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COMPLETE LINEAR SYSTEMS
ON RATIONAL SURFACES
BY
BRIAN HARBOURNE

ABSTRACT. We determine the dimension, fixed components and base points of
complete linear systems on blowings-up of P2 having irreducible anticanonical
divisor.

Consider a set of points p,,...,p, of the projective plane P2. The ground field &,
fixed throughout this paper, is algebraically closed of arbitrary characteristic. We
allow p; to be infinitely near p, for j > i. One can ask the following questions: What
is the dimension of the linear system of curves of degree d passing through each
point p,, i = 1,...,n, with multiplicity m;? Assuming that the linear system is not
empty, what are its fixed components and base points?

The answers, of course, depend on the points. In [7, §5], Nagata gives a partial
answer to the first question, in case n < 9 and the points p, are not too special.
However, even in the case that the points are independent generic points, these
questions remain unanswered in general (see, for example, [8]). In this paper we
answer these questions under the condition that the points p,,...,p, are nonsingular
points of an irreducible, reduced cubic curve in P2,

We take the following approach. Studying linear systems with assigned base
points p, is equivalent to studying complete linear systems (i.e., the global sections of
divisor classes) on the surface V obtained by blowing up the points p, [4, p. 395].
Demazure studies such surfaces in [1], mostly assuming that n < 8. The requirement
that these points lie on a reduced, irreducible cubic becomes the condition that, if K
is the canonical class of V, —K has an irreducible, reduced section D. This situation
is similar to that of [5, §1] in which Looijenga determines the effective divisor classes
and the irreducible components for exceptional curves; indeed, our work is largely
motivated by these results.

In this paper we study divisor classes (divisors modulo rational equivalence) on
such surfaces V. We define a certain class of divisor classes, the almost excellent
divisor classes (cf. Corollary 3.2). In Theorem 1.1 and Proposition 1.2 of §1 we
compute the dimension h°(V, %) of global sections of & for any almost excellent
class #.

In Theorem 2.1 of §2 we show that, for any class &, either h°(V, ) =0 or
F= 9+ €, where Yand ¥ are the classes of effective divisors, h1°(V, 4) = h°(V, F),
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and Zis almost excellent. Our proof is constructive, and only depends upon knowing
the kernel of the homomorphism j*: Pic V' — Pic D of the groups of divisor classes
induced by the inclusionj: D C V.

In particular, this gives an algorithm for computing h°(V, %) for any divisor class
Zon V. As an application, we determine in Theorem 3.1 and Corollary 3.4 of §3
those complete linear systems on V" having fixed components or base points, and we
determine those fixed components and base points.

Part of this paper comprises part of our thesis, written under the direction of M.
Artin, to whom we express our appreciation.

0. Preliminaries. To be precise, we consider an algebraic surface V' for which we
have a sequence of morphisms:

77"

(0.1) v=v,5v_ 5 . Sy Sy =-p

n n—1

Each morphism ; is the blowing-up of V,_, at a point p,. Since =, induces an
inclusion «*: PicV,_, — PicV,, we will find it convenient to regard PicV, as a
subgroup of PicV, i = 0,...,n. With respect to this abuse of notation, which we
justify in Lemma 1.3, it is well known [4, V.3] that PicV is the free abelian group
generated by the class & of a line in P? and the classes (5’,, Jj=1,...,i, where é‘; is the
class of the exceptional divisor E;, = 7,'( p)).

Modifying slightly the usage of [S] (cf. [1]), we call such a collection &=
{&y,-..,6,} of divisor classes of V an exceptional configuration for V. We remark
that the sequence of morphisms of (0.1) can be recovered from the exceptional
configuration &, since m; is simply the contraction of the unique global section E, of
&, on V,; [4, V.3]. Thus there is a bijective correspondence between exceptional
configurations for ¥ and such sequences of morphisms (0.1).

The canonical class K of V takes the form -3&,+ &, + --- + &, for any
exceptional configuration & = {&,,...,&,} [4, V.3]. With respect to a given excep-
tional configuration, and hence a given sequence of morphisms (0.1) being under-
stood, we denote by K, the canonical class of V.

For the rest of this paper we assume —K has an irreducible, reduced section. We
fix a choice of one, and call it D. Of course, the image of D under the morphism
V — V, is isomorphic to D, and is a section of —K; on V,. No confusion should result
if we refer to it also as D. The inclusion j: D C V induces the mapping j*:
Pic ¥ — Pic D of Picard groups.

We will need to make use of the intersection product on Pic V. With respect to an
exceptional cnfiguration {&y,...,6,}, this product is defined by being bilinear and
symmetric, &, - &, = 0, i # J, EF=1,6>=-1,i>0[4, V3]

We also need to recall the formula of Riemann-Roch for smooth, complete,
rational surfaces. If X is such a surface, then, for any divisor class #on X [4],

(0.2) (X, F)-h (X, F)+h* (X, F)=HF F-F-K)+1.
If {&,,...,8,)} is an exceptional configuration on X, we have the easy facts [1, p. 24]
that

(0.3)

(a) (X, F)=0 ifF-&,<0,
)=0 ifF &> -2.

(b) WX, F
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We will also use [1, pp. 51 and 59]:

Let F be an irreducible reduced divisor on ¥V, having divisor
class #. Let 9 € PicV and define

(0.4) g(F)=%(F - F+K-F)+1.
If #- 9> 2g—1, then h'(F,9® 0,)=0. If h\(V,9 - F)
=0 and F- 9> 2g, then 9 is effective and generated by
global sections at the points of F.

Our results are stated using the following terminology. Let & = {&,,...,&,} be an
exceptional configuration for V, and denote by r,, i = 1,...,n — 1, the class &; —
&, palsor,=6,—-8&,r,=6—& — &andry= &, — & — & — &, Theclasses
Tys---sr,_, are the simple roots of a root system in PicV [S]. We call a class
Fe PicV

&standardif F-r, 2 0,i 2 -2,and F- &, > 0,i > 0;

almost &-excellent if F is &~standard and #- K < 0; and

&-excellent if F is almost -excellent and #- K < 0.

We refer to a class # as being standard (almost excellent, or excellent resp.) if there
is an exceptional configuration & for which % is é&-standard (etc.). We will also find it
convenient to refer to % as being effective if h°(V, %) > 0 and irreducible if F has a
reduced and irreducible section. Moreover, if #is the divisor class of an effective
divisor F, we will refer to the class 5 of a fixed component H of the linear system
| F| as a fixed component of . Similarly, we will refer to a base point of | F| as being
a base point of #.

1. Dimension of sections of almost excellent classes. Our main results of this
section are the two that follow.

THEOREM 1.1. Let ¥ be an element of Pic V.

(a) If Fis standard, then Fis effective.

(b) If F is excellent, then h°(V, F)= {(F - F—-F-K)+1 and NV, F) =
h2(V, F)=0.

PROPOSITION 1.2. Let = a,é, + a6, + - + a,6, be an almost &excellent
class for an exceptional configuration & = {&,,,...,6,}, and suppose that - K = 0.
Then one of the two cases that follow must occur:

(a) = -mK, for some m > 0, or

(b) F' = (ag = 3)& + Liso.u<-1(a; + 1)&, is S-excellent.

Moreover, in case (a), h'°(V, F) = [m/I] + 1, where | is the order of j*(-K,) in Pic D
and [-] is the greatest integer function, while for case (b) we have

NF' - F' —F - K)+1 ifj*(F)+0,

h°(V,3‘o')={
WF - F'—F -K)+2 ifj*(F)=0.

Before we give the proofs we consider a series of lemmas, beginning with

LEMMA 1.3. Let S’ > S be the blowing-up of a smooth surface S at a point p, and let
7*. PicS < Pic S’ be the induced map. Then (1) m* preserves cohomology and (2) a
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line bundle % is generated by global sections at a point q € S iff *% is generated by
global sections along m~(q).

PROOF. Let#€ PicSand let %' = 7*% . Then 7, %' = ¥ 7,0, but 7,0, =
Osand R'm , ' = 0 for i > 0 [4, p. 387]. Therefore, H/(S, #) = H/(S’, ') by the
Leray spectral sequence, and we see that 7 * preserves cohomology.

It now follows that the sections of 7 *%are just the inverse image of the sections of
&, so the second assertion is immediate.

Many of our arguments use induction, based on the next two lemmas.

LEMMA 14. Let &= {&,,...,6,} be an exceptional configuration on V. The &-stan-
dard divisor classes are precisely the nonnegative sums of the classes &, &, — &,
28, — & — &,and -K,, i > 3.

PROOF. All nonnegative sums of the classes listed are clearly é-standard. Con-
versely, suppose that % is é-standard. If #- &, = 0 for every i/, then & is trivial; i.e.,
Fis the zero sum. Otherwise, #- &, > 0 for some i. Let j be the largest index such
that #- & > 0. If 0 <j < 2, the result follows by a direct calculation, and if j > 3,
by induction on .

In particular, if j = 0, then = aé,, a > 0. If j = 1, then F= aé, — b&, and
a>b>0, so F=(a-b)6,+ b(&,—&). If j=2, then F=aé, — b&) — c&,
anda>b+c>b>c>0s0

F=(a—-b—0c)&+(b—c)(&E— &) +c(26, -6 — &).

If j > 3, then, writing #as a,6, — a,6, — -+ — a,6;, we have a; > a, + a, + a,4
>a;>a,> -+ >a;>0. A calculation shows that #+ q,K; is éstandard and

that (#+ a,K;) - & = 0. By induction on j, ¥+ a,K; has the required form and
thus so does #.

LEMMA 1.5. Let & be an é-standard class on V for an exceptional cofiguration
E={6,,...,6,) suchthat F- &, = 0,i > 8; i.e., Flies in PicV,. Then & is generated
by global sections on V and h\(V, %) = h*(V, F) = 0.

PROOF. Observe that the lemma is clearly true if # is trivial. Also, &,, &, — &, and
26, — & — &, are irreducible, having sections isomorphic to P!. Of course, —K is
irreducible on V; by hypothesis.

Let & be any of &, &, — &), 26, — &, — &,, or —K,, i < 7. Let j be the greatest
index such that % - é’l > 0 and let F be an irreducible, reduced section of Fon V.

Take 7, % and 9 of (0.4) to be F, #and &, respectively. Since # — #= 0, and,
by Lemma 1.3, A'(V, 0, ) = h'(P?, 0p2) = 0, after an easy calculation (0.4) says
that # is generated by /global sections on F. But F is a section of # so & is
generated by global sections off F also.

Our first claim now follows from Lemmas 1.3 and 1.4, and the fact that a positive
sum of classes generated by global sections is itself generated by global sections.

To prove the second claim, let # be &standard, i.e., #= a6, + a,(&, — &) +
a,(28,— &, — &) — X! _ja,K,,a,> 0. Weinducton s = Xa,.Ift =0, thenF =0,
and we saw AY(V, 0,) =0, while h*(V, 0,) = 0 by (0.3)(b). Now assume ¢ > 0.
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Define j to be the largest index such that a; > 0, and take C to be an irreducible,
reduced section on V; of the bundle whose coefficient is a;. By induction and Lemma
1.3 we assume that h%(V, - 0,(C)) = h*(V, F— 0,(C)) = 0 and by (0.4) and a
calculation we see that h'(C, 0 ® #) = 0; obviously, h*(C, 0. ® )= 0. Our
claim, h}(V, #) = h*(V, %) = 0, follows by taking cohomology of

0-F-0,(C)>F>F& 0 >0

and using Lemma 1.3.

PROOF OF THEOREM 1.1. (a) This is an immediate consequence of Lemma 1.4 and
the fact that —X is irreducible, and hence, for any exceptional configuration and any
i = 0, -K, is effective.

(b) Suppose F is &excellent for an exceptional configuration &= {&,,...,&,},
and take j to be the largest index such that #- &, > 0. If j < 7, the conclusion is
immediate from Lemma 1.5 and the theorem of Riemann-Roch for rational surfaces
0.2).

If j > 7, we show in the next lemma that + K . is &-excellent or trivial. By
Lemma 1.3, we may assume j = n for the purpose of computing the cohomology of
&, in which case -K; = —K is irreducible. Taking the irreducible section D of -K,
we consider the sequence of bundles

0-F+K->F->F®0,—0.

Since # is é-standard, by Lemma 1.4 there are nonnegative integers a,, a,,...,a,
such that F= a6, + a;(&, — &) + a,(26, — &, — &) + a;(-K5) + -+ +
a,(-K,) and, by assumption, a,, > 0. By induction on ag + --- + a,, we assume
WV, F+K)=h(V,%+K) =0;

certainly h%(D, #® 0p) = 0 and since deg F® 0, = F- (-K) > 0 by hypothesis,
h (D, ® 0p) = 0by (0.4).

Now taking cohomology we see h*(V, %)= h'(V, #)=0 and therefore
Wy, F)y=4(F - F-F-K)+1by(0.2).

LEMMA 1.6. Let F be an é&-excellent class for an exceptional configuration & =
{&o,--.,6,}, and suppose that j > 8 for j the largest index such that - &, > 0. Then
either F + K is &-excellent or ¥ = —Kg and F + K is trivial.

PrOOF. By Lemma 1.4, #+ K, must be &-standard. For j > 9, #+ K| is &excel-
lent since#- K <0and K, - K < 0.

If j = 8, it follows easily from Lemma 1.4 that #- K < -1 except when = -K,.
Thus #+ Kg is trivial if = -Kj, and since K- Kz = 1, F+ K, is &excellent
otherwise.

PROOF OF PropoOsITION 1.2. If follows from Lemma 1.4 that if # is &standard
and #- K = 0 and if # lies in PicV,, then F is either trivial or a negative multiple
of K.

Suppose # = -mK, for m > 0. By Lemma 1.3 we may assume V' = V,. Consider
the exact sequence

0->(-m+1)K—> -mK- 0,8(-mK) - 0.
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Since deg 0, ® (-mK) = (-mK) - (-K) = 0 and the arithmetic genus of D is 1,
Riemann-Roch for curves [4, IV.1] says h%(D, 0, ® (-mK)) = h(D, 0, ® (-mK)),
and these dimensions are 1 when j*(-mK)=0, and zero otherwise. Taking
cohomology, we see h'(V,(-m + 1)K ) = h'(V,-mK), i = 0,1, as long as / does not
divide m, i.e., h°(V,-mK) = h®(V, -I[m/I]1K). Thus it is enough to verify that
ho(V,-alK)=a + 1fora > 0.

The case that a = 0 is trivial. So taking cohomology of the sequence above for
m = al (keeping in mind that h/(V,—(a — 1)IK) = h/(V,—(al — )K), 1 <i < |,
Jj =0,1), we see that h°(V, -alK) < h°(V, —(a — 1)IK) + h°(D, 0,,). By induction
we may assume that the right side of this inequality equals ((¢ — 1)+ 1) +
h°(D, 0p), or a + 1. However, h'(V, 0 ) = 0, so the inequality is an equality for the
case a = 1. In particular, /D moves in a pencil so h°(V,-alK) > a + 1, and our
result is proved for case (a).

We remark that if j*(K) has infinite order we have shown h°(V, -mK) =1 for
any m > 0, in agreement with the statement of the proposition, if we interpret [m //]
as being zero.

Let j be the largest index such that #- & > 0. If j < 9 we obtain the case treated
above, so we may assume j > 10. By Lemma 1.3, we may assumej = n (i.e, V, = V)
for the purpose of computing cohomology. Thus %’ = #+ K, so by Lemma 1.6 #”’
is &excellent, and h'Y(V, #’) = 0 by Theorem 1.1(b). Now take cohomology of the
sequence

0->F %0, % 0.

If j*(%)+ 0, then h%(D, 0, ® F) =0, so we see h°(V, F') = h°(V, F). The
desired result follows from Theorem 1.1(b) applied to #’. On the other hand, if
J*¥(F) =0, then k%D, 0, ® F) =1, so h°%(V, F) = h%(V, #’) + 1. Again, Theo-
rem 1.1(b) applied to %’ gives the result.

2. The algorithm. The main result of this section is Theorem 2.1. Its proof is of
particular interest because it gives an algorithm for determining whether an arbitrary
class Zon V is effective, and if so, for subtracting off fixed components from % to
obtain an almost excellent class 4. At the same time, our procedure produces an
excepitonal configuration & for which ¢ is almost &excellent. Our results of the
previous section now suffice to determine #°(V, ), and hence also WV, F).

Our approach is similar to that of [5] wherein a procedure for determining the
irreducible exceptional divisors is given. A modification of that procedure allows us
to determine the dimension of the space of global sections for arbitrary divisors. We
refer to the class of an exceptional divisor as an exceptional class and, as in [5], to an
irreducible class ¥with €2 = -2 and €- K = 0 as a nodal class.

THEOREM 2.1. Let & be a divisor class on V. There exists a class Y and an
exceptional configuration é= {cf’o,. ..,6’7‘,,} on V such that ¥ — 9 is effective, in
particular being a nonnegative sum of nodal and exceptional classes and —K when % is
effective; h°(V, 9) = hO(V, F); and one of the following holds:

(a) 9- &, < 0 and hence Gis not effective, or
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(b) Zis almost &-excellent, and hence 9 is effective and h°(V, 9) is given by Theorem
1.1 or Proposition 1.2.

Lemma 2.2, due to Looijenga [S, 1.4.1 and 1.5.2] in somewhat modified form, is
central to the theorem’s proof.

Given an exceptional configuration & = {&,,...,6,} we have the roots r; € PicV,
i=0,...,n — 1, defined in §0. To each is associated the reflection s,;: PicV — PicV
defined by s;(x) = x + (x - r;)r,. (The significance of these operations seems first to
have been realized by DuVal [2] (see also [6]). They occur in [5] in related but more
general circumstances and are implicit in [7].)

LEMMA 2.2. (1) The collection &' = {6, = 5,(&,),...,E, = 5,(&,)} of classes is an
exceptional configuration iff r, is not effective.

(2) The class r; is effective iff it is irreducible iff j*(r;) = 0 (for j*: PicV — Pic D
defined earlier).

PrROOF. (1) Recall that, as in (0.1), & represents V' as a blowing-up of P2 at the
points, possibly infinitely near, p,, p,,...,p,-

First suppose i # 0. Then s, just transposes &; and &, ;, which gives an exceptional
configuration precisely when p, . ; is not infinitely near p,, i.e., when &, — &, = r;is
not effective.

Now suppose i = 0. The operation s, is an element of order 2 in GL(Pic V') and
preserves the intersection form. In the basis &, r; has the expression -&; + & + &,
+ &5. By (0.3)(a), r, cannot be effective if &’ is an exceptional configuration, since
ry - &5 < 0.

Conversely, suppose &’ is not an exceptional configuration. Then we must show
that r, is effective. By Lemma 1.3 it is enough to check this on V;, i.e., we may
assume that V is a blowing-up of P? at the three points p,, p, and p, which give rise
to &,, &,, and &,. The points p, and p, may, of course, be infinitely near points of P2

It is more convenient to prove the contrapositive, so we assume 7, is not effective.
Since ry, = &, — &, — &, — &, this means precisely that the points are not collinear,
i.e., py, p,, P5 are not simultaneously points (or infinitely near points) of any line L
in P2, After possibly permuting the points, permissible by the first part of this proof,
we have three cases: the three points p,, p,, and p, are not collinear and either

(i) p1» P»,and p, are distinct points of P2, or

(ii) p, and p, are distinct points of P2, and p, is infinitely near p,, or

(iii) p5 and p, are both infinitely near p,.

We will only do case (iii); the others are similar and easier. Now p, is a point of
the exceptional curve E; on V; resulting from blowing up p,. The total transform of
E, on the blowing-up V, of p, is N + E,, where N is the proper transform of E,. The
class of N in PicV, is just r,.

Now p, lies on N + E,, but in fact p; cannot lie on N. This would imply that
r, — & € PicV, is irreducible, and —-K - (r; — &) = -1 would contradict our having
-K irreducible. Thus p, lies on E, \ N, and since the three points are not collinear,
P avoids the point where the proper transform L* of the line L through p, and p,
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meets E,. If we call by N, the proper transform of E, on V;, we have the following
schematic diagram of the blowings-up V; - V, - V, - P2

E,

N

Therefore, &5, being just §, — &, — &, is the class of L*; & = &, — &, — &, that
of L* + N,; and & = 6, — &, — &, that of L* + N, + N. By Castelnuovo’s crite-
rion (see [4, p. 414]) we can contract &5, &,, and & in order, obtaining a smooth
rational surface V'’ with Pic V” having rank 1, i.e., ¥’ is isomorphic to P2,

Thus &’ = { &y, &/, &,, £} is an exceptional configuration if §; = 26, — &, — &,
— & is the class #Z of a line in V’. Now £ is uniquely determined by the condi-
tions that &- &’ =0, i = 1,2,3, that £? = 1, and that £ meets &, positively, i.e.,
&£+ &, > 0. The only class satisfying these conditions is &7.

(2) Consider the sequence of morphisms (0.1) associated to the exceptional
configuration &. For i > 1, r; is effective iff p,,, is a point of E,, in which case r, is
irreducible on V,,,. But the points p,,...,p, are chosen to be points, possibly
infinitely near, of a reduced, irreducible cubic in P2,

Refer to this cubic and its proper transform on the blowing-up V,,j > 0, as D. We
have on V,; that

D-ri=-Ki - r=086-6 - - —=6,)(&-6,)=0.
Thus if r, is irreducible, it does not meet D, and so the points p,,,,...,p,, being
points of D, cannot lie on r;, i.e., r; is irreducible on V. Moreover, r, is effective iff E;
and E, _, meet D in the same point; that is, iff j*(r;) = 0.

One can reason in a similar way for r,.

Our proof of Theorem 2.1 is algorithmic, or inductive, if you like. To control the
induction, for each exceptional configuration & = {&,,...,6,}, we will associate to
each class % on V three integers: the &-shuffle number, the &-positivity, and the
&-degree.

Suppose F= a6, + a,6, + --- + a,8, in terms of &. The &-shuffle number of
FisLici<j<nla; —ayv(a; — a)), where v: Z — Z is defined to be zero for nonposi-
tive integers and one otherwise. The &positivity is ¥, ,#(a;) and the &-degree is a,.

We observe that the shuffle number is never negative and is zero precisely when
a, < a,<---<a, In particular, # is &standard precisely when the &shuffle
number and &-positivity are zero and a, + a; + a, + a; > 0.

We now define three operations that, given a class % and a configuration
&= {&,,...,6,}, produce a class F’ and a configuration &’ such that #— ' is
effective; h(V, F) = h%(V, #); and one number among the shuffle number,
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positivity, and degree decreases, with the degree never increasing:

(A)Letr,=¢& —-¢&,,,,i=1,...,n—1, and suppose r, - F< 0. If j*(r,) = 0, ie,
if r; is irreducible (Lemma 2.2(2)), take # ' = % — r,and &’ = &. If j*(r;) # 0, i.e., if
r; is not effective (Lemma 2.2(2)), take ¥’ = Fand &’ = {s5,(&,),...,s,(6,)}.

Clearly & — %’ is nodal or trivial. We show h°(V, &)= h°(V, #’). This is
immediate except in the case that r, is irreducible. But if #is effective, then r, is a
fixed component of &, whence h°(V, #) = hO(V, #’). If F' is effective, then so is
F,since F’ + r, = F. Therefore h°(V, %) = 0 exactly when h°(V, F') = 0

Also &’ is an exceptional configuration. In the first case it is obvious and in the
second it follows from Lemma 2.2(1).

We remark that the &~degree of # equals the &’-degree of %', and the &shuffle
number of Fis greater than the &’-shuffle number of #’.

(B) Suppose F is a class for which the &-positivity is nonzero and such that

> 0 for all i > 1, i.e., the &shuffle number of Fis zero. Then we take &’ =
éaand, if we write = a,6, + --- + a,6,, we take ¥’ = a,&, + La,&, for a, < 0,
i > 0. Reasoning similar to that used in (A) shows that # — % is effective, indeed, it
is a sum of exceptional classes, and h°(V, #) = hO(V, #’). Also, the positivity
becomes zero and the degree is unchanged.

(C) First assume that Pic V has rank > 4. Let r, = 6, — &, — &, — &, and suppose
that r, - #< 0. Then we take ' =% —r, and &' =& if j*(ry) =0; and F' =
F and &' = 54(&) if j*(ry) # 0. As in (A), & is an exceptional configuration,
F— F' is nodal or trivial and h°(V, #) = h°(V, F’). Moreover, this operation
reduces the degree, although the positivity and shuffle number may increase.

Note 2.3. If Pic V has rank 1, we do not define (C). If the rank is 2 or 3, replace 7,
by r_, or r_; (see §0), respectively, and define (C) as in the case j*(r;) = 0. We note
that #— %’ is an exceptional class in the case that the rank is 3. When the rank is 2,
F— %', though effective, is neither exceptional nor nodal. But since r_, is an
irreducible class with nonnegative self-intersection, % is not effective if #- r_, < 0.

PrROOF OF THEOREM 2.1. We begin with a class #and an exceptional configuration
&. If the &-degree of Zis negative we are done, taking the class ¥ in the statement of
the theorem to be %#. Otherwise, repeatedly applying the operation (A) (if neces-
sary) we eventually obtain from #and & a class #’ and a configuration &’ such that
the &’-shuffle number of %’ is zero, % — %’ is trivial or a sum of nodal classes and
ROV, F) = hO(V, F).

After applying (B), if necessary, we can assume that the &’-positivity of #’ is
zero; now % — %’ may also include exceptional classes. If the &’-degree of #' is
negative, we are done, as before. If not, consider #' - ¢, where t = r’,, r/,, or rg,
depending on whether rk Pic V' is 2, 3, or 4 or more, respectively. If #’ - ¢ > 0, then
F'is &’'-standard. If #’ - t < 0, apply (C) (viz. Note 2.3) and denote the result by
%" and ", and note that the &”’-degree of # " is less than the &degree of #.

By induction on the degree it is clear that by repeating the operations of the last
two paragraphs we obtain a class ¥* and a configuration &* such that #— Z* is
effective, h°(V, F) = h%(V, @*) and either the &*-degree of ¢* is negative, or ¥*
is &*-standard. Moreover, if ¥* is &*-standard, then, by Theorem 1.1(a), % is
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effective and our procedure results in having # — ¢ * equal to a nonnegative sum of
nodal and exceptional classes.

In the case that ¥* is & *-standard, if K - ¥* < 0, then ¢* is almost & *-excellent;
so taking @ = @* and & = &*, we are done. If not, it follows from Lemma 1.4 that

> 10, where j is the largest 1ndex with - &* > 0. Now ¢* is effective (Theorem

1 1(a)) -K; is a fixed component of ¥* and (9* + K;)- K < @* - K. However,
g*+ K is stlll & *-standard (cf. Lemma 1.4), so repeatmg this process and induct-
ing on ?* - K, we obtain an & *-standard class ¢ with K - 4 < 0. Thus %is almost
& *-excellent and since —K f is a sum of —K and exceptional classe~s, F—%is a
nonnegative sum of nodal and exceptional classes and —K. Taking &= &* we are
done.

We will use the following corollary in the next section.

COROLLARY 2.4. Let # € PicV and suppose - € = O for any irreducible class €.
Then Fis almost excellent.

PROOF. If #- € > 0 for any irreducible class ¥, the procedure of the proof of
Theorem 2.1 leaves % unchanged but produces a configuration & for which either
F- 8, < 0 or Fis almost &excellent. But &, is irreducible so #- &, > 0 and F must
be almost &excellent.

3. Fixed components and base points. In this section we determine (Theorem 3.1)
the fixed components of any effective class, and (Corollary 3.4) the base points for
any effective class without fixed components.

Actually, it is enough to determine the fixed components of almost excellent
classes. By Corollary 3.2 a class % is almost excellent iff #- €> 0 for every
irreducible class €. Therefore, if Fis effective but not almost excellent, there is an
irreducible € with #- €< 0 and € is a fixed component of %#. Our proof of
Theorem 2.1, which reduces % to being almost excellent, gives a procedure for
finding all such % (and in particular shows that ¥ must be —K, or, for some
configuration & = {&,,...,6,}, &6, orr,).

THEOREM 3.1. Let Fbe an almost &-excellent class for some exceptional configuration
&= {6,,...,8,). Then Fhas a fixed component iff one of the conditions below holds:

(@Q)F - K =0butj*(F) +# 0, here -K is a fixed component; or

(b) F= —(m+ 2Ky + (6 — &), m = 0, j*(-Ky) =0, and j*(& — &y) =0
here &y — &, is a fixed component; or

(c) for some i, F-& = 0andj*(F— &) =0; hereé’ is a fixed component; or

(d)F=-(m+ 1)Kg+ &, m >0, and j*(-K,) = 0; here &, is a fixed component
of #.

Our proof follows Lemma 3.3.
We can now characterize the almost excellent classes:

COROLLARY 3.2. A4 class Fis almost excellent iff #- € > 0 for every irreducible class
%.
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ProOOF. By Corollary 2.4, if #- € > 0 for every irreducible ¢, then %is almost
excellent. Conversely, it will follow that #- € > 0 for every irreducible class if we
show that an almost excellent class #meets its fixed components nonnegatively.

If # has no fixed components we are done. Otherwise we are reduced to one of
the four cases of Theorem 3.1.

In cases (b) and (d), it is clear that #meets its fixed components nonnegatively.

In case (c), let j be the least index with #- &, = 0. Then Flies in PicV,_; (cf.
(0.1)), and as a divisor class on V,_,, Z satisfies at most the conditions of case (d).
Thus any fixed component of Zon V' must be a component of some &, and so of the
form &, or &, — &, 0 < r < 5. By almost &-excellence, these meet #nonnegatively.

In case (a), define j as above. Then —K_, is a fixed component of #. It follows
from Lemma 1.4 that either ¥+ K,_, is a case previously treated or it is a
nonnegative multiple of —K, so it meets its fixed components nonnegatively. Since
-K_, also meets all irreducible classes but —K nonnegatively, and since #- (-K) = 0,
we conclude #meets its fixed components nonnegatively.

The following result is used in the proof of Theorem 3.1.

LEMMA 3.3. Let % be &-excellent for an exceptional configuration & = {&,,...,6,}.
(1) If Flies in PicV, for some i = 0,...,n, then —K, is not a fixed component of ¥ on
Vi

Q) If#F- K < -2, then Fis generated by global sections.

PROOF. If i < 7, then Zis generated by global sections by Lemma 1.5 so both (1)
and (2) follow for this case.

Since forj > i, -K is a fixed component of #precisely when K is, we need only
prove (1) under the conditions that # lie in Pic V}, but not in PicV; _,.

If i > 8, then either #+ K, is trivial or &excellent by Lemma 1.6. In particular,
h°(V,, Z+ K,) is positive and we obtain the following exact sequence by taking
cohomology of the appropriate sequence of sheaves and using 4'(V;,, #+ K,) =0
(Theorem 1.1(b)):

0->HYV,#+K,)-> HV,%)—> H(D, #® 0,) > 0.

Now h%(D, F® 0,) > 1 since deg(#® @) > 1 and D has genus 1, so we see
F + K, has fewer sections than #. That is, —K is not a fixed component of %#. This
proves (1).

To prove (2), note that, by (0.4), #- K < -2 means that, on V,, #is generated by
global sections along D.

We finish the proof by induction. By Lemma 1.6, #' = %+ (&, - #)K, is trivial
or &excellent. In the former case, # ' is generated by global sections on ¥, and hence
so is #. By Lemma 1.3, the same is true on V. In the latter case, it follows from
Lemma 1.4 that #'- K < -2, so, by induction on i, #’ is generated by global
sections on V;_,. As before, we conclude # is generated by global sections on V.

PROOF OF THEOREM 3.1. We first show that the conditions given are sufficient. For
case (a) it follows from Proposition 1.2. For case (b), & — &, is irreducible by
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Lemma 2.2(2). A calculation using Proposition 1.2(a), (b) shows
hO(V» ?_(éa‘) - 510)) = hO(V’ ‘9‘0"),

so &, — &), is a fixed component of #. Case (d) follows, likewise by a calculation
using Theorem 1.1(b) and Proposition 1.2(a).

Consider case (c). Let j be the largest index with #- &, > 0, i.e. # lies in Pic ¥ but
not in PicV,_,. Denoting the anticanonical divisor on V by D, Lemma 3.3(1) 1mp11es
D is not a flxed component of %. Therefore j*(F — &, ) = 0 means that # meets D
at one point p which is a base point for #on V, and that &, is the blowing-up of a
point infinitely near to p. In particular, &, is a fixed component of #on V.

For the converse, we first consider the case that &% is &-excellent, i.e., that
F-K<0.If #- K < -2, then #is generated by global sections by Lemma 3.3(2),
and hence has neither fixed components nor base points.

Suppose now that #- K = —1. Assuming case (c) of the theorem does not hold, if
F-& =0, then j*(F— &)+ 0. Since -K is not a fixed component of # (Lemma
3.3(1)), Zand &, meet D at different points, so &, cannot be a fixed component of #.
But then %#- &, = 0 means that # and &, do not meet at all, i.e., #is generated by
global sections along the unique section of ;. Now by Lemma 1.3 we may reduce to
the case that #- &, > O for all i = 0,.

If n <7, then & is generated by global sections (Lemma 1.5). If n = §, then
Lemma 1.4 and #- K = -1 imply that #= —K. But —K is irreducible and not fixed
s0.% has no fixed components.

If n = 9, it follows from Lemma 1.4 that # is —-K; — mK for some m > 1. We can
rewrite this in the form —-(m + 1)K + &,. By Lemma 3.3(1), —K is not a fixed
component of &, so if # has a fixed component, it must be &,, which therefore must
be a fixed component of —K. This would imply that

2 =h%V,-Kg) = h%(V,-K3 — &).

It follows by Proposition 1.2 that j *(-Ky — &) = 0, but since —-K3 — & = —K, case
(d) not holding says that this cannot happen.

Finally, if n > 10, then # + K is é-excellent (Lemma 1.6) and (¥ + K) - K < 2
By Lemma 3.3(2), #+ K is generated by global sections. But by Lemma 3.3(1), -K
is not a fixed component of # so.% has no fixed components.

Now suppose Zis almost &-excellent and #- K = 0. We will show that cases (a)
and (b) not holding implies that % is generated by global sections.

By Lemma 1.3, it is enough to prove that #is generated by global sections in the
case that#- &, > 0,i=1,...,n

First, case (a) not holding implies that j*(#)= 0, and a calculation using
Proposition 1.2 shows that —K is not a fixed component of #. Now consider some

cases.

If n > 11, then (cf. Lemma 1.4) #+ K is &excellent; indeed, (¥+ K) - K < -2,
so by Lemma 3.3 # + K is generated by global sections, and hence so is # off D.
But —K is not a fixed component of #and - (-K) = 0, so Fis generated by global
sections also at any point of D.
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If n > 9, then n = 9 and = -mK, m > 0 (cf. Lemma 1.4). But any base point of
F would be a base point of —K, and since —K is not a fixed component of %, this
would imply #- K < -1. Hence % is generated by global sections.

Finally, suppose n = 10. Let d = #- &,,. Then # + dK is é~excellent (cf. Lemmas
1.4 and 1.6). If d> 2, then (¥+ dK) - K < -2 and % is generated by global
sections, as in the case n > 11 treated previously. Only the case d = 1 remains; by
Lemma 1.4, % has the form -K; — mKy — K, = —-(m + 2)Ky + (& — &), m = 0.

Now assuming case (b) does not hold, keeping in mind that j*( %) = 0, it must be
that j*(—K,) # 0. There are two contingencies: j*(& — &;3) = 0 and j*(& — &)
# 0.

In the former contingency, &, — &, is irreducible by Lemma 2.2(2), and
Jj*(=(m + 2)Kg) = 0. A calculation using Proposition 1.2(a), (b) shows h°(V, ) >
oV, F— (& — F1p)), 50 Ey — &), is not a fixed component of F. Denoting the
order of j*(-K) in Pic D by /, it follows by a previous case that —/K, is generated
by global sections, and therefore so is —(m + 2)K,. Since F= (&, — &),) —
(m + 2)Kq4 and &, — &, is not a fixed component, # has no fixed components.

If #has a base point, it must lie on the global section N = P! of & — &,,,. Also,
since —(m + 2)K, is a multiple of —/Ky, % has a base point only if # ' = —-IK, + (&,
— &,,) does, so it is enough to show that %’ has no base points on N. A calculation
using Proposition 1.2 and (0.2) shows A'(V, -IK,) = h'(V, F’) = 1. Since (&, —
&) - F' = 0, we have h}(N, F’ ® 0,) = 0 by (0.4). Taking cohomology of

0 IKg—>F > F 0,0

we conclude that HO(V, %) surjects onto H(N, ' ® 0y). Since ¥’ ® 0, has no
base points on N, neither does % .

Consider now the contingency that j*(&, — &) # 0. This implies that & —
&, is not effective (Lemma 2.2) and hence that &, and &, are irreducible. Denote
their unique sections by E, and E|, respectively.

We can write Fas —(m + 2)K + & + (m + 1)&,,. Clearly, any fixed component
of # is either E,, E,,, or D, and we already showed that D is not a fixed component.
But -K-#=0and -K-&,=-K- &, =1, so Eg and E,; cannot be fixed compo-
nents either, and any base point of # lies on either E, or E,,, but off D.

Suppose % has a base point on &,, but off D. Writing # as K3 — (m + 1)K, +
mé&,,, we see this means that —K has a base point on &,. Since —-K - & = 0, it must
be that &, is a fixed component of —Kg, and thus that j*(-K; — &) = 0. But
-Kg — & = —-K, and we assumed that j*(-K ) # 0. Thus # has no base point on
&y. Now writing # as —K3 — mK, — K, we see that if # has a base point on E,
but off D, then so does —K; — mK, and since (-K3 — mK,) - &}, = 0, &;, must be a
fixed component of -Kg; — mK,. But by Lemma 3.3(1), -K,, is not a fixed
component of —K; — mK,. So if &, is a fixed component of —-Kg — mK, then

f*(‘Ks - mK, - "(‘)10) =0.

In particular, j*(-Kg) = j*(-K;o + &19) = j*(-Kg — Ky — mKy) = j¥(F) =0
and assuming that case (b) does not hold, this cannot happen.
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COROLLARY 3.4 Let % be an effective class with no fixed components. Then (1) any
base point of & lies on the anticanonical divisor D and (2) ¥ has a base point iff
F- K = -1, the base point being where #meets D.

PRroOF. By Corollary 2.4, if # is effective and has no fixed components, then # is
almost excellent. If moreover #- K = 0, then, as we pointed out in the proof of
Theorem 3.1, # is generated by global sections. On the other hand, if #- K < -2,
then again % is generated by global sections (Lemma 3.3(2)). Therefore, if # has a
base point, it must be that %+ K = -1.

Conversely, suppose # - K = -1 and % is é-excellent for an exceptional configura-
tion &= {&,,...,6,}. By Lemma 1.4, % does not lie in PicV,. Thus = a,&, —
a6, — -+ —a;6, where a;,> 0 and j > 8. By Lemma 1.6, ¥’ = (a, — 3)&, —
(a, — )& — -+ —(a; — 1)é; is either trivial or &-excellent, and therefore
h'(V, %) = 0. For the purpose of computing cohomology we may assume (Lemma
1.3) that j = n, in which case #’' = %+ K. Taking cohomology of the obvious
sequence of line bundles, we have the exact sequence of nontrivial groups

0> HV,F+K)—> HV,F)—> HYD,0,®F) - 0.

But the degree of ¢, ® # is unity, so 0, ® # has a base point on D, and therefore
so does # .

To show that % has no base point off D, we will show that #is generated by
global sections off D. By Lemma 1.3 it is enough to show this also in the case that
= n. If n > 10, #+ K is generated by global sections by Lemmas 3.3(2), and 1.6.
Thus % is generated by global sections off D. If n = 9, it follows from Lemma 1.4
that #= -K, — mK,y, m > 1, and from Theorem 3.1(d) that j*(-K,) # 0. Thus -Kj
does not meet &,, and so ¥ has a base point off D iff —K, does on V;. This reduces
us to the case n = 8. But now we have that #= —-Kj, i.e., & is the class of D, and in
particular any base point of % must be a point of D.
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