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MONGE-AMPERE MEASURES ASSOCIATED
TO EXTREMAL PLURISUBHARMONIC FUNCTIONS IN C”"
BY
NORMAN LEVENBERG

ABSTRACT. We consider the extremal plurisubharmonic functions L and Ug associ-
ated to a nonpluripolar compact subset E of the unit ball B € C" and show that the
corresponding Monge-Ampére measures (ddL})" and (dd“Ug)" are mutually abso-
lutely continuous. We then discuss the polynomial growth condition ( L*), a generali-
zation of Leja’s polynomial condition in the plane, and study the relationship
between the asymptotic behavior of the orthogonal polynomials associated to a
measure on E and the (L*) condition.

1. Introduction. Two natural extremal plurisubharmonic functions can be associ-
ated to a compact subset E of the unit ball B in C". One is the extremal function L%
[S1], which is the Green function for the unbounded component of C — E with pole
at infinity when n = 1. The other is the relative extremal function Uf p = Ug
introduced by Siciak and studied by Bedford and Taylor [BT], which is an analogue
of the one-variable harmonic measure of E relative to the unit disc. Both of these
functions satisfy the complex Monge-Ampére equation (dd“u)” = 0 outside of E
and hence both functions give rise to nonnegative measures supported in E.

In the case where the compact set E is regular, i.e., L% and Uf are continuous,
Nguyen Thanh Van and Zeriahi [NZ] have shown that the set E, together with the
measure pp = (ddU¥)", satisfy the polynomial condition (L*) which is a gener-
alized version of Leja’s polynomial condition in the complex plane. This result was
used by Zeriahi [Ze] to show that certain classes of orthogonal polynomials associ-
ated with the measure p . exhibit asymptotic behavior similar to that of the extremal
function L¥.

The main result of this paper shows that if E is a nonpluripolar compact subset of
B, then the Monge-Ampére measures pp = (dd“U¢)" and i = (dd“L%)" are mutu-
ally absolutely continuous. As a corollary to this result, it follows that the pair
(E, pg) satisfies the (L*) condition for a regular compact set E. In addition, we
show that the (L*) condition can be formulated entirely in terms of properties of the
carriers of the measure. This result gives the extension to C” of a theorem of Ullman
[U2] in the one-variable case.

2. Comparison of the Monge-Ampére measures. Given a domain £ in C”, we let
P(R) denote the class of plurisubharmonic functions on . Let

L={u€P(C"):u(z) <loglz|] + O(1) as |z| > oo}
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334 NORMAN LEVENBERG
and for E c B define
Ly(z)=sup{u(z):ue L,u<OonE}.

The uppersemicontinuous regularization L¥(z) = ﬁg_,_, L,(§) is called the ex-
tremal function of E. By a result of Siciak [S1], either L} = + oo, in which case E is
pluripolar, or L} € L. In the latter case (see [BT]), then L¥(z) =0 forz € E - Z,
where Z is a pluripolar set. If E is compact, then E is regular when Z = .
Furthermore, (dd“L%)" =0 in C" — E. Here, d =0 + 9, d¢ = i(5 — d), so that
dd‘L* = 2i90L% and (dd‘L%)" = dd‘L% A --- A dd“L% (n times) where the last
two formulas are to be interpreted as currents on C”. We refer the reader to [Le] for
a definition of currents and to [BT] for a more complete discussion of the complex
Monge-Ampére operator (dd “)".
If € is a strictly pseudoconvex domain containing £, we define

U (2, z)=sup{u(z):ue P(Q),u<0onQ,u< -lonE}

and call UX(Q, z) = ﬁg_,: U(Q, &) the relative extremal function of E (relative to
Q). It is easily seen that either U}(L,:) =0, in which case E is pluripolar, or
U¥(Q, -) is a nontrivial plurisubharmonic function in @ taking values between -1
and 0. In the latter case, U£(, z) = 0 on 9 and U{(R, z) = -1 on E — Z, where
Z is pluripolar; Z = @ when E is regular. In addition, (dd“U}(2, -))" =0in Q2 — E
if E is compact. Our first result shows that if E is not pluripolar and @, &, are two
strictly pseudoconvex domains with £ C € ©, C ,, and if Q, is a Runge domain
relative to 2, (see [Ho, Theorem 4.3.3]), then (dd ‘U¥(Q,;, -))", i = 1,2, are mutually
absolutely continuous. This result is well known from classical potential theory in
the case where n = 1 (see [Ne, Chapter 5]). For n > 2, the main ingredient in the
proof is a comparison theorem for Monge-Ampére measures supported on E.

LEMMA 2.1. Let E be a compact set in C" with smooth boundary dE and nonempty
interior E° such that E is the closure of E°. Let @ C C" be a domain with E C C w.
Suppose u,, u, € P(w) N C(w) satisfy:

() u, =u,=00nE,

(1) u; > u, on w;

(ii1) (dd “u)" = (dd“u,)" = 0 (as measures) on w — E; and

(iv) there exists > O withu; > u, + non dw.

Then [, d(dd u))" = [, ¢(dd uy)" for all p € C§*(w) with ¢ > 0.

ProOF. Without loss of generality, we assume E is connected. Given & > 0, let
E, = {z € w: u;(z) < uy(z) + ¢}. From (i) and the continuity of u;on @, E C C E_.
By (iv), we also have that E, C C w for e sufficiently small. For any family of
smoothings {u?} with u® \ 4, in a neighborhood of @, we have EC C E,;CC w
for sufficiently small 8, where

E.s={z€wuf(z)<ul(z) +e}.

£,
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Also, since u; € C(w), there exists M > 0 such that
(2.1) ub<M  (i=1,2) for 8 sufficiently small.
Given ¢ € C(w) with¢ > 0

]¢[(dd"uf) (da<u3)"] = f o dd“(ud — ud) A Ty,

where Ty = Yi23(dd“ul)" %=1 A (dd“ul)* is a positive, closed (n — 1, n — 1)-form
with smooth coefficients. From two applications of Stokes’ theorem, we have

(2.2) [ #ddc(ud = ud) A T, = /(m—uﬁw%An
= j — ul) ddp A T,
+f  (w-ud)dde AT,
We first consider the integral over E, 4. Since ¢ € C5°(w),

(u] —u3) ddo A T,
Es.B

< c(@)fud - |

Et,&f B A T8 4
Es.&

where ||uf — w3l , = sup.cg , [uf(2) — u}(2)|, B = dd‘|z|?, and c(¢) is a constant
depending only on ¢ and n. Choose a. compact set K such that E, ; C K C C w for
&,0 sufficiently small. Then, since Tj is positive, 8 A T is a positive multiple of the
volume form 8" = B A --- A B, and we have

(“f - “g) dd¢ A Ty
Er.s

< c(o)|ud — ul

E,_,;/K.B A Ty

< C(¢)”“1 - “2”5 LM L

where ¢’ is a constant depending only on K and w. This last inequality follows from
(2.1) and the Chern-Levine-Nirenberg estimates on (dd )" for bounded plurisub-
harmonic functions (see [CLN, or BT, §2]). From the construction of the set E, 4, it
follows that

tim { lim u? ~ w3, } = 0

-0
so that
!%{;%L L dd¢/\T8}=0.

For the integral over w — E, ; in (2.2), note that for each § > 0, the set E, ; has
smooth boundary for almost all € by Sard’s theorem. Thus we can find a sequence of
values of 8 tending to 0 and a sequence of values of ¢ tending to 0 such that for each
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pair (g, 8), the set E, 5 has smooth boundary. We can then apply Stokes’ theorem to
obtain

/ (0 —ul)ddo A Ty=—-[  d(uf-ul)ndg AT,

w-E s w-—E.s

— [ (u-ud)do AT,
dE, 5

(2.3) =-/ do A d<(ul —uz)/\Ts—sf d A Ty

w—E. 3 OE, 5

[, oltaauty ~(aauy]

+ ¢d"(uf—u§)/\T8—£/ do N Ty.
aEr‘B aEs.8

Similar to before, we have

ej;F do N Tgl <

“e.8

ec(9) [ BATy < ec(g)eM™

which goes to zero as € \y 0. We claim that the second term in (2.3) is nonnegative.
This follows because ¢ > 0, Ty is a positive, closed (n — 1, n — 1)-form, and
u? — u$ — e is a defining function for the interior of E, 4 so that d(u{ — u§ — &) A
Ty =d(u} —ul) ATy > 0 on JE, 4 [Le, p. 68]. For the first term in (2.3), since
E, N\ Ease N0, if we fix e > 0, we can find §, > O such that E, , C E_; for § < §,.
As 8 \, 0, the functions u® decrease to u, on &; hence the measures (dd‘u’)”

converge weakly to (dd“u;)", i = 1,2 [BT, Theorem 2.1]. Thus

0 < li dd<ul)" < ud)”
< lim w_ﬁdqs( "< hmf o(dd<u?)

= [ ¢(ddu)" =0
w—Et/z

by (iii) and the fact that E C C E, ,,. Hence the sum of the integrals in (2.3) tends to
a nonnegative number as § and then ¢ decrease to zero so that from (2.2) we have

lim o[(daup)" —(daud)"] = [ o[(ddu,)" = (ddu;)"] > 0
and the lemma is proved.

We will also make use of a domination principle of Bedford and Taylor for
bounded plurisubharmonic functions [BT, Corollary 4.5].

LEMMA 2.2. Let @ € C" be open and bounded and suppose that u, v € P(2) N L®(Q)
satisfy:

(1) lim, _ 56 (u(§) — v(§)) > 0, and

(i) Tyuer) (dd“u)" =

Then u > v in Q.
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THEOREM 2.1. Let E C C" be a nonpluripolar compact set and let @, Q, be two
strictly pseudoconvex domains with E C C Q, C Q,. Then

py = (ddUE(Qy, )" > py = (dd°UE(Q,, )"
Furthermore, if (R,,,) is a Runge pair, then there exists a constant ¢ > 0 such that

Cly < Wy In particular, in this latter case, w, and n, are mutually absolutely continu-
ous.

Proor. For convenience, we work with the functions u,(z) = UX(Q,, z) + 1,
i = 1,2. Given w open with E C C w C §;, we will show that there exists a constant
¢ > 0 such that

(2.4) ef o(ddw)" < [ o(dduw)" < [ o(ddw)"

for all ¢ € C°(w) with ¢ > 0. It will follow from the proof that only the first
inequality will require that (£,, 2,) be a Runge pair. We first assume that E satisfies
the conditions in Lemma 2.1 so that E is regular and u,, u, are continuous. We then
have that u;, u, € C(2,) N P(R,); also

(i)u;=u,=00onFE
since E is regular. Furthermore,

(i) u; > u, on
by definition of the relative extremal functions; and

(iii) (dd“u,)" = (dd‘u,)" =0 on @, — E.
Since u; = 1 on 9Q; and max, ,q 4,(z) = @ <1 by the maximum principle for
plurisubharmonic functions, we have

@(iv) u; = u, + (1 — @) on 99;.
Thus we can apply Lemma 2.1 to conclude that for any open set w C ©; with
EFEcco,

fw ¢(ddu,)" > / o (dd<u,)"

for all ¢ € C§°(w) satisfying ¢ > 0. In the other direction, we first note that since
E cc Q,,i=1,2,it follows from the pseudoconvexity of 2, that ES{: C C Q;, where

Ef = {z € Q:u(z)< supu(z’)forallu e P(Q,)}.
Z’€E
Since 2, is a Runge domain relative to Q,, Eﬂ = EQ [Ho, Theorems 4.3.3 and
4.3.4]. From the definitions of Eﬂ and Ug(Q,, z), we have that Ug(Q;, z) > -1 for
z€Q, — EQ Thus if we let n = min, g 4,(z), we see that n > 0, so that nu; < u,
on 9%, and nu; = u, = 0 on E. By (iii), it follows that

f( (dd<u,)" =0,

uy<mu }

so that by Lemma 2.2 we conclude that nu; < u, in ©,. Given 0 < ¢ < 7, we then
have that (9 — €)u,, u, satisfy the hypotheses of Lemma 2.1 so that

L(}b[dd‘(n—e)ul]"é j;¢(ddcuz)n
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for all $ € C§(w) with ¢ > 0. Letting € \y 0, we obtain

n[ o(ddw)" < [ o(ddu)",

w

and (2.4) is proved with ¢ = %" for compact sets E satisfying the conditions in
Lemma 2.1.

For the general case, we take a sequence { E, } of compact sets as above which
decrease to E. If we fix w open with ECC w C C @, we have £, C C w for k
sufficiently large and we obtain

(n)"[ o(ddut)" < [ o(ddub)" < [ o(ddut)’

from (2.4), where uf(z)= Uf(Q, z)+ 1, n, = min, 4o u5(2), and ¢ € C*(w)
satisfies ¢ > 0. Since u* 7 u, a.e. [BT, Proposition 6.4], the measures (dd‘uf)"
converge weakly to (dd“u;)" [BT, Theorem 2.1], i = 1, 2. Thus for ¢ as above,

[ #(ddu)" = lim [ o(ddut)" < lim [ oladcud)" = [ o(ddu)".

w

In addition, if we fix ko, n, > m, for k > kg so that

j;qb(dd‘uz - 11330[ duk)" > klin:o(nk)"/‘u¢ dd“u*
> lim (m(,)"f (dd<ut)" = (n,)" [ ¢(ddu)",

w

then (2.4) holds in the general case and the theorem is proved. We note that the
constant in (2.4) can be taken as ¢ = (min 5o 4,(2))" when E is regular.
We now come to the main theorem of the paper.

THEOREM 2.2. Let E C B be a nonpluripolar compact set. Then the measures . g and
fi - are mutually absolutely continuous.

PrROOF. We first assume that E satisfies the conditions of Lemma 2.1. Let
a = ||L.|| g. Then

u(z) = Up(z) +1> (1/a) Lp(2) = uy(2)

for z € B by definition of U,. Furthermore, since 9E is smooth, E is regular, so that
u, = u, =0 on E. Also, (dd“u;)" = (dd“u,)" = 0 outside of E. Thus, given 0 < ¢
< 1, the functions u, and (1 — €)u, satisfy the conditions (i)-(iv) of Lemma 2.1 and
we have

[odue>(*55) [ edn

for all ¢ € C°(w) with ¢ > 0 where E C C w C B and w is open. Letting & \y 0, we
obtain

(2.5) /w¢du5> (%)"/w¢dﬁg-
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In the other direction, we first remark that by definition of the extremal function, if
E, C E,, then L} (z) > LE,(2) for all z € C". It is easy to show that the extremal
function for a closed ball B(a,r) = {z € C™" |z —a| < r}is

foraclosed ball B(a,r) = {z€ C™ |z —a| < r}is

u(z) =log* li%a—l = max(log |_z_:_a|’0);

thus, since E C B, Lg(z) > log* |z| for all z. In particular,
v,(z) = Lg(2)/log2 > 1 for|z| = 2.
If we let v,(z) = Ug(B(0,2), z) + 1, then v; = v, = 0 on E; also, since (ddv,)" is
supported in E,
(ddv,)" = 0.
(o<}

Thus by Lemma 2.2, v; > v, on B(0,2). Applying Lemma 2.1 to v; and (1 — €)v,,
we obtain

(1032)"/@“‘.‘5 > (=) [ o(ddv,)"

for ¢ € C§°(w) with ¢ > 0. Letting ¢ \y 0, we obtain

[ ¢diiy> (1og2)" [ ¢(ddv,)".
We can apply Theorem 2.1, since B is a Runge domain relative to B(0, 2), to get
j; ¢(ddv,)" > (zrglanBUZ(z)) fw ddpg.
Thus from (2.5) and the above inequalities, we have

o) () [ edne< [ odus<|togD)( mines())]” [ o ans

for all ¢ € C§°(w) with ¢ > 0, and the theorem is proved for E satisfying the
conditions of Lemma 2.1. The general case follows as in the proof of Theorem 2.1 by
choosing a sequence { E, } of compact sets as above which decrease to E. Applying
(2.6) to E,, jig,» kg, ax=|Lgllp. and v5(z) = Ug(B(0,2),z) + 1, and then
using the convergence theorems of Bedford and Taylor, the proof is complete.

3. Condition ( L*) and orthogonal polynomials. Given a compact set E C C" and a
nonnegative measure g with support in E, we say that the pair (E, p) satisfies
condition (L*) if for each family @ of polynomials with sup,c 4| p(2z)| < o p-a.e. on
E, and for each A > 1, there exists a constant M and a neighborhood U of E such
that

lplly < MNP forallp € @.

The condition (L*) is an important concept in discussing the regularity of a compact
set; for example, if there exists a nonnegative measure p on E such that (E, p)
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satisfies (L*), it follows that E is regular. On the other hand, Nguyen Thanh Van
and Zeriahi have shown [NZ] that if E is regular, then the pair (E, p ) satisfies (L*).
From Theorem 2.2 and the definition of (L*), it follows that, in addition, (E, jiz)
satisfies (L*). We now give an alternate characterization of the condition (L*).

THEOREM 3.1. Let E C B be a regular compact set and let p. be a measure on E.
Then (E, p) satisfies (L*) if and only if for any Borel set F C E with u(F) = u(E),
we have L} = L.

PROOF. We first assume that ( E, p) satisfies (L*). Let F C E be a Borel set with
p(F)= u(E). Since F C E, L¥ > L,; to prove the reverse inequality, it suffices to
show that L% < 0 on E. Suppose there exists a point z, € E with L¥(z,) > 0. Let
Fy,={z € F: L¥(z) = 0}. Then F — Fyis a pluripolar set; thus, by a result of Siciak
[S2, Theorem 1.6], there exists v € L with v = —00 on F — F,. Without loss of
generality, we may assume that v < Oon E.

We claim that the set N = {z € E: L¥(z) > Lg(z)} is not pluripolar. For if it
were, then by Proposition 3.11 of [S1], L% _, = L. However, since L} < Ly = 0 on
E — N, it follows that LY < L¥_, = L, in C”", contradicting our assumption that
L¥(zy) > 0. Thus N is not pluripolar and we may assume that v(zy) > —oo and
L*(z,) = 58 > 0. We now choose 1 > 0 sufficiently small so that:

(i)  0>nu(zy)> -6, and
(3.1) (i) (1-m)LE(zo) > 48.
Since L%, v e L, it follows that (1 —n)L% + nv € L. For m € Z™* (positive in-
tegers), let u,, = [(1 — )L} + nv]* X, ,,,, Where x; ,,, 1s a smooth, radially symmet-
ric bump function supported in |z| < 1/m. Then
(3.2) u, (1 —n)Lt+n0 asm — oo;
u,, € P(C")y N C(C"); furthermore, u,, € L [S1, Proposition 1.2]. By an approxima-
tion theorem [Fe, Proposition 2, Chapter VII], for each m, there exists a sequence of
positive integers {d,, } and a family of polynomials { p,, } with deg(p,, )=d,,
such that

u,(z)= sup dl log |pmk(z)| forallz € E.
k ny

In particular, for each m, we can find a polynomial p,, of degree d,, with

(i) (/d,)ogl|p.(z)] <u,(z)forallze E,and

(ll) (l/dm)log |pm(20)| > um(ZO) - 34.

Moreover, by taking powers of p,, if necessary, we may assume that d,, 7 co.

To get a contradiction to the (L*) condition, we take ® = {e‘s"m P} We first
show that

(3.3)

supe %9|p,(z)| < oo forallz € F.

Forz € F - F,, v(z) = —c0; thus u,(z) < 0 for m > m(z) by (3.2) so that
-8d,, ,d,u,(2)
g dm tm

supe ?p, (z)] < e
n
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(by (3.3)(i)) is finite. For z € F,,

e'adm p'"(z)l s e_Sdmedm“m(z)
< e 8medml1-MLED) +n0()+dyo,
where ¢,, = 0,,(z) > 0 as m = oo by (3.2). Since v < 0 on E and L% =0 on F,,
a- 'q)L (z) + nuv(z) < 0if z € F, and we obtain
e-Sd,,, pm(z)l < e-d,,,(s—o,,,).

Since 0,, = 0 as m — o0, § — g, is eventually positive and thus

supe “®|p,.(z)] < o0 forz € F,.

m

We show that (L*) is violated by proving that there is an ¢ > 0 such that

(3.4) e~¥p (2o)| = m(1 + €)“" for m sufficiently large.
From (3.3)(ii), (3.2) and (3.1) we obtain
e nd|p, (20)] > e~ “rlednlintzo)=8]

> e 2dmdodnl(l =M LE(20) +m0(20)]

> e > (1+8) =1 +¢e)™((1+8)/(1+¢e)™
Thus by choosing ¢ < §, we obtain (3.4).
For the converse, we assume that if F C E is a Borel set with p(F) = u(E), then
L¥ = L. Let ® be a family of polynomials such that
sup |p(z)| = M(z) < o p-ae.onE.
pEP
Let F={z € E: M(z) < w}. Then u(F) = p(E); furthermore, for each positive
integer m, if we let F, = {z € E: M(z) < m}, then F, 2 F, and since M(z) is
lowersemicontinuous, each F,, is compact. Thus F'is a Borel set and hence L} = L.
Since it is clear that for a polynomial p,

1
lo z)| €L,
dee(7) glp(2)|
it follows that for any p € @,
1 Ip( )|
(35 SLp(z)<L%t(z) forallz e C".
) deg(p) g F,,,( ) F,,,( )

Also, since L is continuous, glven e> 0,
= {zGC"'LE( )<8}
is an open nelghborhood of E The extremal functions L} decrease pointwise to

= L on U; thus, by Dini’s theorem, the functions L% £, converge uniformly to L,
on U and we can find my = m(e) such that

Lt (z) <2 forze U, ifm>m,.
For such m,

lplo, = sup [p(2)] < m(e*)**” forallp € @
z€l,

by (3.5). Thus (E, p) satisfies (L*).
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In the complex plane, Ullman [U1] calls a measure whose support E = E(p) is an
infinite set, a determined measure if for any Borel subset F' C E with u(F) = p(E),
the logarithmic capacity C(F) of F equals C(E). Since the function L% is the Green
function in one variable, Theorem 3.1 shows that for regular compact sets E C C,
(E, p) satisfies ( L*) precisely when p is determined. The condition that p has infinite
support is a density condition which insures the linear independence of the monomi-
als {z*} in the space L*(p) of square-integrable functions with respect to p and
allows one to construct the orthogonal polynomials { p, } with respect to p via the
Hilbert-Schmidt process. The polynomials p,(z) = zK + --- are the unique monic
orthogonal polynomials of degree k (k = 0,1,2,...) of minimal L*(p)-norm among
all monic polynomials of degree k. If we denote the L?(p)-norm of p, by N,, Ullman
[U1] has shown that if C(E) > 0 and p is a determined measure, then

1/k
llm |i|pl}§z)|j| = eLl;'(-')
k

k—oc

for z in the unbounded component of C — E except for a set of Lebesgue measure
zero in the convex hull of E.

In C", n>1, let £EC B be compact and let p be a measure on E. As a
replacement for the monic normalization, we first put an ordering on the monomials
2=z - z8 Let ar ZT— (Z7U{0})" be a bijective map on the positive
integers such that |a(k)| < |a(k + 1)|for all k € Z™, where |a(k)| = a; + -+ + @,
if a(k) = (a,,...,a,). Under certain conditions on the measure p and the set E, the
sequence of monomials {e,(z) = z**} is linearly independent in the space L*(p)
and therefore we can construct orthogonal polynomials { A, } of the form

k-1
A, (z)=¢,(z) + Zajej(z), a,eC,
j=1
via the Hilbert-Schmidt process. Recall that if £ C C" is compact, the Silov
boundary of E with respect to the uniform Banach algebra generated by the
restrictions to E of the analytic polynomials in C”, denoted S, is the smallest closed
subset of E such that for any polynomial p, there exists z, € S with|| p|l . = | p(z,)].

PROPOSITION 3.1. Let E C C” be compact and suppose that E is not pluripolar. If p.
is a measure on E such that Sy C support of ., then the monomials {e,} are linearly
independent in L*(p).

PROOF. By a result of Siciak [S1, Proposition 4.3], since E is not pluripolar, E is
unisolvent, i.e., if p is a polynomial satisfying p(z) = O forz € E, thenp = 0 on C".

Suppose there exists a polynomial p(z) = £X_,c;e,(z), p % 0, with [;|p|*dp = 0.
Then || p|| = M > 0 and we can find z, € S, with | p(z,)| = M. By continuity, we
can find r > 0 such that | p(z)| > M/2 for z € B(z,, r). Since S, C support of u,
p(E N B(z,, r)) > 0 so that

2 2 M\?
o= [ pldu>  pldu>(T)u(ENB(z.r) >0,
E ENB(zy.r) 2
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which gives a contradiction. Thus p =0 on C”", ie, ¢, = -+ = ¢, = 0, and the
proposition is proved.

From the work of Nguyen Thanh Van and Zeriahi [NZ], if (E, p) satisfies (L*),
then (E, p) satisfies the density condition in Proposition 3.1 and we may construct
the orthogonal polynomials { 4, } associated with p. Set v, = [ [z |4,]* du]*/?. By
following the argument used by Zeriahi [Ze], we can now state a C"-version of
Ullman’s theorem.

THEOREM 3.2. Let E C B be a regular compact set and let p be a finite measure on E
such that (E, p) satisfies (L*). If {A,} is the sequence of orthogonal polynomials
associated to p. and {v, } is the corresponding sequence of L*(p)-norms, then:

(@) limy _, [ 4]l g/74]/1 ) = 1, and

(i) lim, _, [|4,(2)|/v,]"1*® = eLe® for all z € C" — E, where E is the poly-

nomial hull of E.
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