact manifolds, we can write

(0.4) *(»•,*)-EftOO+iOO,
where (<p¿) are the eigenfunctions of Lr= L,{r,XA, which can be identified with

those of L = ¿mjxjv by (parallel) translation along the radial geodesic R X {x}.

The convergence of (0.4) is in the L2 sense; moreover, if g is smooth, then a standard

argument shows that the convergence is uniform on each compact subset away from

the singularity at p. Notice that in the case of C(Sxm) = Rm + l, this is nothing but the

usual Fourier series expansion.

On functions of the type g(r)(j>(x), the action of L will give us singular

Sturm-Liouville ordinary differential equations (see (2.6)), and, hence, we can solve

for the eigenfunctions of L explicitly on the cone. As we will see, there are limit
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circle cases (see [28]) of singular Sturm-Liouville equations corresponding to the

small eigenvalues of L on (1) X N. This is the reason why L fails to be selfadjoint

without further conditions on the behavior of the function near the singularity at

r = 0.

In §2 we derive the separation of variables formula, write down the eigenspinors

for the Dirac operator D on the cone, and construct counterexamples to the

selfadjointness of D. Then in §3 we obtain the criterion for the selfadjointness of D

from an a priori estimate. The main result is the following (compare [7]). Let D0

denote the Dirac operator on the space of smooth spinors with compact support on

X = C0X(Nm) U M, and let D denote the Dirac operator on (1} X N = N. Then we

have

(3.2) Theorem. 77ie Dirac operator D0 is essentially selfadjoint if and only if there is

no eigenvalue jtty ofD such that |jw -| < 1/2.

Let D denote the Dirac operator with domain {<¡>\<¡> g L2 fï C°° and Dtp g L2},

and let D denote its L2 closure. Let * denote the L2 dual of an operator. It follows

that

(0.5) D0 = D   and   Z>0* • D       if |ju,| > 1/2.

Let us write AD = D* ■ D0 and Aw = D* ■ D, which correspond to the generalized

Dirichlet and Neumann conditions, respectively. Both AD and A^ are selfadjoint

extensions of A0 = (D0)2. We should mention that even if D0 is essentially selfadjoint,

A0 may still not be essentially selfadjoint because of the limit circle phenomenon (see

[6, 28]).
In §4 we show that if C0X(N) has nonnegative scalar curvature, then the condition

\Hj\ > 1/2 is automatically satisfied. This, together with (0.1), gives us the vanishing

theorem for spaces with conical singularities.

(4.2) Theorem. // Xm+1 = C0X(Nm) U M has scalar curvature k > 0 and k > 0

somewhere, then Ker(D) = {0}.

In §5 we combine this theorem with our index formulas to obtain topological

conclusions. This theorem can also be construed as giving necessary conditions for a

manifold with boundary to admit a metric with scalar curvature k > 0 for which the

metric near the boundary is conical.

A general discussion of manifolds with boundary is given in the Appendix to §4.

By use of certain deformation techniques, one of which is a generalization of the

bending technique in [16], we obtain the following theorems. Let M be a manifold

with boundary Nm. Let k denote the scalar curvature of M and Kr the scalar

curvature of the hypersurface at distance r to the boundary.

Theorem [A.2]. Suppose

(i) k > 0,

(ii) Kr > 0 Vr G [0, 4

(iii) Hr > 0 Vr G [0, e], where Hr is the mean curvature w. r. t the exterior normal.
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Then in this neighborhood [0, e]XJV the metric can be deformed to a complete

metric, which ends with the product metric R X N near infinity, with nonnegative scalar

curvature.

This is similar to Theorem 5.7 in [16].

Theorem [A.12]. Suppose dim N = m > 2 and

(i) the tubular neighborhood of N in M is normalized to be of width 1 and

k > 16m/(m + 1) on it,

(ii) Kr > 0(> Q)on {r} X N Vr g [0,1].

Then the metric can be deformed to a complete metric, which ends with the product

metric R X N near infinity, with scalar curvature k' > 0 ( > 0).

The discussion in the Appendix shows that our vanishing theorem could also be

obtained from Gromov and Lawson [18], except when K = 0 on a conical neighbor-

hood of the boundary. This case is not covered by their method.

The next step is to study index formulas. We follow the same procedure as in [6,

8], which is based on the functional calculus of the Laplacian on the cone and the

heat equation method of deriving the index formula (see [1]). Let us briefly recall the

ideas in [8]:

1. Using the technique of separation of variables, i.e., the eigenfunction expansion

(0.4), and the Hankel transform, we can obtain a spectral representation of the

Laplacian A on the cone C(N) such that the action of A is carried into multiplica-

tion of X2; moreover, according to the Hankel inversion formula (5.5), the following

formal representation for the kernel /(A) on C(N) X C(N) = {(/*,, xx, r2, x2)}

holds.

(0.6) /(A) = (^2)[X(/o°°/(A2)^(Ar1)^(Xr2)X d\)

<¡>j(xx) ®<¡>j(x2),

where c = (1 — m)/2, </>. are the eigenfunctions of Ä (the Laplacian on N) with

eigenvalue ¡ij, and Jv is the Bessel function of order v} = Jc2 + juy.

Thus we can regard (0.5) as the sum of series consisting of a family of functions of

À on N parametrized by (rx, r2) in the distribution sense. Notice that in the case of

C(S{") = Rm + 1, the Hankel transform is nothing but the Fourier transform in polar

coordinates, and (0.5) is just the representation of the kernel /(A) via the Fourier

inversion formula.

2. Making use of the classical integral formulas of Bessel functions, we can

explicitly integrate (0.5) for certain functions/; e.g., the heat kernel/(A) = e"'A and

the zeta function/(A) = T(s)A~s (see (5.9), (5.11)).

These explicit expressions, together with the property of conformai homogeneity

of the cone, enable us to compute the asymptotic expansion of the trace of the heat

kernel on the cone in terms of functions of AonJV".

3. It follows from Duhamel's principle (see [5, 8]) that a parametrix for the heat

kernel onI= C0X(N) U M can be obtained by gluing together the heat kernel on

M with the one on C0X(Nm). Then, from the behavior of the heat kernel near the
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singularity at r = 0, we can conclude that the heat kernel on X is of trace class. This

shows that Green's operator is compact, and, hence, Fredholm theory can be applied

to obtain the standard global results as in the nonsingular case; e.g., the existence of

a complete orthonormal basis of L2 consisting of eigenfunctions (-forms) of A with

discrete eigenvalues 0<X0<X,,...,->oo.

4. In order to compute the index of the geometric operator on X, we apply the

heat equation method, which says that the index is equal to the constant term in the

asymptotic expansion of the trace of a certain modified heat kernel on Xm+1. As can

easily be seen from the previous discussion, this constant term must consist of two

separate terms; one is from the manifold M; the other, from the singular part

C0X(N). The first contribution is the integral of the same characteristic form over M

as in the nonsingular case by the Patodi-Gilkey theorem (see [1]). The second

contribution from the singularity can be shown to be an eta-invariant of the

manifold N (see [3]).

In §5 we carry out the above program for the Dirac operator and obtain the

following index formula. Suppose that Xm+l{p} is an even-dimensional spin

manifold. Let DQ and D denote the Dirac operators as in (0.5). Let D¿ and D + be the

operators restricted to the ( + )-spinors corresponding to the ( + )-spin representation.

Then

(5.23) Theorem.

(1) Indexa) =/i(/>)+AzA_      £      fc^j ).
x 0<uy<l/2

(2) Indexe) =/i(P) + Ä±A+       £       dim(¿g,
x -1/2<(í,.<0

where   A   is   the   Hirzebruch   A-polynomial   of  Pontrjagin  forms   {P¡},   r¡(s) =

EM,^0(sign jt*y)|/xy.|~s (the eta function), h = dimKer(Z)), and E^ is the eigenspace of

D with eigenvalue juy.

When D is selfadjoint, i.e., |/iy| Js 1/2, we have

Index(D0+) = Index(5 + ) = [ Â(p) + Ä
Jx ¿

Combined with the vanishing theorem (4.3), this gives

(5.24) Theorem. Suppose that the scalar curvature k of X = C0X(N)U M satisfies

k > 0 and k > 0 somewhere. Then

Index(£> + ) = 0 = [ Â(p)+^-.
J y ¿

This gives a topological obstruction to the existence of the metrics with k > 0 on

singular spaces.

We conclude our paper by noting that all the results obtained for spinors

immediately generalize to spinors with coefficients in a bundle E, i.e., to sections of

the twisted bundle of spinors S( X) ® E, if the connection of E is flat in a
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neighborhood of the singularity. The following vanishing theorem is an easy conse-

quence. Set

R0(o®e) = \ £(e,-e*ff)®/if e
j,k

as in (1.11) and (1.12).

(5.28) Theorem. Suppose on X = Cox(N)J¿M2k that k > 4||R0|| and k > 4\\R0\\

somewhere. Then fxCh(E) ■ A = 0, where Ch(£) is the reduced Chern character,

Ch(E) = Chx(E) + Ch2(E) + ■■■.

We can also define the notation of enlargeability as in [17] (see (5.29)) and obtain a

similar result for singular spaces.

(5.30) Theorem. Suppose in X = C0X(N) U M2k that M is of dimension 2k and the

interior of M is enlargeable. Then there exists no metric, which is conical near the

singularity at the cone tip, with scalar curvature such that k>0 and k > 0 on the

interior of M.

We would like to make a final remark that these vanishing theorems and index

theorems have interesting generalizations to pseudomanifolds. They are spaces which

can be built up inductively by spaces with conical singularities (see [7, 8]). To put

this work in a better perspective, one could say that it serves as a first step toward

some understanding of the piecewise linear geometries related to the Dirac operator,

scalar curvatures, and eta-invariants.
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encouragement. He is grateful to Detlef Gromoll and Blaine Lawson for many
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1. Preliminaries. In this section we briefly recall some basic facts about spin

manifolds and the Dirac operator. The general references are [2, 16, 18, 22, 24].

An orientable manifold X is called a spin manifold if its second Stiefel-Whitney

class W2(X) is zero. Suppose X is equipped with a Riemannian metric, and let

Pso (A') be the bundle of oriented orthonormal tangent frames. Let Spin„ denote the

spin group, which is the universal 2-fold covering of SO„ for n > 3. A spin structure

on X is a principal Spin „-bundle PSpin (X) together with a Spin „-equivalíant map

e:PSpm(X) -* Pso(X) which commutes with the projection maps onto X. The

condition W2(X) = 0 is equivalent to the existence of a spin structure. In fact, using

Cech Cohomology, we can easily see that the toplogical obstruction cocycle to the

globalization of the local 2-fold covering map

(1.1) /W*)lc/* Spin, x tf-Pso/JT)^» SO„ x U,

where Uis a small neighborhood, is exactly W2(X) g H2(X, Z).

Let Cl„ denote the Clifford algebra of R" with its standard inner product. In this

paper we consider only the complexified Clifford algebra Cl„ = Cl„ ®RC. The
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(complex) Spin representation of the Spin group Spin„ is, by definition, the restric-

tion of the algebra representation p of Cl„ to Spin„ c Cl„. The Spin group Spin„ has

only one irreducible representation if n is odd and two irreducible representations

A* if n is even. These two irreducible representations A* of Spin2A. come from the

irreducible representation A of C12A;

(1.2) A: Cl2/t -» End(C2 ): the group of endomorphisms of C2 .

When restricted to Spin2/t, A breaks into two irreducible representations A* corre-

sponding to the ( + )-eigenspace of multiplication by the volume form w =

ikexe2,... ,e2k, where {ex,... ,e2k) is the orthonormal basis of R2k.

Suppose now that A' is a spin manifold of dimension n and PSpin ( X) -» Pso ( X) is

a spin structure on X. Then from the spin representation p of Spin„, we can form the

associated (complex) vector bundle

(1.3) S(X) = PSpin±X)xpV,

where V is the representation space of p. This is called the bundle of (complex)

spinors. If n = 2k, then (1.3) breaks into two pieces:

(1.4) S(A-) = />Spinn(A-)xAK

= ¿W*) Xa+ V+® PSptan(A-) XA_ V-= S+(X) © S-(X).

The sections of S(X), T(S), are called spinors, and the sections of S+ (S~) are

called ( + )-spinors ((-)-spinors). Let us denote the associated principle SO-bundle of

S(X) by PS(X)- Then a local section e = {ex,...,en) of Pso(X) can be lifted up to

PSpin ( X) via (1.1) and then imbedded into PStxy as a l°cal section <b = {<bx,...,<bN}.

This section <i> is a local orthonormal basis of the bundle S(X) and will be called the

spinor basis.

Let Cl(A') denote the associated bundle of Clifford algebras. This is the bundle

over X whose fiber at each point x is the (complex) Clifford algebra of the tangent

space TX(X) with its given metric. This bundle carries a natural unitary connection

V, induced from the principal SO„-bundle, and characterized by the condition that

V acts as a derivation on the algebra of sections T(C1( A')), i.e., v(a • ß) = ( Va) • ß

+ a ■ ( vß) for all a, ß g r(Cl(A')), where • is Clifford multiplication.

We can easily see that S(X) is a bundle of modules over Cl(A'), i.e., there is a

module multiplication

(1.5) • :r(Cl) xT(S)-* T(S) defined by (a ■ <b)(x) = P(a(x))(<t>(x))

for all a g T(C1) and all (/> G T(S), where <p(x) G Vx and p(a(x)) G End(F^) (see

(1.4)).
Lifting the Riemannian connection on Pso (A") to PSpin (X) via the Lie algebra

isomorphism, we have that (Spin„)+ s (SO„)* determines an associated connection

Vs on 5( A') whose action on the spinor basis <i> = {</>,,... ,<¡>N) can be described as

follows. Let e = ( ex,..., en} be a local section of Pso (X) and V T the Riemannian

connection on the tangent bundle T(X). Suppose that {<o,y} are the 1-forms defined

by
n

Vr<?, = E uueJ   for i = l,2,...,n.

7 = 1
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Then

(1.6) V>, = \ I arffij • <#»,   for / « 1,2,.. .,N,
i<j

where • is the module multiplication defined in (1.5).

It can also be shown that vi acts as a derivation with respect to module

multiplication, i.e.,

(1.7) Vs(a-^) = (va)-4, + a-(vs<t>)

for all a g T(C1) and all <b e T(S). From now on we drop the superscripts and

simply use V to denote various connections if no ambiguity occurs.

The Dirac operator D: C°°(S) -» C°°(S) is defined by

n

(1-8) D<b = £ e,,. ve,*,
i=i

where {ex,...,en} is a local orthonormal basis on X and <f> g C°°(S). This is an

invariantly defined first order elliptic differential operator with symbol o^(D) = £ •

for £ g r*(A'). Notice that, in the case of an even-dimensional manifold, D:

C°°(S ±) -» C°°(S ±), and we denote D|s± by D ±.

Using the normal coordinate we can write

i.j

where Vi)H, = V(,V„ - Vvw, and the symbol of D2 is af(I>2) = -||£||2 for | g

T*(Ar). Define

n

(1.9) V2^Zv(/í    for<i)G CX(S).
7 = 1

Then the following relation holds pointwisely (cf. [22, 23]).

(1.10) Theorem (Lichnerowicz - Bochner - Weitzenböck Formula). D2<p =

- V 2<#> + \k ■ 4>, where k is the scalar curvature of X.

We can extend the above notions to more general classes of bundles. Suppose that

E is any hermitian vector bundle over X with a unitary connection v £. Consider the

bundle S(X) <8> E with the canonical tensor product connection V- This is again a

bundle of modules over X satisfying (1.7). We can still define the (generalized) Dirac

operator D and -V2 by using this new connection V, as in (1.8) and (1.9). Thus the

corresponding formula to (1.10) is

(1.11) D2 = -V2+ \k + R0,

where

(1.12) R0(<t>®o)= | He,-*,*)® **,*>)
¡•j

for all <j> e S(X) and all o g T(E), and RE denotes the curvature tensor of the

connection v£.
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If A'is a closed manifold, then D is selfadjoint, and -V2 = V* • V is selfadjoint

and nonnegative. Thus (1.11) gives (see [16])

(1.13) Theorem. 7/k > 4||Ä0||, where || || is the operator norm, then Ker(D) = (0).

2. The separation of variables formula and eigenspinors of the Dirac operator on

the cone. In this section we derive the separation of variables formula of the Dirac

operator D and D2 on cones. We will also write down the eigenspinors of D and D2

explicitly and discuss the domains of closed extensions of them.

Recall that a cone on N, C(N), is a space (0, oo) X N with the metric of

dr <8> dr + r2g, where g is the metric on N. We assume that Nm is a closed manifold

of dimension m and C(N) is a spin manifold. Let N be endowed with the induced

spin structure from C(N), i.e., the principal Spinm-bundle PSpin (N) on N is the

reduction of PSpin +1(C(N)) via the inclusion maps on Nm:

Spinm+1     -»     SOm+1

(2.1) U U

Spinm -»     SOm

Let 3/3r denote the unit tangent vector to the radial geodesic (0, oo) X {x} for

some x G N. Then the inclusion maps in (1.1) are just "adding d/dr to the (oriented)

orthonormal frames (ëx,...,ëm) on N to form the (oriented) orthonormal frames

(d/dr, ëx,.. .,ëm) on C(N)". This also defines the orientations on C(N). By taking

the induced spin representation of Spinm from Spinm+1, the bundle of spinors S(N)

over N can be canonically imbedded into the bundle of spinors S(C(N)) over C(N).

Let us denote everything intrinsic to N by a tilde "and the parallel translation along

the radial geodesies by a bar -. Thus we can imbed a section ö of S(N) into

S(C(N)) and then extend it to ö on C(N) with the property that V8/3ra = 0.

We now derive the separation of variables formula for a more general kind of

metric on (0, oo) X N: g = dr ® dr + h2(r)g for some h > 0.

(2.2) Lemma. Let {e¡, i = 1,2,.. .,m} be a local orthonormal basis on N. Then

{ d/dr, E¡ = e¡, i = 1,2,..., m} is a local orthonormal basis on C(N ), and

(vEEJ,Ek) = -(vëëJ,èk)
il °

_    9 \ h' ,      ,,      9 ,
V£ E-, — ) = --roa   where h  = -r-h,

•   '   dr I h    ' dr

's \ W

Vf t- , E,■ \ = -rS::,    V and ( , ) are the Riemannian
■ dr     J /      h   u N

connection and the inner product of g,

9      9 \      A
■ or    dr /

Proof. This follows in a straightforward way from the following formula for the

Riemannian connection v (see [9]):

2< Vxy, z) = x(y, z) + y(x, z) - z(x, y)

+ ([x, y], z) - ([x, z], y) - ([y, z], x).    Q.E.D.
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Assume that {a,} is a local spinor basis (see §1) of S(N). Because S(N) is

induced from S(C(N)), {5,} is a local spinor basis of S(C(N)), and we have

(2.3) Lemma. (1)

V3/3,4> = 0 and VB/ar(d/dr • <¡>) = 0   V spinors <¡> on N,

where ■ is module multiplication.

/«,\ -      1  h'   9     „    _      1 s-
& V^ ' 2 7 fr ' *' " °' + Ä V^ '

1 A' 19
(3) MäF'ff>)"2T£',ff> + *äF'Vy-

Proof. (1) follows from the definition of the parallel translation and (1.7).

(2) We assume that E0 = d/dr. Then by (1.6),

1     m

Ve,°j = ï    L   ukAEi)EkEOj
L   k<i

k,l=0

-\     m 1      m

= o   L u0l(Ei)E0El°j + Ï   L <>>kl(Ei)EkEl°j
2 1=1 2 ft-1

*</

= 2 7 97   '^     2   ^ aki(E¡)EkE,aj
k = l
k<l

1   A'   9  „_      1
= t" T" ~5~Eiai + T Vga, ,

2   h   dr     J     h      •J

since íok¡(e¡) = ùkl(ei) for A:, / ^ 1 by Lemma (2.2), where w^, and ¿3^ are the

connection 1-forms w.r.t. {E¡} on C(N) and {è,} on A7, respectively, and Ei ■ o~

= e¡ ■ a. By using (1.7), (3) follows similarly. Q.E.D.

Notice that we use the same notation v for different connections whenever no

ambiguity occurs.

(2.4) Proposition.

1 h'  a „-     1 —
**♦-2 7 ä7£* +**•.♦•

9    _\     1 A'    -     13-=-

^3r'T2l^ + Ü8r^'

/or a«y spinor <¡>on N'

Proof. Write <J> = Hap^ where (a,} is a spinor basis of S(N) and apply (2.3).

Q.E.D.
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The separation of variables formulas for D and D2 are the following:

(2.5) Proposition. Let

e=f(r)<b + g(r)^,

where <p, to are the parallel translations of the spinors $, « on Nm = {1} X Nm to

C(Nm). Then

D"
.,     m h'\d -     1  ~-    I. .     m h'   \_     1    9 -j—

bjí«|./"-4yI/'-
mlh'Y    ¡m h"'

T7   + T7 / ■♦

«SW^+tè'
-g   - m

h'
e —

ml h'Y     Im h'Y 9 _

where D is the Dirac operator on Nm.

Proof. This is just a straightforward computation.

í) m

D0 = Yrv3/dre + ZE,-vEe

i -{/'(r)* + g'{r)l*

+ L^/-{/('-)v£i* + g(r)v£ig^ciJ

j-,/  \ 3 r      .,  \_     fir) f—     m h'   9 ,,  ,-
= / V>)Tr* -g'(r)« +iyD*+-- Yrf(r)<b

g(r) d \-f.—    m  h'    .  ._

y,/     \ m    h'   ..     ,
/'(r) +<T T/<r)

,,  .      m h'   ,  s
g'(r)+jjg(r)

dr «

-      1   /   n 9 tç-

9r V3/3r£>(£>ö) = ^:V3/3r(Z)ö)+ ££,. v£,(Z>0).
/ = i

Va/9r(ßö) - /-!(£)'/+ffr fc-^m+ifT»
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v*(i      l/' + ff/ 2   /i
E,<¡> +

1 _9_

A  9r ve4»

♦i*' 1 A'   9 ^-k-     1   -   /K  x

1m A'+ T7* 1 A'   9 „_

2 7 YrE'U + Ä V"■"

-   *«
2TE>D» + h¥rV<W

Multiplying and collecting terms, we obtain the desired formula.    Q.E.D.

Now we specialize to the metric h(r) = r. In order to treat spinors of the type

f(r)<h~ + g(r)(d/dr)c¿, it suffices to consider spinors of the type/(r)(<i> + (9/9r)<#>),

since

/*-*|:--í(* + ¿*)+í(í-e*)+f(5 + ¿5)-f(B-|;5).
Let <p be an eigenspinor of D on Nm with eigenvalue ¡i, i.e., D<$> = ¡üb, and suppose

that 6 = f(r)(^> + (9/9r)<j>) is an eigenspinor of D2 with eigenvalue X2 + 0. Then

(2.5) becomes

(2.6)

hence

(2.7)

d20 = ! -/" - -r + /*-m
m 2m W+&

X2/U+ —<!>,

m
+ /" + ^/' +   A2 f*   - M -

m 2m 1
/=0,

and the solutions aref(r) = ycJ±v* (Ar), where

c = (-OT + l)/2,    p+= |2/i - l|/2,

and ./„ is the Bessel function of order v (see [19]).

If 0 = f(r)(<¡> — (d/dr)§) is an eigenspinor of eigenvalue X2 ¥= 0, then

(2.8)

hence

(2.9)

D2e -/" -/' +

9 -

ft   + M-
2m VW*-#*

A2/(<í>-g;H

+ /" + 7/' + M   + M
w2 — 2m

/=0,

and the solutions are /(/•) = rcJ±v-(Xr), where c = (-m + l)/2, >> = |2ju + l|/2,

and y„ is as before.
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2Thus we have the following four types of eigenspinors of D   with eigenvalue

X2#0:

(2.10) rV,+ (M(í + £;);

(2.11) rt-A*r)(++ fa).

(2.12) r%-(Xr)U - ^j>\       wherec = (1 - m)/2,

(2.13) rV_r-(Xr)(4-¿í),       r:
d_-\ +    |2m+1|

2

The corresponding harmonic spinors, i.e., X = 0, are

(2.14) r-^ + l^),

(2.15) r'- |*+g;*),

(2.16) r^"'U-^\,
9r

(2.17) rc-'-(*-|;*

Henceforth, we shall call (2.10), (2.12), (2.14), and (2.16) positive solutions, and

(2.11), (2.13), (2.15), and (2.17) negative solutions. If v± is an integer, then we have

to introduce logarithmic negative solutions. This can happen only when ¡i = ±\

and v ±= 0, and the negative solutions should be, instead of (2.11), (2.13),

(2.11)' '%(*/■)(*+ |:*),

(2.13)' r<Y0(Xr)(p + j-4>),
dr

: Bessel function of the second k

Notice that

where Y0 is the Bessel function of the second kind of order 0.

2 ,     Xr
*logTY0(Xr) - — log—    asr->0

(see [21]). Similarly, (2.15) and (2.17) should be replaced by

(2.15)' rnogr^ + l^),

(2.17)' rclogr(^-yr4>
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in this case. (2.14)-(2.17) can also be written in the following way:

(2.18) (2.14)(a) r-"'/2 + ̂  + ^ if/*>|,

(b) ''•"/a"',+1(* + ¿*) LfM<f.

(2.15)(a) /--'"/2-'1+1^ + |:^) iin>\,

(b) r-/2 + ̂  + ¿¿) ifM<|,

(ri        \ 1

* + 97^) ifM=2'

(2.16)(a) /-m/2+"+1^-|:i) ifM>-^,

(b)        '•"M/2"'l(*-|:*) «M<-|,

(2.17)(a) r-/2-^_|.^j ifM>-|-

(b)        '-m/2+"+1(^-|:^        ¡fM<|,

*~dr*) if M = - 2 •

Set vx = (2ju + l)/2 and v2 = (2/1 - l)/2.

Then the eigenspinors of D2 can be classified as follows:

(2.19) (1)   /•<■+'.(* +A$) (I)   rcJri(\r)[î> - |^),

_  r-m/2 + p+lÍ4> -  9=  r-™/^^'|  -¡—-<£

(2)    r-"(* -|;<i>) (II)    #■<■/_„( Ar )(* - |^),

♦-^*

(2)'   r'logr^-|^), (II)'   r%(Xr)(^ - |^|

(3)    r<+'2^ + |>) (III)   r'7Fj(Ar)(i + ¿i)

(4)    re-'»(í + ¿í) (IV)   rV_ri(Ar)(í + £*)

(4')    r'logr^ + |:i) (IV)'    r%(Ar)(^ + ^j
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From (2.5) we have

D

D
(2.20)

/l* + âP*

f[o-Yro

m/2 -¡i

J r

+ m/2 + n

*-¥*>'

4> + Yr<t>

Applying this to (2.19), we get

(2.21) D(l) = 2vx(3),   D(2) = 0,    D(2)' = (3),

Z)(3) = 0,   D(4) = 2i>2(2),   D(4)' = -(2).

Hence, (2), (3) are the only types of spinors in the kernel of D. Also, using the

identities (see [21])

Jv'(z)--Jv(z) = -J> + Az)    and   j;(z)+^J„(z)=J„_x(z),

we have

(2.22)
D(l) = l(III), £>(III) = A(I),

D(U) = -A(IV),    D(W) = -A(II).

Thus we have the following two types of eigenspinors of D with eigenvalue A =£ 0:

(I) +(III): r^(Xr)^ - |;*) + rV,a(Ar)(* + |;*

(II) -(IV): r'J_n(\r)fi - ^) - r^JXr)^ + |>).

Next we determine those eigenspinors of D2 which are square-integrable when

restricted to the finite cone C01(/V). Let the domain of D be

(2.23)

dom(Z>) = {^l^isC00,^ g L2,andD<í> g L2 on the finite cone C0¡X(N)}.

Since

r«(* ± ¿^) e L^i») « a > ^^,

it follows, from (2.21), that in (2.19) we have

(1) (I) g dom(Z>) « ju> -1/2,

(2) (II)edom(D)«*ii<l/2,

(2)' (II)' £ dom(D),

(3) (III) g dom(£>)«/!> -1/2,

(4) (IV) G dom(Z>) » ju < 1/2,

(4)' (IV)' e dom(D).

(2.25) Proposition. 7/i ¿Ae /oi/r 0>/?é?í o/ eigenspinors of D2—(2.10)-(2.13) a«i/

(2.14)-(2.17)—the positive solutions are always in the domain of D. The negative

solutions, corresponding to the small eigenvalues ¡iofD such that |/x| < 1/2, are also in

the domain of D.

(2.24): (2.19)
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Proof. We need only examine (2.18) using (2.19), (2.24).

(2.15)(b) g dom(£>) ~ -| < p < i,

(2.17)(a) G dom(D) « -| < fi< |.        Q.E.D.

We shall see that the negative solutions in the domain of D are exactly the spinors

which prevent D from being selfadjoint.

Define D0 to be the Dirac operator restricted to the spinors with compact support

on A""+1 = Cox(Nm) U M. Let D0 and D denote the closures of these operators on

X. Using the idea of the Friedrichs mollifier (see [7, 14, 15]), one can show that

(2.26) Dq = D,   where * denotes adjoint.

Therefore D* = D is equivalent to D c £>*, i.e.,

(2.27) (Da, ß) = (a,Dß)    for all a, ß g dom(73).

To show that this is not true in general, we first establish the following formula.

(2.28) Proposition (Integration by Parts Formula). Let Ym be a compact spin

manifold with boundary dY, and let ( , ) denote the inner product on the space of L2

spinors. Suppose a and ß are smooth spinors. Then

(Da,ß) = (a,Dß)- f    (a,N-ß)x,
JdY

where ( ,) x is the pointwise inner product on the fiber at x, and N is the unit outer

normal at the boundary.

Proof. (Da,ß) = ¡(Da,ß)x.
Jy

m

(Da, ß)x = XI (e¡ ' Ve a, ß)    where ( e¡} is the orthonormal basis

1 = 1 of the tangent bundle,

=   T.(-V.a,erß)x
( = 1

m

=   \Z{e,(-«,erß)x-(-a,Vei(erß))x)

m m

= - I e,(-a, e, -ß)x+   £ (a, ( Vee,) ■ ß)^ + (a, Dß)x

/=1 ;=1

= -(divV)x+(a,Dß)x,

where V is the vector field on Y defined by

( V, W) = (a, W ■ ß)    V vector fields W,

and

m

àiwV=   E(veK,e,.)
i = i
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is the divergence of V. Hence,

(Da, ß) = (a, Dß) -  f div V = (a, Dß) -   S (V, N)
'y •'ay

= (a,Dß) -  f (a,N-ß).        Q.E.D.
JdY

It follows that, on X = C0X(N) U M,

(Da,ß) = (a, DB)

if a or yß has compact support. In order to show that D is selfadjoint, we have to

prove that this is true for all a, ß g dom(D), i.e., Stokes' theorem holds for D.

Unfortunately, this is not true in general because of the negative solutions in the

domain of D. The following example illustrates this situation.

(2.29) Example. Let X = Cox(Nm) U M. Choose two negative solutions from

(2.18), say,

(2.15)(b) 0i = r-m/2+,i(*+l*),

(2.17)(a) «,-r-"^-"(í+¿í),

on C0X(N), with -1/2 < p. < 1/2. We can extend them to X by multiplying by a

cut-off function/, where/(r) = lifr<l-e and/(r) = 0 if r > 1 for some small

number e. Then 0X, 02 G dom(73) on X. Let Xe = CeX(N) U M. Then

(2.30) (D8X,82) = f(D6x,e2) = lim  f (D0x,02)x
jx f^o ->xt

= lim if (0X,D02) + f  (ex,N-e2)
e — 0\JXl JdX, )

= (BX,DB2)+ lim  f   (ex,N-02)    by (2.27).
e^O ■>dxe

(2.31) lim /   (6X, N-d2)= lim / (V,(-¿) ■ »2\

= -lim   ( 2p||2e-m • em dV + 0,
e->0 J{e)XN

where dVis the volume element on {1} X TV". Thus (D6X, 62) ¥= (6X, D02) on X.

We can conclude that, in general, D0 # D and the two selfadjoint extensions of

(D0)2, AD = I»0*Z)0 and AN = D*D, are not the same.

(2.32) Remark. Since (~D0a, ß) = (a,Dß) for all a g dom(730) and ß g

dom(Z)), it can easily be shown, by using the same argument as in the previous

example, that the negative solutions (2.11), (2.13), (2.15), (2.17) are not in the

domain of D0.

3. The selfadjointness of the Dirac operator. In view of (2.29) and (2.32) it is

natural to conjecture that D (or D0) is selfadjoint, provided there is no eigenvalue ¡j./

of D on Nm such that |/a -( < 1/2. In fact, if we take for granted that the eigenvalues
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of D*D on Xare discrete and the usual Fredholm theory holds for D*D on X, which

is established in §5, then it is easy to see that if \pj\ > 1/2, then (Da, ß) = (a, Dß)

holds for all eigenspinors a, ß of D*D and, hence, for all «,j8e dom(D). Therefore

the conjecture is proved.

In spite of this we prefer to show directly that the boundary term (2.31) goes to

zero as the boundary approaches the cone tip, and, hence, (2.27) holds if |¡u7| > 1/2.

To this end we first obtain the following pointwise a priori estimate (compare [7]).

The idea is to construct D"1 via the separation of variables formula and then use

Schwarz's inequality.

(3.1) Proposition. Suppose

<*=/(*+ ¿*)+s(*-  3^)+« + +û-Gdom(£>)

(see (2.23)), where <j> is an eigenspinor of D on N with eigenvalue /x. Denote the

L2-norm on C0X(N) by \\ \\ and on N by || H^. Assume \\<f>\\N = 1. Then

1/(01
Al«+ll(2r)""/2 + "+ \\\Da+\

1
-2(1+1

-2jLl +   1

1/2

-m/2 + fx ifp*
1
2'

K\\a+\\(2r)-m/2+l/2 + \\\Da+\\ \logr\'/2 r'^2^2 ifp=\,

where K is a constant depending only on m. Moreover, if p. < -1/2, then Da + + 0, and

\f(r)\ < \\\Da + \\r-/2 + ̂ 2/Y-2ii+l.

Similarly,

I . i .. -,..,, |l/2

\g(r)\<

m/2- ¡i    .
K\\a-\\(2r)-

K\\a-\\(2r)-m/2 + 1/2

+ ^Da'
1 .2/1+1

2ju. + 1
-m/2-n

'//»*

1

2*

+ \\\Da-\\\logr\l/2r-m/2 + l/2 if p. =

Ifli>2 then Da ¥= 0, and

\g(r)\ < \\\Da-\\r-m/2 + l/2/Y2n+ 1 .

Proof. Notice that, according to (2.19), (2.24), Da + = 0 =*> ju > -1/2, and Da'

0 => ju < 1/2, since a G dom(D). The fact that a g dom(D) implies

(\f2 + g2)rmdr< oo,
•'o

and, by (2.20),

/jCM?->)Í+ ?+***
To obtain estimates for/we first observe that

f (r«/2-7)  =  r
orv 7

m/2 —^ M!->)i

rm dr < oo.

/
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and, hence,

m/2-ií r+ií-Ü ds + am/2-<íf(a)   for any a .1

By the Schwarz inequality with measure rm dr,

.m/2 -V(r)|<   / (/'[/' +
m

2

2 \V2
smds\

+ am/2-<i\f(t

a»\f(a)\ +
1 -r-2"+1

-2/1 + 1

and

L/2

!/2/

Da+1| ,    if -2/1+ 1*0,

|rm/2-*/(r)|<fl<"/2-*|/(a)| + |logr|' (i||Z>a + ||)     if-2/i + 1 = 0

Using the fact that there exist a g [\, 1] and a constant AT depending only on m such

that |/(a)| < Kf¿\f\2rm dr (see [7]), we obtain the desired inequality.

Similarly, the inequality for g follows.

Note that

_      m/2-iíi- "/(/•) - lim rm/2-'1f(r).
r-0

Since fo\f\2rmdr< oo, we can find rt -» 0 such that |/2(r,)r,m| = o(l/r,.), i.e.,

|/(r,)| = o(l/(m + 1)A,2). (See [7].) Therefore, if /i < 1/2, the above limit exists

and the integral converges. Moreover,

lim rm/2-"/(r) =  lim r/"/2""/^,) =  lim r"/2-"0(r:(",+ 1)/2) = 0
r->0 /¡-»0 #¡-»0

provided that /i < -1/2.

Hence, we obtain that, if ¡i < -1/2,

9
,m/2 "f(r)\ jCè('-"-/) - jf.-"-'Mf-*)i)c.#

11/2

,.-2/1+1    \l/2j

Jm<fe
1/2

i.e.,

-2, + l/

|/(r)| « (r—W/t/t-lp + 1 ) • i-||¿>aH

Similarly, we have

|g(r)|<(r-'"/2 + 1/2/vC27+T).i||JD«-||    if #* > i -        Q.E.D.
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(3.2) Theorem. Suppose X"' + ï = C0X(Nm) U M is a compact space with a conical

singularity. Let D, D denote the Dirac operators on Xm + 1, Nm, respectively, and let

dom(D)= {<¡>\<¡> g C00 n L2, D4> g L2}. Then D is selfadjoint if and only if there is

no eigenvalue of D whose absolute value is strictly less than 1/2.

Proof. To show that D is selfadjoint, it suffices to show that the boundary term in

(2.30), (2.31) goes to zero. We need only check this for spinors of the form

/(</> + (9/9r)<i>) + g(4> - (d/dr)$), where </> is an eigenspinor of D with eigenvalue

ju, andy^ll^ = 1. Let

3 -\ /-       9
«i=/i[*+ Tr<>)+Si(<>- Tr*) = e' +0{'

02=/2(^+  fr + j+gil*- Tr*) = e2   +02-

Assume that 6x,62e dom(D) and |/t| > 1/2. For the boundary term

/ (^¡-■62)=2(f2gx-fxg2)rm
J{r}xN"'   \ 0r I

(see (2.31)), we have two cases:

(i) ju. < -1/2. Then

\fx(r)\ < cr-m/2 + l/1   (sincep. < -1/2 =* D(6X+) # 0),

|gl(r)| <cr--"/2 + 1/2,

|/2(r)| < ar-m/2+1/2   (sinceM ^ _i/2 =* d(62+) * 0),

MOI < cr"m/2 + 1/2.

(ii) p > 1/2- Then

|/i(Ol < cr m/2+1/2

\gx(r)\ < cr-m/2 + 1/2    (sinceju ^ 1/2 =* D(0X) ¥= 0),

1/2(01 <cr-"'/2+1/2,

MOI < cr-m-/2 + l/2    (since ju > 1/2 => D(02) * O).

This shows \fxg2 - f2gx\rm -> 0 as r -» 0.    Q.E.D.

(3.3) Remarks. (1) This theorem says that D0 is essentially selfadjoint (see [25]) if

and only if |/i .| > 1/2 for all eigenvalues /xy of D on A"".

(2) If the condition |/iyj > 1/2 is not satisfied, we can still obtain selfadjoint

extensions of D0 by imposing conditions on the domain of D, which correspond to

the boundary conditions in the case of a manifold with boundary. Notice that in our

case the boundary is crushed to a point: the singularity at the cone tip. We therefore

call the conditions imposed on dom(D) to make it selfadjoint the ideal boundary

conditions (see [15, 6, 7]). For example, suppose that E = © E^ , where E   is

the eigenspace of D with eigenvalue /i . Let

0\e= Lfnr)(*,+ I*,) +/,-(*,- l*t
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where the <¡S, are the eigenspinors of D with eigenvalues /i ■ such that |ju. .| < 1/2,

denote the projection of 0 to the part consisting of eigenspinors in E only. Define Dh

to be D restricted to the space

(3.4) [e\e g L2 and 0\E satisfies \f*\ = o(r-m/2)).

Then the proof of Theorem (3.2) tells us that the boundary term also goes to zero

under this ideal boundary condition (3.4), i.e., Dh c D%. But D0 c Dh implies

D£ c Z)0* - D. It follows that Dh = D* on the space (3.4).

(3) On a circle we have two spin structures. One is the trivial 2-fold covering; the

other, the nontrivial spin structure induced from the disk. The first always gives a

zero eigenvalue; and second has eigenvalues less than 1/2 if the length is strictly less

than 2tr. This is the difficulty in generalizing our results to pseudomanifolds where

1-dimensional links always appear.

It is natural to ask for geometric conditions on Nm which guarantee that

\Hj\ 3s 1/2. In fact, if the scalar curvature k of Nm is positive and k0 = min k, then,

using a slight modification of the Lichnerowicz-Bochner-Weitzenbock formula (1.10),

we can show the following.

(3.5) Lemma. |/x -| > \^mk0/(m - 1), where m = dim N ^ 2.

Proof. See [23 and 12].

Let k denote the scalar curvature of C(N). It follows by straightforward computa-

tion (see (A.8) in the Appendix to §4) that k = l/r2[ic - m(m - 1)]. Therefore, if

k > 0, ii > m(m - 1). It follows from (3.5) that |/i| > m/2, and, hence,

(3.6) Theorem. Let A""+1 = Cox(Nm) U M and m > 2. Then D is selfadjoint if the

scalar curvature ofC0X(Nm) is nonnegative.

4. Vanishing theorems. We prove vanishing theorems for singular spaces analogous

to that proved by Lichnerowicz [23] for smooth manifolds. We begin with some

general facts for arbitrary (possibly incomplete) manifolds.

(4.1) Lemma. Let Y be an arbitrary spin manifold. Assume that the scalar curvature

k of Y satisfies k > -kfor some positive constant k. Then we have

\\D0f >\\vef - \fY46\Ù   foralie^dom(D0),

where V is the connection, || || denotes the global L2-norm on Y, and || \\x the pointwise

norm at x.

Proof.  Integrating the Lichnerowicz formula (1.10) D2<p =

smooth 4> with compact support over Y, we immediately see that

¡m2 Hlv*f + \ ¡Met

>\\vOf - ^k\\0\\    forall0edom(Z)o)

V <f> + Ík<í> for
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Now let d g dom(D0). By definition we can find 0i G dom(D0) such that 0, -» 0 and

D6¡ —> D as i: -» oo, in the L2 sense. Since

\\DO^ = \\v6\f+\j4o^>\\ve,t-\k\\oi

if we define

||0||d=P>0|| +(H + 1)W    and    ||0||v =||v0|| +||0||,

then clearly || ||D > || ||v. Therefore 6¡ is a Cauchy sequence in the norm || ||v and,

hence, converges to 6' for some 6'. But || ||v > || ||, so we must have 0' = 6, i.e,

V0, -* VO in the L2-norm || ||. Thus,

\\D6\\2=   lim \\D0,\\2 =   hm [W^W2 + j f k\\6,
I —► 00 / —» 00   \ *+    ./ y

= (lim ||vö,||2)+  lim  \( kMI

= || VÖ||2 +\  lim  /k||C

An application of Fatou's lemma yields

||De||2>||vö||2+^/yK||fl||l        Q.E.D.

(4.2) Theorem. Let Y be an arbitrary spin manifold with scalar curvature k. Assume

that k > 0 and k > 0 somewhere. Then Ker(Z>0) = {0}.

Proof. Let 6 g Ker(ï>0). Then (4.1) gives

o = \\Dot>\\vot+\jY4o\t

Since k > 0 on an open subset U, we have 6 = 0 on U and v# = 0 on Y. This

implies Ö = 0 on Y.    Q.E.D.

Now let Xm + 1 = C0X(Nm) U M. Then oO guarantees that D is selfadjoint, and

D0 = D by (3.6). Thus, we have

(4.3) Theorem. Suppose that on Xm + 1 (m ^ 2), k > 0 a/iJ k > 0 somewhere. Then

Ker(Z)*D) = Ker(Z)) = {0}, i.e., there exists no square-integrable harmonic spinors

onX.

(4.4) Remarks. (1) This theorem can also be proved directly by showing

(-V26,e) > 0 for all 6 in Ker(Z>) under the condition k > 0.

(2) The above theorem can be construed as giving necessary conditions for a

manifold with boundary to admit a metric with nonnegative scalar curvature for

which the metric near the boundary is conical, i.e., like the exterior of a cone. In the

Appendix to this section we give a geneal discussion of manifolds with boundary.
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(4.2) and (4.3) can easily be generalized to the generalized Dirac operator on the

"twisted" bundle of spinors S(X) ® £, i.e., on spinors with coefficients in the

bundle E (see §1), if the connection on E is flat in a neighborhood of the singularity

at the cone tip { P}. For this situation we need only replace a spinor by an «-tuple of

spinors (n = dim E) in our previous calculation while everything else stays the

same. Under these assumptions we thus have (see (1.12), (1.13))

(4.5) Theorem. Suppose that on Xm + l (m > 2), k > 4\\R0\\. Then D is selfadjoint

andKer(D) = (0} for the generalized Dirac operator D.

Proof. Since E is flat near the cone tip, we can deduce from (1.12) that R0^ -k

for some positive k. Therefore the same arguments as in the proofs of (4.1), (4.2) give

us the desired result.

Appendix to §4. Deformations of the metric near a boundary and positive scalar

curvatures.

1. Introduction. On a manifold with boundary, a differential operator which is

selfadjoint on a closed manifold is no longer selfadjoint without a suitable boundary

condition. In certain situations we do not even know how to choose boundary

conditions which make the problem meaningful. One way of avoiding this difficulty

is to trivialize the geometry near the boundary and treat the space as part of an

ambient space formed by attaching a cylinder (or a cone) to the boundary. We then

study the operator on the ambient space in which no boundary is present. This is a

basic point in the proof of the geometric index theorem for manifolds with boundary

(see [3]).

In this Appendix we study two types of deformations of the metric near the

boundary and their influence on the scalar curvature. We then obtain sufficient

conditions under which the scalar curvature remains positive after the deformation.

It follows from (A.8) that if the cylinder N X R has scalar curvature k > 0, then we

can deform the metric slowly to a cone and keep the scalar curvature positive.

Conversely, if the cone has k > 0, then, using the bending technique of Gromov and

Lawson (see below and [17]), we can open up the cone tip to form a cylinder and

maintain positive scalar curvature. Therefore, under this circumstance, attaching a

cone to the boundary is equivalent to attaching a cylinder. But our vanishing

theorem, when construed as for manifolds with boundary, emphasizes the case that

k = 0 on the conical neighborhood of the boundary, for which no such deformation

can be applied.

2. The bending technique. Let Mm+1 be a manifold with boundary Nm. We can

find an e-neighborhood of N that is diffeomorphic to [0, e] X N = Ne. Let r denote

the geodesic distance to the boundary, and let g(r, x) be the metric on the

hypersurface ( r } X N at distance r to the boundary. It is easy to see that the metric

on this tubular neighborhood can be written as dr ® dr + g(r, x).
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The first method of deformation is an adaptation of the " bending technique" due

to Gromov and Lawson [17] for the connected sum of two manifolds. Define a

hypersurface M' in M X R with the product metric by

M' =  {( y, t)\(y, t) G M X R and (\\y\\, t)^T),

where H^U denotes the geodesic distance from>>

to the boundary N, i.e., || v|| = r, and T is the

curve in the (r, t) plane as described in the figure.

_r

-^ t

T starts from the

r-axis and finishes

with a horizontal line

to the r-axis at r = a.

Notice that only the part Nc is bent. The induced metric on M' from M X R

extends the metric on M\Ne smoothly and ends with the product metric on

({a} X N)X N. To study the change of the curvature under this bending, we begin

with the following observations. (See also [17].)

(i) In Ne let 9/9r denote the tangent vector to the geodesic [0, e] X {x} = /. Let

N be the unit normal to M', and let v be the connection on M X R. Define the

principal curvatures to be the eigenvalues of the operator S(X) = VXN. Then

y, = (/ X R) n M' is a principal curve on M', i.e., the tangent vector T to y¡ is a

principal direction of the second fundamental form S, and the associated principal

curvature at a point corresponding to (r,l)6f is exactly -k, where k is the

curvature of T at that point.

(ii) Let 6 be the angle between N and the r-direction, and let {ex,...,em} be the

orthonormal basis of principal vectors for the operator S(X) = vx(d/dr) on the

hypersurface {/■} X N with principal curvatures X¡, i = l,...,m. Then {e,,...,em)

are the principal vectors for S on M' with principal curvatures X, = A, sinö, since

and

9 9
N= (sinO)^-+ (cos 0)ir-

dr dt

(sino)|;+(cos0)^) = (sin0)v   '
9r

= (sinfl)ve^= (A,sin0)e,.
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(iii) Let K¡:, K¡j, and K¡¡ denote the sectional curvature of M, M X R, and AT,

respectively, corresponding to the plane e¡ A ey. Set e0= T = cos$(d/dr) +

sin 0(d/dt). By the Gauss curvature equation,

Kfj = K¡j + X¡Xj   where X 0 = -k andXj = A^sinö for y > 1.

Since M X R has the product metric, one sees that

K0j = Ka/arJcos2e,       KU = KU   fori,j>l.

Hence,

Kój = K<>/arjcos20 - kXjSind,

Kfj = KtJ + X,Xj sin2 6   for i, j > 1.

It follows that the scalar curvature k' of M' is given by

m m

«'-I  *¿-   I   (A-,., + A,.A,.sin20)
',7 = 1 ',7 = 1

i#7 /'#/

+ 2 E ^3/3r,7COs2tf - 2k £ X^sinö
7=1 ' 7=1

K-2Ric(¿'97)+ S My¿¿»'#
',7 = 1

(9     9 \ m
f-,f- cos20- 2A: Y X,sin0
or   or I .  ,   J

7 = 1

^,-^ sin20 +   £  X,Xysin20
i, j=l

= K

\or   or ; j
'*/

— 2Â: Y, A-sino,
7-1

where k and Rie denote the scalar and Ricci curvatures of M, respectively.

Let us denote the scalar curvature of the hypersurfaces { r} X N mMby Kr. Using

the formula

9     9
K    = K 2Rlc(d-r'd?)+ ¡C=Vy

i, 7 = 1
i*j

we deduce

(A.l) k' = k + (k, - k - X>,Xy)sin2 0 + £X,X>Sin2 0

-2A-(y>,)sin0

= kcos20 + Krsin2Ö - 2Â:(TrS)sin0,

where Tr 5 is the trace of S( X) = vx(d/dr).
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It follows that

(A.2) Theorem. Let Mm + 1 be a manifold with boundary Nm. Suppose

(i) K > 0,

(ii) TtS < 0, i.e., the trace of the second fundamental form points inward,

(iii)Kr > Oforr G [0, e].

Then in this tubular neighborhood [0, e] X N the metric can be deformed to a

complete metric, which ends with the product metric N X R near infinity, with scalar

curvature k' > 0. Moreover, if k > 0, TrS < 0, and Kr > 0, then k' > 0.

3. The deformation technique. Let g = dr2 + g(r, x) be the metric near the

boundary Nm. We shall consider the deformation of the type <j>2(r) dr2 +

f2(r)g(r, x). From now on we assume that dim N = m > 2.

First let g = dr2 + f2(r)g(r, x), and let V denote its connection. Let V denote

the connection of the original metric g,g=(, )0> and g = ( , ). Now if (3/9r, ¿F,}

is an orthonormal basis of g, then ( 3/9r, e, = e¡/f} is an orthonormal basis of g. A

straightforward computation gives

(A.3) Lemma.

1 — /'        —
(1) Va/a,«?, = -f Va/areJ = -rey + Va/areJ.

(2)        v^ = -/ô4; +(/a-1)(v.A-¿)e+ v^

where S(e¡) = ve((3/3r).

3        /' —   3
(3) *«Tr-T'+V«Tr'

Set A(et) = ( V,,(9/9r), *,)„. Then A(ë,) = (s(ë,), ê,)0 = (s(e,), e), and we

have

(A.4) Lemma.

(1) (V.^.e,) =-(y)2- Ç[A(ê,)+A(êj)]

+ i[j-2-l]jA(ëi)A(êJ) + (veyeeJ,e).

(2) (*.?.&*,) = [j2- ^({S(e,),ej)f + ( Ve,V>,, e,

(3) ( VI«,.«,]«/'«')   =   (^I«,.*,]*/''«
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Combining these three formulas, we deduce

(A.5) Proposition. The sectional curvatures of g = dr2 + f2(r)g(r, x) for the

plane sections ei A ey are given by

K(e, A ej) = -(Ç)2 --(Ç)[4<*,) + *(*,)] +[j-2 - l)**,)4*j)

-(^-i)(S(-M>1+^(*(aO.

We also have

(A.6) Lemma.

(!) ( V„Va/8rg^ eA =0-

(2) (v8/a,V,#|;,^ = O-Jft + L _ A (,-.)+ (va/9rVe,|;, e

(3) (v[^,.3/3r]a7'^ = (y) + y -^(¿,) + ^vK,8/i)r]-^,e,

These three formulas give

(A.7) Proposition. The sectional curvatures of g = dr2 + f2(r)g(r, x) correspond-

ing to the plane sections e¡ A d/dr are given by

K(e-Ai) = J7-2f7A{ë>) + R{ë<Al)-

Choose {*>,} to be an orthonormal set of principal vectors with principal curva-

tures X,, i.e.,

s(ëi)=vëij-r=xiê.

Then A(ëi) = X, and ( S(ei), e) = 0 for i ¥= j. Therefore we have

K(e, A ,j) « -{j)2~(j)(X. + h)+(j-2 - -)*& + jiS(li A 9j),

K(e, A e0) = -f   - 2JX, + K(e, A e0)    where e0 = —.
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It follows that for / > 1,

Ric(e/) = Ric(e„e,)=  £ K(e, A ej)

7 = 0

-ç-("-i)(7r-(7H
-«(CJA.+l^-lJA^iTrS)-^]

+ (1-^)^(|:^i) + ^Ric(ë<),

*f£
From this and the fact that

,|Ç)-2(£)T,S+Ric(|;

«,-í- 2 Kc(¿)+    E S,Ü
'.7 = 1

we deduce that

(A.8) Proposition. Suppose g = dr2 + g(r, x) and g = dr2 + f2(r)g(r, x) have

scalar curvatures k and k, respectively. Then

K= -m(m- 1)(4)   ~2m¿j- -(2m + 2)<Ç TrS+(-^ - 1 Ik, + k,

where TrS is the trace of S = V(9/9r), and icr is the scalar curvature of the

hypersurface { r} X N at distance r to the boundary.

Similar computations give us the following formulas for the deformation <i>2(r) dr2

+ g(r, x) (also see [20]).

(A.9) Proposition. Let g' = <¡>2(r)'dr2 + g(r, x), and let K' and Ric' denote the

sectional and Ricci curvatures of g'. Suppose that {<?,} is an orthonormal set of

principal   vectors   of  S = V(9/9r)   with  principal   curvatures   X,,   and   d/ds =

(l/<f>)(9/9r). Then

Ric'(ë,) = Ric(ë,) +

+ Kr-1

í+Hr

N fr '   " Xl

= Ric(ê,)+Jx,+(l- ^)[Ricr(è,)- Rie (¿F,)],
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where Ricr is the Ricci curvature of the hypersurface {r) X N at distance r to the

boundary.

(A.10) Proposition. Suppose g = dr2 + g(r, x)andg' = <¡>2(r) dr2 + g(r, x)have

scalar curvatures k and k', respectively. Then

K'«2^TrS + -V¡c+(l- -\|icr,
(.3- j.2 I ,2

where <$>r is the scalar curvature of { r ) X N.

Combining (A.8) and (A.10), we have the following formula for the scalar

curvature k' of g'= <b2(r) dr2 + f2(r)g(r, x) in terms of ic, ic,, and TrS of

g = dr2 + g(r, x).

(A.n)     ...-j^^^tl^L

(A.12) Theorem. Let M be a manifold with boundary Nm and m = dim N > 2.

Suppose that the tubular neighborhood of N is normalized to be of width 1, i.e.,

[0,1] X N. If ic > 0, ic > 16m/(m + 1) on [0,1] X N, and icr > 0, then the metric can

be deformed to a complete metric, which ends with the product metric N X R near

infinity, with scalar curvature k' > 0.

(A.13) Remarks. (1) For m > 3, since m(m + 1)> 16m/(m + 1), the condition

"ic > 16m/(m + 1)" can be replaced by "ic 3* the scalar curvature of the standard

sphere Sm+1 of the same dimension".

(2) k' > 0 provided that ic > 0 and ¡cr > 0.

Proof of the Theorem. In (A.ll) set <}> = /m+1. Then

2<p'       2m+ 2 £

<f>3 *3        / '

i.e., the term involving Tr S vanishes. Now we want to find positive smooth function

/ such that

(1) /(O = 0   forr>l.

(2) lim/(r) = oo    and    f <b = f fm+l diverges.
/■—o h J\

/0, -m(m + l)//'\2     „    /"   1       -*'■/'        1-     „
(3) -±-->-[ J-    - 2mLT — + 2m^- J- + —k > 0.

i.e.,

^>2 \ f I f   <t>2 <¡>3   f       <b:

¿77{K(m2 + 3m)(Ç)2-2m(Ç)}>0    forO

2

< r < 1.



30 A. W. CHOU

Let k = the minimum of ic on [0,1] X N and /'// = g. Then it suffices to find a

function g satisfying

(a) g(r) = 0 forr > 1,

(b)limr_0g(r)= -oo,

(c) k + (m2 + m)g2 - 2mg' > 0.

Condition (b) guarantees that function / increases rapidly when r tends to zero and,

hence, satisfies (2).

Let g = -c/r + c(c> 0). Then

k +(m2 + m)g2 — 2mg'

= —- {r2(k + c2(m2 + m)) — 2(m2 + m)cr +(m2 + m)c2 - 2mc)
r

= ~2h(r),
rl

2
h(0) = (m2 + m)c2 - 2mc ^ 0    iff   c >-r-,

m + 1

A(l) = k - 2mc > 0    iff   k > 2mc.

The discriminant of A(r) < 0 iff

2c2(w2 + m)

"" (m + l)c-2 ~   °-

k0 = 16m/(m + 1) is the smallest among such numbers if we choose c = 4/(m + 1).

This function g = -c/r + c (c = 4/(m + 1)) satisfies (a)-(c), except that it is not

smooth at r — 1.

If we assume k > I6m/(m + 1), then we can smooth out the corner without

affecting inequality (c).

Thus / = exp f{ g is the function we are seeking.

It is easy to see that the trace of S = v(9/9s) in this new metric is negative near

infinity; therefore, using Theorem (A.2), we can again deform the metric near

infinity to the product metric on N X R.    Q.E.D.

5. The index theorems. In this section we set up the framework of the heat

equation method and derive the index formulas for the Dirac operator. We omit the

proofs of most of the standard facts because they are just trivial modifications of the

proofs given in [8,11], which are the main references for this section.

Let Xm + 1 = C0X(Nm) U M be a space with conical singularity. We first assume

that the Dirac operator D on X is selfadjoint, i.e., the eigenvalues of D, the Dirac

operator on AT, are greater than or equal to 1/2. Let A = D*D = D^D0 be the Dirac

Laplacian. The following facts can be proved by exactly the same arguments as in

[«]•
(1) The heat kernel of A, E(u, v, t) = e ,A on X, is of trace class, i.e.,

(5.1) f E(v,v,t)< oo.
Jx
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This implies that Green's operator is compact; therefore, Fredholm theory can be

applied to show that the eigenvalues of A on A" are discrete and L2-completeness of

the eigenspinors of A holds.

(2) Let Ex and E2 denote the heat kernels on C(N) and M, respectively. Then for

all N there exists K*, such that

(5.2)

and, hence,

f E(u,u,t)- f Ex(u,u,t)
JCa^N) JC0A(N)

< KNtN,

f E(v, v,t)=  f Ex(u, u,t)+  f   E2(y, y, t) + 0(tN).
JX CM(N) JM'M

Thus the study of the trace of the heat kernel, tr£(i), is reduced to studying

fc {N) Ex(u,u,t), where Ex is the heat kernel of the Dirac Laplacian on the cone

C(N). Using the conformai homogeneity of C(N), one can again reduce the explicit

calculation of the coefficients of the asymptotic expansion of fc (N) Ex(u, u, t) to

the calculation of the pointwise coefficients of tr£j(r) at r = 1 and to the calcula-

tion of a certain global spectral invariant \p(Nm) of Nm, which is the contribution

from the singularity at the cone tip {P}.

(3) Let the pointwise asymptotic expansion of Ex((r, x), (r, x), t) be

T.aJ/2(r, x)t~(m + 1)/2+J/2, where (r, x) = u is the (polar) coordinate on the cone

C(N). Define

û//2(l)= / aj/2(l,x),

and

Let

J TV
trEx(l, x,t)-   £ fl;/2(l, x)t-0»+iV2fj/2

7 = 0

pi./ aj/2(v,t)
J X

denote the finite part of the (divergent) integral

f dj/2(v,t) = lim   (   ä/2(v,t),
JX £-0 Jx,

where aJ/2(v, t) are the coefficients of the pointwise asymptotic expansion of

E(v, v,t)on X, and Xe = X U C0 e(N) (see [8]), i.e.,

Laj/2Íy)+ m+\-jíNa^(1'x)   *J*m + 1>

p.f./äy/2 =

1 /   âj/2(y)    iîj = m + l.
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Then we have

(5.3) tr E(t) = / E(v, v,t)~   £ (p.f. / äj/2\t<m + ̂ 2+^2

- 2aim+l)/2(^Ogt + 4>(N),

where

*(N)=U]     t-HrEx(l,x)dt+  /   r^k(t)dt
z y on jo

jJ:,A-im-rl)/2       2
7 = 0

It can be seen that this contribution 2\p(N) is formally the constant term in the

Laurent expansion at s = 0 of r(s)f(s) at r = 1 if the relation between the heat

kernel and the zeta function holds, i.e.,

(5-4) T(s)t(s)= f t^e-'^dt,

as in the compact case. Indeed, this relation will follow from the explicit calculation

of the functional calculus of the (Dirac) Laplacian A on the cone C(N) (see [8]).

We now outline the theory of the functional calculus of the Laplacian on cones.

For details see [8 and 11]. Recall that if g is a smooth function with compact support

in (0, oo ) its Hankel transform is defined by

JfOO
Jv(Xr)g(r)rdr,

n

where /„ is the Bessel function of order v and v > -1. The Hankel inversion formula

(see [12 p. 73; 29]) says that

(5.5) g(r) = H„[Hv(g)](r)    iorv>-l.

Moreover, we have the Plancherel formula (see [27])

f|g(r)|2rí/r = /0O|7/l,(g)(A)|2AÍIA.

Thus H can be extended to an isometry from L2((0, oo), rdr) to L2((0, oo), A dX).

Define

*U = -g" - y*' + 2 _        m   — 2m
V- +M-4-— 7 g >

r

the ordinary differential operator in (2.6). In view of (2.6)-(2.9) we have

(5.6) HVj±(r-^jg) = X2Hvf(r-Cg),
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where c = (1 - m)/2 and *-/ = |2/t, + l|/2. Set Sf = 2~l/2($j + d/(dr)^), where

D$j = ¡ijfyj and \\$j\\N = 1. Then the map F defined by

(5.7) *-£jPW+//W
7

- I.[VH,r(r-'t;)(\)8? + XH,-(r-yr)(X)S-]
j

provides an isometry of L2 spinors on the (r, x) cone onto L2 spinors on the (A, y)

cone such that

F(A6) = X2F(0)   for all 6 g dom(A),

i.e., a spectral representation of A while A is carried into multiplication by X2. Notice

that without the assumption that |/i .| > 1/2, we must include some H_v± in (5.6),

(5.7), corresponding to each selfadjoint extension of (D0)2. We discuss this later.

Combining this spectral representation with the Hankel inversion formula, we find

that, at least formally, the following relation holds for suitable/.

^^     /-oo r

(5.8)   /(A) = (v2rX /   f(X2)[j,;(Xrx)Jv;(Xr2)S;(xx)®S;(x2)
7      °

+ /„;(Ar1)/„-(A/2)S/-(x1) ® S-(x2)] -XdX.

Notice that in case of C(Sxm) = Rm+X the Hankel transform is nothing but the

Fourier transform in polar coordinates, and (5.8) is just the representation of the

kernel/(A) via the Fourier inversion formula.

The right side should be interpreted as a convergent sum in the distribution sense.

It defines families of functions of the Dirac operator D on Nm parameterized by

rx, r2. This crucial observation allows us to bring in the functional calculus of D on

N and thereby "sum" the series. We refer to [8 and 11] for a rigorous justification of

(5.8) and details of the following discussion of kernels.

For the purpose of calculating the coefficients of the asymptotic expansion of the

heat kernel, we need only consider the following examples of/.

Example 1. The heat kernel e"'A, i.e., /(A) = e~'x. Using Weber's second ex-

ponential integral [29, p. 395], we have

(5.9) e-'* = (rxr2yZ, f e^'U;(Xrx)Jv;(Xr2)s; ® S/

+ Jp-(Xrx)Jp-(Xr2)Sr®S-\XdX

= (rA)'E Yte^+rb/M
j

where /„ is the modified Bessel function of order v.
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The elliptic estimates, together with the asymptotic expansion of Iv, show that

(5.9) converges uniformly on compact subsets of R + x C(N) X C(N).

Example 2. The zeta function T(s)á~s, i.e., /(A) = T(s)X~s. This is given by the

Weber-Schafheitlin integral [29, p. 401]

/•CO

T(s)       X-2*J„(Xrx)J„(Xr2)XdX

(5.10) ^ r,r-, + *s-i)T,p _ j + !)

22s~1T(p+ 1) F(l - s + v, s + 1, v + 1, rx2/r22)

if rx < r2 and v > s — 1 > -1/2, where Fis the hypergeometric function.

We are primarily interested in the trace of the corresponding kernel at rx = r2 = 1.

In this case (5.10) is reduced to

_1_ !•(,-, + !)   /   _1

2^      T(p + s)       \       2

(see [21, p. 243]), and the kernel is given by

(5.11)

r(0?(0 = r(OA"1ri_r2_,

y r(j-|)

,       2v^

r(^,+ -5 + i) r(v7-s + i)
-H——^s; ® s; + -^--^s;- ® 5

It follows from a careful examination of (5.9) and (5.11) that a relation similar to

(5.4) holds, and we can compute the coefficients of the asymptotic expansion of the

heat kernel in terms of the residues of the zeta function r(s)f(s) at simple poles; see

[8] for the precise statements and proofs. Thus, the contribution to the constant term

from the singularity ip(N) is indeed the constant term of the Laurent expansion of

r(Ä)?(j)ats = 0, i.e.,

(5.12) t(N) = \^[sT(s)t(s)}\s=0.

To compute this term explicitly, we need the following lemma from [8]. Let B,

denote the /th Bernoulli number, and let C( = (-l)'~lBl/l.

(5.13) Lemma.

W       vr^\ ~ v~2\l + v + s^ c'"~2/)+ °^

(2) I> - s + 1) ^ vX_2 I   + s ^ 2/\ + Q(j2)    ^„^^

r(f + i v      ._,       //=i

Now we are ready to compute the index of D+ on the even-dimensional space

Xm + 1 = C0X(Nm) U M. Assume that m + 1 = 2k. Recall that the bundle of spinors

Son I splits into S + ® S', where S+ and S~ are the two irreducible bundles
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corresponding to the two irreducible spin-representations of Spin(2A:). Since Nm has

the induced spin structure, S\N splits into two nonisomorphic modules T+ and T~

over Cl(2k - 1) corresponding to the ( + ) and (-) eigenspaces of multiplication by

the volume form u2k_x = ikexe2,..-,e2k_x on Nm, respectively, where i = -fÄ and

( ei} is an orthonormal basis on N. Note that T+ and T ' are isomorphic irreducible

bundles of spinors coming from the two isomorphic spin representations of

Spin(2Â: - 1). Let T+ be the irreducible bundle of spinors on Nm, i.e., T+= S(N) in

the notation of §2. Then the embedding of S(N) into S(C(N)) is given by the

inclusion T+c S\N = T+® T~ and S\N = T+®(d/dr ■ T+). To fix the orientation

we define the volume form on C(N) to be u2k = ik(d/dr)exe2,... ,«2*-i- Then it is

easy to check that if (^} is a local spinor basis of S(N) = T+, then

{*(*♦'&)} - (*M*)}
are the local orthonormal bases of S+ and S" on the cone C0 x(N), respectively.

Let D*, A* denote D, A restricted to S±. Then the heat equation method of

computing the index (see [1]) gives

(5.14)       Index(5 + ) = dimKer(Z> + ) - dimKer(Zr)

= tr(,-'*+) - tx(e-'n = at - ak

= the constant term ak in the asymptotic expansion

oftr(<o2,-e-'A),

where u2k is the volume form on A'2* and • is the module multiplication with respect

to the first variable of the heat kernel e"'A = E(u, v, t).

According to (5.3), one easily sees that ak consists of two terms. The first term is

the integral of the same local contribution from the interior as in the smooth case.

By a theorem of Gilkey [1] this is the integral of the Â-polynomial of Pontrj agin

forms Pt over M, fM A(P), which is equal to jx A(P) since A \c  ,N) = 0.

We now compute the second contribution ^(A7). From (5.11), (5.12), it follows

that

(5-15) HN) = \fNfs[s(T(s)tí2k^(s))}\s=0,

where

r(0«2Ar • Us)

rr(H) r(r+-5 + i) r(yr-j + i)
-^r-—r^s; ® s; - -4-r-t-sr ® s:

j    2vV       r^+O    J     '       r(i-- + 0    '     '
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and Vf = \2p.j ± l|/2. Using (5.13) and the assumption that \pj\ > 1/2, we obtain

(5.16)

♦w-4i
i-0

1 d_

2 ds

i=i

XM-2
s-    E

*=°     U,»i/2L

+   E
M,«-l/2

E

-   E
>«7>-l/2

'     2

1

/=i

i \-2/-2j+1

Vj

1-2

My +

+ *EQ My
/=i     v L

+ '  iQlj "My

+ * EC,(mj+ 2

■2/-2J + 1

/=1

■i \l-2i oo , , \-j/-2s + l

/=1

|   Nl-2i ■» /

^"2J        +i/Ç1C'l^"2

-2/-2J+1

Applying the binomial theorem gives

/ i  \l-2i       / i  \l-2i oo

(5.17)    (u-i)        -(/* + £)        ~-(l-2,)ja-2î+  E^(0^-2i"2',

where 0^(5) is a polynomial in s. Therefore,

1    J
*(*) = 2   ds

1 _rf_
2 <fa

E    [5(1 - 2,)/x-2s] -     E     [*(1 - 2s)^V
0{ßj>l/2 My<-l/2 J

[íT/(í)J =——,
■0 z

where

t](s) =   E (sign /i.y)|/xy| *.

This is because -q(s) is holomorphic for Re(i) > -1/2; see [3 and 8].

Thus, we can summarize what we have obtained as follows.

(5.18) Theorem. Let X2k = C0X(N) U M be a space with a conical singularity.

Assume that |ji.| > 1/2, where {¡ij} are the eigenvalues of D on N; i.e., D is

self adjoint. Then

Index(£> + ) = f Â(p) +
2   '

where A is the Hirzebruch A-polynomial of Pontrjagin forms P = { P¡).
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Although this index formula is equivalent to the one obtained by Atiyah, Patodi,

and Singer [3] for manifolds with boundary, we wish to emphasize that (5.18) is the

natural index formula for a class of compact singular spaces.

We now treat the general case without assuming |/i7| > 1/2. Note that we already

had three closed extensions of D0: D0, Db, and D, where Db is the selfadjoint

extension under the ideal boundary condition (3.4). Before computing the indices of

these operators, we first examine the domains of D£D0, D^Dh, and D*D.

(5.19) (1) The domain of D£D0 = AD contains all the positive solutions (2.10),

(2.11), (2.14), (2.16), because (p*a,4>) = (a, Z><f>) for all <J> g dom(ö) and all

positive solutions a, and D* = D0. Moreover, no negative solution is in dom(D0) or

dom(AD)by(2.32).

(2) For Dfbb = Afc, it follows from (2.11), (2.19), (2.22), (3.4) that the negative
solution r(m + 1>/2/.„+ corresponding to 0 < /iy < 1/2 and r<-'m+1)/2J_1/7 correspond-

ing to -1/2 < ¡ij < 0 are in dom(A6), but the positive solutions r<"m+1)-/2/„+ for

0 < pj < 1/2 and r(-m + 1)/2Jr] for -1/2 < ¡ij < 0 are not.

(3) For D*D = AN it also follows from (2.19), (2.22) that the negative solutions

r(-m+i)/2y ^ and r(-m+i)/2j^_ for |^| < 1/2 are fa dom^), but the positive

solutions r(im+1)/2/„; and r^m'+l^2JPJ for |jiy| < 1/2 are not.

For the functional calculus of the operators AD, Afr, and AN, we must include or

exclude J±v± in (5.7)-(5.U) according to (5.19). Applying the heat equation method

to compute the indices as in (5.14), we have

(5.20) Index( D¿ ) = tr( e " 'A° ) - tr( e ",A» ).

(5.21) Index()5 + ) = tr(e-'A») - tr(«r'A*).
_

(5.22) lndex(£> + ) = tr(e-'A") - tr(e>-'A"<>).

Simple calculations similar to (5.15)—(5.17) with appropriate +vJ± for |/*.| < 1/2

give us the following theorem.

(5.23) Theorem.

(1) indexa) = /i(/,)+Ä^-       E      &&*»)*
x 0<Hj<l/2

where A = dimKer(Z)), and E^ is the eigenspace ofD with eigenvalue ¡ij.

(2) Index(£>6+)=   f Â(p) +
Jx

1(0)

tj(0) + A
(3) index(ß+) = /i(/>) + ^Y^+        E       dim(^>

X -l/2<nj<0

Note that

Index( D+) - Index( Z)0+ ) =     E    dim( £„ )
lM,l<l/2

is also a trivial consequence of (2.21) and (5.19).
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Combining (4.3) with (5.18), we thus have

(5.24) Theorem. Suppose k > 0 and k > 0 somewhere. Then

Index(73 + ) = 0 =  f Â(p)+ Ä.
Jx I

(5.25) Remark. If we consider spinors with coefficients in a bundle Ek which is

(locally) flat in a neighborhood of the singularity at the cone tip, then from [1, 4], it

is easy to see that the index formula because

Index(73 + ) = / Ch(E)-Â + Ä    if |M,| > \,

where Ch(F) = k + Chj(F) + Ch2(F) + • • • is the Chern character of F. Notice

that here both ij(0) and {/i^} belong to the Dirac operator D on spinors with

coefficients in the bundle F \N.

We now consider the relative index of generalized Dirac oprerators on spinors with

coefficients in a hermitian bundle Ek which is trivial and flat in a neighborhood of

{/?}; i.e., F*|c        = Ck X CQu(N) and the curvature RE satisfies R E\c   (N) = 0.

Let Dx and D2 denote the (generalized) Dirac operators on sections of the bundles

S( X) <8> E and S( X) ® Ck, respectively. Define the relative index of Dx and D2 to be

(5.26) Ind(73+, D2+ ) = Index(73+ ) - Index(732+ ).

Similarly,

Ind(7311;0,732l;0) = index(73+0) - Index(732);0).

Then it follows from (5.23) and (5.25) that

(5.27) Ind(73+, 732+) = Ind(73+0, 732+0) =   f Ch(E)Â,
Jx

where Ch(F) = Ch^F) + Ch2(F) + • • • = Ch(F) - k is the reduced Chern char-

acter.

The notion of relative index was first exploited by Gromov and Lawson [18] for

complete manifolds with uniformly positive curvature condition at infinity. Our

notion (5.26) is called the analytical relative index in [18], and (5.27) actually shows

that it is equal to the topological relative index (see [18]) by way of the (absolute)

index formulas (5.23) in our case. Notice that we have not yet assumed any positive

curvature condition near the cone tip.

Now, in view of (4.5), we can deduce the following result from (5.27). Let

a G Y(S(X)) and a G T(E). Put

*o(°®0 = y E(^*°)®<JO,
J,k

as in (1.11) and (1.12).

(5.28) Theorem. Suppose that on X = C01(7V) U M2k, k > 4||Ä0|| and k > 4\\R0\\

somewhere. Then ¡xCh(E) ■ A = 0.

This serves as a topological obstruction to the existence of such a metric. Notice

that Ch(E)\CoiiN) = 0 since RE\C(¡AN)=0.
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We can also define the notion of enlargeability and obtain results similar to those

in [18].

(5.29) Definition. A Riemannian /i-manifold X" (possibly incomplete) is en-

largeable if V e > 0 there exists a finite spin covering manifold X —> X and an

e-contracting map X -* S" which is constant outside a compact subset and of

nonzero degree.

Here the assumption on the finiteness of the covering is essential for preserving

the type of singularities after passing to the covering space. One easily sees that the

same untwisting trick of Gromov and Lawson [17] can be applied to prove the

following theorem.

(5.30) Theorem. Suppose that in X = C0X(N) U M2k, M is even dimensional and

the interior of M is enlargeable. Then there exists no metric, which is conical near the

singularity at the cone tip, with scalar curvature k such that k > 0 and k > 0 on the

interior of M.

Proof. We proceed exactly as in the proof of Theorem 3.1 in [17]. Assume that k

satisfies k > 0 and k > 0 on Y, the interior of M. Since Y is enlargeable, for any

e > 0 there exist a finite spin cover Y -» Y and an e-contracting map of nonzero

degree /: Y -» S2k which is constant outside a compact subset Z C Y. Choose a

complex vector bundle F0 over S2k such that Ck(E0) ¥= 0, where Ck is the top-

dimensional Chern class. Let A' denote the space formed by attaching cones to Y

along its boundary. Notice that the metric near the boundary of Y can be smoothly

extended to an attached cone because y is a finite cover of Y and has the induced

metric from Y. Then the map / can be extended to X by sending the attached cones

to the same constant point. Let /*F0 = F be the pullback of F0 by / with the

induced connection. If e is small enough, then k > 4||F0|| on Z and, hence,

k ^ 4||F0|| on X. It follows from (5.28) that

0=f^(E).A = -(^fj*Ck(E0)

= (^l)!deg(/)/S2,C^£o^0-

This is a contradiction.    Q.E.D.
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