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ABSTRACT. In this paper we prove that countable strongly pure subgroups of
completely decomposable groups are completely decomposable. We also show
that strongly pure subgroups of separable torsion-free groups are separable.

One of the questions that have been considered concerning completely decom-
posable groups is the following: under what conditions is a subgroup of a com-
pletely decomposable group again completely decomposable? The well-known Baer-
Kaplansky-Kulikov theorem asserts that direct summands of completely decompos-
able groups are also completely decomposable. It is well known that pure subgroups
of completely decomposable groups are not necessarily completely decomposable
and, in 1972, L. Bican characterized all those completely decomposable abelian
groups any pure subgroup of which is completely decomposable. Recently, we have
shown that homogeneous pure subgroups of a completely decomposable group G are
completely decomposable provided that the extractible typeset of G is countable.

In this note we partially extend the Baer-Kaplansky-Kulikov theorem to strongly
pure subgroups of completely decomposable groups. Specifically, we show that in a
completely decomposable group whose typeset satisfies the maximum condition all
strongly pure subgroups are completely decomposable. We also show that countable
strongly pure subgroups of completely decomposable groups are completely decom-
posable. This not only extends but also gives a new proof of the classical theorem
of Kulikov on countable direct summands of completely decomposable groups. Fi-
nally, we shall show that strongly pure subgroups of separable torsion-free groups
are separable, extending the well-known theorem of L. Fuchs on direct summands
of separable groups.

Throughout this note the word “group” will mean an “abelian group” and for
notation and terminology the standard reference is volume II of Fuchs’s book [2].
Let G be torsion-free and completely decomposable, i.e. G is a direct sum of rank
one torsion-free groups. A type 7 is said to be an extractible type of G if G has a
rank one summand of type 7. The extractible typeset of G, denoted by £(G), is the
set of all extractible types of G. For every 7 € £(G), we have G(7) = G, & G*(7),
where G; is a nonzero homogeneous completely decomposable group of type 7;
G is called a mazimal T-homogeneous summand of G. If G = ®re £(G) G, isa
decomposition of G such that G, is a maximal 7-homogeneous summand for every
7 € £(G), then this decomposition is known as a homogeneous decomposition of G.
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Let G be a group and H a subgroup of G. Then H is said to be strongly pure in
G if, for every h € H, there exists a homomorphism ¥: G — H such that ¥(h) = h.
Strongly pure subgroups of arbitrary groups have been studied by S. Janakiraman
and K. M. Rangaswamy [4]. They showed that the definition above implies that, if
H is strongly pure in G and {h;,h2,...,h,} is any finite subset of H, then there
exists a homomorphism ¥:G — H such that ¥(h;) = h;, ¢ = 1,2,...,n. This
implies that a finitely generated strongly pure subgroup is a direct summand and
finite rank strongly pure subgroups of torsion-free groups are also direct summands.
It is also easy to see that strong purity is transitive and is an inductive property.
Strongly pure subgroups are pure but purity does not necessarily imply strong
purity for, if G is a finite rank indecomposable torsion-free group with rank G > 2,
then G contains nontrivial pure subgroups whereas the only strongly pure subgroups
of G are {0} and G itself.

Let G be a completely decomposable group and {r1,72,...,7,} a finite subset of
£(G). If G, is a maximal 7,-homogeneous summand of G for every ¢ = 1,2,...,n,
it is easy to see that Y ., G., = @], G-, is a direct summand of G. This
observation will be used repeatedly throughout this note.

One of the theorems proved by Baer is that, if H is a direct summand of a
completely decomposable group G and the typeset of H satisfies the maximum
condition, then H is itself completely decomposable. We have the following gener-
alization of this theorem. (Also see [1, Proposition 10].)

THEOREM 1. Let G be a completely decomposable group and H a strongly pure
subgroup of G. If the typeset, T(H), of H satisfies the mazimum condition, then
H is completely decomposable.

PROOF. Let G = @, ¢ @) G, be a homogeneous decomposition of G and, for
every 7 € £(G), let m,:G — G, be the projection such that kerm, = @_, 47 G-
Define

E(H) ={r e T(H): (H"()). & H(r)}-

If 7 is a maximal type in T'(H) (which exists by assumption on T'(H)), then trivially
7 € £(H) and therefore £ (H) is nonempty. Let 79 be a fixed but arbitrary type in
E(H) and let 0 # h € H(ro) — (H*(70))«. If we define

£(h) = {r € £(G):m,(h) #0},

then h =3 ¢4 mr(h) and 7 > 7o for every 7 € £(h). By definition there exists
a homomorphism ¥: G — H such that

h=U(h)= > ¥n(h).

Te€(h)

Assume that 7o ¢ £(h) (C £(G)). Then, for every 7 € £(h),

7o 5 7 = typeg(mr(h)) < typey (¥m,(h)).

This implies that h € (H*(79)).; a contradiction. Thus 75 € £(G) and 7., (h) # 0.
We also conclude that £(H) C £(G). The argument above shows that (H*(7)). =
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H N G*(r) for every 7 € T(H). We then have for every 7 € £(H),
H(r)/(H*(7)). = (HNG(7))/(HNG*(r))
=(HNG(1))/(HNG(r)NG*(1))
= (HNG(7),G*(1))/G"(r)
<G(1)/G*(r) =G,

a homogeneous completely decomposable group of type 7. Thus H(7)/(H*(7)). is
a homogeneous group of type 7 and, by Lemma 86.4 in 2], (H*(7)). is a balanced
subgroup of H(r). By Theorem 86.6 in (2], H(7)/(H*(7)). is a completely decom-
posable group and, since completely decomposable groups are balance projective,
H(r) = H, ® (H*(7))+, where H; is a nonzero homogeneous completely decompos-
able group of type 7. Since H(7) is strongly pure in G, H; is also strongly pure in
G and therefore every finite rank pure subgroup of H; is a summand of G for every
re &(H).

Let H = Zfee(,{) H. C H and suppose that ) . h,, =0, where h,, € H,,,1 =
1,2,...,n,and {r1,72,...,7} C £(H). By definition, there exists homomorphisms
V,;:G — H,, such that ¥;(h,,) = h, ¢« = 1,2,...,n. If 71, say, is minimal in
{r1,72,-.. ,Tn}, then

n
0=> " ¥(h,) = ¥1(hr,) = ho,.
1=1
We conclude that h,, = 0, ¢ = 1,2,...,n, and therefore H' = @fee(H) H.is a
completely decomposable group.

We now show that H' is strongly pure in G (and therefore strongly pure in H).
Let ' = >, hr, € H', where h,, € H,,, 1 = 1,2,...,n, and {r1,72,...,7n} C
E(H). Then (h;,). is a summand of G and is therefore a summand of some 7;-
homogeneous summand of G. This implies that

n n

Z(hn>* = @(hn)*

=1 =1

is a summand of G. Thus there exists a homomorphism ©:G — H’ such that
B(h')=H.

We shall now show that H = H’, arguing as in the last paragraph of Theorem
98.3 in [2]. Let h € H be of type 7; because the types in T'(H) satisfy the maximum
condition we may assume that . H(r') C H’. Since H' is pure in G, this
implies that (H* (7)), C H'. But h € H(r) = H. & (H*(r))» C H' which therefore
means that H = H' is completely decomposable.

The proof of Theorem 1 implies that if H is a completely decomposable strongly
pure subgroup of a completely decomposable group G, then the extractible type-
set of H is a subset of the extractible typeset of G. This is not necessarily true
for pure completely decomposable subgroups of G. It also implies that if £ is a
subset of the extractible typeset of G and H, is a pure subgroup of a maximal
r-homogeneous summand of G for every 7 € &, then ) H. = @, H, is a
strongly pure subgroup of G. It is natural to ask whether all pure subgroups of com-
pletely decomposable groups arise in this way. Specifically, is every homogeneous
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strongly pure subgroup of G a pure subgroup of some 7-homogeneous summand of
G? We shall give an answer to this question after we have considered strongly nice
subgroups of separable torsion-free groups.

The following lemma will be crucial in the proof of our next theorem.

LEMMA 1. Let G = @}, G-, ® G’ be a completely decomposable group, where
0# G, =G(n)/G*(1), 1 =1,2,...,n. Let0#g=>",9;+¢, where g € G’
and 0 # ¢, € G, 1 =1,2,...,n. Suppose that

(1) typeG’(gl) 2T = typeG(gi)y 1= 1a2a -1, and

(ii) xa(g") > Nizy xc(9:)-

Then there exists a complement @;_, G, of G’ in G such that G, = G,, and
9= 119, whereg, € G, ,i=12,...,n.

PROOF. For every 1 € {1,2,...,n} define
9; = {p(prime): hJ (¢') S h5 (9:)}-
Since typeg(g’) > typeg(g9:) = 7, condition (i) implies that §; is finite for every
i €{1,2,...,n}. Condition (ii) implies that h$(g’) > min{h$(g:):¢ = 1,2,...,n}.
We then have that (-, §; = . For every 1 € {1,2,...,n} define
Peﬂi

Since N, §; = the integers 1,7, ...,y are relatively prime. Thus there exists
integers s1, 82, ..., Sn such that Y . r;s; = 1. This implies that ¢ ="~ | risig’.
We now let g! = g; + r;s:¢’ for every ¢ € {1,2,...,n}. Let p be any prime.

(a) If p € §;, we have

hS (risig’) > hS(rig") = hS(g") + hS (9:) — hS (9) = hS (g:)-
(b) If p ¢ 9, we have
hS (risig) > by (g') > hy(9:)-

This implies that xg(g:) < xc(r:s:9’) and therefore

xc(9:) = xc(9:) Nxc(risig’) = xc(4i)-
The proof of Theorem, 85.1 in [2] implies that there is an isomorphism 6;: (g;). —
(gi)« such that ©;(g;) = ¢;. Since G-, is a homogeneous completely decomposable
group, (g;). is a direct summand of G,, with complement, say X;. Let .,: G — G,
(= (gi)« ® X:) be a projection with G’ C ker 7, and define G}, = ({g;, X;}).. If
is an arbitrary element of G, then h = g/ + z; + g, where g’ € (g;)+, z; € X; and
9" € ker m,. There exists integers m; and m; such that

migy = migi = mim,, (¢:) = mimr, (g7)-

Let hl = ©,(g!) € (g})+. This implies that
mih; = mi©;(g) = miOi(g:) = mig;.

We then have mg;’ = mqnr,(g;) = mim,, (h;) and by torsion-freeness g? = nr,(hy).
Hence ., (h) = ., (¢! + z;) = m,,(h + z;), which implies that h — k] —z; = h €
ker ;.. Thus h = h+z;+h! € G, +kern,,. We then have G = G7, +kerm,. We
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now let h; € ({g, Xi}) Nkern,,. Then h; = kg. + z; for some integer k and z; € X;
and

0 = 7, (hs) = kmr,(g}) + =i = kg + ;.
Thus kg; = —z; € (g:;)« N X; = {0} and by torsion-freeness k = 0. Thus h; = 0
which implies that G}, Nkern,, = {0}. We then have G = G/, & ker7,, and
g; € G}, = G,. Since G, is a maximal 7;-homogeneous summand of G for every
i€{1,2,...,n},then } 7, G, = @;_, G,, is asummand of G and its complement

is G'. Finally
n n n
9= +d =) (si+risig)=> g}
=1 1=1 =1

and the proof of the lemma is complete.

The following observation, deduced from the proof of the previous lemma, will
be used repeatedly in the proof of the next theorem: let G = @, £(G) G; be a
homogeneous decomposition of a completely decomposable group G and let 7,: G —
G- be a projection. If 0 # g € G satisfies xg(9) = xc(7-(g)) for some 7 € £(G),
then g belongs to a maximal 7-homogeneous summand of G.

We now prove

THEOREM 2. Let H be a strongly pure subgroup of a completely decomposable
group G. Then every element of H s contained in a completely decomposable finite
rank summand of H.

PROOF. Let G = @, ¢ (c) G+ be a homogeneous decomposition of G and let
7;: G — G, be the projection with kerm, = @, 4 Gr, for every 7 € £ (G). For
0+# h € H we let

E(h) = {r € £(G):n-(h) # 0}.
Our aim is to write h in the form h = }_ ¢ ,) hr, where, for every 7 € £(h),
h, € HN G, and G, is a maximal 7-homogeneous summand of G.

We partition £ (h) into subsets M, k = 1,2,...,d, defined recursively as follows:
M; is the set of all minimal types in £(h) and, for k = 2,3,...,d, we say that
7 € £(h) is in Mg if and only if there exists at least one 7/ € My_; satisfying
7' £ 7, and, if 7 is any type in £ (h) satisfying 7' < 7" < 7, then either 7/ = 7 or

7" = 7/. We then have
d
h= Z E m-(h).
k=17EMy
Let ¥1:G — H be a homomorphism such that ¥y(h) = h. Then

d
h=Y" " W(n,(h)).
k=171EM)
Let 7 € My and let 7' € £(h) — {r}. Then n,¥ 7 (h) =0 for, if m, ¥ 7 (h) #0
we would have 7' = typeg(m,/(h)) < typeg(n.¥1(m,(h))) = 7 which contradicts
the minimality of 7 in £(h). Thus n.(h) = 7, ¥;(x,(h)) for every 7 € M; and this
implies that

xa(mr(h)) = xa(m-¥177(h)) = xa(¥17-(h)) > xc(m+(h)).
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Hence xg(¥1(7-(h))) = xc(m:¥17,(h)) and, by the observation after the proof
of Lemma 1, ¥y7,(h) = h,1 (€ H) is contained in a maximal 7-homogeneous
summand of G. We then have

h= Z hr1 + Ry, where h) = Z U, m.(h) € Z H(r) C Z G(7).
TEM T€€(h)—M, TEM2 TEM2
Assume that, for a fixed k € {2,3,...,d}, we have expressed h in the form

k—1
(A) h = E E hr,i + h‘;c)

1=17EM;
where h.; (€ H) belongs to a maximal 7-homogeneous summand of G, 7 € M; and
i=12,..., k-1, withhi € . H(1) C )y, G(r). We now define
€(hy) = {7 € £(G):m-(hy) # 0}

and observe that if £(h)) N My # O, then it consists of some minimal types of
& (h)- In this case we let ¥}.: G — H be a homomorphism such that ¥ (h}) = hi.
Then h}, = ZTeg(h;)ka Wi (he) + 2ree(h)-me Yemr(hi). By the first part
of the proof of this theorem, ¥} (7,(h})) = h,x (€ H) belongs to a maximal 7-
homogeneous summand of G for every 7 € £(h}.) N Mg. Also, if 7 € £(h) — Mg,
then 7 2 7/ for some 7 € My since hj € 3y, G(7). We then have

k
h=2 Z hf’i+hk’

=1 T1EM;

where

b= Y, Wm(W)e Y (H(M)LC Y G

re€(hy)— Mk TEM TEMi
We now let £(h) = {r € £(G): n-(hi) # 0} and define

£ = {r€ &(hk):7 > 7 for some 7’ € My1}, f2<k<d-1,
kTl o if k=d,

Ei=Ehk)— & f2<k<d.

Then hi = gk + gi, where gk = >~ ¢, 7r(hi) and g; = zfegé mr(hk). We note
that E(R)NE, =, 2 <k <d, and

k
h=3">" hei+ge+ gk

i=1T1EM;
For each 7' € £/ define

k
£(r') = {T € | Mo (hrs) # o} :

=1

We notice that if 7/ € &, and 7 (h,;) # 0, where 7 € U’f=1 M;, then 7 =
typeg(hs,i) S 7 since 7 € £(h) and £(h) N & =. We now define a relation ~ on
&/ by requiring that 7{ ~ 73 if and only if £(7{) = £(r3) for any two types 71,72 in
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€. This is obviously an equivalence relation on &, and we let {&y ,..., ¢ .. } be
the set of all equivalence classes.
We can associate with each equivalence class £ ,,,, where m = 1,2,...,m, a

uniquely determined subset, say M(¢j ), of Uf=1 M; defined by

k
M(&xm) = {"' € U M7 (he ;) # 0 for every 7' € Eé,m} .

i=1
Then 7,/ (hrn ;) = 0 for every 7/ € £, and every 7/ € (Uf‘=1 M) — M(& ,)- Put
Nk
G=> 7o) =) dhm
TEE, m=1

where

gi,m: E 7 (g)s m=12,...,n.
TE€EL

Then, for every 7' € & ., we have

0= mn(h) = mr ( > h‘r,i) + 77 (Ghym)

rEM(EL )

which implies that

X6 (77 (gk m)) = XG (w,, ( 3y hm’))
TEM(EL )
2 Xo ( 2. hm') = N xolhy)
)

reMEL . TEM(EL )
Thus
xe(hm)= [) xemr(gim) > () xclhri)
el . TEM(EL )
and

typeg(hm) = [ 7 =7 =typeg(hs;)
r'ee,é,m

for every 7 € M(&; )
Let ¥x: G — H be a homomorphism such that Wi (hi) = hi. Then

k k
h=Y"3 heithe=)_ 3 hei+U(h)
i=1 TEM; i=11EM;
k
=3 S ot Wiln) + ()
1=1TEM;

k "k
=Y Y ki 4 %)+ gk )
m=1

1=17TEM;
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Consider, for example, } &) hri+ ¥k(g, ) and observe that

(i) typea(¥k(gk,1)) = tyPec(gk,1) = 7 = typeg(hs,) for every 7 € M(& ;) and
(ii) XG(‘I’k(g;c,l)) 2 XG(g;c,l) 2 ﬂTeM(eLl) XG (hr,)-
Then, by Lemma 1,

Z hT,'i + ‘I’k(g;c,l) = Z ‘Ir,ia

rEM(EL,) reM(EL,)

where A ; belongs to a 7-homogeneous summand of G. Also, from the proof of
Lemma 1, xg(h+i) = xc(h; ;) for every 7€ M(E( ;) and {h ;:7 € M(&[ )} C H.
Repeat this process for the elements

Z Pri + Wi (Gh.m ) 2<m<n.
TGM(C,:‘m)

(N.B. For the sake of simplicity of notation, we put k. ; = h.; for 7 € M(¢] ;) and
adopt this convention of using the symbol A, ; for all the components of h belonging
to maximal 7-homogeneous summands of G and obtained by the process described
above for m = 1.)

We will then be able to express h in the form

k
h=3"" hei+hiy,

i=17TEM;
where h.; (€ H) belongs to a maximal 7-homogeneous summand of G, 7 € M;, 1 =
1,2,...,k,and by, = Wi(gk) € anfeMkH G(7). This expression of h is similar
to expression (A). We can repeat the process for the integers k + 1,k + 2,...,d.
We note that, by definition, £; = @ and therefore g4 = ¢, Tr(hx) = 0. Thus
hy,y = ¥4(ga) = 0 which implies that

d
h=> "> hri
1=1TEM;
Since h.; (€ H) belongs to a maximal 7-homogeneous summand of G for every
7 € E(h), it is easy to see that 3. ¢y (hri)x = @,eg(n)(hri)s is a finite rank
summand of G. Thus @,c¢n)(hr:)« is a completely decomposable finite rank
summand of H containing h and the proof of the theorem is complete.

The classical theorem of Kulikov on completely decomposable groups assets that
countable direct summands of completely decomposable groups are completely de-
composable. With the help of Theorem 2, we can extend this theorem to strongly
pure subgroups of completely decomposable groups. The idea of the proof of the
next theorem comes from the proof of Theorem 2 in Kolettis’s paper Homoge-
neously decomposable modules (Studies on Abelian Groups, Springer, Berlin, 1968,
pp. 223-238).

THEOREM 3. Countable strongly pure subgroups of completely decomposable
groups are completely decomposable.

PROOF. Let G be a completely decomposable group and H a countable strongly
pure subgroup of G and let {h;,h2,...,h,} be a finite subset of H. Then, by
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Theorem 2 above, H = H; @ H{, where H; is a finite rank completely decomposable
group containing h;. Let h% be the projection of h; on Hj. Since Hj is also
strongly pure in G, Theorem 2 implies that H} = Hy & H}, where H; is a finite
rank completely decomposable group containing h}. Proceeding in this manner we
obtain a finite rank completely decomposable summand Hy; of Hy for 2 < k < n,
which contains the projection h} ; of hiy1 on H; where H = @i;l H; & H;, with
@le H; a finite rank completely decomposable group and Hj, is obviously strongly
pure in G. This implies that H is separable since @], H; will be a finite rank
completely decomposable summand of H containing {hj, hs,...,h,}. Since H is
countable, H is necessarily completely decomposable.

The proof of Theorem 3 implies that strongly pure subgroups of completely
decomposable groups are separable. We recall that pure subgroups of homogeneous
separable groups are strongly pure. Thus strongly pure subgroups of homogeneous
separable groups are separable by Corollary 87.3 in [2]. The classical theorem of
Fuchs on separable torsion-free groups asserts that direct summands of separable
torsion-free groups are separable. All these results are immediate corollaries of the
following theorem.

THEOREM 4. Strongly pure subgroups of separable torsion-free groups are sep-
arable.

PROOF. Let G be a separable torsion-free group, H strongly pure in G and
let {h1,h2,...,h,} be a finite subset of H. There exists a finite rank completely
decomposable summand, G;, of G such that {h;, h2,...,h,} C G;. By definition,
there exists a homomorphism ¥;: G — H such that ¥, (h) = h for every h € HNG}.
Therefore H N G; € G C (¥1(G1),G1). and the latter is a finite rank pure
subgroup of G. Thus, there exists a finite rank completely decomposable summand,
G2, of G such that (¥1(G1),G1). C G and there exists a homomorphism ¥5: G —
H such that W5(h) = h for every h € HN Gs.

Let m be an integer satisfying m > 1 and assume that we have obtained an
ascending chain

G1CG2C---CGrC---CGnpy

of finite rank completely decomposable summands of G and homomorphism
Vi:G — H such that Ui (h) = h for every h € HN Gk, 1 < k < m. Then
(> %1 %k(Gm),Gm)+ is a finite rank pure subgroup of G containing G,,, which
is contained in a finite rank completely decomposable summand G, of G. Let
V¥,,+1:G — H be a homomorphism such that ¥,,,1(h) = h for every h € HN
Gm+1. Repeat the process w times. We then obtain an ascending sequence

GI.C_GZQQGN,Q, n <w,

of finite rank summands of G and homomorphisms ¥,,: G — H such that ¥,,(h) = h
for every h € HNGn, n < w. Let G’ =, Gn. Since G’ is the union of an
ascending sequence of strongly pure subgroups of G and strong purity is an inductive
property, G’ is strongly pure in G. It is easy to see that G’ is a countable completely
decomposable group. We shall now prove that H' = HN G’ is strongly pure in G'.

Let 0 # h' € H'. Then there exists an integer, k say, such that k' € H N G
and, by definition, ¥, (k') = h’. Let ¥/ be the restriction of ¥ to G’ and let ¢’ be
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an arbitrary element of G’. Then there exists an integer, say r, such that ¢’ € G,.
Then
(a) if r < k, we have

k
k(g') =Vk(g) e HN <Z \I’i(Gk)aGk> CHNGg1 CH,

=1 .

(b) if r 2 k, we have

,
Ui.(d)=Yr(d)EeHN <Z \Ili(Gr),G,> CHNG,;, CH.
=1 -
From (a) and (b) we conclude that ¥} € Hom(G’, H') and ¥ (k') = h'.

Thus H’ is a countable strongly pure subgroup of G’. Since G’ is completely de-
composable, Theorem 3 asserts that H’ is also completely decomposable. Also, since
strong purity is transitive, H' is strongly pure in G. Obviously {hq, ha,...,hn} C
H' and therefore there is a finite rank summand H; of H' containing {hy, hs,...,
hn}. We observe that H; is strongly pure in G. Thus H; is a finite rank com-
pletely decomposable summand of H containing {hy, hs,...,h,} and therefore H
is separable.

Let G be a group, H a subgroup of G and 8: G — G/H the natural epimorphism.
Then H is said to be strongly nice in G if, for every g € G, there exists a homo-
morphism ¥: G/H — G such that 3¥S3(g) = B(g). This concept was introduced by
K. M. Rangaswamy and one of the results he obtained is the following:

A strongly nice subgroup of a separable group 1s strongly pure.

We are going to use this result to find an example of a homogeneous strongly
pure subgroup of a completely decomposable group G which is not a subgroup of
any maximal homogeneous summand of G.

Let 71 and 7 be any two types with 7 # (00,00,...,00) and 72 S 71. Theorem 5
in [5] states that there exists an R;-separable group A such that the typeset of A is
{m1,72} and A is not a direct sum of homogeneous groups. There exists a balanced

exact sequence
0-H—-G—-A—0,

where G is a completely decomposable group with £(G) = {r,72}. It can be
shown that H is strongly nice in G. Thus H is strongly pure in G and by Theorem
1, H is completely decomposable and the extractible typeset of H is a subset of
{r1,m}. Let H = H,, ® H,, where H, is a homogeneous completely decomposable
group of type 7;, 2 = 1,2, and assume that there is a homogeneous decomposition
G = G;, ®G., of G such that H,, C G,,, ¢ = 1,2. This will imply that A = G/H =
(G,,/H;,)®(G,,/H,,). It is easy to show that G, /H,, is a homogeneous group of
type 7;, ¢ = 1,2. Thus A is a direct sum of homogeneous groups, a contradiction.
Hence H,, is a homogeneous strongly pure subgroup of G which is not contained
in any maximal homogeneous summand of G.

We have not been able to determine whether or not strongly pure (or even
strongly nice) subgroups of completely decomposable groups are completely de-
composable. In view of Theorems 1 and 3 a natural step in this direction is to
determine whether or not strongly pure subgroups of completely decomposable
groups are direct sums of countable groups (cf. Kaplansky’s Theorem on direct
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summands of direct sums of countable groups). In [3] Hill derived a necessary and
sufficient condition for an isotype subgroup of a direct sum of countable p-groups
(p a prime) to be itself a direct sum of countable groups. It has been shown in [4]
that isotype subgroups of totally projective p-groups are strongly pure. Therefore,
Example 1 in [3] implies that strongly pure subgroups of direct sums of countable
groups are not necessarily direct sums of countable groups. It seems likely that
there is a strongly pure subgroup of a completely decomposable group which is not
completely decomposable.

Let G be a torsion-free group which is the union of an ascending sequence of
strongly pure subgroups G,, n < w. If each G, is completely decomposable, is G
also completely decomposable? It is easy to show that if G is countable, then G will
be completely decomposable. Hill has proved an analogous theorem which states
that if G is a p-group which is the set-theoretic union of a countable collection of
isotype totally projective subgroups G,,, then G is totally projective.
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