TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 290, Number 1, July 1985

ON TWISTED LIFTING
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YUVAL Z. FLICKER

ABSTRACT. If o is a generator of the galois group of a finite cyclic extension E/F of
local or global fields, and e is a character of Ci (= E* or EX\ A*) whose restriction
to Cr has order n, then the irreducible admissible or automorphic representations 7
of GL(n) over E with °7r = 7 ® ¢ are determined.

Let F be a local or global field, and E a cyclic extension of F of degree e > 1; C.
denotes the multiplicative group F* if F is local and the idéle class group F™\ A* if
F is global. Put G = GL, and fix a character ¢ of Cy whose restriction to Cf is of
order n. It determines a character ¢ of G(E) or G(E)\ G(Ag) by &(g) = e(det g).
The restriction of ¢ to Cr determines by class field theory a cyclic extension F, of F
of degree n. Fix a generator o of the galois group Gal(E/F). Denote by R(G) the
set of equivalence classes of irreducible admissible (or automorphic) representations
of G(E) (or G(Ag)). Then ¢ acts on R(G) by °w(g) = m(o(g)) (g in G(E) or
G (A )), and we denote by “R*(G) the set of 7 in R(G) with ‘7 = 7 ® &.

THEOREM. There exists a natural bijection between °R*(G) and the set of
Gal(F,/ F)-orbits of characters on N, C,, where L = F,E.

In the case E = F this is due to Kazhdan [K] in the local case and if « is cuspidal
with two supercuspidal components. Kazhdan’s proof is remarkably elegant. Com-
plete local and global results are derived from the study of the unramified case only.
Our proof follows Kazhdan’s, and uses Kottwitz’s base change lemma [Ko] and
Arthur’s explicit trace formula [A’].

We also show (Lemma 15.1) that the above 7 are induced I5(7) from a
representation 7 = (7,°1’ ® ¢,...,°" 1’ ® €% ---°" '¢), where & = ¢! and 7’ is
a (super) cuspidal representation of GL(m’, E), n = mm’. P is a parabolic subgroup
with Levi component GL(m")™. Then if L’ = E N F, is an extension of F of degree /,
we must have that / divides m (Corollary 16.2) (and m/! is prime to e (Proposition
17.1)). For example, in the special case where E = F,, each 7 of the above type is
induced from a character of a Borel subgroup. Hence it is not in the discrete series.
We proved this result in [F] when E = F, is a quadratic extension of F, using the
trace formula twisted as here. In fact this motivated us to look for a twisted analogue
of Kazhdan’s lifting. Further description of our = is given in §§16 and 17.

Received by the editors June 30, 1984.
1980 Mathematics Subject Classification. Primary 10D40.

©1985 American Mathematical Society
0002-9947 /85 $1.00 + $.25 per page




162 Y. Z. FLICKER

We restrict our attention to the case where the characteristic of F is 0. The case of
char F # 0 follows from a forthcoming general method of Kazhdan.
I am grateful to D. Kazhdan for reading this note and making useful comments.

0. Norm. We shall now describe the algebra E; = F, ® - E. Put L= F.E, L' = F,
NEand/=[L:Fl lfe=[E:F]l,n=[F,: F],e=¢€'l,and n = n’l, then ¢’ =
[E: LN=[L: F]andn’ = [F,: L'l = [L: E]. The galois group Gal(L/F) is gener-
ated by ¢ and ®, where the restriction of o to E generates Gal(E/F) = Z/eZ; the
restriction of ® to F, generates Gal(F,/F) = Z/nL. F, (resp. L’) is the fixed field of
o'in L (resp. E). E (resp. L) is the fixed field of ®'in L (resp. F)).

The algebra E! = F, ® o E is a direct sum L & --- @ L of / copies of L. It is
viewed as a subalgebra of the n X n matrix algebra M,(E) over E by fixing an
embedding of L in M, (E). Taking o-invariants this yields an embedding of F, in
M,.(L"). The restriction of the determinant map M,.(E) — E to L is the norm map
N, /¢ from L to E. The restriction to F, is N ,,.. The multiplicative group E; * of E!
is the group T(E) of E-valued points on a torus T of GL(n) defined over F. Further,
T(F)is F*.

The restriction of the automorphism o of M,(E) to the subalgebra £, = L &
-+ @ L has the form 66 = (06,, 68,,...,08,) if § = (8,,...,0,) lies in E/. We have
Ng,pE! = Np ,pL since

8§08 -6 18 =8 -0/ --gle Dy,
where
8 =28-08,-0%,- ----a'71§, (inL).
If 68 = 8, then § = (8,,6718,,...,0'7'8,) with 8, = 6’8, in F,. In general det § =
detd, - --- -detd, =N, (8 ---8) lies in E. If & =08, then detd is

Ng ;1 (Nyp ,g8,) = Ng ,¢8,. For transfer purposes we need

0.1 LEMMA. There exists a character 1 = (ny,...,m,) of E!*= L*® --- & L* with
e(det 8) = 1(08/8),8 in E!™.

PROOF. Since

n,(08,) - n,(08,) - ---- "7/—1(081)
"11(81) : 712(82) ot 711(8/)

we have n,(ox) = n,,,(x)e(det x). Hence it suffices to find 1, with
n(o'x/x) = e(N,_/E(xox - 6/"x)) (xinLX).

But if x = o'x, then x lies in F* and the right side is e(N,.,zNg ,;-x) = 1.

e(detd, - ----detd)) =

1. Characters. We fix a character n = (n,,...,m,) of T(E) = L*® --- & L as in
Lemma 0.1. Then 7,,,(x) = n,(ox)e(det x)™' and n,(0’x/x) = €’ (N.,gx) (x in
L), where ¢”(x) = &(xox --- 6/"!x) and ¢’ = ¢'. Then there exists a one-to-one
correspondence between the set of characters x on N, ,z L™ = Ng,rT(E), the set of
characters x, of L = T\(E) = (F. ®,. E)* with °’x; = x; °n,/n, (it is given by
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X1 =M X°N.,r), and the set of characters xp = (Xy,--.,X,) of T(E) with
°Xe=Xg °n/n (= Xg- €odet), where °n(8) = n(08) (it is given by xz=n-
X ° Ng ,p, which has the component

! o' o' o oi~! -1
Xis1 = X1 Ma1/"m = “xa[ (% - 7 'e) o det] ).
Namely we have a commutative diagram of character groups:
T(F)Bx — XIETI(E)
N
Xe € T(E)

These homomorphisms can be described also as L-group [B] homomorphisms
LT(F) »LT\(E), 'T(F) »'T(E), “T\(E) = T(E). To be explicit, if Wi r, is the
relative Weil group [T] of L over F,, namely we have1 —» C, = W, = Gal(L/F)
— 1, then the map “T(F) = C* X W, ,p = T\(E) = C** X W, is given by

(z; u; ") > (z0,(u), zn,(0"u),. .., 20, (0’ "u); u; 0’').
Here zin C*, uin L*,0 < i < e’, and o’ acts on C*¢ by permutation.

1.1. L-groups. The relations between the characters x, x;, xg of T(F) = F*,
T (E)=L*and T(E)= L*® --- & L* are explained in §1. The lifting of these to
representations 7, of GL(n’, E) with °1, = 7, ® ¢’ and 7 of GL(n, E) with 7 =
7 ® € is compatible with an L-group homomorphism T(E) —*GL(n, E), which
splits as / copies of the map LT,(E) —»“GL(n’, E). We regard the groups T,(E),
T(E), GL(n', E) and GL(n, E) as groups defined over E. They can be viewed as
groups over F on restricting scalars from E to F. To define the map note that LT,(E)
is the semidirect product of C*" and Gal(L/E) (which permutes the factors of
C*"), and LGL(n’, E) is the direct product of GL(n’, C) and the galois group. We
embed C*" as the diagonal in GL(n’, C), and map the generator ®’ of Gal(L/E) to
w X ®. Here w is the matrix of GL(n’,C) with (i, j) entry 1 if i + 1 = j (mod n’),
and 0 elsewhere. If 7, is the image in “GL(n’, E) of x, (in T, 1(E)), then x ¢ (in T(E )
maps to (7,,°1; ® €,...).

2. Unramified case. Let F be a local field, £ an unramified extension of F of
degree e > 1, € the unramified character of EX with e(&) = ¢, { = e2™/”, where & is
a local uniformizer in F (hence in E). For x = u&" (r in Z, u a unit in the ring @ of
integers of F) in F* we write ord(x) = r and |x| = ¢~", where ¢q is the number of
elements in @/&0@. The restriction of ¢ to F has order n. Since ¢ is of order n on E* it
determines the unramified extension E, of E of degree n, by class field theory. The
kernel of the character e(g) = e(det g) of G(E) is denoted by G,( E). The quotient

G(E)/Gy(E) = E*/Ny ,;E} = Gal(E,/E) = Z/nZ

acts on the set R(G,) of equivalence classes of irreducible admissible representations
p of Go(E) by g: p — p%, where p#(h) = p(g~*hg).

Denote by R%(G,) the set of p in R(G,) with p& # p for all g + e in G(E)/G,(E).
Signify by K the maximal compact subgroup G(@) of G(E). It is also a maximal
compact subgroup in Gy(E), and we denote by R%(G,) the set of unramified
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elements in R°(G,). Let Z be the center of G. Then Z(E) is the center of Gy(E). Fix
a character 6 of EX = Z(E), and let R}%(G,) be the p in R%(G,) with p(z) = 6(z)I
for z in Z(E). R%%(G,) is empty unless 6 is unramified, in which case R%(G,)
consists of a single element p, by [K, §2, Corollary, p. 219].

Recall [K, §2] that p, is the unique unramified irreducible component in the
restriction of m; to G,(E), where m, is the unramified representation of G(E)
constructed as follows. For any s = (s,...,s,) in C*” let x, be the unramified
character of the upper triangular Borel subgroup B(E) of G(E) whose value at the
diagonal matrix (&",...,&™) is s* --- s/». The induced representation #, of G(E)
from x, on B(E) contains a unique unramified irreducible constituent 7,. Now the
unramified character § of E* is determined by its value A = (&) at &, and A
determines an n-tuple s, = (g, {p,....§ "~lu) in C*" up to permutation, by A =
p"¢""~Y/2 Then m, = =, . It is clear that the unramified p, and 7, are o-invariant,
where o is a generator of the cyclic galois group Gal(E/F), namely, °my = 7,
Po = Py-

3. Transfer. Let ® be a generator of the cyclic galois group Gal(F,/F). For any h
in F* put

A(hy= T1 (1 - @'(h)/®/(h))

l<i<j<n

and

A(h) — 'A(h)2|1/2§n(n~l)val(ﬁ(h))/Z'

Note that A(h)? lies in F, and that {"/? = —1. The set F, of h in F* with A(h) # 0
is called the regular set of F,.

As in §0, the cyclic extension F, of F of order n is the splitting field of an elliptic
torus T of G over F. The multiplicative group of E! = F, ®. E is isomorphic to
T(E), and we choose T so that the group of units of the ring of integers in E] is
isomorphic to T(E) N K. In particular F is isomorphic to T(F) and 02 to
T(F) N K, under this isomorphism. If 8 lies in T(E) (= (F, ®¢ E)*) we define the
norm h = N§ = N8 to be the element 8a(8) --- 0°~(8) of T(E). The galois
group Gal( E/F) is generated by o. It acts on G(E).

For any smooth function f on G(E) with f(zg) = 8(z)"'f(g) (z in Z( E)) which is
compactly supported on G(E) mod Z( E) put

L(f)= "(S)fmm e(x)f(x'80x) dx.

We write PG(E) for G(E)/Z(E), and note that &(z) =1 for z in Z(E) and
0(z/0z) = 1 since 6 is unramified. Note that I,(f) depends only on the conjugacy
class of h = N§ in G(F). The character 7 is defined by Lemma 0.1. We assume it is
unramified.

Denote by °R(G) (resp. °R(G,)) the set of o-invariant p in R(G) (resp. R(G)).
For such p we have % = p, so that there exists an invertible operator A from the
space of % to the space of p with %p(g) = 4 '(g)A4. We write trp(f X o) for the
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trace of the operator p(f X 0) = [p;£)f(8)p(g)A dg. This operator is of trace class
for the above f. We take A with A = I; since A intertwines p with itself it is a scalar
for irreducible p by Schur’s lemma. If p is unramified, then % = p and 4 is a scalar
for irreducible p. We take 4 = I in this case, and then trp(f X ¢) = trp(f) for our
f. The same comments apply to irreducible p in °R(G,) and f on G,(E) with the
same properties.

4. Let H, be the convolution algebra of K-bi-invariant compactly supported
modulo Z( E) functions f on G(E) with f(zg) = 6(z)"f(g) (zin Z(E)).

PROPOSITION. For any f in Hy and 8 in T(E) with regular h = N8 in NT(E) =
N, £ L™ we have A(h)1,(f) = tr my(f X o).

To prove this, we first note that since =, is unramified we have °m,(g) = my(0(g))
= my(g), hence tr my( f X o) is equal to tr my( f).

5. LEMMA. If f in Hy satisfies tr my(f) = O, then I,(f) = O for all h.

PROOF. Put 7 for m,. Since tr AB = tr BA and there is an invertible operator 4 on
the space of 7 with 7(g) = e(g)Am(g)A~!, we have

tr [1(g)n(g) dg=1tr [ e(g)f(g)An(g) A dg = tr [ e(g)f(g)m(g) dg

so that we may assume that f is supported on G,(E). Note that I, (f) depends only
on the restriction of f to G,(E) (see Lemma 11 below). Choose 8 in G(E) with
¢(B) = ¢ and define the smooth function fon G,(E) by

n—1
f(g)= X (B 'gaB’).
i=0

Explicitly B can be taken to be the diagonal matrix (&,1,...,1) in G(F).

5.1. We claim that for any p in R(G,) we have trp( f X 6) = 0. Otherwise p must
transform under Z( E) by 6 and be o¢-invariant, hence there is a nonzero intertwining
operator A with p(g)A4 = Ap(o(g)) and A° = 1. Now

n—1
wf  Flg)e(g)adg= Y ¢ [ f(B'goB')p(g)Adg
PGy(E) i—0 PGy(E)

0 o0(

= Zf"trff(g)pﬂ'(g)A dg =24 "trpf(f X o).

Here PGy(E) is Gy(E)/Z(E). If p* = p for some a = B (1 < i < n) then there

exists an operator B so that p°B = Bp, and since o(a) = a, B can be assumed to

commute with 4. But then trp( f X o) = 0. Moreover, if tr p*(f X o) # 0, then p® is

unramified, hence lies in R%?(G,). This set consists of p, alone, hence
tro(fxo)=¢"trpy(fX o) =¢""trmy(f X o).

This is 0 by the assumption of the lemma.

5.2. Kazhdan’s completeness argument implies that since tr p(f X o) = 0 for all p
in R(G,), then

L(f)= n(ﬁ)fm (E)f(x“ﬁo(x)) dx
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is O for all & with regular & = N§, as required. To skeich this argument we take a
global field F whose completion at v, is our local field, and a function f = ®f, on
PG, (A ) whose component at v, is our local f, at a place v, which splits completely
in E/F it is a supercusp form, and at a place v, it is supported on the set of § in
PGy (E,,) with elliptic base-change norm in PG,(F, ). The assumption trp( fxo)
= 0 implies the vanishing of the representation theoretic side of the Deligne-
Kazhdan trace formula, hence the finite sum of twisted orbital integrals of f on
PGy(Ag) is 0. Given & in PGy(E,), it suffices to choose a global element § in
PGy(E) near § in PGo(E,,), and f with ff(x:ISO(x)) dx # 0 but [f(x7'8'0(x))dx
=0 for &’ in PGy(E) not o-conjugate to §, to deduce a contradiction to the
assumption [f, (x'80(x))dx # 0.

6. It follows from Lemma 5 that there exists a function ¢ on the set of regular
h = N8 in NT(E) so that

I(f)=o(h)trm(fx o)

for all fin H,(G) and the above A.

Define ¢, in Hy by ¢4(g) =0 unless g = zk (z in Z(E), k in K), where
@s(g) = 07'(2)|K|™*. We denote by | K | the volume of K. Since tr my(py X 0) = 1 we
have

-1
p()=n(@®) [ K e(x) dx
x8o(x)EK

for all 8 with regular # = N8. We may assume that 6 lies in 7( E) N K, in which case
n(8) = 1.
6.1. LEMMA. For any 8 inT(E) N K with regular h = N8 we have @(h) = A(h)™%.
PROOF. In the case E = F this is Kazhdan’s lemma [K, §3, Theorem 1]. To reduce

the general case to this case we use Kottwitz’s base-change lemma [Ko], which we
now recall. We have to study

-1
/ K "e(g)dg= L e(g)= L e(x).
{8€PG(E)|g '80(g)EK ) g€G(E)/K xe x3°

g '8a(g)eK

The last sum is over all vertices x = gx, in the Bruhat-Tits building X [Ti] of G(E)
which are fixed by 8o, namely §ox = x. Here x, is the hyperspecial point in the
building X of G(F) whose stabilizer in G(F) is G(0) = K(F), and K = G(0f) in
G(E). We put &(x) = &(g). This has to be compared with

Y e(x)=f K (F)|"e(2) dg,

xext {8€PG(F): g7 hgE€K(F))

where h = N8 = §0(8) -+ 6° (8) (e =[E: F)) is an element of T(F) N K since
80(8) = 0(8)8. Let F be the completion of the maximal unramified extension F“* of
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F. Denote by ® a Frobenius element in Gal( F/F) whose restriction to E is our o.
We have

Xp=G(F)xy2 Xz = G(E)xy 2 Xz = G(F)x,.
The semidirect product G(F) X (®) acts on the building X7, and

X = xp, o x000 = xbe.

If b=1and a = e — 1, then the determinant of (?¢) is 1, so that the group {4, ®)
is equal to (h“®¢, h®). Since the map from G(0F) to itself by g — g '®(g) is
surjective, given our 4 in T(F) N K there exists ¢ in G(0) with h* = ¢"1®°(c). Put
8" = ch®(c)! (in G(0F)) to obtain that (h°®¢, h®) = ¢ (D°,8'®)c and X} =
¢ 'x2'°. Since (h, ®) is commutative, § = ®¢(§’) lies in G(E), in fact in K. As
N8’ = chc™! and N8 = h are conjugate, and 8, §’ lie in K, there exists ¢, in K with
8" = cy80(cy) ). Then X} = ¢ ¢y X2°, and since e(cyc™!) = 1 we have

Y oe(x)= X e(x)
xe Xy xe Xt
The right side here is equal to A(h)~! by Kazhdan’s lemma.
This terminates the proof of Lemma 6.1, hence Proposition 4.

7. Reformulation. The groups T(E) and G(E) can be viewed as groups over F
upon restricting scalars from E to F, and we may take the form of the L-group with
respect to the galois group Gal(F/F) of the unramified closure F of F; thus
LH ='H° % Gal(F/F), where H(F) = T(F), T(E) or G(E). The homomorphisms
of §§1 and 1.1 define L-group homomorphisms LT(F) —»tT(E) —»*G(E), whose
composition we denote by c. There is a canonical isomorphism [C] between semisim-
ple conjugacy classes s in “H whose projection on Gal(F/F) is the Frobenius
element @, and irreducible unramified representations 7, of H(F'). For any spherical
function f in the Hecke algebra H = H(H(F), H(0)) we denote by f¥ the function
on YHO x ® given by f¥(s) = trm,(f X ®). The Satake map is an isomorphism
between H and the algebra of regular class functions on “H.

Now put H; = H(G(E), G(O;)) and H; = H(T(F), T(0)). The map c*: H; -
H, dual to ¢: LT(F) - LG(E) is defined by (c*f)(s) = f¥(c(s)), namely, (c*f)" is
the restriction of f¥ to LT(F).

7.1. PROPOSITION. For any fin H; and h in NT(E) we have A(h)1,(f) = (c*f)(h).

Proor. This is equivalent to Proposition 4. Indeed
tray(f X ®) = £ (c(8)) = (c*f) " (8) = 8(c*) = (*f)(h).

8. F, splits. Let m be a divisor of n, F,, the unramified extension of F of degree m,
and n’ = n/m. Suppose F, splits as a direct sum of n’ copies of F,. Then
T(F)= @& T,(F) with T\(F) = F} < GL(m, F), so that T(F) lies in the Levi
component M(F) = GL(m, F)" of a standard parabolic subgroup P(F) of G(F)
= GL(n, F). The map

c: 'T(F) »'T(E) -»'G(E)
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splits through ¢ = j o @ ¢, where j is the embedding “M(E) - *G(E) and c;
LT\(F) > T,(E) >LGL(m, E). Note that j*f= fK where N is the unipotent
radical of P and K = GL(n, 0), and for m in M(E) we put

f;{/((m)=fK/N(E)f(k‘1mno(k))dn dk

~|det (Ad(Nm) — I)luiencr| [[ £(k™n ' mo(nk)) dn dk.

Here Nm = Ng,,m can be viewed as an element of M(F), and Ad 4 indicates the
adjoint action of h on the Lie algebra of N(F). j* is the map dual to j from
H; = H(G(E), G(Op)) to H(M(E), M(0Oy)).

Fordin T(E) C M(E)and h = N§ in T(F) define

D(h) = det[ (Ad(h) = I)tic 6(rr/Lic Gyer)
where G, (resp. M,) is the centralizer of 4 in G (resp. M ). Note that M, = G,. Also
put
D'(h) = det[ (Ad(h) = I)|Lie M(F/Lie M,,(F)]-
Define
A(h) =|A(h)|¢mim- Lyval(A(h)/2 _ ]A(h)|§::(m—1>val(5'<h»/2,

where {, = exp (2mi/m) and A(h), A’(h) are elements of F whose squares have
valuations equal to those of D(h), D’ (h), respectively. Note that D’ (k) and A (h)
split naturally as products of n’ factors D/(h) and A’(h). Also put

5L,(1) =) [ e (x)f(x780(x)) dx,
G3(E)/G(E)
where ¢, (x) = {¥3€et0 and set f, = c¢*f, where ¢*: H; > H is the map dual to c:
LT(F) > G(E). Note that 7 is a product of n’ characters.

8.1. LEMMA. For a regular h in NT(E) we have A(h)I1,(f) = f.(h).

PROOF. j*f is a linear combination of products I1, f, of functions f; in
H(GL(m, E), GL(m, O0)). Thus A(h)I,(f) is a linear combination of products of
the form A, (h)1, (f,), where h = (hy,....h,), A,(h,) = | Bj(h,)[g e VlER0/2,
and I, is defined using 7, and an integral over G’ (E)\ G'(E), where G = GL(m).
But Proposition 7.1 implies that A,(h,)1, (f,) = (c¢}f,)(h,). Since c*f is a linear
combination of products over i of c*f;, the lemma follows.

9. E splits. We shall now discuss the case where E splits as a direct sum
R&® ---®R of e copies of a field extension R of degree r over F. Then
G(E)= G(R)® --- ® G(R) and Gal( E/F), which is generated by o, acts by

ox = (X5, X3,...,X,, X;), wherex = (x;, x5,...,X,).

Then 0¢x = rx generates Gal(R/F). The function f = (f},...,f./) is an e’-tuple,
where f, = - - - = f. is the characteristic function of the maximal compact subgroup
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G(0R), and f, is any spherical function in Hy. Also &(x) = &(x;...x,), where
e(x,) = {yA@etx) ¢ = ¢2m/n We take § = (8,,...,8,.) with §, in G(Op), so that

LG(E) e(x)f(x'80(x)) dx

= / e(xy. . x ) [i(x7181%2) fo(x378,%5) - fo( %18, mx,).

Here

Xy =08,7Xy, Xp_ 1 =08, X,y ..., Xy =08,x3=208,08;---8,_,6,71x,.

Since all §; lie in G(0y) we obtain
f e(xl)e)fl(xl’IBl oo 8,mxy) dx, = f e,(xl)fl(xl‘ltso'rxl) dx;.
PG(R) PG(R)

Here §, = 8, - -+ 8, lies in G(0Og) and we require that Ny £, is regular in G(F).
Also €,(x,) = ¢yadetx) where {, = e2™/", r = [R: F]. Proposition 7.1 and Lemma
8.1 now apply toR, f, € Hpinplaceof E, f € H,.

10. Automorphic forms. Let L? = L’(G(E)\ G(A)) be the space of square-
integrable functions ¥ on Z(A ;)G(E)\ G(A ;) which transform under Z(A ;) by 6.
Here 0 is a character of Z(E)\ Z(A ) with 8(o0z/z) = ¢(z"), where ¢ is a character
on E*\ A% whose restriction to A* is of order exactly n. Thus ¥(zg8) = 0(z)¥(g)
for z in Z(Ag) and g in G(A[). Let f be a compactly supported (modulo Z(A ;))
smooth function on G(A ;) which transforms under Z(A ;) by 6~%. G(A ;) acts on L?
by right translations: r(g)y(h) = ¢ (hg), and L? splits as a direct sum of invariant
subspaces which appear discretely or continuously. Define the operator r(oe)y(g)
= e(0o7'g)Y(07'g) on L2, and consider the operator r( foe) which maps ¢ to the
function (of 4) in L? given by

r(foe)w(h) = [ f(og)r(goe)d (k) dg

Z(ApN\G(Af)

-/ f(og)e(s™(h)g) ¥ (o~ (h)g) dg

Z(Ap\G(Ag)

fz f(h'8a(g))e(g)¥(g)ds.

8€ Z(E)\G(E) " Z(Ag)G(E)\G(Ag)

Arthur [A] proved an identity of the form ¥,J/(f)=X,J](f), generalizing
Selberg’s trace formula. In our case ¢ and & preserve each parabolic subgroup P of
G = GL(n). Hence although [A] deals with the nontwisted situation only, the
techniques generalize at once to deal with our situation. Let ¥ be a sufficiently large
finite set of places.

10.1. LEMMA. Suppose that f = ®f,, where f, is spherical in Hy for v outside V, and
f, is supported on the o-regular set of G(E,) for v in V, namely on the 8§ with
h = Ng 8 regular in G(F,). Then ¥,J; (f) of [A] takes the form

Te(s)f e(g)f(g7%80(g))0"(g)dg,

(8) Z(Ap)GE(AN\G(AE)
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where the sum ranges over a set of representatives 8 for the o-conjugacy classes in
G(E)/Z(E) so that N§ is regular. c¢(8) is a volume factor which is equal to
|GS(F)Z(A)\ G5(A)| if N8 is elliptic and nonconjugate to zN8 for any z in Z(F). The
weight factor v'(g) is left-invariant under GZ(A), a group isomorphic over F to G,(A) if
h = N§ lies in G(F). v"(g) equals 1 if N8 is elliptic regular.

PROOF. The proof is clear from [A, Theorem 8.1], the definition of J, 4,(x, y), and
the computations on pp. 950-951 of [A].

Note that our assumption on f, (v in V') is very restrictive. It would not permit
deducing local results, for example, in the case of the Deligne-Kazhdan comparison
of representations of GL(n) and the multiplicative groups of simple algebras. Since
we compare here GL(n) and GL(1), the global strong multiplicity one theorem
compensates (see Proposition 15.2) for the lack of local knowledge of the germs of f,.

11. LEMMA. The sum ranges only over & with N8 conjugate in G(E) to an elliptic
(regular) element h in a torus T(F) of G(F) whose splitting field is F..

PROOF. The integral vanishes unless ¢(g) = 1 for all g in G,(A). Since 4 is regular,
G,(F) is isomorphic to a product I1]_,L of the multiplicative groups of fields L,
with X_,[L;: F] = n,and e(I1/_,/;) = e[ 1/_,N.:({;)), N, is the norm map from L, to
F. We have N A7 C ker(e|A™) = Ng ,rA% for 1 <i <r, since &(g) =1 for g in
G,(A). Hence L, contains F, for all i so that r = 1 and L, = F,, as required.

12. x-expansion. We have to describe also the sum ZXJXT( f) of [A’]. Fortunately

most terms here vanish. It is a sum over
(1) all standard (containing a fixed minimal such M,)) Levi factors M of parabolic
subgroups P of G (defined over E),

(2) subspaces % = Hom( X(My),R) of %A,, = Hom( X(M),R),

(3) elements s in the Weyl group W*(9,,) of distinct maps from %, to itself
obtained by restriction of the elements of W(,), the Weyl group of A, = A, such
that their space of fixed vectors is precisely %,

(4) unitary discrete series representations 7 of M(A ;) so that s(°7 ® ¢') = 7. We
put & for e 7L

We have M = GL(n,) X --- X GL(n,) and n, + -+~ +n,=n, 7=(7,...,7,)
and s permutes the factors. An orbit (7/,°7" ® ¢, 1 @ £%,...) of length r'in T
must be the entire 7 since the restriction of € to A is of order n, and ”' 7’ ® ¢'°¢

.. 9" '¢ = 7’ implies that ¢”™ = 1 on A*. Hence s does not have any fixed vectors
except {0}, so that % = {0}, and M is GL(n")" with rn’ = n.

Hence X, J (f) is equal to the sum over M = GL(n)’, n=rn’, and s in
w0 (%A,,), and discrete series representations 7 of M(A ;) with s(°r ® ¢') = 7, of
]
(W]
where WM = W(M, M,), W, = W(G, M,) and M(s) is an operator intertwining
the induced representation I(7) = I5(7) of G from 7 on M with itself. As I(7) is
irreducible, M(s) is a scalar. Hence we can write (12.1) in the form c,, tr I(7, f X o¢)

with a constant c,,.

(12.1) ~——|det(soe’ — l)|%M tr[M( YI(7, f X o€)],
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13. O-expansion. The sum X ,J,( f) takes the form

ZIZWT(ONTA [, e(g)/(87%80(2)) dg.

(Ap)G§(A\G(Ag)

As in §§0 and 11, T is a fixed F-torus of G whose splitting field is F,, so that
T(F) = FX. The sum ranges over o-conjugacy classes in G(E) of 8 in T(E)/Z(E)
with regular norm h = N§, equivalently over conjugacy classes in G(F) of regular h
in T(F)/Z(F). This can be expressed as a sum over the regular 4 in T(F)/Z(F),
divided by n. Indeed, h and k' of T(F)/Z(F) are conjugate in G(F) if and only if
h’ = vh for some 7 in Gal(F,/F). Since the Tamagawa number |Z(A)T(F)\ T(A)|
and the cardinality of Gal( F,/F) are both n we obtain

) e(g)f(g '00g)dg,

heNT(E)/NZ(E) " Z(Ag)G§(A)/G(AE)
where by NT(E) we mean Ng,(T(F)®¢ E) (= NL/FELX, see §0), and 8 is an
element of T(E) with regular A = N§.
For any h in FX = T(F) put A(h) =TI(®/(h) — ®(h)) A <i<j<n) It
satisfies ®(A(h)) = (-1)""~D/2A(h). Fix h,in F* with A(h,) # 0. Then A(h)A(h,)
lies in F. Define A = A, by

A(k) =|NH" 1B (R)]e(B(h)B(Ro))"" .
This definition is regarded as a local definition, at each place v of F, and as a global
definition, for each idéle h of F*. In fact we fix a global h, in F.*, and note that for
each global h in F* we have A(h) = 1. Since h, is global (rational), it is a unit at
almost all v, and our definition coincides with the one given in §3 of A(k).
For any § in T(E,) with regular h = N8 in T(F,) put

fulh) = 8, (h)n,(8) [ e,(8)1.(780(8))dg.

Z(E,)G5(F)\G(E,)
Here we choose a character 7 of T(E)\ T(A) as in Lemma 0.1, and 7, is its
component at v. In particular £, (4) depends only on 4, and 7(8) = 1 for all rational
din T(E). Putf(h) =1TI1,f,,(h) for hin NT(A ). Then the ¢-expansion is equal to
r f(h).
heNT(E)/NZ(E)

As noted in §0 we have NT(E)= N, ,;L* and NZ(E) = Ng,rE*. Moreover,
f.(h) = f,(7h) for all 7 in Gal( F,/F), by definition of f,,.

14. Identity. Let V be a finite set of places v of F. It includes the infinite primes,
those which ramify in F,/F or E/F, where 7, is ramified, and A(%,) is not a unit.
For v outside V' we take f, in the Hecke algebra H, of G(E,) with respect to
K, = G(0g). Lemma 8.1 implies that f,, = e*(f,) is a spherical function in H;. on
T(F,). At v in V we take f, which vanishes on the § with singular & = N§. It is clear
that f, is then a smooth compactly supported (modulo NZ(E,)) function on
NT(E,). It vanishes near the singular set of T(F,), and transforms under NZ( E,) by

fo(hNz) = 8,(2) "0, (2) £, (h).

Each such function on NT(E,) is so obtained.
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Applying the Poisson summation formula, the C-expansion is equal to X, x(f,),
where

x() =TI(f): xu(f) = [ X, (h) .o (h)dh.

NZ(EJ\NT(E,)
The sum ranges over all characters x of NT(E)\ NT(A ;) which satisfy x(z) =
0(z)/m(z) for z in NZ(A ). Note that for each 7 in Gal(F,/F) we have "x(f,) =
x(f.), where "x(h) = x(7h), since f.(th) = f,(h). Hence the sum can be put in the
form

Y nx(f)s

x mod Gal( F,/F)

where n, denotes the number of 7 in Gal(F,/F) with "x # x.

14.1. PROPOSITION. For the above f and f, we have

Ynx(f) = X eytrI(7, f X oe).
X M,r

The sum on the left ranges over all characters x of NT(E)\ NT(A ;) which satisfy
X(Nz) = 0(z)/1(z) (z in Z(A)), taken modulo Gal(F,/F). The sum on the right
ranges over all divisors r > 1 of n, and all representations = = ISt of G(A ;) with
central character 8 induced from a discrete series representation

2
T=(1,7®¢,71 ®%,...)

of the parabolic subgroup P(A ;) with Levi factor M(A ;) = GL(n',A;)", n = rn’,
with o7’ = 7/ ® £% ---° ¢’ and ¢ = ¢.. The coefficients c,, are those of §12.

15. Refinement. We need a refined form of Proposition 14.1, in which the sums
extend over a single element each. For that we prove

15.1. LEMMA. Suppose F is local or global, € is a character of C with restriction to
Cr of order n, and = is an irreducible admissible or automorphic representation of
GL(n, E) or GL(n,A ) with °m = = ® &. Then there exists a divisor r of n, and a
(super) cuspidal representation v’ of GL(n’) (n = rn’) with v’ =17/ ® &% ---°" ¢’
(¢ = €7Y), so that 7 is equal to the representation 15(7) induced from the representa-
tion

r=(7,1"® e’,"z‘r’ ® €e%,... % °’_ze’)
of the parabolic subgroup P with Levi factor M = GL(n')".

PrOOF. Given 7 there exists a unique (up to association [JS, p. 808]) pair (P, )
consisting of a standard (upper triangular) parabolic subgroup P and a cuspidal
representation 7 of the Levi subgroup M of P, so that 7 is a constituent of the
representation /5(7) induced to G from 7 on P. The uniqueness is proven in
Bernstein-Zelevinski [BZ] if F is local, and in Jacquet-Shalika [JS, Theorem 4.4], for
global F. Since 7 = 7 ® ¢ and 7 specifies 15(7), we have I(°r) =°I(t) = (1) ® ¢
= I(7 ® ¢), and the argument of §12 implies that P and 7 have the asserted form.
But I(7) is irreducible by [BZ], hence = is equal to I(1), as asserted.
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This lemma implies that all 7 which appear in Proposition 14.1 are not only in the
discrete series, but also cuspidal. Since all # = I(7) of Proposition 14.1 are irreduc-
ible, Theorem 4.4 of [JS] implies that for any two such 7 = IS(7), #’ = IS(1"), if
@, = «’, for almost all v, then 7 = #’. This fact, its analogue for the x’s [K,
Proposition 3, p. 238] and the validity of Proposition 14.1 with f = ®f, so that f, is
an arbitrary spherical function for v outside V, implies, via a standard approxima-
tion argument [K, p. 242], the following

15.2. PROPOSITION. There exists a one-to-one correspondence from the set of
characters x of NT(E)\ NT(Ag) with x(Nz)=0(z)/n(z) (z in Z(Ag)) taken
modulo Gal( F,/F), and automorphic representations = of GL(n,Ag) with°m =7 ® ¢
(described in Lemma 15.1), and central character 8, so that x(f,) = ctr w(f X o¢) for
all f, f, related as in §14, where c is a constant independent of f, f, (see Proposition
14.1).

Note (as in §0) that the group NT(E) is isomorphic to the subgroup N, , F‘Lx of
FX.

Notation. We denote the above correspondence by x < .

16. We shall now derive a few consequences of Proposition 15.2.

16.1. COROLLARY. If x is a character of N, /FAL and T’ is a representation of
GL(n’, AE) with °7' = 7' ® ¢, where o’ = o/, ¢’ = €% - Lot &, S0 that x corre-
sponds to 7', then x corresponds to the representation m of GL(n, Ap) with°n = 7 ® ¢,
given by

r=I8(r" 7 @ ®E%,...," T ®g% - F),
the representation induced from the parabolzc subgroup P with Levi component M =
GL(n').

PRrROOF. This follows from the validity of the analogous local statement for almost
all (unramified) places (see §1), and Proposition 15.2.

16.2. COROLLARY. Any 7 with °nr = 7 ® € has the form described in Corollary 16.1,
locally and globally.

Proor. The global statement follows from Corollary 16.1. To prove the local
statement suppose that 7 = IS(7",°1"” ,...), where 7" is a supercuspidal repre-
sentation of GL(r, E,) and P’ has Levi component GL(r)*, where rs = n and r does
not divide n’. Further °'7” = v’ ® ¢””’, where 6’ = 0° and ¢’ = ¢% ---° 'e. To
obtain a contradiction, which will prove our assertion, we need to show

16.3. PROPOSITION. If 7, is a supercuspidal representation of G(E,) with °m, = m, ®
€,, then there exists a cuspidal representation n of G(A) with n =7 ® ¢ and
component 7, where ¢, is the component at u of the character ¢ defined in §10.

ProOF. It suffices to apply the trace formula twisted as in §10 with a function
f= ®f, whose component f, at u is a matrix coefficient of 7, and its component f,
at some w # v is supported on the o-regular set. For such f the x-expansion collapses
to a sum over cuspidal 7 with 7 = # ® ¢ and component =, as in the lemma,
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and the (-expansion has the form X, f.(h); h ranges over a discrete subgroup
NZ(E)\ NT(E) and f, is compactly supported. Hence the sum is finite. Reducing
the support of f,, we may assume that the sum consists of a single summand, and it is
nonzero, as required.

16.4. COROLLARY. For each local w, with °m, = m, ® ¢, there exists a unique
character x, of N, ,r L; up to conjugation by Gal(F,/F,), so that x (f,,)=
ctrw,(f, X o¢,). Here u is a place of F which does not split in E; ¢, is a character of
E whose restriction to F has order n, and it defines the extension F,, of F,. w, is a
representation of GL(n, E). c is a constant independent of f,,, w, and x ,,.

Proor. Existence follows at once from Lemma 15.1, Proposition 16.3 and Prop-
osition 15.2. Uniqueness follows from the fact that f,, is an arbitrary function on the
regular set of NZ(E, )\ NT(E)).

16.5. COROLLARY. For each x , there exists a m, as in Corollary 16.4.

Proor. Extend x, to a global character x, and apply Proposition 15.2.

16.6. Note. It is clear from Corollary 16.1 that the study of the local analogue of
the correspondence of Proposition 15.2 can be reduced to the case of / = 1, namely
FNE=F.

17. It remains to deal with the case where / = 1, namely F, N E = F.

17.1. PROPOSITION. If @ = I(7), where 1= (71’ ® ¢,...,°" ' ® ¢% ---
m-2 . ) o
°" "¢), and 7' is a representation of GL(m’, E), mm’ = n, with °tv' =1’ ® ¢”,
o' =0" ¢ =¢%--- e™ ), then (m, e) = 1; equivalently (e, n) divides m’'.

PrROOF. Let F’ be the fixed field of o’ in E. Its degree over F is the greatest
common divisor (m, e) of m and e. It is clear that the order of ¢/| F” divides m’. But
¢”|F’ is the m/(m, e)th power of eo N ,(|F'. As E N F' = F we deduce that the
order of ¢”|F’ is n(m, e)/m = m’(m, e). This divides m’ only if (m, e) = 1.

In this lemma, 7 can be viewed as a local or global representation, and ¢ is of
course a character of C, whose restriction to Cy has order n.

In view of Proposition 17.1 we consider only m’ divisible by (e, n), or m prime to
e. Let F! be an extension of F, contained in F,, of degree m’. Let x be a character of
Cr, which is fixed by Gal(F,/F)). Then there exists a character x' of Cp,_ with
X = X"° Ng /g In fact the restriction of x to Ny ,C; determines x" on N, ,r.C;
only. Denote by 7’ the representation of GL(m’, E) with °7" = 7’ ® ¢” correspond-
ing to x’, and put # = I(7), where 7 is as in Proposition 17.1.

17.2. PROPOSITION. X’ corresponds to 7’ if and only if x corresponds to .

PROOF. As this statement is valid in the unramified local case, it follows from
Proposition 15.2 that it is true for global representations, and by Proposition 16.3
and Lemma 15.1 it holds locally too.
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Let F’ be the extension of F of degree (n, e) contained in F,. It follows that

17.3. COROLLARY. X corresponds to a (super) cuspidal « if and only if x is not fixed
by any element of Gal(F,/F").

Note that our local correspondence x « 7 can be expressed also by means of
character relations, thus determining germs of certain linear combinations of char-
acters, as in [K, Theorem A(a), p. 212]. However, the factor A(/?) there should be
A(]) (independent of ¢). This is useful for the study of the metaplectic correspon-
dence.

There remains to show that locally the correspondence x < = is one-to-one. By
Corollary 17.3 it suffices to show this for supercuspidal #. Namely we have to show

17.4. PROPOSITION. If m and ©’ are supercuspidal and
(*) tra(f X oe) =ctra’(f X oe),
then m and ©’ are equivalent.

PRrOOF. It suffices to let f be a matrix coefficient f, of «, for then the left side is 1,
and the right side is 0 unless 7 = #’. However, the identity (*) is available for
functions f supported on the o-regular set only, by our assumptions in §10. So it
remains to show that (*) holds also with f = f,_ . But the characters x, and x . can be
shown by methods of Harish-Chandra [H] to be locally integrable on G(E). Hence
the functional f > tr#(f X o¢) is continuous. Since f, is a limit of functions f
supported only on the o-regular set, the lemma follows.

17.5. We wish to present an alternative proof for the fact, used in Proposition
17.4, that there exists a locally integrable function x,(g) on G(E), smooth on the
set of g with regular Ng, so that

tra(f X os)=/ x-(g)f(g) ds.

Z(E)\G(E)

(Our equalities below are valid only up to a constant multiple.) Indeed,
tra(f X oe) = x(f,)

- N x(N8)A(N8)n(8) [ e(g)/(g780(g))
Z(E)T(E)' ~°\T(E) GS(E)\G(E)

=/ A(NS)?
[Z(E)T(E)' "°\T(E)X[G§( EN\G(E)]

3 A(N&W)“x(zvswn(awe(g)]f(g-lao(g)).

Gal(E,/F)

X

Hence it follows from the Weyl integration formula that

x.(8780(g)) = e(g) X x(N6")n(8")/A(NS")
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if 8 lies in T(E), and x,(g) = 0 if Ng is regular but not conjugate to an element of
T(F), as claimed.
17.6. From 17.5 it follows that

X.(87%00(g)) = e(g)x,(8)  (8inT(E)).

We can arrive at this formula without the explicit computation of x,. Recall that
°% =7 ® g, hence A = w(oe) is an intertwining operator with Aw(g) =
m(og)e ! (g)A. Also m(f) = [f(x)m(x) dx, hence

7(g)n(f)m(og) = [ f(x)7(g 'xog) = [ f(gxog™)m(x)

= [ 15(x)m(x) = =( %),

where f3(x) = f(gxog™"). Hence
[ () f(x) = rn(f) 4 = trm(g) "m(f) An(g)

=tn(g)n(f)m(og)e(g) ™ 4

— tre(g) ' m(£9)4 = e(g)” [ f(grog™)xa(x)

= e(8)" [ x.(g7x0g) f(x),

as asserted.
17.7. Finally we give an alternative proof for the validity of (*) with f=f_.
Theorem 9 of [H, p. 43] asserts that

tm(f)A=/

Z(E)\G(E)

dgf F(x)(v, n(g™ ") 7(x)An(g)v)dx
G(E)

— [ dg [ dxe(g)£(x)(v, m( 5 x08) Av),

where (-, -) is an inner product in the space of 7 and v is a vector of length 1. We
put f,(g) = (v, m(g)Av). Part V of [H] (suitably modified to our twisted case),
implies that since = is supercuspidal, we have

x+(8) = [ e(x) " [, (x"80x).

G5 (E)\G(E)

Hence if we put f,(g) = (7(g)Av, v), it follows from the explicit determination of
X, above that A(N8) [e(x) f,(x"*80x) is a smooth function of 8. Hence

(£, % 0¢) = [ x.(8)f,(8) = [x(N8)A(NS)n(8) [ e(g)1, (5 '00g)
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(8 in Z(E)T(E)'"°\T(E), g in GZ(E)\ G(E)), is a well-defined convergent
integral, which is equal to tr 7(f, X o¢) (= 1), and (*) holds with f = f, , as was to
be shown.

Proposition 17.4 has the following generalization.

18. PROPOSITION. The characters f — tr w(f X o¢€) of a finite set of inequivalent
representations w of G’ = GL(n, E) are linearly independent.

PROOF. Since °m = w ® ¢, there eixsts an operator A on the space of = with
Am(ox) = e(x)m(x)A. Hence A°m(x) = e(Nx)w(x)A¢, and the order n’ of &(Nx)
divides n. Thus A¢"7(x) = m(x)A" for all x in G’, and A°" is a scalar which we
can choose to be 1. Let G” be the direct product of p, with the semidirect product
G’ %X {og). Here (o¢) is the cyclic group of order en’ generated by the symbol o¢,
and (o¢) 'goe = (0(g), &(g)™"). Then 7 extends to a representation =’ of G”” which
is faithful on the p, factor, and 7'(se) = A. Let 7 be a character of (g¢) so that
¢ = 7(0¢) is a primitive en’th root of unity. Put 7/ = 7’ ® 7°. Then

(en’)_IZT'i(os)x:(x X(os)j) =8,x(x X o¢),
where
trwi’(fx(oe)j) = fG x;(x X(os)j)f(x) dx.

Now a linear relation of the x(x X o¢) implies a linear relation of the x}. But if «
and 7 are inequivalent then 7 and #/ are inequivalent for all i and j, and we obtain
a contradiction by linear independence of characters on the group G”.

Let ¢ = ¢*/F be a character of F* whose kernel is Ny ,-E*, and 6 the characteris-
tic function of x in G = GL(n, F) with y(det x) = 1.

COROLLARY. Let m; be finitely many irreducible representations of G with m ® ¢’
inequivalent to , for all integers i, j, k. Then the characters f — tr m,(0f X €) are
linearly independent.

PROOF. etr w(0f X &) = [x ()T (x)]f(x)dx = L, trm ® Y'(f X ¢€).
Note that tr 7 ® Y(0f X €) = tr w(0f X ¢).
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