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HARMONIC FUNCTIONS ON SEMIDIRECT EXTENSIONS
OF TYPE H NILPOTENT GROUPS

BY
EWA DAMEK

ABSTRACT. Let S = NA be a semidirect extension of a Heisenberg type
nilpotent group N by the one-parameter group of dilations, equipped with
the Riemannian structure, which generalizes this of the symmetric space. Let
{Pa(y)}a>0 be a Poisson kernel on N with respect to the Laplace-Beltrami
operator. Then every bounded harmonic function F on S is a Poisson integral
F(yb) = f x Py(y) of a function f € L (N). Moreover the harmonic measures
1l defined by P, = Py *ub, b > a, are radial and have smooth densities. This
seems to be of interest also in the case of a symmetric space of rank 1.

Introduction. We continue to investigate the harmonic functions on the Rie-
mannian spaces S, studied in (2, 3], with respect to the Laplace-Beltrami operator
A. S is a semidirect product of a type H nilpotent group N and the one-parameter
group of dilations A, equipped with the Riemannian structure modeled on one of
the symmetric spaces of rank 1. S includes those spaces as well as many more
nonsymmetric ones [3].

The formula for what should be the Poisson kernel P,, a € A, has been writ-
ten down by J. Cygan. In [2] the author has proved that the function P(ya) =
P.(y), y € N, is harmonic, as is the function f x P,(y) for every f € LP(N), 1 <
p < 0o. Also it has been shown that lim, o f * P,(y) = f(y) a.e.

The aim of this paper is to show that every bounded harmonic function on S is
a Poisson integral of a L> function on N. For the symmetric space it is, of course,
well known [6, 9]. However all the proofs we know are based on the fact that S
admits a large group K of isometries, which leaves a point in S invariant. By (3,
12] we know that such a group is in fact quite small for general S.

Thus our proof is based on a different idea, which seems to be new in the classical
case also. The idea is based on a maximum principle and certain properties or
reproducing measures u? on N, which are uniquely defined as solutions of the
equation P, = P, * ub, b > a. We show that these measures are radial and have
smooth densities, though the explicit formulas for them, even in the case of the
Siegel domain, seems to be hopeless. To investigate u® we apply a method, which
began with (7] and was further developed in [1, 11].
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1. Preliminaries. Let N =V & Z be a nonabelian Lie algebra of type H [8]
with centre Z. V is the orthogonal complement to Z. Let N = exp N. We denote
the element exp (v, 2) by (v, 2) so that

(v,2)(V,2') = (v+ 0,2+ 2 + 3[v,0']).

Asin [2] let S = NA, where A is the multiplicative group of R*, be a semidirect
product of N and A, A acting on N as dilations 6, (v, 2) = (av a%z). We identify
S with V x Z x R* so that (v,2,a)(v/,2',a') = (v + av’,z + a®2' + 1a[v,?’],ad’)
and in the Lie algebra S = N @ R of S we define the inner product

((v, 2,loga), (v, 7, logd’))s = (v,v') + (2,2') + 4(log a)(log a’)

[2a 3] Let {ei}i=1,...,2ma {er}r=2m+1,...,2m+la {30}, where 2m = dlmV, l =
dim Z, be an orthonormal basis of § corresponding to the decomposition § =
V & Z ® R. Denote by Ep the left-invariant vector field on S determined by
e, B=0,1,...,2m + . It has been shown in [2] that the Laplace-Beltrami oper-
ator associated to the left-invariant metric ( , )s has the form
g2 @
A=Y "E} 5 Eo.
B

where Q = 21 + 2m.

Let 8;,0,,80 be the partial derivatives for the system of coordinates (v*,2",a)
corresponding to {e;, e,,e0}. Since

Ey = %aao, E, = d%0,,

2m+1
E;, =ad; + %a E ([v, €], €r)Or,
r=2m+1
a straightforward calculation yields
2m+1
A =1(1-Q)ado + 1a%8% + a? (a® + 1 v]?) Z 9?2
r=2m+1
(1.1) 2m 2m+l 2m
+ a? Z 32 + a? Z Z([v, €], )0, 0;
=1 r=2m+11=1
If f is a function on S depending only on |v|, 2z and a, then
2m+l 2m
(1.2) > D (veler)d:0:f =0.
r=2m+1:=1

Finally the formula for the Poisson kernel (cf. [2]) is
Q
ca

9 B = @ e+ e
where y = (v, z) and c is such that [, P,(y)dy = 1.

2. A maximum principle. Let
N, ={ya:y € N}, Se = {yb: y € N,b> a}.

We shall prove the following form of the maximum principle.
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THEOREM 2.1. For everye >0, M > 0 and ¢ = y1b € S,, there is a ball
B C N,, with centre in y1ag such that, if F is harmonic in Sg, (t.e. AF =0 on
Sa,), continuous in Sg, and |F| < M, then

F(z) < sup F(y) + .
yEB

PROOF. Since A commutes with left translations, it is sufficient to prove the
theorem for y; = e = (0,0). Obviously, we can assume that F < 0 on B and
M /e > 1. We consider the function G. = G + nG?, where
a—ag
b—ag’

Gi(v,z,a) = —¢
and
_£

G%(v,z,a) = i

log(1 + |v|? + |2|%)
in the domain

b—
D:{(v,z,a):ao <a< 6‘]'0M+a0,|v|2+|z|2 <R2},

where 7 is sufficiently small (see below) and R is such that enlog(1 + R?) > M?2.
We put

B ={(v,z,a0): |v]* + |2|” < R?}.

Since by (1.1), (1.2) .
1 €ag
AGe > Z(Q— l)m >0
and AG? is bounded in {(v,2,a): ap < a < (b—ag)M/e+ao}, taking n sufficiently
small we obtain AG, > 0. Moreover G, + F < 0 on 9D, because F < 0 on B and
F < M on the rest of the boundary. Applying the classical maximum principle for
elliptic operators to A on D we obtain F(b) < e.

As an immediate consequence of Theorem 2.1 we have

COROLLARY 2.2. For everye > 0,M > 0 and z = y1b € S,, there is a ball
B C N,, with centre in yy1a¢ such that if F is harmonic in S,,, continuous in S'ao
and |F| < M, then
|F(z)| < sup |F(y)| +e.
yEB

3. The representation theorem. First we are going to prove some properties
of radial functions and measures on N. By O(N) we denote the set of transforma-
tions B: N — N such that B|y is orthogonal and B|z is the identity.

DEFINITION 3.1. We say that a Borel measure p is radial if for every B € O(N)
and every Borel set X C N, u(BX) = u(X), and similarly a function f is radial if
f(By) = f(y), y€ N [11].

By M,(N) and LY(N) we denote the set of radial measures and the set of
radial integrable functions, respectively. In [11] F. Ricci proved that L}(N) is a
commutative algebra and consequently since L.(N) is *-weakly dense in M,(N),
so is M,(N).

Let Co,u(N) (Cc,o(N)) denote the set of radial continuous functions vanishing
at infinity (with compact support). Since

Ef(y) = /o o (0B
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is a projection on the radial functions and (Epu, f) = (u, Ef) is a projection on
radial measures, the dual of Cg ,(N) is M, (N). Of course, by (1.3), P,, a > 0, are
radial.

LEMMA 3.2. The set R® = {f x Py: f € C.o(N)} 1s dense in Cp,(N).

PROOF. Our proof is a modification of that of Przebinda [10]. Let u € M,(N)
be a functional vanishing on R*, i.e. 0 = (f * Py, u) = (f,u * P,). Thus

(3.1) w* Py =0.

Now we consider the harmonic function F(yb) = pu* Py(y), b > 0, on S. By (3.1)
and the maximum principle F(yb) = 0 for b > a. Since F is harmonic, it is real
analytic and so F(yb) = 0 for all b > 0. Thus u = 0, because P, is an approximate
identity.

Similarly we have

LEMMA 3.3. The set T ={f *P,: f € C.(N)} is dense in Cy(N).
Now we return to our main theme. Let
H® ={F € C*S8,)NnC(8,) N L>®(S,): AF =0}, U®={F|n,: Fe H%}.

In view of the maximum principle the mapping F — F|y, is injective. Since T* is
dense in Co(N), the maximum principle implies that for every f in Co(N) there is
an F in H® such that f = F|n,. For every = € S we can define the functional

(pa,f) =F(z), feU®and f=PF]|n,.
By Theorem 2.1 ||pZ|| < 1. ¢ defines a bounded measure uZ such that

(3.2) F(z) = fxug(e),  fe€Co(N)and f=F|n,.
Let us list a few elementary properties of u%. We have

(33) paT = pg * 6y

because for g in the dense set T°

(34) g * u¥=(e) = g * g * 8y-1(e).
Putting z = b and g = F, = F|n, in (3.4) we obtain

(35) F(yb) = Fax ub(y) for F € H* N Co(Sa).
In particular

(3.6) Py =P, +ub.

(3.6) immediately gives

3.7 luall =1 and ug >0,

and (3.6) combined with Lemma 3.3 yields

(3.8) B * g = -
LEMMA 3.4. The measures u’ are uniquely defined by (3.6).

PROOF. If P, * v = 0, then by Lemma 3.3 v defines the zero functional on Cpy;
hence v = 0.
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LEMMA 3.5. If f € Con(N), then f * ub € Coo(N).
PROOF. If f € R® that is f = g* P, for a ¢ € C.,(N), then by (3.6)
f * ub = g * P, which is radial. The assertion follows now by Lemma 3.2.

LEMMA 3.6. The measures u’ are radial.

PROOF. Let f € Co(N) and B € O(N). By the previous lemma P.*ut € L1(N)
for € > 0. Then we have

(Pex foub) = (f, Pexpb) = (f o B, P. x p5) = (P % (f 0 B), p3)-
Hence, if ¢ — 0, we obtain (f,u8) = (f o B, ub), which completes the proof.

Now we look at the relation of these measures to bounded harmonic functions.
First of all we notice that (3.2) is true for all f € U%, because the functional ¢Z is
defined on the space U* C C(N)N L*°(N) and in view of (3.7) attains its norm on
Co(N). As before, (3.2) combined with (3.3) gives

(3.9) F(yb) = F, x u’(y) for F € HC.
Now we are in a position to prove the main theorem of this section.

THEOREM 3.7. If F s a bounded harmonic function on S, then there is an
f € L*®(N) such that F(yb) = f * Py(y).

PROOF. Since the family {F,}4>0 is uniformly bounded there is a sequence F,
which is convergent *-weakly to a function f € L>°(N) when a,, — 0. In particular,
Fo, x P, — f x Py. On the other hand, Lemma 3.6 and (3.9) imply

Fo,*Py=F, (P, ,uzn) = (Fa, * /‘2..) * P, =FyxP, .
Since P,, is an approximate identity, Fj * P,, — Fj a.e. when a, — 0 [2] and the
theorem follows.

4. Smoothness of u8. In this section we investigate more precisely the mea-
sures u8 by means of the Gelfand transform of L2(N). The Gelfand transform of
LI(N) is described in [11]. There are two families of multiplicative functionals.
For a real nonnegative p we write

f(p) =/Nf(v,z)ei"<”’"°>dvdz,

where vp is a fixed unit vector in V. For w € Z\{0} and a nonnegative integer n
we have

—1
@) Fwm = ("*"‘" 1) [ 160,96 272 (o) das,

n

where L7~ 1(r) = e~"/2L™~(r) and L~ '(r) is the Laguerre polynomial of degree
n and order m — 1 [4]. Formula (4.1) defines a unitary operator

FiL(N) = X = {x: It = [ 3w, ("*',’: ) [wl™ dw < oo} :
n=0

that is a Plancherel theorem holds [11]:
I£122 = @m) 113
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Thus, of course, we have
(4.2) F(Poxf)=F%P,-7f.
Let

43) Flo=@m ™'y / x(w,n)e™*2) L=t (Lw| [v]?) [w]™ dw.
n=0 Z

Applying the ordinary inversion formula for the Fourier transform and the orthog-
onality relation

n!

* m—1 m—1 m—1_—r —
—(n+m—1)!/0 Ly )Ly~ (r)r™ e " dr = b pm,

we obtain by routine calculation that

FloF=I and Fo7'=1I
Using (4.3) we can write the formula for what should be the density of ue, b>a.
First we show that Py(w,n)/P,(w,n) € ¥, and second that 4% = F~'(B,/F,)

satisfies the equation P, = P, *y2. If we also prove that 4% € L1(NN), then we shall
have u® = 2.

LEMMA 4.1.
P,(w,n) = 01|w|‘"‘e_|“’|“2
(4'4) o0 t " 2 2
—2jw|a’ty(2m+1-1)/2 141 (1-1)/2 dt
X /0 (_1+t> e ¢ (1+1¢) ,
where

—1 _1
e = 2mHLp(2m+l+1)/2,,Q (I‘ <%>> (I‘ <2m +2l + l)>

and ¢ 13 the constant in (1.3).

PROOF. By (5.1) of (1] and (1.3) we have

/ Pa(v,2)e™?) dz = coe~IwI(@®+vI*/4)
z

(4.5) - .
x/ e~ lwl(@®+]v] /4)t(t2 +2t)(2m+l-—l)/2 dt,
0
where »
ey = caQ21=2m—Lp(+1)/2 [ T Q) p2m+i+1 .
2 2
Hence

-1
(46) Pu(w,n) = ("* "“1) cpe~wla? / / % g-lwl(a? +lo[?/a)t
vJo

n

x (82 + 2t)GmH-1)/2 = vl IvI’/Zan—l <%|w| |v|2) dtdv.
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Integrating first over v, by
1
L,':‘_l(r) — m,r—m+lean(,rn+m—le—'r)
we obtain

/V el e/l /2 Lmt (11 o]?) do

_ 2\™ L ® —rt/2 pn(,n+m—1_—r
= (W) —_n!(m—l)!,/(, e D™(r e ")dr,

which by parts is equal to

4 (i)m m (E)" (n+m—1)!'
lw|) nllm-1)1\2) (1+t/2)tm
Finally putting (4.7) into (4.6) we get (4.4).
LEMMA 4.2.
g D) { G o< lwl <1,
Po(w,n) ~ | caemcaVremIwl(b?—a®)|yy|(1-1)/2 if lw| > 1,

where c3 = (b/a)' =1 + (b2 +1)(=1/2¢5, ¢4 = (b2 —a?)/(c +b?), cs = Sa+1,¢5 > 0
depends only onm +1—1 and a.

PROOF. By (4.4)

Py(w,n) _ e~ lwl(b*—a?) Jo_ €72 (t/(t + |w]b?))ntCmH=D/2(ju|b? 4 1) -1)/2 g4
Pa(w,n) Io7 e 2t(t/(t + |wla2))nt@m+-1/2(|jw|a? + t)(-1)/2 dt”
Let

A n
t
I(a,A) = —2t< ) $@m+1-1)/2 2 L \0-1)/2 g
n(a, A) /0 e T wla? (lw|a® +t)

and

Y Ry t " @mii-1)/2 2 | p\(1-1)/2
%@M—Ae (ﬁ%@ t (Jwla? + £)4-172 gy,

Analogously we define I,(b, A) and J,(b, A). We estimate separately
Q) I, (b, ce\/n|w|) and (i) Jn(b, cey/nlwl).
I.(a,00) I.(a,00)
Since (t + |w|a?)/(t + |w|b?) increases,
ce\/n|w| t n t+|w|a2 n
I,(b = -2t (2m+1-1)/2
bl = [ (i) (e

wlp? + ) ¢~/
o)

X (lw|a® + t)(l'l)/2 (

1-1 n
d< (g) (M) I.(a,ce\/njw)).

cev/n + /Twlb?
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Hence for (i) we have

bce\/n|w) ( > b? — a?
4.9 ex ———V|w
(49) - I(a,0) a P ce + v/ |w|b?
To estimate (ii), we notice that if ¢ > cgy/n|w|, then

2 (b + 1)t if lw| < 1,
(lwfo™+1) < {(b2+1)|w|t if Ju| > 1

and

(4.10) Jn(b,cev/nlw|) < eq / e~ 2mHi-1 4y,
Ce

nlw|

where c¢7 = (b? + 1)¢=1/2 max(1, |w|*=1/2). Since

¢ n ¢ t2/a?|w|
— ) >(—— > et
(t+|w|a2> - <t+|w|a2> =
for t > ay/n|w|, we have

(4.11) Ln(a,00) > / e=3tymHi=1 gy
ay/n|w|

There is a constant c5 depending only on m + 1 — 1, a and ¢g such that

e~ 2tgmH=1 4t
< csexp((—2ce + 3a)\/n|w|)

= c5e 2V nlw|
Finally putting (4.10)—(4.12) together we obtain

Jn(b,CGan’u)I) < e e—2y/n|w|
I,(a,00) =%

which with (4.9) implies (4.8).

LEMMA 4.3. For every nonnegative integer p
Z / Pb(w n)
oy Py(w,n)

PROOF. Let hy,(w) = |Py(w,n)/P,(w,n)|? |w|™*?. Since

oo
fcs n|w|
o _3trmti—
(412) fa, n|w|e 3tgm+i-1 ¢

(2n + m)Pn™ Hw|™ P dw < co.

/ ha(w) dw < cle™24V™ exp(—2|w|(b% — a?))w|™ TP dw
lw|>1 lw]>1
and

o0

E e—2c4\/5(2n + m)pnm—l < 0o

n=0

by (4.8), we have

Z(2n + m)Pn™! / hn(w) dw < 0.
n=0

lwl>1
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On the other hand,
/ by (w) dw < c%/ exp(—2c4\/n|w|) exp(—2|w|(b? — a?))|w|™+? dw
lw|<1

lw|<1

< c%/ e~ 2eavniwl|gy|mte gy
z

. A2 (2m+p+1)-1) 1
- 3p(l/2+ 1)  (2c4)2(mtp+l)  pmtp+l

and > o> ((2n + m)P/n!+P+ < oo for | > 0. Hence also

oo

Z(2n + m)”n’"‘l’/| | hn(w) dw < 00

n=0 w Sl
which concludes the proof.

THEOREM 4.4. The measures pb are absolutely continuous and their densities
Yt are given by the formula

(4.13)  Yi(v,2) = (2m)~t™ Pb(w n) ﬂm_ Lw| |v|?)e %2 jw|™ dw.
2

PROOF. The previous lemma and the mequality

n+m-—1 < const 1
n ~ (m-1)!

yield B,/P, € ¥. Hence 92 € L2(N), F(¥t) = B,/P, and by (4.2) F(B,) =
F(P, *92). Thus we have

(4.14) P, =P, xy}.

Let f be a continuous function with compact support. Then by (4.14) (f * P,) *
Y2(e) = (f * P,) * p(e), which shows that ¢ defines a contmuous functional on
Co(N). Hence y2 € L*(N ) and in view of the uniqueness of u’ as the solution of
(3.6) 92 is the density of ub.

THEOREM 4.5. The functions ¥8 are smooth and, for every left-invariant op-
erator 8 on N, d(y2) € L*(N).

PROOF. Let L = — 22"’ E?. Here E; is the left-invariant field on N corre-
sponding to e;. Analogously to the case of A we can easily check that

2m 2m+l 2m 2m+1
L= 02+ > (el e)dsdi+ |v|2 > e
=1 s=2m+11:=1 s=2m+1
If f is a radial function, then by (1.2)
» 2m-19 1, RGO
(4.15) Lf = (W a5ty _;;Ha 1,

where r = |v|. Applying (4.15) and the equality
P(LE=2Y () + (m = V(LY () + mLT () = 0
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[4, vol. 2, p. 188] we obtain that £7~!(1|w||v|2)e~*-*) are eigenfunctions of L
with eigenvalues (2n + m)|w|. Let

an(v,2) = (2m) 7t [ BN g (L) joj2) gt g,
z P,(w,n) 2
gn € C°(N) and by (4.13) 322 g, is convergent in L2(N) to y8. We have
Lrgn(v,2) = (2m) =t [ D) g i pmes (llwl |v|2> e |k dw
4 Pa(wan) 2
and
. 2
IL*gn|I2. = (2m)~t—™ ntm-l 2n + m)% —I?b(w,n) w|™ 2k duy.
L
n z Pa(wan)

Hence by Lemma 4.3
[eo]
Y ILkgnl132 < oo.
n=0

This shows that 1% belongs to the domain of the closure of L* and so 9 is smooth.
Since, by (5], for every left-invariant differential operator @ on N there is a k and
d such that

8Nz < d(IL*fllz2 + 11 £llz2),
the theorem follows.
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