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HARMONIC FUNCTIONS ON SEMIDIRECT EXTENSIONS
OF TYPE if NILPOTENT GROUPS

BY

EWA DAMEK

ABSTRACT. Let S = NA be a semidirect extension of a Heisenberg type

nilpotent group N by the one-parameter group of dilations, equipped with

the Riemannian structure, which generalizes this of the symmetric space. Let

{Pa(y)}a>0 be a Poisson kernel on N with respect to the Laplace-Beltrami

operator. Then every bounded harmonic function F on 5 is a Poisson integral

F(yb) = f * Pb(y) of a function / € L°° (N). Moreover the harmonic measures

Ha defined by Pf, = Pa * ßa, b > a, are radial and have smooth densities. This

seems to be of interest also in the case of a symmetric space of rank 1.

Introduction. We continue to investigate the harmonic functions on the Rie-

mannian spaces S, studied in [2, 3], with respect to the Laplace-Beltrami operator

A. S is a semidirect product of a type H nilpotent group N and the one-parameter

group of dilations A, equipped with the Riemannian structure modeled on one of

the symmetric spaces of rank 1. S includes those spaces as well as many more

nonsymmetric ones [3].

The formula for what should be the Poisson kernel Pa, a G A, has been writ-

ten down by J. Cygan. In [2] the author has proved that the function P{ya) =

Pa{y), y G N, is harmonic, as is the function / * Pa{y) for every / G LP(N), 1 <

p < oo. Also it has been shown that lima_u / * Pa{y) = f{y) a.e.

The aim of this paper is to show that every bounded harmonic function on S is

a Poisson integral of a L°° function on N. For the symmetric space it is, of course,

well known [6, 9]. However all the proofs we know are based on the fact that S

admits a large group K of isometries, which leaves a point in S invariant. By [3,

12] we know that such a group is in fact quite small for general S.

Thus our proof is based on a different idea, which seems to be new in the classical

case also. The idea is based on a maximum principle and certain properties or

reproducing measures p^ on N, which are uniquely defined as solutions of the

equation Pf, = Pa * pba, b > a. We show that these measures are radial and have

smooth densities, though the explicit formulas for them, even in the case of the

Siegel domain, seems to be hopeless. To investigate pba we apply a method, which

began with [7] and was further developed in [1, 11].
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1. Preliminaries. Let M = V ffi Z be a nonabelian Lie algebra of type if [8]

with centre Z. V is the orthogonal complement to Z. Let N — expM. We denote

the element expN(v,z) by (v,z) so that

{v,z){v',z') = {v + v',z + z' + ±[v,v'}).

As in [2] let S = NA, where A is the multiplicative group of R+, be a semidirect

product of N and A, A acting on N as dilations 6a(v,z) — (av,a2z). We identify

S with V X Z X R+ so that (v,z,a)(v',z',a') — (v + av',z + o?z' + ^a[v,v'},aa')

and in the Lie algebra S = M © R of 5 we define the inner product

((v, z, log a), [v1, z', log a'))s = {v,v') + (z,z') +4(loga)(loga')

[2, 3]. Let {e¿}i=i,...,2m, {er}r=2m+i,...<2m+i, {¿0}, where 2m = dimK, / =

dimZ, be an orthonormal basis of S corresponding to the decomposition S =

V © Z ffi R. Denote by Eß the left-invariant vector field on S determined by

eß, ß — 0,1,..., 2m + /. It has been shown in [2] that the Laplace-Beltrami oper-

ator associated to the left-invariant metric ( , )s has the form

ß

where Q = 2l + 2m.
Let di,dr,do be the partial derivatives for the system of coordinates (vl,zr,a)

corresponding to {e¿,er,eo}- Since

Eq = 2a^0i Er = tx ¿v,

2m+!

Ei=adi + \a    ¿2    (\v,ei},er)dr,
r=2m+l

a straightforward calculation yields

2m+l

A = {(l-Q)ad0 + {a2dl+a*(a2 + \\v\2)    £    dr2
(1.1) r=2m+1

v       ' 2m 2m+l     2m

+ a2X;^2+a2    Y.    Y,([v,ei],er)drdz.
i=l r=2m+li=l

If / is a function on S depending only on \v\, z and a, then

2m+l     2m

(1.2) J2    X>,et],er)£W = 0.
r=2m+l ¿=1

Finally the formula for the Poisson kernel (cf. [2]) is

caQ

(L3) Pa(y) = ((a2 + M2/4)2 + |z|2)«/2'

where y = (v, z) and c is such that JN Pa(y) dy — 1.

2. A maximum principle. Let

Na = {ya:yG N},        Sa = {yb: y G N,b > a}.

We shall prove the following form of the maximum principle.
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THEOREM 2.1. For every e > 0, M > 0 and x = yib G Sao there is a ball

B C Nao with centre in yiao such that, if F is harmonic in Sao (i.e. AF — 0 on

Sao), continuous in Sao and \F\ < M, then

F{x) < sup F{y) + £.
yes

PROOF. Since A commutes with left translations, it is sufficient to prove the

theorem for yi = e = (0,0). Obviously, we can assume that F < 0 on B and

M/e > 1. We consider the function G£ = G\-\-nG2, where

G\(v, z,a) = -s
O — Oq

b-ao

and

G2(^,a) = -^log(l + M2 + |2|2)

oo < a <-—M + a0, \v\2 + \z\2 < R2

in the domain

D=Uv,z,a):

where n is sufficiently small (see below) and R is such that er/log(l + R2) > M2.

We put

B = {(v,z,a0): \v\2 + \z\2 < R2}.

Since by (1.1), (1.2)

and AG2 is bounded in {(v,z,a): oo < a < (b — ao)M/e + ao}, taking n sufficiently

small we obtain AG£ > 0. Moreover Ge + F < 0 on dD, because F < 0 on B and

F < M on the rest of the boundary. Applying the classical maximum principle for

elliptic operators to A on D we obtain F(b) < e.

As an immediate consequence of Theorem 2.1 we have

COROLLARY 2.2. For every £ > 0,M > 0 and x = yib G 5ao there is a ball
B C Nao with centre in j/iao such that if F is harmonic in Sao, continuous in Sao

and \F\ < M, then

\F{x)\< sup \F(y)\ + e.
ySB

3. The representation theorem. First we are going to prove some properties

of radial functions and measures on A^. By O(N) we denote the set of transforma-

tions B: N —> N such that B\v is orthogonal and B\z is the identity.

DEFINITION 3.1. We say that a Borel measure p, is radial if for every B G O(N)

and every Borel set X C N,p(BX) = p{X), and similarly a function / is radial if

f(By) = f(y), y g N [11].
By MV(N) and L^(N) we denote the set of radial measures and the set of

radial integrable functions, respectively. In [11] F. Ricci proved that Ll(N) is a

commutative algebra and consequently since Ll(N) is '-weakly dense in MV(N),

so is MV(N).

Let Co,«(AT) (CCyV(N)) denote the set of radial continuous functions vanishing

at infinity (with compact support). Since

Ef(y)= f       f(By)dB
JO(N)
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is a projection on the radial functions and (Eß, f) = (ß, Ef) is a projection on

radial measures, the dual of CatV(N) is MV(N). Of course, by (1.3), Pa, a > 0, are

radial.

LEMMA 3.2.   The set Ra = {/ * Pa: f G CC>V(N)} is dense in C0,„(JV).

PROOF. Our proof is a modification of that of Przebinda [10]. Let ß G MV(N)

be a functional vanishing on Ra, i.e. 0 = (/ * Pa,ß) = (f,ß* Pa)- Thus

(3.1) ß*Pa=0.

Now we consider the harmonic function F(yb) — ß * Pb(y), 6 > 0, on S. By (3.1)

and the maximum principle F(yb) — 0 for b > a. Since F is harmonic, it is real

analytic and so F(yb) — 0 for all b > 0. Thus ß = 0, because Pa is an approximate

identity.

Similarly we have

LEMMA 3.3.   The setTa = {/ *Pa: f G CC(N)} is dense in C0(N).

Now we return to our main theme. Let

Ha = {F G C2(Sa) n C(Sa) n L°°(Sa) : AF = 0},    Ua = {F\Na : F G Ha}.

In view of the maximum principle the mapping F —> F\wa is injective. Since T° is

dense in Co(N), the maximum principle implies that for every / in Cç>(N) there is

an F in Ha such that f = F\xa. For every x G S we can define the functional

(<pxa,f)=F(x),        f G Ua and f = F\Na.

By Theorem 2.1 \\<p%\\ < 1. <fi% defines a bounded measure ß\ such that

(3.2) F{x) = f*ßxa[e),        f G C0(N) and f = F\Na.

Let us list a few elementary properties of ßxa. We have

(3.3) ßl* = ßxa * V«

because for g in the dense set Ta

(3.4) g*ßlx(e) = g*ßl*8y-l(e).

Putting x = b and g — Fa = F\^a in (3.4) we obtain

(3.5) F(yb) = Fa*ßba(y)   for F G Ha n C0(Sa).

In particular

(3.6) Pb = Pa*ßba.

(3.6) immediately gives

(3.7) ll/*all = l    and    ßba > 0,

and (3.6) combined with Lemma 3.3 yields

(3.8) ßac * ßba = ßbc.

LEMMA 3.4.   The measures ßba are uniquely defined by (3.6).

PROOF. If Pa * v = 0, then by Lemma 3.3 v defines the zero functional on Co;

hence v = 0.
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LEMMA 3.5.   IffeC0,v(N), then f*ßbaGC0,v(N).

PROOF. If / G Ra, that is / = g * Pa for a g G CC,V(N), then by (3.6)

f * ßba = 9 * Pb, which is radial. The assertion follows now by Lemma 3.2.

LEMMA 3.6.   The measures ß\ are radial.

PROOF. Let / G Co(A0 and B G O(N). By the previous lemma Pe*ßha G Ll(N)
for £ > 0. Then we have

(PE * /, ßba) = (f, Pe * ßba) = (foB,P£* ßba) = (P£ * (f o B),ßba).

Hence, if e —^ 0, we obtain (/, ßba) — (f o B, ß^), which completes the proof.

Now we look at the relation of these measures to bounded harmonic functions.

First of all we notice that (3.2) is true for all / G Ua, because the functional <p* is

defined on the space Ua C C(N) C\ L°°(N) and in view of (3.7) attains its norm on

Co (AT). As before, (3.2) combined with (3.3) gives

(3.9) F(yb) = Fa*ßba(y)    for F G Ha.

Now we are in a position to prove the main theorem of this section.

THEOREM 3.7. If F is a bounded harmonic function on S, then there is an

f G L°°(N) such that F(yb) = f * Pb(y).

PROOF. Since the family {Fa}a>o is uniformly bounded there is a sequence Fan

which is convergent "-weakly to a function / G L°°(N) when an —> 0. In particular,

Fa„ * Pb —* f * Pb- On the other hand, Lemma 3.6 and (3.9) imply

Fan * Pb = Fan * (Pan * ßbaJ = (Fan * ßbaJ * Pan = Fb * Pan.

Since Pan is an approximate identity, Fb * Pan —* Fb a.e. when o„ —► 0 [2] and the

theorem follows.

4. Smoothness of ßba. In this section we investigate more precisely the mea-

sures ßba by means of the Gelfand transform of L2(N). The Gelfand transform of

L\(N) is described in [11]. There are two families of multiplicative functionals.

For a real nonnegative p we write

f(p)= f f(v,z)eip(v'Vo)dvdz,
Jn

where vq is a fixed unit vector in V. For w G Z\{0} and a nonnegative integer n

we have

(4.1) f(w,n)=(n + ™-l\     JNf(v,z)e^^ß^(i\w\\v\2)dzdv,

where Zm~l(r) = e~r/2Lm~l(r) and Lm~l(r) is the Laguerre polynomial of degree

n and order m — 1 [4]. Formula (4.1) defines a unitary operator

7: L2V(N) - U = L: Ml = ̂  £ \x(™,n)\2 L" + ™ " M \w\mdw < oo j ;

that is a Plancherel theorem holds [11]:

2     _ tr,\-m-l\\ î\\2= (2tt)L2   -  (¿71 ) WJM-
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Thus, of course, we have

(4.2) 7(Pa * /) = 7Pa ■ 7f.

Let

OO n

(4.3) J-\x) = (2ir)-m-' Y" / xKnje-^^C^OlH2)!»!^™.

Applying the ordinary inversion formula for the Fourier transform and the orthog-

onality relation

n\
POO

(n + m- 1)!

we obtain by routine calculation that

7~1o7 = I   and    7o7~1=I.

Using (4.3) we can write the formula for what should be the density of ßb, b > a.

First we show that Pb(w,n)/Pa(w,n) G M, and second that ipb = 7~1(Pb/Pa)

satisfies the equation P¡, = Pa *ipbl. If we also prove that if>ba G L\(N), then we shall

have ßa=tpa.

Lemma 4.1.

Pa(w,n) = ci\w\-me-\wla2

(4.4)

where

X    f° í_L_Ye-2\W^tt(2m+l-l)/2tí + t)(l-l)/2dtj

Cl = 2m+^2m+l+1)/2caQ ^ ^ "' ^ (*» + Ltl)) "'

and c is i/ie constant in (1.3).

PROOF. By (5.1) of [1] and (1.3) we have

(4.5)

/ Pa(v, z)ei{w>z) dz = C2e-M(a2+M2/4)

Jz
roo

/       e-|-l(a2 + k|2/4)t(í2 + 2í)(2m+Z-l)/2 ¿^x

where

Hence

i

(4.6)    Pa(w,n)= I n + ™~1 I     C2e-N«2| /"e-N^+HV^

x (t2 + 2í)(2™+¡-1)/2e-M IH2/2L--i Q|w| |w|2^ dtdv_
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Integrating first over v, by

L™-l(r) = —r~m+1erDn(rn+m-1e-r)

n

we obtain

Jv
(9   \ m         _m roo

— )_ /     e-rt/2Dn(rn+m-le-r)dr
\w\)    n\(m-i)\J0 U (r jdr'

which by parts is equal to

(4 7) ( 2 Y      *"       /A" (n + m-1)!
1 ' J Vkl/    n!(m-l)!V2;    (l + i/2)"+m'

Finally putting (4.7) into (4.6) we get (4.4).

Lemma 4.2.

(4 8) A(w,n) < f C3e-^^he-|w|(62-a2) ^0 < |w| < t]

Pa(w,n) ~ Icae-^^e-I^K62-02)^!^-1)/2        t/|w| > 1,

W/ierec3 = (6/a)'-1 + (62 + l)(i-1)/2c5, c4 = (62 -a2)/(c6 + 62), c6 = §a + l,c5 >0

depends only onm + I — 1 and a.

Proof. By (4.4)

Pb(w,n) =     h^...) /o°° e-2t(V(t + Mfr2))"¿(2m+'-1)/2(Mfr2 +t)('-D/2 g

Pa(tü,n) " I™ e~2t(t/(t + \w\a2))nt(2™+i-i)/2(\w\a2 +t)V-1)/2 dt'

Let

Jn(a,¿) -  Te"2' (T-L  Xé2m+l-^2(\w\a2 + tf-^2dt
Jo \t-r-\w\a2J

and

Ma, A) =    H e~2t (—^—-\nt^rn+l-l)/2iHa2 + t)(l-l),2 ^
Ja \t + \w\o?)

Analogously we define In(b, A) and Jn(b,A). We estimate separately

fn(b,c6v/ñM) Jn(&><WnM)
(0    -T7-ñ-    and    (u) -       v    '      .

f„(a,oo) f„(a,oo)

Since (t + |w|a2)/(f + |u;|¿>2) increases,

_ rCQ\/n\w\ / . \ n / .   .1     1   2\ n

Mb,ceVnW\)= e"2t(7Xn^) (tTT^ )   ¿(2m+í"1)/2

x(Wo, + (),-,/MS_^ *

/¿Y   1 (ce\ß + V\w~\a2Y t t m\
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Hence for (i) we have

(4.9)
Mb,ceVnW\) s fb\l~l        (       b2 - a2       ^
-T  r \        ^     - )        exP-7r=T^V \w\n

J„(a,oo) \aj l    ce + y/îuTlb2 .

To estimate (ii), we notice that if t > c§sjn\w\, then

l)í if |w| < 1,

)\w\t        if \w\ > 1

and

(4.10)
'ce\/n|u)|

where c7 = (b2 + l)«"1)/2 max(l, l«;^-1)/2). Since

/■oo

J„(6,C6\/iiH) < c7 / e"24^'-1
«/ c« \/n I w I

d£.

Í

t+ w\a2
>

t

t+ \w\a2
>e-

dt.

for t > ai/n|ti;|, we have

roo

(4.11) fn(o,oo)>  / e-zHm+l-li

J aWn\w\

There is a constant c$ depending only on m + / — 1, a and c& such that

r/-r-;e-2ttm+l-1dt
Jcey/n\w\

(4.12) /.°^He-3ttm+'-ldt

-2*/n|u>|

—- < c5 exp((-2c6 + 3a) >/n|tü|

= c5e

Finally putting (4.10)-(4.12) together we obtain

M0,ce\/n\w\)

7n(a,oo)

which with (4.9) implies (4.8).

LEMMA 4.3.   For every nonnegative integer p

< c7c5e-2\/"H

OO /.

Pb(w,n)
(2n + m)pnm-1\w\m+pdw < °°-

^qJz \Pa(w,n)\

PROOF. Let hn(w) = |f\(t/;,n)/.Pa(tu,7i)|2 \w\m+p. Since

and

I       hn(w) dw < c¡e-2ci^ f       exp(-2M(&2 - a2))Mm+p+I_1
J\w\>l J\u>\>l

oo

J2 e-2ci^(2n + mYnm-x < oo

n=0

by (4.8), we have

OO /.

V](2n-r-m)pnm-1 /        hn(w)dw < oo.
„=o •/M>1
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On the other hand,

/ hn(w)dw<cl exp(-2c4V/ñH)exp(-2|i(;|(o2-a2))|tü|m+pdt(;
J\w\<l J\w\<l

<c\ f e-2ciVñW\w\m+pdw
Jz

2    2/rr1/2    (2(m + p + /)-l)!_1_

~ C3 T(l/2 + 1)     (2c4)2(™+p+¡)     nm+p+l

and J2n=o(2n + m)p/n1+p+l < oo for / > 0. Hence also

OO p

V (2n + m)pnm~x /        hn (w) dw < oo

n=o •/M<1

which concludes the proof.

THEOREM 4.4.   The measures ßba are absolutely continuous and their densities

ipb are given by the formula

(4.13)      iPb(v,z) = (2ir)-l-mjr í ^W,n^C^-1{i\w\\v\2)e-i<w''>\w\mdw.
n—r¡JZ  ra\W,71)

PROOF. The previous lemma and the inequality

<
n + m— l\   „    const     m_x

(m-1)!

yield h I Pa € U. Hence ̂  G L2(A0, 7(vjb) = Pb/Pa and by (4.2) 7(Pb) =
7(Pa * t/Ja)- Thus we have

(4.14) Pb = Pa*rt.

Let / be a continuous function with compact support. Then by (4.14) (/ * Pa) *

^a(e) = (f * Pa) * A*a(e)' which shows that V'a defines a continuous functional on

Co(N). Hence ipa G LX(N) and in view of the uniqueness of ßba as the solution of

(3.6) ipba is the density of ßba.

THEOREM 4.5.   The functions tpb are smooth and, for every left-invariant op-

erator d on N, d(t¡jb) G L2(N).

PROOF.   Let L = -Ya™ie?-   Here E, is the left-invariant field on A^ corre-

sponding to e¿. Analogously to the case of A we can easily check that

2m 2m+l     2m . 2m+l

L = Y,d*+ £ Eü^ur^ + ím2 £; e
¿=1 s=2m+l ¡=1

If / is a radial function, then by (1.2)

V s=2m+l       /

where r — \v\. Applying (4.15) and the equality

K¿r')"M + (m - r)(Lm-')'(r) + nL™~\r) = 0

4'
¿=1 s=2m+li=l s=2m+l

d2      2m-Id      1       2^1
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[4, vol. 2, p.  188] we obtain that Z^-l(\\w\ \v\2)e-i{~w^ are eigenfunctions of L

with eigenvalues (2n + m)|tü|. Let

gn(v,z) = (27T)-'- f èky&Er1 (\\M M3) e-i{w'z)\wrdw.
Jz Pa(w,n) \¿ J

gn G C°°(N) and by (4.13) ££Lo0n is convergent in L2(AT) to tpa. We have

Lkgn(v,z) = (2n)-l~m [ Pb^w^ (2n + m)fcC~1 (^MM2^) e-^w^\w\m+k dw
Jz Pa(w,n) \2 )

and

\\Lkgn\\h = (2«)-l-m r + ™    M (2n + m)2kJz

Hence by Lemma 4.3

Pb(w,n)

Pa(w,n)

2

w\m+2kdw.

£ ll^Onllí*  < OO.
7J=0

This shows that tb° belongs to the domain of the closure of Lk and so ipb is smooth.

Since, by [5], for every left-invariant differential operator d on N there is a k and

d such that

\\df\\Li<d(\\Lkf\\Li + \\f\\L2),

the theorem follows.
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