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HOMOGENEOUS BOREL SETS OF AMBIGUOUS CLASS TWO
BY
FONS van ENGELEN

ABSTRACT. We describe and characterize all homogeneous subsets of the Cantor set
which are both an F,; and a Gj,,; it turns out that there are w, such spaces.

1. Introduction. A/l spaces under discussion are separable and metrizable. The aim of
this paper is to determine and characterize all homogeneous zero-dimensional
absolute Borel sets of ambiguous class 2, i.e., all homogeneous Borel sets in the
Cantor set C that are both an F; (a countable intersection of o-compact sets) and a
G, (a countable union of topologically complete spaces). Among the absolute Borel
sets of ambiguous class 2 are all spaces that are either s-compact or topologically
complete (they are the absolute Borel sets of class 1); characterizations of all
zero-dimensional homogeneous such spaces have been known since around 1930: in
1910 Brouwer [3] characterized the Cantor set C; in 1920 Sierpinski [22] char-
acterized the space of rationals Q; and in 1928 Alexandroff and Urysohn [1]
characterized the Cantor set minus a point, C\ { p}, the space of irrationals P, and
Q X C. It is easily seen that, apart from the discrete spaces, these are the only
homogeneous zero-dimensional absolute Borel sets of class 1.

It was not until 1981 that the first homogeneous zero-dimensional absolute Borel
set of ambiguous class 2 which is not of class 1 was characterized: in [16] van Mill
considered products of Q, P, and C, noted that Q X P was not yet characterized,
and filled in this gap; two other elements of this class, S and 7, which are
homogeneous complements of Q X P in the Cantor set, were characterized by van
Mill [17] resp., van Douwen ([4]; see also [6]), and Q X S and Q X T followed in [6]
by van Engelen and van Mill.

In this paper we show that there are precisely w, homogeneous Borel sets of
ambiguous class 2 in C; it is unknown how many homogeneous Borel sets (of
arbitrary class) there are.

This paper is organized as follows: in §3 we define topological properties &,, for
a < w,;, and describe how, with each of those properties, a finite number of
homogeneous Borel sets of ambiguous class 2 in the Cantor set can be associated.
§84 and 5 provide us with the lemmas that are fundamental to the construction (for
the results of §5 we heavily rely on a technique due to Saint-Raymond [21]); the
actual construction is carried out in §6 (spaces associated with property £, for some
a < w) and §7 (spaces associated with property &, for some a > ). In §8 we show
that C contains no other homogeneous Borel sets of ambiguous class 2 than those of
§86 and 7. Finally, §9 lists some open questions.
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2. Preliminaries. For all undefined terms and notation see Engelking [7] or
Kuratowski [15]. 4 = B means that A and B are homeomorphic. Cardinals are initial
ordinals, and an ordinal is the set of its predecessors; we put N = w \ {0} and write
lim(B) if B is a limit ordinal. All metrics in this paper are denoted by d and assumed
to be bounded by 1; the diameter of a set 4 is denoted by diam(A). A subset of a
space X is clopen if it is both closed and open in X. A space X is homogeneous if for
each x, y € X, there exists a homeomorphism h: X — X such that h(x)=y;
homogeneous with respect to dense copies of A if, for all dense subspaces 4, 4, of X
such that A4, = 4 = A,, there exists a homeomorphism A: X — X such that h[4,] =
A,; strongly homogeneous if U = X for each nonempty clopen subset U of X. It is
easily seen that a strongly homogeneous zero-dimensional space is homogeneous. By
a complete space we mean a topologically complete (separable metric) space, i.e., a
(separable) completely metrizable space, i.e., an absolute G;. If #, and £, are
topological properties, we write “X is #, U%,” if X=A4 U B, where 4 has
property #, and B has property #,.

2.1. DEFINITION. Let P be a topological property.

(a) A space X is strongly o-Pif X = U2, X,, where each X; is a closed subspace of X
which has property 2.

(b) Pis strongly e-additive if a space is P whenever it is strongly o-P.

2.2. DEFINITION. For n € N a space X is 2, if X =U_, X,, where each X; is
strongly o-complete; X is 2, if X = &.

2.3. PROPOSITION. Let X be compact and A C X. The following are equivalent:
(1) A is strongly o-complete;

(i) X\ 4 = F U G, where F is a o-compact and G is a complete subspace of X;

(iii) A = F N G, where F is a o-compact and G is a complete subspace of X;

(iv) A = G\ G,, where G, and G, are complete subspaces of X.

PrOOF. The equivalence of (ii)—(iv) is an immediate consequence of the fact that a
subspace of a compact space is complete if and only if its complement is o-compact.
So assume (i) holds, say 4 = U, 4,, where each 4, is closed in 4 and complete.
Then

Cs
Cs

x\4=U(4\4,)ux\U4.

1 i=1

i

2 (A4\A4)=F; and G = X\UZ 4, is
complete; so (ii) holds. Conversely, suppose (iii) holds, with F = U2, F}; it is easily
seen that F, N G is complete and closed in 4, so 4 =UX,(F;, N G) is strongly
o-complete. O

We now give topological characterizations of some Borel subsets of the Cantor
set; parts (€)—(i) of the next theorem will be reproved in this paper. Here, if Zis a
topological property, then a space is nowhere 2 if none of its nonempty open subsets
is 2; note that if 2is a closed-hereditary property, then a zero-dimensional space is
nowhere 2 if none of its nonempty (basic) clopen subsets is #. Of course, “unique”
is “unique up to homeomorphism”.

Now 4, \ 4, is o-compact, hence, so is U2




HOMOGENEOUS BOREL SETS OF AMBIGUOUS CLASS TWO 3

2.4. THEOREM (a) (BROUWER [3]). The Cantor set C is the unique zero-dimensional
compact space without isolated points.

(b) (ALEXANDROFF AND URYSOHN [1]; HAUSDORFF [12]). The set of irrationals P is
the unique, zero-dimensional, complete, nowhere locally compact space.

(c) (SIERPINSKI [22]). The set of rationals Q is the unique countable space without
isolated points.

(d) (ALEXANDROFF AND URYSOHN [1]); VAN MILL [16]. Q X C is the unique
zero-dimensional, 6-compact, nowhere countable, nowhere locally compact space.

(e) (vaN MILL [16]). Q X P is the unique, zero-dimensional, strongly a-complete,
nowhere a-compact, nowhere complete space.

(f) (vAN DOUWEN [4]; VAN ENGELEN AND VAN MILL [6]). There exists exactly one
zero-dimensional space T which is the union of a complete subspace and a countable
subspace and is nowhere o-compact and nowhere complete.

(g) (VAN MILL [17]). There exists exactly one zero-dimensional space S which is the
union of a complete subspace and a o-compact subspace and is nowhere o-compact and
nowhere the union of a complete subspace and a countable subspace.

(h) (VAN ENGELEN AND VAN MILL [6]). Q X T is the unique zero-dimensional space
which is the union of a strongly e-complete subspace and a countable subspace and
nowhere the union of a complete subspace and a countable subspace and nowhere
strongly a-complete.

(i) (vAN ENGELEN AND VAN MILL [6]). Q X S is the unique zero-dimensional space
which is the union of a strongly o-complete subspace and a o-compact subspace and
nowhere the union of a complete subspace and a o-compact subspace and nowhere the
union of a strongly o-complete subspace and a countable subspace.

A slightly different version of the following lemma was proved in [6).

2.5. LEMMA. Let A be a nonempty, compact, nowhere dense subset of X, and let
(&,) N be a given sequence of positive numbers. Then there exists a countable discrete
subset D = {d,: n € N} of X such that D= D VU A and d(d,, A) < ¢, for each
n € N.

ProoF. For each i € N let 2, = {D(i, j): j = 1,...,n;} be a collection of open
subsets of X of diameter less than 1/i such that A € U 2,, and let p(i, j) € D(i, j)
N A. For each n € N there exists a unique i € N such that n = (X} n,) +j for
some j < n,;, and we choose d, € (B(p(i, j), &,) N D(i, j))\A. Then D = {d,:
n € N} is as required. O

3. A preview. The aim of this section is to give the reader a rough idea, without
going into technical details, of how the collection of homogeneous Borel sets of
ambiguous class 2 in the Cantor set is built up. The topological properties char-
acterizing these spaces will be defined inductively; the definitions are closely related
to an old theorem of Kuratowski.

3.1. DEFINITION. For n € w, X, is the class of all spaces which are 2, and for even
a €fw,w,), say a = B + 2n with im(B) and n € w, X, is the class of all spaces A
which can be written as U2, A, U B, where A, € U{X: y even < B} is closed in A
andBis Z,.
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3.2. THEOREM (KURATOWSKI [15]; FOR a = 0, HAUSDORFF [11]). Let X be compact,
and let o < w,. Then A is of ambiguous class a + 1 in X if and only if there exists, for
some even y < w,, a decreasing sequence { By: B < v} of sets of the multiplicative class
ain X such that A = U{ Bg\ By, : B even < y}.

Of course, here we are interested in the case « = 1 of the above theorem; the sets
By will then be G, subsets of X. If 4 is of ambiguous class 2 in X, we write
A =&[Bg, B < y]if {Bg: B <y} is a decreasing sequence of G’s in X such that
A =U(Bs\ Bg,,: Beven <y}

3.3. THEOREM. If A = ¥[ By, B < v] for some eveny < w,, then A € X

PROOF. If y = 2n for some n € N, then 4 = U"_{ B,,\ B,,.,. By Proposition 2.3
each B,;\ B,;,, is strongly o-complete, so A is X,. Now suppose the theorem has
been proved for y < a =48 + 2n, with lim(8) and »n € w, and suppose 4 =
&[Bg, B < a]. First note that A4 =[By, B <8]USF[Bs,;,i <2n] and B =
&#[Bs, ;i <2n]is Z,. Since § is a limit,

P By, B < 8] =U{#[Bs. B <7]:veven <8},

and #[Bg, B <y] = A\ B,isan F,in A for eacheveny < §; put A\ B, = U2, F?,
with F,Y closed in A4 for each i € N. Then &[B;, B < 8] =
U{F" i €N, y even <8} and FY=%[F" N By, B < y] € X, by the inductive
hypothesis. O

Thus, every Borel set of ambiguous class 2 belongs to some .. Conversely, we
have

3.4. THEOREM. If X is compact and A C X, A € X, then A is of ambiguous class 2
in X.

PROOE. A strongly o-complete subspace is the difference of two G4’s and, hence,
both an F,; and a Gg,, so the theorem holds for finite y. Now suppose the theorem
has been proved for y < a < w;, say a = 8 + 2n with lim(8) and n € w, and
suppose 4 = U® 4, U B as in Definition 3.1. Then clearly 4 is a G;, by the
inductive hypothesis, and

oo} o0
x\4=U(4\4) U(X\ U AT)\R
i=1 i=1
Since 4, is an F,;, A,\ A, is a G4,; and (X\ U2, 4,)\ B is the difference of a G,
and an F_;, hence a Gg,; so X\ A isa Gy, as well. O
In fact, it is possible to prove the stronger statement that, if 4 € K., then
A = [Bg, B < v] for some decreasing sequence { Bg: B <y} of G, subsets of X
(for details, see [S]). )
From the above theorems it follows that, in order to characterize Borel sets of
ambiguous class 2, we have to examine the classes ). Let us first consider the class
X, of spaces which are strongly o-complete. This class includes the complete spaces,
the o-compact spaces, and, hence, in particular, the countable spaces. The next class,
X,, contains spaces which are the union of two elements of )’; combining the
topological properties mentioned above, we obtain six new properties (note that
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complete U complete = complete, countable U countable = countable, and
o-compact U o-compact = o-compact):

complete U countable;

strongly o-complete U countable;

complete U o-compact;

strongly o-complete U o-compact;

strongly o-complete U complete;

strongly o-complete U strongly o-complete.
The class X, again yields six new topological properties; and proceeding in this way
we obtain topological properties describing elements of U, .y X5, as follows:

3.5. DEFINITION. Let X be a topological space. Then for each k € w,

X has property 2, iff X is Z, U complete;

X has property Py, ., iff XisZ,,1;

X has property ), ., iff X is =, U complete U countable;

X has property P}, . iff X is =, ., U countable (also for k = -1);

X has property P} ., iff X is =, U complete U o-compact;

X has property 22, ., iff x is =, ., U o-compact (also for k = -1).

For the sake of simplicity we write “X is £()” if X has one of the properties
defined above, meaning that the index i may or may not be there.

Now suppose that the properties £ are ordered as in the definition, i.e.,

Pak < Pakr1 < Piksz < Pigss < Pikir < Piirs < Paghrry-

In §6 we show that for each n € w, i € {1,2}, there exists, up to homeomorphism,
exactly one zero-dimensional space X" which is ) and nowhere £ for each
P < PO,

The spaces X" are roughly described by the following diagram:

X, = P
)
X, = QxP
T=X} v N X?=S
! i)

QxT=x! X2=QxS
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Here, the spaces S and T are those of Theorem 2.4; they are the only homogeneous
complements of Q X P in the Cantor set. X, is obtained as the complement of
Q X S or Q X T in the Cantor set, X; = Q X X,, and X} and X? are the only
homogeneous complements of X; in the Cantor set. Then X7 = Q X X{, X7 = Q X
X2, etc.

The spaces described above turn out to be the only zero-dimensional homoge-
neous (non-o-compact) elements of U, n¥5,. We now turn to the classes £, ,,,
where n € w and « is a limit ordinal less than w,.

Let us consider the class X, ,; each member X of this class is of the form
U, 4; U B, where 4, is closed in X, 4, € U, .n X3, and B is strongly o-complete.
If B is o-compact, say B = U2, B, w1th B, compact, then X = U2 ,(4; U B)), ie, X
would already be in ¥ ; the o-compact part of X is “absorbed” by U% , 4,. Hence, if
we want to define topological properties as in Definition 3.5, we need only
distinguish between “B is complete” and “B is strongly e-complete”.

3.6. DEFINITION. Let X be a topological space, and let a € [w, w,) be a limit
ordinal. Then for each n € w,

X has property 2, ., iff X € X, a+2n’

X has property P, . 5,1 ff Xis P, .5, U complete.

In §7 we will show that for each n € w, i € {1,2}, and k € (0,1}, there exists, up
to homeomorphism, exactly one zero-dimensional space X | ,, , , such that

Xi = X2 = X,is 2,, and nowhere %, for each B < a;

X;“,,H is?, .,,.1, nowhere 2, ., . and contains no closed copies of X2, ,,;

X2, 5041182, ar 2D nowhere 2, , ,,, and every clopen subset of X2, ,,,, contains

a closed copy of X2, ,,;

X} 0,42iSP, .5, ., nowhere 2, ., .., and contains no closed copies of X2, ,, . 1;

X2 0nin 18 Pornnias nowhere 2. .,,.1, and every clopen subset of X2,,,.,
contains a closed copy of X2, ,, ..

The spaces can be described as follows:

1
X, 2 Xo1 =2 Xa s =QX Xpyy — - X2,

a+1
— 2 1 1 2 2
- Q X Xa+1 - Xa+3 - Xa+4 - Xa+3 - Xa+4 — etc.

Here, X!, , is the complement of X in the Cantor set, X2, is the complement of
X!, X, is the complement of X2, ,, and so on. Furthermore, X, , = Q X X.,;,
X2, ,=Q X X2, etc. X, is obtained as the countable union of closed nowhere
dense copies of previously defined spaces.

This way we obtain all homogeneous Borel sets of ambiguous class 2 in the Cantor
set; this is proved in §8.

4. KR-covers and their applications. From §3 we see that to obtain “new spaces
from old”, we frequently apply the following operations:

(1) taking the product with Q;

(2) taking complements in the Cantor set.
In this section we establish two very general theorems. The first (Theorem 4.3) is due
to Ostrovskii [18] and will enable us to handle (1); since Ostrovskii’s paper is in
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Russian, we feel that it might be useful to include a proof of this theorem. The
second (Lemma 4.6) will be used to show that, in all cases under consideration, if we
have two spaces X; and X, which have as their complement in the Cantor set the
previously characterized space Q X X, then there exists an autohomeomorphism 4 of
the Cantor set such that h/[Q X X] = Q X X, and hence X = X,; this will take care
of (2).

4.1. DEFINITION. Let X and Y be zero-dimensional spaces, A a closed nowhere dense
subset of X, and B a closed nowhere dense subset of Y. Suppose hy: A — B is a
homeomorphism, % = {¥,: n € N} is a cover of X\ A by disjoint nonempty clopen
subsets of X, and ¥"= {V,: n € N} is a cover of Y\ B by disjoint nonempty clopen
subsets of Y. Then {(U,,V,): n € N} is a Knaster-Reichbach cover, or KR-cover, for
(X\A,Y\B, h,) if, whenever h,. U,— V, is a bijection for each n € N, the
combination mapping h = U X — Y is continuous in points of A, and h™! is
continuous in points of B.

Note that we do not require the bijections h,: U, = V, to exist. Objects similar to
those defined above were used by Knaster and Reichbach in [14] to prove some
theorems on extensions of homeomorphisms; their technique has afterwards been
used by various authors, e.g. Pollard [19], Ravdin [20], and Gutek [10].

The following lemma is a slight generalization of Knaster and Reichbach’s
theorem.

new n

4.2. LEMMA. Let X and Y be zero-dimensional spaces, and let A and B be closed
nowhere dense subspaces of X and Y, respectively. If h,: A — B is a homeomorphism,
then there exists a KR-cover for ( X\ A, Y \ B, h).

ProOF. Embed X densely in a compact zero-dimensional space K. For each
x € K\ 4 let D, be clopen such that diam(D,) < d(D,, 4) and x € D,; let {D
i € N} be a countable subcover of {D:x€ K\ 4} and put U, = D, \(U,<I ),
Then {U i € N} is infinite since A is nowhere dense in K, and for each i € N
diam(0) < d(U,, A). Also, since {x € K: d(x, A) > e} is compact, d(U,, A -0
(i > o). Put U = U, N X, then {U i € N} is a cover of X\ 4 by nonempty
pairwise disjoint clopen subsets of X satisfying diam(U,) < d(U,, 4) = 0 (i —» o).
Similarly, let {¥;: i € N} be a cover of Y\ B by nonempty pairwise disjoint clopen
subsets of Y satisfying diam(V;) < d(V;, B) = 0 (i = o).

Now define bijections p, 6: N — N and points a, € 4, b, = hy(a,) € B, such
that

if nis odd, d(U,,), a,) < 2d(U,,,, 4), V, 0(,,) C B(b,, d(U,,y, 4));

if n is even, d(V,,), b,) < 2d(V,,), B), U,(,,, C B(a,,, d(Vy(nys B)),
as follows:

Suppose a,, b,, p(k), o(k) have been defined for k < n; if n is odd, let
p(n) = minN\ {p(k): k < n};leta, € 4 be such that d(U,,, a,) < 2d(U, ho(nys A)
and let b, = hy(a,). Pute = ld(l/;,(,,), A). Since d(V;, B) > 0 for each i € N and B
is nowhere dense in Y, B(b,,e) NV, #+ & for infinitely many i € N. Let o(n) €
N\ {o(k): kK < n} be such that V, Voimy N B(b,, &) # @ and diam(V,,,) < e. Then
Voin © B(b,,26).

p(n)
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If n is even let o(n) = minN \ {a(k): k < n} and proceed as above. We claim
that {(U,(,), Vo(n)): n € N} is a KR-cover for (X\ 4, Y\ B, hy). Indeed, let h,:
U, - V, be a bijection, and leth = U, h,. Suppose a € 4 and x,, — a. Since h|A4:
A = B, we may assume that x,, € U, , , for each n € N. Since each U; is clopen in X,
we have p(i,) = oo; hence diam(U,, ,), d(U,, ), 4), diam(V,, ,), d(V, ), B) = 0.
Now for eachn € N,

d(a,,a) <d(a,x,) +d(x,,a) <d(a,,U,,) + diam(y

i 2pliy) p(iy)

) +d(x,,a)

< max[d(lf,,(i"), B), 2d(A, Up(,."))] + diam(U

pliy)

) +d(x,,a)—0.
Soa; — a;hence h(a; ) = b; — h(a). Therefore,
d(h(x,), h(a)) <d(h(x,),b,) +d(b,, h(a))

< d(bi,.’ VO(in)) + diam(V;(.«"J + d(bi,,’ h(a))

< max{d(Uy,,, A),2d(B.V,y, )| + diam(V,,,) + d(b,, h(a))
- 0.
So h(x,) = h(a). Similarly, if b € B and y, — b, then h™'(y,) = h™}(b). O

4.3. THEOREM (OSTROVSKI! [18]). Let A be a strongly homogeneous, zero-dimen-
sional space and suppose X = U2, X;, where each X, is closed and nowhere dense in X
and X; = A for eachi. Then X = Q X A.

PROOF. Let Y =Q X 4; put Q = {¢;: i € w}, and let Y; = {g;} X A. Note that
for each i, Y is closed and nowhere dense in Y, and Y, = A. Let M be the set of all
finite sequences of natural numbers, including the empty sequence @&. For s =
(815---,8,) €E M, put |s| =k, and || = 0. For each s € M we define collections
%(s) = {U(s, n): n € N} of disjoint clopen subsets of X, ¥"(s) = {V(s, n): n € N}
of disjoint clopen subsets of Y, closed nowhere dense subsets D(s) of U(s), E(s) of
V(s), and homeomorphisms h(s): D(s) — E(s) such that

1) D(B) = Xy, E(8) = Y,, U(Z) = X, V(B) =Y,

) {(U(s, n), V(s,n)y: n€ N} is a KR-cover for (U(s)\ D(s), V(s)\ E(s),
h(s));

(3) Xy € Ui D(s5), Yy € Uk E(5).

Define D(@), E(2), U(®), and V(@) as in (1); then, by Lemma 4.2, there exists
a KR-cover {(U(n),V(n)): n € N} for (U(Z)\ D(2),V(2)\ E(D), h(D)), where
h(2): D(2) —» E(9) is an arbitrary homeomorphism.

Now suppose %(s), ¥ (s), D(s), E(s), and h(s) have been defined for |s| < k,
and fix s € M with |s|=k. Let k, = min{j: U(s,n)N X, + 8}, [, =
min{ j: V(s,n)NY;# @}, and put D(s, n) = U(s,n) N X, , E(s,n) = V(s,n)N
Y,. Since A is strongly homogeneous, there exists a homeomorphism k(s, n):
DZs, n) = E(s, n). Since D(s, n) (resp. E(s, n)) is closed and nowhere dense in
U(s, n) (resp. V(s, n)), there exist (s, n) = {U(s, n,i): i € N} and ¥°(s, n) =
{V(s, n,i): i € N} such that {(U(s, n,i),V(s,n,i)): i € N} is a KR-cover for
(U(s, n)\ D(s, n), V(s, n)\ E(s, n), h(s, n)). It is easily seen that (3) is satisfied.
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This completes the induction. We claim that h = U ., h,: X = Y. Since D(s;) N
D(s,) = @ if 5; # 5,, h is well defined, and, by (3), the domain of 4 is all of X, and
the range is all of Y. Since # is clearly bijective, it suffices to show that # and 4! are
continuous. So let x € X, say x € D(s). By (2) it suffices to show that h[U(s, n)] =
V(s, n) for each n € N; but this follows immediately from the observation that
U(s,n)=U,cyyD(s,n, t), V(s,n) =U,cE(s, n,t), and h[D(s, n, t)] = E(s, n, t)
for each t € M. The continuity of 4! follows in exactly the same way. O

4.4. REMARK. If the strongly homogeneous space 4 in the above theorem contains
a closed nowhere dense copy of itself, then the result can also be deduced from a
theorem of van Mill [16].

The following theorem is a slight modification of the convergence criterion of
Anderson [2].

4.5. THEOREM. Let X be compact, and for each n € N let h,: X - X be a
homeomorphism such that

d(h,.y, h,) <min{27",3"" - min{min{d(h,(x), h,(»)):
d(x,y)>1/n}:1<i<n}}.

Then h = lim h,, is an autohomeomorphism of X.

n—-oo'"'n

4.6. LEMMA. Let A be a (nondiscrete) zero-dimensional, strongly homogeneous space,
and suppose the Cantor set is homogeneous with respect to dense copies of A. Let X and
Y be dense subsets of C such that X =U2 X, Y =U2,Y,, X, is nowhere dense
closed in X, and Y, is nowhere dense closed in Y. If either

) X,=A =Y, foreachi € w,or

(2) X\ X, = A = Y,\ Y, and X,\ X, is dense in X,, Y,\'Y, is dense in Y, for each
i € w,
then there exists a homeomorphism h: C — C such that h[ X] =

PROOF. Let U be a clopen subset of C such that U N X; # @. Then in case (1),
UNX,= A, and in case (2), (UN X)\(U N X)) = Uﬁ()_(\X)~A since A4 is
strongly homogeneous In case (2) also, (UN X)\(U N X)) = U N (X;\ X)) =
U N X, since X, \ X, is dense in X,. Similarly, if V is a clopen subset of C such that
V'NY,# @, thenincase (1), VN Y, = 4, and in case (2), vny, D\N(¥VnyY)=
is dense in ¥'N Y, That there exists a homeomorphism f: UN X, > V' N Y, such
that flUN X, 1=V N Y, follows, in both cases, from the fact that C is homogeneous
with respect to dense copies of 4.

Now let M be as in the proof of Theorem 4.3. We construct for each s € M
collections #%(s) = {U(s, n): n € N}, ¥"(s) = {V(s, n): n € N} of clopen subsets
of C, closed nowhere dense subsets D(s), E(s) of C, and for each n € N a
homeomorphism 4,: C — C such that, if n = |s|, then

M X, c U|t|<n D(1), Y, C U|t|<n E(1);

@R)D(s) c U(s), E(s)c V(s), UB)= V(D)= C

3) h, ,[U(s, i) = V(s,i)foreachi € N;

@D h, \[D(s)) = E(s),h, [D(s)N X]=E(s)NY;

(5) hn+1|U|1|<n D(t) = hn|U|1|<n D(t);
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©6) {(U(s,i), V(s,i)): i€ N} is a KR-cover for (U(s)\ D(s), V(s)\ E(s),
h,,|D(s));

Q)
diam(V') < e,,, = min{2°"*Y, 30D min{min{d(h,(x), h;(y)):

d(x,y)>1/(n+1)}:1<i<n+1}}

if Ve ¥(s).
Suppose this has been done; we claim that d(h,, k,,,) < ¢, and thatlim,_, 4, = h:
C = C has the property that A[ X] = Y. If x € U, D(¢), then by (5), h,,,(x) =
h,(x), so d(h,(x), h,,1(x)) <e, If x&U,.,D(t), then x & D(2), hence, x €
U(m) for some m € N, and proceeding inductively, using (6), x € U(s, i) for some
s € M with |s] =n — 1, and some i € N, so by (3), h,(x) € V(s,i); if x € D(s, i),
then by (4), h,, (x) € E(s,i) C V(s,i) by (2), and if x & D(s,i), then x €
U(s, i, j) for some j € N, hence by (3), h,,,,(x) € V(s, i, j) C V(s, i) by (6). Thus
{(h(x), Boy1(x)} C V(s, i) € ¥ (5), Is] = n — 1; hence, by (7), d(h,(x), h,,(x))
< g,. Hence, by Theorem 4.5, lim,_, h, = h is an autohomeomorphism of C.
Suppose x € X,; by (1), x € D(s) for some s € M with |s| < n; hence, by (4),
hig+1(x) € Y; by (5), h,,(x) = hg,1(x) for each m > |s| + 1, s0 h(x) = hy ., 1(x),
i.e.,, h(x) € Y. Conversely, if y € Y,, then y € E(s) for some s € M with |s| < n;
hence, y = hy,,,(x) for some x € D(s) N X; as above, h(x) = h,,,(x), s0 y €
h[ X].

We now show how to carry out the induction. First, put U(&) = V(2) = C,
D(2) = X,, E(?) = Y,, and let k% D(2) - E(2) be a homeomorphism such that
h°[X,] = Y,. Let #= {R;: i € N}, &= {S;: i € N} be such that {(R,, S;): i € N}
is a KR-cover for (C\ D(9), C\ E(9), h%); this is possible by Lemma 4.2. Since
R, = C = S, there exists a homeomorphism A’: R; — S;. Put

h=Uhr:C=cC.
i€w
For each i € N let {S(i,1),...,8(i, n;)} be a disjoint clopen cover of S, by sets of
diameter less than ¢, (as in (7)), and fori € N, 1 < k < n;, put
R(i, k) = hi'[S(i, k)];
then #(2) = {R(i,k):ieN,1<k<n}, ¥ (2)={SG,k)ieN1<k<n;}
can be reindexed as {U(n): n € N}, {V(n): n € N} such that {(U(n), V(n)):
n € N} is a KR-cover for (C\ D(&),C\ E(9D), h,|D(2D)) satisfying h,[U(n)] =
V(n). Now suppose D(s), E(s), %(s), ¥ (s), and h,, have been constructed for
Is| <n(=1)and m < n. Fixs € M with|s| = n — 1. Let
k;=min{j: U(s,i)nX,# @}, |,=min{j: V(s,i)NY,+ @},
and put
D(s,i)=U(s,i)NX,, E(s,i)="V(s,i)NY,.
Let h°(s, i): D(s, i) = E(s, i) be a homeomorphism such that h°(s, i) D(s, i) N X]
= E(s,i) N Y. Choose #(s,i) = {R(s, i, j): j € N}, &F(s,i) = {S(s, 1, j): j € N}
such that

{(R(s,i, j), S(s, i, j)):j € N}
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is a KR-cover for (U(s, i)\ D(s, i), V(s,i)\ E(s,i), h%(s,i)), and let h’(s,i):
R(s, i, j) = S(s, i, j) be a homeomorphism. Put

h(s,i)= U h'(s,i): U(s, i) = V(s,i)

JEw
and
B,y =U{h(s,i):|sl=n—-1,ie N} Uh,| U D(s).
|s|<n

As above, we can refine each ¥ (s, i) by disjoint clopen sets of diameter less than
e,.; and obtain {U(s, i, j): j € N}, {V{(s,i, j): j € N} such that {(U(s, i, j),
V(s, i, j)):j € N} is a KR-cover for (U(s, i)\ D(s, i), V(s, i)\ E(s, i), h,, 1| D(s, i))
satisfying h, ,[U(s, i, j)] = V(s, i, j). As in the proof of Theorem 4.3, it is easily
seen that h, ; is a homeomorphism and the inductive hypotheses are satisfied. O

4.7. THEOREM. Let A be a (nondiscrete) zero-dimensional, strongly homogeneous
space. If C is homogeneous with respect to dense copies of A, then C is also
homogeneous with respect to dense copies of Q X A.

ProOF. This follows immediately from Lemma 4.6(1). O

S. Hurewicz-type theorems. In this paper we will often be concerned with the
construction of closed copies of previously characterized spaces in the space which is
yet to be characterized. The first theorem of the type we are looking for was proved
by Hurewicz in [13]: he showed that, if a Borel subset A of a compact space X is not
complete, then X contains a closed subset K such that KN 4 = Q and K\ 4 = P;
clearly, the condition that X is not complete is also necessary, since Q is not
complete.

In [21] Saint-Raymond proved a similar theorem: he showed that a Borel subset 4
of a compact space X is not the union of a o-compact subspace and a complete
subspace if and only if 4 contains a closed copy of Q X P; by Proposition 2.3 this is
also equivalent to X \ 4 not being strongly o-complete. In [6] the above results were
improved, and more Hurewicz-type theorems were proved:

5.1. THEOREM. Let X be a compact space, and let A be a Borel subset of X.

(a) A is not complete if and only if X contains a Cantor set K such that KN A = Q
and K\ A = P;

(b) A is not complete U countable if and only if X contains a Cantor set K such that
KNA=QXCand K\ A =P,

(c) A is not strongly e-complete if and only if X contains a Cantor set K such that
KNA=Tand K\A=QXP;

(d) A is not strongly e-complete U countable if and only if X contains a Cantor set K
suchthat KN A= Sand K\A=QXP.

The new Hurewicz-type theorems we need in this paper will all be deduced from
the following two lemmas; although they are valid for Borel sets in arbitrary
compact spaces (see [5]), we will restrict ourselves to Borel subsets of the Cantor set
C. The proofs are inspired by [21] and [6].
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5.2. LEMMA. Let 2 be a topological property which is closed-hereditary and strongly
o-additive such that all singletons are $. Let Z + & be a strongly homogeneous space
and suppose that if B is a Borel subset of C which is not P, then C contains a Cantor set
K such that K N\ B = Z and K\ B is contained in a 6-compact subset G of C with the
property that G N\ B is P. Then if A is a Borel subset of C which is not # U complete,
then C contains a Cantor set K suchthat KN A = Q X Z.

PROOF. Since A4 is a Borel subset of C, there exists a continuous surjection ¢:
P - C\ 4. Put
W = { x € P: there exists a neighbourhood ¥, of x in P and a
o-compact subset E, of C such that ¢[V,] C E, and E, N 4 is #}.

Then W is open in P, so there exist countably many open V; in P and o-compact E,
in C such that W =U2,V,, ¢[V,] C E;, and E, N A is 2. Since E, is o-compact, we
can write

o .
Ei = U Kj”
j=1
where each K| is compact; then
e .
E= U K/
ij=1

is o-compact, and since K I." N A, being a closed subspace of E; N 4, is 2,

o0
Ena= U (k/n4)
ij=1

is strongly 0-#, hence 2.

Now suppose C\ 4 C E; then 4 = (ENA)U(C\E) is £ U complete, a
contradiction. Hence, F = P\ ¢"![ E] is nonempty and complete.

Claim 1. If @ # Uisopenin F, G C C is o-compact, and ¢[U] C G, then G N 4
is not #.

Indeed, suppose G = U2, G, is # and G, is compact; then G, N A4 is #, and hence

i=1
(GUE)n4=U (G na)u U (Kin4)
i=1 ij=1

is strongly 0-2, hence #. Now let U’ be open in P such that U’ N F = U; then
6[U]=¢[UlU[U'\U]C GUE, and since U' ¢ W, (GU E)N A is not 2, a
contradiction. L

From this claim it follows that if @ # U is open in F, then $[U] N 4 is not 2.
By the Cantor-Bendixson theorem, we can write ¢[U] =L U M, where L is
compact dense in itself, or empty, and M is countable and disjoint from L. Suppose
L = @; then [U] N 4 is countable and, hence, 2, since singletons are & and 2 is
strongly c-additive, a contradiction. So L = C. By a similar argument, L N 4 is not

@, and thus L, and hence ¢[U ] contains a Cantor set K such that K N 4 = Z and
K\ A is contained in a o-compact subset G of L (and hence of C) with the property
that G N 4 is .
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Now, as in the proof of Theorem 4.3, let M be the set of all finite sequences of
natural numbers, and for s = (s,...,5,), put |s| =k, v(s)=s;,+ --- + 5, and
|@| = v(2) = 0. We will construct Cantor sets K in C, open subsets W, of F, and
open subsets U, of C, for each s € M, such that the following hold:

WK, < o[W,]c U;

(2)foreachn e N, U, , N K, = @;

(3) for each n,m € N, l_]sm NU,=@ifn+*m;

(4) foreachn e N, W, ,, C W,

(5)foreachne N, U, , C U;

(6) diam(W,) < 2°I*! (with respect to a complete metric on F);

(7) diam(U,) < 27,

(8) foreachn € N, d(K, K, ,) < 2! "¢,

9 K,NnA4=2Z, and K,\ 4 C G, for some o-compact subset G, of C such that
G,NAisP.

We use induction on |s|. First, put W, = F, U, = C. Then ¢[W,] contains a
Cantor set K, such that K, N 4 = Z and K, \ 4 C G, for some o-compact subset
G, of C such that G, N A4 is L. Then (1) and (9) are satisfied, and so are (6) and (7)
since all metrics are assumed to be bounded by 1.

Next, suppose that K, W,, and U, have been constructed for |s| < k, and fix
s € M with|s| = k.

Claim 2. K, is nowhere dense in K, U ¢[W,].

We distinguish two cases.

Case 1. Let y € K, N ¢[W,], say y = ¢(x), with x € W,, and let U be an open
neighbourhood of y in K U ¢[W,]. By continuity of ¢: W, — ¢[W,] there exists an
open neighbourhood V of x in W, such that ¢[V'] C U N ¢[W,]. Suppose U N ¢[W,]
C K,. Then ¢[V]c K,\ 4 C G,, and G, is a o-compact subset of C such that
G, N A is Z (apply (9)). Since V is a nonempty open subset of F, this contradicts
Claim 1, and hence U N (¢[W,]\K,) # @.

Case 2. Let y € K.\ ¢[W,], and let U be an open neighbourhood of y in
K, U ¢[W,]. Since K, C ¢[W,] by (1), UN ¢[W,]# &, say z € UnN ¢[W,]. If
z & K, we are done, and if z € K, then z € K, N ¢[W,], and Case 1 applies.

This proves the claim.

By this claim we can apply Lemma 2.5 to obtain a countable discrete subset
D, = {y,,: n € N} of $[W,]\ K, such that D, = D, U K, and d(y, ,, K,) < 27"
for each n € N. Now let U, , be an open neighbourhood of y, , such that U, , € U,
U,"K,=2,0,nT,,=2 if n+m, and diam(U, ) < 27**" for each n,
m € N. Since y, , € ¢[W,], y, , = ¢(x,,) for some x, , € W,; hence, there is an
open neighbourhood W, , of x, , in F such that W, , C W,, diam(W, ) < 2717},
and ¢[W, ] c U, ,. Then ¢[W, ] contains a Cantor set K , such that K, , N 4 =
Z,and K, ,\ 4 C G, , for some o-compact subset G, , of C such that G, , N 4 is 2.
Then (1)—(7) and (9) are satisfied. To prove (8) note that

d(K,, K, ,) < d(K,,U,,) + diam(U, ,) < d(K,, y, ,) + 276 < 21776,
This completes the induction. For each k € w put
B, =U{K,:|s| < k}.
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By induction we will show that B, = C for each k € w. For k = 0 this is clear, so
suppose B; = C for j < k (> 1). By Theorem 2.4 it suffices to show that B, is
closed in C. For each ¢ > 0 put
Bi={x€ C:d(x, B,) < ¢},
and
Mi={seM:|s|=k+1,K,¢ B},
Then each Bf is compact, and M is finite by (1), (7), and (8). Since B, is compact by
the inductive hypothesis, we have
B, = ) B;
>0

whence B, ., = N, o(Bf UU{K,: s € M}) is compact, being the intersection of
compacta. So B, ., = C. Now put

<(0s)

then clearly K = C. We claim that K N 4 = U2 ,(B; N A). Suppose to the contrary
that x € (K N A)\UZ, B;, and fix i € w. Since x &€ B;, x € B} for some & > 0.
From (1) and (4) it follows that

o0
UBcau U o[W],
j=0 [sl=i
and from (1) and (7) that ¢[W,] c B¢ for all but finitely many s € M with |s| = i.
Hence, for some finite M, C {s € M: |s| = i}, we have
KcBiu U ow].
sEM,
Then x € ¢[W,] for some s € M, and this s is unique with |s| = i by (3) and (5).
So, by (4), there exists an infinite sequence o of natural numbers such that

x € ﬂ{ m : s is an initial segment of ¢ } R
which is a one-point set by (1) and (7). Also,
N{W,: s is an initial segment of 0 } = N{ W,: s is an initial segment of o }

is a one-point set by (5) and by completeness of the metric on F. Hence, if

z € N{W,: s is an initial segment of o },
then ¢(z) = x, so x € ¢[P] = C\ 4, a contradiction since x € K N A. So

KnA= G(B,.nA)= U (K, n 4).

i=0 seEM

Obviously, K, N 4 is closed in K N A, so by Theorem 4.3 it suffices to show that
K, N A is nowhere dense in K N A4 in order to prove that KN A = Q X Z. So let
x € K,N A and ¢ > 0. Choose n € N so large that 27" < ¢/2. Since D, = D, U

K., y;.m € B(x,277¢™) for some m > n; and since y, ,, € U, ,, and diam(U ,,) <
2-rm we have U, ,, C B(x, €),s0 K, ,, C B(x,¢).By(2), K, , N K, = &,s0

B(x,e) N((KNA)\(K,NnA))D(K,,,NA)+ 2. O
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5.3. LEMMA. Let 2 be as in Lemma 5.2, and suppose that for each i € w, Y, and Z,
are noncompact strongly homogeneous spaces. Furthermore, assume that if B is a Borel
subset of C which is not P, then C contains, for each i € w, a Cantor set K, such that

M K\ B = Z;

(DK, N Bis %,

(DK, NB=Y,.

Then if A is a Borel subset of C which is not #, C contains Cantor sets B,, for i € w,
such that K = U2, B,) = Cand, for each i € w,
(i) B, is nowhere dense in K

(i) K\ 4 = U2 o(B,\ 4);

(iii) By\ 4 = Zy and (B,,, \ B)\A = Z,  ;

(v)ByNA=Yyand (B, ;\B)NA=Y,,.

If the Cantor sets K only satisfy (1) and (II), we can construct K satisfying (i)—(iii).

ProOF. Since A4 is a Borel subset of C, there exists a continuous surjection ¢:
P — A. Put

W = {x € P: 3 a neighbourhood V, of x in P, and a
o-compact subset E, of C, s.t. [V, ] C E,,and E, N A is P}.

Then W is open in P, so there exist countably many open V; in P and ¢-compact E,
in C such that W =U2,V,, ¢[V]]C E,, and E;N A is . Put E = U2, E; then it
follows as in Lemma 5.2 that E N 4 is . Now suppose A C E; then A = EN A is
2, a contradiction. Hence, F = P\ ¢ ![ E] is nonempty and complete.

As in Lemma 5.2, we can show that if U # @ is open in F, then ¢[U] is not &;
we can then show that qb—[UT contains Cantor sets K, satisfying (I)—(IIT). Construct
K,, W, and U, as above, satisfying (1)—(8),

(9Y K\ 4 = Zand K, N 4 is 2, and, if (I1I) holds,

10K, NA =Y,
Since this time ¢ is a mapping onto 4, we find that K\ U% , B, € ¢[P] = 4, so that
K\ A4 =UZ(B,\ 4). Since B,,,\ B,=U{K,: |s|=i+ 1}, and since K, C U,
and U, N U, = & foralls,t € M with|s| = |t], we have

(Bisi \B)\A =U{K\4A:|s|=i+1} = NXZ,, = Z,,,

since Z,  , is noncompact and strongly homogeneous. If (III) holds, then (B;., \ B;)
N A =Y, follows in the same way. O

6. Finite unions of strongly o-complete spaces. We recall the topological properties
2 from Definition 3.5:

Xis 2, iff Xis =, U complete;

XisP, L iff Xis 2, |;

Xis P} ,,iff Xis 2, U complete U countable;

Xis P}, ,iff Xis 2,,, U countable;

Xis P} ., iff Xis =, U complete U o-compact;

Xis P2 ., iff Xis =,,, U o-compact.
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Note the following equivalences:
Puk+1y = Pagr1 Y complete;
Plis2 =Pl U countable = #,, 3 U complete;
Pl i3 = Py.1 U countable;
Phsr = Py U o-compact = P, ), U complete;
P2 3= Py 1 U o-compact.

6.1. LEMMA. (a) For eachn € w and each i € {1,2}, 2" is closed-hereditary.
(b) For each n € w, WV is hereditary with respect to Gy-subsets.

ProOF. (a) It suffices to show that a closed subset of a strongly o-complete space
is strongly o-complete. But if X = U2, X,, with X; closed in X and complete, then
for a closed 4 € X, A =UX (X, N A4), X, A is closed in 4 and also in X;, so
X; N A is complete.

The proof of (b) is similar; £2 ., and @2 ., are not Gg-hereditary since o-
compactness is not. O

6.2. LEMMA. Let X be a topological space.

(a) Foreach k € w, X is P, ., if and only if X is strongly 0-%,,.

(b) For each k € w and each i € {1,2}, X is P, if and only if X is strongly
0Py 12

PROOF. (a) For k = 0 this is clear, so suppose it is true for k <n (= 1). If X is
Pyn+r1» then X is Py, 1,1 U 2y, so by the inductive hypothesis we can write
X =AU B, where 4 = U2, 4,, with 4, closed in 4 and #,,,_,,, and B = U}2, B,,
with B; closed in B and complete. Then for eachi, 4, = 4, U (4; N B)is P, ,_, U Z,
by Lemma 6.1; i, 4;is 2,_, U complete U Z, is 2, U complete is £,,; and
B, = B, U (B;N A) is complete U &, ,,_,,,, is #,,. Thus, X = U2, 4, U U2, B, is
strongly 0-2,,,.

Conversely, suppose X = U®, X;, where X; is closed in X and #,,; i.e., X, is
Pyn-1y+1 Y complete; by the inductive hypothesis

o0
x,= U4 ug,

j=1
where Aj. is closed in Uj.°_1 A; and #,,_,,, and G; is complete. Put
w —
A= U 4.
ij=1

Since/T; c X, = X, we have
A = 4,0(4 N G)

is Py ,_1) U complete is Z,,_;), so 4 is strongly 6-%,,,_,), hence, Z,, _,),, by the
inductive hypothesis. Also, 4 is an F, in X, so each G, \ 4 is complete; if

x€ G\4 N G(G,-\A),
j=1




HOMOGENEOUS BOREL SETS OF AMBIGUOUS CLASS TWO 17

then x € G,C X,, x & A, so x € G;; hence U%.1(G;\ 4) is strongly o-complete.
Thus, '

o0
xX=4vu U(G\4)
j=1
I8 Pyn_1ys1 YU 2118 %41
(b) For i = 1: By (a), X is &), . ; if and only if X is strongly 6-%#,, U countable. So
suppose X = U2, 4, U B, where 4, is closed in U;Z, 4, and #,,, and B is countable.
Then 4, = A, U (4, N B) is #,, U countable is #;, . ,. Since {b} is &}, , for each
b € B,

x=U4u U {s)

beB

qu

is strongly -2}, _ ,.

Conversely, suppose X = U, X, with X, closed in X and &}, _ ,,i.e., X; = 4, U B,,
where 4, is #,, and B, is countable Put B =U{2, B;; then each 4;\ B is #,, by
Lemma 6 1. Also, if

x€ 4,\B N G (4,\ B),

thenx € 4,C X,= X,, x & B,so x € 4, \B Thus, U%_,(4,\ B) is strongly ¢-2,,,
and

X= G (4,\B)UB
i=1

is strongly 0-%,, U countable. The case i = 2 is similar. O

6.3. COROLLARY. For odd n € N and each i € {1,2}, () is a strongly o-additive
property.

6.4. LEMMA. Let X be compact, and let A be a subset of X. Then for each k € w,

(@) A is Py, ifand only if X\ A is P, 1) .3,

(b)AisP,, . ifandonly if X\ A is P} ., .

PrOOF. We prove (a) and (b) simultaneously by induction on k. For k = 0, (a) is
trivial, and (b) follows from Proposition 2.3. So suppose (a) and (b) have been
proved for k <n (> 1), and let 4 be &,,, ie, 4 is $4,_;,,; U complete. By
Lemma 6.2 we can write 4 = U2, 4, U B, where 4, is closed in U2, 4, and 2, ,,_,),
and B is complete. Since C1,(4;) = A U (4,N B)is Pyn-1n Y complete 18 Py_1ys
we may assume that each A4, is closed in 4. Then

x\a=-U (A‘,~\A.»)U(X\ GAT)\B.

i=1 i=1

By the inductive hypothesis, we have 4, \ 4, is 22 an—2)+3> hence, by Corollary 6.3,
® (4,\ 4,) is also 97’4(,, 2+3 and (X\U 1A )\ B is complete \ complete is
strongly o-complete. So X\ 4 is 2,_; U o-compact U 2, is =, U e-compact is
g2
4(n—-1)+3°
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Conversely, if X\ 4 is #,_,,,3, then by Lemma 6.2, X\ 4 = U2, 4,, where 4,
is closed in X\ 4 and 2, , .,. Hence,
[oe] o0
4= U((4\4)ux\ U4,
i=1 i=1
By the inductive hypothesis, we have A\ A4, is Pyn-1y+1; hence, by Corollary 6.3,
UrZ1(4;\ 4,) is also @y, _ )., and X\ U2, 4, is complete. Thus, 4 is &, _,,, U
complete is ;.
To prove (b) suppose A = U2, 4,, where 4, is closed in 4 and £,,; then
[o¢] [~}
x\4=U(4\4)ux\ U4
i=1 i=1
is strongly 0-#%, )., U complete by the inductive hypothesis; hence, #Z, ;) ,; U
complete is #2, , ,.

Conversely, if X\ A4 is 2., is P%, 1), U complete, then, by Lemma 6.2, we
can write X\ 4 = U2, 4, U B, where A, is closed in UjZ, 4, and .97’4%,,_1)”, and B
is complete. Since Cl y, 4(4,) = 4, U (4, N B)is Py, _,,,, U completeis Py, ).,
we may assume that each A4, is closed in X \ 4. Then

[oe]
4=U(4\4,)u

i=1

[o o]
x\ U A‘,-)\B
i=1
is strongly 0-2, 1)1 U 2118 Py,_1y1 U 21182, 1189, O

6.5. LEMMA. Between the properties P, the following implications hold:

Pk - 2 2 Pher ™ Pack+1)
! ! l l

1 2
L1 = Parss 2 P -@A(k+1)+1

Corresponding to each property 2 we now define a class of spaces %, and
show that, up to homeomorphism, each Z,{" contains exactly one element.

6.6. DEFINITION. (2) ¥}, = (Q}; 3 = {Q X C}; Z, = {P)}.

(b) Let X be zero-dimensional; then for each k € w,

X € Zyyerry f X is Py 1 1), nowhere P, », nowhere Py .. 1;

X € Xy iff Xis Py, nowhere P, , nowhere P, . 3;

X € X}y, iff Xis P}y, ,, nowhere P, nowhere Pl . 3;

X € Xk, iff Xis Pl.o, nowhere P}, . 5, nowhere Pg, .3

X € Tk iff Xis Pl 5, nowhere P} . ,, nowhere 2, , ;;

X € X2 . iff Xis PL 5, nowhere P, 5, nowhere P}, 5.

Observe that if X € (), then X is nowhere locally compact; so X can be
embedded in C as a dense and codense subset.

6.7. LEMMA. Letn € w,i € {1,2},and X € Z(".
(a) If nis odd, then X is not Baire.
(b) If n is even, then X contains a dense complete subset and, hence, is Baire.

PROOF. If n is odd, then X is strongly 6-2(", and nowhere £{”,, so X is not Baire.
If n = 0, then X itself is complete. If n = 4k > 0, then X is #,,, hence X = 4 U B,
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where 4 is 2, and B is complete; since X is nowhere %, _y.;, X is nowhere Z,,
hence B is dense in X. The other cases are proved similarly. O

The following lemma gives alternative descriptions of Z,(" for even n; in some
cases these are easier to use than those of Definition 6.6.

6.8. LEMMA. Let X be zero-dimensional. Then for each k € w:
(@) X € &, iff X is P, and nowhere P}, ..
(b) X € k., iff X is Pl ., and nowhere ,, . ;.
©)XeXi.,iff XisPL.,,and nowhere P}, ;.

PrROOF. We only have to consider the “nowhere” properties. The “if” part follows
immediately from Lemma 6.5. Part (a) of the lemma follows from Theorem 2.4 for
k =0, so suppose k>0 and X € Z,,. Let U be open in X and suppose U is
Plii-1)+3 then, by Lemma 6.2, U is strongly o-#%, ,,,,. But X is nowhere
9?’4% k—1)+2> hence U is not Baire, contradicting Lemma 6.7. For part (b) suppose
X €%} .,, Uopenin X, and #,, , ;. Again, since X is nowhere #,,, U is not Baire,
a contradiction. Part (c) is similar. O

We will now prove that each of the classes defined above contains at least one
element.

6.9. LEMMA. Letn € w be even,i € {1,2},and X € V. Then Q X X € ZD,.

PROOF. Since Q X X = U, co({g} X X), in all cases Q X X is strongly 0-2",
hence (9, by Lemma 6.2. Let U X V be a nonempty basic clopen subset of Q X X.

Case 1: n = 4k. Assume U X Vis #¢, ;.. Then by Lemma 6.1, Vis #Z, _,, 5.
But X € %, and by Lemma 6.8, X is nowhere #7, _,,, ;, contradiction. So Q X X
is nowhere .@&k_l) +3» hence so is U X V. Now suppose U X V is &,,; then by
Lemma 68, UXVeZ%,, so UXV is Baire by Lemma 6.7. But UX V =
U,cu({gq} X V) is not Baire, contradiction. So Q X X is nowhere %,,.

Case 2: n=4k +2,i=1.1f UX Vis @, ,,, then so is V; but V€ I}, ,,,
contradiction. If U X V is &}, ,,, then U X V is #},,, and nowhere &, ,,, so
UXVe%,,.,,by Lemma 6.8 and is Baire by Lemma 6.7; hence, as in Case 1, we
have a contradiction.

Case3:n=4k + 2,i = 2. Asabove. O

As noted in §3, to obtain elements of %, for even n, we have to consider
complements in the Cantor set of spaces belonging to Z,¢{/ for some odd m. Hence
the following:

6.10. LEMMA. Let X be dense and codense in the Cantor set, and let k € w. Then
(@) X € Zyy vy if and only if C\ X is P} , 5, nowhere P}, . ,, and nowhere Py, ,.
(b) X € X4y, if and only if C\ X is P} ., nowhere 2,,, and nowhere PZ,_, . 5.

PROOF. (a) If X € %y ), then X is Py, ), so by Lemma 6.4, C\ X is PL o If
@ # Vis clopen in C, and V\ X is #2 ,,, then & # V N X is #,,,, by Lemma
6.4, contradicting the fact that X is nowhere #,, . ,. Similarly, V'\ X being %,, ,,
would contradict X being nowhere 22 , ,. Part (b) and the converse of (a) are proved
in the same way. O
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6.11. COROLLARY. Let X be a dense subset of the Cantor set. Then, for each k € w
andi € {1,2},

@ ifXe X, thenC\XE Xy, 1.

(b) if X € &4y _1y43 then C\ X € Z,.

PROOF. Since in either case, X is nowhere locally compact, X is also codense in C.
If X €%}, then Xis &}, ., and, hence, &7, . ,; since X is also nowhere £,, and
nowhere 9’4% k—1)+3» Lemma 6.10 applies. The other cases are proved similarly. O

6.12. LEMMA. For eachn € wandi € {1,2}, %" # @.

PROOF. This is clear for n = 0, so assume £,\) + @ form < n (> 1),j € {1,2}. If
n is odd, then () # @ by Lemma 6.9, so suppose n is even.

Case 1: n = 4k. By the inductive hypothesis Zy, _1,,3 * @, say X € L4153
Embed X as a dense subset of C; then by Corollary 6.11, C\ X € %,,.

Case 2: n =4k +2, i € {1,2}. Let X, € £/, _,,,; and embed X, as a dense
subset of the Cantor set; also embed Q as a dense subset of the Cantor set, and let
Y, = (C X C)\(Q X (C\ X,)). By Corollary 6.11, C\ X, € Z,,; so by Lemma 6.9,
Q X (C\ X,) € Z,,,,- Hence, by Lemma 6.10, Y, is &} ,,, nowhere #,,, and
nowhere 2, ;..

Case 2a: i = 1. To show that Y; € ZJ, . ,, it suffices to show that Y, is &}, , ,. But
Y, = (Q X X;) U ((C\ Q) X C); and since X, is Py ;1,3 Q X X, is also Py, 5
by Corollary 6.3. So Y, is @4, _;,,3 U complete is ;. ,.

Case 2b: i = 2. To show that Y, € &, , ,, it suffices to show that Y, is nowhere
Pl ., Sosuppose U X V + & is a basic clopen subset of C X Cand (U X V)N Y,
is P}, ., Since Qisdensein C, UNQ # @,sayx€ UN Q; then (UX V)N Y,
N{x}xXC)={x}X¥NX,),s0VNX,isalso #,,, ie, VN X,=A4UB,
where A4 is 24, ;). and B is complete. Since X, is nowhere #4, _,,. 3, B is dense in
V N X,, so VN X, is Baire. This contradicts Lemma 6.7. O

We will now state and prove the main theorems of this section.

6.13. THEOREM. Up to homeomorphism each Z,\") contains exactly one element.

6.14. THEOREM. If X € X}, ., U Xjy . for some k € w and i € {1,2}, then C is
homogeneous with respect to dense copies of X.

6.15. THEOREM. Let A be a Borel subset of the Cantor set. For each k € w the
following hold:

(a) If A is not #,,,, then C contains a Cantor set K such that K N 4 € .%'4‘(,(_1)” and
K\4 €Zy.

(b) If A is not P, . ,, then C contains a Cantor set K such that KN A € 5, 145
and K\ A € Z,,.

(c) If A is not P}, ., .5, then C contains a Cantor set K such that K N A € Zy,.

(d) If A is not 2,,, ,, then C contains a Cantor set K such that K N A € &4, ., and
K\A€Zy .,

(©) If A is not P, , +, then C contains a Cantor set K such that K N A € &, ., and
K\AE€Z,
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We will prove the above theorems by induction on »n, using the following
statements as inductive hypotheses:

(1) Up to homeomorphism %, contains at most one element.

(2) If n € {4k + 2,4k + 3) for some k € w, i € {1,2}, and X € %", then C is
homogeneous with respect to dense copies of X.

(3) If n = 4k, then Theorem 6.15(a)—(c) hold for this k; if n = 4k + 2, then
Theorem 6.15(d), (e) hold for this k.

If (1)-(3) are proved for each n € w, then Theorem 6.13 follows from (1) and
Lemma 6.12, and Theorems 6.14 and 6.15 are clear from (2) and (3). We have only
added Theorem 6.15(c) for convenience: it follows immediately from Theorem
6.15(a) and Lemma 6.4(a).

Since (1) is clear for n = 0 and (3) follows from Theorem 5.1 for k = n = 0, we
may assume that (1)-(3) have been proved for m < n (> 1). Note that, since
|Z,{’] =1 for m < n, it follows that the unique element X! of Z{/ is strongly
homogeneous: indeed, if @ # Vis clopen in X/, then V € Z,\), hence V = X{)).

The proofs of (1)—(3) for m = n consist of a series of lemmas.

6.16. LEMMA. If n is odd then (1) holds.

PROOF. Let X € Z,(); we will show that X = Q X Y, where Y is the unique
element of Z,(9,.

Since X is ), we can write X = U7, X,, where X; is closed in X and £,
(Lemma 6.2). Fix j € N and let 2 be a disjoint cover of X\ X; by clopen subsets of
X such that for each D € 9, diam(D) < d(D, X)).

Claim. If Uis openin X and U N Xj #+ @, then U D D for some D € 2.

Indeed, let x € B(x, ) C U. Since X is nowhere #2,, X, is nowhere dense in X,
s0 B(x,e/2) N D # @ for some D € 9. Then diam(D) < d(D, X;) < 3¢ for this
De 2,s0Dc B(x,e)c U.

Case 1: n = 4k + 1. Since X is nowhere .%%k_l) +3 and (3) holds for m = 4k, we
can apply Theorem 6.15(c) to each D € 2 and obtain a closed subset E(D) of D
such that E(D) = Y € £,,. Then

A4,=x,u U E(D)
De2

is closed in X, and it is easily seen that 4, is &, and, hence, nowhere dense in X. If
@ + Uisopenin Aj,sayU=U"NA, with U’ open in X, then either U' N X, = &
—hence UN E(D) # & for some D € 9—or U' N X; # @ —hence U D E(D) for
some D € 2—by the Claim. In both cases it follows that U is not 5”4% k—1)+3 Since
E(D) is nowhere #Z, _,,;, and hence A; =Y (Lemma 6.8). Thus X = U7, 4;
satisfies the hypotheses of Theorem 4.3, and hence X = Q X Y.

Case 2: n = 4k + 3. This is similar to Case 1: since (3) holds for m = 4k + 2, we
here apply Theorem 6.15(d) (if i = 1) or (¢) (if i = 2) to obtain E(D) € %, . ,. Then
eachd4; = Y € %, ,,, and again X = Q X Y by Theorem4.3. O

6.17. LEMMA. If n = 4k + 3 for some k € w, then (2) holds.
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PROOF. Let X € &}, ., (i € {1,2}). By Lemmas 6.9 and 6.16, Q X X is the unique
element of 2, . ;. Since (2) holds for m = 4k + 2, the Cantor set is homogeneous
with respect to dense copies of X. Now apply Theorem 4.7. O

Lemmas 6.16 and 6.17 show that the inductive hypotheses are satisfied for m = n
if n is odd. The remaining lemmas of this section deal with the case where 7 is even.

6.18. LEMMA. Let k € N and let X € Z,,. Then X can be embedded in the Cantor
set such that C\ X € %y 1.3

ProOOF. Embed X in C as a dense subset. By Lemma 6.10, C\ X is 2%, _;).3,
nowhere #Z, . ,,, and nowhere Pyk-1y+1- Thus we can write C\ X = A4 U B,
where 4 is #4, _;y,, and B is o-compact; since 4 \ B is a G; subset of 4, it is
Pyk-1y+1 by Lemma 6.1, so we may assume that 4 N B = &. Note that X C C\ B
and C\ B is complete. Also, since C\ X is nowhere &, _,,.,, B is dense in C\ X
and, hence, in C, so C\ B is nowhere locally compact. Hence, by Theorem 2.4,
C\B=P.Put Y=C\Band embed Y in K = C such that K\ Y = Q. We claim
that K\ X € Z4; 143

Indeed, by Lemma 6.10, K \ X is nowhere 2, _,, ., and nowhere #,,_, ,,; and
K\X=(Y\X)UQ=4UQisP,,_,,, U countableis Py, ;) ,;. O

6.19. LEMMA. If n = 4k for some k € N, then (1) holds.

PROOF. Let X;, X, € Z,,. By Lemma 6.18, X, and X, can be embedded in C such
that C\ X;, C\ X, € &4, _1y+3. Since (1) holds for m = 4(k — 1) + 3, C\ X, =
C\ X,, and, by (2), there exists a homeomorphism h: C — C such that A[C\ X;] =
C\ X,,and thus [ X;] = X,. O

6.20. LEMMA. Suppose n = 4k for some k € N, and let A be a Borel subset of C.

(@) If A is not Py, then C contains a Cantor set K such that K N A € Xy, _,,,; and
K\A €%,

(b) If A is not #},,,, then C contains a Cantor set K such that KN A € X%, 1,4
and K\ A € %,.

PROOF. (a) Let #= 2, ,_,),, and let Z be the unique element of £, _;),,; we
will show that the hypotheses of Lemma 5.2 are satisfied. By Lemma 6.1, £ is
closed-hereditary; by Corollary 6.3 Z is strongly o-additive. Let B be a Borel subset
of the Cantor set which is not &; since (3) holds for m = 4(k — 1) + 2, C contains a
Cantor set K such that K N\ B € %4, _;),,and K\ B € %, _1),;- ThenK N B = Z,
and by Lemma 6.2 we can write K\ B = U2, X,, where X; is closed in K\ B and
Pyk-1) Put G= U, X; then G is o-compact, and since X, N B = X;\ X, is
P 2+3byLemma6.4, G N Bisstrongly 0-#, 5,3, hence £, _, ., by Corollary
6.3; thus G N B is # by Lemma 6.5. So by Lemma 5.2, if 4 is a Borel subset of C
which is not £,,, or equivalently, not # U complete, then C contains a Cantor set K’
such that K’ NA=Q X Z. Put K=K NA;thenK=C,KNAEZy, .3 by
Lemma 6.9, and hence K\ 4 € %, by Corollary 6.11.

(b) Since @}, = Py _1y+3 U complete, here we put P =2, _, .4 then P is
again closed-hereditary and strongly ¢-additive. Let Z be the unique element of
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Z &i-1)+2> and suppose B is a Borel subset of the Cantor set which is not #; since
(3) holds for m = 4(k — 1) + 2, C contains a Cantor set K such that KN B €
.91!'4(,‘__”2 and K\BE.%(,( n+1- As above, we put K\ B=U2, X, and G =

%, X; then G N Bis P%,_, .5 hence, G N B is # by Lemma 6.5. So by Lemma
5.2, if A is a Borel subset of C which is not &}, , ,, then C contains a Cantor set K’
suchthat K’ NA=QXZ PutK=K NA;then K=C,KNAEX}, ,,;by
Lemma 6.9; hence, K\ 4 € %, by Corollary 6.11. O

Lemmas 6.18-6.20 show that the inductive hypotheses are satisfied if » = 4k for
some k € N.

6.21. LEMMA. Let k € w, i € {1,2}, and let X € &/, ,, be a dense subset of the
Cantor set. Then there exist closed nowhere dense subspaces A; of C\ X such that
C\X=U%,4,and A\ A; € X}, _,).isdensein A,.

Proor. By Corollary 6.11, C\ X € £,,,,; so by Lemma 6.2 we can write
C\ X = U, X,, with X, closed in C\ X and #,,. Since X,\ X, = X, N X is closed
in X, it is &}, , , by Lemma 6.1; hence, X,\ X, = G, U H,, where G, is complete and
H,is @4 ,._,y, 5. Then X\ G,is o-compact, say

)—(1\ G = U K(l’ m),

m=1
with K (I, m) compact. Since { K(/, m)\ X: I, m € N} is countable, we can enu-
merate the nonempty elements of this set as { M;: j € N}. Fix j € N. Since M; is a
closed subset of some X, M; is #,, and M NnX= M N H, for this same /; hence,
M N XiS Py 143

Now let 2 be a disjoint cover of C\ M by clopen subsets of C such that for each
D € 9, diam(D) < d(D, M, ). Since X 1s nowhere &,, (if i = 1), resp. nowhere
Pl ., (if i = 2), and since (3) holds for m = 4k, each D € 2 contains a Cantor set
K (D) such that K(D) N X € &, _,,,; and K(D)\ X € Z,,. Put

K;=MuU DLEJ@K(D)
and 4; = K\ X; we claim that the sets A; constructed this way are as required.

Flrst note that C\ X = U7, 4, since K;\ X > M,. Fu_rthcrmore, since C\ X is
nowhere #,,, M; is nowhere dense in C\ X, and hence M, is nowhere dense in C;
since diam(D) < d(D, M) for each D € 9, it then follows that U ., K(D) = K
thus

K,2 4,5 (4\4,) 2 Upeo(K(D)NX) = UpoK(D) =K

z; Ajl\ A; is dense in A;. It therefore remains to be shown that 4,\ 4; € 9[}(,(_1)”.
early,

ANA4;=(M,nx)u DLEJQ(K(D) N X)
is strongly 6-% ;1,3 is P4 _1)..3 by Corollary 6.3, and, as in the proof of Lemma
6.16, it follows that if @ # Uis openin 4;\ 4, then U N K(D) N X # & for some
D € 9; hence, since K(D) N X € &4, _y).3, Uis not 5?4(,( n+2 and not Py, 5544
(if i = 1), respectively, not 9”4(;( n+3 (f i =2). Thus, 4\ 4; € Z4k-1y+3- Hence,
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A; € Z,, by Corollary 6.11, and hence 4, is nowhere dense in C\ X since C \ X is
nowhere #,,. O

6.22. LEMMA. If n = 4k + 2 for some k € w, i € {1,2}, and X,, X, € %! are dense
subsets of C, then there exists a homeomorphism h: C — C such that h[ X|] = X,.
Thus, (1) and (2) are satisfied if n = 4k + 2.

PROOF. Let 4 be the unique element of & k-1)+3- By Lemma 6.21 we can write
C\X, = Ui14,,C\ X, = = j=1B suchthatA \4, = B \B; =4, A, ;\ 4, is dense
in A B \B is dense in B, 4, is closed and nowhere dense in C\Xl, and B; is
closed and nowhere dense in C\ X,. Hence, the required homeomorphism can be
obtained from Lemma 4.6. O

6.23. LEMMA. Suppose n = 4k + 2 for some k € N, and let A be a Borel subset of
C.

(a) If A is not @, ,,, then C contains a Cantor set K such that K N A € &}, ,, and
K\A4 € Xy

(b) If A is not P, . ,, then C contains a Cantor set K such that K N A € 2, ., and
K\AE€Zy .

PROOF. (a) Let = 2, ., let Z be the unique element of Z,,, and let Y be the
unique element of %4, _,,,;. By Lemma 6.1, 2 is closed-hereditary; by Corollary
6.3, Zis strongly o-additive. Let B be a Borel subset of the Cantor set which is not
#. Then B is not #,, by Lemma 6.5; hence, since (3) holds for m = 4k, C contains a
Cantor set K such that KN B € %4, _,,,5 and K\ B€ Z,,; thus KNB =Y,
K\B=Z,and KN Bis #by Lemma 6.5. Hence, by Lemma 5.3, if 4 is a Borel
subset of the Cantor set which is not &, then C contains Cantor sets B;, for i € w,
such that K = (U2, B;) = Cand, foreachi € w,

(1) B, is nowhere dense in K

(i) K\ 4 = U2 o(B,\ 4);

(i) By\ 4 = Z = (B,,,\ B)\ 4;

(iv)B,N A=Y= (B, \B)NA.

Since B;,, \ B;is open in B, ,, we can write
B, \B;= U Kji’
j=0
where K/ is clopen in B, ,. Since both Y and Z are strongly homogeneous, we have
K/N A= Yand K/\ 4 = Z. Hence,

o0
K\A=(B\AU U (ki\4)=Qx2Z
i,j=0
by (i) and Theorem 4.3, so K\ 4 € %, ,, by Lemma 6.9. Then K N 4 is nowhere
#,, and nowhere %, _,,,, by Lemma 6.10. So we only have to show that K N 4 is
Py . »- However, by (i),

Knd=(B,nd)u U (K/nA4)Uuk\
i,j=0 i

B,

iCs

is strongly 0-%P4,_1,,3 U complete is Py, )., U complete is Py 5.
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(b) Let # = P}, , 5, let Z be the unique element of Z,,, and let Y be the unique
element of %, 4% k—1)+3- Then 2is closed-hereditary and strongly s-additive. Let B be a
Borel subset of the Cantor set which is not 2. Then B is not 2}, , ,, so since (3)
holds for m = 4k, C contains a Cantor set K such that K N B = Y, K\ B = Z, and
K N Bis by Lemma 6.5. So again by Lemma 5.3, we find Cantor sets B, as under
(a); then K\ 4 € Z,,,,; hence, by Lemma 6.10, K N 4 is &2, , and nowhere
Pik—1y+3 S0 it suffices to show that K N 4 is nowhere £;;,,. Put B,,,\ B, =
Uj"_OKj as in (a), and note that if @ # Uis open in K N A4, then U N K; #+ @ for
some i, j € w; thus, U contains a closed copy of Y. Now suppose U is &}, . ,; then so
is Y by the preceding remark; ie., Y =4 U B, where 4 is %, _,,,; and B is
complete. Since Y € Z, 4% k-1y+3» Y is nowhere 2, k-1)+3 hence, Bis densein ¥, s0 Y
is Baire, contradicting Lemma 6.7. O

This completes the proof of Theorems 6.13-6.15. In §8 we will show that there are
no homogeneous (non-o-compact) 3 -subsets of the Cantor set other than those
defined and characterized above.

6.24. REMARK. Using a technique similar to that of [6)], it can be shown that
Theorem 6.15 also holds for Borel sets in arbitrary compact spaces (see [5]). Also, the
converse of Theorem 6.15 is true; e.g., if A is a Borel subset of the Cantor set which
contains a closed copy of X € %, ). 3, then 4 is not 2, etc.

We conclude this section with the following theorem, announced in §3.

6.25. THEOREM. If we order the properties P by P, < Pypo1 < Phiva < Phiis
< Phvs <Piis < Pursry then for each i € (1,2} and each n € w, we have
X € ) if and only if X is 2" and nowhere 2 for V) < PO,

PROOF. Apply Lemma 6.5. O

6.26. COROLLARY. If ) < PO, then X\ N XD = @; thus, all spaces char-
acterized in this section are topologically distinct.

7. Spaces which are #; for 8 > w. We recall the topological properties #; (8 > w)
described in Definition 3.6:

Let a € [w, ;) be a limit ordinal, and let n € w. Then

Xis?,,,,if and only if X = U2; 4, U B, where Bis 2, A4, is closed in X, and 4,
is#, forsomey; < a;

Xis?,,,,,,ifand only if Xis 2, ,,, U complete.

Here, “X is 2, for some y < w” means that X is 2, or 2, ., for some k € w. Of
course, “X is #,” is equivalent to “X = U2, X;, where X; is closed in X and £,/ for
some n; € w, j; € {1,2}” (Lemma 6.5).

7.1. LEMMA. For each B € [w, w,), Py is hereditary with respect to Gg-subsets.

PROOF. For B = w this follows from the fact that #,, and %,,,, are hereditary
with respect to Gg-subsets (Lemma 6.1); proceed inductively. O
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7.2. LEMMA. Let X be a topological space, let a € [w, w,) be a limit ordinal, and let
n € w. Then

(@) Xis? +2” ifandonly if Xis?, U Z,.

(b) Xis P, p,.1 if and only if X = U,_,A,- U B U G, where A, is Py for some
B, < a,BisZ,, Gis complete, and A, is closed in X.

PROOF. (a) If Xis #, , ,,, then clearly X is £, U Z,. We will prove the converse by
induction. Suppose X = U2, 4, U B, where 4, is closed in U, 4, 4; is &y for
some f8; < a, and Bis 2,,, and first consider the case a = w. ThenA = A U (4, N B)
is # U Z,; hence, A, is P, for some y, < w, s0 X =U2, 4, U B is 97’ o+ 2n NOW
assume we are done for hrmt ordinals § < a (> w); then we may assume that for
each i, 8; > w, and hence ,B = §, + n, for some limit ordinal §, € [w, a) and some
n, € w. If n, is even, then 4, 18P g UZ,is Py UZ, U Z,i8Ps (s 24mbY the
1nduct1ve hypothe51s and if n is odd then 4, is Ps,+n,—1 Y complete U =, hence
P in-1Y 21 18 Py (n—14n+1)/2) OY the inductive hypothesis. So each 4, is
2, for some Y, <a,and thus X =UZ, 4, U BisZ, ,,,.

(b) The “if” part is clear, so suppose X = A U G, where 4 is &, _.,, and G is
complete. Put

o0
A= BB,

i=1
where B; is closed in 4 and %, for some B; < a, and Bis Z,, and let
A,=B,=B,U(B,NnG).

Then 4, is 5 U complete. Hence, if B; < w, then 4, is P  ,; if B; > wis even, then
A;is QB +1 andif B, > wis odd, then 4, is % . In all cases, 4;is &, for somey, < a,
and A, is closed in X. Hence, X = UX,; A ;UBU Gisasrequired. O

7.3. COROLLARY. If B € [w, w,), then P,, = P > Py .

7.4. LEMMA. Let X be a topological space, let a € [w w,) be a limit ordinal, and let
n € N.Then Xis?, .,,if and only if X is strongly 6-2, , ,,,_,.

PROOF. Suppose Xis 2, ,,,, say X = U2, 4, U B, where B is 2, and 4, is closed
in X and &, for some B; < a. Then 4, is also #, U 2, _; U complete. By Lemma
6.2, B is strongly ¢-(Z,_, U complete), say B = U,_lB,, where B; is 2,_, U
complete and closed in B; so by Lemma 7.1, B, = B, U (B,N A)is=,_, U complete
U 2, and thus X =U®, 4, U U2, B, is strongly o-(#,U Z, ;U complete) is
strongly 6-%, . ,,_, by Lemma 7.2. Conversely, assume that X = U,_l X;, where X; is
closedin X and Z, , ,,_,; then by Lemma 7.2, we can put

0

Jj=1
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where 4/ is closed in X;, hence in X, B;is £,_, U complete, and 4/ is Py, ;, for
some B(i, j) < a. Then

0
A= U 4/
i,j=1

isan F,in X, so B;\ 4is 2,_; U complete; and if

o0
x€ B\4 n U (B\4),
j=1
then x€ B,c X, =X, so x € X,;\A C B,\A. So U2 ,(B;\ 4) is strongly
0-(2,_, U complete) is 2, by Lemma 6.2; hence,

a= U aiv UBra)

ij=1 i=1
is#,.,, O
7.5. COROLLARY. For even 8 € [w , @1), Py is a stongly o-additive property.

7.6. LEMMA. Let X be compact, and let A be a subset of X. If A is Py for some B
€lw, w,), then X\ Ais Py, .

PROOF. First note that if 4 is 2, or, equivalently, %,,_;),;, then X\ 4 is
9’4%,,_1) +2 by Lemma 6.4, hence, by Lemma 6.5, X\ 4 is &,, is £, U complete
(clearly, this is also true for n = 0). Similarly, if 4 is 2, U complete, then X\ 4 is
zn+ 1

We prove the lemma by induction. If 8 = w and 4 is %, then 4 = U2, 4;, where
A;is closed in 4 and 2, for some n; € w; hence,

o0

x\4=U(4\4)ux\

i=1 i

Cs

i

1

Now A4,\ 4, is 2, U complete by the above remark and closed in X\ 4; and
X\ U2, 4, is complete. So X\ 4 is #, U complete is &, ,,. Thus we can assume
that the lemma is true for y < B8 (> w); let 8 = a + n, where a € [w, w,) is a limit
ordinal. Put 4 = U2, 4, U B, where 4, is closed in 4 and &, for some B, € [w, ),
and BisZ, , (if niseven)or 2, _,, , U complete (if n is odd). Then

X\A4= G (A4:\4;) U(X\ B)\ GAT-

i=1 i=1

By the inductive hypothesis, 4, \ 4, is P, fory,=B+1¢€ [w,a), and X\ Bis
2,,2 U complete (if nis even) or =, ;, , (if n is odd) by the above remark; hence,
the same holds for the Gg-subset (X \ B)\ U2, 4, of X\ B. Hence, X\ 4is %, .,
isPp,;. O

For each pair (B,i), with B8 € [w,w;) and i =2 if B is a limit (respectively,
i € {1,2} if B is a successor), we now define a class of spaces 4 and show that, up
to homeomorphism, each £} contains exactly one element.
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7.7. DEFINITION. Let X be zero-dimensional, let o € [w, w,) be a limit ordinal, and
let n € w; then

X € X2 if and only if X is P, and nowhere P, for each B < a;

XeZ) . ifandonlyif Xis P, ,,,,, nowhere 2, . ., and does not contain any
closed subsets belonging to X2, ,,;

Xe€Z2 ;... if and only if X is P, 5,1, nowhere P, ,., and every nonempty
clopen subset of X contains a closed subset belonging to X2, ,

Xexl,,, .,ifandonly if X is P, ,,.,, nowhere Z, ., ., and does not contain
any closed subsets belonging to X2, ,, . 1;

XeX2,,.,ifandonly if X is P, ;,.,, nowhere @, ,, .., and every nonempty

clopen subset of X contains a closed subset belonging to 2, ,, , ,.

7.8. LEMMA. Let B € [0, @), i € {1,2),and X € Zj.
(a) If B is even, then X is not Baire.
(b) If B is odd, then X contains a dense complete subset; hence X is Baire.

PROOF. (a) By the definition of % (if f is a limit) respectively by Lemma 7.4 (if 8
is a successor), we can write X = U2, X, where X; is closed in X, and & for some
B; < B (respectively %, _,). Since X is nowhere %, (respectively, nowhere #;_,),
each X, is nowhere dense in X.

(b) Write X = 4 U B, where 4 is 92’;3—1 and B is complete; since X is nowhere
Pg_1, Bisdensein X. O

We now state and prove the main theorems of this section.

7.9. THEOREM. For each B € [w, w,), i € (1,2} (respectively, i = 2 if lim(B)), %4
contains exactly one element up to homeomorphism.

7.10. THEOREM. If X € Q”B" for some B € [w, w,) and i € (1,2}, then C is homoge-
neous with respect to dense copies of X.

7.11. THEOREM. Let A be a Borel subset of the Cantor set. Then for each limit ordinal
a €[w,w,) and each n € o,

(a) if A is not #,,,, then C contains a Cantor set K such that KN A € SO
and K\ A € 2, ,,;

(b)if A is not @, ,,. ., then C contains a Cantor set K suchthat KN A € X} 5,.»
and K\ A € L2, 5,1

We prove the above theorems by induction on (8, i), ordered lexicographically,
using the following statements as inductive hypotheses (here, a € [w, w,) is a limit
ordinal):

If B=a+ 2n,i =2, then

1) |Z2,,0=1,and if X € 2, ,,, then C is homogeneous with respect to dense
copies of X.

(2) If A is a Borel subset of the Cantor set which is not #,_ ,,, then C contains a
Cantor set K such that K\ 4 € 2, ,,.

IfB=a+2n+1,i=1,then

(3) Let X be dense and codense in C; then X € 2} ,,,, if and only if C\ X €
‘%‘2

a+2n*
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@ %}, ,,.1=1,and if X€ X}, ,,.,, then C is homogeneous with respect to
dense copies of X.

(5) If A is a Borel subset of the Cantor set which is not Z,  ,,, then C contains a
Cantor set K suchthat K\ 4 € Z2,,,and KN A€ X}, ,, .

IfB=a+2n+1,i =2, then

(6) Let X be dense and codense in C; then X € £2,,, ., ifand onlyif C\ X = Q
X YforsomeY € X}, ,, .1

D122 5,1 =1, and if X € £2,,,.,,, then C is homogeneous with respect to
dense copies of X.

(8) If A is a Borel subset of the Cantor set whichisnot#, ,,,, ;, then C contains a
Cantor set K such that K\4 €%2,,,,;, and KNA=QX Y for some Y &
gal +2n+1°

IfB=a+2n+2,i=1,then

(9) Let X be dense and codense in C; then X € &}, ,, ., if and only if C\ X €
X200

10) |Z}. ;.21 =1, and if X € X}, ,,.,, then C is homogeneous with respect to
dense copies of X.

(11) If A4 is a Borel subset of the Cantor set which is not £, , ,, ,;, then C contains
a Cantor set K such that K\ 4 € Z2,,,,,and KN4 € X}, ,, ..

So let a € [w, w,) be a limit ordinal, let m € w and i € {1,2}, and suppose that
the inductive hypotheses are satisfied for all (8, j) < (a + m, i); note that, since
|Z, le = 1, it follows, as in §6, that the unique element of £ is strongly homogeneous.

We now show that the inductive hypotheses are satisfied for (a + m, i); we start
with the case m = 0 (hence i = 2). Of course, we must use the results of §6 in case
a = w.

7.12. LEMMA. 22 + &.

PROOF. Let {a;: i € w} be an increasing sequence of ordinals less than « such that
sup,c,(@,;) = a, and let ¥, € Z® be densely embedded in C. Let Q = {g,;: i € w}
and put

x=U({a}xr)cQxc.
i€w
Then, clearly, X is Z,. Also, if U X V =U,cg({q;} X V) # & is clopen in X, then
E is infinite, and for eachj € E, {q;} X V = Y} is nowhere &, for all y < a;. Since
{q;} X Visclosedin U X ¥, U X V is nowhere 2, for each y < a; and each j € E.
Hence, X is nowhere &, for each y < a since sup;cz(@;) = a. Therefore, X € %2
O

7.13. LEMMA. If n = 0, then (1) holds.

PrROOF. By Lemma 7.12, |%2| > 1; so suppose X, Y € %2 are dense subsets of the
Cantor set. In analogy to the proof of Lemma 4.6, we construct a homeomorphism
h: C — Csuch that A[ X] = Y. We first consider the case when a > w.

Since X is #,, we can write X = UL, X;, where X; is closed in X and &, for some
a; < a; clearly, we may assume that a; > w. Note that, since X is nowhere &, for
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each i € w, each X; is nowhere dense in X. Similarly, ¥ = U2, Y,, with Y, closed and
nowhere dense in Y, and Y; is 97’5' for some B, € [w, a). Let M be as in §4; we will

again construct, for each s € M, collections %(s) = {U(s,n): n € N}, ¥(s) =
{V(s, n): n € N} of clopen subsets of C, closed nowhere dense subsets D(s), E(s)
of C, and for each n € N, a homeomorphism 4,: C — C satisfying the hypotheses of
the proof of Lemma 4.6; then, again, lim,,_,wh,, =h: C= C and h[ X] = Y. First,
let v, < a be an even successor ordinal such that a,, B, < v,; then both X, and Y,
are 2, . Let 2 be a disjoint cover of C\ X, by clopen subsets of C such that for each
D e .@ diam(D) < d(D, X,). Since X is a Borel subset of C which is nowhere
2,,+1> C\ X is nowhere Z, by Lemma 7.6. Hence, applying hypothesis (5), each

Yo

D € Zcontains a Cantor set K(D) such that K(D) N X = E(D) € S'Z‘Yi. Then

A,=X,u U E(D)
De2

is closed in X and strongly o-2, , hence £, by Corollary 7.5. As in the proof of
Lemma 6.16, it can be shown that, for each open subset U of 4,, U N E(D) # &
for some D € 2; hence A, is nowhere .@y -1, since E(D) is nowhere #, _,. Also,
U N E(D) contains a subset B which is closed in E(D), hence in AO, such that
B e X} _,; thus 4, € Z]. Similarly, we can find a closed subset B, of Y such that
Y, € Byand B, € 9’ note that 4 is nowhere dense in X, and B, is nowhere dense
in Y. Now put D( Q) Ay, E(2) = By; by hypothesis (1) there exists a homeomor-
phism A% D(&) — E(9) such that h°[4,] = B,. We construct % (&), ¥'(9), and
h, as in the proof of Lemma 4.6.

If D(s), E(s), %(s), ¥ (s), and h,, have been constructed for |s| < n (> 1) and
m < n, then fixs € M with|s| = n — 1. Let

k,.=min{j:U(s,i)an=# 2}, l,=min{j: V(s,i)nY,# &}

and find an even successor y(s,i) < a such that a,, B, < y(s,i); then both
U(s, i) N X, and V(s,i) N Y, are 2, ;). As above, we obtain closed subsets A(s, i)
of U(s,i)N X, B(s,i) of V(s,i)N Y such that A(s, i) D U(s,i) N X, , B(s, i) D
V(s,i)NY,,and A(s, i), B(s,i) € &%, ;. Put D(s,i) = A(s, i), E(s, i) = B(s, i),
and let h°(s i): D(s,i) = E(s, i) be a homeomorphism such that h%(s, i) A(s, i)]
= B(s, i), applying hypothesis (1); now finish the proof as in Lemma 4.6.

In case a = w, the proof is similar; the sets 4,, By, A(s, i), and B(s, i) should be
chosen in some %, . , or &}, . ; because we want to apply Theorem 6.14. O

7.14. LEMMA. If n = 0, then (2) holds.

PRrROOF. For the sake of simplicity, assume that @ > w and let 4 be a Borel subset
of the Cantor set which is not Z,. Let { a,: i € w} be an increasing sequence of even
ordinals in [w, ) such that sup,c(a;) = @, and let Z, be the unique element of
K3 .,1,+1- Put = 2,; then 2 is closed-hereditary by Lemma 7.1, and £ is strongly
o-additive by Corollary 7.3.

Let B be a Borel subset of the Cantor set which is not #. Then for each i € o, B is
not #, , hence by hypothesis (5), C contains a Cantor set K such that K;\ B € £, a ‘1
and K, N Be fl”‘f,_. Thus, K,\ B = Z,, and K; N B is #,, hence £. So by Lemma
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5.3, C contains Cantor sets B;, for i € w, such that K = (U2, B;)”= C and, for each
i € w,
(i) B, is nowhere dense in K;
(i) K\ A = U o( B\ 4);
(iii) By\ 4 = Zo, (B \ B)\4 = Z,.,.
Since (B, \ B;)\ 4 isopenin B, ; \ 4, we can write

o0
(B \B)\4= UK},
j=0
where K/ is clopen in B, ; \ 4; then K| = Z,,,is #, 1,50

K\4 = (B4 U U K;
i,j=0

is #,. By (i) each open subset of K\ 4 intersects some K j’ for infinitely many i;
hence, since K j' is nowhere & for each 8 < a;, K\ 4 is nowhere % for each g < a.
Thus K\ 4 € ¥2. O

Lemmas 7.13 and 7.14 show that the inductive hypotheses are satisfied for
(a + m,i) if m = 0. We now turn to the case where m = 2n + 1 for some n € w
andi = 1.

7.15. LEMMA. (3) holds.

PROOF. First, let X € &, ,, . ,; then no closed subset of X belongs to 2, ,,, and
hence C\ Xis £, ,, by hypothesis (2). Let U be a nonempty clopen subset of C.

Case 1: n = 0. Suppose U\ X is &, for some B < a. By Lemma 6.4 and 7.6,
U N Xis &, for somey < a, a contradiction; hence C\ X € Z.

Case 2: n > 0. Suppose U\ X is #,,,,_,. By Lemma 76, UN X is &, ,,, a
contradiction; hence C\ X is nowhere &, ,,,_,. Also, since U N X is not P an—1s
we obtain from hypothesis (8) a Cantor set K in U such that K\ X € Z2,,,_,; s0
C\XeZl,,

Conversely, suppose C\ X € £2,,,; then by Lemma 7.6, X is &, _ ,,,.;. Let U be
a nonempty clopen subset of C.

Case 1: n = 0. As in Case 1 above, X is nowhere & for each B < a. Suppose
UNnXis #,; then UNn X € X, so UN X is not Baire by Lemma 7.8. Hence,
U\ X € &2 is Baire, contradicting Lemma 7.8; so X is nowhere £,. Finally, suppose
X contains a closed subset B belonging to 2. By the same argument as above, B \ B
is nowhere 2,; but B\ B is a closed subset of C \ X, and this contradicts Lemma 7.1.

Case 2: n > 0. We must show that U N X is not &, ,,.. Since U\ X is nowhere
Py van—1 UN X is nowhere &, _,,_, by Lemma 7.6. Assume that UN X is
P, +2n—1; since U\ X is nowhere &, , ,,_, (Corollary 7.3), it follows from hypothesis
(5) that every clopen subset of U N X contains a closed subset belongmg to
%2 ,,_ and hence UN X € &2, ,,_,. But then by hypothesis (9), U\ X € &1, ,,,
so U\ X is a nonempty clopen subset of C\X which contains no closed subset
belonging to 2, ,,_,, contradicting C\ X € Z2,,,;so UN Xisnot %, ., _,. But
then U N Xis not £, _,, either, since by Lemma 7.4, this would imply that U N X is
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not Baire, and hence that U\ X € 22, ,, is Baire, contradicting Lemma 7.8. It
remains to show that X contains no closed subsets belonging to Z,2, ,,. So suppose
to the contrary that X contains such a subset B. By the above argument B\B is
nowhere 2,  ,,, but B\B is a closed subset of C\ X € 2, ,,, a contradiction with
Lemma7.1. O

7.16. LEMMA. (4) and (5) hold.

PRrROOF. By hypothesis (1), Z2,,, # &, say X € Z2,,,. Embed X densely in C;
then by Lemma 7.15, C\ X € &}, ,,.,1, 50 | ¥}, 5,41l > 1. Andif X, Y€ X!, ,, .,
are dense subsets of C, then by Lemma 7.15, C\ X, C\ 'Y € Z2,,,; hence, by (1),
there exists a homeomorphism 4: C — C such that AJ[C\ X]= C\ Y, and thus also
h[ X] = Y. This proves (4). To prove (5), let K’ be the Cantor set obtained from (2)
and put K = K’'\ 4;then KN A €%}, ,, ., by Lemma 7.15. O

The next case is m = 2n + 1 for some n € w and i = 2; we must show that
(6)—(8) are valid.

7.17. LEMMA. (6) holds.

PROOF. First, let X € £2,,,.,. Then X is &, ,,,.,, so we can write X = A U B,
where A4 is #, _ ,, and B is complete. Put C\ B = U2, K, where K is compact and

i=1
let L, =K;\ X; then L;is closed in C\ X and C\ X =U{2,L,. Since K; N Xis a
closed subset of 4, K, N Xis #, ,,,, and hence L, is &, ,,,,, by Lemma 7.6. We
show that L, is nowhere dense in C\ X and L, does not contain any closed subsets
belonging to %2, ,,. We then construct closed nowhere dense subsets 4, of C\ X
such that L, Cc 4, € %]},,,,; since |Z},,,,1/=1 by (4), it then follows from
Theorem4.3that C\ X =Q X Yfor Y € Z},,, .,

Now let U # @ be clopen in C and suppose U\ X is Z, . ,,,.

Case 1: n = 0. Since U N X is nowhere &,, U\ X is nowhere %, for each 8 < a,
soU\ X € Z2

Case 2: n > 0. Since U N X is nowhere &, ,,,, U\ X is nowhere #,,,,_, by
Lemma 7.6. Let V be a nonempty clopen subset of U. Since ¥ N Xis not &, ,,_,,
we can apply (8) to obtain a closed subset of ¥\ X which belongs to 22, ,,_;; hence
U\XeZ2,,

So, in both cases, if U\ X is 2, ,,,, then U\ X € Z2,,,. But then by (3),
UNnXeX},,,. is a nonempty clopen subset of X containing no closed subset
belonging to £ 2, ,,, contradicting X € £2,,,,,; hence C\ X is nowhere Z,,,.
From this it follows that if U\ X were £, ,,,.1, say U\ X = G U H, where G is
2, .,, and H is complete, then H would be a dense complete subset of U\ X; this
contradicts the Baire category theorem for U = C, since U N X contains a dense
complete subset as well (Lemma 7.8). Thus, C\ X is nowhere #,_,,,,,, and, in
particular, each L, is nowhere dense in C \ X.

If B is a closed subset of L, belonging to 2, ,,, then B\Be %!, ,,.. by 3)
hence, B\ B is not Z, , ,,; but, on the other hand, B\B=BNXC K,NXCAisa
closed subset of 4, and 4 is 2, , ,,; hence, B\B is 2, , ,, by Lemma 7.1. Thus, no
closed subset of L, belongs to Z.2,,,. Fix i € N and let 2 be a disjoint cover of
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(C\ X)\ L; by clopen subsets of C\ X such that for each D € 2, diam(D) <
d(D, L,)). Since C\ X is nowhere P, . 2n it follows from (5) that each D € @
contains a closed subset E(D) € %!, ,, .. Then
A;=L;U U E(D)
De2

isclosed in C\ X and £, ,,.,, hence nowhere dense. Clearly, 4, contains no closed
subsets belonging to 2, ,,, and since each open subset of A, intersects some E(D),
A,is nowhere &, _, ; hence 4, € %}, ,, .. This proves the flrst part of the lemma.

Conversely, assume that C\X =QXxXYforYeZ) ,,.1,5ay C\X=U=, 4,
where each 4, € ], ,, ., is a closed nowhere dense subset of C \ X. Then

x= U(in4)uen U4
i=1 i=1

By (3), 4,\ 4, € %2,,,; hence X is strongly o-%,,,, U complete is £, ,,,,, by
Corollary 7.5; and since U%.,(4,\ 4,) is dense in X, every nonempty clopen subset
of X contains a closed subset belonging to 2, ,,. It remains to be shown that X is
nowhere #Z_, ,,; so let U be a nonempty clopen subset of C.

Case 1: n = 0. Suppose U N X is P, for some B < a; then U\ X is £, for some
¥ < a; hence for each i, 4, N (U\ X) is &,. Since 4, N (U\ X) # @ for some i,
this contradicts the fact that 4, is nowhere &, for each y < a; hence, UN X is
nowhere %, for each B < a. So if U N X were £,, it would not be Baire; but U\ X
is not Baire either, a contradiction.

Case 2: n > 0. Suppose UN X is P, ,,,_,; then U\ X is &, . ,, by Lemma 7.6,
and hence 4, N (U\ X)is#, . ,, foreachi. Since 4, N (U\ X) # @ for some i, this
contradicts the fact that 4; is nowhere #, +2n, hence, U N X is nowhere &, ,,_,.
Again, if U N X were 9?’“”,,, hence strongly 6-#, , ,,_, by Lemma 7.4, then U N X
would not be Baire, and, as in Case 1, we obtain a contradiction. O

7.18. LEMMA. (7) holds.

PrROOF. By (4), ¥}, ,,.1 * @,say Y € X!, , ... Let X be a dense copy of Q X ¥
in the Cantor set; then by Lemma 7.17, C\ X € £2,,,.,, and hence 2, ,,,, * 9.
Now assume that Xl, X, € £2,,,., are dense subsets of the Cantor set; by Lemma
7.17, and since |%Z},,,,1] =1, we have C\ X, = C\ X, = Q X Y for some Y €
Z .. 2n+1- By Theorem 4.7 and (4) there exists a homeomorphism : C — C such that

a

h[C\ X;] = C\ X,; hence [ X;]= X,. O
7.19. LEMMA. (8) holds.

PROOF. Let =2, ,,,, and let Z be the unique element of £, ,,. ;. We show
that the hypotheses of Lemma 5.2 are satisfied. By Lemma 7.1, 2 is closed-heredi-
tary; by Corollary 7.5, Zis strongly s-additive. Let B be a Borel subset of the Cantor
set which is not 2; by (5), C contains a Cantor set K such that K\ B € X2, ,, and
KNnBeZ%x!, ,,,,. Then KNB=2Z and K\ B = U, X;, where X; is closed in
K\ B and #, for some B; < a (if n = 0), respectively, &, . ,,_, (if n > 0, , applying
Lemma 7.4). Put G = U2, X; then G is o-compact, and G N B = U®

(X \ X)) is

i=1
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2, (if n = 0), respectively, strongly o-#, . ,, and, hence, Z,_,, (if n > 0, applying
Lemma 7.6 and Corollary 7.5). So by Lemma 5.2, if A4 is a Borel subset of C which is
not #, ,,, U complete, then C contains a Cantor set K’ suchthat K’ N4 = Q X Z.
Put K=K NA;thenK=C,KNA=QXZ and K\4<€Z]},,,,, by Lemma
717. O

We now consider the case m = 2n + 2 for some n € w and i = 1 (recall that if
m = 0, we only have the case (a + m,2)); we must show that hypotheses (9)-(11)
are true for this n.

7.20. LEMMA Let Y be the unique element of ¥}, ,,..; then Q X Y is the unique
element of ¥ ,, ., up to homeomorphism.

PROOF. We first show that Q X Y € £}, ,,.,. Clearly, Q X Y = U _o({q} X Y)

is strongly -2, . ,,.118 %, ..., by Lemma 7.4. Note that since every clopen subset
of Q X Y contains a closed copy of Y, and Yisnot#, ,,,, Q X Y is nowhere Z,_,,
by Lemma 7.1. Suppose U X V is a nonempty basic clopen subset of Q X Y which
ISP, 2,1 thenwecanwrite U X V=4 U B, where 4 is %, , ,,, and B is complete.
Since U X V is nowhere &, ,,, by the preceding remark, B is dense in U X V,
contradicting the fact that U X V is not Baire; so Q X Y is nowhere &, ,,, ;- It
remains to show that Q X Y contains no closed subset belonging to 2, ,,,,; s0
embed Q X Y as a dense subset of the Cantor set, and suppose to the contrary that
Be%?2,,, ., is closed in Q X Y. Then by (6), B\B=Q X Y, so B\B is not
@, 5.+, by the above argument. On the other hand, B\B is a closed subset of
C\ (Q X Y), which belongs to 2, ,,,, by another application of (6); so B\B is
P, +2n+1 by Lemma 7.1, and we have the required contradiction.
To show that Q X Y is the only element of Z},,, +2 it suffices to show that, if
Xe€Z},,,.,1s a dense subset of C, then C\ X € Z2,,,.,; hypothesis (6) then
yields that X = Q X Y. First note that, since X contains no closed subset belonging
to Z2 ,,.1 it follows from (8) that C\ X is 2, _,,,,- Also, since X is nowhere
P, i2n+1» C\ X is nowhere #,,,, by Lemma 7.6. And if U is clopen in C, then,
since U N X is not &, ,,, we can apply (2) and obtain a closed subset of U\ X
belonging to £.2,,,. O

7.21. LEMMA. (9), (10), and (11) hold.

PrOOF. (9) follows from (6) and Lemma 7.20. If X, X, €%}, ,,., are dense
subsets of the Cantor set, then C\ X;, C\ X, € £2,,,.1, s0 by (7) there exists a
homeomorphism h: C — C such that A[C\ X;] = C\ X,, and hence h[ X|] = X,.
(11) follows from (8) and Lemma 7.20. O

Finally, we have to show that the hypotheses are satified if m = 2n + 2 for some
n € wand i = 2; i.e., we must show that (1) and (2) hold if n > 0.

7.22. LEMMA. Let n € N and let Y be the unique element of 2, ,,_1; then Q X Y
is the unique element of X%, ,, up to homeomorphism.

PROOF. As in the proof of Lemma 7.20, it can be shown that Q X Yis £, ,, and
nowhere &, _,,_,; and since Y is strongly homogeneous, every nonempty clopen
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subset of Q X Y contains a closed copy of Y. Hence, Q X Y € %2, ,,. Now suppose
that X € %2 ,,. Then X is &, ,,,, so by Lemma 7.4 we can write X = U%, X,
where each X; is closed in X and &, ,,_;. Since X is nowhere #,__,,_,, each X is
nowhere dense in X. Fix i € N, and let 2 be a disjoint cover of X\ X, by clopen
subsets of X such that diam(D) < d(D, X;) for each D € 9. Then each D € 9
contains a closed copy E(D) of Y, and, as before, it is easily shown that

4;= X, U U E(D)
De2
is a closed nowhere dense subset of X such that 4, = Y. Hence, X = U2, 4, = Q X Y
by Theorem 4.3. O

7.23. LEMMA. If n > 0, then (1) holds.

ProOF. By Lemma 7.22,|% 2, ,,| = 1. So suppose that X;, X, € 2, ,, are dense in
C. If Y is the unique element of 2, ,,_, (hypothesis (7)), then X=X, =QXYby
Lemma 7.22, so by (7) we can apply Theorem 4.7 to obtain a homeomorphism 4:
C - Csuchthath[X]=X,. O

7.24. LEMMA. If n > 0, then (2) holds.

PROOF. Let 2= 2, _,,, and let Z be the unique element of Z2,,,_,. By Lemma
7.1, 2 is closed-hereditary; by Corollary 7.5, 2 is strongly ¢-additive. Let B be a
Borel subset of the Cantor set which is not #. Then by Lemma 7.6, C\ B is not
2, . 2n-1, and hence, by (11), C contains a Cantor set K such that K\ B € Z2,,,_,
and KNBe X}, ,,;s0K\B=2Zand KN B is ?. Thus, by Lemma 5.3, we can
find Cantor sets B, in C, for each i € w, such that K = (U2, B;)"= C and for each
i € w,

(i) B; is nowhere dense in K;;

(i) K\ 4 = URo(B,\ A);

(iii) Bo\ 4 = Z = (B;,; \ B)\ 4.

As in the proof of Lemma 6.23, we dcducc from Theorem 4.3 that K\ 4 = Q X Z,
and hence by Lemma 7.22, K\ 4 € £2,,,. O

This completes the proofs of Theorems 7.9-7.11. We further note that Remark
6.24 also applies to Theorem 7.11.

As in §6, we also finish this section with the statement that all spaces defined
above are topologically different.

7.25. THEOREM. Let B,y € [w, w,) andi,j € {1,2} be such that i = 2 if B is a limit
ordinal andj = 2 if v is a limit ordinal. If (B, i) # (v, j), then Zg N X] = @

PROOF. If B # v, say B <y, then X € &/ is nowhere #; by Corollary 7.3, so
X &% If B=1y, then i #j, say i = 1, j = 2; hence, X € %/ contains a closed
subset belonging to £ 72_ 1» Whereas X € 2 does not. O

8. The main theorem. In this section we show that the spaces, defined and
characterized in §§6 and 7, are the only zero-dimensional, homogeneous, non-o-
compact Borel sets of ambiguous class 2 in the Cantor set.
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8.1. LEMMA. Let X be homogeneous and zero-dimensional.

@ Ify €[-1,w,),i € {1,2}, and X is not P, then X is nowhere P".

(b) If Y is a strongly homogeneous closed subset of X, then every nonempty clopen
subset of X contains a closed copy of Y.

PROOF. (a) Suppose U is a nonempty clopen subset of X which is g’y“ ). Letx € U,
and for each y € X, let h,: X — X be a homeomorphism such that A (x) = y. If
{U;: i € N} is a countable subcover of {4 ,[U]: y € X}, then for each n € N, the
clopen set ¥, = U,\U,_, U, is 2\ by Lemmas 6.1 or 7.1. Hence, X = &, _ V, is
also 2.

(b) Let U be a nonempty clopen subset of X, x € Uandy € Y. If h: X - Xisa
homeomorphism such that A(y) = x, then A[Y] N U is a nonempty clopen subset of
h[Y]= Y, so h[Y] N U = Y, since Y is strongly homogeneous. Since A[Y] is closed
in X, h[Y]N Uisclosedin U. O

8.2. THEOREM. Let X be a non-e-compact, homogeneous, zero-dimensional absolute
Borel set of ambiguous class 2. Then for some ordinal a < w, and some i € {1,2},
Xexn.

PROOF. By Theorems 3.2 and 3.3, X € X, for some even y < w;; let a < w; be
minimal such that X € .

Case 1: a < w. Say a = 2n for some n € w. Then if n = 0, X is complete and
nowhere o-compact by Lemma 8.1(a), so X € Z,,. If n > 0, then X is 2, is Py ,,_11-
Let < be the ordering of the properties 2/ defined in Theorem 6.25, and let #{"
be minimal with respect to < such that X is #{; then by Lemma 8.1(a), X is
nowhere 2/ for each Z) < P, s0 X € Z{" by Theorem 6.25.

Case 2: a > w. Then X is Z,. If a is a limit, then X is &, and nowhere & for each
B < a,so X € 2. If a is a successor, then « = B + 2 for some B < w,, and X is
P, U Z, by Lemma 7.2. First suppose that X is not #3 U complete; then by Lemma
8.1(a), X is nowhere (£, U complete). So if X contains no closed subset belonging to
%72, ,, then X € &}; otherwise, applying Lemma 8.1(b), we find that X € 2. If, on
the other hand, X is #3 U complete, then since X is nowhere #; by Lemma 8.1(a)
and by minimality of a, we have, in the same way as above, that X € Z4,, or
Xe%, O

This theorem has a number of interesting corollaries.

8.3. COROLLARY. There are exactly w, homogeneous, zero-dimensional, absolute
Borel sets of ambiguous class 2.

PROOF. If a < w,, i € {1,2}, then |Z{”| = 1 by Theorems 6.13 and 7.9, and all
those spaces are topologically distinct by Theorems 6.26 and 7.25. If X € Z (", then
X is of ambiguous class 2 by Theorem 3.4. Now apply Theorem 8.2 and the fact that
there are only finitely many homogeneous, zero-dimensional, absolute Borel sets of
class1l. O

8.4. COROLLARY. If X is a homogeneous, zero-dimensional, absolute Borel set of
ambiguous class 2, different from C\ {p}, and nondiscrete, then X is strongly
homogeneous.
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It is well known that every zero-dimensional complete space can be embedded as a
closed subspace of P, and that every zero-dimensional o-compact space can be
embedded as a closed subspace of Q X C.

The following theorem shows that the class of spaces characterized in this paper
has a similar universal property with respect to zero-dimensional absolute Borel sets
of ambiguous class 2.

8.5. THEOREM. Let X be an arbitrary zero-dimensional absolute Borel set of ambigu-
ous class 2. Then for some limit ordinal a < w,, X can be embedded as a closed
subspace of the unique element X, of X 2.

PROOF. Since X is of ambiguous class 2, X is 24" for some B < w,, i € {1,2}, and
hence X is 2, for some limit ordinal a € [B, w,). Let K be a nowhere dense copy of
the Cantor set in C and embed X in K. Let 2 be a disjoint cover of C\ K by
nonempty clopen subsets of C such that diam(D) < d(D, K) for each D € 2. Let
X, be the unique element of %> and embed X, as a subset E(D) of D for each
D € 2. Then X is closed in

Y=xu U E(D),
De2

and it is easily seen that Y = X,. O
Note that there is no single zero-dimensional absolute Borel set of ambiguous
class 2 which is universal in the above sense.

9. Remarks. The results of this paper suggest many questions. In the first place,
since all zero-dimensional, homogeneous Borel sets of ambiguous class 2 are now
characterized, we would like to have a characterization of some zero-dimensional
Borel set which is of additive class 2 (i.e., a G;,), but not of multiplicative class 2
(i.e, not an F,;), or conversely. As remarked in [16], it follows from a paper of
Sikorski ([24]; see also [8 and 9]) that Q% is exactly of multiplicative class 2; to
characterize this space the internal description of absolute F,s-sets by Sierpinski [23]
might be useful.

Q= is not the only homogeneous, zero-dimensional, Borel set exactly of multi-
plicative class 2: if T is the space of Theorem 2.4(f), then 7> is an F,; since T is, but
since T contains a closed copy of Q by Theorem 5.1(a), T* contains a closed copy of
Q> and hence cannot be a G;,. T* and Q* are not homeomorphic, since T
contains P as a dense subset, whereas Q® is not Baire. Hence, the following
question, arises.

9.1. Question. Let « €[1, w,), i € {1,2},and X € .

(a) If X is Baire, is X® = T*®?

(b) If X is not Baire, is X®° = Q®?

The following question is suggested by Corollary 8.4.

9.2. Question. Does there exist a Borel subset of the Cantor set, other than C\ { p }
and the discrete spaces, which is homogeneous, but not strongly homogeneous?

Analyzing the results of §§6 and 7, one observes that the Cantor set is homoge-
neous with respect to dense copies of almost all homogeneous Borel sets of
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ambiguous class 2; and the only spaces which do not behave well in this respect fail
to do so for a very obvious reason: when densely embedded in the Cantor set, they
do not have a uniquely determined complement. Hence, we state

9.3. Question. Let X be a zero-dimensional space such that if X, and X, are dense
copies of X in C, then C\ X, = C\ X,. Is C homogeneous with respect to dense copies
of X? What if X is Borel? What if X is (strongly) homogeneous?

Our last question is related to Theorem 4.7; one might try to substitute Q by some
other space. It is easily seen that the theorem fails if Q is replaced by P, but this is
due to the fact that C is not homogeneous with respect to dense copies of P.
Therefore, we have

9.4. Question. Suppose C is homogeneous with respect to dense copies of X and of Y.
Is C homogeneous with respect to dense copies of X X Y? What if X and/or Y are
Borel? What if X and/or Y are strongly homogeneous?

It would be particularly nice to know the answer to the above question in the case
where X is strongly homogeneous and Y = C.

ADDED IN PROOF. Characterizations of Q® and T* can be deduced from a
theorem of John R. Steel; the answer to Question 9.1 turns out to be yes. In a
forthcoming paper, I will describe and characterize all homogeneous Borel sets in the
Cantor set; from this, it can be shown that the answer to Question 9.2 is no, and the
answer to Question 9.3 is yes for X a homogeneous Borel set.
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