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SUBSPACES OF BMO(R")
BY
MICHAEL FRAZIER

ABSTRACT. We consider subspaces of BMO(R") generated by one singular integral
transform. We show that the averages along x-lines of the jth Riesz transform of
g € BMO N L*(R") or g € L*(R") satisfy a certain strong regularity property. One
consquence of this result is that such functions satisfy a uniform doubling condition
on a.e. x-line. We give an example to show, however, that the restrictions to x -lines
of the RJICSZ transform of g € BMO N L?(R”) do not necessarily have umformly
bounded BMO norm. Also, for a Calderon-Zygmund singular integral operator K
with real and odd kernel, we show that K(BMO,) € L* + K( L), where L® and
BMO, are the spaces of L* or BMO functions of compact support, respectively, and
the closure is taken in BMO norm.

1. Introduction. Let BMO(R") be the set of complex-valued functions f € L} (R")
such that

Ifllvio = sup 7 f |f - fol < =,

where the sup is taken over all cubes Q in R” with sides parallel to the coordinate
axes, fo = (1/1QDfo f, and |Q] is the Lebesgue measure of Q. For us, a singular
integral operator K with kernel € is an operator of the form

. Q(x—y)
Kf(x) lim e X =17 —f(y) &,
where Qg1 € C®, Q(rx) = Q(x) for r > 0, and [g.-12(x) do(x) = 0 for surface
measure do on S" ' = {x € R™ |x|=1}. For feU,_,.,L? Kf(x) exists a..
(dx), and K is a bounded operator on L” for 1 < p < oo. Associated with X is the
Fourier multiplier m so that for f € L2(R"), (Kf ) (£) = m(§)f(¢), where the Fourier
transform is defined by f(§) = [p f(x)e?"* €dx; m satisfies m(r&) = m(£) for
r>0and § € R" — {0}; and m|g.-1 € C*. For f € L*(R"), we define

(ﬂ(x-y) 2(~y)
Ix = y|" "

Kf(x) = lim f

=0 Jxy>e (v:|y|>1)(y) f(y)dy,
where x denotes the characteristic function of the set E. For f€ L? N L™,
< p < oo, Kf and Kf differ only by a constant. The operator K maps L*® into
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102 MICHAEL FRAZIER

BMO boundedly. The jth Riesz transform R, j € {1,...,n}, is the singular integral
operator with kernel €,(x) = C,x,/|x| and multiplier m (§) = i§,/|£|[7, p. 58].
Let H'(R") be the set of f € L'(R") such that

Wl =171+ 2 IR 7], < o0
j=1

In [1], Fefferman and Stein proved that (H')* = BMO (in an appropriate sense),
and obtained by duality as a corollary that BMO = L* + X7 _, R L%, with

n n
(1.1)  |Ifllsmo = inf{ Y lgll,:f= 8+ X R,g;, modulo constants},
/=0 j=1

where = means that the norms are equivalent. In [8], Uchiyama obtained (1.1)
constructively for f of compact support, and proved that a certain condition on the
multipliers of a set of singular integral operators K ,...,K, implies that BMO =

o 12' ,L> with an appropriate equivalence of norms. This condition had been
proven necessary by Janson [5].

Using in part techniques developed by Uchiyama in [8], we consider subspaces of
BMO generated by one singular integral operator. The Riesz transforms are the most
natural to consider in this context since one may expect that functions of the form
R,g for g€ L*, or R;g for g € BMO N L?, when restricted to lines in the X;
direction, have regularity properties that functions in BMO(R") do not necessarily
have. Results of this type are proved in §3, Theorem 3.2 and §4, Corollary 4.3. (In
§2, we state Uchiyama’s results from [8] that are needed later.) Theorem 3.2 is
obtained from Lemma 3.1, which characterizes R;(BMO N L?) in terms of a
decomposition closely related to Uchiyama’s decomposition of BMO N L? [8, p.
224). One direction of the characterization follows easily from Uchiyama’s work; the
other direction is obtained by solving the equation R ;@ = b for ¢ under appropriate
assumptions on b.

Corollaries of Theorem 3.2, proved in §4, state thatif f = R g, g € BMO N L? or
f=R ,8» 8 € L™, then f has a uniform doubling property on x -lines; namely

1 1
|—1—|j;f(xl,...,x") dx; — |—Jl-j;f(x1,...,x,,) dx;

for almost all (x,...,x;_y, x;,y,...,X,) € R"~!, whenever I and J are adjacent
intervals in R of the same length. An example of Kahane [6] from another context
shows that the uniform doubling property for a function f on x -lines is weaker than
the uniform BMO property on x -lines. Both conditions restrict the singularities of f
along x j-lines to be at most logarithmic, but the BMO condition further controls the
packing of singularities. Kahane’s example is sketched in §4; it is then modified to
show that 3G € BMO N L*(R?) such that esssup, ||R,G(x;, X;)llpmox,) = -
Hence (1.2) cannot be improved to obtain a uniform BMO condition on lines for the
class R,(BMO N L?).

In §5 we show that if K is a singular integral operator with a real and odd kernel
(in particular if K is a Riesz transform), then

(1.3) K(BMO,) c L™ + K(L?),

(1.2) < clgllsmo
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where L? and BMO, are the spaces of functions of compact support in L* and
BMO, respectively, and the closure is taken in BMO norm. The proof is an
adaptation of Uchiyama’s main construction in [8]. This suggests that the action of
K on BMO is in some sense close to the action of K on L*.

Finally, in §6 we make some remarks about related problems which are not yet
solved.

NoTATION. The letter ¢ denotes various constants depending possibly on » and, in
§5, on K. All cubes Q, I, or J are assumed to be open and to have sides parallel to
the coordinate axes; x, and /(Q) denote the center and side length of Q, respec-
tively. For r > 0, rQ is the cube with sides parallel to the axes having center x, and
side length r/(Q). Forj € {1,...,n}, D, is the derivative with respect to x;, and for

a multi-index a = (ay,...,a,), D* is the differential operator 9!*/9xf --- 9x2,
where |a| = a; + - -+ + a,,. For f continuous on R”, let
1 fllLipr = sup (1/(x) = F(P)/1x = »I),
xX#y

and let C!(R") be the space of continuously differentiable functions on R”. For
x,yeR x-y=2k_xy,.

ACKNOWLEDGEMENTS. Most of the ideas for this paper are contained in my
doctoral thesis, directed by John Garnett at UCLA. I thank him for his considerable
encouragement as well as mathematical help. I would also like to thank Akihito
Uchiyama and Alice Chang for their help at various times, and Al Baernstein for
suggestions regarding the manuscript.

2. Background. We state several lemmas from Uchiyama [8] that will be used later.
In fact, the following Lemmas U1-U6 are Lemmas 3.1-3.6, respectively, in [8].

LeMMA U1. Suppose f € BMO N L*(R") and || f||pmo < 1. Then there exist func-
tions {b;(x)}; and {A\;};, \; > 0, where I is taken over all dyadic cubes in R", such
that

(2.1) f(x)=lim Y Abi(x),

k— o0 in L2 2k <i(Iy< 2k

(2.2) supp b, € 31, [b;(x)dx =0, |D%,|| . < Cpol(1)™,
(2.3) Y NI < c|J| for any cube J
IcJ
and
2
(2.4) 2 N = cllf ]l

all 1

The last equality is not stated explicitly in [8], but follows from the definition of
the { A, }, and Plancherel’s Theorem quite easily.

LeMMA U2. For { A}, satisfying (2.3), \; > 0 VI, set

n(x)= Y )‘1(1 + 2Kx - x1|)_n—1,
I:1(1)y=27
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and
_s(2y.
o) = L (5] me 0
ThenVx, y,
(2.5) n(x) < g(x) <,
(2.6) m(x) < e(2x =y + 1) (),
(2.7) e(x) < c(2Mx =yl + 1) ey,
and if I(I) = 277, then
(28) [ T eoom(x) de < el
Ik=p

LEMMA U3. Let j be a positive integer. Suppose {b;(x)}; 4,4aic Satisfy
(29)  suppb, €2, [b,(x)dx =0, [blps < (22(1))

If\,>0VIand B> a >0, then

Z Aby(x)

Iia<l()<PB

(2.10)

. 1,2
<an(shi)”
I

12

LemMma U4. Suppose j, {b,}; and { A}, are as in Lemma U3 and (2.3) holds. For
a>0,let f(x) =Y 1y<aAb;(x). Then

(2.11) Ifllsmo < €277
LeEmMA US. Let I and p,(x) € C'(R") be such that

(2.12) fp,(x) dx =0

- -n—1
(2.13) /()< (1+ 1(1)7"|x = x,])
and

-1 -1 -n—2

(2.14) |vp,(x)| < (1) (1 + 1(1) " |x = x,)

Then 3{ B, ;(x)}L, such that
(2.15) |18, s < c(271(1))™, suppB, ; € 271, fﬁ,,,(x) dx =0
and

(2.16) pi(x) = T 270, ().

Jj=0

If B,=(P1os--->P1.m) and each component of p; is real valued and satisfies the
conditions (2.12)-(2.14), and @ = (a,,...,a,,) € R"*! with |d| = 1 satisfies p;(x) -.d
= 0 Vx, then we can take B, J=( By oo+ Br";) such that (2.15) is satisfied for each
component of B, o Pr(x)=X742" /‘"“’B ,(x)and ,B,j(x) a=0Vx, j.
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LEMMA U6. Suppose K is a singular integral operator with multiplier m, and b;(x)
satisfies (2.2) for some cube I. Then p,(x) = Kb,(x) satisfies (2.12),

(2.17) Py ()| < C(K)(1 + 1(1) ' = x )"
and
(2.18) |Vp () < CCR)D) (1 + 1(1) ' = x,0) "7,

where |C(K)| < csup{|D°m(£§)|:|§| =1, |a| < C(n)}. (In fact, C(n)=n+4 is
sufficient.) Also it is enough to assume || D, b,|| 5, < cl(1 )~ %forj =1,...,n instead of
1Dyl 1= < € (1)1

3. Properties of R,(BMO N L?). We characterize R;(BMO N L?) in terms of a

decomposition similar to the decomposition of BMO N L? in Lemma Ul. For
convenience we take j = 1 and write x € R" as x = (x,, x’) for x’ € R"71,

LEMMA 3.1. Suppose f = R,g for some g € BMO N L? with ||g|lgmo < 1. Then
there exist functions {a,(x)}, and {\;};, A; = 0, for I taken over all dyadic cubes,
such that

(3.1) f(x)=lim E Asa (x),

k— o0 in L 2"‘<l(l)s2"

(3.2) la, ()| < c(1+ (1) = x))" 7,
(3.3) D%, (x)] < cd(1)™(1 + 1(1) e = x))" 7",
(3.4) /a,(xl, x’) dx, =0 Vx'eR"l,
(3.5) Y NIl < c|[J|  for any cube J
IcJ
and
(3.6) ¥ A1 < w.

all 1
Conversely, if f satisfies (3.1)—(3.6) for some {a;},; and {\;},, then f = R,g for
some g € BMO N LZ with ”g"BMO < C.

PRrOOF. The forward direction follows easily from Uchiyama’s lemmas. By Lemma
U1,

g= lim Y A

sor2
k—o0in L 27k <i(Iy<2k

with each b, satisfying (2.2), and (3.5) and (3.6) hold. Since R, is continuous on L?,
we obtain (3.1) by setting a; = R,b,. Then (3.2), and (3.3) for |a| = 1, follow by
Lemma U6; for |a| > 1, D%, is estimated by taking the derivatives inside the
integral in the expression for a, exactly as in the proof of Lemma U6. The
cancellation property (3.4) holds because 4,(§¢) = i, |¢| ‘177,(§ ).
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The idea of the converse is to use (3.2)—(3.4) to write a, = R, with appropriate
control of @,. Let h,(x;, x") = [*1 a,(t, x") dt. We claim

(3.7) lh(x)| < cl(I)(l +1(1)7 Y x - xl|)‘"
and
(38) |D°’h](x)| < Ca[(l)l_lal(l + 1(1)-l|x . x,l)_"_M.

To prove (3.7), we may assume x, = 0. For x such that x; <0, let X and m be
positive integers such that —(k + 1)/(]) < x; < —-ki(I) and mi(]) < |x'| <
(m + 1)I(I). By (3.2),

X x [(1)
()| < [ la, (¢, x")|dt < c ) —
I j:°° ' p=k (1 + Vpr+ mz) '

— < (D)1 + (1) M = x,])

< c(1)
1+ Vk* + m?)
If x; >0, hy(x) = ~[a,(t, x") dt by (3.4), so the same estimates hold. Then (3.8)
follows from (3.3) and (3.4) similarly. Note that (3.7) and (3.8) imply that 4, € L?
and |Vh,| € L' N L2
Define ¢, = -Xj_, R;D, h,. Then ¢, € L? since |Vh,| € L% Note that <p,($) =

—27r|£|h,(£) therefore (Rlcp,)(£) = -2mi§, h,(g) = a,(§), since D, h, . Hence
R,p, = a,. If we can show that ¥, A ,¢, € BMO N L?, then we are done since

Rl(z)\l%) Z)‘ Rip, = leal
1

To see that £, A ;¢, € BMO N L2, we show that D_,,h ; satisfies the assumptions of
Lemma U5 for /=1,...,n. We have [D h,(x)dx =0 since |Vh, € L' and
lim,,_, A,;(x) = 0 by (3.7); the estimates (2.13) and (2.14) follow from (3.8). Hence
for each /, 3{B,j(x)} 2 satisfying (2.15) and D, h,(x)=LX7,27/"" VB, (x).
Therefore, using Lemma U3,

oc
Z 2- Jj(n+1)
L

ZAIBI o

L2
1,2

=0

<cX 20 TRI) T <o,
j=0 1

by (3.6). Similarly, by Lemma U4,

< cC.
BMO

3
< Z 2—j(n+1)

BMO j=0

Z)\IBI,j
I

Therefore 2, A, D, h; € BMO N L? for each /; hence

YAe=-YXN Y RD h=-Y RYAND h €BMONL:. O
I 4 1

j=1 j=1

The cancellation property of the Riesz transforms, reflected in condition (3.4),
forces the x,-averages of f € R;(BMO N L?) to have a certain regularity. Let Q be a
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cube in R”, and write Q =J X L for J C R! and L c R"~!. By Fubini’s Theorem,
the average f; = (1/]J) [,f(t, y) dt is defined for almost y € L.

THEOREM 3.2. Suppose f = R, g for some g € BMO N L?(R") satisfying ||g|lsmo <
1. For Q, J, and L as above, Ac > 0 and a set E C L of (n — 1)-dimensional Lebesgue
measure 0 such that

(3.9) |fJ,._fJ,.,|<C Vy,y’€L-E

and

(3.10) A —f,'|<c|y ) log Q) ify,y'€L—E
TSy ¥y -y

and|y — y'| < t1(Q).

REMARKS. The number £ is chosen because the function ¢ — tlog(}) is increasing
on (0, %). The proof uses only (3.1), (3.2), (3.3) for @ = 1, (3.4), and the estimate
A, < ¢, which follows trivially from (3.5). An example of a function in BMO(R")
which does not satisfy (3.10) is f(x) = log|x’|.

PrROOF OF THEOREM 3.2. We may assume Q = [-1,1]", so J = [-1,1] and L =
[-1.1]"" % For y, y’ € L fixed, let e = |y — y’|. It is sufficient to obtain I, =)<
celogt for e < i, since (3.10) implies (3.9). By Lemma 3.1, f=X,A,a, with
(3.2)-(3.6). We also may assume that 3N so that A, = 0 whenever /(I) > 2" or
I(I) < 27N, To see this, let f, = L5« _yjy<t Ajay; thenlim, o f, = fin L? and, for
each k, f, is continuous and the sum converges absolutely. Let

n
R?’ = J X I—I—[2(y/ - 8’y1+ 6)9

where 8 > 0 and y = (yy,...,),), and similarly define R%,. The result for f, implies
that the averages (f;)ge and (f,)gs, of f over R} and R?,, respectively, satisfy
Kfe)rs = (fi)re | < celogt with ¢ independent of k or 8. Since lim, _, . f, = fin L?,
[fre = fro | < ce logt with c independent of 8. By Lebesgue’s Theorem, lim_, , fre =
5. unless y is taken from a set E C L of (n — 1)-dimensional Lebesgue measure 0,
and similarly for f,.; hence (3.10) follows.

For f =X, \A,a, satisfying A\, = 0 for /(1) > 2V or I(I) <27V, write f = f, + f,
+ f; + f4, where

hH= Z Aay, L= Z Aa;, f;= Z Aay, fa= Z Aa.

KI>1 <1 I(I<e e<i(I)<1
IN30=0 1C3Q 130

The functions f; and f, are estimated by Lipschitz estimates. By (3.3) and the fact
that A, < ¢, if 1 € J we have

) -An ) <e X T laey) - a(ey)|

k=0 ((1)y=2%

0
<c) X sup|va(x)e
k=0 j([)=2k X€Q

2-k
<ce) Y

k=0 gez” (1 +|q]

)n+2 S Cce.
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Therefore |(f,); — (f1);,| < ce. Similarly, if 1 € J,
. . o
Lt y) = At y)sc X X any) —a(, y)|

k=1 y(1y=27*%
IN30=92

0 2k
<ce) Y sup
k=1 =2+ x<0 (1 + 2¥x — x|
In30=o

)n+2

fr g

< ce — < k= ce.

‘ k=1 qgez" (1 +|q)""? C£k=1 “
Iq1>2*

Therefore|(f,); — (f2);,| < ce.

Using (3.4), we will obtain |(f;), | < celogs and [(f;), | < celogt. Let I € 3Q be
such that /(1) = 27% <¢, with x; = (x,, x}), x; € R, satisfying 0 < x; < 1. Let
me {0,1,2,...,2k =1} and p € Z, 0 < p < 4/n — 1 (2% — 1), be such that m2~*
<1-x, <(m+12%and p2* <|xj - y| < (p + 1)27% By (34), (3.2), and
since |J| = 2,

1
m[’al(tay)dt

-1 0
<2 Jay(t )+ 2 [ a1, ) e

SCE 2 TSI S¢C 2 -
‘=°(1+\/p2+(m+s)2) (1+VP2+’"2)

If I and p are as above except that -1 < x; <0, and m € {0,1,. L2k — 1} is such
that m2-% < x ptl<(m+ 1)27%, the same estimate is obtained by the same
methods. If I and p are as above but 1 < |x, | < 3,saym27* < x;, — 1 < (m + 1)27%
if x;, >1, or m2*<-1-x, <(m+1)27% if x; <-1 for some m €
{0,1,2,...,2k*1 — 1}, then (3.4) is not used since (3.2) implies that

1 d 27k
—/a,(t,y) dt|<c) —
1= s=0 (l + \/p2+(m+s)2)

2-k
L+ ipem)

Summing over all I € 3Q with /(]) < &, we obtain

<c

l(fs)l,.|= i "1‘/ > Aat,y)dt

k=[log,1/¢] |J| T ury=2-+

1c3Q
had 1
<c Yy 2 Y —
k=[log; 1/] gezr (1 +ql)
lgl< 4y 2

i 1
<c Y k2 ¥ < celog—,
k=[log,1/e] ¢
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where we have used A; < ¢ again, and [x] is the greatest integer in x. With the same
estimate for (f3),, we obtain|( f;), — (f3),,| < celogs:.
For f,, (3.3) and (3.4) are both used. Suppose e<Il(I)=2%<1and I C 3Q. Let
y*=3(y+y) Let p€Z 0<p<4/n—1Q2"- 1), be such that p2-% < |x} —
y*<(p+ 1275 Let me{0,1,.. 2"—1} be such that m27*<x, —1<
(m+1)2 Kifo<x, <1, or such that m2- F<xp+l<(m+127%if -1<x,
< 0. By (3.9),

1 1
)m[’al(t? y’) dt—ﬁf al(ts y) dr

h" al( )’)d_—f a,(¢,y’) d

oo [>0]
+ — t,y)dt — — a,(t, y') dt
|J|/1 a,(t, y) mfl (2, y)

< 2/__1|a/(t, y) —a,(t, y')|at + 2£w|a,(1, ») = ay(t, y')\dt.

Therefore, by (3.3),

00
|(aI)J_.~ _(al)l,.,| <2) 27k sup |va,(x)|- e
s=0 |x" —y*|<e/2
(m+s)2"‘<|x,—x,lls(m+s+l)2"‘
00 k
<c27ke Yy 2 <

< :
=0 (14 p? +(m+ s)z)”2 (1+ o>+ m?)""

If I and p are as above but 1 < |x, | < 3,and m € {0,1,...,2%*! — 1} is such that
m2- "<x,l —1<(@m+12°%if x, >1 or such that m2k<-1-x, <
(m+ 12 %if x 5, < -1, then (3.3) leads directly to the same estimates without use of
(3.4). Therefore, since Al <eg

1
_f Y Na(t,y)d - —f p Aa,(t,y ) dt
V1% yorymamk T iy=2-
1c30 1S30
1
< ce E —— =t
gezn (1 +|g)"""

Therefore

|(f4)1_,, —(f4);,_,| Sce#{k:e<2% <1} = celogl.

Theorem 3.2 follows from the estimates on f,, f,, f;and f,. O

4. Corollaries and examples. Theorem 3.2 implies that functions in R /(BMO N L?)
satisfy a doubling condition on almost every x -line. For convenience we take j = 1
and write x € R"as (x,, x") for x, € R, x’ € R*",
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COROLLARY 4.1. Suppose f = R, g for some g € BMO N L*(R"). Then 3c > 0 and
a set E C R"™! of (n — 1)-dimensional Lebesgue measure 0 such that for x’ & E and
1, and I, adjacent intervals in R with |I|| = ||,

1

_L f(xl’ x') dx,

4.1
D i

< cligllzmo-

1 '
- [ )

PrROOF. We can assume ||g|lgmo = 1. Assume first that I, and I, are dyadic
intervals. Let F be the union over all dyadic cubes of the exceptional sets obtained
for fin Theorem 3.2. For x” & F, let L € R""! be a closed dyadic cube containing x’
such that |1, = /(L), and write Q, = I; X L, Q, = I, X L. By Lemma 3.2, since
x"&F, |fy — fl < cforae s &L — F. Therefore |f,x — f,| < ¢, and similarly
|f1y — fo,l < c. Since Q, and Q, are adjacent cubes in R" and f€ BMO(R"),
[fo, = fo,| < ¢Iflsmo < ¢[3, p. 223]. Therefore |f; — f;y| < ¢ for x” & F. To obtain
a single exceptional set E for I;, I, not necessarily dyadic, apply this result to all
dilations and translations of f by rational coordinates. O

EXAMPLE 4.2. There exists f € BMO N L?(R") which does not satisfy (4.1). In Rz,
for example, for each dyadic square I, let f; be a function satisfying 0 < f,(x) <
supp f; € 31, || fillLip1 < cl(1)” Yand f;(x) = 1 Vx € I. Let 4, = {I dyadic: 1(1) =
27%,0<x, <l,and I N {x:x, =0} # @}. Let f = £7_(¥,c 4 f;- Then it is not
difficult to show that f € BMO N L%(R?), but

lim (_/(;l f(xp, x;) dx, = j;zf(xl’xz) dxl) =

x,—0
For details, see [2].

COROLLARY 4.3. If f = R, g for some g € L™ such that ||g|| ;= < 1, then (3.9), (3.10)
and (4.1) hold.

PrOOF. The estimates hold if f = ngm, where g,,(x) = g(X)X (x:|xj<m) (X) since
g, € L* N L so that R, g, and R, g,, differ by a constant. The result follows since,
by a calculation in [2, p. 48], if K is any compact set in R”,

lim (sup |R,(g - g,)(x)]) =0. O

m—o0 t yek

A proof of Corollary 4.3 based on duality with singular measures is included in
[2].

EXAMPLE 4.4. If f(x) = loglog(1/|x’)) for |x’| < 1/e and f(x) = 0 otherwise, then
f € BMO(R") but f does not satisfy (3.9). Although f & L*, f belongs to the BMO
closure of L*. Therefore L + R,L*, L* + R,(BMO N L?)and L® + R (LY) are
not closed subspaces of BMO. This observation is relevant to §5 below. The space
L* + R,L* is not dense in BMO in BMO norm; a proof due to Paul Koosis is
included in [2].

ExAMPLE 4.5 (KAHANE'S EXaMPLE). Kahane’s example [6] can be used to show
that there exists a sequence { f,}%_, of functions on (0,1) satisfying a uniform
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doubling condition but such that lim,_, || f,llsmo@.1y = - For my, m,,....m, €
{1,2, 3,4}, define

I _ ml—l+m2—1+-“+mn—1
mycemy 4 42 47
-1 + + M 1 4 M
4 41 4m |’
and Q,, ..., =1, .., X[0,47"]. Let f(x,, x,) be defined by

fl = Xo, T Xo, ~ Xo, + Xo,
With sgn ¢ = t/|t]|if t # 0 and sgn0 = 0, define f, , ; inductively by

/;1+l =fn + Z am,mm,,’

where
By = B [ (X s ¥ Xy T X ™ X ms)-
Regard f, now as restricted to (0, 1). Then clearly
Ifll=1 Vn=1,2,3,....

If &, = |supp f,|, then a, decreases to 0 as n — co. That «,, decreases is clear; that
lim = 0 can be seen by the fact that a simple random walk in one dimension

n— oo "

is recurrent. Since /¢ f,(x) dx = 0 Vn, and since

o~ s0p = [ - fQ|) ,

we obtain lim,,_, || f,llpmo1, = o0 since

1
(4.2) Ifullemow.y = €llfull 200y = Cwﬂg‘l‘)‘ ==
o,
If 7, and I, are adjacent intervals of the same length in R, then |(f,), — (f,),,I < ¢
with ¢ independent of I,, I,, or n, by the main estimate in Kahane’s example: see [6,
p-190]. O
EXAMPLE 4.6. There exists G € BMO N L%(R?) such that

(4.3) esssup [|[R,G(x;, x;)|mocx,) =

x;

We construct R,G by symmetrizing and smoothing the functions f,(x;, x,) of
Example 4.5 in the x, direction.

Regarding f, above as a function of (x,, x,) again, let f,(x,, x,) be the function
which agrees with f,(x;, x,) for x, > 0 and satisfies f,(x,,-x;) = f,(x;, x,)
similarly related to a,,, , . Since

”in+1 - ﬁ:”LZ(RZ) <277,

V(x;, x,). Define a

my..m,
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f=1lim,_ _f, exists in L}(R?) and a.e. The following sequence of steps can be
carried out to show that f € BMO(R?):
(a) Since the measure of the supports of £, ,, — £, decrease rapidly,

1 .
o [/ Tel <
for any 4-adic square Q.

(b) If Q, and Q, are 4-adic squares of the same side length with 9, N Q, # &,
then | le - f~Q2| < ¢. For @, and @, horizontally adjacent, this follows from the
doubling condition for f,. For Q, and Q, vertically adjacent, this follows from the
construction.

(c) An easy observation, noted by Varopoulous, shows that (a) and (b) imply
f € BMO(R?).

In this example, we wish to replace the functions 4,, ,, with versions which are
smoothed out in the x, direction. Let ¢ € C*(R) be a fixed function satisfying
0 <Y(x)<1Vx,suppy C(-2,2), and Y(x) =1 if x € [-1,1}. For m;,...,m, €
{1,2,3,4}, let

(x1)¥(4"x,).

Letg, = ¢; — ¢, — ¢; + @,, and define g, ,(x,, x,) inductively by
4
8n+1 = 8n + Z bml.“m,,’

m...m,=1

(pml...m,,(xl’ x3) =x;

my..m,

where
bml“,m,, = sgn gn(xl’o)(_q’m,...m,,l + q)m,.A.m,,Z + (pm]...m,,3 - <pm1.‘.m,,4)'
Note that sgn g,(x,;,0) = sgn f,(x,,0) for f, in Example 4.5; in particular,

supp(bml...m,, - am,...m,,) < Iml...m,, X {x2: 4—n—1 Slle <2 4-"_1}'

Hence if g = lim,_, _ g, then g — f € L®(R?) by the disjointness of the supports of
the different g, — f,. Therefore g € BMO N L?(R?) since f € BMO N L%(R?).

We assert that g = R,G for some G € BMO N L?; we solve for G by the method
of Lemma 3.1. Let

X1
ho(xy, x,) = j: g:(1, x,) dt
and
X1
hm,“.m,,(xl’ x2) = ‘/:oo bm,‘..m,,(t’ x2) dr.

Note that &, (x;,x;)=0if x; &€ I, . (set I, = (0,1)), or if |x,| > 2 - 4771,
Further,

D.h ..m,,(xl’x2)|

Xyt my.

DL @) [ (X1 o0 =1y ) =X O+ 30, (1)) ]

<y(4'x,)-4"-4"" 1< C.
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Also

supp D, h,, Cl, o X{x:47"7 " <x)l<2-47"1,

1oemy, = Tmy

since Y (x,) = 1if x, € [-1,1]. Therefore

00 4
H=D hy+ ) Y Dk € L>.

xy tmy...m, 4
n=1m,..., m, =

By Fourier transform we obtain g; = R,(-R;8, — R, D, h,) and
b = R(-Rb —R,D, h

m...m, my...m, ’"lw'"n)'

Therefore

0 4
g=&+ X > by m = Ri(-Rig — R,H).

n=1m.. .m,=1
Since g, H€ BMO N L%, G = -R,g — R,H € BMO N L? and R,G = g. Note that
f(xy, x;) = f,(x1, x,) for 4""! < x, < 47" and hence by (4.2)

esssup [|f(x;, x,)||smocx) = -

X2
Since R,G — f € L™, (4.3) follows. O
5. A density theorem. Throughout this section K is a fixed singular integral

operator with kernel £ which is real and odd; it follows [7, p. 39] that the multiplier
m for K is odd and pure imaginary. We will show that

K(BMO,) c L® + K(L%),

where the closure is taken in BMO norm. To fix notation for this section, / always
denotes a dyadic cube, f denotes a vector-valued function with two components,

-

f= (fy, f1), and we define
)= () +£2())7 IAl=Isl + 1Al
for any function space norm || - ||, and K- f = f, + Kf,. Also define

IVf(x)| =[Vfo(x)| +|vfi(x)]

and

J 7y s = ( [ £o(x) dx, [11(3) dx ).

Our method is based closely on Uchiyama’s construction in [8]. Uchiyama obtains
uniformly bounded solutions, which satisfy a certain orthogonality condition, to a
certain inversion problem. We are not able to obtain uniformly bounded solutions to
the corresponding inversion problem in our case. Hence, some additional estimates

are necessary.
First we state explicitly the assumptions we require regarding the inversion
problem. We say that a collection of real-valued functions {b,(x)}, satisfies (*) if
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there exist constants ¢ > 0 and / > 0 such that for all I,
(i) for any @ = (ag, a,) € R* with a; # 0, the equations

(5.1) K-ii,=b,
and
(5.2) a i, (x)=0 Vx

have a solution i, = (u,,, 4, ), #;: R" > R?, satisfying

!
(5.3) li,(x)| < |1+ Z—i’ )(1 + () = x))"
I
(5.4) |wii,(x)| < c(l + % )1(1)“(1 + 1) - x|)"
and
(5.5) fa,(x)dx =0;
and

(ii) the equation K(u;,) = b, has a solution u; : R" = R satisfying

(5.6) Juy (x)] < (1 + 1(1) "x = x,]) "
(5.7) |Tuy, (x)] < cl(1) (14 10(1) "k = x,)) "
and

(5.8) full(x) dx = 0.

THEOREM 5.1. Suppose f(x) = lim,_, Ly« c;1)<2t Asb;(x) (convergence in L?)
with X, > O VI, where the real valued functions {b;(x)}, satisfy (*), and for some
c >0,

(5.9) Y NI < c|J| for all cubesJ,
IcJ
(5.10) Y Al < oo,
all'l
(5.11) lim Y oAb =0
M=o /(l)>2M BMO
and
(5.12) 3 a cube S such that A, = 0if3IN S = &.

Thenfe L* + K(L®).

Before proving Theorem 5.1, we mention some consequences.

COROLLARY 5.2. For K as above, K(BMO,) C L® + K(LZ), where the closure is
taken in BMO norm.
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PROOF. Suppose g € BMO,. We may assume that g is real valued. By Lemma Ul,
g = X, A,a, with (5.9) and (5.10). The functions a, satisfy supp a,; C 31, || D°;|| ;»
< ¢ gl(1)7'* and fa,(x) dx = 0 VI. That (5.12) and the condition
lim , , II¥/;)>2% Asa,llpmo = O are also obtained by the decomposition in Lemma
U1 for functions of compact support is proved in [8, pp. 232 and 234]. Set b, = Ka,;
since K is bounded on L? and BMO, Kg = YA,Ka, = ¥\ ,b, in L% Each b, is real
valued since the {a,}, obtained by Lemma Ul are real valued (since g is real
valued), and since K has a real-valued kernel.

We need only show that { b, }, satisfies (*). Suppose a; # 0. Then (5.1) and (5.2)
can be solved by setting

(5.13) o, (x) =[(W):—)”’(£)] (x)

and

(5.14) uy, (x) =[(T— b;(§)] (x),

where ~ is the inverse Fourier transform. (This is Uchiyama’s solution reduced to
our case.) Since b,(£) = m(£)a,(£), the uy, and u,, are obtained from a; by the
Fourier multipliers

—aym(§) —agm(§)

mo() = m(&)a, — a, m(£)a,—a,’

respectively, which are C* on §"~! (since m(£) is pure imaginary and a, # 0), and
homogeneous of degree 0 (since m is). In fact, since m(-¢) = m(¢), the same is true
for my, and m; and hence u, and u,, may be taken real valued. By [7, p. 75],
Jay, a; € R and singular integral operators T and T, such that u; = a;a, + T,a,,
i=0,1. An easy calculation and the fact that m is pure imaginary show that
ID*m (§)] < ¢yl + |ag/a)|"™) V& € S~ Also|e] < [Im|| =51, < C fori = 0,1.
Hence by Lemma U6, the solutions i, of (5.1) and (5.2) satisfy (5.3), (5.4) and (5.5)
for I = C(n). Solving K(u,,) = b, is trivial since b, = Ka,, so that u, = a, satisfies
(5.6), (5.7) and (5.8). O

COROLLARY 5.3. If f(x) =X, A;b,(x) in L? with \; > 0 VI, and if (5.9)—(5.12)
hold and each b, satisfies

and m,(¢) =

(5.15) suppb, c 31, ||Dxlb,||up1<c1(1)'2, and fb,(x/’ X")dx’ =0 Vx”,

where x' = (x,...,x ) and x" = (X, ,1,...,X,), then

k
feL®+ Y} R(LY),
j=1
where the closure is taken in BMO norm.

PROOF. We may assume each b, is real valued. If k = 1, we need only to show that
(*) holds for K = R, and {b,}, under the assumption that [b,(x;, x"")dx; =0
Vx”, I. For a; # 0, (5.1) and (5.2) can be solved by (5.13) and (5.14) with properties
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(5.3), (5:4) and (5.5) as above. We solve Ryu;, = b, as in Lemma 3.1 by setting
h(x,, x")= [ b,(t, x") dt. Then by (5.15), supp h, < 31. Set

Uy, = —(Rlb, + 2 R,D k|
j=2
then R,u, = b, as in Lemma 3.1. Since supp D, h,c 31, (D, hi(x)dx =0 and
1D, D, Hjllpipr < (1) 2Vj,pe{l,...,n}, we obtain (5.6)—(5.8) by Lemma US6.
In general it is sufficient to apply the case above once we note that if b, satisfies
(5.15), then b, = Zf,=1b,P, where each b, satisfies supp b, C 31, ||D, b, llLip1 <
cl(1)"*V, and

fb,(x,, Xy s Xy Xy s X,) dXx, =0

V(xys. . sX, 15 Xp415---5%,). To see this, suppose I =I17_; I; and let a(x;) be a
function satisfying supp a(x,) € 3I,, 1/|,))fa(x,) dx; =1 and ||d?a/dx{| = <
c,i(1)"? for p=1,2,3.... Let X = (x,,...,x,) and define B(%) =
/1) [by(xy, %) dx;. Set bf(x) = a(x;)B(X) and b, = b, — by. Then it follows
from the definitions that [b,; (x;, %) dx; = 0 VX, supp b; < 3I and || D, b, NLip1 <
c(1)? for j=1,..,n. Similarly suppb} C 31, ||D, bfllLipy < cl(1)” 2 for j =
1,...,n,and

fb}"(xl,...,x,,)dxz ceedx, = a(xl)fB(J"c) dx, -+ dx

alx 1)
0 fb (x) dx, =0 Vx,.
Continuing similarly with x, and b}, after k — 1 more steps we obtain b, = Zf,=1 b,
with the desired properties. O

Since the proof of Theorem 5.1 is an adaptation of the proof of the Main Lemma
in [8, pp. 231-238], we follow the organization and terminology of Uchiyama’s proof
quite closely. Estimates which are essentially the same as Uchiyama’s will only be
stated or sketched. More detail is given in [2].

PrROOF OF THEOREM 5.1. Let ¢ > 0 be given. We will obtain g, € L*®, g, € LY
such that || f — g, — Kg,llgmo < & We may assume S = [-1,1]". Define {1, }%-_,
and {&, }%__,, asin Lemma U2 for the {A,}, given in Theorem 5.1. Let / > 0 be the
number given by (*). A sufficiently large positive integer M, and sufficiently large
positive numbers R and p will be determined later, depending on e. We inductively
construct the functions {Z()}¥- w1 {9k Tps (i (O 0un<aw
{Y(x)}%__ s and {§(x)}5-_ u satisfying

(5.16) suppB,, 2’1, |VB, (x)|< cRV/?(271(1))” fB,jx)dx

(5.17) K- Y 27/*Y8, =b, VIsuchthat/(I)<2"
j=0

(5.18) $=Vv,+ & for-M < k< o,

(5.19)

[9(x) = Bul)] < e MR P04 RAPYAx =] i =yl < 278
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(5.20) |‘Z’.k(x)| < 02("+2)MR(21/p_1)3k(x)"Tk(x),
(5.21) supp ¥, C {x: x| < 2Vn max(2¥~%,1)},
(5.22) supp§, C {x: |x| < 2vVn max(2,1)},
(5.23) g y-1=(R,0),

(5.24) g (x)|=R V¥x,Vk>-M -1,

M
(5.25) &i(x) = &_1(x) = 2 A, Z 2”‘("“)31.,'(") - &i(x)
(=27 j=0

and
(5.26) |8 (x) = 8(¥)| < coRPe,(x)24|x — y| if |x — y|< 27%.

As a consequence of the induction, we will obtain
k

(5.27) Y {‘;(x) converges in L2 as k — oo
j=-M
and
* —
(5.28) Y §(x) < cR7VP,
j=-M BMO

First we assume the construction and complete the proof of the theorem. By (5.25)
and (5.18),if k > -M

o0
(5.29) g (x) - g—M—l(x) = Z 27+ Z AlBl,j
Jj=0 I2M>i(n>27*%

[o°]

- 2 27/n*+D 2 AIB‘I,_,'

j=M+1 I2M>(ny=27*

koo koo
- Z ‘Pj - 2 §j'
j=-M " j=-M
By (5.10), (5.16) and Lemma U3, the first two terms on the right-hand side of (5.29)
converge in L? as k — oo. By (5.27) the last term in (5.29) converges in L? as
k = o0. By (5.20), (5.21), (5.9) and Lemma U2, £¥__,, ¢, converges in L' as k — oo.
Since ||g; — §ll.» < R Vk, j > -M — 1, g, — §_)_, converges in L* as k >
by the argument in [8, p. 233]. Hence ):f__ M\I; ; converges in L? as k - oo as well.
Set
§(x) =g p-_1(x)+ lim Lz(gk(x) — £ ua(x)).

k— oo in

Then [g(x)| = R Vx € R". By (5.12), (5.16), (5.21), (5.29) and (5.23),
supp( —(R,0)) € {x:|x| < 2Vn22M}.
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Hence g, € LY. By (5.29) and (5.17),

K-g = Z Asby — k{ Z 27/n b Z >‘h§l.j

M (y=27% Jj=M+1 1:2M>iry>27%

Therefore,

I€-§=f— Z )\lbl'ﬁ‘{ Z 27/ D Z AIBI,I

(1y>2M Jj=M+1 I:2M> (1)
[e ¢] . o0 -
+ X ¥+ X {,}.
j=-M j=-M

By (5.11), lim ,,_, |2 ;)= 2# A ;b;llgmo = 0. By the boundedness of K on BMO, and
by (5.16) and Lemma U4, we obtain, as in [8, p. 237],

o0
II_( Z 27/ D Z )\IB.I‘/'

| J=M+1 1:2M> 11

< ¢, 27 MRI/P

BMO
As in [8, p. 238], from (5.19) and (5.20) we obtain
o0
K- Y < ¢, (2 IMRAI/P-1) . R1/PY.
j=-M llgmo

By (5.28), IK - Z%% _ 1§ llsmo < ¢3R /7. Let ¢, = max(cy, ¢,, ¢3,1). We will choose
R sufficiently large and p so that R!/? = 8¢'¢c,, Choose M so that
I/(ry>2% A rbyllgmo < €/4, and so that ¢,2"MRY? = ¢,2"M(8e7'¢,)' < e/4. Now
choose R sufficiently large so that

_ _ 20
622(n+2)MR(21/p 1) C22("+2)M(8E 1C4) R < 8/8

Finally pick p so that R'/” = 8¢7Ic,; then ¢c,R™/? < ¢/8 and ¢;R"!/? < ¢/8. Then
IK - &= fllgmo < & Wwith g, € L®, g, € L®. For future reference, note that our
choices allow us to assume R'/? > 1 and R*/? < R.

We begin the proof of the construction. Define g_,,_, by (5.23). Assume

{gp}p “M-1 {‘Pp p——M? {B”}j=02-"+l</(l)<z*’ {‘I’ }pn-Mand {§ }p-—M’ satiSfY'
ing (5.16)—(5.26), have been constructed. Let I be a dyadic cube with /(1) = 27k Let

a(l) = (ay(1), a,(I)) = §,_,(x,). Let
A= {I: (1) = 2% and|a,(I)/a,(I)| < RV/7}.
Let B, = {I: /(I) = 2 * and either a;(/) = 0 or |ao(!)/a;(1)| > R/7}.
For I € A,, apply (*)(i), to I, b, and @ = @(I) to obtain u i R" — R satisfying
(5.1)-(5.5). Since |a0(1)/a1(1)| R‘/" by Lemma US, B{B,j(x)}j o satisfying

5UPPB/, c 27, ||.31,||L.p1 < cRVPQI(I)7, [B). (x)dx = 0,aI)- B, S(x)=0Vx,
and #,(x) = £72.,2" An+hg, ;(x). Note that thereforel,B,J(x)| < cRPVx.
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For I € B,, apply (*)(ii), to solve Ku,, = b, with u,, satisfying (5.6)—(5.8). By
Lemma US, 3(B; ,(x))2 satisfying supp By, € 21, I1B} llups < e@U(D)™" and
JBi ;(x) dx = 0, such that

oo
- T 2 ().
j=0

Define f, ,(x) = (0, B} ;). Note that |B, (x)|<c Vx, and |d(I)- B, (x)| =
|al(1),3;‘j(x)| < cR'7VP, since |a,(1)| < |a0(1)|R’1/” and I € B, and |a,(])| <
|8k —1(x,)| = R b_)f (5.24).

Note that the B, ; defined in the above two cases satisfy (5.16) and (5.17). Define

M
h(x)= ¥ MNXE 2_("+1)jﬁl.j(x),

I:I(I)y=2"% j=0

7.(x) = g _1(x) + R (x), "kx=RM—
V(%) = gea(x) + hi(x), &ilx) 5.(0)

and
(5-30) (ﬁk(x):gk—l(x)+;;k(x)_g.k(x)

R
|§k—1(x) + i;k(x)l

= [8ia(x) + Re(x)] |1 -

_ Y (x) _
= )|[| 7(x)| - R].

Then (5. 24) and (5.25) hold. Note that & (x)= 0 and hence, by (5.30) and (5.24),
g.(x) =0, if |x| > 2vn max(2M~k,1), by (5.12) and the fact that suppB,l c 29I
From |8, ,(x)| < cR'/? we obtain

(5.31) | (x)] < cRPy,(x)
as in [8, p. 235]. Similarly, from |V,§,‘j(x)| < cR'P(271(I))7}, we obtain
(532)  [Au(x) = Be(p)| < esRVPmp(x)x =yl if Ix =yl < 275
Therefore, if |x — y| < 27, using (5.26) inductively, we obtain
[Fe(x) = Fu (W) <|8io1(x) = Ga(P)| + |Zk(x) = i;k(y)|
< {(co/2) g1 (x) + csmi(x)} RP2x — y|

< %cosk(x)R//p2k|x -yl

if we choose ¢, > %c;. Since |h(x)] < cR"/? < R = |§, _,(x)], we obtain

|2k (x) = 8 (¥)] < () = Fi(¥)] < coer(x)R7P2x — y|
for |x — y| < 27*. Hence (5.26) holds.
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We consider now §,(x) = F(x)[1%,(x)| = R1/¥,(x)}. Write
Wk(x)' - R =|§k—1(x) + ;;k(x)| - R

. - - 2\1,2
- Rl1+ 2gk—1(x)’hk(x) + |hk(x)l —R
R? R?
. - 2
g - h h
=R(l 4 gk—l(x) k(x) + | k(x)l —R+E1(x)
R? 2R?

gk—l(x) 'i;k(x)
= SR 4 B (x),

where the last two equalities define E; and E,. Since V1 + a — 1 — 1a| < a? for

|a] < %, using (5.24) we obtain

(5.33
|E,(x)] < J—l-h"z(;) +cR(|g"“(xI){2'h"(x)| + |h"1(é)| <c|h"gzx)| .
Hence
. ¥ (x) gk—1(x)‘7'k(x) Y (x) =
(o) = S B ¢ U = (), 1,
We write
(1), = gk—l(x)+i;k(x) gk—l(x)'zk(x)
|gk—1(x)+zk(x)| R
_ gk—l(x)'zk(x) Zk(x) " gk—l(x)'i;k(x) 8i-1(x)
K 81 (x) + Fi(x)] R R
Bi1(x) -k (x) . 1 1
S e S eyt
= (I, +(IV) . +(V),.
Now

gk—l(x)
(IV)A = R

1 Mo _
Loy m:z-f<"+”g~k_1<x>~ﬁ,.,<x>)

I:i(1y=27% j=0

- M
= w Z AIE z_j("+l)(§k-1(x)_gk—l(xl))‘ﬁl,j(x)
R =24 j=0
1 Mo _
+F X MY 270 D(g (%) = Goa (%)) Gema(xp) - By ;(x)

I (n=2% j=0

1 i - j(n = g n
+— Z A, E 27 +1)gk-—1(xl)gk—l(xl) : Bl,j(x)
I in=2"% j=0

= (VI), +(VII), + (VIII),.
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Define ¢, = (II), + (III), + (V), + (VD + (VII),, and . = (VIID),. Then (5. 18)
holds. By (5.12) and the fact that supp B, C 271, (5.22) holds. By (5.30), ¢,(x) = 0
if |x| > 2vn max(2¥~*,1), and so (5.21) holds also.

We now prove (5.20). By (5.33), (5.31) and (2.5),

C v 2 _
|(11) | =|E2(x)| < ilhk(x)l < cR®7P~ Vi (x)
< cR/P7 Ve (x)mi(x).
Similarly,
- 2
A1) o] < & [Fix)]” < 1eR®77~ Ve, (x)m, (x)
and
R - |§k—1(x) + i;k(x)”
ngk—l(x) + hk(x)l
- 2 -

< |§k—1(x) 'hk(x)| 4 |gk—l(x) 'hk(x)l |E,|

R2|§k—1(x) +hk(x)| R|§k—1(x) +hk(x)|

[T 2 _
< g ()] < R~V (x)me(x),

V4 <lgr() - o)

by our above estimates on |¥,(x)| — R and E2 To estimate (VI), and (VII),, we

note, as in [8, p. 235), that if /() = 2% and §, () # 0,0 <j < M, then |x — x|
< ¢2M~k and
(5.34) ng—l(x) - gk—l(xl)| < 62("+1)MRI/p5k—1(x)2k_1|x - x,I.

Therefore, for the same x and I,

(5.35) |(§k-1(x) — & _1(x) 'ﬁl.j(x)I < CZ(MZ)MRI/‘D%—1(x)|B’l’j(x)|

since |x — x,| < ¢2™* for these x and I. Therefore
M

c . .
(VD < X A L 27/0#DR/P20 DM, (x)|B; (%))
I:I(I)y=2"k j=0

< QUTBAMREVP=Dg  (x)m,(x),

since |B; ;(x)| < cR'/?, by the method used to obtain (5.31). Similarly, using (5.34)
instead of (5.35),

N

c , B .
I(VII)kI < R Z A, Z 2_1(”1)2("+1)MRl/p£k—1(x)2k x - xllIBl.j(x)|
I (=2 j=0

M
< c2(n+2)MR(21/p-1)sk_l(x) Z 2—(n+l)j Z }\,

Jj=0 I 1(1)y=27%
dist(x, J)<2/7%

< 02(n+2)MR(2//p—l)ek_l(x)m(x),

as in (5.31). Hence (5.20) holds, since ¢, _; < 3¢,.
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To establish (5.19), we prove corresponding estimates for ¢, and { . and use (5.18).
Following [8, p. 236], for |x — y| < 27X, write

(%) = 3(») = () (Fe()] = R)(Felx) = %())
|7k(x)| _h?k()’)l

15| ()]

= (i)k +(ﬁ)k'

Since [|7,(x)] = Rl < cR"?, [9,(x) = ¥ (»)] < coe(x)R"P2¥|x = y| and |7, (x)| >
R /2 (since |h,(x)| < R), we obtain

+%(y)R

|(T).] < cR@!/P~ Ve, (x)24x — y| for [x — y| < 27X,
As in [8, p. 237],
(1) | < 2|gi-1(x) + Be(x)] = [8us(¥) + Bi (0]
+2||Zi-1(») + Ai(2)] =1 (3) + Ae(2)|
= (1), +(1IV),.

Now

2,12

R|1

L 28(0) h(x) Ihkl(é)l

(1), = e

2\1,2

- R

1+ 2§k—1(Y)'Ek(x) + |i"k(x)|
R? R?

< %‘(gk—l(x) = Z1(»)) - Zk(x)l

< cR@/P= Ve (x)24x = ylny (x) < eRP/P7 Ve, (x)24|x — y

)

by (5.26), (5.31) and a Lipschitz estimate for the function f(¢) = (1 + ¢)!/? for ¢
sufficiently small. Similarly,

. o o 21,2
1+ 28k—1()’)2'hk(x) + |hk(-§)| )

|(W) k| = R

R

2,12

4 2§k—1()’)'£k()’) 4 Iiik(y)l

R R? R?

1

< %|§k—1()’) ‘(;"k(x) - zk()’))l + %l|71'k(x)|2 —|Ek(y)|2‘

=|(V) + |(Vi)k|
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By (5.32) and (2.5) we have [(VI),| < cR?/P~D2k|x — y|. Now

M
< 5| T NI 27 (G(0) = Geaa(x0) (Bry () = Bry ()

I:(NH=2% j=0

Y A X 27g (%) ‘(El,j(x) - ﬁl,j(y))

I:i()=2"% j=0
(VII) , + (VIII),.

If B, ;(x) and B, ;(y) are not both 0, then |y — x,| < ¢ - 2%, since |x — y| < 27%;
so by applying (5.34) we obtain

C
* R

M
|(VIT) | < cRU/P-Dotne2M 3 k)\,zo 2750 0\B, (x) = Br ()]
I.(1)=2" =

< cR(Zl/p—1)2(n+2)M,"k(x)2k|x _ yl’

by the calculation in estimate (5.32). Since g,_,(x,)- E,‘ ;(x) =0 Vx whenever
I € A,, we have

|(‘7ﬁ_i)k| = Z A Z 2° j("+1)al(1)(ﬁl _[(x) Bl ,(J’))

IeB, j=

since B, ; = (0, Bi ;) for I € B,. Since |a,(I)] < R ™"7 and || B] Il ip1 < cU(I))™
for I € B,, and by (2.5) and the proof of (5.32),

M
|(VI) | < cR7V/PY 277+ 30 A Jx -y
j=0 I (n=27*%
dist(x,7)<2/7%

< cR7VPq(x)2%|x — y| < cR7VP2¥|x — y| for|x — y| < 27*
Hence
1B(x) = $(p)] < cQU*PMRCI/P=D + RV/PY2K|x — )

if | x —y| < 27X
Whenever |x — y| < 27%, we have

|fk(x) _fk()’)l = Lz XA E 277 hg 1(xp) Eoa(xp) - (Bl/(x) Blj(y))

1eB,  j=0

M
< RVP Y N Y 27 g (x) - B ()]

IeB;, j=0

< cR7VP2K|x — y|,

since g, _,(x,) - B, (x)=0forI € A,,andforI € B,, g, _ 1(xp) = (ao(1), a;(1)),
with |a,(1)] < R*"V/7 and §, = (0, B} ). The estimates for ¢, and {, give (5.19), by
(5.18).




124 MICHAEL FRAZIER

We now verify (5.27) and (5.28). We have, fork > ¢ > -M,

k M
- 1 _ .
Z Sl = F Z MX 2 j("+l)gs—l(xl)al(1)ﬁ;.j
s=q+1 12 ’EU§=¢,+1B.¢ Jj=0 2
M ~
< cRVPY 27iD y gs_l(-:izf;(l)}\lﬁ;.j
Jj=0 1eUl_,., B, R 12

Note that |g,_,(x,)a,(1)/R*""/?| < cfor I € Ui_ ., B,, so by Lemma U3

k —
X

s=q+1

1,2
scR-l/P( y )\2,|1|) )

IGUf-q+1 B

L2

By (5.10), then, (5.27) holds. Similarly, by Lemma U4,

Lz
M

§=—

3 g-1(x))a,(1)

M
-1/p -j(n+1) 1
< cR 2 2 RE-1r ABY

BMO Jj=0
< cR7V/P,

This establishes (5.28) and hence Theorem 5.1. O

TeU v B, BMO

6. Problems and remarks. The work of Janson [5] and Uchiyama [8)] gives the
complete result that a collection {K;}7, of singular integral operators satisfy
71 KjL” = BMO if and only if

my(§) mp(g)
(6.1) rank =2 Vtie s L
m,(-£) m,(-£)

However, little is known about the subspace X7_; K ,L* of BMO wh~en (6.1) fails.
For the Riesz transforms, Corollary 4.3 implies that any f€ 2f_; R, L*, p <n,
satisfies a regularity condition on appropriate p-dimensional subspaces of R” that is
not satisfied for all BMO functions. One would hope to obtain some similar
interpretation, whenever (6.1) fails, of the fact that Ef,l K L® # BMO. The study
of the Riesz transforms was facilitated by their cancellation property; to proceed in
the general case, one would presumably require a geometrical interpretation of the
failure of (6.1).

However, even for the Riesz transforms the results are far from complete. Our
regularity conditions hold for f € R,(BMO N L?) as well as R,L>; boundedness
played a role in Corollary 4.3 only in removing the L? restriction. Further, only the
condition A; < c, rather than the full strength of the BMO packing condition (3.5),
is used in proving Theorem 3.2. Hence our regularity conclusions hold for larger
classes of functions and cannot characterize R,(BMO N L?) or R,L*. The decom-
position result in Lemma 3.1 is a complete, but not explicitly geometrical, char-
acterization of R,(BMO N L?); it is not clear whether a complete geometrical
characterization is to be expected. Example 4.6 shows that we cannot expect much
stronger regularity along lines.
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Since our regularity results hold for R,(BMO N L?) as well as R, L, it is natural
to ask if there are additional geometrical properties that hold for R,L* but not for
R,(BMO N L?). Corollary 5.2 suggests that any such distinction may be subtle.
Explicit examples of functions f € L*® + R,(BMO N L?) such that f ¢ L® + R, L*
would be helpful, but are not apparent since our only criterion for excluding f from
L> + R1L°° is the failure of our regularity condition, which holds for L* +
R,(BMO N L?) as well. Our function G € BMO N L*(R?) in Example 4.6 is
relevant: if R,G € L® + R,L*, then a uniform BMO condition on x,-lines does not
hold for L® + R,L®; if not, then R,G distinguishes R,(L?> N BMO) from L* +
R,L*. Either case will give information as soon as it is determined which case holds.

A further question regarding each subspace ¥ € BMO under consideration is the
determination of dist(f,Y) = inf{||f — gllgmo: 8 € Y} for f € BMO. When Y =
L>, Garnett and Jones [4] have complete results. For K as in §5, Corollary 5.2 is
obviously equivalent to the statement that

dist(f, L* + K(L>)) = dist(f, L* + K(BMO,)).

For the Riesz transforms, our conditions on lines should play a role in this problem.
As noted above, some of our results must apply in greater generality than
presented here. Since the method of the decomposition of BMO (Lemma Ul)
appears quite general, one suspects that further information about the action of
specific operators on appropriate spaces can be obtained by similar methods.

REFERENCES

1. C. Fefferman and E. M. Stein, H” spaces of several variables, Acta Math. 129 (1972), 137-193.

2. M. W. Frazier, Functions of bounded mean oscillation characterized by a restricted set of martingale or
Riesz transforms, Ph.D. Thesis, University of California, Los Angeles, 1983.

3. J. Garnett, Bounded analytic functions, Academic Press, New York, 1981.

4. J. Garnett and P. Jones, The distance in BMO to L™. Ann. of Math. (2) 108 (1978), 373-393.

5. S. Janson, Characterization of H' by singular integral transforms on martingales and R", Math. Scand.
41 (1977), 140-152.

6. J.-P. Kahane, Trois notes sur les ensembles parfuits linéaires, Enseign. Math. (2) 15 (1969), 185-192.

7. E. M. Stein, Singular integrals and differentiability properties of functions, Princeton Univ. Press,
Princeton, N. J., 1970.

8. A. Uchiyama, A constructive proof of the Fefferman-Stein decomposition of BMO(R"), Acta Math. 148
(1982), 215-241.

9. . A constructive proof of the Fefferman-Stein decomposition of BMO on simple martingales,
Conf. on Harmonic Analysis in Honor of Antoni Zygmund, Vol. II (Beckner, et al., eds.), University of
Chicago Press, Chicago, Il1., 1981, pp. 495-505.

DEPARTMENT OF MATHEMATICS, WASHINGTON UNIVERSITY, ST. Louis, MIssOuRl 63130




