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ON THE DECOMPOSITION NUMBERS
OF THE FINITE GENERAL LINEAR GROUPS!
BY
RICHARD DIPPER

ABSTRACT. Let G = GL,,(g). ¢ a prime power, and let r be an odd prime not
dividing ¢q. Let s be a semisimple element of G of order prime to r and assume that r
divides ¢9& ") — 1 for all elementary divisors A of 5. Relating representations of
certain Hecke algebras over symmetric groups with those of G, we derive a full
classification of all modular irreducible modules in the r-block B, of G with
semisimple part s. The decomposition matrix D of B, may be partly described in
terms of the decomposition matrices of the symmetric groups corresponding to the
Hecke algebras above. Moreover D is lower unitriangular. This applies in particular
to all r-blocks of G if r divides ¢ — 1. Thus, in this case, the r-decomposition matrix
of G is lower unitriangular.

Introduction. The modular representation theory of finite groups of Lie type
defined over a field of characteristic p is naturally divided into the cases of equal
characteristic » = p and unequal characteristic r # p. This paper begins the study of
decomposition numbers in the unequal characteristic case of the finite general linear
groups when r > 2.

Let G be the full linear group of degree n over GF(q) and 2 # r be a prime not
dividing ¢. Let s € G be semisimple and consider the geometric conjugacy class (s)°
of irreducible characters corresponding to the G-conjugacy class of s. Using basic
properties of the Deligne-Lusztig operators introduced in [7] we will determine a
parabolic subgroup P = P, of G and a cuspidal irreducible character of x of P such
that (s)€ is just the set of constituents of x ¢, the induced character. Let {R, R, K}
be an r-modular system for G and M a KP-module affording x. Then End x;(M ) is
called the Hecke algebra of M (compare [5]) and has been calculated in a more
general context by R. B. Howlett and G. 1. Lehrer in [12]. It turns out that
End x;(M©) = K[W], the Hecke algebra of W, where W = W, denotes the Weyl
group of C;(s) (the centralizer of s in G) (compare [1, 2, 4, 13]). In particular, K[W]
has a basis {7, |w € W} such that the structure constants of the multiplication are
all contained in R C K. So let R[W] be the R-order in K[W] generated by
(T,|lw € W) and R[W] = R ® R[W]. Choosing a special RP-lattice S in M, and
using the classification of the r-blocks of RG given by P. Fong and B. Srinivasan in
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their fundamental paper [9], we will show that End ;.(RS®) = R[W] for every
choice of R € {R, R, K} if s € G satisfies certain conditions (Hypothesis 2.4),
which are fulfilled, in particular, if the order of s is prime to r. This generalizes parts
of [12]. We define a certain subalgebra 4 of RG, which does not arise from a
subgroup of G, and which will play the role of an inertia algebra of S in G. Using
this algebra we will prove a homological lemma of Clifford type (Lemma 3.7), which
enables us to connect the submodule structure of $¢ and R[W]. It is a well-known
theorem that K[W]= KW, the usual group algebra of W over K. This does not
remain true, in general, if we replace K by R or R. But there is an important special
case where R[W] = RW canonically, namely if » divides g8 *~1 for all elementary
divisors of s, and we may apply then the known facts of the representation theory of
symmetric groups.

Thus let s be a semisimple r’-element of G and assume that r divides g4 *-1 for
all elementary divisors A of s. By [9] there is just one r-block B of RG with
semisimple part s and the union of the geometric conjugacy classes (sy)¢, where y
runs through a Sylow r-subgroup D of C.(s), is just the set of irreducible characters
in B. Note that r divides g9&" — 1 for all elementary divisors I of sy, too. We define
a sequence 1 = y,,...,y, in D such that ¢, = sy, satisfies Hypothesis 2.4, so we may
apply the results of §§3 and 4 to the geometric classes (¢,)°. This leads to a full
classification of the irreducible RG-modules contained in B. We obtain parts of the
decomposition matrix of B in terms of the decomposition matrices of W, (1 < i < k),
the Weyl group of C,(t,). In particular, we show that the irreducible characters and
irreducible Brauer characters in B may be ordered such that the decomposition
matrix of B has generalized lower triangular form with one’s in the main diagonal, a
fact known for the decomposition matrices of symmetric groups. As a corollary we
get that a cuspidal irreducible character is an irreducible Brauer character if it is
restricted to the set of r’-elements of G for all primes r which divide ¢ — 1. In fact, it
seems to be likely that this holds in general.

Throughout this paper we will use the standard notation Z, R, etc. for the integers,
real numbers respectively. If not stated otherwise, all occurring modules are finitely
generated right modules. All rings are R-free, finite dimensional R-algebras for some
domain R. For an R-algebra 4 and an A-module M, we denote the Jacobson radical
of M by J(M). The factor module M /J( M) is called the head of M.

The author is very indebted to P. Fong and B. Srinivasan for many helpful
suggestions and discussions.

1. First let us fix some notation. Throughout this paper let ¢ be a power of some
fixed prime p. Let F = GF(q) be the finite field with g elements and G = GL,(q)
the full linear group of degree n over F for a fixed natural number n. Let R be a
discrete rank one valuation ring with maximal ideal J(R) (the Jacobson radical of
R), and assume that the quotient field K of R has characteristic zero, and R=
R/J(R) is a field of characteristic r > 0 for some odd prime r # p. For an
R-module V we will write RV or V for R ® ;¥ = V/J(R)V, and KV for K ® V.
Furthermore, we will choose R such that K and R are both splitting fields for all
subgroups of G.
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Next we will describe briefly the semisimple conjugacy classes and the irreducible
characters of G, where we mostly adopt the notation of [9)].

So let X be an indeterminant and let % be the set of monic irreducible polynomi-
als in X over F, different from the polynomial p(X) = X. For A € %, s € G and
k € N let deg A be the degree of A, k(A) € Gl 4, 4(¢) the matrix direct sum of k
copies of the companion matrix of A and m ,(s) the multiplicity of A as elementary
divisor of s. If s € G is semisimple, all elementary divisors of s are contained in %,
hence s is conjugate in G to I'1, czm ,(s)(A), where I'1 stands for matrix direct sum,
and factors of multiplicity zero have to be dropped. This is just the rational
canonical form of s and is uniquely determined up to the order of the factors. So let
us make the following convention: First we order % totally such that deg A < deg I’
(A, T € #) implies A < I'. All occurring products will be taken in this fixed order,
and, in the following, T, L, U, etc. always mean [1, .o, L5 cor, U p e, €tc. With this
convention

{Tk,(A)|0 < ky €N, Tk, - deg A = n}

is a full set of representatives of semisimple conjugacy classes of G. For semisimple
s = ITm,(s)(A) in G, the centralizer C;(s) of s in G is given by

Co(s) =TIGL,, (,,(gq%e™),

where we identify GF(g9®&*) with the subring of the (deg A X deg A)-matrix ring
over F generated by F and (A).

For the notation of maximal tori, regular, parabolic and Levi subgroups we refer
to [15]. In particular, recall that the set of all diagonal matrices in G is a maximal
torus of G, the standard split torus T;,. The Weyl group W, = W, of G is defiped to
be N;(T,)/T,, where N;(T,) denotes the normalizer of Tj, in G. In the following, we
identify always W, with the subgroup of all permutation matrices in G, which is
canonically isomorphic to S,, the symmetric group on n letters (permuting the
natural basis of the natural module for G). The G-conjugacy classes of maximal tori
are in bijection with the conjugacy classes of W,, hence with partitions of n. More
precisely, to the partition A = (17,...,n"") of n we may construct a representative T
of the corresponding G-conjugacy class of maximal tori in the following way: First,
for 1 < i < n choose an irreducible polynomial A € #whose roots generate GF(g")
over F = GF(q). Then, as above, F and (A) generate a subalgebra F, of the
i X i-matrix over & isomorphic to GF(g"). Now define T, = (F,*)"» X --+ X(F*)"
< G (matrix direct sum), where F;* denotes the multiplicative group of F;(1 < i < n).
In particular T, = T, for A = (1"). A maximal torus corresponding to A = (n) is
called a Coxeter torus. If T is a maximal torus of G, the Weyl group W(T') = W,(T)
of T (in G) is defined to be N;(T)/T. If T corresponds to A = (A; = A, > --- >
A,), then W(T) is isomophic to Cy, (w,), the centralizer of wy, € W, = W(T;) in
Wos Wy = w; -+ w,, where w, € W, is defined to be the cycle (j; + 1,---,j,,;) in
W with j, = -1\ .. Of course C w,(Wx) is the semidirect product of I"[J’;l( w;» and
Wi=S, X .- XS, (A=(A; =+ 2 Ay) = (1",...,n™)), generated by the involutions
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i+ L Jpe1 v D) - (Jis1s Jmsr) Where 1 < i, m < k are such that A, =X . If
T = T, is constructed as above, then it can easily be seen that 7" has a complement
in N;(T') < G which is the semidirect product of a subgroup of 1., GL,(¢)" < G
isomorphic to ITf_,{w,) by W, (in fact conjugate to [Tf_,(w,) in GL,(¢™) = G for a
suitable m € N). Of course N;(T)/T is isomorphic to this complement. Abusing
notation, we call this complement Weyl group of T, too. In addition, throughout this
paper, W;(T) always denotes the complement of T in N;(T), whereas we shall
denote the Weyl group of T in G in the original sense by N;(T')/T. So W(T) < G.
Note in particular that W, = W;(T,) is the set of permutation matrices in G.

Now let L be a regular subgroup of G. Let R be the additive operator from X(L)
to X(G) defined in the Deligne-Lusztig theory, where X(L) and X(G) are the
character rings of L and G respectively over K, following the notation used in [9]
(there is no harm in replacing the algebraically closed field in [9] by K). For the
definition and basic properties of these operators we refer to [15].

In [10] J. A. Green has classified the irreducible characters of G. In the Deligne-
Lusztig theory these are parametrized by G-conjugacy classes of pairs (s, u) where
s € G is semisimple and p = [, (cartesian product), with p, a partition of m ,(s).
So for semisimple s in G, let M, be the set of all such products of partitions of
m \(s). The corresponding character of G will be denoted by x .

In [9] P. Fong and B. Srinivasan have classified the blocks of RG with their defect
groups. Furthermore, they determined for each r-block the characters contained in
it. Following the notation introduced in [9] we have a bijecton B — B, , between the
blocks B of RG and G-conjugacy classes (s A) of pairs (s, A), where s is a
semisimple r’-element of G and A the unipotent factor of B as defined in [9]. A can
be derived from elements of M, in terms of hooks and cores. We will need the
following special case. Let A € % be such that deg A = n and all roots of A have
order prime to r. Then s = (A) € G is a semisimple r’-element. It can easily be seen
that there is just one possible unipotent factor associated with s, say A, and we may
write B, = B, ,. Furthermore, it follows from [9] that B, is a block with cyclic defect
group and inertial index one. So there is just one irreducible RG-module M in B,,
and every irreducible KG-module in B, when reduced modulo r, is isomorphic to M.
Note that all definitions and formulas above (and the following as well) may easily
be generalized to finite direct products of finite full linear groups.

Now let s € G be semisimple, and consider L, = C;(s). The center of L, is
isomorphic to the multiplicative group of linear characters of L, and this isomor-
phism may be chosen such that s® = §g for all g € N;(L,), where the linear
character corresponding to s will be denoted by $.

L, is conjugate in G to [IGL,, ,,(¢%®"). In particular, the Weyl group W, =
W, = W of L, is isomorphic to I1S,, ,,. Consequently, the L,-conjugacy classes of
maximal tori of L, correspond bijectively to M. For p =TIp, € M, define the
partition fi of n in the following way: First, for A € &, u, = (1%1,2%2,...), define the
partition deg A - u, of deg A - m,(s) setting

deg A - py = ((deg A)™', (2deg A)™2,...).
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Let r, , be the exponent of i in deg A - u, for 1 <i<degA-my(s),andr,, =0
fordeg A - my(s)+1 <i<n.Setr,=Lr,,, and define ji setting ji:= (1",...,n").
It can easily be seen that a maximal torus of L, corresponding to u € M, is also a
maximal torus of G, contained in the G-conjugacy class of maximal tori of G
corresponding to fi. The map ~ : u — i is not injective in general (i.e. there are
maximal tori in L,, which are not conjugate in L, but in G), but if p = [1(1™®))
M_ v € M,  and p # v, then i # 7. In other words, the maximal split torus T = T,
(= T,) of L is not conjugate in G to T;.

It is well known (see e.g. [15]) that there is a bijection between the set of all
irreducible characters of W = W, and M, and between the set of conjugacy classes
of W and M, as well. So, for p, A € M, let $*(A) be the value of the irreducible
character of W corresponding to p on the conjugacy class of W corresponding to A.
Furthermore, let A be the number of elements in this class. Finally denote the
restriction of § to T, p € M, again by 5. Now define the generalized character x**
of G by

1 G a
=i, I, M OOREG).

AEM,

Then x™* is up to sign the irreducible character x , of G (see e.g. [9, 1.18]).

Note that we may replace s by s8 = g~'sg for g € G. So we may assume in the
following that s is given in the rational canonical form. In particular, s € T,
L, = C4(s) =TIGL,, (,)(¢**") < G canonically, and W = W, < W,

1.1. LEMMA. R§(8) = £, $*()x"*.

PROOF. Let (-, -) = (-, -) be the usual scalar product in X(G). By the orthogonal-
ity relations for the Deligne-Lusztig operators (see e.g. [9, 1.6]) the following holds:

(RS(3), RE(8)) =0 forTI(1™) = A € M,,
and
(RG(5), RG(3)) =|Cupry(8)| =|Cury(5)] =IW
for, since T is abelian and s € T,
CNG(T)/T(S) = CN(,-(T)(S)/T = (Ng(T) N Cy(s5))/T = NL(,(T)/T =Ww.

Consequently

(x* RE(3)) =W L Ae*(A)(RE(5), RS(3))

AEM,

= W17 *(1)(RE(5), RG(3)) = (1),

Now X, ¢ »,(¢*(1))* = |[W|. This proves the lemma. O

Now let L = L, = IT(GL g, 4(¢))™"*), embedded in G in the obvious way. Then
s € L, in fact the standard split torus T = T, of L, (which contains s) is a Coxeter
torus of L and C,(s)=L N L,=T. Of course, L is a Levi complement of some
parabolic subgroup P = LU with Levi kernel U = U,, and we can choose P = LU,
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where U, denotes the subgroup of all unipotent upper triangular matrices in G.
Every L-module M (over R, R or K) may be considered as P-module via the
epimorphism P — L. The corresponding P-module will be denoted by M. Similarly,
for a character x of L let X be the pull back of x to P. Furthermore, if H < G and if
M is an H-module, N a G-module, let M be the induced and N, the restricted
module.

1.2 LEMMA. R$(5) = (R%: (s))G
PROOF. [15, 6.24].
1.3. LEMMA. RL(8) is up to sign an irreducible cuspidal character of L.

PROOF. C;(s)N W (T) < L N Ly, =T, hence the centralizer of s (therefore of §
too) in N,(T)/T is trivial, i.e. § is a regular character of 7 < L. So +R%(3) is
irreducible by [15, 6.19]. Of course (R%(§), R%(8)), = 0 for every maximal torus T
of L not conjugate to T =T, in L [15, 6.14], and for any character 8 of T. So
+ RL(8) is cuspidal by [15, 6.25]. O

Next let L(A) = GL?? Ag@) (A eF), thus L =TIL(A)™), Let s =
[Im\(s)(A), § =TI(A)™"" (tensor product), and T = [1T(A)™ be the corre-
sponding decompositions of s, § and T, = T respectively. Then T(A) is a Coxeter
torus of L(A) and Cra((A)) = T(A). Applying 1.3 to L(A) we conclude that

'Tff\‘)’((A)) is up to sign an irreducible character of L(A). Let S(A) be an
RL(A)-lattice in the irreducible KL( A)-module affording this irreducible character,
and set S, = [1S(A)™ ) (tensor product).

1.4. LEMMA. KS,, is an irreducible KL-module. The character afforded by KS, is up to
sign RL(5).

PROOF. Note first that by the choice of the isomorphism between the center of
Ly = Cg(s) and the multiplicative group of linear characters of L, in fact § =

H( A )m‘( *_ As an easy consequence from the Kunneth formula for 1-adic cohomol-
ogy (see e.g. [15, 5.9]) we now get that
e\ Mp(S)
RE(3) =TI(REA((A)) ™

Now the lemma follows easily from 1.3. O

Let S = S, i.e. the pull back of S, to P. Then 1.1, 1.2 and 1.4 imply

1.5. LEMMA. KSC =% m, ®*(V)N,, where N,, p € M,, is an irreducible KG-module
affording x ; -

In particular, counting multiplicities, this implies the following well-known
corollary.

1.6. COROLLARY. The endomorphism ring End ;(KSC) of KS€ is isomorphic to the
group algebra KW,.

Throughout this paper we will keep the notation introduced above. In particular,
s € G will always denote a semisimple element of G, given in the rational canonical
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form, and M, W=W, T=T, L=L, P=P,=LU, U= U, and S will be
defined as above. If necessary, we will use the index s. Furthermore let b = b, be the
block of RP containing S and e = e, the block idempotent of b. By general
arguments (see e.g. [8, 4.3]), the blocks of RL are just those blocks of RP which
contain U in their kernel, because U is a normal r’-subgroup of P. In particular, U is
in the kernel of b and all irreducible KP-modules in b contain U in their kernel. So
we may consider b as the block of RL and decompose it in b = [1b7"+*) correspond-
ing to the decomposition of L. If e, is the block idempotent of b considered as the
block of RL, then e = e,f with f = f, = |U|'L . u. Note that f € RG for every
choiceof R € {R, R, K }.

2. For the moment we will assume in addition that the order of s € G is prime to
r. For A € consider the block b, of L(A). As remarked in the first section there is
just one block, namely b,, of RL(A) with semisimple part (A) € L(A), because
there is only one possible unipotent factor associated with (A). Furthermore, b, has
cyclic defect group and inertial index 1, so S(A) = RS(A) is the unique irreducible
RL(A)-module in b,. This implies immediately

2.1. LEMMA. Let N be an irreducible KP-module in b, and S, and RP-lattice in N.
Then S, = RS, = RS, and RS is the unique irreducible RP-module in b.

Recall that the set of characters x, ,, where 7 is a fixed semisimple element of G
and p runs through M,, is called the geometric conjugacy class corresponding to ¢
and is denoted by (¢)°. Assume that x € (¢)* and x € b. Then [9, 7A] implies in
particular that t = sy, for some r-element y € T,. So we conclude

2.2. LEMMA. Let ¢ be an irreducible character of P contained in b. Then y = x for
some x € (sy)L and some r-elementy € T.

2.3. LEMMA. Let V be an irreducible KP-module contained in b. Assume that V
occurs as the constituent of KSS. Then V = KS.

PROOF. Let y be the character afforded by V. Then, by 2.2, ¢ = x and x € (sy)*
forsomey € T. Lett = sy. Then C,(t) = C,(s) = T. In particular, C,(?) is a direct
product of multiplicative groups of fields, so, considered as a product of linear
groups, its Weyl group is trivial, and (¢)* contains only one element, namely .
Therefore x = + RX(7), and by [15, 6.24], ¢ = + RS%(7). Obviously the multiplicity
of Vin KSY is just |(¢, R$(5)) p|. By Frobenius reciprocity and [15, 6.24],

(¥. RE(3)) , = (X% RF(8)) g = £ (RF(7), RE(3)) =|{ g & No(T)/Tlt% = 5 }|.
Now, if y # 1, the orders of s and ¢ are different and they cannot be conjugate by an
element of N;(T)/T. Thus y = 1, thatis = s and x € (s)~. Because (s)’ contains
exactly one element, namely the character afforded by KS, we conclude V = KS as
desired. O

Now let s € G be again an arbitrary semisimple element.

2.4._HYPOTHESIS. Assume that s satisfies the following conditions:
(i) RS is an irreducible RP-module.
(ii) Let V € b be an irreducible constituent of KSS. Then V = KS.
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We have seen in 2.1 and 2.3 that s € G satisfies 2.4 as long as its order is prime to
r. So the results of the following sections are always true in this case, but we will
need it also for some special elements of the form sy, where s is a semisimple
r’-element of G and y is an r-element of C;(s). We have to verify 2.4 in these cases.
We will prove later that (i) is always true if » divides ¢ — 1; in fact, it seems to be
true in general, whereas (ii) is not satisfied by all semisimple elements of G.

3. Let s € G be semisimple, given in the rational canonical form, and assume 2.4.
Now W, permuting the equal factors of s = [1m ,(s)(A), normalizes L. On the other
hand LN W< LN Cy(s)=T, WnN T = (1) implies that H = LW < G is a semi-
direct product.

Let R € {R, R, K }. Recall that RS, = [TRS(A)"*). Now w € W acts as per-
mutation on the factors of RS(A)”+*) for each A € #. So RS} = RS, for all
w € W, and obviously the RL-isomorphisms ¢, RSO“"' — RS, (considered as ele-
ments of End (RS,)) may be chosen such that 7,7, = ¢, for all w, w’ € W. In
other words, in the language of stable Clifford theory (see e.g. [6]), End ,,( RS{") =
RW (= R(H /L)) canonically.

In this section we will give a presentation of End k(;(RS ). For R = K this has
been done by R. B. Howlett and G. I. Lehrer in [12] in a more general situation.
They proved in particular that End ;(KS?) is the Hecke algebra K[W,] (later we
will give a concrete description of this algebra). This will be generalized to arbitrary
R € {R, R, K. But first we have to describe Sg.

Consider W,, the Weyl group of L. Note that W, < W,. By [2, Chapter IV, 2.5]
there exists a bijection between the double cosets of W, in W, and the double cosets
of P in G given by W,wW, — PwP (w € W).

3.1. LEMMA. Let w,w’ € W. Then w’ € PwP if and only if w = w'.

PRrROOF. By the above it is enough to prove w’ € W,wW/,, if and only if w = w’.
Considering W as a symmetric group. W, becomes a Young subgroup of W and the
lemma follows from the well-known description of the double cosets of Young
subgroups of symmetric groups. O

Next we want to decompose the double coset PwP (w € W) into right cosets of P
in G. So let ¥, < G be the subgroup of G of all unipotent, lower triangular matrices,
and set, for w € W, U; = V3" N Uy and U} = U, N Uy It is well known that
Uy=U}U; and U} N U; = (1). Let B < G be the group of all upper triangular
matrices in G (Borel subgroup of G). Then every element of BwB C G may be
uniquely written as gwu with g € B and u € U (the Bruhat decomposition). So
BwB is the disjoint union UMEU;Bwu. Now let in particular w € W,. Then U, =
L N U, is contained in U}, because w permutes the factors of U,. Of course
Uy = U, - U, hence U; C U. Therefore

PwP = PwLU = PwU = PwU;= |J Pwu.

uely,

Let u,, u, € U, and assume wu; € Pwu,. Then wu, = u;xwu, for some x € L and
u, € U. By the Bruhat decomposition for L there exists g € BN L, w, € W, and
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uy € U N U, such that x = gwu,. Now u, € U, C U;, s0 wuy = uygwiwusu,
with us = uy} € B, hence wu; € Bw,wB forcing w; = 1. Thus x € B, and again by
the Bruhat decomposition u;x = 1 and u; = u,. We have shown

3.2. LEMMA. PwP = UueU;Pwu (disjoint unicn) (w € W,).
We still need

3.3. LEMMA. Let V be a free finitely generated R-module with basis {v;|i € 1} for
some index set 1. Let J, (t €9) be a family of pairwise disjoint subsets of I,
x, = L, ;V;- Then the sum ¥, c 7x R is direct and has an R-complement in V.

PROOF. Obvious. O _
Remember that f = |U|™'L . u. Let R € {R, R, K }. Then

3.4. LEMMA. RS, = X8_ (RS ® 1)fwf ® RSO(1 — e).

PROOF. RS® = YRS ® g as a R-space, where g runs through a system of right
coset representatives of P in G, which we may choose such that it contains
{wulw € W, u € U;} by 3.2. Therefore £, , (RS ® 1)fwf + RS°(1 — e) < RSC.
Note that f=f!f, (we W) with f} =|USN U|"'E,cynp:u and f, =
\U; 12, e y-u, because U = (U N U)U, . Furthermore uw' ' eUn U forue
Un UY, hence

(S@1)fwf=S®wf=S®wif, =S®w, =Sowl_,

where ;U\w' = X, ey-wu. Choosing an R-basis of S and applying 3.3 we conclude
that the sum X, (S ® 1)fwf is direct and has an R-module complement in S¢.
Furthermore (S ® 1)fwf= § *" = § as an L-module, because g € L commutes with
f, and S is trivial as a U-module, hence (S ® 1) fwf = S as a P-module. Of course
Loew(S®1Dfwf<S% e, thus thesum X =%, ., (S ® 1)fwf + S°(1 —e) < §¢
is direct, and, by the above, has an R-complement in S°. Of courses this is a
decomposition of X as a P-module. From 2.4 and the Frobenius reciprocity it
follows that KS¢, = |W|- KS & V, where the constituents of ¥ are not contained in
b, i.e. ¥V = KSY9Q1 — e). Thus X is an RG-lattice in KS°, hence, counting R-rank,
X = S¢. Tensoring by R we get the desired result. O

Recall the definition of 7,, € End 4(S) (w € W). Define 4,, € Hom (S, SY) by
A, (s)=t,(s) ® fwf. Then, by 3.4, {A4,|w € W} is an R-basis of Hom (S, S°).
By the Nakayama relations every A, w € W, induces an element B, € End ;(S°)
defined by B, (s ® g) = A4,(s)g for all g € G. Note that forw =1€ W, B, = B,
=1 € End 45(S°). Consider KS¢ and extend B, to an endomorphism of KS¢ also
denoted by B, (= 1 ® B,). It can easily be seen that our definition of B, coincides
with the one given in [12, 3.8].

Remember that C5(s) = TIGL ,,, ,,(¢%%") < G, W = W_,,. Let W =TIW(A)
be the corresponding decomposition of W, where we may consider W(A) as the
symmetric group S, , permuting the natural basis of the vector space
(GF(g4&2))m) over GF(g%2 ™). Let (A) be the set of basic transpositions in
W(A) (that is the permutation matrices corresponding to the transpositions of the
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form (i,i+1) in S, (), 1 <i<my(s)—1). Then 7=U T (A) generates W,
where the union has to be taken over all A € #. Furthermore, for w € W, let lt(w)
denote as usual the number of factors in a reduced (i.e. minimal) expression of w as
product of basic transpositions, and note that It(w) is uniquely determined.

The following lemma has been proved by R. B. Howlett and G. 1. Lehrer in [12]
considering B, (w € W) as element of End . .(KS®) in a more general context. We
will give here a more simple proof of it (corresponding to the more simple situation),
since we will need parts of the proof later on.

35.LEMMA. Let A € #,deg A =d,v € T (A)andw € W. Then
B if 1t(ow) > 1t(w),

B,' B = vwz

9 “B.,. + BB, otherwise,

with B = eq¥4=V/2=4(q4 — 1), where ¢ = 1 if the order of (A) € L(A) is odd and
= -1 otherwise.

PROOF. It is enough to calculate B B, (m ® 1) € S¢ form € S. Now
BB (m®1)=1.1.(m)® foffwf =1,,(m) ® fofwf.
Recall from 3.4 the definition of /., f," and note that f = ff~. Thus

fofif = fofwf =|U71" X fouwy.
uey’
As an easy consequence of [3, 2.5.8] we get It (vw) = 1t (v) + lty(w) if It(ow) >
It(w), i.e. It(ow) = It(w) + 1, where It,: W, — N denotes the length function on W,
the Weyl group of G. Thus [3, 7.2.1] implies U~ < U}, hence fuof, wf = fowf and
B.B.(m®1)=1t,,(m)® fowf = B, (m®1) if It(ow) > 1t(w), as desired. So we
may assume that lt(ow) < lt(w), i.e. lt(vw) = lt(w) — 1. By the above, using induc-
tion on the length of w, we may assume that w = v.

Now let D C W, be a set of representatives of double cosets of P containing W
(3.1). Then S¢, = £®_,S,, with S, = (S ® x),-1p,~p by Mackey’s decomposition
theorem. For x € Dseta, =L, c - .uoep.pfourf. Then m ® a, € S,, in particular,
Yicpewm®a, € S —e), since S, C S°(1 —e) for x € D, x & W by 3.4.
Furthermore, X .., m ® a, € S¢ - ¢, again by 3.4. Now

BXme)=|u  Tmea =y | Emea+it]" L mea.
xED xew xeD, xeW
Since B2(S%) = (B2(S¢))e < S we conclude that
Y m®ea 5% NS -e)=(0).
NED.xEW
In particular, a = £ .}, . 44, annihilates the P-submodule S% of S and

BX(me1)=|U7|"'Y m®a,.
xXEW

Thus assume that vuv € PxP with x € W. Let v =v; --- v, be a reduced
expression for v as element of W,. By [3, 8.1.5] vuv € ByB C PyP, y € W, where a
reduced expression of y as element of W, involves only basic transpositions v; € W,
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1 < i < k. By [2, Chapter 1V, 2.5] W, xW, = W, yW,, and we conclude x = v or
x = 1. Now
E,
vuv = ‘E 0
A E.
‘E
for a certain (d X d)-matrix 4, where E denotes the (d X d)-identity matrix. A
quick calculation shows that vuv € PvP if and only if A4 is invertible, and then
vuv = u's ;ou’ with

and

—A47!

E

Of coursevuv € P-1-P = Pifandonlyif4 = 0,ie.u = 1.
Summarizing we get
BX(m ® 1) = 1,:(m) @ fofof =|U;| ' (m ® 1) +|U, |1 ® fof
witht =X 61 M4
For an arbitrary finite group G and an irreducible representation T: G - GL(V)
over C, the well-known formula
- - 1G]
> tij(g Niu(g) = 8jk8ildim v
g€C
where GL(V) 2 (¢,;(8)) = T(g) for g € G, implies immediately that

T eT(g™) 0cesT(g) = e, 8ces T 1/(s™)rus(9))

g€GC g8€GCG
1G] G|
= % Zej ®Ces8jk8is = dim Vek ®ce;
Jss

dim
for all elements e,, e, of the natural basis of V, hence

|G

Y 0, T(g™") ®cv,T(g) = dm v 2 ®cly
8€G
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for all v}, v, € V.2 Applying this to our situation, replacing C by K and V by the
irreducible RL(A)-lattice S(A), we easily get ¢ = ¢f/L(A)|7,(m)/dim S(A), ob-
serving that m(A)- A4 = em(A) for A = —E by [15, 6.8]. By [15, 6.21] dim S(A) =
[L(M)/|Up ) IT(A)], where U, is the subgroup of all upper triangular unipotent
matrices of L(A). Now |U, | = q*",|Upx,| = ¢“""/? and |T(A)| = ¢¢ — 1. Thus

BX(m®1)=q“(m®1)+eq! V2 4(g? — 1)1,(m) ® fof

=g “(m®1)+BB(ma1)
for all m € S, hence B? = g+ BB, as desired. O
As an immediate consequence from the proof above we get

COROLLARY. Let w, w, € W. Then fw, fw, f = ¥y r.fwf + aforcertainr, € RL,
where a € RG annhilates S¢ - e C S°.

Now, for A € F,v € J(A), d=deg A and w € W define T, = eq*“*V/?B €
Endz;(S°) and 7, = T, - T, ifw=uv, - v,isareduced expression for w. By
the above T,, = ¢™B,, for a certain m € N. Of course, by 3.4, {T,|w € W } is a basis
of End . (RSY) for R € {R, R, K}, denoting 1 ® T, € R ® zEnd z(S?) again by
T,. Furthermore, by 35, T,-T, =T, , if It(ow) > l(w) and T,T, = qT,, +
(¢¢ — 1)T,, otherwise, where v, w € W as in 3.5. For an arbitrary commutative ring
R (with 1) let R[W] be the R-free R-algebra with basis {7, |w € W}, where the
multiplication is induced by the relations above. We will see later that R[W]is an
associative R-algebra for every choice of R. Of course R[W]= R ® R[W] and
K[W] = K ® R[W] canonically, thus we have shown, generalizing [12] partially:

3.6. THEOREM. Let s € G be semisimple saiisfying 2.4. Then End kG(I.QSG) = R[W]
= R - End (S€) for every choice of R € {R, R, K }.

For the rest of this paper let 4 be the subalgebra of RG generated by
{ fRPf, fwflw € W }. Note that f is the identity of 4. Furthermore, ed = Ae, thus
M - e < M, for an arbitrary RG-module M, where M, denotes the restriction of M
to the subalgebra 4 of RG. In particular,

SC-e= ) S®fwf=(S®1)4 <S{.
wew

Let I be the annihilator ideal of S¢-e in 4, and m: 4 — A/l the natural
epimorphism. Then &= A/I is R-free, being isomorphic to a subalgebra of the
R-free R-algebra Endi(S¢ - e). From 3.4 and the corollary to 3.5 we conclude
immediately that &= X2_ , w(fRPf)7w(fwf) = LE. p,w(fwf)m(fRPSf), i.e. Zis free
as a w(fRPf)-module with basis {#(fwf)|lw € W} (on both sides). Note that
7( fRPf) = RL/I, canonically, where I/, denotes the annihilator of S in RL. Of
course, KI is the annihilator of KS% in KA, and K/ = KA /KI canonically. Let I,
be the annihilator of RS in R4, and m,: RA — RA/I, = &/, the natural epimor-
phism. Because A4, I and 4 /I = o are R-free, we may consider RI as an ideal of R4
canonically, and of course RI C I,. Thus there exists an epimorphism from RA/RI

21 am indebted to R. Knorr who showed me the proof of this general result.
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onto &/,. Now 3.5 holds analogously if we replace S by RS and RG by RG, by 3.4.
Consequently o7, = ¥&_ = wi( fRPf ym (fwf), and m( fRPf) = RL/I,, where I, de-
notes the annihilator of RS in RL. We again get an epimorphism from RL L/ RI0 onto
RL/I,. Since RS and KS are irreducible, we get, counting dimensions, RL/RI, =
RL/L,, ie. Rl, = I,. This implies RA/RI = &/,. Of course RA/RI = R+/. Thus
R is isomorphic to R4 modulo the annihilator of RS in RA for every choice of
R € {R, R, K} canonically.

3.4 and 3.5 immediately imply that RS% = (s® 1)Ro/= RS ®,;xp;, R, the
induced module. Let 7 € End 3;(RS®). Since 7(RS%) < RSCe, the restriction 7 of
T to RSC defines an endomorphism of RS as an R.eZmodule. By adjointness of
induction and restriction (Frobenius reciprocity), End ., (RSC%) =
Hom,, /z, ,,f)(RS RS%). So 3.4 implies immediately that {7, |w € W) is a basis of
End 3 M(RS %), and we may identify End RG(RSG) and Endj Ja,(RSGe) Further-
more, R[W] = RM/RSZP where @, is the ideal of o/ generated by {7 (f — fgf)|g €
P}. The next lemma tells us that we may argue as in stable Clifford theory,
regarding R.«/ as a kind of semidirect product of #( fRPf) with R[W], and as an
“intertial algebra” of RS in RG.

Let mod( R[W]/R) be the category of all finitely generated R-free R[W ]-modules
and mod(R.#Z/RS) the category of all finitely generated RS-homogeneous R .24mod-
ules, where we call an R.Zmodule RS-homogeneous if its restriction to =( fRPf) is
isomorphic to a direct sum of copies of RS.

3.7. LEMMA. The functors ? ® (S ® 1)R/and Hom ,((S ® 1)Rs2.?) form an
equivalence between mod(R[W ]/R) and mod (R «/RS).

PROOF. Obviously ?®rw) (S ® I)R.M is a functor from mod(R[W]/R) to
mod(R.2//RS) and Hom_,((S ® 1)R.s2,?) from mod(RM/RS) to mod(R[W']/R)
The Nakayama relations show that Hom 3 M((S ® DR, X) = HomfR pr(RS, X)
as R-modules by restriction of a: (S ® )R> X to RS=RS®1 for X e
mod( R Z/RS). Note also that

B ®,-“W]((S ® I)RM) =B ®k[w1(R[W] ®kRS) = B ®y RS

as fRPf-modules for B € mod(R[W]/R).
Now define

e: Homp, ((S ® 1)Ret, X) ®zy (S ® 1)ReZ > X
as the homomorphism induced by
e(a® m)=a(m)
fora € Hom_,((S ® 1)R«, X)and m € (S ® 1)R«, and

y: B > Hom;,((S ® 1)RZ, B ®,,,(S ® 1)R)

by y(b)=a,€ Hom,u((S ® HhR«, B ®riw (S ® 1)RsZ) for b€ B, where
a,(x)=b® xforx € RS ® 1.
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Obviously ¢ is natural in X and y in B. Now as in stable Clifford theory (see e.g.
[6]) it can easily be seen, by the remarks made above, that € and y are isomorphisms.
This proves the lemma. O

In the following we identify mod(RsZ/RS) with the full subcategory of
mod(RA/RS) of all finitely generated RS-homogeneous RA-modules, which are
annihilated by RI, where mod(RA/RS) denotes the category of all finitely gener-
ated RS-homogeneous R4-modules. Note that simple objects of mod(RZ/RS) are
irreducible RA4-modules.

3.8. COROLLARY. I — I(S ® 1)RA defines an isomorphism between the lattice of all
R-free right ideals I of R[W] and the lattice of all RS-homogeneous submodules of
(S ® 1)RA.

4. Theorem 3.6 and Corollary 1.6 particularly imply that KW = K[W]. In fact
this is a well-known theorem, not only for Weyl groups of type 4,, but also for
arbitrary Coxeter groups, if K contains Q[¢'/%, ¢7'/?]. In our case (W = W,) it is
true for K = Q. The proof of the general theorem uses the fact that separable
algebras with the same numerical invariants (the degrees of the irreducible char-
acters) have to be isomorphic by Wedderburn’s theorem.

In the following we will identify Q[W] and QW by a certain isomorphism, which
we will extend to an isomorphism between K[W] and KW. So we will find in K[W]
two R-orders, one generated by the basis {7, |w € W}, the other by the basis
{wlwe W} C KW= K[W], namely R[W] and RW respectively. These are not
isomorphic in general, in fact, choosing s =1 in G = GL,(5) and r = 3, then
W =S, and RS, = R ®;RS, is semisimple, whereas R[S,] = R ®R[S,] has a
one-dimensional nilpotent ideal, namely {a + aT,|a € R}, where w is the unique
element of order 2 in S,. In particular, RS, and R[S,] cannot be isomorphic in this
case.

The proof of the theorem mentioned above uses the generic algebra. We will
introduce it here only for Weyl groups of type A4, (i.e. symmetric groups) using K
instead of Q[q'/?, q'/?]. For the general case, more details and proofs of the
following claims, the reader is referred to [1, 2, 4, 13].

So let {W,|i € I} be a family of symmetric groups W, over a finite index set I,
and let d = {d,|i € I} be a family of positive integers. Let K [u, u™'] be the ring of
Laurent polynomials over K in the indeterminant u, K(u) the quotient field of
K[u,u™'). Let W =T1,.,W, Then the generic K-algebra ¢[W,d] of W over K with
respect to d is defined as follows: ¢[W,d] is a free K[u, u~']-module with basis
{T,|w € W}, where the multiplication in Z[W, d] is given by

T, iflt(ow) =1t(w) + 1,

ow

T.T, = .
o {u"'ﬂw +(u = 1)T, otherwise

forw e Wand v € W, C W, where v is a basic transposition. Let h_: K[u, ul}j-
K(u) be the natural embedding, and, for 0 # k € K, let h,: K[u, u™'] > K be the
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homomorphism induced by h,(u) = k. Consider K and K (u) as a K [u, u~'}-module
via h, and h  respectively, and set

K[W.d, k] = 9[W,d] ®[, . K
and
K[W.,d, 0] = 9(W,d) = 9[W,d] ®,(, ,K(u),

respectively.

T, —» T, ® 1 induces a K-algebra homomorphism from ¢[W,d] into K[W,d, k]
(0 # k € KU {00}) which is also denoted by &, and is surjective for k € K and
injective for k = oo. For simplicity we will denote 7, ® 1 = h,(T,)) by T,, again.

We call h, (K[W,d, k]) the specialization of ¥¢[W,d] with respect to k. Since
K[W.,d,q] (¢ an arbitrary prime power) is the endomorphism ring of an induced
module (choosing s = 1in G = I1,,GL, (¢%), k; € N, such that W, = S, in 3.6),
hence is in particular an associative algebra, it can easily be seen that ¥[W,d] is
associative. This also remains true if we replace K by an arbitrary commutative ring
with 1, because the multiplication of the 7,’s (w € W) only involves Laurent
polynomials in u with integer coefficients.

Note that K[W,d, 1] = KW, the usual group algebra of W over K. Moreover, T,
(w € W) is invertible in ¢[W,d]. In fact, if v € W, ltv =1, then T,”! = 4T, +
(u 4 — 1), and if w = v, --- v, is a reduced representation of w € W as a product
of basic transpositions, then 7,;' = T,-' - -+ T,"%.

For W= W, wechoose ] = {A € #|m,(s)# 0} andd = {d, =deg A|[A € I}.
In particular, K[W,,d, g} = K[W,] and K[W,,d,1] = KW,, where ¢ is defined as in
§1, and K[W,] as in §3. For simplicity we will write ¥[W,] = ¢[W] and 9(W,) =
Y (W) instead of 9[W,,d] and ¥9(W,,d) respectively, and we will formulate the
following for Z[W], although it is true in general, as we can see if we choose s = 1
in G as above. It can be shown that ¢(W) is semisimple. If x is a character of
G(W), then x(T,) is a polynomial in u for all w € W. Given a specialization
h,: u — k for some prime power k, then x,: K[W,d, k] —» K defined by x (T, ® 1)
= h,(x(T,)) is a character of K[W,d, k]. It turns out that x, is irreducible if and
only if x is irreducible. Of course x,(1) is independent of the choice of k. So we may
identify K[W] = K[W,,d, q] and KW = K[W,,d, 1] by an isomorphism, say 7, such
that x, and x; define the same character of K[W]= KW for every irreducible
character x of 4(W). Moreover, ¥(W) and K[W,d, k] have the same numerical
invariants, and x = ¢ if and only if x, = ¢, for two irreducible characters x and ¢
of ¥(W). In particular, we get all irreducible characters of K[W]= KW as
specialized characters x, = x;, x an irreducible character of ¥(W). Obviously
X, = X, for all characters x of 4(W).

Let J again be the set of basic transpositions of W, and J € . Then the
subalgebra of ¥[W] generated by {7, |w € J} is isomorphic to ¥[W,] = 4[W,,d’],
where W, is the subgroup of W generated by J and d’ denotes the restriction of d to
{A e llW,n W(A)# (1)}. Similarly we define ¥(W,), and in the following we
always consider ¢[W,] and ¢(W,) as subalgebras of ¢[W] and ¥(W ) respectively.
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IfO+# ke KU {0}, h,(K[W,])= K[W,,d", k] C K[W], i.e. h, restricted to F[W,]
is the specialization of ¥[W,] with respect to k. In particular, K[W,] = K[W,,d, q]
and KW, = K[W,,d’,1] may be considered as subalgebras of K[W]= KW. But we
have to be careful here; an isomorphism between K[W,] and KW, cannot be
extended to an isomorphism between K[W] and KW in general. In other words,
K[W,] and KW, are different subalgebras of K[W] = KW in general.

As above let W, be the subgroup of W generated by J, and R[W,] C R[W] the
R-order in K[W,] generated by {T,|w € W,}. Note that R[W,] = R ® xR[W,]. Let
D, be a system of right coset representatives of W, in W. We may choose D, such
that It(wv) = 1t(w) + 1t(v) for all w € W,, v € D,, a so-called distinguished set of
coset representatives (see e.g. [3, 2.5.8)).

4.1. LEMMA. (i) 9[W)] and 9(W) are free as 9[W,]- and G(W,)-left modules
respectively with basis {T,|v € D, }.

(ii) R[W,] € R[W), and R[W ) is free as a R[W,]-left module with basis {T,|v € D, }
for every choice of R € {E, R, K}.

PrOOF. Choosing D, as a distinguished set of coset representatives, Y[W] =
L.ep, 9 IW,IT, as a G[W,]-left module. Counting K [u, u~')-rank, the sum must be
direct. Now the lemma follows immediately. O

Consider the trivial and the alternating character of KW,. By the above these must
be specializations of certain linear characters of (W), which we will also call the
trivial respectively alternating character of ¥(W,). Being linear characters, the
corresponding idempotents in %(W,) are central and uniquely determined.

For A€ #Fand JCc T let Wi(A)= W, g = W, W(A), where T (A) =
W(A)NT. Let y;(A) =Z,cp,a(-D""u" 92T, Define y, =I1y,(A) and

Xy = Zwe M{,Tw'

4.2. LEMMA. Let J C 7. Then there exist a, § € K(u) such that ax; and By, are the
unique idempotents in 9(W,) corresponding to the trivial and the alternating character
of 9(W,) respectively.

ProoOF. Of course x; = I1x, »4, hence we may assume that W, = W,;(A) for
some A € %, ie. W, has one nontrivial component, and the trivial and the
alternating character are the only linear characters of KW,. Obviously we may
assume, too, that deg A = 1. So ¥(W,) has just two different one-dimensicnal right
ideals. Let x =X,y a,T, € (W) such that x¥(W,) is one-dimensional over
K(u). This is equivalent to xT, = xf3, for all v € J, where B, € K(u), because
9(W,) is generated by {T,|v € J} as algebra. Note that in particular x # 0. For
veJlet W,={we W,|lt(vw) = lt(w) + 1}; then W, is the disjoint union of W,
and vW,,and x = £ y(a,T, + a,,T,,). Now x is in the center of ¥(W,), because
it is a scalar multiple of some central idempotent. Consequently

xT,=Tx= Y, a,uT, +(a,+a,, (u—1)T,,.

we W,
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So xT, = xB, forces, forw € W,,
(i) a,,u=a,B,and,
Gi)a,B.=a,+a,(u—1).

Hence,

(i) a, (B2 — B,(u— 1) —u) = 0.

(ii) implies a, = 0 if a,, = 0, hence, repeating the argument using a reduced
expression for w as the product of basic transpositions, a; = 0. Using (i) we
conclude a,, = 0 for all w* € W), forcing x = 0, a contradiction. So a,, # 0 for all
w’ € W,, and (iii) implies 8, = uor 8, = -1.

Obviously the character x afforded by x4(W),) satisfies x(7,) = B, for all v € J.
Therefore, using the specialization u — 1, either 8, = u for all v € J(specializing to
the trivial character of W) or 8, = -1 for all v € J(specializing to the alternating
character of W,). Normalizing a;, = 1 we get x in the first and y, in the second case.
]

Identify K[W] and KW as above, and consider the subalgebras KW, and K[W,]
(J CT). Let X{* = h(x,)KW, Y}© = h, (y,)KW fork = 1 or q.

4.3. LEMMA. XV = X(9 and YV = Y}9 as KW-modules.

PROOF. Let D, be a distinguished system of coset representatives of W, in W. Then
x,9IW]) = x,9[W;] @y, 9IW] is a free K[u, u~']-module with basis
{x, ® T,|w € D,} by 4.1. Furthermore 4 ,(x;) # 0 and

h(x,) KW = hy(x,) KW, ® ¢ KW,

hq(x.l)K[W] = hq(xJ)K[WJ] Bkiw,) K[W]

with basis {h,(x,) ® wlw € D,}, {h,(x;)® T,|w € D,} respectively. Let x be the
character afforded by X, = x,9(W). Then, by the above, x, is the character
afforded by X%, and X/ = X{9 by construction of the identifying isomorphism 7:
K[W]— KW.Similarly YV = Y9. O

We need some results from the representation theory of symmetric groups. For
details the reader is referred to [14]). Remember that there is a bijection between M,
and the set of all inequivalent irreducible characters of W, denoted by A & ¢
(A € M,). If S* denotes the Specht module over R corresponding to A € M,, then
KS* affords ¢. It may be constructed in the following way:

LetA, =A;, = A, > --- = A, Define J = J, to be the set of basic transpositions
(i,i+ 1), where (7. M)+ 1 <i<(X7'A\)—1forsome A€F,0<m=<k~—

1. Then W, = W, is just the standard Young subgroup of W corresponding to
Ae M. Let J(A)=J NI (A) (A €ZF). Let t be the A ,-tableau in which the
numbers {1,2,...,m,(s)} increase along the rows. Then Wy(A) = W, ,, is just the
row stabilizer of ¢. Let C,(A) be the column stabilizer of ¢ and set C, = IIC,(A).
Note that x = h(x,) is just the sum over the elements of W, = W,. Let y be the
alternating sum over the elements of C,, and set xyRW = S*. Then KS* affords ¢*.
Moreover, xKW and yKW have just one composition factor in common, namely
KS™.
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This procedure cannot be transposed directly to Hecke (respectively generic)
algebras, because the K(u)-subspace (K-subspace) of Z(W) (K[W]) generated by
{T,|w € C,} is not a subalgebra in general. But C, is conjugate in W to W,,, where
X =TIXN, and X, is the dual partition of A, (A =1\ ,). So let us fix w € W such
that w™'Wyw = C,. SetJ’ = Jy and define 7, = x,T, 'y, T, € 9(W), where x,.y,
€ @[W] are defined as in 4.2. Finally, set z, = h(2,) € K[W]= KW. Note that
T, ' € g[W]. Inspecting the coefficients of 7,”' (v €.7) we see that T, ® 1 is
invertible in R[W] C K[W]. So z, € R[W].

4.4. LEMMA. Assume q“~ > 2 for all A € I. Then z,K[W] = KS*.

ProoOF. First note that h;(%,) = xw™'h,(y,.)w = xy # 0, where x, y € RW are
defined as above, hence 7, # 0. Now xKW and yKW have just one composition
factor in common, namely KS*. Obviously yKW = wyw KW = YV = Y9 by 4.3,
so the same is true for xKW = XV = X7 = h (x,)K[W]and Y9 = h (y,)K[W].
Consequently either z), = h (x,)h (y;) = 0 or 2)K[W] = KS* Now %, € x,9[W]
= x,9[W,] ® g[W], and a basis of x,9[W,] ® [W]is given by {x, ® T, |w €
D,}, where D, is defined as in 4.3. Furthermore, it can easily be seen that the
coefficients of Z, = ¥, p x; ® T,r, (r, € K(u)) are Laurent polynomials in 4 with
integer coefficients. In particular, r, = f(u)/u* for some k € N and a polynomial
f(u) € K[u] with integer coefficients. Using the specialization © — 1 we see that
f(1) = 1. Hence f(q) = 1 mod(gq — 1) (note that g > 2 by assumption), in particular
f(q) # 0. This implies z, # 0 as desired. O

We will see later that the assumption in 4.4 is no real restriction for our purpose.
So let us assume in the following that g9 * > 2 for all A € Fwith m (s) # 0.

Let us return now to the KG-module KS¢ defined in §2. Recall that End z;(S )
= R[W] by 3.6. For A € M, define the A-module S, to be z,RIW} (S ® 1) =
Z\R[W](S ® 1)4 < S - e, where A C RG is defined as in §3. Then S,RG = z, - S¢
is an RG-submodule of S°.

4.5. LEMMA. S, KG is an irreducible KG-module affording x ; ».

PROOF. S, KG = z,K[W](S ® 1)KG = e, - KS, where e, € K[W1is the unique
primitive idempotent contained in the irreducible K [W]-module z, K[W] = KS* by
4.4. So S, KG is irreducible.

By [15, 6.24, 8.6), R$(s) = RY (), where L, = Ci(s) and 6 = 7 o setting 7 = §,
the lifting of § to the standard Borel subgroup of L,. Now Rfo(x) is (up to sign)
irreducible for every irreducible constituent x of 6. So we may assume G = L, that
is s € Z(G), the center of G. Furthermore, § = § ® 120, where 1, denotes the trivial
character of B, ® the usual product of characters, and s on the right-hand side is
considered as the linear character of G = L;. So we may assume thats = 1 € G. But
this is just the classical case, where it is well known that e, KS¢ affords x , (see e.g.
[4,13). O

We are now prepared to prove the main technical lemma. So define D* =
RS*/J(RS™), D, = RS,/J(RS,) and E, = R(2,5°)/J(R(2,5°)). We have to be
careful here. In fact, if Z, denotes the image of z, € R[W]in R[W], the RG-modules
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R(z,59) and z,(RS) are not isomorphic in general, although there always exists an
epimorphism from R(z,S€) onto z,(RS®). In particular, R(z,S“) may not neces-
sarily be a submodule of RS in general.

4.6. LEMMA. Let A\ € M, and assume that D* is a simple R{W }-module. Then D, is a
simple RS-homogeneous RA-module occurring in Eye as a composition factor. Finally
E, is simple.

PrROOF. By 3.7, S, = z,R[W](S ® 1) is S-homogeneous. Hence RS, and its
epimorphic image D, are RS-homogeneous, too. Again by 3.7 D, is irreducible. Note
that Me < M, for R € {R, R, K} and an arbitrary RG-module M. Furthermore,
R(z\S%) = (R(2)S%))e, so E,e is the RS-homogeneous component of E,. Let
X < R(z,S°). Then Xe < R(z,S%) = R(z,(S ® 1)4) = RS,. By the above,
J(RS,) is the unique maximal RA-submodule of RS,, hence Xe < J(RS,) or
Xe = RS,. But RS, C Xe C X implies R(S,RG) = R(z,5°) < X, because
R(S\RG) = (RS),)RG. Therefore every proper submodule of R(z,S€) is contained
in the proper RA-submodule

J(R(2)S%)e) ® R(2,5°)(1 — ) = J(R(2,8%)) + R(2,8°)(1 —e),
hence the sum of all proper submodules of R(z,S), too. Thus E, is irreducible, and
D, occurs as a composition factor in Eye (in fact D, < E, - e/J(E, - e)).

REMARK. Note that R(z,S%), hence D, and E, -e, are contained in

modx_,(R</RS) C modx,,(RA/RS).

5. In the previous section, we have worked out the way to use the Specht modules
of K[W] for defining irreducible RG-modules. However, this only works after
having achieved sufficient knowledge on the representation theory of R[W], which
at the moment is in the state of development. So we have to restrict ourselves to
special cases.

5.1. HYPOTHESIS. Let s € G be semisimple satisfying 2.4 and assume r divides
qie™ — 1 for all A € Fwithm,(s) + 0.

5.2. REMARK. Let s € G be semisimple, and assume that the order of s is prime to
r. Then s satisfies 2.4 by 2.1 and 2.3. Let B be an r-block of G with semisimple part
s € G. Then, by [9, 5.6], s satisfies 5.1 if B has inertia index one. However, if r
divides ¢ — 1, that is, if r divides the order of Z(G), then 5.1 is satisfied for all
semisimple s € G, and the following will hold for all r-blocks of G. Note, if s € G
satisfies 5.1 and has order prime to r, then there exists only one r-block B = B, of G
with semisimple part s. Furthermore, a Sylow r-subgroup of C;(s) is a defect group
8(B,) of B, and all geometric conjugacy classes (£)¢ with ¢ = sy, y € §(B,), are
contained in B, by [9]. These are all of the irreducible characters contained in B, and
the set of characters in (5)C restricted to the set of r’-elements of G form a basis of
the space of Brauer characters of G contained in B,. In particular, B, just contains
| M| many inequivalent irreducible Brauer characters.

Recall the definition of z, € R[W], and let Z, again be the image of z, in R[W].
Note that the assumption in 4.4 is satisfied if s € G satisfies 5.1, because r > 2, so
zy # 0 by 44.
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5.3. LEMMA. Assume S.1. Then R{W] and RW _may be identified canonically such
that z, € R[W | generates the usual Specht module RS™ of RilW 1= RW (A € M)).

PrROOF. Let T, denote the image of T, € R[W] in R[W]. Now 5.1 implies
q%&" = 1modrand qg®" — 1 =0modr for A € Fwith m,(s) # 0. The defining
relations for R[W] show immediately that T,, > w € RW induces an isomorphism
between R[W ] and RW. Identifying R[W ] and RW by this isomorphism,

Z\ = hq(‘xl)hq(Tw_lyJ'Tw) = hl(xj)hl(w-lyj'w) ’

where J,J' C I, T,, x,, y,» € 9[W] are defined as in 4.4 and —: R[W] — I_{[W],
respectively —: RW — RW denotes the canonical epimorphism. Now, for RW, it is
well known (see e.g. [14]) that

R(h(x,)h(wty, w)RW) = hy(x,)h(wly,w) RW.

Thus R(z,R[W]) = Z,RW. O
Summarizing we get by 4.4 and 5.3

5.4. THEOREM. Assume 5.1. Then there exist isomorphisms 7. K[W]|— KW and
R[W] — RW such that the following diagram commutes, where ~> denotes the
decomposition map via R[W'] and RW respectively:

K[w] > kw
R[W] - RW

In particular, the decomposition matrices of RIW']| and RW may be identified.

REMARK. We do not know if RW = R[W] inducing the above isomorphisms.
However, the theorem is trivially true in this case.

Theorem 5.4 says that we may apply the results from the representation theory of
symmetric groups (extended to direct products of symmetric groups) to R[W], as
they are presented in the standard literature (see e.g. [14]). Remember that a
partition A = (17,...,k") of k is called r-regular if r, < r for all 1 < i < k. So call
A =TIA, € M, r-regular if A, is r-regular for all A € #, otherwise r-singular. Let
M, = {X &€ M|\ rregular} and M, , = M\ M, .. Denote by < the dominance
order on the set of partitions of kK € N as defined in {14, 3.2}, and extend this to M,
setting A <p (A=TI\,, p=TIp, € M,) if A, <p, for all A €F. Now, if
A € M, ., the Specht module RS* (with respect to RW) has a unique maximal

s’

submodule by [14, 4.9], hence the same is true if 5.1 holds for RS* as a R[W ]-mod-
ule, by 5.4, that is D is irreducible. Furthermore, D* # D* (A, p € M, ) if A # p
and { DMA € M, .} is a full set of nonisomorphic irreducible R[W ]-modules, again
by 5.4. Finally, if (a,,) (A € M,, p € M, ,.) denotes the decomposition matrix of
RW (R[W]), thena,, = 1 and a), # 0 implies p > A.

Recall the definition of the RG-module E, (A € M,). By the above and 4.6, E,
(p € M, ) is irreducible if 5.1 holds.
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5.5. LEMMA. Assume 5.1. Let p, p' € M, . and p + p'. Then E, and E, are two
nonisomorphic irreducible RG-modules.

PROOF. By the above, E, and E are irreducible, and, by 4.6, the RA-modules D,,
D, are irreducible, too. Furthermore, they are composition factors of E e and Eje
respectively. By 3.7, D, # D,. If D, (n € M, /) occurs as a composition factor of
E e, then it occurs as a composmon factor of R(z S%) = RS,, because E, =
R(z 59)/J(R(z,5%). Thus, by 3.7, D* occurs as a composition factor of RS,
forcing p > p. If E, = E, then E e = E e, hence D, is a composition factor of E e
and D, of Ese by 4.6. So, by the above, p < p’ and p’' < p forcing p = o/, a
contradiction. O

Assume again 5.1 and let b, , be the multiplicity of E, as a composition factor of
R(z,S9). Inspecting the R4-module R(z,S ) and applymg 3.7, 4.6 we conclude

5.6. COROLLARY. Let p € M ., A\ € M,. Then b,, < a,

forces A < p. Moreover, bpp 1

o- In particular, b,, # 0

Assume 5.1. Let i € R[W] = RW be a primitive idempotent, and let
iRW/J(iRW) = D*, p € M, ,. Thus Q° = iRW is a projective indecomposable
RW-module with head D*. Let Q = i(RS¢ ) = QP(RS%). Then Q, is an indecom-
posable direct summand of RSGe = (5 ® 1)RA. Similarly P, = I(RSG) = Q°(RS°)
is an indecomposable direct summand of RS by 3.6. Note that Pe = Q, and
PeRG=Q,RG=P,

5.7. LEMMA. Assume 5.1, and let p € M, ,.. ThenP,/J(P,) is simple and the head of
P,/J(P))-eisD,.

PROOF. Let X < P,. Then Xe < Pe = Q,, hence X = P, or Xe < J(Q,). So all
proper submodules of P, are contained in the RA-submodule J(Q,) + P, - (1 — e),
hence P,/J(P,) is irreducible. The canonical epimorphism P, - P,/J(P,) induces
an epimorphism Q, = P,e — P,/J(P,) - e, whose kernel is contained in J(Q,). Thus
D,, being the head of Q,, is the head of P,/J(P,)e, too. O

5.8. COROLLARY. P,/J(P,)- e = D,

PROOF. Let 1 =i, + --- + i, be a decomposition of 1 € RW into a sum of
primitive orthogonal 1dempotents and set P, = P, (1 < j < k). Because R[W] RW
= EndRG(RSG) P, = P, if and only if p; = p,,,,l < j,m < k, where i RW/J(z RW)
=DP1<j<mp € M . suitable. 5.7 implies that an eplmorphlsm P, — P, has
to be bijective for 1 < i, < m, in particular p; = p,,. Now it follows easﬂy from
Fitting’s theorem (see e.g. [11, 5.2]) that J(i,RW) - (RS®) is a proper RG-submod-
ule of P, for 1 <j<k. By 5.7 this must be J(P,), and the corollary follows
lmmedlately 0O

6. Now we fix a semisimple element s € G of order prime to r and assume that r
divides g9&* — 1 for all A € # with m,(s) # 0. Then s satisfies 5.1 and, by 5.2,
there exists only one r-block B, of G with semisimple part s. Furthermore, §( B;) may
be chosen as a Sylow r-subgroup of C;(s) and there are just |M,| nonisomorphic
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irreducible RG-modules in B, by [9]. So far, we have determined |M, .| many of
them, namely {E,|p € M, .}, by 5.5.

Let 8(B,) be a Sylow r-subgroup of Cg;(s), y € 8(B,) and ¢t = sy. We will vary ¢,
thus all objects have to have the index 7 in the following.

Note that b, may be considered as an r-block of RL, with semisimple part s € L,.
Let the RP-module S, be defined as in 1.4 with ¢ replacing s and S, replacing S. Our
aim now is to find a sequence 1 = y,, y,,...,y, of r-elements in §(B,) such that
t, = sy, satisfies 5.1, and the resulting irreducible RG-modules build a full set of
nonisomorphic irreducible RG-modules in B,. But first we still need an auxiliary
result. So let ¢, = sy, (i = 1,2) with y, € 8(B,). Assume that 7, € G satisfies 2.4.
Because r divides g4 A — 1 for all A € Fwith m ,(s) # 0 by assumption, the same
is true for ¢, instead of s, hence ¢, satisfies 5.1 (i = 1,2). Set S, = S,,, L,=L, and
P,=P = LU with U =1U,, the Levi kernel of P. Let p€ M, ., E=E, and
A E M M = R(z)\SZG ). Note that E is simple by 5.5. For an arbltrary group H with
subgroups H, and H, we write H, <, H, if H! < H, for some h € H.

6.1. LEMMA. (i) If E occurs as a composition factor of RSY or M, then L, < cLi
(i) If Ee,, # (0), then L, <;L,.

PRroOF. First note that a Coxeter torus T, of L, is conjugate (in G) to a maximal
torus of L, if and only if L, <;L,, because L, =TI}_,GL, (¢) for a suitable
partition p = p, > p, > --- = pu, of n. Assume that E occurs as a composition
factor of M, then it occurs as a composition of I_QSzc, because the composition factors
of RS™ are independent of the choice of an RG-lattice S® in KSC. By 4.6,
E-e, +(0), hence ESZGe,l # (0), and therefore KS2Ge,l # (0), that is, the trivial
KU,-module I, occurs as a composition factor of KSY. If E - e, # (0), then
R (z,- S¢ )e,, # (0), hence szlGe,2 # (0). Thus the trivial KU,-module I, occurs as a
composition factor of z,KS’ < KS{ in this case, and it is enough to show (i).
Taking characters and using Frobenius reciprocity we conclude in the first case:

0+ (1U,’ R%(;z))ul = (56’ R(T;z(;z))c
T ¥ ¢(RE(8)°. RY(D))
T g7 G

>
L ¥ e(R9(0). RE(0)

where p denotes the regular representation of L,, T runs through all maximal tori of
L,, T denotes the set of irreducible characters of T and e is a sign depending on T
and L, [15, 6.23]. By [15, 6.14] T, has to be conjugate in G to a maximal torus T of
L, forcing L, <;L,. O

Next let y € 8(B,) be arbitrary, t = sy. Then Cg(1) < Cg(s) = TIGL,, (,,(g%%™).
Let [1C;(2), Iy, and I'lz, be the corresponding decompositions of C;(¢), y and ¢
respectlvely Let A € #with m,(s) # 0 and let I' be an elementary divisor of y,. So
I' is a monic irreducible polynomial with coefficients in GF(q%#*). Note that the
order of (I') € GL, +(g*®") is a power of r, so the order of each root w of T'is a
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power of r, say r*. Of course GF(q%®")[w]= GF(gq%¢"del)= GF(q)[o - «],
where ¢ is a root of A, because the order of o is prime to r, hence prime to the order
of w. Let »,: Q —> Z denote the r-adic valuation and »,(g%¢* — 1) = j. Seti = k — j
if Kk > j and i = 0 otherwise. Note that k > 0. It can easily be seen that deg " = r’
(compare e.g. [9, 3A]), hence the minimum polynomial I' of ow over F has degree
deg A - r', and over GF(¢*®") degree r’ Replacing G by GL,, (,(¢%")<
GL,, (s)-deg A(9), we conclude that mp(z,) # O implies deg I' = deg A - r’ for some
0<i€Z Let Ny={TeZF|degl' =degA-r'} and d,=YXrcymr(t). Then
my(s) =L%,d,-r'. Let d, be the sequence (d,),_,cz and D, be the set of
sequences (d,), <,z Of natural numbers d; with ¥ (d,r’ = m(s). For the moment
let A, p be partitions of some natural number k, A =(A; 2 A, > -+ 2 7)),
p=(p =p, =+ 2p,) Define the Levi subgroups L,, L, of GL,(q) setting
Ly =T1/_,GL,(q), L,=TIZ;GL, (q). On the set of partitions of k define a
partial order < setting A < p if there exists a set partition {£,,...,9,,} of {1,...,j}
with m parts (i.e. , C {1,...,7}, the Q, (1 <i <m) are pairwise disjoint and
{1,....j} =UL,Q,), such that p, = ¥, .o A,. Note that this is not the dominance
order in general.

It is easy to see that L) < (, L, if A < p. So assume that L§ < L, for some
g € GL,(q). Let T, be a Coxeter torus of L,. Then T is isomorphic to ['1/_,GF(g/)
and is a maximal torus of L,, corresponding to a product [Ty ;»® of partitions »*
of w, (1 < h < m).So, for each h € {1,...,m}, there exists a subset 2, of {1,...,j}
such that ¥, .o N, = ». Of course {Q,,...,Q,,} is a set partition of {1,...,/}. Thus
we have shown that L, < (,y L, if and only if A < p.

Now let D, be as above. With d, € D, we may associate the proper partition
(deg A%, (deg A - r)*,...,(deg A - r*)%) of k = m,(s) - deg A. Denote this by A,
and notice that d, — A, is an injective map. Define a partial order < on D, setting
dy<dj(dy, df € Dy)ifA, <A,

Let D, = I1D, (cartesian product) and define a partial order < on D, setting
[ld, <Ild; (d,,dj € Dy for A€ F) if dy <d) for all A € #. Finally, fix a
linear order < on D, compatible with < . As we have seen above, we have a map
from s - 8(B,) into D,. For ¢t = sy € s - §(B,) let d, be the image of ¢ under this map.
Of course D, =d, £d, 5 --- 5 d,is finite, where k = |D,|. Ifd, =d;,t=sy E 5 -
8(B,), callj = ht (y) the s-height of y. Later we will construct for eachj € {1,...,k}
ay; € 8(B,) of height j, such that in fact the map defined above is surjective.

6.2. LEMMA. Assume that s = m,(s)(A), i.e. s has only one elementary divisor, and
lety,y’ € 8(B,), t =sy,t' =sy’. Then L, <; L, ifand only if d, < d,.. In particular
L,= L, ifand only ifht (y) = ht (y").

PROOE. Obvious by the construction of d, and d,. and the definition of L, and L,..
a

Obviously the construction above may be extended to all r-elements y of C.(s). If
¥, y" € Cg4(s) are C;(s)-conjugate elements of C;(s), t = sy, ' = sy’, thend, = d,
and ht (y) = ht (y’). Note that ¢ and ¢’ are G-conjugate if and only if y and y’ are
C(s)-conjugate.
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Fix again A € #and let 1 < i € Z. Let o be a root of A. Assume that the order of
o is prime to r, and that r divides g% " — 1. Let m = »,(q%®" — 1), j = deg A - r'.
Note that »,(¢/ — 1) = m + i, because r is odd. So fix an element w = w, of GF(g’)
of order r™*'. Then GF(q%®")w]= GF(q)[o - w] = GF(q’). Consequently the
minimal polynomial A, of w over GF(¢q%") has degree r, and the minimal
polynomial A’; of ow over GF(q) has degree j. Set A, =1, A’y=A. Let d, =
(d))o<icz € D,, where s € G is chosen as above. Then define y, € C;(s), setting
vy = I12,d;(A,;) (matrix direct sum).

For d [1d, € D, set y, = Iy, € C;(s). Note that y is an r-element. Now, for
J€{1,...,k}, d =d, choose y, = 8(B,) C;(s)-conjugate to y,, which is possible
since we have chosen 8(B,) to be a Sylow r-subgroup of Cg(s). Set ¢, = sy;. In
particular, 7, = 5. Note that all elementary divisors of 7, are of the form A’ for some
0 < i € Z, where A runs through the set of elementary divisors of s € G. The next
lemma follows immediately from the definitions.

6.3. LEMMA. Let j, j' € {1,2,...,k}. Then d', =d,; and ht (y;,) = j. In particular,
the map t — d, from s - 8(B,) into D, is surjective. If yf =y, for some g € Cg(s),
then j = j’. So this map induces a bijection between {t,|1 < j < k} and D,. Finally, if
d, =1ld,,d, =(d)ociez- thenmy (1)) =d, (0 <i€Z)

In the following we will replace all occurring indices of the form 7, (1 <j < k) by
Jitself, eg. W= W,, S, =§,, etc. Note in particular that M| MS s My =M,
and W, = W,. Let A= 1_17\ € M,, i.e. A, is a partition of m,(s) (A € F). Let

(lkl,...,m ‘), where m = m \(s), i.e. L™k, - v =m. Let k, = X2 ,d{"r' be
the r-adic expansion of k, for 1 < » < m and set d, =xm d” v (O < i € Z). Then
rx,d,r'=m=m,(s), henced, = (d Jo<icz € Dyandd =Tld, € D,,ie.d = d,
for some1 < j < k. By 6.3, mA (1,) = d;, and obviously d, = £ ,d"v = L. ,d v,
thus (14",...,»4",.. )= Ay is an r-regular partition of m  (t,). Taking the (carte-
sian) product over all A € Zand all 0 < i < Z we have defined an element u, of
M, ... This defines a map A — p, from M, into U%_,M, .. Note that this union is
disjoint by 6.3.

On the other hand, let p € M, ., 1 <j < k and let T be an elementary divisor of

. Then T = A, for some 0 <i € Z and some elementary divisor A of s. Let

d —l'IdA, =(d,)o<,czand let pp = 14", v¥" . ..), where p = TTpur. By 6.3,
mr(t,) = d, thus I ,d”v = d,. Define k, = Z;’iod,‘”)r’ and note that
X 0dr'v = my(s), hence L3k, - v = m,(s), ie. A (A) = 1k, vk )

is a partition of m,(s). Taking A, = ['IA,(A) we have defined a map p — A, from
U*_ M, . into M,, which is obviously the inverse of the map A — p, defined above.
So we have shown

6.4. LEMMA. A — p, defines a bijection between M, and the disjoint union Uj‘-; M

In the following we will identify M, with Uf=1M,',, by this bijection.
We still need the following results:

6.5. LEMMA. Let T < G be a maximal torus of G and 8 a linear character of T. Let
u € G such that the minimum polynomial of u is (X — 1)". Then (R%(8))(u) = 1.
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PROOF. u is a unipotent element of G, in fact u is conjugate to the matrix

1.1
0' . B g (the Jordan Normalform of u),
]
and the canonical rational form of u is the companion matrix of the polynomial
(X = 1",

So (R$(0))(u) = Q%(u), where Q¢ denotes the Green function of G with respect
to T and q. If T is not a Coxeter torus, the lemma follows easily from [15, 6.24]. If T
is a Coxeter torus, it follows from [15, 8.2]. Compare as well [10, Appendix]. O

Let U, be again the subgroup of all unipotent upper triangular matrices of G, and
consider the restriction R$(8), of Rf(8) to U, Because R7(f) is a virtual
character of G, this restriction is a virtual character of U, i.e. a linear combination
of irreducible characters of U, with integer coefficients. Let m be the greatest
common divisor of these coefficients. Because (R$(8))(u) is an algebraic integer for
all u € U, we conclude

6.6. COROLLARY. m = 1.

6.7. LEMMA. Letj € {1,...,k} andy € 8(B,) N L;, t = sy. Assume that t* = t, for
some g € G. Then th = tjforsomeh eL,.

PROOF. The elementary divisors of ¢; are of the form A’;, where 0 < i € Z and A is
an elementary divisor of s. Because ¢ and t; are conjugate in G, they have the same
elementary divisors. Obviously we may assume s =1 (hence rlg—1). So n=
L2 dr' withdy = (d)oc,ez. A = X — 1 €F, hence L; =12, (GL,.(¢))*, and
deg A’ = r'. Now the lemma follows immediately, becausey € L,. O

6.8. REMARK. If we replace y; by an arbitrary y” € §(B,), the lemma remains no
longer true. The point is that we have fixed the polynomials A’;. For example, if we
taken = 2,r|q — 1,5 =1 € G, and w and w’ as two different elements of order r in
GF(q).y = (§%), ¥ = (§'0). theny € L,, = GF(¢)* x GF(q)*, y € 8(B,), y and
y’ are conjugate in G, but cannot be conjugate in the abelian group L.

Now we are prepared to prove the main technical lemma of this section.

6.9. LEMMA. Letj € {1,...,k}. Then t; € G satisfies 5.1.

PROOF. As we have seen, all elementary divisors I' of t; are of the form A/,
0 < i € Z, where A is an elementary divisor of s. In particular, deg T’ = deg A - r/,
hence r divides g% T — 1 by [9, 3A], because  is odd dividing g% * — 1.

So we have to show that ¢, satisfies 2.4. Forj = 1, i.e. f; = s, this is true by 2.1 and
2.3. So letj > 1 and assume that ¢, satisfies 2.4 hence 5.1 for all 1 < j’ < j. In order
to prove 2.4(i) we have to consider S; as an RL-module contained in the block b,
whose semisimple part is s € L, < G We may restrict ourselves to a component
S,(I') for some elementary d1v1sor I of 7, 50, using induction over n, we may assume
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that j = k, n = deg A - r" and s = r”(A) for some h € N. In particular, ¢, = (A’,),
and M, ., = M, contains one element A, = [\, with A = (1) for ' = A’, and
Ar = (-) otherwise. By 5.5 and 6.4, for each p € M, = M, = U%_| M, , with p # A,,
we have defined an irreducible RG-module E,. Let A, # p, ' € M, and assume
E =E, Letpe M, " € M. .. Then 6.1 implies immediately L; = L;,, hence
j=j"by62and p=p’ by 5.5. So we have found all but one irreducible RG-module
contained in b, = B,. Let E be the remaining irreducible RG-module contained in
B,. By 6.1, E, does not occur as a composition factor of RS,, where A, # p € M,.
So all composition factors of RS, are isomorphic to E. Let m be the multiplicity of E
as a composition factor of RS,. Then RS, restricted to U, is isomorphic to a direct
sum of m copies of E,, because U, is an r’-group. Consequently KS, = m - KE as
U,-modules, where E is an RUO -module such that RE = E,, . Let x be the character
afforded by KE. Then +RT(tA)U = my, forcing m =1 by 6.6. Hence RS, = E =
E, isirreducible, proving 2.4(i).

Returning to the general case we now have proved that ¢, satisfies 2.4(1) if ¢,
satisfies 5.1 for all 1 <j” <. So let V' € b, be an irreducible constituent of KSJ B,
where S, is considered as a P-module. Let x[/ be the character afforded by V. Then,
because the semisimple part of b;is s,y = X for some x € (sy)% and some r-element
y € C, (), 1.e. X = X, for some A € M,,, where we take M, with respect to L,.

Now X, is a constituent of +R% (5p), and RY (sp) = (R% ~(E}))L by [15, 6.24]. In

particular, RL (sy) is up to sign a proper character of L,. The character afforded by
KS (,,/ is up to sign RT( 1) P So V is an irreducible constltuent of KSGP if and only
if

>

(R5 (). RE(0),) = (R9.(3). RS (3)) # 0

using Frobenius reciprocity and [15, 6.24]. So sy has to be conjugate to z, in G by [15,

6.14], hence in L, by 6.7, forcing RL .(sy) (t ), i.e. V= K§S,, as desrred So the
lemma is proved by induction over j. O _
Let p € M, U" . Then, by 6.9 and 5.5, E, is an irreducible RG-module in

B,. Suppose that s = m A(s)(A) for some A € # Then we conclude as in the proof
of 6.9 from 6.1, 6.2 and 5.5 that E, = E, (p, p’ € M,) implies p = p’. So we get
immediately from [9, 8A] the following

6.10. LEMMA. Assume that s has only one elementary divisor. Then { E,|p € M, } is
a full set of nonisomorphic irreducible RG-modules in B,.

For pe M, . let P, < RSG be defined as in 5.7. Recall the definitions of the
subalgebra 4, = A4, of RG, and the irreducible RA -module D,.

6.11. LEMMA. Suppose that s has only one elementary divisor A 6.9"',_ and let
l<j<k peM,. Then P,/J(P,)= E,. In particular, E, - e; = D, as RAj-mod-
ules.
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PROOF. Let E = P,/J(P,). Then, by 6.10 and 5.7, E = E, for some p’ € M, say
o€ M .. Now E, is a composition factor of I_(SjG, SO Lj sGLj, by 6.1. On the
other hand E,-e; = D, + (0) by 5.8, hence L, <; L; again by 6.1. Thereforej = j’
by 6.2. By 4.6 D 1s a composmon factor of E/ e;=(P,/J(P,) e, s0oD,= D, by
5.8. Therefore p = p’ as desired. O

Let s again be an arbitrary semisimple r’-element of G satisfying 5.1. Let
PEM,,, _}\ € M;.,1 <j,j’ < k, and denote the multiplicity of E, as a composition
factor of R(szﬁ) by d,,, the (IM;| X |M; |)-matrix (d,,) by D;,; and the decom-
position matrix of RW, by D’.

6.12. THEOREM. Let s be a semisimple r’-element of G such that r divides q¢* — 1
for all A € Fwithm,(s) # 0. Then the following holds:

(i) {E,|p € M,} is a full set of nonisomorphic irreducible RG-modules inB,.

(i) Let 1 <j,j" <k, pE M, ., \€ M. Then d,, # 0 implies that d;, < d. In
particular, if j < j’, then D;,; = 0.

(iii) D, = D’ forj € {1,...,k}.

PROOF. Assume first that s = m ,(s)(A) for some A € %. Then (i) is 6.10 and (ii)
follows immediately from 6.1 and 6.2(i). So letj = j’, and let I_((z,\SG) =Gz2Gz
C,. 2 (0) be composition series of R(zAS ), C/Ci,y=FE for 1<i<m
setting Co+1 = (0). Then, by 610, E, = E, for some p; € M,. Obviously
Ci-e/Ce;=(C/Cii) e, =E;-e,. Letze{l .,m} and assume that E.e; #
(0). Then 6.1 implies 1mmed1ately that p;, € j s hence Cie,/Cii1e;=Ee; =D, is
simple by 6.11. This shows that Cie; > Cye; > -+ > C,e; > (0) is a composition
series of R(z 2SS G)e The standard basis theorem for Specht modules [14, 8.5] implies
immediately that R(zASG)e = zA(R e;) < RS e is a reduction mod r of the
irreducible K4 -module z,‘(KS e;) Countlng multlphcltles and applying 3.7, (iii)
follows. v

Now let s = [1m (s)(A) € G again be arbitrary. Define the Levi subgroup L of G
setting L = TIGL ,,, (.45 4(9), the parabolic subgroup P of G to be LUy, and let U
be the umpotent radlcal of P. Then L contains C,(s) and all L;(1 <j < k), thus M,
with respect to L and M, with resepect to G coincide. Let b be the block of RL with
semisimple part s lifted to P. Note that we may extend all results developed so far to
parabolic subgroups of general linear groups, as long as we restrict ourselves to
blocks containing the unipotent radical of the parabolic subgroup in the kernel. In
particular, we may apply it to b. Note as well that the theorem holds for b by the
construction of L and P, and by the above. So, for j, JE(l....k},pE M,
}: € M, we denote by S Ep, Pp, D ; the corresponding objects taken with respect to
P.

Let 1 <i<k. Then RSC =Y RSi’@»gasRspace(Re {ﬁ R, K}), whereg
runs through a set of coset representatlves of P in G. Note that R[W](S ®1)< R
and that R[W,] = End (RS, P ). So, if V is an arbitrary RP-submodule of RS 38
(RS ® 1)RP, then VRG V¢ canonically. Consider

P,= Q,RP = 0*(RS/e,)RP = Q*RS?,
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where Q, and Q° are defined as in 5.7. Then P = (QPESi’)G 0°( I_{SG) =P, and
similarly J(P,)¢ = J(P,). Thus PC/J(P))° = P /J(P,). By 6.11, P/J(P)=
and obviously PG/J(P )¢ = ES. Now P,/J(P,) = EG is simple by 5.7. Since all
composition factors of RSP are of the form @ for some p € M, V — V defines an
isomorphism from the submodule lattice of RS," onto the submodule lattice of RSC.
So all composition factors of ES,.G are of the form Ef . From [9, 8A] we conclude that
{ Ef |u € M.} is a complete set of nonisomorphic irreducible RG-modules in B,. So,
for an arbitrary RP-module ¥, in b, V = V¢ defines an isomorphism from the
submodule lattice of ¥, onto the submodule lattice of V¢ € B,.

In particular, E, = EG for some p € M, saype M, 1<i<k. Thus EG is a
composition factor of RS “, hence E of RS P by the above, forcing d; < d,, since the
theorem holds for b. On the other hand L and L; must be con_]ugate in G by 6.1.
From the definition of the partial order < we get immediately i = j. As in the proof
of 6.11 we conclude p = p, i.e. EC = E,. Now

287 =(58])" and R(2,57) = R(2s])°.

Thus the multiplicity of Ep in ﬁ(z,‘S,.’:’) equals the multiplicity of E, in ﬁ(zxsﬁ).
This proves the theorem. O
We have also shown

6.13. COROLLARY. Let s and L be as above, and b be the block of L with semisimple
part s. Then the decomposition matrices of B, and b coincide.

PROOF. Since C,(s) is contained in L and 8( B,) may be chosen in C,(s), 8(B,) is
a defect group of b as well. Moreover the geometric conjugacy classes in B, and b are
the same, because t8 = t’ (¢t = sy, t' = sy’, y, ¥y’ € 8(B,)), for some g € G implies
g€ Ci(s) < L. So the sizes of the decomposition matrices are the same. If y € 8(B ),
t=sy, A € M, and p € M,, we conclude as in 6.12 that the multlpllclty of E in
R(z,S7) equals the multiplicity of E,in R(z,S8°) = (R(z)\SP))G where P and b are
defined as in 6.12. Thus the decomposmon matrices of B, and b coincide. However
the same is true with b instead of 5. O

Next let y be an arbitrary r-element of C;(s), t = sy. Arguing as in the proof of
6.9 with y instead y, (1 <j < k), we see that RS, is irreducible, in fact RS, = RS;
with j = ht ().

6.14. LEMMA. ¢ satisfies 2.4(1) and ES, = RSI, where j = ht (y).

REMARK. It is not true in general that 7 satisfies 2.4(ii) too, as the example in 6.8
shows. In fact, here EndKG(KSVG) = K, whereas End RG(ES_VG) = R[W,], and W, is
isomorphic to the symmetric group on two letters.

As an easy consequence we get

6.15. THEOREM. Assume that r divides q — 1 = |Z(G)| and let x be an irreducible
cuspidal character of G. Then x, restricted to the r’-elements of G, is an irreducible
Brauer character.
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Summarizing we get the following theorem.

6.16. THEOREM. Let s € G be semisimple and assume that r divides g9 * — 1 for all
elementary divisors of s. Then there exist 1 = y,, y,,...,y, € 8(B,) and a bijection
between M, and the disjoint union U%_\ M, . such that {E,|Jp € M; ,,1 <j<k}isa
full set of nonisomorphic irreducible RG-modules in B,. Ordering {1,...,k} down-
wards, the decomposition matrix D of B, has the form

Dk
D' 0
D=| » :
Dl
* * *

where D/ (1 < j < k) denotes the decomposition matrix of R w,.
Furthermore, the irreducible characters and Brauer characters in B, may be ordered
such that D has the (lower triangular) form

1
0

D=|*
1
* ok 3k

PRrROOF. For both presentations of D order the set of irreducible Brauer characters
by ordering {1,...,k} downwards and M, ,. lexicographically downwards. In the
first case take the set {x, \|1 <j < k, A € M} ordered analogously first, then the
other irreducible characters in B,. In the second case take {x,Al1<j<kAEM,,}
ordered in the same way first, then the remaining irreducible characters in B,. Now
the theorem follows from 6.16 and [14].

6.17. COROLLARY. Let G = GL (q) for some natural number n and some prime
power q, and let r be an odd prime not dividing q — 1. Then the r-decomposition matrix
of G is lower unitriangular.
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