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REGULAR CARDINALS IN MODELS OF ZF
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MOTI GITIK

ABSTRACT. We prove the following

THEOREM. Suppose M is a countable model of ZFC and « is an almost huge cardinal
in M. Let A be a subset of « consisting of nonlimit ordinals. Then there is a model N, of
ZF such that 8 is a regular cardinal in N, iff « € A for every a > 0.

0. Introduction. We consider the following question. What are the restrictions in
ZF on the class of all regular cardinals? Clearly, 8, is always regularand 8 , 8, ,
N - and N, for a the least s.t. ¥, = a, are singular. For a limit a, if ¥, is regular,
then it is already quite large and its existence is unprovable in ZF. In ZFC, 8, isa
regular cardinal for every a. Feferman and Levy [3] proved that it is not true in ZF
alone. They built a model of ZF + “N, is singular”. Combining their method with
Easton’s work [2], it is possible to build a model of ZF + “for every a, ¥, 0or 8, is
singular”. Now to make both ¥ , and 8, ; some additional assumptions are needed.

Thus, the Dodd and Jensen Covering Lemma [1] implies that at least 0 is needed,
and by Mitchell [11] it looks like at least a hypermeasurable cardinal is needed. On
the other hand, a model of ZF + “Va > 0 N, is a singular cardinal” is constructed
in [5] from the much stronger assumption Con(ZFC + “Va3x > a k is strongly
compact”). The simplest question, which is unclear how to handle by methods of [5],
is the following. Is there a model of ZF s.t. those regular alephs are only ¥, and ¥,?
Or, for example, let 4 = {a + 120ja € On}. Is there a model of ZF s.t. those
regular alephs are exactly {8 |a € 4 U {0}},i.e., 8y, 8120, 8 2405---?

We shall prove the following

THEOREM. Suppose M is a countable model of ZFC and «x is an almost huge cardinal
in M. Let A be a subset of k consisting of nonlimit ordinals. Then there is a model N, of
ZF s.t. those regular alephs are exactly (¥ |a € A U {0}}.

As an immediate consequence we obtain

THEOREM. If ZFC + (3«k) (k is an almost huge cardinal) is consistent, then there is a
model M of ZFC s.t. for every class A of M consisting of nonlimit ordinals there exists
a model N, of ZF s.t. those regular alephs are exactly {8 ,|Ja € A U {0}}.

Notice, that for 4 = @ it gives a model with all uncountable 8 s singular, but
the assumption here is stronger than those of [5].
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The proof of our main theorem uses the combination of Levy, Prikry and Radin
forcing techniques.

We refer to Jech’s book [7] for most terminology and notation, to [9 or 15] for
large cardinals used here, and to [4, 12 and 14] for the Radin forcing. Let us
summarise here only the more used notions.

On denotes the class of all ordinals. For a set 4 and a cardinal k, £, (4) is the set
of all subsets of A having cardinality less than k. For P € £ (A), o(P) denotes the
order type of P, if A is a set of ordinals. For an ordinal A > k and »n € w, let
[Z.(AN)]" be the set of all the sequences (Q,...,Q,) such that 0, € Z,(A), Q, Nk
is an ordinal and O(Q) < Q; N « for every j’ <j, 1 <j',j < n. Let [#,(M)]=° =
U, co[Z(M)]" A filter Fover £, (A)is fineif {Pla € P} € Fforeverya € A. F is
normal if, for every set of positive measure B and every choice function F on B (i.e. a
function F such that F(P) € P for every P € B — {0}), there exists B’ C B, where
B’ is of positive measure such that F is constant on B’. For a cardinal A > «, « is
A-supercompact if there exists a k-complete, fine and normal ultrafilter on £ (A).
is supercompact if k is A-supercompact for every cardinal A > k. k is < A-
supercompact if k is B-supercompact for every cardinal 8 < A. k is an almost huge
cardinal if there is an elementary embedding of V into M, where M is a transitive
class s.t. j(a) = a for a <k, j(k) >k and M is closed under sequences of its
elements of length < j(«).

1. The forcing notion. Suppose that k is an almost huge cardinal in a countable
model M of ZFC. Let j: M — N be an elementary embedding so that k is the first
ordinal moved and N is closed under < j(k)-sequences of its elements. For every
cardinal a, k < a < j(k), we can define a normal measure p on £ (a) by setting
p(X) = 1iff j”(a) € j(X). Hence k is < j(k)-supercompact and the same is true in
N since it is closed enough to include all such measures. Let us consider the set of all
ordinals a < x which are < k-supercompact. By elementarity of j, this set is
unbounded in k. Hence its image under j is unbounded in j(k). For a cardinal a < «
(or k < a < j(x)) we shall denote by a* the least < k-supercompact (or < j(k)-
supercompact) cardinal above a.

Let a < B < k be regular cardinals. We shall denote by Col(a, 8) the Levy
collapse of all cardinals below B to a, i.e., Col(a, 8) = { f|f1is a partial function from
B X a into B, s.t. |f| < a and, for every y; < B, v, < a in the domain of f,
f(¥15 ¥2) < v1}- The order on Col(a, B) is the inclusion.

Suppose now that a is B-supercompact.

We shall denote by #(a, B) the supercompact Prikry forcing on £, (B), ie.,
P(a, B) is the set of all finite sequences (Q,,...,Q,, B), where (Q,,...,0,) €
[Z.(B)]", Q;N k is a cardinal for 1 <i < n, B is a set of measure one for some
fixed a, B normal measure on Z,(f), and, forevery Q € Band 0 2 Q,,QNkisa
cardinal and Q Nk > O(Q,), where O(Q,) is the order type of Q,. Let
(Qirs-+++Qin» B;) € P(a, B), i € 2. Then (Qoy;- -, Qony Bo) < Q1>+ Q1 B1)
if

(a) nO < nl’

(®){Qo1>---»Qon,) = (@115 Q1ng)»
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(c) B, € By, and

(d) (Qys1r-- -+ Q1) € [Bo]™ 7.

Notice that for a = B, it is the usual Prikry forcing. More involved forcing notion
of such kind was used by Magidor in [10].

Using the almost huge embedding j let us define by induction a sequence of
measures M _,.= (pg|B < k™) of length k¥ on Z,(k*) X V, as follows:

(1) po(X) = 1if (j(k*), B) € j(X).

@) pp(X) = 1if (j"(k*), (ug|B’ < BY) € j(X).

Let R be the supercompact Radin forcing with M _ .. We refer to [4, 14] for the
detailed definitions. Let us only mention how a condition in R looks. It is a finite
sequence ({(P,, uy, By),...,(P,, u,, BY,(M_.+, BY), where (P,,...,P,) €
[Z.(k*)]", B is a sequence of sets of measure one for M_, ., and, for every i,
1 < i < n, the following hold:

(1) P, N K is a cardinal.

(2) (P, N k)* = O(P), i.e., O(P,)is the least < k-supercompact above P, N k.

(3) u; is a sequence of measures over Zp  ((P; N k)*) X Vp 1, Or u; = & and
then we shall omit it often.

(4) B, is a sequence of sets of measure one for the sequence of measures u,.

Finally let P be the finite support iteration of R, Col(a, 8) and #(y, 8) for all
regular cardinals a, 8, v, 8 < k s.t. a < B and vy is §-supercompact.

Clearly, if we force with P, then everything below « ™ is collapsed to w. But we are
interested in some submodels of a generic extension of P.

2. The group of automorphisms. Let us separately define groups of automorphisms
of RO(Col(y, 8)), RO(Z£(a, B)) and RO(R) for every regular a, 8, v, 8 s.t. y < 8 and
a is SB-supercompact. (RO stands for regular open.) Then taking their direct product,
we shall define the group of automorphisms of RO(P).

First let y < 8 < k be regular ordinals. For every set B = {(B, m5)|B € B} s.t. B
is a set of ordinals between y and § of cardinality less than y and, for every 8 € B,
7 is a permutation of B which moves less than y ordinals, we define an automor-
phism 75 of Col(y, &) as follows. mz( p) = g, where (§, »,, »,) € qiff

(1)£é & Band (§, v, »,) €p,

(2) £ € B and, for some v; < §s.t. m(v3) = v, (§, vy, ¥3) € p.

Let ¢,(y, 6) be the group that consists of such m’s.

Such automorphisms were used by Levy [8] in the construction of a model of ZF
with ¥, of countable cofinality.

Now let us define automorphisms for the forcing #(a, 8). Let % be the fixed
normal ultrafilter over Z,(B). Let p = (Py,...,P,, A) and ¢ = (Q,,...,Qp, A) be
elements of #(a, B). Our aim is to define an automorphism 7, . of RO(P(a, B))
which takes p to g. It is enough to define 7, , only on a dense subset of #(a, B). Let
D = {re P(a,B)|r=porr> qor ris incompatible with both p and q}. Clearly
D is a dense open subset of #(a, B). We define m, , on D. Let r€ D. If r is
incompatible with both p and ¢, then let m, ,(r) = r. Otherwise r > p or r > q. Let
us assume that » > p. In case r > ¢ the definition is the same except that P’s must
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be replaced by Q’s. There are Py, ,,...,Py,,, €4 and A’ C A, A’ € Ust. r=
(P Pyy Py s Py, A7) Set Ty o(r) =01, Qs Pyivs s Py A7)
Then, clearly, (1) € P(a,B),m, (1) > gand soitisin D.

Such defmed M, 418 an automorphlsm of D since it is one-to-one and preserves the
order. Let ¢, (a, B) be the group of automorphisms of RO(£(a, B8)) generated by
all such m, ,, i.e., where p, g € P(a, B) are of the same length and have the same set
of measure one. We shall call p, g as above similar conditions.

Finally let us define a group of automorphisms ¢, of RO(R) for the supercompact
Radin forcing R. The construction of %, will be similar to %,(«, 8).

For an element P of Z («*), let C,: P & O(P) be the transitive collapse of P.

DEFINITION 2.0. Let p = {( Py, uy, Ay),....{( Py, up, Ay), (M _ .+, A} and q =
{{Q1, vy, By),....{Qn+ Unrs By:), (M _ .+, B)} be two elements of R. Suppose that
foreveryi,1 <i < N:

(1)N=N’,

(2)4 = B,

B)u,= g iffv,= J, and

(4) u; # @ implies that

(a) P, Nk = Q, N « (and hence O(P) = (P, Nk)*=(Q;Nk)*=0(Q),)), and
(b) < 1) <ul’ A >
Then we say that p and ¢ are similar.

We define an automorphism 7, ;onadensesetD = {r € R|r > porr>qorris
incompatible with both p and ¢} for p, g similar elements of R. If r is incompatible
with p and g, then let 7, ,(r) = r. Otherwise suppose that r > p (r > q is similar).
Let

p={(Phup, A),....(Py,up, Ay), (M _,-, A4y}
and
q= {<Q1, Uy, Ay)se o {Qns tn, Ay)s (M-, A)}

Then r looks like {(Pyy, uy1, A11)s- s Prpp Uiny A1n)s (Pr U1, A1), (P, tiy,
Ay)se s Prny> Unnys Annyds (Pus iy, Ay (Pyyps Uyins Anii)se oo
(Prnims UNims Animps (M +, A')}, where n; and m can be equal to 0.

Set @, ,(r) = {{Qu s A11)s- - - {Qunp Uanp A1n ) Q1> s A1) (Qa1s U,
An),. <QNnN Unnys Annyds (Qns Uns An)se o Pyyrs Unyr Ay ) I
(Pyims Uams Animys (M o+, A)}, where, forevery i, jst. 1 <i<N,1<j<n
and ¥, # 9,

Qij = Cé,l°ci”:(Pij)'

Notice that p and g are similar and hence by Definition 2.0(4)(a), O(P;) = 0(Q,). So
Cgl e Cp, is well defined.

LEMMA 2.1. m, _ is an automorphism of D.
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PROOF. First of all let us check that if r > p, then 7, ,(r) € D and it is stronger
than g. Let 1 < i < N.If n; # 0, then let us show that

{(Qm U, Ai)s- - ’<Qin,’ Uin,> Ain,)}

is addable to g. Notice that n, # 0 implies u;, # &. Suppose that n; # 0 and
1 <j < n,;. Then Cp(P;;) = C5(Q,)) is in 4, . Since g € R, it implies that Q,; D
Qi1 QiiNKk>Q, Nk (ifi>2). Now since {(P;;, u;;, 4;;)|1 <j < n;} is add-
able to p, {{(Q,;, u;;» 4;;)|1 <j < n;} is addable to g.

So for every i, 1 <i< N, n,;# 0 implies that {{Q,;, u;;, 4,,)|1 <j<n;} is
addable to g. But then 7, (r) € Rand =, ,(r) > ¢.

Clearly 7, , is one-to-one and order preserving. Hence =, ; is an automorphism of
D. O

Let ¢, be the group of automorphisms of RO(R) generated by all such =, .

Lastly let ¢ be the direct product of {%,(a, B), 9,(v, 8), ¥|a, B, v, 8 < k regular
cardinals, a < B, v is §-supercompact}. Zis a group of automorphisms of RO(P).

3. The models. Now let us fix some subset 4 of k in M consisting of nonlimit
ordinals. We are going to define a submodel N, of a generic extension of M by P.
For every ordinal & > 0, X, will be a regular in N, iff @ € A. Our strategy will be as
follows. First, we construct a set A(G) in M[G] (where G is now a fixed generic
subset of P) which contains all the information about the structure of cardinals of
N,. Second, we consider HM D(A(G)), the class of all sets hereditarily M-definable
over A(G); see Jech [7] for the definitions. And finally, we set N, = the set of all
elements of HM D(A(G)) of rank less than k. Using the fact that the length of the
Radin forcing is k*, we prove that N, is a model of ZF.

3.1. Construction of A(G). Let us first introduce some notation. For a forcing
notion P let P denote a generic subset of P. By the Radin sequence we mean the set
R,=(PePMx*)|3Ip e R P appears in p}. Let the ordinal part of the Radin
sequence be the set R,, = {a < k|IP € R, P N k = a}. Notice that both R, and
R, are increasing and continuous. R, is unbounded in k and for every P € M(k*)
thereisQ € R, QD P.LetR,;= (P € R |Pisalimitpointof R} and R, = {«
< k|ais a limit point of R, }.

The class of all cardinals of N, will be equal to the set E = {a < k|a € R,,, o1
a = B* for an element B of R, ,} U {w, w*}. Let (a,|r < k) be the increasing
continuous enumeration of E. Then in N, we shall have 8, = a, (» < «). In order to
insure that N, = 8 regular iff » € 4, let us do the following. If v € 4 or v = 0,
then we add to A(G) the information about the Levy collapse between «, and a, , ;.
Otherwise we shall add to A4(G) information from the supercompact Radin forcing

or supercompact Prikry forcing about collapsing cardinals between a, and «,, ,

namely, if » = »’ + 2k + 1, then add from the Prikry forcing, else from the Radin
forcing (where »’ is the maximal limit ordinal < v and k € w).

Now let us do the above formally. Suppose an ordinal » is less than k and B is a
cardinal in the interval [a,,a,,;). Letv = »" + n, where »’is a limit ordinal and
n € w. We consider few cases.
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(1) »’ > 0 and n = 0. Define
R,(a,, B) = {Cia)(P) N BIP € R, P C P(a,) and G5, \(B) € P},

where P(a,) is the element of R s.t. P(a,) Nk = a, and Cp(a,y: P(a,) & O(P(a,))
is the transitive collapse of P(a,).
(2) n = 2k for some k € w — {0}. Define

R (a,,B) = {C#.\(P) N BIP € R,and if
v+ 0or (v =0andk > 1), then P(a, o)) G P C P(a,)}.

(Notice that in this case all P’s except P(a,) are nonlimit points of R,. In the
previous case, only limit P’s, i.e., members of R, are considered.)
(3)n =2k + 1 for some k € w — {0}. Define

#(a,,B) = {P NP |thereisp € P(a,,a,,,) s.t. P appearsinp}.
@4)n # 0orn = 0andv’ = 0. Define

Col(a,, B) = {P1 B |p € Col(a,, a,,1)}-

Now define 4’(G) to be the set {x,(B)|» <k, Bis a cardinal s.t. a, < B < .},
where:

(a) if » # 0 is limit, then x,(8) = R (a,, B),

(b)if v € A U {0}, then x,(B) = Col(,, B),

(c) if v is nonlimit and v & A, then, say, v = »" + n for a limit ordinal »’ and
n € w— {0};

(1)if n = 2k, then x,(B) = R,(a,, B),
Q) if n = 2k + 1, then x,(B) = Z.(a,, B).

Such defined A’(G) already contains all the information we need about collapsing
cardinals. The problem is that this set is not symmetric enough to insure that all a,
remain cardinals in HM D(A’(G)). So we shall define a more symmetric set A(G)
using A’(G).

First let us fix names for elements of A’(G). Let us start with the sequence
(a,|v < k) and define a canonical name a, of «,. Notice that a condition
{{P, u, A)} € R forces “the order type of R below P is equal to

min( P N &, o' EH0)”,

Fix an ordinal », 1 <v<«k. Let w-v=wd -my+wd -m + -+ + & -m,
where 8§, > -+ > 8,> 0, m,,...,m, € w — {0} and +,-, &’ are as in the ordinal

arithmetics. Set

D(v) = { p € P|p ! Ris stronger than some condition ¢

_{< j’ulj’ I_/>Il n1<.]l m}u{<M<x ’B>}
such that min( P, N k, «'"8"(“1)) = § and length(u; ;)

= min( P, N «, length(U,)) foreveryi < n,1 <j < m;}.
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Then every element p of D(») knows what the (w - »)th member of R is going to be.
Namely, for g as above it will be P,,, N k. Let» = »" + k where »’ is a limit ordinal
and k is equal to m,, or 0. Then p determines a,, , ,,. More than that, it determines
every a, ., forr < 2k + 1. Thus a,,,,, willbe P,,, Nk for everyj,1 <j < m, (in
case k #0), a5, =P, Nk and a, ., = (a“z,) for every i < k. Clearly
different p’s can determme different values for a,.,, (r < 2k + 1). So let us denote
by a,., ,(p)a, ,, determined by p.

Also notice that the set D(») is a dense open subset of P.

Now we are ready to define the canonical name «, of «,. Set

a, = { (p.a(p))|p € D(»)}.

Now let us define canonical names for (x,(B)|8,v <k, a, < B <a,,;). Let
B be a cardinal less that k. For a condition p = {{P,, uy, By),...,{P,, u,, B,),
(M_.+,B)} inR and a s.t. P, N k = a for some m < n, let us denote by p|(a, B)
the set (C/(P)NBli<m, u;+ @ and B € Cp/(P)) if a < B <a* or the set
(P,N k|li < mand u;, # @) otherwise.

Now let ¥ < k be an ordinal. Consider the following cases.

Case 1. v # 0 is a limit ordinal. Set

x,(B) = {<p.(BI R)I (a,(p). B)) |p € D(v)}

( p is the canonical name of p).
Case2.v € A U {0}. Define

x,(B) = {{(p.(B1 Col(a,(p),a,,1(P))) ! (a,(p),B)) |p € D(v)},
where for g € Col(y, 8)
_[q1 Col(y,£) ify<é<s,
ar(r.¢) { otherwise.

Case 3. v is nonlimit and » € A. Let » =»" + n for a limit ordinal »’ and
n € w— {0}.
Subcase 3.1. n = 2k for k € w — {0}. Let p = {{(P;, u;, B;), (M _,+, B)|i < n}
€ D(»)I R =4{q! R|g € D(»)}. Then for some m; < m, < n,
P, Nk=a, ,(p) and P, Nk=a,(p).

Notice that the length of u,, , must be equal to one. Let us denote by p [ (a,(p), B)
the set (Cp’ (P) N Bim, < i<m,) if a,(p)<B<a,.,(p) or the empty set
otherwise.

We set

x,(8) = {({p(pI R} (a,(p).B)) |p € D(»)}.

Subcase 3.2. n =2k + 1 for k € w. Let ¢ = (Q;,...,0,, B) € #(y, §). We de-
note

gt (v.8) = {<Qm£ L0,NnE ify<é<s,

otherwise.
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Define

x,(B) = {{p(B1 2(a,(p). 0,1 (P))) ! (a,(p). B)) |p € D(»)}.

It completes the definition of (x,(B)|» < , B is a cardinal less than k).

LEMMA 3.1.2. Let v,B <k, B is a cardinal. Suppose that p € D(v) N G and
a,(p) < B < a,,1(p) ThenU(ig(x,(B))) = x,(B).

The lemma follows from the definition of x,( 8).

We are now ready to define the main set A(G).

DErINITION 3.1.3. Let 4 be the group of automorphisms defined in §2. Set
A(G) = {n(x,(B))lm€ ¥, 0 <v <k, B is a cardinal less than «x} and A(G) =
i;(A(G)) = {ig(m(x,(B))|m € 4,0 < v < k, Bis a cardinal less than « }.

3.2. Cardinals in HMD(A(G)). A set X € M[G] is M-definable over B. We shall
write X € M D(B) iff there is a formula ¢ such that

X= {u IM[G] = @(u, x,,...,x,, B’<)’1a---’)’k>)}

for some x,,...,x, € Mand y,,...,y, € B.

LEMMA 3.2.1 Let «, < B < a, . for some v < k. Then the cardinality of B is the
same as the cardinality of a, in HM D(A(G)).

PROOF. W.l.o.g. let B be a cardinal in M. If » = 0 or » € 4, then igz(x,(B*)) €
A(G). So Uigz(x,(B*)) = x,(B") = Col(a,, B*) € HMD(A(G)). Hence B is col-
lapsed to a, in HM D(A(G)).

Let us assume now that » € A U {0}. Then Ui;(x,(B)) = x,(B) is the Prikry or
the Radin sequence to B. Let us concentrate on the case when it is the Radin
sequence. The proof for the Prikry sequence is really included in this case. We can
refer also to [6, Lemma A.2] for the Prikry case. The claim below is its analog for
Radin forcing and uses the same idea. So let (P, N B|r < §) be the supercompact
Radin sequence restricted to 8, or its large enough subsequence used in x, (), where
¢ < a, is its order type. The lemma follows from the following

Claim. In M[{P, N B|7 < &)] for every v, @, < v < B, there is a sequence of sets
{B}|r < §&) such that:

1) |B}| < a,,

QU(B|T<¢} =1,

(3) (B}|7 < §&) is an increasing sequence, and

(4) B can be defined over M using only (P, N B|7" < 7).

PrOOF. We shall define such sets by induction on y. Set B = P, N a,. Suppose
(BY'|T < §) is defined for every Yy’ < y. Let us define ( BY|7 < £).

Case 1.|y|™ = a for a < y. Let f € M be a one-to-one function from a onto y. Set
BY = f"(B).

Case2.cfMy > a,.Set BY = U{BY "Y1/ < 7).

Case3.cfMy < a,. Let (v,|8 < 8, < a,) € M be a cofinal sequence to y. Define

By =U({By |5 <4}
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The cardinality of BY in M[(P, N B|n < £)] is less that a, since (B?*|§ < §,) €
M[{P, N B|n < 7)] and a, is a regular cardinal in this model of the claim. O

LEMMA 3.2.2. Let v < k be an ordinal. Suppose v & A U {0}. Then a,, is singular in
HMD(A(G)).

PROOF. In this case x,(a,) is the Radin or Prikry sequence to a,,.

The statement of the lemma holds clearly if x,(a,) is the Prikry sequence or it is
the Radin sequence of order type less than a,. Let us assume that x,(a,) = R(a,, a,)
is the Radin sequence to a, of order type «a,. Since R, the supercompact Radin
forcing, was of the length k¥, by [4] every limit point « of the Radin sequence R,
will be singular in M [i(], since it has a sequence measure of length < a™. In our
case we know only the sequence of ordinals R, N a, and we have no information
about measures, but it is really enough. By [14] it is possible to reconstruct in
MI[R,, N a,] a Radin forcing on a, of a length less than or equal to the length of the
Radin forcing on «, which is being used. Hence «, is singular in M[R,, N a,].
However, the reconstructed forcing turns out to be the same forcing that we are
using. Since the length of the last one is < a,', it has no repeat points. O

Now we would like to show that every a, is a cardinal in HM D(A(G)) and that,
forv € A U {0}, &, is regular. In order to do this, we first shall show how to shrink
the set of conditions to determine elements of HM D( A(G)).

Suppose

o(mx,(B) - omx, (B,), 4(G))

is a formula which may also contain some parameters from M. Let p € D(»;) N

-+ N D(»,) N G, ie.,palready knows a, ,...,a, . Now P is the direct product of R,
Col(a, ) and Z(v, 8) for lot of ordinals a, S, v, 8. So p may contain some irrelevant
information. Let us shrink it to a condition containing the information only from the
forcing notions needed to determine x,, (B,),. - .,x, (B,)-

W.l.o0.g. we assume that parameters ﬂlx,,l(Bl),. .. ,7r,,x,,"( B,) in ¢ are ordered in
such a way that the following holds for some 0 = my < m; <m, <m; <m, = n:
i < i’implies v; < v, and, in case », = v;,, B, < B, for every i, i’, js.t.j € {1,2,3,4}
and i, i’ € (m;_y, m)].

Also:

1. If1 < i < m,, then

x, (B;) is the name of Cél(a, , B;).

2. If m; <i < m,, then

x, (B;) is the name of Z(a, , B,).

3.If my, <i < mj,, then

v, is nonlimit and x, (B,) is the name of R(a, , B;).

4. If my < i < my, then

v, is a limit ordinal and x, (B;) is the name of R(a, , ;).
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For g € P stronger than p and i, j€ w, 1 i< n=m, 1<j<4, we shall
denote by ¢(J, i) the restriction of g to Col(a,, @, ,,) if j=1,0<i<my, or to
P(a,, 1) if j=2, m <i<m, ortoRifje (3,4}, m, <i< m, We also
denote byB the cardinal B/ for1 <j < 4andi € (m,_ 1 m], where i’,m; > i’ > i
is the maximal s.t. », = »,. Clearly, B, = max{ 8, |m;>i" >i,v,=»}

’

m;
LEMMA 3.2.3. For every q > p
g+ o(mx,(B),....m,x,(8,) , A(G) )

(or its negation) iff
(gD <j<a,m_y <i<m)o(mx,(B).....7,x,(8,) . A(G) )
(or its negation).

PROOF. It is obvious since if ¢ I- ¢ and some condition stronger than {g(, i)|
1<j<4 m;_, <i<m;) forces @, then there are q;, ¢, € P and 7 € ¢ such
that

(@) 7(q1) = 45,

(b) m is identity on R, Col(a, , a, , ;) (1 < i< my), P(a,,a, ) (m <i<m,),

(¢)gq, - @and g, - .

But it is impossible since such 7 preserves all the names

mx,(B1),....mx,(B,), A(G) . O

The proof of the next lemma is standard and based on the homogeneity of the
Levy collapse.

LEMMA 3.2.4 For every q > p
g o(mx,(B),....m,x,(B,) . 4(G))
or its negation iff
(g1, )1 (o, B)I0 <i<m)~(g(j, i)l 2<j<dm,_ <i<m)

forces the same.

Now we shall shrink the information from the supercompact Prikry and Radin
forcings. Let us first explain the difference here from the Levy collapse. For
simplicity we deal with the Prikry case. Let 8 € [a,, a, ). Every automorphism
mE Y, ofP(a, a,,,) st for P € P, (a,,,), 7(P)N B = PN B, will preserve the
name x,(B). But if we have the name px,(8) for some automorphism p, then
7px,(B) = px,(B) will not always be true. It cannot happen in the Levy collapse
case, since automorphisms there were defined coordinatewise.

Let us start with the Prikry case. W.l.o.g. we can assume that 7, € ¥, (a, , @, )
for every i, m; < i < m,. Fix some presentation of w; (m, < i < m,) as

(] R
‘”Pu,'q,/, Wqu,l’
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where p;;, g;; are similar conditions in #(a, , a, ,;) (see §2 for definitions). We
extend p to a condition p’ in G s.t.

M p2,i)=pt P(a,,a, ) may be different from p’(2,i) = p’ | P(a,, a, ,1)
only form, <i < m,,

(2) for every i, j, m; < i < m,,j < l,, the length of the Prikry sequence in p’(2, i)
is greater than or equal to the length of the Prikry sequence in p,;, and the set of
measure one in p’(2, i) is contained in the set of measure one in p; ;.

Notice that (2) implies that p’ is either incompatible with both p; ;, g,,, for every
i, j,m; <i< m,,j<l,orisstronger than one of them.

For simplification of the notation let us denote such p’ by p.

LEMMA 3.2.5. Suppose q,, q, > p satisfy the following conditions:

(@ 4:(J, 1) = q2(J, i), for every j € {1,3,4} and i € (m;_;, m ],

(b) q1(2,7) and q,(2,i) are similar conditions in P(a,,a, ;) and q;(2,i)!
(a,,B) = 4,2, ) (a,, B,) for every i € (m,, m,). Then

9 = w(ﬂlxvl(Bl) ""’ﬂnxv,,(Bn) ’ LG)_)

iff
a2 o(mx,,(B) . om %, (B,) , A(G) ).

PROOF. It is enough to show that for every i € (m;, m,]
p= “qu(Z‘i),qz(Z,i)(ﬂixv,-(Bi) ) = '”ixy,.(ﬁi) 7.

Then 7 =T, 3 4 1)0:2.m+1)° " ° T @my)aamy Will take g, to ¢, and p will
force “mm,x, (B;) = mx, (B,)” foreveryi,1 <i < n.

Let us fix some i € (m;, m,]. We denote p(2, i), ¢,(2, i), ¢,(2, i) by p,q;,4, and
@ -~ by 7. It is enough to show that

992
mpl-mlemo ""i( xv,-(Bi) ) = xv,(Bi) .

Set D = {r € P(a,,a, ., )|r > m(p), the length of the Prikry sequence in r is
greater than in ¢, and the set of measure one of r is contained in that of q,}. Such D
is clearly a dense open set above =,( p). Also, by the definition of automorphisms for
P(a,,a,,1), 7l D: D> P(a,,a, ) By the choice of p, the same is true for
T a, 1 <J < 1). So mleqom | D: D > Pa,,a, 1)

Claim. For everyr € D

mlomom(r)l (av,’ B:) =rt (av,»’ i)’
Let us first show how the lemma follows from the Claim.
Letx = ((m ' emom(r), rf (a,, B))|m  omom(r)€ D}. Then

mpl-mtomo 7’;( xv,(Bi) ) = X.

Foreveryr € D,r' =m'omom(r) € P(a,,a,,,)and 7, o o m(r') = r. Hence
x={{r,(mtomom(r)}| (a,, B,))|r € D}. Applying the Claim, we obtain that

x={(r.rf (e,.8))reD}.




52 MOTI GITIK

Then, clearly,
mp = xy,(Bi) = X.

PROOF. Let
p=(P,....,Py,B),
q_l =<P1"“7PN’Qll""?le’C>’
g =(Py,...,Py, Qs,..., 05, C).
By condition (b) in the statement of the lemma,
Q,,NB=0Q,, NP, foreveryj,1<j<s.
Letr € Dandr’ = @ 'emom(r).Setr(0) = r. Foreveryj, 1, > j > 1, set
r(j) =, g0 oM 0.(r),
e, r(j)= wnp”.qu(r(j —1)). Letr’(l;) = w(r(l,)). Foreveryj, I, > j = 0, set
r() =) 6, (G + ).

j+1.4ij+1
Then r’ = r’(0).
Notice that, since r > #,( p) and, by the choice of p, 7, cannot change anything in
p above (P,...,Py), all the elements in the Prikry sequence of » with index greater
than N belong to B. Also the set of measure one in r is contained in B. The same
holds for r(j) (1 <j < I)).
Let us prove by induction on j € [0, /,] that the following holds:
(*) r(j)=r(j).
or
r(j) =(Ry,-..,Ry, Qx1s---,Oxs» Rys1s-- s Rpps E),
r'(j)=(Ry,...,Ry, Qe+ Qurss Ryy1se s Ry, E)
for some R,,...,R,,, Eand k # k', k, k' € {1,2}.
The statement (*) for j = 0 together with (b) implies that #, ' e 7 o m(r) 1 (e, , B;)
=rl (a,,B). For j=1, (*) holds by the definition of «. Suppose it holds for
everyj’, [, = j > j. Let us prove ( *) for j. By the definitions,

r(j+ 1) =m, . ,..(r(J)
and
ij’lwq””(r’(j +1)) =r(j)-
If (j + 1) = r’(j + 1), then also r(j) = r’(j). Suppose that r(j + 1) # r’(j + 1).
Then for k # k', k, k" € {1,2} and for some R,,...,Ry,, E
r(j+1) =(Ry,--,Ry, Qurse -+ Qs Rysrs- s Ry E)

and

r(j+1)={(R.,....Ry, Qu1r--+Qus» Rys1se--sRpp, E).
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By our assumptions on p and the remark above, either r(j) is incompatible with
both p;;,, and g;;,, or it is stronger than one of them. Suppose first that r(j) is
incompatible with both p, ;. and g;, ;. Then r(j + 1) = r(j). The Prikry sequence
of p,;,1 is not an initial segment of (Ry,...,Ry) or if it is an initial segment, say
(R,,...,Ry), then some Ry, (N' < N” < N) does not belong to the set of
measure one of p,;,,, since otherwise r(j + 1) > p,;,, by the remark above. The
same holds for g¢,;.,. But by (), r'(j + 1) starts from the same sequence
(Ry,...,Ry). Hence r'(j + 1) is also incompatible with both p;;, ; and g, ;. Then
r’'(j) = r'(j + 1). So (*) is satisfied.

Now let us assume that r(j) > p,;,,. In case r(j) > g;;,, the argument is the
same. Then r(j + 1) > g;;,,. By the choice of p it implies that (R,,...,Ry, B) >
q;;+1- By the remark above, E C B and (Qyy,...,Qss» Ryi1s---»Rypr) € [BIFTMV
for k = 1,2. Then r’(j + 1) > ¢,;,, and, by thc definition of , r(j) and
r’(j) satisfy (*). This completes the induction. O

Now let us consider the case i € (m,, m,), i.e, x, (8;) is the name of R(a,i, B).

W.lo.g. every = € 9, for i € (m,, m,]. Let us fix for every m,<i<m, a
presentation Toundn,® """ ° Mo of =, where p, > q;; are similar conditions in R. As
in Lemma 3.2.5 we shall first extend p- For every i € (m,,m,] and j € [1, 1],
(Q, v) appears in p;; with v # &. Let us add to p [ R some (P, u) st. PNk = Q
N « if it is possible. Let p(0) be such an extension. Now if, for some i € (m,, m,]
and j € [1, /], {Q, u, B) appears in Pij with u # @ and some (P, u, C) appears in
p(0) I R, then we replace C in p(0) | R by C N B. Let us denote such an extension
of p(0) by p.

Notice that, for every i € (m,, m,), 1 <j </, p| R or any element of R similar
to it is either incompatible with both p; ;, ¢, or stronger than any one of them.

Let us first consider the case i € (m,, m;], i.e., »; is a nonlimit ordinal. Here we
are almost in the situation of Lemma 3.2.5, since the fragment of R we really use in
this case is isomorphic to #(«, , «, . 1).

For » <k, let us denote by P(») the element P that appears in p | R s.t.
P Nk = a,, if there is such a P.

Since p € D(v;)N --- N D(»,) for i € (m,, m;], P(v;—2) and P(v;) are
defined.

P,+1‘Iu+1

LEMMA 3.2.6. Suppose q,, q, > p satisfy the following conditions:
(a) ql(j’ 1) = q2(j9 i)fOl' eve'yj € {1’ 2} andi € (mj—l» mj]a
(b) g, I Randq, | R are similar,

(c) for every i € (m,, m,),

(' B (a,,8)= (321 B) I (a,, B),

(d) u = @ for every {Q, u, B) belongingto q; R — g, Rortoq,| R— g, R,
and there exists i € (my, my]s.t. P(v;_,) € Q & P(v)).
Then

9 = (p('”l xvl(Bl) see sy xv (B ) A(G))
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9, = ‘P('”lxul(Bl) ""’ﬂnxv"(ﬁn) , A(G) )

PROOF. Letusdenotep I R, ¢; [ R, g, I Rby p, q—l, 21; Setw = m - Itis enough
to show that for every i € (m,, m,]

mp = Wi-lowo’”i(xv,(ﬁi)) = xv,(Bi) .

Set D’ = {r € R|r = p; for every i € (m,, m;] the length of the sequence in r
between P(»,_,) and P(»,) is greater than this length in g, and the set of measure
one for P(»,) in r is contained in that for q—l}. This set is dense and open above p. By
the definition of automorphisms, p and D’, and for every i € (m,, m,] and
l<j<lym, . 'D:D'>R,nl D:D ->Randw eqem| D': D' > R. Set
D = #//(D"). Then the above s true for D.

As in Lemma 3.2.5, the lemma follows from the following

Claim. For every i € (m,, m,),r € D,
m tomom(r)! (av,’ i) =rl (av ’:Bi)'

PROOF. Let i € (m,,m,), r€ D and r’ = 77 emom(r). For every j <[, we
define r(j), r’(j) as in Lemma 3.2.5.
Now for every j < /, the following hold:

(*) r(j)=r'(J),
or

(1) for every (R, v, T) € r(j), v # @ implies (R, v, T) € r'(j),

(2) for every (P, u) that appears in p with u # & thereis a Q s.t. (Q, u) appears
n r(j),

(3) forevery R € r(j) (r'(j)),if thereisnok € (m,, m;]st.a, ,<RNk<a,,
then R € r'(j) (r(j)),

(4) for I € (m,, m;]let R(», — 2) and R(v,) (which appear in r(j)) be s.t.

R(v,=2)Nk=a,_, and R(y,Nk)=aqa,.

Then the sequence between R(v, — 2) and R(»,) looks like

(Ruvee o Ry Clyy © Chiup(@ua)o- - il Chinp (Qus)s Ry Ro)
in r(j), and like

(Ruve Ry Gty Gy (Qun) s Cily Gy (Ques): Ry R
in r’( j) for some

Risoo iRy Qa5 Qs Qurts -+ Qs € 2, (@,11),

k # k', k, k' € {1,2}, such that

<Pl""’PN>’ <Pl7""PN’ le""»ka>’ <Pl""9PN7 Qk’l""’Qk's>

are the sequences between P(», — 2) and P(»,) in p, q_k and a
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Now in English, (*) says that r(j) = r'(j) or they are the same everywhere except
the intervals @,,_,, a,, for I € (m,, m;] and there the difference is as between ¢, and
q,. Also the measures in r(j), r'(j) are as in p.

The proof of (*) is based on the argument used in Lemma 3.2.5 except that the
notation here is more complicated. We leave it to the reader.

Now applying (*) for j = 0, we obtain that r(0) = r = r’(0) = r’ or (1), (2), (3)
and (4) in (*) hold. Then

R(v )(CR(u) CP(V,»)(ij)) N Bi = C;’,(v,-)(ij) n B P(v )(Qk’j) N Bi
R(v)(CR(v) P(v)(ij)) nBi

for everyj, 1 <j < s. The equahty in the middle holds by (c) of the statement of the
lemma. Hencer | (a,,B)=r"I (a,,B;). O

Now remains the last case i € (m,, m,], ie, »; is a limit ordinal. We have
additional difficulty here since x,(B;) is not a name for all limit points in the
supercompact Radin sequence (R ;) intersected with §;, but only part of it, namely,
all PN B, for P € R, s.t. B, € P. The automorphisms of R do not, in general,
preserve the property “B;, € P”.

Let us fix an enumeration of all pairs (i, @) consisting of i € (m2, m,], and

functions ¢ defined on subsets of /; + 1 (where ;= m, o --- T o) St for
every j € domo, ¢(j) € { p;;, q;;}- We shall extend p step-by-step using on a stage
k_the k th element in the enumeration. Suppose thatp = p™' < p® < --- < p*~lare

defined. Let (i, ) be the kth element in the enumeration. Let s = dome¢ C [, + 1.
If s = @, then set p* = p*~. Let B(i, ¢) be the B;th element of P(»,). Let

(0,(i,9)| j < k(i,9)) = (Q0(i, 9)| j < k(i, 9))

be the increasing enumeration of all limit points Q that appear in p*s.t. 0 N k < &
and B(i, ¢) € Q. Set B(J, i, p) = B(i, ) for everyj < k(i, ).

Suppose now that s + &. Let s = { ji,...,j,}. For notational simplicity, always
assume that @(j) = p,;. Also for a while let us drop the indexes k, i, j, and denote
p*|IRbyp, v, by, B;by B, a, by a,, p;; by p,and g;; by g, for every r < L

If thereisno r € Rs.t.

) r > po,

(2)foreveryj < Lr(j+1) =dtTpq,° " ° TpoaolT) = Pjs1s

Gyr(+)=m, (r())=p
then we do not change p.

Suppose otherwise. Let r € R satisfy the conditions (1)-(3). Set p(/ + 1) = p and,

forj < L p(j) = ;% (p(j + D).

LEMMA 3.2.7. (a) p is stronger than q, and, for every j, 0 < j < I, np(j) is stronger
thanp;and q;_,.

®) r(j) = p(j)foreveryj <!+ 1.

4]

PrOOF. We shall prove (a) and (b) simultaneously. p is compatible with g, since
r(/ + 1) is stronger than p and g,. But then, by the definition of p, p > g, Hence
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pU) =7, (p) = p. p(l) < r(l) since r(I) ==, (r(/ + 1)) and =, is order pre-
serving. Now r(/) =m, . (r(/—1))andby(2)r(/—1)> p,_,. Hencer(l) > q,_,.
So p(/) and g,_, are compatible. The definition of p implies then that p(/) > ¢,_,.
Continuing in such a way we obtain that (a) and (b) hold for every;. O

Notice that the lemma implies that p(0) satisfies the conditions (1), (2), (3) and
that every r which satisfies (1)—(3) is stronger than p(0).

For g € D(») let us denote by P(q,v) the element P that appears in g s.t.
PNk=a, Let B be the Bth ordinal in P(p(0), »). Notice that every p()
(j < !+ 1)is similar to p and hence it is in D(»). Let (Q})| Jj<k)be the increasing
enumeration of all elements Q that appear in p(0) s.t. Q € P(p(0),»), 8 € Q and Q
is the limit (i.e. the sequence of measures u for which {Q, u) appears in p(0) is not
empty). Suppose (Q,| j < k) is the corresponding sequence in p,i.e. Q; N k = Q? N
k. Let B(j) = CQ_jl ° Cgf(,l?) for j < k. Notice that B( ) does not always equal 8( ;')
or does not always belong to Q;_, forj, j* < k.

LEMMA 3.2.8. For every j,0 < j < k, if some (Q, u, B) € p and (CQ’:P, v) belongs
to some element in the sequence of sets of measure one, B, then B(j) € P.

PROOF. Since p and p(0) are similar, (Q7, u, B) € p(0). Set P’ = CQ‘;)I(CQ’; (P)).
Then (P’,v) is addable to p(0). Hence P’ 2 Q) ;. So B € P’. But then B(j) =
Cole CQ?(,E) eP. 0O

Let us now define the extension of p. Let {Q,, u,, B,) € p for some (u,, B,). We
shrink By, to a sequence of sets of measure one, By, s.t. every (C5/(P), v) belongs to
some member of B, B(0) € P. Let p’ be such an extension of p.

Now let us return to the stage k and the old notation. Set k(i, )=k,
(7, @)l Jj < k(i, @)y =<Q71 j < k), (Q;(i, )| j<k(i,9))=(Q, j<k),
(B(jsis@)| j < k@i, @)y = (B(j)| j < k)and p*| R = p’, p"\R = p* "I\ R.

It completes the inductive definition of extensions of p. Let us denote the final
extension by the same letter p.

Notice that for every (i, ) s.t. (Q,(i, @)| j < k(i, ¢)) is defined, {Q;(i, @)| j <
k(i,p)} = {P|Pisalimit pointof p | Rand Q,(i,9¢) € P C P(p,»,)}.

For a limit point Q of p! R st. Q C P(p,»,) for some i € (m5, m,], let
B(Q) = max{B(j, i, p)| i € (m,, m,], @ is a partial function on /; + 1 s.t., for every
r € dom, 9(r) € {p,,. 4, }.j < k(i, ) and Q,(i, @) = Q). if B(j. i, ) is defined
for at least one such pair (i, ) or S(Q) = Q N « otherwise.

Let (Q;(p)| j < N) be the increasing enumeration of all limit points Q of p [ R
s.t., for some i € (m5, m,), Qis contained in P(p, v;). Set O_,(p) = 2.

LEMMA 3.2.9. Suppose q,, q, > p satisfy the following conditions:

(a) q1(j9 l) = qZ(j’ i)foreveryj € {1,2}, i€ (m_j—b mj]»

(b) g, I Rand q, | R are similar,

(¢) for every i € (my, m3], (q; I R) (a,, @, 1) = (g, BT (a,, o, 1)

(d) for every j < N, and all limit points Q" of q, and Q% of g, s.t. Q' Nk = Q% Nk
and Q, (p) < Q' € Q,(p),

0'n B(0,(p)) =02 n B(Q,(p)).
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Then

q - ‘p(ﬂlw""’w"fﬁz(_ﬁﬁ’ A(G))
iff

g - w(wlxy,(l?l) -m,x,(B,) . A(G) ).

PrOOF. Denotep | R, ¢, I R, ¢, Rbyp, q,, ¢, Setm ==
cases, it is enough to show that for every i € (m,, m,]

mp i mtomom(x,(8)) = x,(8).

Set D = {r € R|r > =,p; for every (Q,v) that appears in g, some (P, u) with
P N k= Q N k appears in r, or it is impossible to add any such pair to r; if some
{Q, u, By and (P, u,C) appear in ¢, and r with u #+ &, then C C B}.

Notice that every r € D or any element of R similar to r is either incompatible
with both q_l, g, or stronger than one of them. Clearly, D is a dense and open subset
of R above =;p. By the definitions of automorphisms p and D and, for every
i€ (m, myland1 <j </,

' D:D->R,w#! D:D—->R and = ovrovrirD:D—-»R.

7.2 As in the previous

P,,q:;

As in the previous cases, it is enough to prove the following
Claim. For every i € (m,, m,]and r € D,

mtomom(r)l (a,,i, ) =rl (“v." )

PROOF. Suppose ris in D and i € (m,, m,]. Let us define by induction a function
@ on a subset of /; + 1. If there is no j, 1 <j </, s.t. r > p;; or r > g, then let
¢ = . Otherwise we shall define simultaneously the domain { j,|z < k} and the
range of ¢. Let j, be the leastj, 1 <j < /;,s.t.r > p, orr > g,;.

Set

Pij ifr?Pij,
q;; ifr> q;;-

o) = {

Suppose {{j,, q)(j,))lt k’y is defined. If there is no j, k' <j </, st. rp =
i (r) is stronger that p,; or g,;, then let k =k’ and ¢ =
{({JoeUUIt < k} Otherwxse let ji-,, be the least j, k' <j </, st. rpeiq > py;
org;,.

Set

Pij if Fevr 2 Piji.r

9ij.., otherwise.

‘p(jk’+1) = {

Now if r,,, is not stronger than ¢, or ¢,, then #(r,,,)=r.,, and hence

w7 'mm,(r) = r, where r,,, = r if ¢ = &. Obviously, the statement of the Claim

holds in this case.

Suppose that r,,, > g, (or g, which is the same). Then r satisfies the conditions
(1), (2), (3) before Lemma 3.2.7 for the pair (i, ). We proceed now as in Lemma
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3.2.7. By the choice of p, it is incompatible with both p;, and g,, or it is stronger than
Pii, 0T g,
In the first case, /; € dome; in the second one, we must have /, = j, since
rv+1 = p- In the same way, for every j, <j < /;, p is incompatible with both p, and
q;; and then j > ji, or p is stronger than p, ; or ¢;; and then j = j,. Hence

pk) =4 p,,kq,,k( p)= p,,,(q,,,( p./ i, (p)
Applying the same argument top(k)and r, = p s (r,+,) we obtain
plk=1) =gm) o (P)=m, o . My vy (Pi)
Continuing, we have, as in Lemma 3.2.7,
p(0) =g p,,oq, O(p(l)) = p,,oq.,o ) p,,kq,,k(p) = Tyan® T, q.:(p)

Now, since r, , 1, 7(r, 1) = P, it follows that, for every ¢ < k,
-1 —l 6 «e. o0eg-1 ’
rk ¢+ = atm, Pijk—(Fiji- :(rk_"H) p'lk Fijk - l”p'lk 41190k 41~ l(rk+1)’

wherer;  , = w(r 1) So

=y 0’ T g, (T(rnih)) = w7 (@ (7 (r))).

Pijolijo p'!k 9ijx

Case 1. i € (m,, ms]. It is enough to show that, for every ¢ < kK + 1, any
Q€2 (a, ) st P(p,v,— 2) Nk < QN k, appears in r, iff it appears in r,. For
t = k + 1 it follows from the condition (c) of the lemma. Suppose it holds for ¢ + 1.
Let ¢(j,) = p;;, (f ¢(j,) = g;; the argument is the same). Then r, > p,; and
o= Pu,‘lu(r) > q;;- Asin Lemma 3.2.7, then also r/ > p;; and r/, | = T, qu( r))
> q;;- Now it follows from the definitions of Ty a P and the assumptlon fort + 1
that, for every Qe (ayﬂ) s.t. P(p, v, — 2)nn < Q Nk, Q appears in r, iff Q
appears in r,.

Case 2. i € (m,, m,). Let B be the B;th ordinal in P(r, v;). By arguments above,
P(r,v;) = P(p(0),v;) = P(r’,»;). Suppose Q is a limit point of r s.t. Q C P(r, »;)
and B € Q. Letj < k(i, 9) be the least so that Q%(i, ) 2 Q. Then

(’ ‘P) 20 = fCQ,(l ®) CQ';(, m(Q) and B(J»' (P) CQ_jl(i,q:)OCQf(i.w)(B)'
Let Q! be the least limit point in ¢, s.t. 9’ € Q' C Q,(i, ¢). Let Q? appear in g, s.t.
0*Nk=Q'Nk Set Q” = Cyt o CHi(Q’). Then Q” appears in m(7,(r)) = m(ry. )
=TIy

By Lemma 3238, B(j,i,9)€ Q”, Q' N B(J,i,9)= Q" N B(j,i, ), since
B(Q,(i,9)) = B (j,i,9)) and, by (d), O' N B(Q,(i, 9)) = Q> N B(Q,(i, 9)). Let
0= CQo(, ?) CQ (.(@"). Then Q is a limit point of 7/, € Qand Q N B=Q N
B. So we proved that

rt (a,,B)crt (o, B).

The opposite direction is the same. O
Let us now combine Lemmas 3.2.3-3.2.6 and 3.2.9. Letp € D(v;) N --- N D(»,)
N G be a condition extended as in 3.2.5, 3.2.6 and 3.2.9.
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THEOREM 3.2.10. Suppose q,, q, > p are such that:
(1)g, I Randq, | R are similar,
(2) q,(2, i) and q,(2, i) are similar for every i € (m,, m,],
(3) qi(j, i)'(av,v Br) = ‘h(j’ i)|(a,,‘, Bi)for everyj € {1’2’3} andi € (mj—l’ mj],
(4) for every j < N and all limit points Q' of g, R and Q? of ¢, R s.t.
Q'Nnk=0*NkandQ; ,(p) < Q' C Q;(p),
Ql N B(QJ(P)) = Q2 N B(Q,(P))

Then

o = o(mx,(B) o omx, (B,) . A4(G))
iff

a2+ o(mx, (B) ...om,x, (B,) . A(G)).

The proof follows from Lemmas 3.2.3-3.2.6 and 3.2.9.
REMARK. We can replace ¢(y;,...,),.+1) by any other formula. What we used to
define p was only the sequence of the names (mx, (B,),...,7,x, (B, ))

THEOREM 3.2.11. For every v < k:
(i) every subset of a,in HMD(A(G)) is in M[G | a,],
(ii) e, is a cardinal in HM D(A(G)),
(i) if v + 1 € A, then a, ., is a regular cardinal in HM D(A(G)).

PROOF. Let us start with (i). Let a C a, be in HMD(A(G)). Then a = {a <
a,|M[G] F @(a, ig(mx, (B1))- . - »ig(m, x,(B,)), A(G))} for some formula
@(xq, Xq,...,X,, X,,1) Which may also contain some parameters from M. Let us
denote (x,, mx, (B,),---,7,x, (B1), 4(G)) by ¥(x,). W.Lo.g. we can assume that
mx, (By),- ..., m,x, (/3 ) are ordered as in Theorem 3.2.10. Letp € PN D(» + 2) N
N{D(»,+ 2)|]1 <i<n) NG be as in Theorem 3.2.10. We also preserve all the
notation of 3.2.10. The relevant part of P will be the direct product of {Col(a, B,)|
1 <i<m}, {#(a,,B)lm <i<m} and R. Let us denote this product by P.
Assume also that p € P and every g € P is stronger than p. We shall show that
already the part of forcing below a, determines a. The idea of the proof is to
combine the closure properties of the Levy collapse, and the supercompact Prikry
and the supercompact Radin forcings.

Let us denote (q(j,i)| j=12, a, <a)~q’ by gl a for g€P and a <«
appearing in p! R or equal to B* and for some B appearing in p | R, where
q'={(P,u, Ty €q! RIPNk < a}, and denote (q(j,i)| j=12, a, > a)~q’
by g\ a, whereq’ = {(P,u,T) € g R|P Nk > a}. Also let

Pla={ql a|g€P} and P\a= {g\alg€cP).

Clearly, for every ¢, € P! a and ¢, € P\q, ¢," q, € P, where ¢, " g, is the condi-
tion generated by ¢, and g, in the obvious way.

Letg€ Pand C = (C,,...,C,,.,,) best. C,,...,C,, C,,., are sequences of sets
of measure one for sequences of measures u,,...,u,, M _ ., where (P, u;, B,),...,
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(P,, u,, By, (M_,., B) appear in g R for some P,...,P, B,,...,
B,, B. Denote by ¢~ C the condition obtained from ¢ by replacing in ¢ | R every
(P, u;, B;) by (P, u;,C;N B;) for 1 <j<mand (M_,., B) by (M_,.,C,.; N
B).If foreveryj,1 <j < m, P, Nk > a, then we shall say that C is above a.

Let (a(j)| j < M < m,) be the increasing enumeration of all a, (1 <i < my)
s.t. v, > v. Set a(0) = a,,.

We proved Theorem 3.2.10 for the similar conditions q,, g, > p. The notion of
similarity is an equivalence relation, but the number of equivalence classes is too
large. Let us define a weaker notion with fewer equivalence classes.

DEFINITION 3.2.12. For ¢, ¢, in P we say ¢, g, are almost similar and write
9, = g, iff

(1) for every q; > g, there is q; > q,, so that, for some direct extension g; of q;
(i.e. obtained only by shrinking sets of measure one Prikry and Radin parts of q;), g,
and ¢; satisfy conditions (1)—(4) of Theorem 3.2.10,

(2) for every q; > g, there is g; > g, so that, for some direct extension g of ¢, q;
and g, satisfy conditions (1)-(4) of Theorem 3.2.10.

It is easy to check that = is an equivalence relation on P.

LEMMA 3.2.13. Let qy, q, be almost similar, y < a,, i € 2. Then q; = "¥(¥) iff
q, - "W (y), where Y is ¥V ifi=0and "V ifi = 1.

PROOF. Suppose g, - ¥(¥) and ¢, # ¥(¥). Then there is g; > ¢, and ¢;
I~ ¥(¥). Let g; and g; be as in 3.2.12(2). Then g I~ ¥(¥) and g; I+~ ¥(¥). But
41, 45 satisfy conditions (1)—(4) of Theorem 3.2.10. So it is impossible which forms a
contradiction and the lemma is proved.

DEFINITION 3.2.14. Let a < k appear in p or, for some B, let « = B* appear in p.
For ¢q,,q, € P} a we say q,,q, are almost similar (¢, = q,) if ¢,”p\ a, and
q,” p \ a are almost similar.

Now let us count the number of = -equivalence classes.

LEMMA 3.2.15. Let a; appear in p or a,_, appear in p for some § < k. Then there is §
so that p - 8 < g,y and there are less than 8 = -equivalence classes of elements of
P Fag.

PrROOF. First notice that, in case a; appears in p, a;,, = af, and so p already
knows a,, ;. Also if @;_, appearsinp (i.e.a; = af_;)and a;_; € {a, |1 <i<m,},
then p knows a;, ;, since then p € D(§ + 1).

We consider few cases.

Case 1. £ is not a limit ordinal and a; & {a, |1 <i < m,)}. Then set & = (27)™.
Let {g,|r <&} be a subset of P a,. We would like to find almost two similar
elements in this set. W.Lo.g. we can assume that ¢, I a;_, = ¢, I a;_, for every
7, T, < 8 since the cardinality of P | # a,_, is less than 8. Now if a; = a* for some
ainp, then P} a = P a;_,, and hence g, = g, for every 7, 7, < 8. Otherwise a,
appears in p. But since £ is nonlimit and a; & {a, |1 < i < m;}, then a; also cannot
be in {a, |1 <i < my}. (Bvery v, my <i < my, is a limit ordinal.) Then we have
no restrictions on the forcing between a; and a;,; = af in Theorem 3.2.10.
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Let (P(p, §), u) appear in p. We denote by R(p, a;, a;,,) the fragment of R
between P(p, § — 2) and P(p, §), i.e. R(p, ag, a;, ) = {{(Q),...,Q,, B)|for some
qg€R, g=pI R, (P(p,§),u,BYy€q and (Q,,...,0,) is the sequence in ¢
between P(p, £ — 2) and P(p, §)}.

We shall denote (Q;,...,0Q,, B) by q|R(p, a;, a;,). The order on R( p, a;, a;. ;)
is defined as for supercompact Prikry forcing using the measure u.

Let 7, 7, < &. It is enough to show that

qf,lR(P» A, ae+1) =4t ‘112|R(P, Q, "‘g+1)

are almost similar. Work in R( p, a;, a;.,). Let g; > ¢, and choose g; > g, with the
same length of the sequence as in ¢; and with the set of measure one contained in
those of gq;. But then a direct extension of ¢; is similar to g;.

The same argument gives converse direction. Hence ¢, = ¢,.So ¢, = ¢,

Case 2. § is not a limit ordinal and a; = «, for some i, 1 <i < m;. Then set
8 =(2*")*. Let {q,Ir <8} C P! a,. The cardinality of P|a,_, is less than 8.
W.l.o.g. we can assume that, for every 7,7, <8, g, [ a;_; = q,, | a;_;. Also we
can assume that ¢, (j, i) I (&, , B,) = ¢,(J, i) (a,, B, ), wherej = 1if 1 <i<m,
and j = 2 if m; < i < m,, since the total number of such restrictions is less than 6.
Now in case 1 < i < m,, we are finished. Then every ¢,(1, /) is a condition in the
Levy collapse and it means that g,, g, are almost similar for 7, , < §. In case
m, < i < m,, we need to work a little more. In this case ¢.(2, i) is a condition in
P(a,,a, 1) Let B, be the set of measure one that appears in ¢,(2, i) for 7 < §. Set
B, = ({0, N B0, N BYIn < &, (Qy,...,0,) E[B,]"). Then |B,|=B. So
w.lo.g. we can assume that, for every 7,7, <8, B, = B, . But then ¢, = g, for
every 7,7, <&. Since g, l a;_; = ¢, | a;_; it is enough to show only that
9,2, i) = q,2,i). Let g € #(a,,a,,,) be stronger than gq,(2,i). Say
91 = 4,,(2,1)"{Q11>---,Q1n» By). Then there are (Qyy,...,0,,) € [B,]"s.t. 0y; N
B, = Q,;N B;foreveryj,1 <j<n. Let

q; = qrz(z» i)~ (Qa5-+-,Q24> By),

where
B2 = (B‘rz N Bl - {Q € ‘@a,'(av,+l)|Q ;—) Q2n or Q N av,- < QZn N avn,})‘

Then g{ = g;" B, is similar to ¢;. In the same way it is possible to find every
95 > 4,,(2,i) and g; > q, (2, i) s.t. a direct extension of g; is similar to g{. Hence
4.2, i) and g, (2, i) are almost similar, and so 4. 4, are almost similar.

The case m, < i < m, is as the Prikry case above.

Case 3. £ is a limit ordinal. Let Q that appears in p|R be s.t. Q Nk = a,. Let
8§ = (229", where B(Q) is as in Theorem 3.2.10. Let {q,|7 <8} C P} a,. Let
Q, be the maximal limit point of p I R below Q, if such exists, or the empty set
otherwise. Let 0, N k = y. For every i, 1 < i < my, a, < a, implies @, <y since
P € D(»; + 2). So between y and a, we have only the supercompact Radin forcing.
Since the cardinality of P I' y is less than §, it is safe to assume that ¢, I y = g, Iy
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for every 1, 7, < 8. For 7 < & let

‘7"' = {<Q1’ uO’ B,,,0>, <Prl’ ufl’ B.,,1>,. . "<P‘rn,’ u‘rn,’ B‘rn,>’ <Q’ u, B-r>}
be the part of g | R between Q, and Q. W.lo.g. we can assume that, for every
T, T, <8,

@n, =n, =n,

d) P, N B(Q)=P, ;N B(Q);
foreveryj,1 <j < n,

© u, ;s B1) = <“fz," szj> = (u;, B;);
and for everyj,1 <j < n,

(d) B, = B, = By.

We denote by B, the set {((T} N B(Q), vy, E,),....{T,, N B(Q), v, E,))|m € w,
(T, vy, E),....{T,,v,, E,)) is addable to (Q, u, B,)}. The number of such B,’s
is less than 8. So let us assume that, for every 7, 7, < &, Eﬁ = 1_2,2. But then every
two ¢,,q,, will be almost similar. It is enough to show only that ¢, =4¢, !
R\ (P, , N «)and g, =44, | R\(P,, N k) are almost similar. So let

q1=4," {<T1’ 01 E1)se s Ts U E) )
Then {({(T; N B(Q), vy, E,),... LT, N B(Q),v,, E,)} € Rl = §,z. Hence there is a
sequence {(S;, vy, Ey),...,{S,; U E,,)} addable to (Q,u, B, ) such that S; N
B(Q)=T,n B(Q) foreveryj,1 <j < m.

Let g{ = ¢;" (B, N B,)) and q3 = q,” {{S}, vy, E),....,{S,, V> E,,.)}. Then gy
is a direct extension of gj, g;, g, are similar and they satisfy the conditions of
Theorem 3.2.10. This completes the proof of Lemma 3.2.15.

Now we return to the proof of Theorem 3.2.11.

Let /; < M be the least s.t. a(/}) > a, for i €[1, m,], i.e. above a(/;) in P
everything comes from R. For every y < a, and every g € P | a(/;), Woodin’s
argument [17] provides a sequence C(y, q) of sequences of sets of measure one
above a(/,) so that the following holds. There is ¢’ > ¢”p\ «(1,)" C(v, q), ¢’ |
a(l;) = qand

g =¥(y) iff g p\a(l)"Cv.q) F¥(Y),
where i € 2 and °¥% = ¥, '¥ =~ ¥, but for ¢, = q,, C(v,¢,) = C(y. g,) which
follows from Woodin’s construction of C(y, q) and Lemma 3.2.13. Using complete-
ness of measures above a(/;) and Lemma 3.2.15 we can replace all é(y, q) by a
single set C.
Then, for every g € P|a(/,) and y < a,, there is ¢, € P|a(/,) s.t. ¢; > g and
a1”p\a(l)” CI¥(Y),

since there is some ¢’ > ¢~ p\ a(/;)~ C which decides ¥(¥). Let q; = ¢’|a(l,).
Then g, p\ a(/;)" C(y, q,)|1'¥(¥). But by choice of C,q,"p\a(l)” C is stronger

than ¢,” p\ (/)" C(v, ¢,)-_
Now let us define the sets ¢#(/) by induction for every / < /; such that

W) p\ a(l)"1(1) € P\a(/), ~
(2) forevery g € P | a(!/) and every y < a,, thereis ¢’ € P|a(/) s.t. ¢' > g and

g ~p\a(l)~t(D)I¥(F).
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Set 1(1,) = C. Suppose now that (/') is defined for every I’, | < I’ < l;. Let us
define f(l) Suppose a(/) = a, for some £ < k. We consider two cases.

Case 1. a(l + 1) = a, for some i, m; < i < m,. So Prikry or Radin forcings were
used between 798y and a(l + 1). By [13 or 17] for every ¢ € P | a(l) there is a
sequence of sets, (v, q), of measure one above a(/), so that the following holds.

Thereisq’ > ¢~ p\a()~r,(I + 1)~ C(v,9), 4" a(l) = g,
g - "¥(y) iff g p\a(l)r,(I+1)"C(y,q) I+ "¥(y) foriec2.

Once more, for ¢, = g¢,, C(, q;) = C(¥, g,) which follows from the construction
of C(y,q) in [13 or 17] and Lemma 3.2.13. By completeness of measures and
Lemma 3.2.15 it is possible to replace all C(y, ¢) by its coordinatewise intersection
C. Set 1(l) = C~t(l + 1). Then, clearly, p\ a(/)" (/) € P\a(!). Let g € P a(/),
¥ < a,. By the inductive assumption there is ¢” € P a(/ + 1) st. ¢” > ¢ p !
a(l + 1)~ Cand

g p\a(l+ 1)~ 11 + 1)|¥(¥).
Setg’=q""p\a(l+ 1" t(I + 1)and ¢’ = g’ a(l). Then

g >q p\a(l)~1,(I1+1)"C.
It implies that g’ > ¢’ p\ a(])" t_;(l + 1)~ C(y, q’). Hence

g~ p\a()~t,(1+1)" C(v, 9)I1¥ (%)

So the stronger condition ¢'~ p \a(l)“f;(l ) decides ¥(¥), but ¢’ > q. Case 1 is
proved.

Case 2. a(l + 1) = a, for some i, 1 < i < m;. Then », is a nonlimit ordinal and
the Levy collapse was used between a, and a, ;. Let us assume for simplicity that
a, =a(l). If a, _; > a(l), then we shall first go down to Plot,_1 and then
continue as in Case 1 to P|a(/). Let T be a maximal subset of P|a(!) consisting of
pairwise not almost similar elements.

Then by Lemma 3.2.15 the cardinality of T is some § < a, = a(/ + 1). Let
{q,|T < §) be an enumeration of T. We define by induction an increasing sequence
(r(v)Iy <a,) of conditions in Col(e,,a, ). Let r(0)=p(l,i). Suppose
{r(y)|y" < v) is defined. Let # = U{r(y")|y’ < v}. r(y) will be the union of the
sequence (s,|T < 8) defined as follows. Set s, = 7. Now if there exists an s €
Col(a,,a, ,1),s > r,s.t

90" s”p\ea(l+ D) 11+ 1I¥(Y),
then let s; = s. Otherwise s, = s,. Suppose that, for every 7’ < 1, s.. is defined. Let
s; =U{s,|7" < 7). Notice that § < a, so s; € Col(a,, , ,,). If there exists an
s = 5] st

~sop\a(l+ 1)~ (1 + 1)|¥(F),

then let s, = 5. Otherwise set s, = s..
Now set r =U{r(y)|y <a,}. Since /+1>0,a,<a, =a(/+1) and so r €
Col(a,, a, . ). We define t(/) = r~t(I + 1).
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Let us check that for every g € P} a(/) and y < a, there is ¢’ € P | a(/) s.t.
q’ > q and ¢’ p\ a(/)" t()||¥(¥). So, for fixed g€ P a(/ + 1) and y < a,, let
q” € Pla(l + 1)best.q” > g rand ¢”"p\ a(l + 1)~ (I + 1)||¥(¥). Set ¢’ = ¢”
I a(/). Let ¢” = q’~s for some s € Col(a, , a, . ;). Then ¢” = g, for some 7 < 8.
By Lemma 3.2.13,

g." s p\a(l+ 1) (1 + 1)[¥(y).
Then, on the step 7 in the construction of r(y) we have

g.”s,”p\a(l+ 1)~ 1(1 + DII¥(y).
Hence ¢, r"p\ a(/ + 1)“7(1 + 1)||¥(y) since r > r(y) > s,. Applying Lemma
3.2.13, we obtain that ¢’ r~ p\ a(! + 1)" ¢(/ + 1)||¥(y). But it means that

g~ p\ () 1(DI¥(y).
Case 2 is proved.

Now for / = 0 we have a set #(0) s.t., for every g € P|a,, every y < a, and every
y < a,, there is ¢’ € P|a, s.t. ¢’ > gand ¢’~ p \ a,” 1(0)||¥(y), where the p that we
started with can be chosen as an extension of an arbitrary condition. The above
means that P|a, already determines the set a. This completes the proof of Theorem
3.2.11(1).

(ii) It is enough proof that a, is a cardinal in HM D(A(G)) only for nonlimit ». So
let v =»" + 1. Now if a, is collapsed, there must be a function f: a, < a,, by
Lemma 3.2.1. It can be coded as a subset of a,.. Hence f € M[G|a, ]. But it is
impossible, since by Lemmas 3.2.13 and 3.2.15, almost similar conditions in P|a,,
must force the same values and there are less than «, pairwise not almost similar
conditions. This completes the proof of Theorem 3.2.11(ii).

(iii) Suppose now that » + 1 € 4 and thereis f: «, — a,,, unbounded in a, _ ;.

Let f be determined by some formula ¢(x,, x;,...,Xx,,,) which include some
parameters from M, some ig(mx, (8,))...,ig(7,x,(B,)), and 4(G),i.e. fora < a,,

B < a,
f(a)= B ift MIG)=g(a B ig(mx,(8) ). A(G)) =ar ¥(a, B).

Let us use the same notation as in (i). Then in (i), there is some Is.t.

Mp\a,. "€ P\a,,,, _
(2)foreveryge Pl a,,;andeveryy, < a,,v, < a,,,, thereisqg’ €P | o, s.t.
q’ > qand

9" p\a, " ;”‘I,(?l’ ?z)'

Let (g,|r < 8) be a maximal subset of P | a, consisting of pairwise not almost
similar conditions. By Lemma 3.2.15, § < «,, ;. By induction we define, for every
¥y < a,, an increasing sequence {r(y)|y < a,) of conditions in Col(e,,,, a,,,) as
follows. Notice that this forcing was used for a,,, since v + 1 € 4. Let r(0) =
(Pl a,.1)\a, Suppose that {(r(y’)|y’ <) is defined. Set 7 = U{r(y)|y' <v}.
r(y) will be the union of the increasing sequence (s,|7 < 8) defined below. Set
s, = 7. Now if there are some s > soand B < a,,;8.t.¢o"s"p\ &, "t I ¥(¥, B),
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then let s; = some such s. Otherwise s, = 5,. We continue in such a way for every
7 < §,ie.if thereares > s,and B < a,,; s.t.

q‘rr\sﬂp\av+1ﬁ;"_ \P(?’ B)a

then we pick some such s and set s,,, = s. Otherwise s, ,.; = s,. It completes the
definition of (r(y)|y < a,). Setr =U, _, r(y). Then the condition

plarp\e, "t

forces that the function ¥ be bounded in a, , ; and, by Lemma 3.2.13, almost similar
conditions force the same. This completes the proof of Theorem 3.2.11(iii).

The next statement based on Mitchell’s result [12] says that the regularity of « is
preserved in generic extensions by Radin forcing of the length x*. In our case only
one additional argument is needed.

THEOREM 3.2.16. k is a regular cardinal in HM D(A(G)).

PROOF. Suppose otherwise. Then in M[G] there is an M-definable function ¢ with
parameters from 4(G) from some 8 < k unboundedly into . Let

q’(xo’ 15 ic(‘”l x,,(B1) ),- “’iG(ﬂn xv"(ﬁn) )’A(G))

be a formula which defines o and is allowed to also contain some parameters from
M. Let us denote ¢ by ¥(x,, x;).

Let p and P be as in Theorem 3.2.11 for the formula ¥. Suppose also that, for
some » > Max{v;|]1 <i<n},a,appearsinp. Let Qbeinpst. Q Nk = a,.

LEMMA 3.2.17. Let (q,|a <«k*) be in P and let every q, be of the form
Po” M _+, T), for some fixed T, where every p, is a lower part, i.e. there isno M _+
inp,.

Then there are 7,7, < k" s.t. q,, q,, are similar and satisfy the conditions (1)~(4) of
Theorem 3.2.10.

PrROOF. W.lo.g. we can assume that p, I a,=p, | a, for every 7,7, <k,
since a, appears in p, and so [P | «,| < k. Let

p,\d,, = {<Q’ u, B‘rO)’ <Q‘rl’ LT B-rl>"" ’<Q‘rm,’ u‘rm,’ B‘rm,)}‘

It is safe to assume that for every 7, 7, < k"

@m,=m_=m,

(b)P, ,Nk=P, ,Nkforeveryj1<j<m,

(C) <uflj’ B-rlj> = <u1'2j’ B‘rzj> fOI' everyj, 1 <] s m,

(d) B-rlO = B‘r;O'
But (a)-(d) together with p, [ a, = p, ' @, means that g, , q,, are similar and satisfy
conditions (1)—(4) of Theorem 3.2.10. O

The continuation of the proof is as in Mitchell [12]. Lemma 3.2.15 and Theorem
3.2.10 are used to insure that the set {v(£, n, p)|§ <8, n < w, p is a lower part

addable to (M _,+, T)} is bounded below k*. O




66 MOTI GITIK

4. The model N,.
DEFINITION 4.1. Let N, be the set of all sets in HM D(A(G)) of rank less than «.

THEOREM 4.2. N is a model of ZF.

PROOF. Obviously, since k is a limit cardinal in HMD(A), N, satisfies all the
axioms of ZF except probably the Replacement Axiom.

Suppose that it fails in N,. Then for some set X in N, there is a class function F
on X s.t. F”(X)¢& N,. Since N, satisfies the Separation Axiom, w.l.o.g. we can
assume that rng F C « and it is unbounded in k. Also let X = V, for some a < k and
leta be the minimal s.t. there is a class function from ¥, unboundedly into k. Such a
cannot be a limit ordinal since then there is a class function F’: a« — x, unbounded
in k. But HMD(A(G)) is a model of ZF, hence F' € HMD(A(G)) and so, k is a
singular cardinal in HMD(A(G)). It contradicts Theorem 3.2.16. So, for some
8 < k, there is, in HM D(A(G)), F: #(Vy) — « s.t. rng F is unbounded in «. In order
to complete the proof we need the following lemma.

LEMMA 4.3. Let B = B’ + n for a limit ordinal B’ < k. Then
I/BNA - V;gM[G"’B'*Z"].

PROOF. We prove the lemma by induction on S.
If B is limit and the statement holds for every y < S, then

Y<B

Y<By=y'+n

for some n <  and y’ < S a limit ordinal}

c U{ V:’M[Graﬁ]|.y < B} - V/;M[Graﬂ_

Now suppose 8 = 8’ + n for a limit ordinal 8’ < k, n # 0 and

N, [Glag 1 2n-1y]
I/ﬂ’:‘i—n—l C—: V;{+n—l .

The cardinality of V/[91%+x»-vis less than ay., ,, in M[G|ag. , 5,_1)] since ag .,
is inaccessible in this model. Let a € V"4, _, be in N,. Then a can be viewed as a
subset of ag., ,, which belongs to HM[G|ag. , 5, 1,]D(A4(G)). Then the analog of
Theorem 3.2.11, for M replaced by M[G|ag . y,-y)), implies a € M[G|ag ,,,].
Hence a € V(%% 2 since a ¢ V(017200 ¢ P MIClagaa] - O

Now using the lemma, we can find F in HM[G|az]D(A(G)) st. F: a@ = «
unboundedly for some & < k, where § = 8’ + 2n for the maximal limit 8’ < & s.t.
8 = 8’ + n. But it contradicts the analog of Theorem 3.2.16 for M replaced by
M[Glaz]. So we get the contradiction to the assumption that the Axiom of
Replacement failsin N,. O

THEOREM 4.4. For every a > 0, N, = R is regular iff a € A.

The proof follows from 3.2.1, 3.2.2 and 3.2.11.
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5. Some open questions.

Question 1. Is there a model M of ZFC without weakly inaccessible cardinals s.t.
for every class A of M consisting of nonlimit ordinals there is a model N, of ZF s.t.
those regular alephs are exactly (N |a € 4 U {0}}?

Notice that the model we started with has a lot of inaccessible cardinals below «.

Now about the consistency strength: clearly, Con(ZF + “only N, and N, are
regular”) implies Con(ZF + “Va > 0 W, is singular”). It is natural to ask the
following

Question 2. Does Con(ZF + Va > 0 ¥ is singular) imply Con(ZF + “only 8,
and N, are regular alephs”)?

Our conjecture is that the statement Con(ZF + “only ¥, and ¥, are regular
alephs”) is stronger. How strong is it? For example,

Question 3. Does Con(ZF + “only ¥, and N, are regular alephs”) imply Con(ZF
+ “the regular uncountable alephs are exactly {8, ,0la € 0n}”)?

The following question may be more interesting.

Question 4. What are the possible values of the cofinality function in models of
ZF?

Here we already do not know if it is possible to construct a model in which
N, N, N, N are all of the cofinality ¥ ;.

If we take N, 8,,8;,8, or ¥,,N;,N,, N instead, then it is possible from AD
and we do not know any other way to obtain it. Our impression is that somewhere
here must start statements provable in ZF.

The next question is due to H. Woodin and it is related to the previous one.

Question 5. Is there a model of ZF + DC + “only 8, and N, are the regular
cardinals”?

In the models N, constructed above, already the Axiom of Choice for two-element
sets fails.

Let us finish with the question this work started from. Unfortunately, we still do
not know the answer.

Question 6 (Specker [16]). Is it consistent with ZF that, for every a, 28« is a
countable union of sets of cardinality 8 ?

Feferman and Levy [3] proved that it is consistent with ZF + “2%e is a countable
union of countable sets”. See also [5] for some related results.

ACKNOWLEDGEMENT. We are grateful to Hugh Woodin for many explanations of
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