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INVARIANT REGIONS FOR SYSTEMS OF CONSERVATION LAWS

BY
DAVID HOFF!

ABSTRACT. We describe necessary and sufficient conditions for a region in
R™ to be invariant for (Glimm) solutions of the system of n conservation laws
ut + f(u)z = 0. We also make some observations about the invariance of such
regions for certain finite difference approximations of solutions of systems of
conservation laws.

1. Introduction. In this paper we discuss invariant regions for systems of
conservation laws

(1'1) us + f(u)z =0,

(1.2) u(z,0) = uo(z).

Here u = u(z,t) € R™, f is a smooth function from an open set V' of R™ into R™,
and ug has bounded total variation with values in V. Thus S C V is invariant
if, whenever ug(z) € S for all z, then the solution u(z,t) of (1.1)-(1.2) is in S
for all (z,t). In addition, we make some preliminary observations concerning the
invariance of such sets for certain finite difference approximations of solutions of
(1.1)-(1.2).

We remark that, when there exists an invariant set S for (1.1) in which the
Jaccbian f’(u) is bounded, then the results of Nishida-Smoller [9] and Hoff-Smoller
[5] become applicable to establish the existence of global smooth solutions of the
regularized problem

ut + f(u)z = eugy, u(z,0) = up(z) € S.

And when such a set S is also invariant for a given finite difference scheme, then
mesh-ratio conditions for that scheme can be achieved a priori, thus obviating the
need to calculate sound speeds locally and adjusting the time step repeatedly.

§1 contains some preliminary remarks concerning definitions and notation. Our
main results characterizing invariant regions are presented in §2. We first give
necessary and sufficient conditions for the invariance of a set S in terms of the
geometry of 95 and the behavior of the shock curves for (1.1). In the case that (1.1)
is genuinely nonlinear, and either n = 2 or all states are sufficiently close, we refine
these conditions to the simple requirements that S be convex and that the normal
to 3S be a left eigenvector of f’. We also give several examples, including one which
shows that, in general, invariant sets need not be convex. In §4 we consider the
question of whether such sets are also invariant for various finite difference schemes.
We show that, as a consequence of our results in §3, a convex invariant set is also
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invariant for the Lax-Friedrichs and Godunov schemes. For Osher’s scheme (see
[10]) we give an example in which an invariant set for (1.1) is in fact not invariant
for the difference approximations, and we propose a modification of the scheme
which remedies this difficulty.

Our work is motivated by, and to some degree an extension of, earlier work of
Chueh, Conley and Smoller [2]. These authors consider regions which are a priori
invariant for smooth solutions of systems similar to (1.1), but with reaction and
parabolic diffusion terms included. By contrast, our results characterize regions
which are a posteriori invariant for certain constructed weak solutions of (1.1)-
(1.2). Not surprisingly, the requirements for a set to be invariant are somewhat
similar in the two cases. But there are notable differences, both in the results and
in the methods of proof.

2. Preliminary remarks and notation. It is well known that global smooth
solutions of (1.1) do not exist in general, no matter how smooth the initial data
ug is. But weak solutions, which are defined in the obvious way, are known to
be nonunique. It is therefore necessary to append to (1.1)—(1.2) extra conditions
(“entropy conditions”) which presumably select the correct, physical weak solutions.
It has been shown by Glimm (3] that, for the systems of interest here, global
solutions of (1.1)-(1.2) do exist, provided that the initial data uo has sufficiently
small total variation. And as observed by Lax in (8], Glimm’s solutions do satisfy
all relevant entropy conditions. For our purposes, therefore, a set S will be invariant
if it is invariant for the weak solutions constructed by Glimm.

The Glimm solutions are obtained as limits in L] . of approximate solutions
constructed by solving Riemann problems locally in z — ¢ space. By a Riemann
problem we mean the system (1.1) together with initial data of the form

uy, <0,
(2.1) up(z) = {u“ z>0.
It follows that a set S is invariant for the Glimm solutions of (1.1)—(1.2) if and only
if it is invariant for Riemann problems (1.1)—(2.1). The solution of the Riemann
problem was constructed by Lax in (7], and it will therefore be necessary for us to
review this solution in some detail.

We now describe our assumptions about the flux f appearing in (1.1). First, we
assume there is an open set V in R™ such that, for u in V, the matrix f’(u) has
distinct real eigenvalues A;(u) < - -+ < A, (u) with corresponding right and left (col-
umn) eigenvectors r;(u) and [;(u). In addition, we assume that each characteristic
field is either linearly degenerate, VA!r; = 0, or genuinely nonlinear, VA!r; # 0. In
the latter case we may normalize r; by requiring that VAlr; = 1, and in every case
we choose the [; so that

(2'2) T:'lj = 5,;]'.

The precise result of Lax, then, is that, when v; and u, are points of V' which are
sufficiently close, there is a unique solution of the Riemann problem (1.1)—(2.1) of
a certain type, which we shall describe below. Finally, as a matter of convenience,
we always take V' to be convex.

In addition to the above assumptions and normalizations, we assume throughout
that S is closed and connected in V' and 39S is smooth and connected. We then
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say that S is invariant if, whenever v; and u, are in S and the Lax solution u(z,t)
of the corresponding Riemann problem (1.1)—(2.1) exists, then u(z,t) € S for all
(z,t). And S will be locally invariant if the above condition holds for u; and u,
sufficiently close (which may be closer than required for the existence of a solution).

Given sufficiently close points u; and u, of V, the solution u(z,t) of the cor-
responding Riemann problem may be described as follows. u has the constant
value v; in a sector a; < z/t < b;, where u; = vp and u, = v,; and the sector
bi—1 < z/t < a; is an “i-wave” of one of three types. First, an “i-shock” occurs
when b;_; = a; = s and v;_; and v, satisfy the Rankine-Hugoniot condition

(23) fvi) = f(vie1) = s(vi — vi-1)
and the entropy condition
(2.4) /\i(‘v,‘_l) >8> A,’(’Ui).

Second, an “i-rarefaction wave” occurs when b;_; = A;(v;—1) < A(v;) = a;, and for
b,—1 < z/t < a;, u(z,t) = w(z/t), where w is parallel to r;(w). i-shocks and -
rarefaction waves occur only when the 7th characteristic field is genuinely nonlinear.
In the linearly degenerate case the i-wave is a contact discontinuity, characterized
by (2.3) and the condition A;(v;—1) = A;(v;).

In addition, there is the following geometrical structure in the relationship be-
tween v;_; and v;. If we fix v;_; € V, then there is a half curve v;(¢), called the
i-shock curve, parameterized by € = A;(v;) — A\;(vi—1) < 0, of states v; for which
(2.3) and (2.4) hold. The resulting shock speeds s then satisfy

(2.5) s = (Ni(viey) + Ai(v:))/2 + O(e?).

The states v; which are connected to v;_; by an i-rarefaction curve are precisely
the points on the integral curve of r; through v;_; parameterized by the same ¢,
for € > 0. The joined 7-shock and i-rarefaction curves then comprise a curve which
is globally C2, called the “-wave curve,” and which we denote by ¢!(v;_1,¢). In
the linearly degenerate case, ¢!(v;_1,€) is simply the integral curve of r; through
v;—1, parameterized as before. Finally, ¢7(v;,¢€) consists of those states v;—; which
are connected to v; on the left by a wave of the appropriate type.
This structure implies the following technical fact, which will be used in §3.

LEMMA 2.1. Let w; = vg,...,Up = u, be the states in the solution of the
Riemann problem (1.1)~(2.1). Then
i

=Y re(w)le(w)t.
1

Up =1y k=

PROOF. From the above discussion, we have
(8¢}/0¢) (vi-1,€)|,_o = rilvi-1),
and, since ¢(vi—1,0) = v;_y,

du,

3¢£/8’U,'_1L_=0 =1.
Now fix u; = vo, let € = (€1,...,€x), and define states v;(e) by v; = ¢}(vi_1,&:).
Then since v;|c—o = u;, we have
dv;
aej

— Tj(ul)» J<7q,
0, 7>

e=0
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That is,
(2.6) dv,-/delszo = [Tl,...,Ti,O,...O].

In particular, dvy, /de|c=o is an invertible matrix, so that the map € — v, (¢) is
invertible near ¢ = 0. (This proves that (1.1)-(2.1) is solvable when v, = u, is
close to u;.) In addition, the normalization (2.2) implies that

li

2.7)

don, Vn=uy l;

n

Combining (2.6) and (2.7) we obtain

dv; dv; de : .
=% @, ~ 2

du,

Ur=uy
as required. DO

3. Invariant regions. In this section we present our main results character-
izing invariant regions. We assume that V' is an open convex set in R™ in which
the hypotheses of §2 hold, and the set S, which is closed and connected in V, has
a smooth connected boundary 9S relative to V.

The following lemma gives a necessary condition that S be invariant.

LEMMA 3.1. Assume that S s invariant. Then there is an indez p such that,
at each point of 3S, the normal vector to 3S is parallel to the eigenvector Iy,

PROOF. If u; € 38 there is a neighborhood B of u; and a C? function g: B — R
such that BN S = {u € B: g(u) < 0}. Let u,(s) be an arbitrary smooth curve
on 8S with u,(0) = w, and let u; = vo(s),-..,vn(8) = u,(8) be the states in
the solution of the Riemann problem with data (u;, u,(s)). Our hypothesis is that
v;(s) € S for each 7 and s, so that g(v;(s)) < 0. That is,

g(w) + sVg(w) + [dvi/du,|, _,, u-(0)] +O(s?) <0.

But since g(u;) = 0, the coefficient of s must therefore also be zero. And because
,(0) is an arbitrary vector in the tangent space T of S at u;, we may conclude
that dv;/duy |y, —u, maps T into itself. Therefore (dv;/du,)* maps T+ into T*. But
T+ = span(Vyg), so that

(dv;/du,)'Vg = ¢;Vg
for some scalar c;. Applying Lemma 2.1, we may rewrite this as

) (V) = e:Vg.

k=1

Now choose p minimal such that ¢, # 0. Then

cpVg = (cp — cp-1)Vg = (r;Vg)lp.

That is, the normal vector Vg to 98 is parallel to [, at u;. p is constant throughout
dS because dS is smooth and connected.




INVARIANT REGIONS FOR CONSERVATION LAWS 595

‘P:,(uz, *)

FIGURE 1

We remark that, when S satisfies the conclusion of Lemma 2.1 above, then, in
view of (2.2), integral curves of r; for ¢ # p which intersect S must in fact be
contained in 8S. Therefore, i-rarefaction curves or z-contact discontinuity curves
through points u; € S (S) remain in 95 (S).

We can now give a complete characterization of invariant sets in terms of the
behavior of the shock curves ¢t (ug, €)|e<o-

THEOREM 3.2. S is invariant if and only if the following two conditions hold:

(a) There 1s a p such that, at each point ug of S, l,(up) is parallel to the normal
to 0S.

(b) If i < p (i > p) and if the ith characteristic field is genuinely nonlinear, then
¢ (uo,€) € S (¢! (uo,€) € S) for all ug € 8S and alle <0 (¢ > 0).

PROOF. If S is invariant, then (a) holds by Lemma 3.1. Assume that (b) fails for
some ¢ < p. Then there is a point up € S such that the curve ¢}(ug,€)|c<o leaves
S, say at u; = ¢} (uo,€1). Now (d/de)dh(u1,€)le=0 = rp(u1), and rp(u)tlp(us) = 1,
so that the curve d);,(ul,e) is transverse to dS at € = 0. By perturbing u; to us
along the curve ¢}(uo,-) (Figure 1), we obtain a point uz = ¢}(uo,€2) ¢ S such
that ¢:,(u2, -) contains a point ug € S. The Riemann problem with data u; = ug
and u, = ug is therefore solved with an i-shock connecting 4y and uz, and a p-
wave connecting u; and uz. However, both ug and us are in S but u; is not, thus
violating invariance. The proof of (b) for 7 > p is similar.

Now assume that (a) and (b) hold. We show first that (b) is satisfied by all
points ug of S. If not, then there are points ug € int(S) and u; € ¢k(up,-) — S.
But this shows that the curve ¢](u,-) enters int(S), so that there is a point u; €
#7(u1,-) N AS. But then u; € ¢i(uz,-) — S, violating (b), since uz € 3S.

Now let u, and u; be points of S for which the solution of the corresponding
Riemann problem contains states u; = vg,...,v, = u,. We claim that if vy,_; € S
and k < p, then v, € S. To prove this we simply observe, by the remarks following
Lemma 3.1 and by hypothesis (b), that the entire curve ¢ (vk_1,-) is contained in
S. Since vy is a point on this curve, v is in S. We therefore have by induction that
the points vg,...,vp—1 are in S. Proceeding similarly from the fact that v, = u,
is in S and using the other half of (b), we find that the points v,,...,vp are in S.

To complete the proof we need to show that, if v,_; and v, are connected by
a p-rarefaction wave, then all the intermediate states in that wave are points of
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S. Suppose then that the p-rarefaction curve ¢£,(vp—1) )|e>o leaves S, say at uq,
and then reenters S at uz. Then since (d/de)¢}(vp—1,€) = r(¢,) for € > 0, the
numbers rp(u1)%p(u1) and 7,(u2)tlp(uz) have opposite signs. But this implies the
vanishing of 751, at some point of V, which violates (2.2).

The simplest situation is that in which S is a half space (intersected with V). In
this case a certain uncoupling of the shock relation (2.3) allows us to simplify the
criteria for S to be an invariant set.

COROLLARY 3.3. Suppose that S s the intersection of V with a half space.
Then Theorem 3.2(a) is both necessary and sufficient for S to be an invariant set.

PROOF. We need to show that, under these hypotheses, Theorem 3.2(b) is a
consequence of (a). We assume in this proof that the normal to 3S is the constant
left eigenvector I, (so that the normalization (2.2) may no longer be satisfied).

The proof consists of showing that, for ug € 95 and ¢ # p, the i-shock curve
through ug in fact lies on the plane 8S. To see this, we map the plane {v,, = 0} in
R™ onto (the global extension of) dS by an affine map v — Av + ug, and we let

g9(v) = A7 [f(Av +uo) — f(uo)]-
Then the Rankine-Hugoniot condition
f(u) = f(uo) = s(u — uo)
is equivalent to the relation
(3.1) g(v) = sv.
Now, since A maps the plane {v, = 0} onto a plane whose normal is l,, A* must
map I, to e, = (0,...,0,1). And since
dg/dv = A~(df /du)A,

we see that e, must be a left eigenvector of dg/dv|,,=o. Therefore, on {v, = 0},
dg/dv has the structure

dg | B | *
(3.2) o= [0 /\p].
We let v = (7, v,,) and g = (g, g»), where 7, § € R"~1. Evidently B = (dg/dv)(v,0)
has n — 1 distinct eigenvalues, so that the reduced Rankine-Hugoniot condition

(3.3) 9(7,0) = s

has n—1 curves of solutions through 7 = 0. However, (3.2) shows that (3¢, /37)(%, 0)
=0, 50 gn(7,0) = g»(0,0) = 0 = s-0. Thus if 7 and s solve (3.3), then in fact
g(7,0) = s(7,0), which is (3.1). We have therefore shown that there are n — 1
curves of solutions of (3.1) all lying in the plane {v, = 0}. As remarked earlier,
the images of these curves under the map v — Av + ug are the n — 1 1-shock or
i-contact discontinuity curves for 7 # p, which are therefore seen to lie in 4S.

EXAMPLE 3.4. We consider the following system of conservation laws, which
arises in chemical chromatography (see [1, p. 36]):

(3.4) %(6ni+ci)+A%:O, 1=1,...,n

ox




INVARIANT REGIONS FOR CONSERVATION LAWS 597

Here n; and ¢; are concentrations which depend on z and ¢, and é and A are positive
constants. The system becomes closed under an additional hypothesis of the form

" = NK;c;
T 14 Zj chJ' !
where N and K; are positive constants. The conserved quantities are then
dNK;
3.5) u;=6n; +¢;=c¢; |1+ : .
( [ 1+ Zj chj']
We first observe that v = (uy,...,u,) is a locally invertible function of ¢ =
(¢1,..-,¢n). To see this, we compute
% - SNK,;(1+ Zj;éi KjCj)
dc; (1+ZJ- Kjc;)?
and
Ou; SNK;K c;
3.6 - )
(38 0c;  (1+3; Kjc;)?
Thus 9 9 SNK
u; uj i
oh bt Tl S
ac; Z dc; + (1 + El chl)2 '

Jj#
which is positive in the nonnegative octant of c-space. Thus (du/dc)t is strictly
diagonally dominant, so that dc/du is an invertible matrix in a neighborhood V' of
the nonnegative octant of c-space.

Scaling out the constant A, we rewrite (3.4) in the form

Ou/0t + 0c(u)/dz = 0.

Now, c; is a concentration, so the set {¢; > 0} should be invariant. By (3.5) the
invariance of {¢; > 0} is equivalent to that of {u; > 0}. Applying Corollary 3.3,
we have only to check that, when u; = 0, the standard basis vector e; is a left
eigenvector of dc/du or equivalently, du/dc. But this follows from (3.6), for when
u; =0 (¢; = 0), du;/dc; = 0 for j # 1, so that the ¢th row of du/dc is a multiple
of e;, as required. And since the intersection of invariant sets is invariant, we thus
have that the nonnegative octant of u-space is invariant for (3.4).

In general, when S is not a half space, the shock curves may be difficult or
impossible to compute, so that condition (b) of Theorem 3.2 cannot be checked.
As we shall see, however, (b) is closely related to the convexity of S. To motivate
this result, we shall apply Theorem 3.2 to compute (well-known) invariant sets for
the equations of isentropic gas dynamics.

EXAMPLE 3.5. Consider the p-system

v — ug =0, u +p(v); =0

(v and u are now scalars), where p satisfies p’(v) < 0 < p”(v) for v > 0. One easily
computes that in the set V = {(v,u): v > 0}, the eigenvalues of d(—u, p(v))/8(u,v)
are +A(v) = +£4/—p’(v), with corresponding (unnormalized) right and left eigen-

1 A
Tiz[qj\:l and li=|::':1}.

vectors
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Now, if S is to be an invariant set, then by Theorem 3.2(a), S must be an
integral curve of r_ or r,. The integral curves of r_ are given by

(3.7) w=o+ / " A(s) ds.

There are thus two candidates for a corresponding invariant set: namely, the regions
above and below the curve (3.7). To check condition (b) of Theorem 3.2, we compute
the 1-shock curve through (vg,ug) from the Rankine-Hugoniot condition (2.3):

(3.8) u=1up— /—[p(v) — p(vo)](v —v0), v < wo.

(The requirement that v < vg is dictated by the entropy condition (2.4).) It is
easy to see that the 1-shock curve (3.8) lies below the integral curve (3.7), for when

v < vp,
e ([ o) ([ 4)”
= v=[p(v) = p(vo)](v — o).

This shows that the lower region
S = {(v,u): u < up +/ A(s)ds}
Vo

is in fact an invariant region. The condition p” > 0 implies that S is the convez
component of V — 3S. (If p were to satisfy p’, p” < 0 instead, then the 1-shock
curve would still be given by (3.8), but for v > vg, and the result would be the
same: the invariant set S would be convex.)

In a similar way, starting from an integral curve of r, we can show that the sets

S= {(v,u): uzuo—/v:/\(s)ds}

are also invariant. Finally, by taking the intersection of two invariant sets, one
from each family, we obtain an invariant set in which v, the reciprocal of density,
is bounded below, and in which, therefore, the matrix f’ is bounded.

It was no accident that the i-shock emanating from (vp, up) € 95 broke into the
convez component of V — 3S. In fact, this phenomenon generalizes, and allows us
to replace condition (b) of Theorem 3.2, in many cases of interest, by the simple
requirement that S be convex.

THEOREM 3.6. Assume that all fields are genuinely nonlinear.
(a) If S s tnvariant, then S must be convez.
(b) If S satisfies Theorem 3.2(a) and is convez, then S 1is locally invariant.

The proof of Theorem 3.6 is rather long and so will be deferred to the end of this
section. It is easy to see that the genuine nonlinearity hypothesis is necessary here.
For suppose that, for a system of two conservation laws, the first characteristic
field is linearly degenerate. Take C to be any integral curve of r;. (C is therefore
a contact discontinuity curve.) Then for either side S_ or S} of C, of Theorem
2.2(a) is satisfied by construction, and (b) is vacuous. Thus both sides S_ and Sy
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are invariant sets; but unless C is a line, they cannot both be convex. A specific
example is provided by the following system:

us + (e* +€%), =0, v = 0.
One can easily apply Theorem 3.2 to this system to show that the set
S = {(u,v): u<0and v>In(l-e*)}

is a nonconvex invariant set in V = R2.
When n = 2 the result of Theorem 3.6 can be sharpened as follows:

COROLLARY 3.7. Assume n = 2 and both characteristic fields are genuinely
nonlinear. Then S s invariant if and only if S is conver and satisfies Theorem
3.2(a).

PROOF. In light of Theorems 3.2 and 3.6, we have only to show that, if S
is convex and satisfies Theorem 3.2(a), then the shock curves satisfy Theorem
3.2(b) globally. Thus let up € S and let S be the curve u(e) parameterized by
€ = AMu(e)) — Muo) and such that u(e) = r(u(e)). (r is the right eigenvector of
f' corresponding to the eigenvalue A.) Now, by Theorems 3.2 and 3.6, the shock
curve ¢'(ug, -)|e<o of the same family remains in S near ug. We claim that if this
shock curve intersects S at a point u, other than ug, then the shock curve and
98 are coinciding straight lines between ug and u;. To see this, we have from the
Rankine-Hugoniot condition that

A(ur)—A(uo)
0= f(ur) — f(uo) — s(us — uo) = / [ (u(e)) — slie) de
- / A(u(e)) — sli(e) de = / le + A(uo) — s)i(e) de

= [Mu1) - slus — [Muo) — suo — / ul(e) de.

Thus . Ao —Auun)
Xuo) — Mun) /0 ule) de
s /\(ul) u /\(uo) — 8
~ Muo) = AMun) ™ T Xuo) — Mur)

Since the entropy condition requires that A(ug) > s > A(uy ), we thus have that an
integral average of points on 4S is a point on the line segment [ug,u1] joining ug
and u;. Thus u(e) = 39 is in fact a straight line between ug and u;, and we may
take 1u(g) = r to be constant. But then

(39  fu(e) - fluo) = /0 " /(u(e) yide) de

= ([ aenae)r= (2 [ ) e -l

so that this line segment coincides with the shock curve, as claimed.

To prove the corollary, we need to show that the shock curve ¢'(uo, -)|¢<o remains
in S as long as it is defined. If not, then by Theorem 3.6 and the above claim, there
is a minimal (negative) £ such that ¢!(uo, -)|c<o coincides with 35 up to u; = u(e;)
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FIGURE 2

(Figure 2). Evidently u(e) is not linear on any interval (¢,&1]. Let A be the set of
all u on the line segment [ug,u;] such that ¢!(u,)|c<o is globally contained in S.
Then £ is clearly closed, and u; € A by Theorem 3.6 and our claim above. But 4
is also open in [ug, u1], for if ug € A, then (3.9) shows that the line segment [uz, u;]
is contained in ¢'(uz,-)|c<0, say u1 = ¢'(uz,€}). Then since uy € A, we must have
that, for € < €}, ¢'(uz,€) € int(S) (since AS is not a line past u;). By continuity
and our claim above, the shock curves ¢!(u,)|c<o for u near u; also enter int(S),
and therefore will have precisely the same behavior. That is, such nearby points are
also in A. Thus A = [ug,u;], and the shock curve ¢ (uo,-) remains in S globally.
We can now work out explicitly the invariant sets S for a system of two genuinely
nonlinear conservation laws. First, by Theorem 3.2(a), the boundary S must be
an integral curve of a right eigenvector field, say of r;. Then 39S is locally the
solution set of an equation g(u) = 0, where g: R?2 — R?%, Vg = I, 8 is a scalar,
and j # p. By the above corollary, S is then invariant if only if S is convex. And
since S is smooth, one of the components S of V — dS will be convex provided
that r}g"r; is of one sign on 85 (see the remarks in the proof of Theorem 3.6(a)
below). This latter condition can be computed explicitly in terms of f as follows.

Since Vg is a left eigenvector of
o[
Vs’

\Jii
t _ t 1
Ap Vgt =Vg lvﬁ] .

Differentiating in the direction r;, we then obtain

we have

Tt' "
(VA - 13)Vg" + Mprig” = 159" f' + V' [T{ 2,] -
J

Now take the dot product of both sides with r;:

rifiTi

(N P t |7y

ApT,9"T5 = Aryg7 s + Vg P |
342"

so that

t n ﬂ lt [T;f{/rj:I .

t £, .
T;J275

TR weay w
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Since 3 and A, — A, are of one sign, we conclude that one of the sides S of an
integral curve of r; will be an invariant region provided that, along this integral

curve, the quantity
t e, .
It 50175
D t £, .
TiJ27;

is of one sign. Systems of two conservation laws which satisfy this condition globally
are precisely those in the Johnson-Smoller class (see (6}).

We do not know whether Theorem 3.2(a) and convexity are sufficient to insure
invariance in the large when n > 3. It is worth observing that a counterexample
here would then be an example for which parabolic regularization fails. For suppose
that, for some system of three or more conservation laws, there is a convex set S
satisfying Theorem 3.2(a), but which is not invariant for Riemann problems. If
then u; and u, are points of S for which the solution u(z,t) of the corresponding
Riemann problem contains a state not in S, then u(z,t) cannot be the limit (in
Ll ., say) as € — 0 of solutions u®(z,t) of

(3.10) us + f(u)z = ugy.

This follows because, by the results of [2], S is in fact invariant for solutions of
(3.10), so that u®(z,t) € S for all ¢, z,t.

The question of the global invariance of such sets S (i.e., convex sets satisfying
Theorem 3.2(a)) reduces by Theorems 3.2 and 3.6 to the question of whether or not
i-shock curves originating on 3S remain in S globally. The following result gives
sufficient conditions for an affirmative answer.

THEOREM 3.8. Suppose S satisfies Theorem 3.2(a). Leti < p and assume that
the ith characteristic field is genuinely nonlinear. Then if u(e) is the t-shock curve
through w; € 35, u(e) will be contained in S globally provided that the following
conditions hold:

(a) S is strictly convez in the sense that, when uy,us € 85, (uz —u1)tn(uz) >0
(n s the outer normal to 3S).

(b) s(ui,u(€)) < Ap(u(€)) (s is the shock speed).

(c) (d/de)s(wi, u(e)) > 0.

(The parameterization of u(e) 1s taken so that € decreases away from u;.)

PROOF. Suppose that the i-shock u(e) intersects S at u, = u(gg), and let S
be given by {u: g(u) < 0} near u,. Then setting s(¢) = s(u;, u(€)), we have, from
(2.3),

[f'(u(e)) — s(e)lule) = s(e)[ule) — wi.
Letting € = €9 and multiplying by Vg(u,), we obtain
(Ap — 8)Vg'a = §Vg* (ur — w);
that is,
& (e lemer = ity — )
dEg €=50_/\p_‘8 g \ur l)-

Our hypotheses (a)-(c) together with the fact Vg is a positive multiple of n show
that ¢ is strictly positive. Since £ decreases along the shock curve, we conclude
that u(e) returns to int(S) past u,. O
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i-shock u
N

)
i-integral <
J-integral

u,

FiGure 3

PROOF OF THEOREM 3.6. Suppose S satisfies Theorem 3.2(a). We fix a point
w; € 35 and let u, be a nearby point on the 7-shock curve through u;, where 7 < p.
If u, is sufficiently close to u;, the implicit function theorem applies to show that
u; can be connected to a point u; by an integral curve of r; and u, to a point us by
an integral curve of r,, in such a way that u; and uy are connected by a sequence
of integral curves of the fields r; for j # 7, p (Figure 3). Moreover, since the ¢-shock
curve and the integral curve of r; differ by O(£3) when the curves are parameterized
by € = Ai(u) — Ai(w), it is easy to see that

(311) Uy — U2,U2 — U = O(A’\?))

where A); = A;(u1) — Ai(w)-

Now let 3S be given locally as the solution set of the equation g(u) = 0, where
Vg(u) = B(u)lp(u) on S and, without loss of generality, 3 > 0. We shall show
below by Taylor series that, for the above conﬁguration,

(3.12) [Ap(uz) — s]AX, = £9"ri)lu, + O(AXY),
N e’ 12,3
+

where s is the speed of the shock (ul,u,) and AX, = Ap(ur) — Ap(uz). Observe
that, in the small, A,(uz) — s > 0 by the ordering of the characteristic speeds, and
A); < 0 if the shock (u;,u,) is entropy-satisfying. Now, since l5r, = 1 and 8 > 0,
7p points out of S. And since VA,r, = 1, it follows that u, € S & A)p <0. Now
suppose S is invariant. Then all such points u, are in S, so the correspondmg A,

are nonpositive. Letting AX; — 0 in (3.12), we then have that rtg"r; > 0 at for
any u; € 8S. An easy local calculus argument then shows that each point u; of S
is the center of a ball B such that BN S is convex. It then follows that S itself is
convex (see [12, pp. 48-50]).

To prove the converse, suppose S satisfies Theorem 3:2(a) but is not a locally
invariant set. Then by (b) of that theorem there must be a point u; € S whose
i-shock curve (for ¢ < p, say) includes points u, ¢ S arbitrarily close to ;. For such
a point u, we then have that A\, > 0, so that by (3.12), rfg"r; < 0 at some point
ug of 8S. But this implies that S cannot be convex. Thus convex sets satisfying
Theorem 3.2(a) are at least locally invariant.

To prove (3.12) we expand each term in the shock relation

(3.13) Ip(u2)*[f (ur) = f(w)] = slp(u2)*(ur — w)

about ug, making repeated use of (3.10). In the following computations, functions
without arguments are understood to be evaluated at uo. First,

A/\3 d
dr;

w = s = M) + 22 (), - 22 (), +0(AX)),
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so that, by (3.11),
AN, AN d

(3.14) up —uw = AN — —2—T¢Ti + 6 F(Tg'ri) + O(AA?)'
Thus

AN? AN
(3.15) B —w) = ——2—ll;r£r,~ + —G—‘I; <dinr2n> +0(AN).

Next, if v; are the intermediate states in the curve joining up with u; and A); =
)\j(vj) - )\j('vj_l), then

(3.16) up=ur+ Y, A +0(AN),
J#ip

so that
(3.17) I8 (uz — u1) = O(AX}).
Finally, if

Ay = Ap(ur) — Ap(u2),
then
(3.18) ur = ug + Adprp + O(ANY),
so that
(3.19) 15 (ur — uz) = Adp + O(AN)).
Adding (3.15), (3.17), and (3.19), we therefore obtain

AN? A\

(3.20) B(ur —w) = AXp — T‘l;rgri + 2 3!; (dinri'r'i) +0(AM).

Next, we expand the left side of (3.13). In this computation the vectors f”(v,v)
and " (v,v,v) will be denoted by f”v? and f"”v3. First, from (3.11) and (3.14),

Flw) = flug) + F(w —w1) + 37w —w1)? + 3" (w — w1)® + O(AN))
= flur) = A r; + AN (f'rir + £'r3)

2
3
AR o) - 31" (rrin) - £712] + 0L,

so that
AN?
2

(3.21)  B[f(w) - f(w)]= -
3
+ % [/\pl;é:—i(rﬁri) + 3I% " (rsyrirs) + l,t,f”'r?
+0(AN).

(Aplpriri + " r?)

Next, by (3.16),

flur) = f(ug) + f'(ur — uz) + O(AX})
= f(’u,z) = Z )\jA/\,-rj + O(A/\%),

J#uLp
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so that
(3.22) 1f(u2) = f(u1)] = O(AX]).
Finally, by (3.18),
fur) = fluz) = f'(ur — ug) + O(AN})
= M AN, + O(ANY),
so that
(3.23) Lp[f(ur) = f(u2)] = XA, + O(AX}).

Now add (3.21)-(3.23) to obtain the expansion of If[f(u,) — f(w)], and subtract
the expansion of slj,(u, — u;) (3.15). The result is

A)‘? t,/ t 1.2
(3.24) (Ap —8)AN, + (s = Ap)lprirs — L f"'r])
A*z (Ohp = S (rir) + Bl (3,71 + 157
= O(A/\f).
However, if we differentiate the relation f'r; = A\;r; in the r; direction, we obtain
(3.25) 'r2 4 flrley = i 4+ Nirlry,

so that

l;f” 3 = ()\i - )\p)l;r{ri.
The coefficient of AX?/2 in (3.24) is therefore (s — X;)lirir;. Next, differentiate
(3.25) in the ; direction and take [}, to obtain

B2 4 81 0t ms) = O = Mg s o () + 2l
The coefficient of AA3/6 in (3.24) is therefore
2 rirs + (X — s)l (r i) = 2lrirs + O(AN).
(3.24) has thus been simplified to

A,\2 :
(326)  (Ap— 8) ANy + =i (s — N)lbrlr + A; Llriri = O(AX).
However, by (2.5),
= Al P M) oany) = A—@T—A +0(Ax),

so that

8— A = —AX/2+0(AN?).
Substituting this into (3.26), we then obtain
(3.27) (Ap = 8)AN, + (AN} /12)Ib7ir; = O(AM).
Finally, if we differentiate the relation Vgtr; = 0 in the r; direction and use the
fact that Vg = gl,, we obtain
lyriri = —(1/B)rig"rs.
(3.12) then follows by substituting this into (3.27). O
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4. Finite difference schemes and invariant regions. In this section we
make some preliminary remarks concerning invariant regions and finite difference
schemes for systems of conservation laws.

Let zx, = kAz, k=0,+1,%2,...,and t,, = mAt, m =0,1,2,..., and denote by
uj* an approximation to u(zx,tm). For example, the Lax-Friedrichs scheme is based
upon taking integral averages of solutions of Riemann problems as follows. Given
uy, let u(z,t),t > tm, be the solution of the Riemann problem with “initial” data

(@, tm) ug 4, T < Tk,
P U z > T,

and assume that the CFL condition

Az
(4.1) AL

holds. The Lax-Friedrichs approximation is then defined by

(4.2) urtt = L / (@ by 1) e
2Az J,,

> maflz\j(u(z, t))
1717

If we apply the divergence theorem to the vector field (f(u),u) on the rectangle
[Tk—1,Tk+1) X [tm,tm+1) and use (1.1) and (4.1), we obtain the more familiar,
computational form of the Lax-Friedrichs scheme,

™ 1, . m At m m
uy +1 _ §(uk—l + uk+1) + m[f(uk—l) - f(uk-l"l)]‘

The Godunov scheme is defined in a similar way: we let u(z,t) solve the double
Riemann problem with data

ul:;n—l) z< Tr—1/2,
u(Z,tm) = { U, Tr-1/2 < T < Tg41/2,
Uy Thk+1/2 < T,
and take
1 Tk+1/2
(4.3) uptl = Az w(z, tmt1) dz.
z Tk—1/2

As above, this scheme is equivalent to

(4.4) up ™= + %[f(w(uﬁ_l,ui‘)) — flw(ug, ucy1)));

where w(uy, u,) is the solution of the Riemann problem with data (u;, u, ), evaluated
at (0,t).

Now, if a convex set S is invariant for solutions of Riemann problems, then the
forms (4.2) and (4.3) show that S remains invariant for the above two schemes. We
thus have:

THEOREM 4.1. Let S be a convex set in u-space which is invariant in the sense
of §2. Assume that all states are sufficiently close and that the CFL condition (4.1)
holds. Then S is also invariant for solutions of the Laz-Friedrichs and Godunov
schemes.

Of course, when all fields are genuinely nonlinear, invariant sets are necessarily
convex, by Theorem 3.6. We also remark that there is a proof (Hoff [4]) that the
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FIGURE 4

invariant regions found in Example 3.5 for the p-system remain invariant for the
Lax-Friedrichs scheme, even when the states u7* ; and uf’, ; are so far apart that
the solution of the corresponding Riemann problem fails to exist. We conjecture
that this is true more generally: that is, that if S is a convex set satisfying Theorem
3.2(a) and in which f’ is bounded, then S should be invariant for solutions of the
Lax-Friedrichs scheme, provided only that the CFL condition (4.1) holds. When
such an invariant set does exist, the results of Hoff-Smoller [5] and Nishida-Smoller
[9] become applicable to show that the parabolic system (3.10), with arbitrarily
large BV Cauchy data, has a global smooth solution.

Last, we shall examine the Osher scheme (see [10, 11]) in the special case that
there are no sonic points. Thus, for u in V,

(4.5) A(u) < -+ < Ag(u) <0< Agt1(u) < -+ < Ap(uw).
In this case Osher’s scheme takes the simple form

At m m m
(4.6) U?H = up' — Az [f(“k+1) — f(vg(ug®, ugy1))

+ f(vg(uity,uk)) — f(u;cn—l)] )

where v;(ui,ur), 1 =1,...,n, is defined as follows. We connect u, = vg to u; = v,
with a sequence of curves I'; and require that I'; be an integral curve of r;. v,
and v; are then the endpoints of I';, The reversal of the natural order of the
characteristic speeds here seems to be connected to the sharpness with which the
scheme resolves shocks and contact discontinuities. On the other hand, we shall
show that this reversal can also result in the loss of invariant regions.

Suppose, for example, that the Osher scheme is applied to the p-system (Example
3.5). We let S be the set

S = {(v,u): 0>g(v,u) =u—ug —/v:/\(s)ds},

which was shown to be an invariant region, and we take (vJ* ,uf* ;) = (v, up*) =
(vo,uo) and (v, up ;) = (v2,u2) € S as in Figure 4. We may arrange these
points so that (vo,ug) is connected to a point (v1,u;) by an integral curve of rq,
and (v1,u1) to (v2,u2) by an integral curve of ry, in such a way that

(4.7) vo < v < V3.
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Applying Osher’s scheme (4.6), we then obtain

At
vt =v=w+ E(W - u1),
At
uptl =m =1y - A, P(v2) = p(v1))-

Now let v; = v + ¢, where € > 0. Then
V2
uz = Uy +/ A(s)ds
v

so that
ug —uy = —A(v1)e + O(2).

Thus _
9(v,u) =u —up — / A(s)ds
vo

At vo+(At/Az)(uz —u1) \s)d
= —A—z[P(W) —p(v1)] - /vo (s)ds
At At
- _A—a_:l"(vl)e - A_x’\(vo)(uz —u1) + O(e? + Juz — wy|?)
_ At 2 At 2
=~ M0 + M wo)A(v)e + O(€?)

- ﬁ_if\(vl)e[/\(vo) = Av1)] + O(e?),

which is positive for € > 0 small, by (4.7). (This depends upon the usual assumption
that p” > 0, which implies that A(v) is decreasing in v.) Thus (7,7) ¢ S, even
though (vo, up) and (v2, uz) are points of S. Observe also that this failure to respect
the invariant sets S cannot be remedied by any restriction on the mesh ratio At/Az.

This example suggests that we modify the Osher scheme to restore the natural
ordering of the characteristic speeds. Specifically, given vectors u; and u,, we
connect w; = vp to u, = v, by a sequence of integral curves I'; of ;. If v;_1(u;, u,)
and v;(u, u,) are the endpoints of T';, and if the \; satisfy (4.5), then the modified
scheme which results will be

(48) =l — D[l ) — (v u)]

In the following theorem, we show that this “modified Osher scheme” does in
fact preserve the correct invariant regions. While rather specialized because of
assumption (4.4), this result is still broad enough to cover the application to the
p-system (Example 3.5).

THEOREM 4.2. Let S be a convez set satisfying Theorem 3.2(a), and assume
that (4.5) holds. Then S is invariant for the modified Osher scheme (4.8) provided
that all states are sufficiently close and that one of the following holds:

(a) S s the intersection of V with a half-space;

(b) S s strictly convez, n = 2, and the CFL condition (4.1) holds;

(c) S 1s strictly convez, n > 3, and At/Azx 13 sufficiently small.

PROOF. It is sufficient to consider the case that u* € 8S. We shall expand
the terms f(vg) in (4.8) about uj*. First, let uf® = vo and ug® ; = vn, and connect
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vi—1 to v; by an integral curve of r; of “length” &; = X;(v;) — Ai(vi—1). In the

following computations we let ¢ = (£y,...,€,), and functions without arguments
are understood to be evaluated at uf':

q
1
Vg — U = Z(’Ui —vi-1) = Z (Em + Eefrfri) +0(e?)

i=1 i<q i
1
= E (em + §efr§r,~> + Z eiri(v; — vj—1) + O(e%)
1<q J<i<q
1
= E (e,-ri + -2-637'21',') + Z siejrgrj + 0(63).
i<q J<i<q

Therefore
f(vg) = F(ul) = f'(vg — uf®) + 5" (vg — ui)? + O(€®)
2
= (8,')\1'7',‘ + %f”l‘in) + Z eiejf'rﬁrj

i<q J<i<q
+3 ) cigif"(riyr) + O(%)
1,7<q
=Y e+ 3 ) & f'rimi+ f'(ri,m)]
i<q 1<q
1,0 1 3
+ ) egf'riry + " (ri,m5)) + O(E%).
J<i<q
However, if we differentiate the identity f'r; = A;7; in the direction of r;, we obtain

f'rirs + f"(riyr5) = (OXi/Orj)rs + Airirj.

Therefore
(49)  flog(u,ulpy) — F(u) = > ediri + D e} (ri + Airirs)
1<q 1<q
oA / 3
+ Z Eiej 5‘7'—'7'1"’{'/\;1":7'_7' +0(€ )
j<i<q J

Next, let u® ; = vo be connected to uf* = v, by a sequence of integral curves
T; of r;. Let v;_; and v; be the endpoints of T'; and ¢; = Ai(vi) = Ai(viz1). Then
letting € = (€g+1, - - - +En), We obtain, in a similar manner,

(4.10) f(u) — f(vq(ukty, ui)
= E et — % Z e2(r; + \iriri)
q+1<i g+1<i

—_ Z eiej (g—j;”" + AiTiTj) + 0(63).

q+1<i<y
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Now let € = (ey,...,&5), where (€1,...,€,) appears in (4.9) and (€g+1,--->€n)
in (4.10). Adding (4.9) and (4.10), we obtain

(4.11)  f(vg(ui, ui1)) — flvg(ui—q,ui))
=D eikiri— 3D _(sgn A)el(ri + Mirims)

: ( > ) e (Lor )] <0

J<i<q q+1<i<g
Finally, let S be given locally as {u: g(u) < 0}, so that Vg(u}’) is parallel to
l,(u*). Then from (4.8) and (4.11),
g(uptt) = g(u’) + Vo' (upt! —ui)
B - up)'e (! — o) + O(e?)

= — agpApVgiry[l + O(e)] + g— E 71Xl Vgtrir;
i#p

- E - Z (€:€;A:Vgbrir;)

Jj<i<q g+15i<y
1,J#P 1,)#Dp

2
o =
+ > E siej)\i)\jrgg”n + 0(63),

1,)#P
where « is the mesh ratio, o = At/Az, and € = (€1,...,Ep—1,Ep+1,- - -1 En). How-
ever, for 1 # p, Vgtr; = 0 on 85, so that for 5 # p,

rig"r; + Vgtrir; = 0.
Thus '

(4.12) g(ultY) = — agp A Vatrp[1 + O(e)] - % Z e2\\s|rig"r:
i#p

+a E - E (eigjhirsg"r:)

J<i<q g+1Zi<y

1L,J#P 1,0#P
2
+ % Z eie,-)\,-)\jr;g”r,- + 0(?3).
1,J#P

We claim that the first term on the right side is nonpositive. Suppose first that
Ap < 0. Then p < g and the curve I', occurs in the path joining uj* to ui, ;. Since
u® = vp is in 85, so is vp_y; and since v, = uf}, is in S, so is v,. Thus

0> g(vp) = g(vp) — g(vp-1) = €pVg'Tp|v,_, + O(€2).

Thus if €, # 0, €, and Vg'ry|v,_, have opposite signs. Since all states are close
and A, < 0, we may then conclude that

—agppVg - Tplu[1 +O0(€)] < 0.
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The proof is similar for the case that A, > 0. Now, when (a) of the theorem holds,
g is linear and the above estimate therefore shows that g(u7**!) < 0, which implies
that upt' € S.

When n = 2, the quadratic terms on the right side of (4.12) simplify to

~(a/2)e}Nilrig"ri + (a?/2)elNErig" i = —(a/2)ed | ilrig ri(1 — ali)),
which is negative definite in by (4.1) and the strict convexity of S. This proves

(b).
To prove (c) we write the quadratic terms on the right side of (4.11) as —aA(, )
+a?B(z,€), where A and B are the obvious bilinear forms. Clearly,

0 < ple|® < B(&,7) < mlel®.

Now, if we were to repeat the entire computation leading up to (4.12) instead for
the Godunov scheme (4.4), the result would have been exactly the same, since the
shock and rarefaction curves agree up to third order. And since S is invariant for
the Godunov scheme, it follows that the form —aA + o?B is nonpositive when a
is smaller than the CFL number «q in (4.1). Therefore

‘ A(g,€) > aoB(g,8) > aogl'él?,

so that
—0A(g,e) + ?B(g,2) < —a(aou — op)e]* < —C[el?,

provided that o < (u/F)co. In this case the expansion (4.12) shows that g(up*™') <
0 as required. O
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