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PROPAGATION OF C* REGULARITY
FOR FULLY NONLINEAR SECOND ORDER
STRICTLY HYPERBOLIC EQUATIONS IN TWO VARIABLES

BY
PAUL GODIN

ABSTRACT. It is shown that if u is a C® solution of a fully nonlinear second
order strictly hyperbolic equation in two variables, then u is C* at a point m
as soon as it is C° at some point of each of the two bicharacteristic curves
through m. For semilinear equations, such a result was obtained before by
Rauch and Reed if u € C!.

1. Introduction. In [2], Rauch and Reed proved the following result: if
u is a real C! solution of a strictly hyperbolic second order semilinear partial
differential equation ), _; aa(z)0%u + f(z,u, Vu) = 0 in an open subset (2 of
R? with a,, f € C®, then the C* singularities of u in () propagate as in the
linear case. More precisely if m € 2 and if 4, and ~, are the two bicharacteristic
curves of 37, _;aq(z)0% through m, the following holds: if u € C'(Q,R) and
~;\singsuppu # @ for j = 1,2, then m ¢ singsuppu. In this note we shall show
that Rauch and Reed’s result still holds for completely nonlinear strictly hyperbolic
partial differential equations of the second order in an open subset 2 of R2, provided
that we assume that u € C3(Q,R). This will be done by embedding u and its
derivatives up to order 2 in a solution of a suitable first order quasilinear system,
following an idea of Lewy (1], and reducing then the problem to a semilinear one
to which the results of [2] can be applied.

2. Statement of the result. Let () be an open subset of R%, with coor-
dinates (z,y), and let u belong to C3(Q,R). Write Vu = (9,u,0,u), Viu =
(02u, Bgyu, d2u) and denote by E a neighborhood in R® of the set {(z,y,u(z,y),
Vu(z,y), Viu(z,y)), (z,y) € Q}. Let N = (N, N3) belong to R%\{0} and assume
that F(z,y,2,p,q,7,8,t) € C®(E,R) is strictly hyperbolic in (2 at u, with respect
to N; by this we mean that for all (¢,7) € R?\{0} not proportional to N and all
(z,y) € Q, the roots A of the equation

Fr(za y)(§ + A]Vl)2 + Fs(xa y)(é + ’\Nl)(n + AN?) + Ft(x) y)(’? + /\N2)2 =0

are real and distinct if F,(z,y) = (8,F)(z,y,u(z,y), Vu(z,y), Vu(z,y)) and F,
f‘t are defined similarly.

Recall that the null bicharacteristic strips of F,d2 + F,82, + F,02 are the integral
curves of the vector field 9¢ 0, + 0, f0y — 0.f0¢ — OyfO, on which f = 0 if
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flz,y, &) = —(Fr€2 + Foén + Fn?). Since u € C3, it is easy to check that
through each point (z9, yo, £%,7°) € f~1(0) passes exactly one null bicharacteristic
strip. The projection of the null bicharacteristic strips onto (z,y) space are called
bicharacteristic curves.

The purpose of this paper is to prove the following result.

THEOREM. Let Q, F,u be as above. Assume that
F(z,y,u(z,y), Vu(z,y), V2u(z,y)) =0 if (z,y) € Q.

Denote by 41,72 the two bicharacteristic curves of F,02% + Fsagy + f‘tég through
m € Q1 and assume that for some m; € y1, ma € 2, {m1,m2} Nsingsuppu = J.
Then m €& sing supp u.

3. Proof of the Theorem. After a linear change of variables, we may assume
that N = (1,0) and that F is also strictly hyperbolic in (2 at u, with respect to (0,1).
An easy computation shows that the bicharacteristic curves of F,ag +F sagy +}3‘t8§
coincide, modulo a change of parametrization, with the integral curves of the vector
fields Lj = 05 + p;0y, j = 1,2, where p; € C'(Q, R) are the solutions of F.p? -
F,p+ F; = 0. The strict hyperbolicity assumption implies that p1(z,y) # p2(z,y)
for each (z,y) € (, so it is no restriction to assume that p;(z,y) < p2(z,y) for each
(z,y) € Q). Denoting by o, (t;, m) the image of m at time ¢; by the flow of L;, we
may assume that m; = o (t;,m) with t; > 0, 7 = 1,2; the other cases are treated
similarly. We put [m,m;] = {©r;(t,m), 0 <t < t;}, v = [m,m1] U [m, my).

To prove the announced theorem, it will be convenient to dispose of the following
lemma, whose proof is given in the appendix at the end of the paper.

LEMMA 1. There exists a C! diffeomorphism ® of an open neighborhood W
of (0,0) in R? onto an open neighborhood V of v in Q, given by the equations
(z,y) = (%,7%) = (X(7,9),Y(Z,7)), such that ®(0,0) = m and that the following
holds iof ¥ = &1 :

(i) @ € C* wn an open neighborhood of ¥(m,) = (To,0) and of ¥(m2) = (0,Tp);

(ii) d¥(Ly) = fOz, d¥(L2) = g0y, where f,g € C(W);

(iii) Ogyf, Ozg € C(W) and f,g € C* in an open neighborhood of ¥(m,) and
¥(m2).

As announced in the introduction, we are now going to use an idea of Lewy [1]
and embed u and its derivatives up to order 2 in a solution of a quasilinear first
order system. The system here will be obtained from F and the diffeomorphism &
of Lemma 1. Define the following functions of z and y:

dF ~ ~ ~ dF
(-&;) = Fz+F281u+Fp82u+Fq3§yu, <d_y
where F‘I(z1 y) = (6IF)(z’ Y, U(ZJ, y)a VU(:E, y)7 V2’U,(.’I), y))) and Fya an va F~‘q are de-
fined analogously. Define now the following functions of (Z,5) € W: U = uo®, P =
0,uo0® Q =0,u0® R=09%2uo0d, S = Bgyuoé, T = 821&0(1), pj = pjo?,
i=1,2, (%) = (dF/dz) o ®, (%) = (dF/dy) o ®, F, = F, 0 ®, 7, = F; 0 ®. Then
the following equations hold (see [1, p. 188]):

> = Fy+ﬁ‘zayu+ﬁpazyu+ﬁ‘q8§u,
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(2) P3zX 4+ QozY — 05U =0,

3) ROzX + S8zY — 8zP =0,

(4) 88X + TdzY — 3:Q =0,

5) (%)0zX + %.0zR + (%, — %p,) 0zS = 0,
(6) (%,)0zX + %028 + (% — %p,) 85T =0,
(7) P20y X — 85Y =0,

(8) (%)05X + #.03R + (% — %p,) 055 = 0.

Equalities (1)—-(8) are proved in [1] (where a different coordinate system is used;
here we have to work with coordinates adapted to the study of the propagation of
singularities). All formulas except (5), (6) and (8) are immediate consequences of
the change of variables ®. Let us repeat briefly the argument of [1] which leads
to (5). Differentiating the equation F(z,y,u(z,y), Vu(z,y), V?u(z,y)) = 0 with
respect to z, we obtain

9) (%) + F,03u + F,020,u + F,8,0%u = 0.

Since F,p? — F,p; + F, = 0, (9) implies that

dF\ - L
<£> + F,-L]BZ’U, + (Fs - F,pl)Llazyu =0,
which gives (5). The proofs of (6) and (8) are similar (see [1]). Writing v =
(v1,v2,v3,v4,v5,v6,v7,08) = (X,Y,U, P,Q, R, S,T), we see that v is a solution of
a system of the type

(10) Y ai(v)0zv; =0, 1<i<86,
1<;5<8

(11) Y ai(v)dgw; =0,  i=71,8,
1<;<8

where det(ai;)1<i,j<s8 = F2(% — 7p,)(P; — P1)? never vanishes in W (because the
strict hyperbolicity of F at u with respect to (1,0) and (0,1) implies that F, and
F, = py(F, — F,p;) never vanish in Q). Notice that a;; € C* in a neighborhood of
the range of v since F € C* and p1, p2 are the solutions of i‘rpz - F~‘sp +F =0.
Since u € C* in a neighborhood of m; and m2, Lemma 1(i) shows that v € C®
in a neighborhood of (Zy,0) and (0,3,). We are going to show the following:

(12) v € C* in a neighborhood of (0,0).

From (12) it will follow in particular that X,Y,U € C* in a neighborhood of (0, 0).
This of course will imply that u € C* in a neighborhood of m, completing the proof
of the Theorem. Now (12) is a consequence of the following lemma, where we write
z,y instead of Z,F for simplicity.

LEMMA 2. Put A = ((—¢,¢) X (=M,€)) U ((—M,¢) x (—¢,€)) C R2, where
&M > 0. Let v = (v1,...,vm) € CHA,R™) be a solution of the quasilinear
system

(13) Y ai(z,y,v)0:v; = bi(z,y,v), 1<i<r,
1<52m
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(14) Z aij(x, Y, U)ayvj = bi(I,y’U)’ r+1< 1 < m,

1<yj<m
where a;j,b; € C°(A x B); here B s an open reighborhood of v(A) in R™ and
det(aij)1<s,j<m never vanishes in AXB. Then, ifv e C® in ((—¢,e)x(—M,—M+
e)U((—M,—M +¢€) x (—¢,¢€)), it follows that v € C*® in (—¢,¢€) X (—¢,¢).

PROOF OF LEMMA 2. Denote by D, D, the distribution derivatives with
respect to r and y respectively. Note that if f € C! and g € C, one has D,(fg) =
gD, f+fD.g, where fD,g should be interpreted as the product of a C* function and
a distribution of order < 1, which makes sense. Differentiating in the distribution
sense (13) with respect to y and (14) with respect to z, we obtain

Z aij(x,y,U)Dyaz”jz - Z Dy(a‘ij(zaywv))amvj

(15) 1<5<m 1<5<m
+ Dy(bi(x’ Y, ’U)), 1< 7 <r,

Z a;5(z,y,v)Dz0yv; = — Z Dz (ai;(z,y,v))0yv;

(16)  1<5<m 1<5<m
+Dz(b,-(x,y,v)), T+1§i§m,

where the right-hand sides are continuous functions of (z,y) and the distribution
derivatives of the composite C! functions a;;(z,y,v) and b;(z,y,v) coincide with
the usual derivatives and can be computed by the chain rule. Since det(ai;)1<:,j<m
does not vanish, (15) and (16) imply that

(17) D2,v; = Aj(z,y,v,Vv), 1<j<m,

where A; € C®(A x B x R?™). Now the proof of Theorem 3 of [2] shows that for
all k € Z*, Dv and Dfv € C((—¢,¢) x (—¢,¢)). Hence v € C®((—¢,¢€) X (—¢,¢)).
This proves Lemma 2 and completes the proof of the Theorem.

Appendix: Proof of Lemma 1. First we prove the following result, which
will be useful in the proof of Lemma 1.

LEMMA A.1. One can find a neighborhood Z of v in () and two strictly positive
functions 01,02 € C(Z,R) such that the following holds:

(i) L26; and L1602 exist and belong to C(Z).

(i) [61L1,02L2) =0 n Z.

(ili) Both 6, and 82 are C* in a neighborhood of {mi,ma}.

PROOF OF LEMMA A.1. It is no restriction to assume that m = (0,0). We can
obtain #; and 6 as solutions of Cauchy problems with initial data on a suitable
noncharacteristic curve I' linking m; and m». For the construction of I' and also
for other purposes later in this appendix it is convenient to make a suitable change
of coordinates. So let p; € C}(R?,R) be equal to p; in an open neighborhood
U; of v and define the C'(R?,R?) diffeomorphism xi(z,y) = (z,§(z,y)) by the
equations 9,y = pi(z,y), y = § if z = 0. A simple computation shows that, in
x1(U1), dx1(L1) = 8z, dx1(L2) = 0y + By (where B and 9;B € C(x1(Q))),
and B > 0. Choose a real valued function B’(z, ) with the following properties:
B’ and 8.B' € C(R?), B’ is equal to B in an open neighborhood U, of x1(%)
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contained in x;(U;), B’ never vanishes and is constant outside a compact subset
of x1(0?). Define the C*(R?,R*) diffeomorphism x3(z,§) = (Z(z,§),§) by the
equations 95z = 1/B'(z,§), z = 2 if § = 0. Write x = x20x1 and put G = x2(U2).
Then dx(L;) = ad; and dx(L2) = b0y in G, where a,b > 0 in G, and a, 0ga,b,0zb €
C(G). We have x(m;) = (,0), x(m2) = (0,8) for some a, 3 € R\{0}. Since
m; = o, (t;, m) with ¢; > 0 and since a,b > 0, it follows that o > 0, 3 > 0. Choose
6 > 0 so small that the set G’ = {(%,7) € R?, Iyl <6, =6 <Z<a+6}U{(z,9)€
R? |Z| < 6, —6 < § < B+ &} is contained in G. For j = 1,2, let w; be an arc of
noncharacteristic curve having m; as an interior point, C* in the coordinate system
z,y, such that x(w;) is given by the equation § = f;(Z) for |Z — Z(x(m;))| < &',
with 0 < ¢’ < 6 and df;/dZ < 0. Define f € C*([~6'/2,a +6'/2]) such that f = f,
close to 0, f = fi close to a, df /dZ < 0, and the graph T of f is contained in G'.
Write I = x~1(I).

Using ' we may construct 6; and 62 with the required properties. Let V; C 1,
J = 1,2, be open neighborhoods of m; such that singsuppunNV; = Jand T €
C> in V;. Since L; and Ly are linearly independent in (2, we have [Ly, Lo] =
ALy + A2Ly in €, with A1, A2 € C(Q)iactually )\1,)\2~€ C°°(V1) n C°°(V2) since
singsuppuNV; =&, j =1,2. Put Z = {(2,9) € G, -6'/2 < T < a+ /2,
Ffla+68/2) < §< f(=6'/2)}, Z=x"(Z), and define By, 3; in Z by the Cauchy
problems LoB8; = Ay in Z, By =0on T, LB = —Azin Z, B2 = 0on I'. For
j=1,2 put §; = e, M; =0;L;. Then 6; € C* in a neighborhood of both m;
and m2, and [M;, M2] =0 in Z. The proof of Lemma A.1 is complete.

REMARK. For the sequel, it is useful to remark that the following holds:

(18) dx(My) = J18; and dx(Mz) = J28y in Z, where Jy,J; € C(Z),
J1 > 0 is independent of § and J2 > 0 is independent of Z.

In fact, since dx(M;) = (61 o x 1)adz and dx(Mz) = (62 o x~1)bdy in Z with
a and b as in the proof of Lemma A.1, [dx(M;),dx(Mz)] makes sense as well
as [dx(L1),dx(L2)]. To prove (18) it suffices to show that [dx(M.),dx(M2)] =
0 in Z, which is a consequence of the definition of A;,A2 and of the formula
[dx(L1),dx(L2)] = X1<jca(As 0 x 1) dx(L;) in Z. The latter equality follows
immediately from the fact that

(19) [dx(L1),dx(L2)] = dx([L1, L2]) in Z.

If x were of class C2, (19) would of course be trivial, but here  is only of class C*.
However an explicit computation of both sides of (19), using the precise definition
of x, shows that (19) holds. Hence (18) holds.

We can now prove Lemma 1. Since 6,,62 > 0 in Z, we have ppr, (T, m) = my,
©M, (Fo, m) = mq for some unique Zp > 0, J, > 0, where as before oy (t, p) means
the image of p at time t by the flow of the vector field M. us;, 7 = 1,2, is well
defined since pg,(n;) is well defined. For € > 0 put W, = {(T,7) e R?, —e <z <
To +e, |y <e}U{(Z,9) €R? |T] <¢&,—€ < < Yo +e}. (18) shows that if ¢ >0
is small enough, the functions

(Z,9) = Pax(my)(F, Pax(M,) (T, x(m)))
and

(Z,9) = Qax(M2) (T, Cax(my) (F, x(m)))
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are C! of W, into Z and are equal. Therefore if we put
o(z,9) = oM, (T, oM, (¥, m)),

both sides of equality (20) below are well defined and we have

(20) ®(z,9) = om, (¥, oM, (T,m))

if (Z,79) € W,. The definition of ® implies that

(21) 9z (7,9) = M1 (®(z,y)) if (z,9) €W,

and (20) shows that

(22) 052 (z,9) = M2 (2(T,7)) if (7,9) € We.

(21) and (22) show that ® has rank 2 at each point of W,. The function (Z,3) —
Pax (M) (T, Pax(Mz) (T, x(m))) is clearly injective in W, and so is ®. Hence ® is
a C! diffeomorphism of W. onto an open neighborhood of 5. Since for 7 = 1,2,
M; € C* close to m; and close to mg, it follows from (21), (22) that ® € C° close
to (Zo,0) and (0,7,), which proves Lemma 1(i). (21) and (22) also immediately
imply (ii), with

(23) f=1/(6109), g=1/(6209).

(iii) follows readily from (23). The proof of Lemma 1 is complete.
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