TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 289, Number 1, May 1985

THE DIRAC OPERATOR ON SPACES WITH CONICAL
SINGULARITIES AND POSITIVE SCALAR CURVATURES!
BY
ARTHUR WEICHUNG CHOU 2

ABSTRACT. We study, in the spirit of Jeff Cheeger, the Dirac operator on a space
with conical singularities. We obtain a Bochner-type vanishing theorem and prove an
index theorem in the singular case. Also, the relationship with manifolds with
boundary is explored. In the Appendix two methods of deforming the metric near
the boundary are established and applied to obtain several new results on construct-
ing complete metrics with positive scalar curvature.

0. Introduction. In recent years analytic tools (e.g., elliptic operator theory) have
become increasingly important in studying the topology of compact smooth mani-
folds. Examples are Bochner’s method and the Atiyah-Singer index theorem.

Bochner’s method is to obtain a local formula expressing a geometric (elliptic)
operator as the sum of a “rough Laplacian”, which is nonnegative on closed
manifolds, and a curvature term. Thus, if the curvature term is positive, the kernel of
this operator vanishes. Results of this type are called “ vanishing theorems”. For the
Dirac operator D on spinors, we have the Lichnerowicz-Bochner formula
(0.1) D= v*ov + k/4,
where V is the connection on the bundle of spinors and « is the scalar curvature.
Again for closed manifolds, k > 0 yields Ker(D?) = {0}, i.e., there are no harmonic
spinors (see [22, 23]).

The Atiyah-Singer index theorem [1, 4] says that, on a closed manifold the index
of an elliptic operator L, i.e., dim(Ker(L)) — dim(Coker(L)), can be expressed as a
linear combination of Pontrjagin numbers which are toplogical invariants. For the
case of the Dirac operator D and an even-dimensional closed spin manifold M,
Lichnerowicz [23] obtained from the index theorem that
(0.2) Index(D*) = A(M), the A-genus of M.

Combined with the vanishing theorem (0.1), it follows that k > 0 implies AM)=0.
This provides us with a topological obstruction to the existence of a metric on M
with k > 0. Recently, Gromov and Lawson have greatly extended the scope of this
method by considering spinors with coefficients in suitable bundles, and they also

developed a parallel theory for the Dirac operator on complete manifolds (see [16,
18)).
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2 A. W.CHOU

An extension of this kind of theory to singular spaces for the Laplacian A was
developed by Jeff Cheeger in [6-8] (see also [10, 11]). In this paper we establish the
corresponding theory for the Dirac operator by use of his ideas. Let us not recall
some definitions and basic ideas.

Let N™ be a closed Riemannian manifold of dimension m with metric g. By the
cone C(N) on N, we mean the space (0, o) X N equipped with the metric dr ® dr
+ r2g, where r € (0, ). Set

Cou(N)={(r,x) € C(N),0 <r<u}
and
Cou(N) = {(r,x) € C(N),0<r<u}.

(0.3) DEFINITION. X™*! is called a space with conical singularities if there exists
P e X1, j=1,2,...,k, such that X"*'\UX_ (P} is a smooth Riemannian
manifold, and each P, has a neighborhood U, such that U\ { P;} is isometric to
Co.u,(N™) for some u; and N;™.

Without loss of generality we assume that k =1 and u; > 1. We write X m+1
= Co,(N™) U M™", where N = 9M and the union is along the boundary. Of
course, in general, X”*! is not a manifold. For the purpose of this paper we also
assume that X™*!\ {P) is a spin manifold and N™ has the induced spin structure
(see §1 for defintions). Notice that C(S;") = R™*!, where SJ" is the standard sphere
of radius one. Thus is just Euclidean space in polar coordinates.

By definition, analysis on a space with conical singularities X means analysis on
the smooth part X\ { P} of X. Since this manifold is incomplete, the situation is
quite different from that of a compact or complete manifold. For example, the
elliptic operators, such as the Laplacian and the Dirac operator, are no longer
essentially selfadjoint. Thus we have to choose a particular selfadjoint extension. See
[6, 7] for the case of the Laplacian.

Because local analysis on M is well understood, we first restrict our attention to
the cone part C,;(N). To carry out analysis on the cone, we observe that, by using
separation of variables, we can reduce local analysis on the cone to global analysis
on the cross-section N. In fact, if we restrict a function g(r, x) on C(N)to {r} X N,
then by standard theory of eigenfunction expansion of the elliptic operator L on
compact manifolds, we can write

(0.4) g(r,x)=zg,~(r)¢,-(x),

where {¢L' } are the eigenfunctions of L, = L|(,yxn which can be identified with
those of L = L.y by (parallel) translation along the radial geodesic R X {x}.
The convergence of (0.4) is in the L? sense; moreover, if g is smooth, then a standard
argument shows that the convergence is uniform on each compacf subset away from
the singularity at p. Notice that in the case of C(S;") = R™*1, this is nothing but the
usual Fourier series expansion.

On functions of the type g(r)é(x), the action of L will give us singular
Sturm-Liouville ordinary differential equations (see (2.6)), and, hence, we can solve
for the eigenfunctions of L explicitly on the cone. As we will see, there are limit
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circle cases (see [28]) of singular Sturm-Liouville equations corresponding to the
small eigenvalues of L on {1} X N. This is the reason why L fails to be selfadjoint
without further conditions on the behavior of the function near the singularity at
r=0.

In §2 we derive the separation of variables formula, write down the eigenspinors
for the Dirac operator D on the cone, and construct counterexamples to the
selfadjointness of D. Then in §3 we obtain the criterion for the selfadjointness of D
from an a priori estimate. The main result is the following (compare [7]). Let D,
denote the Dirac operator on the space of smooth spinors with compact support on
X = Cy;(N™) U M, and let D denote the Dirac operator on {1} X N = N. Then we
have

(3.2) THEOREM. The Dirac operator D, is essentially selfadjoint if and only if there is
no eigenvalue p.; of D such that |p <172

Let D denote the Dirac operator with domain {¢|¢p € L? N C* and D¢ € Lz},
and let D denote its L? closure. Let * denote the L? dual of an operator. It follows
that

(0.5) Dy=D and Df-D if|pl>1/2.

Let us write A, = D¢ - Dyand A, = D* - D, which correspond to the generalized
Dirichlet and Neumann conditions, respectively. Both A, and A, are selfadjoint
extensions of A, = (D,)2 We should mention that even if D, is essentially selfadjoint,
A, may still not be essentially selfadjoint because of the limit circle phenomenon (see
(6, 28)).

In §4 we show that if C,(N) has nonnegative scalar curvature, then the condition
|n;] > 1/2 is automatically satisfied. This, together with (0.1), gives us the vanishing
theorem for spaces with conical singularities.

(4.2) THEOREM. If X™*! = C;,(N™) U M has scalar curvature k > 0 and k > 0
somewhere, then Ker(D) = {0}.

In §5 we combine this theorem with our index formulas to obtain topological
conclusions. This theorem can also be construed as giving necessary conditions for a
manifold with boundary to admit a metric with scalar curvature x > 0 for which the
metric near the boundary is conical.

A general discussion of manifolds with boundary is given in the Appendix to §4.
By use of certain deformation techniques, one of which is a generalization of the
bending techinque in [16], we obtain the following theorems. Let M be a manifold
with boundary N™. Let k denote the scalar curvature of M and k, the scalar
curvature of the hypersurface at distance r to the boundary.

THEOREM [A.2]. Suppose
@) k=0,
i)k, > 0Vr e |0, ¢,
(i) H, > 0 Vr € [0, €], where H, is the mean curvature w.r.t the exterior normal.
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Then in this neighborhood [0, €] X N the metric can be deformed to a complete
metric, which ends with the product metric R X N near infinity, with nonnegative scalar
curvature.

This is similar to Theorem 5.7 in [16].

THEOREM [A.12]. Suppose dim N = m > 2 and

(1) the tubular neighborhood of N in M is normalized to be of width 1 and
k> 16m/(m + 1) on it,

i)k, =20(>0)on {r} Xx NVre|0,1].
Then the metric can be deformed to a complete metric, which ends with the product
metric R X N near infinity, with scalar curvature k' > 0 (> 0).

The discussion in the Appendix shows that our vanishing theorem could also be
obtained from Gromov and Lawson [18], except when K = 0 on a conical neighbor-
hood of the boundary. This case is not covered by their method.

The next step is to study index formulas. We follow the same procedure as in [6,
8], which is based on the functional calculus of the Laplacian on the cone and the
heat equation method of deriving the index formula (see [1]). Let us briefly recall the
ideas in [8]:

1. Using the technique of separation of variables, i.e., the eigenfunction expansion
(0.4), and the Hankel transform, we can obtain a spectral representation of the
Laplacian A on the cone C(N) such that the action of A is carried into multiplica-
tion of A%; moreover, according to the Hankel inversion formula (5.5), the following
formal representation for the kernel f(A) on C(N) X C(N)= {(r, Xy, 'y, X3)}
holds.

(0.6) 78) = (ne) T ([108)9, (W), (Ar)r dA

¢,(x1) ® ¢;(x,),
where ¢ = (1 — m)/2, ¢, are the eigenfunctions of A (the Laplacian on N) with
eigenvalue p ;, and J,,/ is the Bessel function of order »; = Jei+p ;-

Thus we can regard (0.5) as the sum of series consisting of a family of functions of
A on N parametrized by (r,, r,) in the distribution sense. Notice that in the case of
C(S") = R™*1, the Hankel transform is nothing but the Fourier transform in polar
coordinates, and (0.5) is just the representation of the kernel f(A) via the Fourier
inversion formula.

2. Making use of the classical integral formulas of Bessel functions, we can
explicitly integrate (0.5) for certain functions f; e.g., the heat kernel f(A) = e~** and
the zeta function f(A) = I'(s)A™* (see (5.9), (5.11)).

These explicit expressions, together with the property of conformal homogeneity
of the cone, enable us to compute the asymptotic expansion of the trace of the heat
kernel on the cone in terms of functions of A on N

3. It follows from Duhamel’s principle (see [5, 8]) that a parametrix for the heat
kernel on X = C,,(N) U M can be obtained by gluing together the heat kernel on
M with the one on C,;(N™). Then, from the behavior of the heat kernel near the
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singularity at » = 0, we can conclude that the heat kernel on X is of trace class. This
shows that Green’s operator is compact, and, hence, Fredholm theory can be applied
to obtain the standard global results as in the nonsingular case; e.g., the existence of
a complete orthonormal basis of L? consisting of eigenfunctions (-forms) of A with
discrete eigenvalues 0 < Ay < A,..., = co.

4. In order to compute the index of the geometric operator on X, we apply the
heat equation method, which says that the index is equal to the constant term in the
asymptotic expansion of the trace of a certain modified heat kernel on X™*!. As can
easily be seen from the previous discussion, this constant term must consist of two
separate terms; one is from the manifold M; the other, from the singular part
Co1(N). The first contribution is the integral of the same characteristic form over M
as in the nonsingular case by the Patodi-Gilkey theorem (see [1]). The second
contribution from the singularity can be shown to be an eta-invariant of the
manifold N (see [3]).

In §5 we carry out the above program for the Dirac operator and obtain the
following index formula. Suppose that X™*!{ p} is an even-dimensional spin
manifold. Let D, and D denote the Dirac operators as in (0.5). Let D;” and D™ be the
operators restricted to the (+ )-spinors corresponding to the (+ )-spin representation.
Then

(5.23) THEOREM.
1) Index(Dyg") =f A(P) + @_—ﬁ - Y dim(E,),
X 0<p;<1/2 !
() Index(D+) =f A(P) + ﬂo)zﬂ + ¥ dim(E,),
X -1/2<p,<0 !

where A is the Hirzebruch A -polynomial of Pontrjagin forms {P;}, n(s)=
);Mﬁo(sign B)|e;1”° (the eta function), h = dim Ker(D), and E”j is the eigenspace of
D with eigenvalue p.;.

When D is selfadjoint, i.e., |p;| > 1/2, we have

Index(Dy ) = Index(D*) = j;’/f(p) + @

Combined with the vanishing theorem (4.3), this gives

(5.24) THEOREM. Suppose that the scalar curvature k of X = Cy;(N) U M satisfies
k > 0 and k > 0 somewhere. Then

Index(D*) = 0 = /XA‘(p) + @

This gives a topological obstruction to the existence of the metrics with k > 0 on
singular spaces.

We conclude our paper by noting that all the results obtained for spinors
immediately generalize to spinors with coefficients in a bundle E, i.e., to sections of
the twisted bundle of spinors S(X)® E, if the connection of F is flat in a
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neighborhood of the singularity. The following vanishing theorem is an easy conse-
quence. Set

1
Ry(o®e)= 5 2 (ee0)® Rfjeke
Jok

as in (1.11) and (1.12).

(5.28) THEOREM. Suppose on X = Co;(N) U M? that k > 4||R|| and k > 4||R||
somewhere. Then [yCh(E) - A =0, where Ch(E ) is the reduced Chern character,
Ch(E) = Chy(E) + Chy(E)+ ---

We can also define the notation of enlargeability as in [17] (see (5.29)) and obtain a
similar result for singular spaces.

(5.30) THEOREM. Suppose in X = Cy(N) U M** that M is of dimension 2k and the
interior of M is enlargeable. Then there exists no metric, which is conical near the
singularity at the cone tip, with scalar curvature such that k > 0 and x > 0 on the
interior of M.

We would like to make a final remark that these vanishing theorems and index
theorems have interesting generalizations to pseudomanifolds. They are spaces which
can be built up inductively by spaces with conical singularities (see [7, 8]). To put
this work in a better perspective, one could say that it serves as a first step toward
some understanding of the piecewise linear geometries related to the Dirac operator,
scalar curvatures, and eta-invariants.

ACKNOWLEDGMENTS. This work was done at SUNY-Stony Brook. The author
wishes to express his gratitude to his advisor, Jeff Cheeger, for guidance and
encouragement. He is grateful to Detlef Gromoll and Blaine Lawson for many
helpful conversations and also wishes to thank the Stony Brook Mathematics
Department for providing such an excellent environment.

1. Preliminaries. In this section we briefly recall some basic facts about spin
manifolds and the Dirac operator. The general references are [2, 16, 18, 22, 24].

An orientable manifold X is called a spin manifold if its second Stiefel-Whitney
class W,(X) is zero. Suppose X is equipped with a Riemannian metric, and let
Pgo (X) be the bundle of oriented orthonormal tangent frames. Let Spin,, denote the
spin group, which is the universal 2-fold covering of SO, for n > 3. A spin structure
on X is a principal Spin -bundle Pg,;, (X) together with a Spin -equivariant map
§: Pgpin (X) = Pgo (X) which commutes with the projection maps onto X. The
condition W,(X) = 0 is equivalent to the existence of a spin structure. In fact, using
Cech Cohomology, we can easily see that the toplogical obstruction cocycle to the
globalization of the local 2-fold covering map

(1.1) Psin (X)], = Spin, X U - P, (X)|, = SO, x U,

where U is a small neighborhood, is exactly W,(X) € H*( X, Z).
Let Cl,, denote the Clifford algebra of R” with its standard inner product. In this
paper we consider only the complexified Clifford algebra Cl, = Cl, ® , C. The
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(complex) Spin representation of the Spin group Spin,, is, by definition, the restric-
tion of the algebra representation p of Cl, to Spin,, C Cl,,. The Spin group Spin , has
only one irreducible representation if n is odd and two irreducible representations
A% if n is even. These two irreducible representations A* of Spin,, come from the
irreducible representation A of Cl,,;

(1.2) A: Cl,, 5 End(C?"): the group of endomorphisms of C*.

When restricted to Spin,,, A breaks into two irreducible representations A* corre-
sponding to the (4 )-eigenspace of multiplication by the volume form w =
ike,e,,...,e,,, where {ey,...,e,, } is the orthonormal basis of R?*.

Suppose now that X is a spin manifold of dimension n and Pg;, (X) = Pgo (X) is
a spin structure on X. Then from the spin representation p of Spin,,, we can form the
associated (complex) vector bundle
(1.3) S(X) = Pg, (X) X, V,
where V is the representation space of p. This is called the bundle of (complex)
spinors. If n = 2k, then (1.3) breaks into two pieces:
(1.4)  S(X) = P (X) XpV

= Pgyin (X) Xp, V'O Py

(X)X, V' =8*"(X)® S (X).

The sections of S(X), I'(S), are called spinors, and the sections of S* (S") are
called (+)-spinors ((-)-spinors). Let us denote the associated principle SO-bundle of
S(X) by Pgx,. Then a local section e = {ey,...,e,} of Pso (X) can be lifted up to
Pgpin (X)) via (1.1) and then imbedded into Py x, as a local section ¢ = {¢;,...,¢y}.
This section ¢ is a local orthonormal basis of the bundle S( X) and will be called the
spinor basis.

Let C1(X) denote the associated bundle of Clifford algebras. This is the bundle
over X whose fiber at each point x is the (complex) Clifford algebra of the tangent
space T,(X) with its given metric. This bundle carries a natural unitary connection
v, induced from the principal SO,-bundle, and characterized by the condition that
v acts as a derivation on the algebra of sections I'(CI( X)), i.e.,, V(a - B) =(Va) - B
+ a - (VB) for all a, B € T(CI( X)), where - is Clifford multiplication.

We can easily see that S(X) is a bundle of modules over CI( X), i.e., there is a
module multiplication
(1.5) - :T(Cl) X T(S) - T(S) defined by (& - ¢)(x) = p(a(x))((x))
for all @ € I'(Cl) and all ¢ € I'(S), where ¢(x) € V, and p(a(x)) € End(V,) (see
(1.4)).

Lifting the Riemannian connection on Pgq (X) to Pg,;, (X) via the Lie algebra
isomorphism, we have that (Spin,,), = (SO, ), determines an associated connection
Vv* on S(X) whose action on the spinor basis ¢ = {¢,,...,¢,} can be described as
follows. Let e = {e,,...,e,} be a local section of P, (X) and v the Riemannian
connection on the tangent bundle T( X). Suppose that { w,;} are the 1-forms defined
by

J

n
vie =), we; fori=1,2,...,n.
Jj=1
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Then

1
(1.6) Ve =3 Yw,ee ¢, forl=1,2,... N,
i<y
where - is the module multiplication defined in (1.5).
It can also be shown that Vv* acts as a derivation with respect to module
multiplication, i.e.,

(1.7) Vi(a-9)=(va) ¢+ a-(v'9)
for all a« € I'(Cl) and all ¢ € I'(S). From now on we drop the superscripts and
simply use Vv to denote various connections if no ambiguity occurs.

The Dirac operator D: C*(S) — C*(S) is defined by

n

(1.8) D¢= 3 e-V,9,
i=1
where {e,,...,e,} is a local orthonormal basis on X and ¢ € C*®(S). This is an
invariantly defined first order elliptic differential operator with symbol 6,(D) = £ -
for ¢ € T*(X). Notice that, in the case of an even-dimensional manifold, D:
C*(S*) - C*(S*), and we denote D|;. by D *.
Using the normal coordinate we can write

D=3 e e, Ve, e
ij
where v, , = v,v, — Vg ,. and the symbol of D? is 6,(D?) = —|¢||* for ¢ €
T*( X). Define

(1.9) ve=Y v, .6 foreeC*(S).

j=1
Then the following relation holds pointwisely (cf. [22, 23]).

(1.10) THEOREM (LICHNEROWICZ - BOCHNER - WEITZENBOCK FORMULA). D% =
-V2% + Lk - ¢, where k is the scalar curvature of X.

We can extend the above notions to more general classes of bundles. Suppose that
E is any hermitian vector bundle over X with a unitary connection v £. Consider the
bundle S(X) ® E with the canonical tensor product connection V. This is again a
bundle of modules over X satisfying (1.7). We can still define the (generalized) Dirac
operator D and — v 2 by using this new connection v, as in (1.8) and (1.9). Thus the
corresponding formula to (1.10) is

(1.11) D?=-v?+ Lk + Ry,
where
1 :
(1.12) Ry(¢®0) =75 2 (e-e,-¢)®R; (o)
L)

for all ¢ € S(X) and all 6 € T'(E), and R® denotes the curvature tensor of the
connection v £,
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If X is a closed manifold, then D is selfadjoint, and -v?2 = v* - Vv is selfadjoint
and nonnegative. Thus (1.11) gives (see [16])

(1.13) THEOREM. If k > 4||R ||, where || || is the operator norm, then Ker(D) = {0}.

2. The separation of variables formula and eigenspinors of the Dirac operator on
the cone. In this section we derive the separation of variables formula of the Dirac
operator D and D? on cones. We will also write down the eigenspinors of D and D2
explicitly and discuss the domains of closed extensions of them.

Recall that a cone on N, C(N), is a space (0,00) X N with the metric of
dr ® dr + r2g, where g is the metric on N. We assume that N™ is a closed manifold
of dimension m and C(N) is a spin manifold. Let N be endowed with the induced
spin structure from C(N), i.e., the principal Spin -bundle Py, (N) on N is the
reduction of Pg;, (C(N)) via the inclusion maps on N™:

Spin,,., - SO,
(2.1) U U
Spin,, - SO,

Let d/dr denote the unit tangent vector to the radial geodesic (0, o0) X {x} for
some x € N. Then the inclusion maps in (1.1) are just “adding 9 /9r to the (oriented)
orthonormal frames (é,,...,é,) on N to form the (oriented) orthonormal frames
(8/9r,é,,...,€,) on C(N)”. This also defines the orientations on C(N). By taking
the induced spin representation of Spin,, from Spin,,, , ;, the bundle of spinors S(N)
over N can be canonically imbedded into the bundle of spinors S(C(N)) over C(N).
Let us denote everything intrinsic to N by a tilde~and the parallel translation along
the radial geodesics by a bar . Thus we can imbed a section ¢ of S(N) into
S(C(N)) and then extend it to 6 on C(N) with the property that v, /3,5 =0.

We now derive the separation of variables formula for a more general kind of
metric on (0, ) X N: g = dr ® dr + h*(r)g for some h > 0.

2.2) LEMM_A. Let {é,,i=1,2,...,m} be a local orthonormal basis on N. Then
{o/0r, E;=¢&,i=1,2,...,m} is a local orthonormal basis on C(N ), and

1
(VEE Ex) = 5( Vg 1)

] h’ , 0
<VEE, —>=—78,-j where h =$h,

0 h’
<VE'-6—r’ Ej> = 78,-1-, V and ( , ) are the Riemannian
connection and the inner product of g,

d 9
<VE,§,5;>—O.

PROOF. This follows in a straightforward way from the following formula for the
Riemannian connection v (see [9]):

Ay, 2)=x(y,z) + y{x,2) — z(x, y)
+ <[x’ }"], Z> - <[x, z], )’> - ([y, Z], X>. Q.E.D.
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Assume that {g;} is a local spinor basis (see §1) of S(N). Because S(N) is
induced from S(C(N)), {6, } is a local spinor basis of S(C(N)), and we have

(2.3) LemMa. (1)
Va/3,$ = 0 and Va/a,(a/ar - ¢) =0 VY spinors¢on N,

where - is module multiplication.

__1hmn 3 _, 1=
@ Vel =3k o B oty Ve

9 _ 1 A _, 10 =
(3) VEl(a'%)—ETE,-Oj+-’;$'Vé,oj.

ProOF. (1) follows from the definition of the parallel translation and (1.7).
(2) We assume that E, = 3 /9r. Then by (1.6),

_ 1 & _
VES =5 ) "’k,/(Ei)Ekon
o
1 & .1 & _
=3 Z wOI(Ei)EOEIOj + D3 E wkl(Ei)EkEloj
=
1nw 9 _._ 1 & _
k<l
1/ 9 __ 1 =
PR ARG

since w,,(é;) = &, (e;) for k,/ > 1 by Lemma (2.2), where w,, and &,, are the
connection 1-forms w.r.t. {E;} on C(N) and {é;} on N, respectively, and E; - 6
= &, - 0. By using (1.7), (3) follows similarly. Q.E.D.

Notice that we use the same notation v for different connections whenever no
ambiguity occurs.

(2.4) PROPOSITION.

- 1hn 9 _ - 1=
VES =3k ar Ty Ve
9 - 1 - 10 <
Vel 8) =3 HER 5 o Tee

for any spinor ¢ on N™.

PROOF. Write ¢ = Ya,0,, where {0,} is a spinor basis of S(N) and apply (2.3).
Q.E.D.
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The separation of variables formulas for D and D? are the following:
(2.5) PROPOSITION. Let
- 9 _
0=1(r)¢+8(r)5,5,

where ¢, @ are the parallel translations of the spinors ¢,w on N™ = {1} X N™ to
C(N™). Then

D’ - (f’+%’-%f)§;¢+%f ¢—(
020={ f”—m(’;)f’—[%

(
(e )75

, ., m _ 1 9 =
+3 hg)"’ n8ar Dv

where D is the Dirac operator on N™.

PRrROOF. This is just a straightforward computation.

Do = Z?V;,/;,,(;H Y E - v
i=1

-5 {1+ g(n5a)

+TE '{f(r)VE,.$ +4() v, 25

i=1

r h 2 h or
L &) _i _m¥ e
n \ or 2 n8\"e
- [+ 3 %s (')]a 5+10 5

e +% ,,g(r)] 1 e(n) 2 Ba.
0

D(D8) = va/a,(Da) + ):E v (D0).
i=1

h'y’ h - K 1,
Vasar(D8) = [f""%(‘h—)f‘*%l‘ w! §¢—;3fb;+;fm

[gu 2(’;)g+g%g']a+”— e Llpdpg

h2g8r h® or
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N =
= |
gl
m
o
©-
+
> =
<
bl
S

né

/l—\ —_—
OQ\

+

|3

h’)lh'a

h =— 1 0 —=—
IE,»DQ + Z 57 Ve,(D"’) ]

Multiplying and collecting terms, we obtain the desired formula. Q.E.D.

Now we specialize to the metric h(r) = r. In order to treat spinors of the type
f(r)e + g(r)(9/9r)a, it suffices to consider spinors of the type f(r)(¢ + (3/9r)¢),
since

= N

|
—_——
S| -
oQ
~—
—

s, 0o _f(i 92 (50 5(— i—)_ﬁ(—_i—)
fo=850= 2(‘1[’+ ar¢)+2(¢ 8r¢)+2 ©TC T2\ T %)
Let ¢ be an eigenspinor of D on N™ with eigenvalue p, i.e., D¢ = 1, and suppose
that 8 = f(r)(¢ + (3/9r)é) is an eigenspinor of D? with eigenvalue A2 # 0. Then

(2.5) becomes

2
| p_my |2 m —2m|1 (— i-)
(2.6) Do—{—f LT P ]rzf}¢+ar¢
_AZ(_+1_)
- f‘p ar¢»
hence

m? — 2m

” m ’ 2 2 _ _ _ =
(2.7) R N T
and the solutions are f(r) = YV, - (Ar), where

c=(-m+1)/2, vr=p-12,

and J, is the Bessel function of order » (see [19]).
If = f(r)(¢ — (3/3r)¢) is an eigenspinor of eigenvalue A> # 0, then

2
) ~m —2m|1 —_i—)
Pt g ]rzf}(qb o

(28) D%- {_fu Sy

- 9-
— \2 _
- ¥1(3-574).
hence

2 _
(2.9) +f”+%f’+{)\2—[p2+u—%’Z’-]%}f=0,

and the solutions are f(r) = r<J - (Ar), where ¢ = (-m + 1)/2, v™=2p + 1|/2,
and J, is as before.
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Thus we have the following four types of eigenspinors of D? with eigenvalue
A+ 0:

(2.10) r9-(r)(3 + 58,

(2.11) r‘J_,+(}\r)($ + %&),

(2.12) r‘J,-(Ar)(E) - %q_b) where ¢ = (1 — m) /2,
(2.13) rCJ,,,.(Ar)(I» - %J,), pt= '2“—24’1—'

The corresponding harmonic spinors, i.e., A* = 0, are

c+vt| o i—
(2.14) r (3 + 508,
2.15) f-”*(‘+i‘)
. re e+ 5,9)

c+v” ___a__
(2.16) ret (¢ ar¢),

—(5-23
(2.17) r (tb ar¢).

Henceforth, we shall call (2.10), (2.12), (2.14), and (2.16) positive solutions, and
(2.11), (2.13), (2.15), and (2.17) negative solutions. If » * is an integer, then we have
to introduce logarithmic negative solutions. This can happen only when p = +3
and » *= 0, and the negative solutions should be, instead of (2.11), (2.13),

(2.11) rCYO(Ar)(q'b + %6),

(2.13) r‘Yo(Ar)(ﬁ + :—rq_b),

where Y, is the Bessel function of the second kind of order 0.
Notice that

2 Ar
Yo(Ar) ~ ;logT asr—0
(see [21]). Similarly, (2.15) and (2.17) should be replaced by

’ c Y i_
(2.15) r logr(¢ + artb),

_ 9 -
(2.17y r¢log r(¢ - Ed’)
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in this case. (2.14)—(2.17) can also be written in the following way:

=
=
WV

-

(2.18) (2.14)(a) r-"'/zﬂ(a + %6)

_ 9 —
-m/2-p+1 i
(®) ’ ’ (¢+ ar¢)

(2.15)(a) r-"'/z“”“(é + %5)

® (g6

=
=
A

-

. P
— —
= =
A \
N = N = = R N

i - d — .
(©) r¢log r(¢ + —arqb) ifp==,
_ 9 — 1
-m/2+p+1 _ : =
(2.16)(a) r » (¢ P ) if p> >
- d — 1
-m/2— _ _ =
® g - ) ifp< -3,
_ 9 — 1
-m/2~ _ 1 R
(2.17)(a) r “(¢ 5 ) if p > >
+u+l{ J — : 1
(b) pom/2tn 1(¢——ar ) 1fp,<—2-,
1 (_ _ i_ fu= l
©  relogr($ arqb) ity =5

Setv, =Qu+1)/2andv, = (2p — 1)/2.
Then the eigenspinors of D? can be classified as follows:

2.19) M rwl(g, + gir_;,g) ) rcym(m(a - 58;5),

= o £23),

@ ,c—v.(g, _ %-) an r‘J_Vl(Ar)(Jb - 3?;5)’
= (G- 508,

Qr riogr(3-5:8) ay (6 - 5:8)

3) ,mz(; ; %5) (I11) r‘JyZ(Ar)($ + 3?;5)’
= ,—m/2+#(5 + %&),

@ {3+ L) ) 2,00+ 558)

— Jd —
— -m/2-p+1 -
r * (¢+ 8r¢)’

@) rclog r($ + %q—b) avy r"YO(Ar)(Eo + %E))
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From (2.5) we have
, m/2—p (=~ 0-
p|s(a+Z8)|- [+ - "2 |(5- 55).
, . m/2+p (- 0-
ols(#-558)] - [+ 2525+ 59)
Applying this to (2.19), we get
(2.21) D(1) =2»,(3), D(2)=0, D(2) = (3),
D(3) =0, D(4)=2»(2), D) =-(2).

Hence, (2), (3) are the only types of spinors in the kernel of D. Also, using the
identities (see [21])

J(2) = 2I(2) = J(z) and J(2) +25(2) = J,4(2),

(2.20)

we have

D) =1(I1),  D®I) = A1),
D(I) = -A(IV), D®V) = -A(ID).

Thus we have the following two types of eigenspinors of D with eigenvalue A # 0:
(1) + (110): r 9, (Ar)( - ia) +re, ()xr)(q—b + ia),

(I0) = (V): r 2, (Ar)( 3 = 58 = 7L, (Ar)( 3 + 58

Next we determine those eigenspinors of D? which are square-integrable when
restricted to the finite cone Cy;(N). Let the domain of D be
(2.23)

dom(D) = {¢|¢pis C*,¢ € L?, and D¢ € L? on the finite cone C, (N )}.

(2.22)

Since
(¢ o J,) € L*(Cy1(N)) = a > -1 2— =,
it follows, from (2.21), that in (2.19) we have
(1) (1) € dom(D) « p> -1/2,
(2) (1) € dom(D) = p < 1,2,
(2 (1) & dom(D),
(3) (1) € dom(D) & p> -1/2,
(4) (IV) € dom(D) = p < 1/2,
(4 (IV) & dom(D).

(2.24): (2.19)

(2.25) PROPOSITION. In the four types of eigenspinors of D*—(2.10)~(2.13) and
(2.14)—(2.17)—the positive solutions are always in the domain of D. The negative
solutions, corresponding to the small eigenvalues p. of D such that |u| < 1/2, are also in
the domain of D.
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PrROOF. We need only examine (2.18) using (2.19), (2.24).

(2.15)(b) € dom(D) = _% <p< %

(2.17)(a) € dom(D) _% <p< % QED.

We shall see that the negative solutions in the domain of D are exactly the spinors
which prevent D from being selfadjoint.

Define D, to be the Dirac operator restricted to the spinors with compact support
on X™*!' = C,;(N™) U M. Let Dy and D denote the closures of these operators on
X. Using the idea of the Friedrichs mollifier (see [7, 14, 15]), one can show that

(2.26) D} = D, where * denotes adjoint.

Therefore D* = D is equivalent to D C D*, i.e

(2.27) (Da, ) =(a, DB) foralla, B € dom(D).

To show that this is not true in general, we first establish the following formula.

(2.28) PROPOSITION (INTEGRATION BY PARTS FORMULA). Let Y™ be a compact spin
manifold with boundary 3Y, and let { , ) denote the inner product on the space of L*
spinors. Suppose o and 3 are smooth spinors. Then

(Da, By ={a, D.3>—/6y<a,N-B>x,

where { , ) is the pointwise inner product on the fiber at x, and N is the unit outer
normal at the boundary.

PROOF. ( Da, B) = /Y<Da, B)..

(Da, By, = Y (e, V,a,B) where {e,} is the orthonormal basis

=1 of the tangent bundle,

Il
I ™M=

1<V7o¢e ,B>

i

I
M™M=z

(<ae B, (-a.Ve(e B)),)

m

- Z i<_a’ €; " B>x +
i=1

~(divV), + {(a, DB),

I’
—_

™M=z

(a,(v.e.)-B) + {a DB),

1

i

where V is the vector field on Y defined by
(V, W)= {(a,W-B) V vector fields W,

and
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is the divergence of V. Hence,

(Da, B) = (a, DB) — fydivV= (a, DB) — fay(V,N)

=(a,DB) - [ (a,N-B). QED,
v
It follows that,on X = C, ,(N) U M,
(Da. B) = (. DF)

if & or B has compact support. In order to show that D is selfadjoint, we have to
prove that this is true for all a, 8 € dom(D), i.e., Stokes’ theorem holds for D.
Unfortunately, this is not true in general because of the negative solutions in the
domain of D. The following example illustrates this situation.

(2.29) ExaMpPLE. Let X = C,;(N™) U M. Choose two negative solutions from
(2.18), say,

(2.15)(b) 0, = r-m/2+ﬂ($ + %a),

(2.17)(a) 0= rn (5 + 5o,

on Cy,;(N), with -1/2 < p < 1/2. We can extend them to X by multiplying by a
cut-off function f, wheref(r)_E lifr<1—ceandf(r)=0if r > 1 for some small
number . Then 6, 6, € dom(D) on X. Let X, = C,;(N) U M. Then

(2.30) (D6,,6,) = [(D6,,6,) = lim [ (D6,,8,),
X e=0 Jx,

lim (fxfov Dé) + fm@v N 02>)

e—0

(6, D6,) + lim [ (6, N-8,) by (227).
e—~0 Yax,

. . ad
(2.31) b fax,<0l’N'02> ) (e} XN <01’(~E) '02>

~ lim 2ol e - emav + 0,
e—=0 Y{e} XN

where dV is the volume element on {1} X N™. Thus { D8,, 6,) # {8,, D8,) on X.

We can conclude that, in general, D, # D and the two selfadjoint extensions of
(Dy)%, Ap = DEDy and A, = D*D, are not the same.

(2.32) ReMark. Since (Dya, B) = (a, DB) for all a € dom(D,) and B &
dom(D), it can easily be shown, by using the same argument as in the previous
example, that the negative solutions (2.11), (2.13), (2.15), (2.17) are not in the
domain of D,.

3. The selfadjointness of the Dirac operator. In view of (2.29) and (2.32) it is
natural to conjecture that D (or D) is selfadjoint, provided there is no eigenvalue p,

of D on N™ such that | j| < 1/2. In fact, if we take for granted that the eigenvalues
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of D*D on X are discrete and the usual Fredholm theory holds for D*D on X, which
is established in §5, then it is easy to see that if |u;| > 1/2, then ( Da, ,B> = < a, f)ﬁ)
holds for all eigenspinors «, 8 of D*D and, hence, for all a, 8 € dom(D). Therefore
the conjecture is proved.

In spite of this we prefer to show directly that the boundary term (2.31) goes to
zero as the boundary approaches the cone tip, and, hence, (2.27) holds if |u ;| > 1/2.
To this end we first obtain the following pointwise a priori estimate (compare [7]).
The idea is to construct D! via the separation of variables formula and then use
Schwarz’s inequality.

(3.1) PROPOSITION. Suppose
a =f($ + %«5) + g(c_p - %a) +a™+ a"€ dom(D)

(see (2.23)), where ¢ is an eigenspinor of D on N with eigenvalue p. Denote the
L*-norm on Co(N) by||||and on N by |||| y. Assume ||¢|| y = 1. Then

1/2

—m/2 1 1-— r—2y.+1 . . 1

o < [N I N T | T et g
f(r)] <

-m . 1

Kla*|@2r) ™ + 2 Da* | llogr|*r-m/212 ipp= 2

where K is a constant depending only on m. Moreover, if p < -1/2, then Da*+# 0, and

()| < 31D =202 2+ T

Similarly,
1,2

_ . 2u+1
1= ,f#;e%’

- -m/2-p l _
Kla|2r) " + 2 Da u| T

lg(r)] <

Kl [(2r) ™"/ + 2 | Da] flog 2724172 ipp= -2

Ifp > % then Da™+ 0, and

8(r)] < a2 2T 1.
PrROOF. Notice that, according to (2.19), (2.24), Da*=0 = u > -1/2, and Da™=
0= pu <1/2,since a € dom(D). The fact that « € dom(D) implies

[+ i <o
0

and, by (2.20),

(3 -2l (3 o )mo<o

To obtain estimates for f we first observe that

3 (rmrrowr) = r’"”‘"[f’ +(3 - “){]
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and, hence,

P/ = —fas'"/z"‘[f’ +(% - ){] ds + a™/*"*f(a) foranya € [%1]

r

By the Schwarz inequality with measure ™ dr,

o< ([ma) ([ o5 - ifrma]

+am 21 ()

_ 1|12

= a*|f(a)|+ ——ZFT

(%IlDa*lI), if-2u+ 10,
and
[P/ (r)| < a2 M (a)] + llog r[ (4 IDa*]) if 20 + 1= 0.

Using the fact that there exist a € [}, 1] and a constant K depending only on m such
that | f(a)| < K/{|f)*r™ dr (see [7]), we obtain the desired inequality.

Similarly, the inequality for g follows.

Note that

j(;r r"'/z_“(f’ +(% - n)l;[) dr = /(;r %(r"‘/z_“f) dr
=rm/270f(r) - lgrz)rm/z‘“f(r).

Since [J|f|*r™dr < o, we can find r, > 0 such that |f2(r)r"| = o(1/r), ie.,
|f(r)] = o(1/(m + 1)/r?). (See [7].) Therefore, if u < 1/2, the above limit exists
and the integral converges. Moreover,
lim r™/27#f(r) = hmr'"/2 *f(r) = hmr’”/2 "0( ‘('””)/2) 0

-0

r—0

provided that p < -1/2.
Hence, we obtain that, if p < -1/2,

/20 (r)] =lf’%(,m/2—uf) =

r
s—m/2 m

(5-r)t)e

s

7+
|/(s"" 2“).s""ds‘ —'22 - f]zs'”dsl/2

r—2‘L+l 1/21
= (m) 7 1Pl

ie.,

/()] < (rm/2422/ 220+ 1) - 4||Da*|.

Similarly, we have

lg(r) < (r=2*12/y2p+1) - 4P| ifp>%- QED.
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(3.2) THEOREM. Suppose X" *' = Cy (N™) U M is a compact space with a conical
singularity. Let D, D denote the Dirac operators on X"+, N™, respectively, and let
dom(D) = {¢|¢p € C* N L? D¢ € L*}. Then D is selfadjoint if and only if there is
no eigenvalue of D whose absolute value is strictly less than 1/2.

PROOF. To show that D is selfadjoint, it suffices to show that the boundary term in
(2.30), (2.31) goes to zero. We need only check this for spinors of the form
f(o + (3/0r)¢) + g(¢ — (3/3r)¢), where ¢ is an eigenspinor of D with eigenvalue
p, and ||¢||y = 1. Let

6, =f1(<7> + %@) +g1(<$ - %5) =07 +6;,
b=i(5 1) mfs- 8= vor
Assume that 8, 6, € dom(D) and |u| > 1/2. For the boundary term
./{,}XNM <01’ % ’ 02> = 2,81 — f18&)r™
(see (2.31)), we have two cases:
(i) p < -1/2. Then
lfi(r)] <er—m/7271/2 (sincep < -1/2 = D(6;) # 0),
8(r)] < er 1,
()| < cr=™/2*172 (since p < ~1/2 = D(6;) # 0),
|82(r)| < ermm2 12,
(i) p = 1/2. Then
A ()] < ermm/2e12,
lgi(r)| < er=m/2*1/2 (sincep > 1/2 = D(6;) + 0),
(D] < e,
g2 (r)| < er=m/2+1/2 (sincep > 1/2 = D(65) # 0).

This shows | f,g8, — fog,lr" = 0asr — 0. QE.D.

(3.3) REMARKS. (1) This theorem says that D, is essentially selfadjoint (see [25]) if
and only if |u,| > 1/2 for all eigenvalues pu; of D on N™.

(2) If the condition |u;j> 1/2 is not satisfied, we can still obtain selfadjoint
extensions of D, by imposing conditions on the domain of D, which correspond to
the boundary conditions in the case of a manifold with boundary. Notice that in our
case the boundary is crushed to a point: the singularity at the cone tip. We therefore
call the conditions imposed on dom(D) to make it selfadjoint the ideal boundary
conditions (see [15, 6, 7]). For example, suppose that E = & Eu,’ where Eu, is
the eigenspace of D with eigenvalue p . Let

0= S5 ()8, + 3o8) +17(3 - 358

lnl<1/2
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where the ¢, are the eigenspinors of D with eigenvalues p; such that |p;| < 1/2,
denote the projection of 8 to the part consisting of eigenspinors in E only. Define D,
to be D restricted to the space

(34) {816 € L? and 6] satisfies |f,*| = o(r~"/%)}.

Then the proof of Theorem (3.2) tells us that the boundary term also goes to zero
under this ideal boundary condition (3.4), ie., D, C D* But D c Db implies
D} c D¢ = D. It follows that D, = D} on the space (3.4).

(3) On a circle we have two spin structures. One is the trivial 2-fold covering; the
other, the nontrivial spin structure induced from the disk. The first always gives a
zero eigenvalue; and second has eigenvalues less than 1 /2 if the length is strictly less
than 2#. This is the difficulty in generalizing our results to pseudomanifolds where
1-dimensional links always appear.

It is natural to ask for geometric conditions on N™ which guarantee that
|,| = 1/2. In fact, if the scalar curvature & of N™ is positive and k, = min &, then,
using a slight modification of the Lichnerowicz-Bochner-Weitzenbock formula (1.10),
we can show the following.

(3.5) LEMMA. |u | > §ymko/(m — 1), wherem = dim N > 2.

PROOF. See [23 and 12).

Let x denote the scalar curvature of C(N). It follows by straightforward computa-
tion (see (A.8) in the Appendix to §4) that k = 1/r%[k — m(m — 1)]. Therefore, if
k = 0, & > m(m — 1). It follows from (3.5) that |u| > m/2, and, hence,

(3.6) THEOREM. Let X™*! = C,,(N™) U M and m > 2. Then D is selfadjoint if the
scalar curvature of C,,(N™) is nonnegative.

4. Vanishing theorems. We prove vanishing theorems for singular spaces analogous
to that proved by Lichnerowicz [23] for smooth manifolds. We begin with some
general facts for arbitrary (possibly incomplete) manifolds.

(4.1) LEMMA. Let Y be an arbitrary spin manifold. Assume that the scalar curvature
Kk of Y satisfies k > —k for some positive constant k. Then we have

||D49||2 > ||V70||2 - % f x||0||i for all § € dom(D,),
%

where ¥ is the connection, || || denotes the global L*-norm on Y, and || ||, the pointwise
norm at x.

PROOF. Integrating the Lichnerowicz formula (1.10) D% = -v % + ik¢ for
smooth ¢ with compact support over Y, we immediately see that

2 2 1 2
ID8l" =lvel” + 7 [ slol’

>|voI - k6] forall 6  dom(D,).




22 A. W.CHOU

Now let § € dom(D,). By definition we can find §, € dom(D,) such that 8, — 6 and
DO, > D asi — oo, in the L* sense. Since

2 2 1 2 2 1
18] =Iw6) + 5 [wl6l. =196l = gKlel.

if we define
16l = |1D8]| +(5k + 1)6] and |[6]v =|vél +]6l.

then clearly || ||, = || || ;. Therefore 6, is a Cauchy sequence in the norm || ||, and,
hence, converges to 8’ for some 6’. But || ||, = || |, so we must have §" = 4, i.e,
v0, —» V0 in the L%-norm ||||. Thus,

2
18|

tim 6" = i (1v6)° + § [ slel’ ]
11— 0 11— 00 Y

. 2 1 2
(im Ivo)) + tim 5 [ xle

2 1 . 2
=lvel+ g tim [ ol

An application of Fatou’s lemma yields
2 21 2
ID8l* > vél” + 7 [ «lél>.  QED.
Y
(4.2) THEOREM. Let Y be an arbitrary spin manifold with scalar curvature k. Assume

that k > 0 and k > 0 somewhere. Then Ker(D,) = {0}.

PROOF. Let § € Ker(D,). Then (4.1) gives
2 2 1 2
0 =116 > vol" + 7 [ w6l

Since k > 0 on an open subset U, we have § = 0 on U and v8 = 0 on Y. This
impliesd = 0Oon Y. Q.ED.

Now let X™*! = C,;(N™) U M. Then k > 0 guarantees that D is selfadjoint, and
D, = D by (3.6). Thus, we have

(4.3) THEOREM. Suppose that on X™*' (m > 2), k > 0 and k > 0 somewhere. Then
Ker(D*D) = Ker(D) = {0}, i.e., there exists no square-integrable harmonic spinors
on X.

(4.4) REMARKS. (1) This theorem can also be proved directly by showing
< -v?, 0> > 0 for all 8 in Ker(D) under the condition k > 0.

(2) The above theorem can be construed as giving necessary conditions for a
manifold with boundary to admit a metric with nonnegative scalar curvature for
which the metric near the boundary is conical, i.e., like the exterior of a cone. In the
Appendix to this section we give a geneal discussion of manifolds with boundary.
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(4.2) and (4.3) can easily be generalized to the generalized Dirac operator on the
“twisted” bundle of spinors S(X)® E, i.e., on spinors with coefficients in the
bundle E (see §1), if the connection on E is flat in a neighborhood of the singularity
at the cone tip { P }. For this situation we need only replace a spinor by an n-tuple of
spinors (n = dim E) in our previous calculation while everything else stays the
same. Under these assumptions we thus have (see (1.12), (1.13))

(4.5) THEOREM. Suppose that on X™*' (m > 2), K > 4||Ro||. Then D is selfadjoint
and Ker(D) = (0} for the generalized Dirac operator D.

PROOF. Since F is flat near the cone tip, we can deduce from (1.12) that R, > -k
for some positive k. Therefore the same arguments as in the proofs of (4.1), (4.2) give
us the desired result.

Appendix to §4. Deformations of the metric near a boundary and positive scalar
curvatures.

1. Introduction. On a manifold with boundary, a differential operator which is
selfadjoint on a closed manifold is no longer selfadjoint without a suitable boundary
condition. In certain situations we do not even know how to choose boundary
conditions which make the problem meaningful. One way of avoiding this difficulty
is to trivialize the geometry near the boundary and treat the space as part of an
ambient space formed by attaching a cylinder (or a cone) to the boundary. We then
study the operator on the ambient space in which no boundary is present. This is a
basic point in the proof of the geometric index theorem for manifolds with boundary
(see [3)).

In this Appendix we study two types of deformations of the metric near the
boundary and their influence on the scalar curvature. We then obtain sufficient
conditions under which the scalar curvature remains positive after the deformation.
It follows from (A.8) that if the cylinder N X R has scalar curvature k > 0, then we
can deform the metric slowly to a cone and keep the scalar curvature positive.
Conversely, if the cone has k > 0, then, using the bending technique of Gromov and
Lawson (see below and [17]), we can open up the cone tip to form a cylinder and
maintain positive scalar curvature. Therefore, under this circumstance, attaching a
cone to the boundary is equivalent to attaching a cylinder. But our vanishing
theorem, when construed as for manifolds with boundary, emphasizes the case that
x = 0 on the conical neighborhood of the boundary, for which no such deformation
can be applied.

2. The bending technique. Let M™*! be a manifold with boundary N”. We can
find an e-neighborhood of N that is diffeomorphic to [0, €] X N = N,. Let r denote
the geodesic distance to the boundary, and let g(r, x) be the metric on the
hypersurface {r} X N at distance r to the boundary. It is easy to see that the metric
on this tubular neighborhood can be written as dr ® dr + g(r, x).
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The first method of deformation is an adaptation of the “bending technique” due
to Gromov and Lawson [17] for the connected sum of two manifolds. Define a
hypersurface M’ in M X R with the product metric by

M = {(y,)l(y,t) € Mx Rand (|lyll, 1) € T},
where || y|| denotes the geodesic distance from y
to the boundary N, i.e., || y|| = r, and I is the
curve in the (r, t) plane as described in the figure.

I' starts from the

r-axis and finishes

with a horizontal line
> t to the t-axis at r = a.

Notice that only the part N, is bent. The induced metric on M’ from M X R
extends the metric on M\ N, smoothly and ends with the product metric on
({a} X N) X N. To study the change of the curvature under this bending, we begin
with the following observations. (See also [17].)

(i) In N, let 3/9r denote the tangent vector to the geodesic [0, &] X {x} = /. Let
N be the unit normal to M’, and let ¥ be the connection on M X R. Define the
principal curvatures to be the eigenvalues of the operator S(X)= Vv, N. Then
¥, = (I X R) N M’ is a principal curve on M’, i.e., the tangent vector T to v, is a
principal direction of the second fundamental form S, and the associated principal
curvature at a point corresponding to (r.t) € I' is exactly —k, where k is the
curvature of I at that point.

(ii) Let @ be the angle between N and the s-direction, and let {e,...,e,,} be the
orthonormal basis of principal vectors for the operator S(X) = v,(3/0r) on the
hypersurface {r} X N with principal curvatures A, i = 1,...,m. Then {e,,....e,,}
are the principal vectors for S on M’ with principal curvatures A, = A,sin#, since

. d d
N = (Slno)g +(COSG)E
and

— — . an— O
v, N= Vei((sinﬂ)% +(cosl9)-§—t) = (smﬂ)Ve,E

= (sinf)v _8_= A;sinf)e,.
€ or ! !
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(iii) Let K, 5 Kijs and K ,.’j denote the sectional curvature of M, M X R, and M’,

respectively, corresponding to the plane e; Ae;. Set e, =T = cos8(3/dr) +
sin §(d /9¢). By the Gauss curvature equation,

K/ =K,;+XX; where\o=—kand}; =\ sinf forj > 1.
Since M X R has the product metric, one sees that
Ko; = Kooy 008’0, K, =K, fori,j>1.
Hence,
K =K, /5, ;00820 — kX ;sin 6,
K, =K+ }\i)\jsinzﬂ fori, j> 1.

It follows that the scalar curvature «’ of M’ is given by

m m

K=Y K,= % (K,.j+)\,.)\jsin20)
i, j=1 i, j=1
i) i#j

m m
+2 ) K5, €080 — 2k ) A;sinf

j=1 j=1
- —2Rj(i i)+ T AN, sin®8
K \ 27" 3 Ry S sin
'i$j
+2Ric(i i)c0320—2k f:)\ in 6
ar’ ar Pt
=.<—2Rflc(i i)m1249+ T A, sin?8
ar o R
i#j

m
-2k ). Asind,
j=1

where k and Ric denote the scalar and Ricci curvatures of M, respectively.
Let us denote the scalar curvature of the hypersurfaces {7} X N in M by «,. Using
the formula

.{0 @ “
n,—x—2Rlc($,§)+ 2 A,}\j,

i,ij:;l
we deduce
(A1) K =k +(k,— k= LAA;)sin? 0 + LA sin? 6
—2k(XA,)sing
= kcos? 8 + «,sin* @ — 2k(Tr S)sin @,
where Tr S is the trace of S(X) = v,(9/0r).
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It follows that

(A.2) THEOREM. Let M™*! be a manifold with boundary N™. Suppose
k=0
(i) Tr S < 0, i.e., the trace of the second fundamental form points inward,
(i) k, = 0 for r € [0, €].
Then in this tubular neighborhood [0, €] X N the metric can be deformed to a
complete metric, which ends with the product metric N X R near infinity, with scalar
curvature k’ = 0. Moreover, ifk > 0, Tr S < 0, and k, > 0, then ' > 0.

3. The deformation technique. Let g = dr’ + g(r, x) be the metric near the
boundary N™. We shall consider the deformation of the type ¢*(r)dr? +
f2(r)g(r, x). From now on we assume that dim N = m > 2.

First let g = dr? + f%(r)g(r, x), and let v denote its connection. Let ¥ denote
the connection of the original metricg, § = {, ), and g = {, ). Now if {3/9r, &,}
is an orthonormal basis of g, then {0/3r, e, = €,/f } is an orthonormal basis of g. A
straightforward computation gives

(A.3) LEMMA.
1— ! —
(1) Va/arej f VE)/E)r j f.l/‘ ej + VI')/Brej'
__ [ 3 2 _ I\ o
(2) V.e f‘sua +(f 1)< € 3y >8r + V.,

where S(e;) = v, (3/9r).
3 ' 3
(3) veg—f7e+vea

Set A(e;) = <_V_¢_,i(8/8r), é,>0. Then A(e;) = <§(éi), é,)o = <§(e,. , ei>, and we
have

(A.4) LEMMA.
(1) <V Vee J,e>=—(§) ——[A(e)+A(e)]
+ 712-— )A(e)A(e'j) (V.%.ee)
@ (vmeea) = Jr - 1)((Se) ) + (7, Fuere)

®) (Vieopee) = <$[e,.e,lew e,~>-
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Combining these three formulas, we deduce

(A.5) PROPOSITION. The sectional curvatures of g = dr* + f>(r)g(r, x) for the

plane sections e; A e; are given by

K(e; A ej) = —(I]:)z —(%)[A(é,-) +A(Ej)] +(}1’2‘ - I)A(Ei)A(éj)

_(}1—2 - 1)<,§(e,.),ej>2 + 7151?(5,- A éj).

We also have
(A.6) LEMMA.
(1) < VeiVa/a,%, e,-> = 0.
a "
(2) <V8/8rve,-§’ei> = f ffz(f) f A(e ) + <Va/a, e; aa s >

(3) <V[e,.a/a,1%,e,~> = ([f_)z + Zf— —A(&) + <€[eha/a,]%,e,.>.

These three formulas give

(A.7) PROPOSITION. The sectional curvatures of g = dr? + f*(r)g(r, x) correspond-
ing to the plane sections e; A 3 /0r are given by

K(e,./\ :r) = ——f-’,: - 2f’A(e)+K(e A ai)

Choose {¢&;} to be an orthonormal set of principal vectors with principal curva-

tures A, i.e.,

S(e,) = Vai \é,.

%)

Then A(Z;) = A, and <.S—‘(e,-), ej> = 0 for i # j. Therefore we have

7\ 2 r\ ,_ _ 1 _ . _
K(e,./\ej)=—(—ff—) _(ff)(}‘i+)\j) (}—2- —1)}\}\ %K(ei/\ej),
K(e; A ey) = —f—; - 211;7\,. + K(&, A ey) wheree, = —aa—r
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It follows that fori > 1,

Ric(e; e,) = Y K(e; Ae;)
ot

-f == (f) <(fes

-m( L5, +(i2 _ 1)x,[(Tr§) -]

Ric(e;)

we deduce that

(A.8) PROPOSITION. Suppose § = dr* + g(r, x) and g = dr* + f2(r)g(r, x) have
scalar curvatures k and k, respectively. Then

f )2 ! f ( 1 )
x=—mm—1(— -2m—F —-(2m + 2 TrS+——1
(m=1| 7| - 2mly ~ems 9 Lmes 4
where Tt S is the trace of S = v(3/9r), and &, is the scalar curvature of the
hypersurface {r} X N at distance r to the boundary.

Similar computations give us the following formulas for the deformation ¢2(r) dr?
+ g(r, x) (also see [20]).

(A.9) PROPOSITION. Let g’ = ¢*(r)dr® + g(r, x), and let K’ and Ric’ denote the
sectional and Ricci curvatures of g’. Suppose that {&;} is an orthonormal set of
principal vectors of S = v(3/3r) with principal curvatures N, and 3/9s =
(1/¢)9d/dr). Then

+(¢% - 1)[1?( e, A %) +‘3]
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where ﬁ, is the Ricci curvature of the hypersurface {r} X N at distance r to the
boundary.

(A.10) PROPOSITION. Suppose g = dr? + g(r, x) and g’ = ¢*(r) dr* + g(r, x) have
scalar curvatures « and ', respectively. Then
9

K =2— TrS+lx+(l l)f
¢ ¢’

where ¢, is the scalar curvature of {r} X N.

Combining (A.8) and (A.10), we have the following formula for the sg_alar
curvature k' of g’ = ¢>(r)dr®+ f*(r)g(r, x) in terms of &, k,, and TrS§ of
g=dr?+ g(r, x).

,_omm+ D) (N 1 o r

(A.11) K = o (f) 2mf o +2m¢3 7
2¢ 2m+2 f' 1\_ 1 _
S TR e MR A

(A.12) THEOREM. Let M be a manifold with boundary N™ and m = dim N > 2.
Suppose that the tubular neighborhood of N is normalized to be of width 1, i.e.,
[0,1] X N. If k > 0, k > 16m/(m + 1) on [0,1] X N, and k, > 0O, then the metric can
be deformed to a complete metric, which ends with the product metric N X R near
infinity, with scalar curvature ¢’ > 0.

(A.13) REMARKS. (1) For m > 3, since m(m + 1) > 16m/(m + 1), the condition
“k > 16m/(m + 1)” can be replaced by “k > the scalar curvature of the standard
sphere S™*1 of the same dimension”.

(2) k" > 0 provided that k¥ > 0 and k, > 0.

PROOF OF THE THEOREM. In (A.ll) set ¢ = f™*1 Then

i.e., the term involving Tr § vanishes. Now we want to find positive smooth function
f such that

(1) f(r)Y=0 forr>1

(2) }i_r)r:)f(r)=oo and f;r¢=/;rfm+ldiverges.
m(m+ ) (fN L L S
(3) o (f) 2mf¢2+2 f+ n>0.

ie.,
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Let k = the minimum of k on [0,1] X N and f’/f = g. Then it suffices to find a
function g satisfying

(a)g(ry=0forr>1,

(b) lim, _,, g(r) = ~oo,

©) k +(m?>+m)g?—2mg’ > 0.
Condition (b) guarantees that function f increases rapidly when r tends to zero and,
hence, satisfies (2).

Letg = —c/r + c¢(c > 0). Then

k +(m?+ m)g?— 2mg’

= lz{rz(k+cz(m2+m))—z(m2+m)cr+(m2+m)c2—2mc}
r

1
= —h(r),
Sh(r)

— (2 2 _ :
h(0) = (m*+ m)c* — 2mc > 0 iff ¢z 7

h(1)=k —2mc >0 iff k> 2mc.

The discriminant of A(r) < 0 iff

23 (m*+m)

k > = k.
(m+1)c-2 0

ko = 16m/(m + 1) is the smallest among such numbers if we choose ¢ = 4/(m + 1).

This function g = —¢/r + ¢ (¢ = 4/(m + 1)) satisfies (a)—(c), except that it is not
smooth at r = 1.

If we assume k > 16m/(m + 1), then we can smooth out the corner without
affecting inequality (c).

Thus f = exp J|" g is the function we are seeking.

It is easy to see that the trace of S = v(9/9s) in this new metric is negative near
infinity; therefore, using Theorem (A.2), we can again deform the metric near
infinity to the product metricon N X R. Q.E.D.

5. The index theorems. In this section we set up the framework of the heat
equation method and derive the index formulas for the Dirac operator. We omit the
proofs of most of the standard facts because they are just trivial modifications of the
proofs given in [8, 11], which are the main references for this section.

Let X™*! = Cy;(N™) U M be a space with conical singularity. We first assume
that the Dirac operator Don X is selfadjoint, i.e., the eigenvalues of D, the Dirac
operator on N, are greater than or equal to 1/2. Let A = D*D = D¢D, be the Dirac
Laplacian. The following facts can be proved by exactly the same arguments as in
(8]

(1) The heat kernel of A, E(u, v, t) = e " on X, is of trace class, i.e.,

(5.1) fXE(v,v,t)< 0.
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This implies that Green’s operator is compact; therefore, Fredholm theory can be
applied to show that the eigenvalues of A on X are discrete and L2-completeness of
the eigenspinors of A holds.

(2) Let E, and E, denote the heat kernels on C(N) and M, respectively. Then for
all N there exists K, such that

(5.2) < KytV,

f E(u,u,t)—f E(u,u,t)
Ga(N) Goa(N)

and, hence,

fx E(v,v,t) = fc -

0.1

Ey(u,u 1)+ fM Ey(y, y,1) + O(eY).

Thus the study of the trace of the heat kernel, tr E(¢), is reduced to studying
Jeouny E1(u, u, 1), where E, is the heat kernel of the Dirac Laplacian on the cone
C(N). Using the conformal homogeneity of C(N), one can again reduce the explicit
calculation of the coefficients of the asymptotic expansion of [c () Ey(4, u, 1) to
the calculation of the pointwise coefficients of tr E;(¢) at r = 1 and to the calcula-
tion of a certain global spectral invariant ¢ (N ™) of N™, which is the contribution
from the singularity at the cone tip { P }.

(3) Let the pointwise asymptotic expansion of E,((r, x),(r, x), t) be
Xa;,(r, x)tm* D724/ where (r, x) = u is the (polar) coordinate on the cone
C(N). Define

a;;5(1) = ./Na,'/z(l,x),

and

K
pe(2) = ~/;v trE (1, x,t)— Y a,,(1, x) = /25i/2 |

Jj=0
Let

p.f. jx a,,(v,1)

denote the finite part of the (divergent) integral

fx a;(v,1) = lim /X, a;;(v,1),

where a; (v, t) are the coefficients of the pointwise asymptotic expansion of
E(v,v,t)on X, and X, = X U C; (N) (see [8]), i.e.,

_ 1 o
_ fMaj/z(y)+m+—1_j£Vaj/2(l,x) ifj#m+1,
p.f. fxaj/2=

fMam(y) ifj=m+1.
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Then we have
k

(5.3) wE(t) = [ E(v,0.0)~ % (p.f.f Ej/z)t—(m+1)/2+j/z
X j=0 X
1
- Ea(m+l)/2(1)logt +¢(N),

where

N[ =

Y(N) = {foo M r E\(1, x) dt + fl t7'u, () dt
oN 0

a; (1) j )
P Y P71 A L
j¢m+1(-(m+l)/2 2
j=0
It can be seen that this contribution 2¢/(N) is formally the constant term in the
Laurent expansion at s = 0 of I'(s){(s) at r = 1 if the relation between the heat

kernel and the zeta function holds, i.e.,
(5.4) I(s)¢(s) = foo 7 le" " dt,

as in the compact case. Indeed, this relation will follow from the explicit calculation
of the functional calculus of the (Dirac) Laplacian A on the cone C(N) (see [8]).

We now outline the theory of the functional calculus of the Laplacian on cones.
For details see [8 and 11]. Recall that if g is a smooth function with compact support
in (0, o0) its Hankel transform is defined by

H ()N = [ © 5 (Ar)g(r)rar,

where J, is the Bessel function of order » and v > —1. The Hankel inversion formula
(see [12 p. 73; 29]) says that

(5.5) g(r)=H,[H,(8)](r) forv>-1.

Moreover, we have the Plancherel formula (see [27])
0 2 0 2
[Cle(r)Frdr = ["1H, ()M A dA.
0 0

Thus H can be extended to an isometry from L2((0, o), r dr) to L?((0, c0), A d)).
Define

2
i on_m | m—2m|2
A;g=-8 rg+{u+u 7|2

the ordinary differential operator in (2.6). In view of (2.6)--(2.9) we have
(5.6) H,:(r-a%g) = NH,:(r"g),
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where ¢ = (1 — m)/2 and v* = 2p; + 1|/2. Set §;* = 27'/%(¢; + 3/(3r)¢;), where
D¢, = p;¢;and ||¢,||y = 1. Then the map F defined by

(57) s=LEOS + (NS

- Z[A‘H P (NS + NH,(r -f,;.-)(x)sj-]

provides an isometry of L? spinors on the (7, x) cone onto L? spinors on the (A, y)
cone such that

F(A8) = N’F(6) for all § € dom(A),

i.e., a spectral representation of A while A is carried into multiplication by A%, Notice
that without the assumption that |p;| > 1/2, we must include some H_,. in (5.6),
(5.7), corresponding to each selfadjoint extension of (D,)2 We discuss this later.

Combining this spectral representation with the Hankel inversion formula, we find
that, at least formally, the following relation holds for suitable f.

(58) 1(8) = (nr) L [~ 1084 (M) (M) S} (1) @ 57 (x,)

+J,/7(}\r1)J,-()\rz)S}‘(x1) ® Sj_(xZ)] “AdA.

Notice that in case of C(S") = R™*! the Hankel transform is nothing but the
Fourier transform in polar coordinates, and (5.8) is just the representation of the
kernel f(A) via the Fourier inversion formula.

The right side should be interpreted as a convergent sum in the distribution sense.
It defines families of functions of the Dirac operator D on N™ parameterized by
ry, r,. This crucial observation allows us to bring in the functional calculus of D on
N and thereby “sum” the series. We refer to [8 and 11] for a rigorous justification of
(5.8) and details of the following discussion of kernels.

For the purpose of calculating the coefficients of the asymptotic expansion of the
heat kernel, we need only consider the following examples of f.

EXAMPLE 1. The heat kernel e, i.e., f(A\) = e~**. Using Weber’s second ex-
ponential integral [29, p. 395], we have

(59) e =(nn)L [ e, (An) I (Ar)S @ S
J
+J,-(Ary)J,-(Ar,) S ® S7| A dA

= (nr,) fz le-(n’w%)/m

[1 ”s+o3>s++1(2 )s ®S]

where I, is the modified Bessel function of order ».
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The elliptic estimates, together with the asymptotic expansion of I,, show that
(5.9) converges uniformly on compact subsets of R* X C(N) X C(N).

EXAMPLE 2. The zeta function T'(s)A™", i.e., f(A) = T'(s)A~°. This is given by the
Weber-Schafheitlin integral [29, p. 401]

r(s)fo“’ A2 (Ar) L (Ary)A dA

(510) v,-v+2(s—1)
r'r; [(v—s+1) s
= Fl-s+»v,s+1,v+1,r/r
22s—lr(y+ 1) ( 1/2)

ifry <ryandv > s — 1> -1/2, where F is the hypergeometric function.
We are primarily interested in the trace of the corresponding kernel at r, = r, = 1.
In this case (5.10) is reduced to

2;; r(;(:it)l) (s3]

(see [21, p. 243)), and the kernel is given by

(5.11)

I(s)¢(s) = T(s)A™, o
T -s+) o Tl —s+1)
Ry~ [ Toy v 2 oY T Ty VY

It follows from a careful examination of (5.9) and (5.11) that a relation similar to
(5.4) holds, and we can compute the coefficients of the asymptotic expansion of the
heat kernel in terms of the residues of the zeta function I'(s){(s) at simple poles; see
[8] for the precise statements and proofs. Thus, the contribution to the constant term
from the singularity ¢/ (N) is indeed the constant term of the Laurent expansion of
['(s)¢(s)ats = 0,1e.,

(5.12) Y(N) = 3 L [sT(5)8(5)] -0

To compute this term explicitly, we need the following lemma from [8]. Let B,
denote the /th Bernoulli number, and let C, = (-1)'"'Bl/I.

(5.13) LEMMA.

T'(v—s) s d

1 B 1+=+ C -2 +0 2 .
(1) T(r %) v ( ” sl=§1 v (s?) asv—> o0
(2) To—s*D _ v1"2‘(1 +sY C,V'Z’) +0(s?) asv— oo.

(v +s) -1

Now we are ready to compute the index of D* on the even-dimensional space
Xm+l = Cyi(N™) U M. Assume that m + 1 = 2k. Recall that the bundle of spinors
S on X splits into S*® S-, where S* and S~ are the two irreducible bundles
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corresponding to the two irreducible spin-representations of Spin(2k). Since N has
the induced spin structure, S|, splits into two nonisomorphic modules T* and T~
over Cl(2k — 1) corresponding to the (+) and (—) eigenspaces of multiplication by
the volume form w,,_, = i*e,e,,...,e,,_, on N™, respectively, where i = V-1 and
{e,} is an orthonormal basis on N. Note that T* and T ~ are isomorphic irreducible
bundles of spinors coming from the two isomorphic spin representations of
Spin(2k — 1). Let T* be the irreducible bundle of spinors on N™, i.e., T*= S(N) in
the notation of §2. Then the embedding of S(N) into S(C(N)) is given by the
inclusion T*C S|y =T*® T~ and S|, = T*®(9/9r - T*). To fix the orientation
we define the volume form on C(N) to be w,, = i¥(3/0r)e,e,,...,e5,_;. Then it is
easy to check that if { ¢, } is a local spinor basis of S(N) = T, then

(56 33)) m [H{a-23)

are the local orthonormal bases of S* and S~ on the cone C,;(N), respectively.
Let D*, A* denote D, A restricted to S *. Then the heat equation method of
computing the index (see [1]) gives

(5.14)  Index(D*) = dimKer(D*) — dimKer(D")
=tr(e ") —tr(e") = af — a;
= the constant term a, in the asymptotic expansion

of tr(w,, - e™™),

where w,, is the volume form on X2* and - is the module multiplication with respect
to the first variable of the heat kernel e "2 = E(u, v, t).

According to (5.3), one easily sees that a, consists of two terms. The first term is
the integral of the same local contribution from the interior as in the smooth case.
By a theorem of Gilkey [1] this is the integral of the ff—polynomial of Pontrjagin
forms P, over M, [,, A(P), which is equal to [, A(P) since /f|Cm(N) =0.

We now compute the second contribution ¢(N). From (5.11), (5.12), it follows
that

—

(5.15) Y(N) =3 s %[S(r(s)ka “$(s)] 505

where

T(s)w,, - $(s)

J 2 I(v' +35) / i T(vy +s) 7 J




36 A.W.CHOU

and »* = [2p; £ 1|/2. Using (5.13) and the assumption that |u;| > 1/2, we obtain
(5.16)

IP(N): _% % S.{Z(Vj_‘_l—2:+siclyji.-ﬂ—lx‘*l)
s=0 =1
[o o]
_ Z (Vj_l—u +s Z C[yj_-z/—zsn)}
=1
1 d 1 1-2s 0 1 -2/-2s+1
=72 %FOS'{,U?ZW[(“/'E) ”,;C'(“J‘E) ]

[ R r T

pi<-1/2

1 1-2s 0 1 -sl—-2s+1
[ ey

p=1/2

Applying the binomial theorem gives

1 1-2s 1 1-2s ) 0 S
(5.17) ( - 5) —(u + 5) ~ -1 =2s)p ¥+ X a(s)sp 7,
k=1

where a, (s) is a polynomial in s. Therefore,

v =3 &) {2 b0l T [0 20m7])
L] -2

where

n(s) = 2 (sign IL,)|M,~|_ .
m;#0
This is because n(s) is holomorphic for Re(s) > -1/2; see [3 and 8].
Thus, we can summarize what we have obtained as follows.

(5.18) THEOREM. Let X2k = C,,(N) U M be a space with a conical singularity.
Assume that || > 1/2, where {p;} are the eigenvalues of D on N; ie, D is
selfadjoint. Then

Index(D*) = fxff(p) + n—(io—),

where A is the Hirzebruch A-polynomial of Pontrjagin forms P = { P;}.
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Although this index formula is equivalent to the one obtained by Atiyah, Patodi,
and Singer [3] for manifolds with boundary, we wish to emphasize that (5.18) is the
natural index formula for a class of compact singular spaces.

We now treat the general case without assuming |p j| > 1/2. Note that we already
had three closed extensions of D,: D,, D,, and D, where D, is the selfadjoint
extension under the ideal boundary condition (3.4). Before computing the indices of
these operators, we first examine the domains of D¢D,, D}D,, and D*D.

(5.19) (1) The domain of D¥D, = A, contains all the positive solutions (2.10),
(2.11), (2.14), (2.16), because ( D*a, ¢) (&, D¢) for all ¢ € dom(D) and all
positive solutions &, and D* = D,. Moreover, no negative solution is in dom(D,) or
dom(A p) by (2.32).

(2) For DD, = A,, it follows from (2.11), (2.19), (2.22), (3.4) that the negative
solution r"*V/%J_,. corresponding to 0 < p; < 1/2 and r¢-"*Y/%J_,. correspond-
ing to -1/2 < p; <0 are in dom(A,), but the positive solutions r( “mt 1)/ 2J for
0<p;<1/2andr"m*V/2),. for -1/2 < p; < 0 are not.

3 For D*D = A, it also follows from (2.19), (2.22) that the negative solutions
rom+b/2y ,+ and r® m*D/%)_,. for |p;| <1/2 are in dom(Ay), but the positive
solutions rC "'“VZJ* and r- '"“VZJ for |u;| < 1/2 are not.

For the functional calculus of the 6perators Ap, Ay, and Ay, we must include or
exclude J , , + in (5.7)—(5.11) according to (5.19). Applying the heat equation method
to compute the indices as in (5.14), we have

(5.20) Index(Dy ) = tr(e~"2) — tr(e™"*¥).
(5.21) Index(D;) = tr(e"2%) — tr(e~"%).
(5.22) Index(D*) = tr(e~"2%) — tr(e~"42).

Simple calculations similar to (5.15)—(5.17) with appropriate +»* for |u;| < 1/2
give us the following theorem.

(5.23) THEOREM.
— A 0)—nh .
(1) Index(Dy’) = f A(p) + ﬁ)?-— - Y dlm(E"j),
X O<p;<1/2

where h = dim Ker(D), and E, is the eigenspace of D with eigenvalue p;.

(2) Index(D;) = fXA‘(p) + ﬂ(zl).
. A (0) + A .
(3) Index(D*) = ij( p)+ "—2— + _1/2§”j<0d1m(E“j).
Note that

Index(D*) — Index(Dy) = Y. dim(E, )
In1<1/2 ’

is also a trivial consequence of (2.21) and (5.19).
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Combining (4.3) with (5.18), we thus have

(5.24) THEOREM. Suppose k > 0 and k > 0 somewhere. Then
Index(D*) =0 = f A(p) + ﬂ
% 2

(5.25) REMARK. If we consider spinors with coefficients in a bundle E* which is
(locally) flat in a neighborhood of the singularity at the cone tip, then from [1, 4], it
is easy to see that the index formula because
1
R
where Ch(E) = k + Ch;(E) + Ch,(E) + --- is the Chern character of E. Notice
that here both n(0) and {p;} belong to the Dirac operator D on spinors with
coefficients in the bundle E| .

We now consider the relative index of generalized Dirac oprerators on spinors with
coefficients in a hermitian bundle E* which is trivial and flat in a neighborhood of
{(p);ie, EX |c N = C* X C, ,(N) and the curvature R¥ satisfies R® |C =0

Let D, and D2 denote the (generalized) Dirac operators on sections of the bundles
S(X)® E and S(X) ® C*, respectively. Define the relative index of D1 and D, to be

(5.26) Ind( D}, D;) = Index(Dy ) — Index(D;).

Similarly,

Index(D*) = j Ch(E)-A + "(TO) if u)] >
X

Ind( Dy, Df) = Index(Dy,) — Index(D5,).
Then it follows from (5.23) and (5.25) that

(5.27) Ind(D;, D) = Ind( Dy, D) = f Ch(E) A,

X
where EE(E) = Ch;(E) + Chy(E) + --- = Ch(E) — k is the reduced Chern char-
acter.

The notion of relative index was first exploited by Gromov and Lawson [18] for
complete manifolds with uniformly positive curvature condition at infinity. Our
notion (5.26) is called the analytical relative index in [18], and (5.27) actually shows
that it is equal to the topological relative index (see [18]) by way of the (absolute)
index formulas (5.23) in our case. Notice that we have not yet assumed any positive
curvature condition near the cone tip.

Now, in view of (4.5), we can deduce the following result from (5.27). Let
6 € ['(S(X))and 0 € T'(E). Put

Raf0® ) =3 T (i) O RE,(e)

asin (1.11) and (1.12).

(5.28) THEOREM. Suppose that on X = Co ((N) U M?X, k > 4||R,|| and k > 4||R,||
somewhere. Then | xCh(E y-A=0.

This serves as a topological obstruction to the existence of such a metric. Notice
Ch =0si E =
that Ch(E)|¢, (v, = 0since R |Co,u(N> =0.
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We can also define the notion of enlargeability and obtain results similar to those
in [18]. ‘

(5.29) DErFINITION. A Riemannian n-manifold X" (possibly incomplete) is en-
largeable if Ve > 0 there exists a finite spin covering manifold X —» X and an
e-contracting map X — S”" which is constant outside a compact subset and of
nonzero degree.

Here the assumption on the finiteness of the covering is essential for preserving
the type of singularities after passing to the covering space. One easily sees that the
same untwisting trick of Gromov and Lawson [17] can be applied to prove the
following theorem.

(5.30) THEOREM. Suppose that in X = Cy,(N) U M?**, M is even dimensional and
the interior of M is enlargeable. Then there exists no metric, which is conical near the
singularity at the cone tip, with scalar curvature k such that k > 0 and k > 0 on the
interior of M.

PrROOF. We proceed exactly as in the proof of Theorem 3.1 in [17]. Assume that x
satisfies k > 0 and « > 0 on Y, the interior of M. Since Y is enlargeable, for any
¢ > 0 there exist a finite spin cover ¥ — Y and an e-contracting map of nonzero
degree f: ¥ — S$?* which is constant outside a compact subset Z c ¥. Choose a
complex vector bundle E, over S% such that C,(E,) + 0, where C, is the top-
dimensional Chern class. Let X denote the space formed by attaching cones to ¥
along its boundary. Notice that the metric near the boundary of ¥ can be smoothly
extended to an attached cone because Y is a finite cover of ¥ and has the induced
metric from Y. Then the map f can be extended to X by sending the attached cones
to the same constant point. Let f*E, = E be the pullback of E, by f with the
induced connection. If e is small enough, then k > 4||R,|| on Z and, hence,
Kk > 4||R,|| on X. It follows from (5.28) that

— . 1 .
0 =./:(,Ch(E) ‘A= m f).(f C(Ey)

1
e deg(/f) [ ,, CulEo) = 0.
This is a contradiction. Q.E.D.
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