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SUBELLIPTICITY OF THE -NEUMANN PROBLEM
ON NONPSEUDOCONVEX DOMAINS

BY
LOP-HING HO

ABSTRACT. Following the work of Kohn, we give a sufficient condition for
subellipticity of the 3-Neumann problem for not necessarily pseudoconvex do-
mains. We define a sequence of ideals of germs and show that if 1 is in any
of them, then there is a subelliptic estimate. In particular, we prove subel-
lipticity under some specific conditions for n — 1 forms and for the case when
the Levi-form is diagonalizable. For the necessary conditions, we use another
method to prove that there is no subelliptic estimate for g forms if the Levi-
form has n — ¢ — 1 positive eigenvalues and g negative eigenvalues. This was
proved by Derridj. Using similar techniques, we prove a necessary condition for
subellipticity for some special domains. Finally, we give a remark to Catlin’s
theorem concerning the hypoellipticity of the 3-Neumann problem in the case

of nonpseudoconvex domains. .

1. Introduction. The solution of the d-Neumann problem has many impor-
tant applications in the theory of several complex variables, particularly in the
study of boundary regularity of the d-problem. (For a detailed discussion of the
0-Neumann problem, we refer the reader to [4].) The d-Neumann problem in
strongly pseudoconvex domains was solved by Kohn [6], and the technique there
showed that the existence of a subelliptic estimate will give the solution. In the
past twenty years a great deal of work has been done on subelliptic estimates in
weakly pseudoconvex domains. Not much is known in the case when the domain is
not necessarily pseudoconvex except the results of Derridj [3] and Hormander [5].
We study here subellipticity on domains which are not necessarily pseudoconvex
where the Levi-form degenerates.

We first deal with the sufficient condition. Hormander [5] proved the neces-
sary and sufficient conditions for % estimate on nonpseudoconvex domains. The
condition is simply counting the number of positive or negative eigenvalues of the
Levi-form. On weakly pseudoconvex domains Kohn [7] gave a sufficient condition
for subellipticity by introducing a sequence of ideals of subelliptic multipliers. We
use Kohn’s idea to define a sequence of ideals of subelliptic multipliers when the
domain is nonpseudoconvex. The Levi-form of the domain must satisfy some con-
ditions in order that we have a basic estimate. This has to do with the positiveness
of the eigenvalue of the Levi-form, which corresponds to the result of Hormander.
We use this result to prove that in the case of n — 1 forms if there is a vector
field whose Levi-form is nonnegative and of finite type, then there is a subelliptic
estimate. We also deal with the case when the Levi-form is diagonalisable, giving
conditions for subellipticity which requires some ‘finite type’ condition.
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For necessary conditions we give another proof to a theorem of Derridj 3], that if
the Levi-form is nondegenerate, then there is a subelliptic estimate if and only if the
3 estimate holds. Catlin [1] proved, in weakly pseudoconvex domains, that if there
is an (n — 1)-dimensional variety with order of contact n with the boundary, and a
subelliptic estimate of order ¢ holds, then ¢ < 1/5. In nonpseudoconvex domains
we prove that in some special domains it turns out that the negative direction of
the Levi-form has no contribution to the order of subellipticity for n — 1 forms, as
shown by Proposition 3.2. We also get a condition ¢ < 1/ in the other direction.

Terminology and notation. Let ) be a domain in C™ and let b{) denote the
boundary of (). We call r a defining function for (1 if r is a C*° real-valued function
such that dr # 0 on b}, r < 0 in €, and r > 0 outside (1.

Let T1? and T2! denote the holomorphic and antiholomorphic vectors at ,
respectively.

We denote by AP the space of (p,q) forms on Q2 which are smooth up to and
including the boundary. In terms of 2y, ..., 2z, we can write ¢ € AP7 as

!
¢=)_ drdzr Adzy,

I,J
where ¢1; € C®(Q), I = (11,...,1p) with 1 <4y <+ <1 <n, J = (J1,--+,Jq)
with1 <7 <--- <]'q <mn, dz; = dz;, /\.-./\dz,'p, and dz; = d?jl /\‘”/\d?jq.
The symbol ' means that the indexes I and J are increasing.

Let L5%(Q1) denote the space of square-integrable (p,¢) forms on 2. The inner

product and norm are defined by

!
@8 =3 [arsBrydV, ol = (aa)
1,J
where a = Z' arjdzr Adzy and B = Z' Brjdzr A dz;. Then we have
2] ]
LEH ) 22 L) 2 L3*7(0),

where 0 is the closed operator which is the maximal extension of the differential
operator d on AP'? where

’ !
6= %M iz Nz Ndzy 6 =3 b1y de Adz.
i1y 0%k 1J

8" means the Lo-adjoint of .
Define DP9 = AP9 N dom(d"). Then it can be shown that

DP9 = {¢ € AP9: (int(dr)¢), = O for = € b2},
where int §: AP9 — AP9+1 s defined by
(int(0)p,w)z = (¢,0 A w)y,

where ¢ € AP? and w € AP97 L.
We later give a simpler expression for DP9 for some special coordinates.
The quadratic form @ on DP'? is defined by

Q(¢7 d)) = <5¢, 5111) + <5*¢y §*w> for (b, '(/) (S DPA,
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Let z € b). Denote by CT,(b(2) the space of complex-valued vectors tangential
to b}, i.e.,, T € CT,(bQ) if T(r) = 0.

DEFINITION 1.1. The Levi-form at z is the Hermitian form on the (n — 1)-
dimensional space CT;(b{2) N T-C.

LI(LI,LQ) = <857‘,L1 /\ZQ)I.

We call ) pseudoconvex if L, is nonnegative for all z € bf).

For all zg € bf) there exists a neighbourhood U of zg such that we can choose
C®° vector fields Ly, ..., Ly, with values in 710, which form an orthonormal basis
for T10 at each z € U N (.

Let wy,...,wy, be the dual basis to Ly, . .., L, of (1,0) forms on UN{). Moreover,
we may fix r so that |0r|; = 1 in a neighbourhood of b2, and we may choose
Wy, = Or.

Denote the conjugates of Ly,..., Ly by Li,..., Ly, i.e., Li(f) = Li(f), and the
conjugates of wy,...,w, by Wy,...,Wn.

On U N b2 we have

LJ‘(’I‘) = Zj(r) = 5]'71'

Therefore, Li,...,Ln_; and Ly,...,Ly,_; are local bases of T*9(U N bf}) and
To1(UNDbA), respectively. Define a vector field T on UNb( by T' = L, —L,. Then
Li,...,Lp_1,Ly,...,Ly_1,T is a basis for CT,(b2) at each point z € UNbS). We
denote the Levi-form in terms of this basis by

cij(z) = (80r,L; AN L;)x
fore,7=1,...,n—1and z € UNDb(l. We can write

n—1 n—1

(1.1) [Li,Iy) = e T+ ) afiLi+ Y bLi,
1 1

where af, bf; € C°(U N Q).

Let ¢ € AP9. Then on U N () we can write p as

!
p= ZSOIJWI Nwy,
1,J

where I, J,wy,wy are the same as before. In this coordinate ¢ € DP9 is equivalent
to the condition

(1.2) er1s(z) =0 for z € bf) whenever n € J.

Define D7 = {p € Dra; su;l;:(go) cUNnQ}.
We can also express dp and 9 ¢ in terms of these bases.

/
(13)  Bp=(-1P> Y Lipr)wr AT ATy + Y fiLeriwn Aoy,

1J 3 1J|H|=p
ILl=q+1

where | | means the number of elements in H. The second term consists of those
terms in which o is not differentiated and f};, € C°(U N Q).
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For p € D5? we can write 8 as follows:

’
(1.4) -5*30 = (—1)p+1 Z(f':}lHLj(SOIJ)wI Nwyg + Z gf,‘]KgouwH /\w}(),
1J |H|=p
|K|=q~-1

where

o _Jo iGYuE £ K,
JH 7 ) sign of permutation taking 7H to J if {j}UH = J,

and gl € C°(UNN).

We call a system tq,...,t2,_1 of real C*® coordinates r boundary coordinates if
r is the defining function for (1.

For U € C$°(U N1) we define the tangential fourier transform @ of u as follows:

a(r,r) = / e " Tu(t,r) dt,
R2n-1

where 7 = (71,...,Tan—1),t = (t1,. .., t2n—1).

1
t]'Tj and dt:dtl"'dth_l.

S~

=

Il
N
-1

We define Asu and |||ul||s by

Asu(r,r) = (1 + |7[*)*/%u(r,r) fors€ R

and
0
lull]? = / |Asu(t,r)|? dt dr,
— 00 R?'n—l
and we call ||| |||s the tangential Sobolev-norm of order s.

DEFINITION 1.2. If zg € Q, we say that a subelliptic estimate holds at z( for
(p,q) forms for the d-Neumann problem if there exists a neighbourhood U of zo
and constants ¢, C > 0 such that

el < C(Qp, 0) + llell?)

for all p € D} The norm [[l|2 = X7, llers I
DEFINITION 1.3. If 2o € Q, f € C®°(U N Q) for some neighbourhood U of xo.
We say that f is a subelliptic multiplier at zq if for some ¢, C > 0 we have

I17elllZ < CQp, @) + llel?)

for all p € D).

The set of all subelliptic multipliers of (p, ¢) forms is denoted by S(zo), where it
is understood that we are working on (p, q) forms.

REMARK. It is clear that a subelliptic estimate holds at zg for (p,q) forms if
and only if a subelliptic estimate holds at z¢ for (0, ) forms.
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2. Sufficient conditions for subellipticity. In this section we follow Kohn’s
idea to define a sequence of ideals of subelliptic multipliers in nonpseudoconvex
domains. Kohn’s proof [7], to a large extent, only uses the property of some
(n = ¢) X (n — g) minor of the Levi-form in the case of (p,q) forms. Hormander’s
result says that n — g positive eigenvalues at a point imply a % estimate. In view of
these two facts it is natural to guess that, without the assumption of pseudoconvex-
ity, if some (n — ¢) X (n — ¢) minor of the Levi-form is positive semidefinite, we can
define ideals similar to that of Kohn, and if 1 is in one of these ideals, then there is
a subelliptic estimate for (p,q) forms. It turns out to be true for (p,n — 1) forms.
When ¢ < n — 2 we prove a similar result under more complicated assumptions.
Much of the technique in the proof here follows Kohn [7].

First we introduce the following notation.

Let C be an (n — 1) X (n — 1) matrix defined in a neighbourhood U of zg, and
let k& be an integer. We associate two matrices A¥) and B(¥) to this matrix, each
of which is a (n — 1)!/¢!(n — 1 — ¢)! X (n — 1)!/g!(n — 1 — q)! matrix defined in the
same neighbourhood U of zo. We denote entries of the matrices A¥) and B*) by
A(,kJ) and B}’f,), respectively, where I, J are strictly increasing sequences of positive
integers of length ¢ taking values from 1 to n — 1.

Define A%) and B®*) as follows:

S{Kstcij if I and J have exactly ¢ — 1
elements K in common,
AR =N ey if I=J,
i<k
i€l
0 otherwise,
e{stKc,-j if I and J have exactly ¢ — 1
. elements K in common ,
B§J) =93 - Zcii if I =1J,
i<k
igl
otherwise.

Suppose Li,...,L, is a C* basis for T1:0 on U N Q. Consider the functions
defined in a neighbourhood of z¢ as germs at zg. Let

VI ={ge C>: |g|* <|f] for some f in the ideal I}.
Define ideals of germs of functions at zy by

I1(zg) = ¥/r,det Ak), Imi1(z0) = ¥/ I, My,

where

M, (z0) = { det M: rows of M are either (i) a row of A,

(i) for some fixed H and f € I, (o),

My =¢lyL;f if (jJH)=Jand j <k
=0 otherwise ’

Similarly, we define

JI(IIJ()) = R\/ r,detB(k), Jm+1(130) = R\/Jm,Nm
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where

N (z0) = { det N: rows of N are either (i) a row of B,

(ii) for some fixed K and f € Jy,(z0),
N”:E;K_L_jf if (jJ)=K and 7 <k
=0 otherwise '

We can now state the main theorem in this section.

THEOREM 2.1. Let 1 be a domain in C™ with C*® boundary, o € bfl, and
Li,...,L, a C® basis for T*? so that L1, ...,L,_1 are tangential on bQ). Assume
there exists a netghbourhood U of xg such that:

(1) for some k > n — q the matriz A%) associated to the mariz of the Levi-form
1s positive semidefinite in U;

(2) for all € > 0 there exists C > 0 (C depends on S° but not on @) such that

(D¢1,5%,) < eQ(¢,¢) + Cllgl*> for all ¢ € DY,

where I,J are q-tuples and each contains at least ¢ — 2 elements in common, and
De{Lks1,---,Ln_1},8° is a tangential pseudodifferential operator of order zero.
If 1 € I,(xo) for some m, there is a subelliptic estimate for (p,q) forms at zo.

The above theorem corresponds to the case in which the Levi-form has n — ¢
positive eigenvalues in the ¢ — % estimate. Corresponding to the g + 1 negative
eigenvalues we have the following theorem dual to Theorem 2.1.

THEOREM 2.2. Let Q be a domain in C™ with C* boundary, o € bfl, and
Ly,...,L, a C™ basis for T'O so that Ly, ...,L,_1 are tangential on bQ). Assume
there exists a neighbourhood U of x¢ such that:

(1) for some k > q+ 1 the matriz B(¥) associated to the matriz of the Levi-form
1s positive semidefinite in U;

(2) same as Theorem 2.1(2).

If 1 < J(xo) for some m, there is a subelliptic estimate for (p,q) forms at zo.

Before proving Theorems 2.1 and 2.2 we give a few lemmas. We refer the reader
to [7] for the proofs of these lemmas.

LEMMA 2.3. If f € S(zo) and g € C*°(z¢) with the property |g|* < |f| for
some integer n in a neighbourhood of zg, then g € S(xzg).

LEMMA 2.4 (INTEGRATION BY PARTS). Let Ly,...,Ly be C* vector fields
defined in a neighbourhood U of zo € bl as in the theorems and let u,v €
Ce(UNN). Then fori=1,...,n we have

(Liu,v) = —(u, Lov) + b / W dS + {u, giv),
b

where g; € C®°(UN1Q).
LEMMA 2.5. Let Ly,...,Ly,U,zo be as in Lemma 2.4. Then fort <n—1,

| Zoull? = | Loul)? - / culuf dS + O(ul 1B+ u]?)

for all u e C®°(UNK), where E(u) =Y, | L;u|?.
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The notation O(u) represents a quantity such that |O(u)| < C|u|, where C is
independent of u.

PROOF OF THEOREM 2.1. In view of Proposition 1.4 it suffices to prove the
theorem for (0,q) forms. Let L;,...,L, be as in the theorem. Then ¢ € D%q
can be written as ¢ = Z/J ¢sw ;. By standard integration by parts (Folland—Kohn,
Hormander, and others) one has

J¢J JjeJ

Qs ¢)2C (Z IZi¢all* + > L5817

+ Z / elsefschi Py dS + RW(¢)

JhHS
i#h

with 0 < C < 1; RW(g) = O([L4] |g]l + l|¢?).
Integrate by parts for the terms ||L;$;||> where j < k or j = n in the above
expression. For j < k we use Lemma 2.5.

ILids112 = IT;051% + > cjsls12dS + R, (),

b2

where
n=1

R;y(8) = Y (L85, hi85) + O(IL.0ll lI6]l + 1411,

1

h; € C°°(U nQ).
For j = n, ¢; = 0 on bQ). Integrating by parts gives no boundary term and,
hence, gives the same form as above, except that the boundary term is zero. Hence,

Qo) >C| > ILesllP+ D gl

Jj&J or JEJ and
J€{1,..., k,n} k<j<n

+Z/ Ak ¢,¢,ds> + R(¢),

where R(¢) = RV (¢) + 3, Ry (o
Using assumption (2) in the theorem, given any € > 0 there exists C > 0 such
that

IR(8)] < (Q(¢,9) + IILaglI*) + Cligl|.
Finally, we get

CQ@,9)+Is1?) > > Tl + D ILiesl?

j&J or j€J and
(2 3) je{1,....k,n} k<j<n
+2 / AR 19, ds
IJ b}

for all ¢ € DY,
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Before proceeding, we make an observation. For all those J containing n we
have

l¢sll} < C(Q(4,¢) + llol).

To complete the proof of the theorem we need the following four facts.

(2.4) lIrgll2 < C(Q(¢,6) + [[¢]%) for all ¢ € DY?.
(2.5) HIZA,J 113/, < C(Q(¢,¢) + |¢]%) for all ¢ € D and J.
(2.6) Let

0 otherwise,

2

where H is fixed. If f satisfies |,|f¢)|]|2 < C(Q(¢,0) + ||#l?), then there exists
< C'(Q9,9) + lI8]%).

C’ > 0 such that
‘ Z"Hd’l
I €/2

(2.7) If (d;y) is a matrix and for each J there exists C > 0 such that

2
> disér
I

then there exists C’ > 0 such that
|| det(drs)ok]||? < C'(Q(¢,0) + l|9]|?) for all K.

In view of the definition of I,,, 1 € I,, means there exists some (d;;) such that
det(drs)(zo) # 0, where (d; ;) consists of rows of A®) or rows (my) where m; is of
the form (2.6). Therefore (2.7) proves the theorem. It remains to prove (2.4)-(2.7).
For the proof of (2.4) we refer to [7].

PROOF OF (2.5). We show that for some C > 0,

2

C(Q(¢,9) + lI#l*),

€

< C(Q(,9) + [I9]I*) for all ¢ € Dy
1/2

We have

Y. AR g
I

- Z<2A(’”¢,,2n§1 <5—;+1> ZA('“) >

where t1,...,ton_1,7 is a boundary coordinate.
To bound the above expresswn by C(Q(¢,9) + |I¢]|*), it suffices to bound

lZJ 21 1J¢1,D2A IZ AJ¢1 where D € {Ll,...,Ln_l,fl,...,fn_l,
L,—L,}.
First we consider D=1L;, i=1,...,n— L

1/2
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We need only consider (¢1,Z2A_1¢> 7) where I N J has at least ¢ — 2 elements,

otherwise one of the coefficients A(Ilj) is zero.
Now for:=1,...,k

(b1, LA 165)] < C(1(S°r, Lid)| + |6))

(where S° is a pseudodifferential operator of order zero)

<C'(Q(s,9) + 18]1%),

where we used Schwarz’s inequality and (2.3) in the third line.
Fori = k+1,...,n—1, the inequality follows from assumption (2) of the theorem.
Now consider |{¢r, L2A"1¢s)|, t=1,...,n— L.

Kor, LEA"2¢ )| = [(Lid1, Lih ™ ¢5)| + O(||4]1*) (by Lemma 2.4)
<C(Q(e,9) + llol%)

by the same reason as above.
Finally,

E<ZA§’3’¢I,(L L)L - T)A™ IZA(k) >

J I

SIMONITRERR A o J¢K>

(S°a pseudodlfferentlal operator of order zero)

S Afer La ZA““’ SO¢K>
I

e

The second term in the above expression is bounded by C(Q(¢,¢) + ||¢[|?) by
(2.3), and

<ZA“°’¢I,L S AY) SO¢K> = <EnZA$f?¢I,ZA%S°¢K>
J I J 1 K
/. 2 (EA"” )(ZA““’ S°¢x) s +O(|41?).

Using (2.3) once more, we see that the first term is bounded by C(Q(¢, )+||8||?).
It remains to estimate the second term.

By writing uy = > A%}S%(ﬁx, where ¢ € C°(U’), UcU’,and¢=10nU,
we obtain

/ 3 (EA('C) ) (ZA&?’JS%K) ds = / S AW ey ds.
b K b7y

Q7

IN

+ +O(ll).
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Since A is positive semidefinite,
1/2
J 1J
1/2 1/2
<c (E Ayyqs,aJ) (Z w) |
1J

I

1/2

and

3 lur? =Y urAfRsS%%xk
1 IK
1/2 1/2
<C (Z w) (Z Af(s5°1) (§—50¢K)> ,
I

IK
which imply
Yl <"y AR (sS%61)(sS0%k),
I IK

and, hence,

1/2 1/2
S A6, < " (z As';w;ad) (z Aaﬁz(gs%,x——gsw,;)) |
IJ

1J IK

Therefore,

/ZA(I’CJ)%% <c"” (/ZA‘,’}%ZJ +/ZA(I’CJ)(S‘SO¢1)(§SO¢J)> .
17 17 17

By (2.3) the first term on the right side is bounded by C(Q(¢, ¢) + ||#/|?), and
the second term by C(Q(sS%, ¢S%¢) + [|¢S°4||?), which is in turn bounded by
C'(Q(¢,8) + l18l1*).

Combining all these estimates, we get (2.5).
PROOF OF (2.6). If f satisfies |||f4]||> < C(Q(s, ) + [|¢]|?), then

2

= <Ze;-H(Ljf)du,AeZe§H(Ljf)¢z>

i<k i<k

= <Z eluLi(for),A° Z 5§H(Ljf)¢1>

i<k i<k

- <fEE§HLJ'¢I’A€ E#H(Ljf)¢1> .

i<k i<k

Z 5§H(Ljf)¢1

<k

€/2
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Now,

<Z eluLi(for),A°) 5§H(Ljf)¢1>

i<k i<k

+O(lIf¢llle ll#l)

_ <Ze;nfwrjze;H(Ljfm)

i<k i<k

= <25]I'HA€(f¢1)azjZegl'H(L.‘if)d’I> +O(lIf¢llle llol)
i<k i<k
<0 (Hlfsbllle (Z Nfﬂﬁzll) + Il 79llle II¢II)
i<k

<C(Q(4,¢) + lloll?),

where, in the second line, we used Lemma 2.4 and the fact that if P, P’ are pseu-
dodifferential operators of order s, t, respectively, then [P, P'] is a pseudodifferential
operator of order s 4+ ¢t — 1. In the fifth line we used (2.3).
For the second term,
‘o (

<f Yo eiuLlidrAY €§H(Ljf)¢l>

<k i<k

> einLior

i<k

’

< <Z ey L;or, A° Z 5§H(Ljf)f¢1>

i<k i<k

< <Ze§HLj¢1,Ze§H(Ljf)Aef¢,> +0( S elyLion ||¢||)
i<k i<k i<k
2
<C || eluLsed| +IIf4llI2 + l6]2
1<k

Finally, we may assume that n ¢ I and, hence,

2
Z€§HL,¢I = Z€§HLJ‘¢I— Z eluLidr
i<k sl k254
2
<D elulisrl| + D ILierl® < CQ(s,¢) +lI8]1%),
jGI ki?én

where we get the third line because the first expression in the second line is one
square term in the expansion of é , and the second term is bounded because of
(2.3). This completes the proof.
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PROOF OF (2.7). Suppose (dry) is a matrix such that for each J,

< C(Q(¢,9) + [|4]%)  for some & > 0.

Write uy = >, drsé1. Solving for ¢; in terms of the u;’s by Cramer’s rule, we
get

det(dry)¢r = ZfJuJ:

where the f; are linear combinations of (n — 1) products of the d;;. Hence,

2
Y diér
1

Il det(drs)or |2 < C S < C'(Q(8,0) + ll¢l%)
J

€
by assumption.

REMARK 1. This theorem provides a way to compute some ideals and conclude
the subellipticity if, after a finite number of computations, we get 1 in one of these
increasing ideals if the Levi-form satisfied the required conditions.

REMARK 2. In Theorem 2.1 we require k > n —q. It seems from the proof that
there is no restriction on k. Actually, if k < n — ¢ it is impossible for 1 € |J,,, Im.

This is because the term Af,’;), where I = (n —gq,...,n — 1), is identically equal to
zero. Hence, the determinant of the positive semidefinite matrix is zero throughout
a neighbourhood. Thus, the ideals could not generate any function which is not
zero on the boundary. When k = n — g, A®) > 0 implies that the submatrix
(€ij)i,j=1,...,n—q Of the Levi-form is positive semidefinite. If only some (n—gq) x(n—q)
minor of Levi-form is positive semidefinite, it is not sufficient to conclude that the
corresponding A*) > 0.

REMARK 3. The assumption that some choice of Ly,...,L, and k gives a
positive semidefinite matrix A(¥) depends very much on the choice of Ly, ..., Ly,
as we can see from the following easy example.

Let r = Rez3 + |21]? — |22|%, where we are working on (0, 2) forms. Let

0 0 . 0
Tzl.a—zg—'rz:;a—zi, 2—1,2, L3—‘873

We get A%) > 0 by choosing k = 1. Actually, 1 € | I,,. If we transform coordinates
by setting

L=

wy =21+ 2, W2=2 — 22, W3=23
~ 0 0 = 0
= T — Twye—y =12 L3=—
Lz Tw, 811]3 Tws 8’&1)1' y s & 3 awsy
then A%) = 0 by choosing k = 1.
EXAMPLE. If the domain (1 is defined by

T_Rezn+gzlv sy 2 Zlflzt )

p+1
where f;,g € C* and (8%g/0z 9%;)i j=1
Levi matrix is in the form

p Is positive semidefinite. Then the

,,,,,

(515)
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where C is positive semidefinite and D < 0 is diagonal. Then the associated matrix
is positive semidefinite. Also, condition (2) in Theorem 2.1 is satisfied (see first
proof of Theorem 2.5).

More generally, if the Levi-form of L; is either nonnegative or nonpositive in
a whole neighbourhood of zy for each k +1 < ¢ < n — 1, then condition (2) of
Theorem 2.1 is satisfied.

COROLLARY 2.3. Let 2 be a domain in C" with C*° boundary, xo € bSl.
Suppose L is a C™ vector field tangential on b§) such that:

(1) The Levi-form of L is nonnegative in a neighbourhood U N QY of zg.

(2) L s of finite type at zo (i.e., there exists a polynomial p such that

Then a subelliptic estimate holds for (p,n — 1) forms at xo.

PROOF. We use assumption (1) to verify conditions (1) and (2) of Theorem 2.1.
Let Ly,...,L, be a C* basis for 7% on Q,Ly,...,L,_; tangential and L; = L.

To show condition (1) we set k = 1. Then A(¥) is a singleton matrix (c;;), and
¢11 > 0 by our assumption.

To show condition (2) we once again expand Q(¢, ¢).
We may write

$= GWIAAD A ATy =) iy,

where 7 means ¢ is omitted.

n

Z(—l)izi%

1

Q(¢,9) =

2
+ 1L + (~1)H L6507 + O(ll6)1?)
D]

=Y ITissl* + ; ILigs|1* + O(lI¢lI*) + R($).
1 1#£)

There is no boundary term because for ¢ # j, n € 7 or 3 Here,

n n—1
R(¢) =D (Lus;, fised;) + Y > (Lid;, 6ised;),
i 1 ij k=1
where fi;i, gijx € C in a neighbourhood of z;.
Set

n
F(9) =) _ITisll® + D lILid; 1%
1 i)
We want to show |R(¢)| < eF(¢) + C||#||?, which in turn establishes condition (2)
of Theorem 2.1.
We separate the estimation of (Li¢;, fijkq&j.) into three cases. We may assume
k <n—1. If k = n the expression can be dealt with similarly to one of the following
expressions:
(i) k=1,
(i) k # 1, k # 3,
(iii) k #4, k = J.
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For the first two cases |(Lx ¢, fijk®;)| is bounded by eF'(¢)+C |#/| because one
of the |[Lx¢;]|* or || Lkg;|]? is in F. For case (iii) we note that if 1 # j, then either
n€iorn€). Supposen € i. We have

ILkt]® = | ZegslI* + O <Z [ Zi; | II¢>II> :
k=1

So case (iii) is also settled.
The terms

(Lkd;, 9ikd;) = (93, Lie(9:5x03)) + O([1#]1%),

hence, they are estimated as above.

We finish the proof by showing that finite type at z¢ implies that 1 € I, for
some m.

The matrix A®) = (¢q;), therefore ¢;; = det(ciy) € I. Li(c11) € I, and by
conjugation fl ((,‘11) = Ll(Cu) € I. By induction Dy Ds - - Dypcyy € Ipy1, where
D; is either L; or L;. If L, is of finite type, then for some polynomial p of order
m we have (p(Ly,L1)c11)(zo) # 0, which implies 1 € I,,;; and thus proves the
corollary.

REMARK. We can also prove Corollary 2.3 directly. We need to show that

llle11gllli /2 < C(Q(&,¢) + l1#ll%)
and, if ||| f9l12/,; < C(Q(¢,9) + lI¢l1?),
L1 ()9llIZ)2 < C'(Q(g, ) + lI¢lI*)

and

N1 (£)BlIIZ,2 < C"(Q(e, 6) + [161I%).

These are simplifications of (2.5) and (2.6), and this reduced form is easy to
prove.

PROOF OF THEOREM 2.2. We only sketch the proof since the technique is
exactly the same as the proof of Theorem 2.1.

First of all, for ¢ € D,

Q(¢,9) = |19¢]|* + 13" 9|

!
Y &Ly

ZCEJ
J

K

2

B>

H

2

Y eluLids| +0(11%)
3J

=C Y IT8s017+ D ILieall?
ieJ jeJ
>k or j<k

- /b D B5418,dS + R(9) + 0(||¢||2)) )
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where |R(4)| < eQ(¢,$) + C||¢||?, using assumption (2). Here we integrated by
parts on those ||L;¢,||? where 5 < k. Finally, we have

(28) D_ILs8sl + > 1Ligsl* + / D Bi6:8,dS < C(Q(4,4) +II4]*).
28 25k

Analogous to (2.5) and (2.6) we have
2

29) S Ber| < C@6)+ 67 foral 6 DY
1/2
Let
(2.10) m; = efy(L;f) if (jI) = J and j <k,

=0 otherwise,

where f satisfies ||| f¢[||2 < C(Q(¢, ¢) + ||¢]|?) and J is a fixed (g + 1)-tuple. Then

sl < c'@s0+ 1017

(2.4) and (2.7) are still valid here. Combining (2.4), (2.7), (2.9), and (2.10), we
prove Theorem 2.2 in the same way as Theorem 2.1.

COROLLARY 2.4. Let (1 be a domain in C™ with C™ boundary, and let o €
bS). Suppose L is a C™ vector field tangential on bQ such that:

(1) The Levi-form of L is nonpositive in a neighbourhood U N €Y of zo.

(2) L s of finite type at z¢.
Then a subelliptic estimate holds for 0 forms at zq.

PROOF.

Q(¢,9) = [|9¢l|* = Z IZ:ol

= STl + I Lagll? - / c1nl9|? dS
2 b

IL;
(Z Lol 181l + Z IZ:gll II¢II>

Hence, we have
IL1gl2 + 3 Lo - / cul8?dS < C(Q(6,) + I612).
2 b0

Statements (1) and (2) of Theorem 2.2 are satisfied because of the above in-
equality, and finite type implies 1 € J,,. This proves the corollary.

We now prove a theorem in the case when the Levi-form is smoothly diagonal-
isable in a neighbourhood. This is a very restrictive case, but we can see how the
method works here.
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THEOREM 2.5. Let () be a domain in C™ with C*° boundary, and let Ly, ..., L,
be C wvector fields as before. Let U be a neighbourhood of zo such that the
Levi-form with respect to Lq,...,L, 1s diagonal. We call the diagonal elements
A(2)y.. o, An—1(2). Suppose A1(z),..., An—q(2) > 0 en U and, for each j > n —
¢, Aj(2) 20 or <0 wnU. Furthermore, if for j = 1,...,n — q, there ezist poly-
nomials p; such that (p;(L;,Lj)A;)(z0) # O, then a subelliptic estimate holds for
(p, q) forms at xy.

PROOF. We only sketch the proof here. First we calculate @Q(¢, #). Almost the
same as before,

S e+ X IedlP+ S [ nesas

(2.11) i€ J€J j€J

or je{1,..., n—-q,n} n-qg<jy<n 1<k

<C(Q(e,9) + |18]1%).

The terms |L;¢,||¢ x| are all bounded by eQ(¢, ¢)+C||#||?, using the assumption
that the Levi-form is diagonal and the A;’s are of the same sign in U.

If n € J then we have ||¢,]|? < C(Q(¢, ¢) + [|¢]|?). For each ¢; where n ¢ J we
claim there exists a 7 < n — ¢ such that

X850 2 < C(Q(8,0) + lI¢]%).

To find such a 7 we notice that if J is a g-tuple not containing n, then {1,...,n—
g} N J is nonempty. We pick a 7 € {1,...,n —q} N J. For this j, clearly,

(Li(X;00),Ai90)| < C(Q(d,9) + [[0]?) fori=1,...,n~1

and
(Ln(Aj6), X560 < 1(Aj¢0, Ln(Ajbs))] +/Q|/\j¢J|2dS+C”¢“2
<C(Q(e,9) + lI¢1%),

where we used (2.11) and the fact that |A;| < constant in a neighbourhood of zg.
Hence,

IXjdalllZ/2 < C(Q(4, ) + lI611%).
The next step is to show that if

I feslll2 < C(Q(o,0) + [1411%),

then _
NIZ5(N)¢sllIZ)2 < C(Qe,9) + lI81I)

and

I1L5()eall2/2 < C(Q(S,¢) + lI6]).

We will not prove this because it is similar to the proof of (2.6), but we used the
fact, by (2.11), _
L0411 < C(Q(¢,9) + lI9]1%)

and

1L;617 = IT;6417 + / Mlos + R(8) < C(Q, ) + 16]2).
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Finally, using the above two facts, it is easily seen that for all polynomials p,

l((Ly, L)A)esllIZ < C(Q(e,9) + 1¢1I*),

where ¢ depends on the degree of p. B
By assumption there exist p;’s such that p;(Lj, L;)A;)(zo) # 0. Hence, for each
J,
el < C(Q(d,¢) + [|8]|*)  for some e.

Taking the smallest ¢ for all J’s, we get

]l < C(Q(e,8) + lI8]1?).

This completes the proof.

There are still many problems in proving the existence of subelliptic estimates in
nonpseudoconvex domains. It seems difficult to find a nice general way of defining
ideals so that it can apply to all domains. Rather, we know a way to tackle the
problem. The difficulty mainly lies in finding a way of expressing Q(¢, #) so that
we have a good estimate to work with.

In the case ¢ = n — 1 it is still not known whether a subelliptic estimate holds
at zg = 0 in domains such as

r=Rezs — |2} — 23> + |21|'0 + | 2|9,
where the nonnegative C*° vector field

a
L= SZ%B% + 22 aih - %(32%1"2l + 2317‘22)8—23
vanishes at the origin.

Moreover, there should be some geometrical meaning to the ideals we have de-
fined similar to those in pseudoconvex domains. We guess that they measure the
“order of contact” (in a suitable sense) of (n — g)-dimensional varieties with the
boundary in the nonnegative direction.

3. Necessary conditions for subellipticity. In this section we first use
an explicit sequence of forms to give another proof of a theorem by Derridj [3].
Then we use a similar sequence to prove a proposition to show that the method
may be very useful in studying the necessary conditions for subellipticity in many
nonpseudoconvex domains. Finally, we remark on a theorem of Catlin 1], showing
that if there is an (n — 1)-dimensional manifold lying on the boundary, then the
solution to the 9-Neumann problem is not hypoelliptic.

THEOREM 3.1. Let ) be a domain in C™ with C*® boundary. If the Levi-form
15 nondegenerate at xo € b(1, then a subelliptic estimate holds for (p,q) forms at zgo
of and only if the Levi-form has at least n — q positive eigenvalues or at least g + 1
negative etgenvalues.

PROOF. This is a theorem of Derridj [3], but we use another method to prove
it.

We need to show that if the Levi-form has n — ¢ — 1 positive eigenvalues and
q negative eigenvalues at o, then there is no subelliptic estimate at zo for (0,q)
forms.
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We prove this by contradiction. Assuming the subelliptic estimate of order e
holds at zo = 0, we construct a sequence u,, of (0,q) forms. By comparing both
sides of the inequality |||um|||? < C(Q(um,um) + |[um||?), we conclude that € < 0.

First of all, by a change of coordinates we may assume that

q n—1
r=2Rez, — Z 2] + Z |z;|? + A(2),
=1 J=q+1
where () < C(|zn||2'|+|2]®) and 2’ = (21,...,2n—1). (The reader may refer to [3
or 4] for this.) We define a basis of holomorphic vector fields Ly, ..., L, as follows:
0 0 . 0

L1'=T2'.6—%—7'2n3—2i, z=1,...,n—1, an‘az;

Let wy,...,w, be a basis of (1,0) forms dual to L,..., L,. Define

Um = (Zn _ Zg=11|zi|2 = 1/m>p¢($1)¢(y1) (T )B(Yn )DL A - AT,

where p is a fixed large integer and ¢ € C§°(R) will be chosen later. Clearly
Uy, € Dg'q.
Qum, um) + [[um||® = 18%um||* + [|Bum 1 + [lum?
= [[L1um|®+ -+ ”Lqum”2
+ L rtml® + - + Lt + fum .

Here we use u,, to represent both the function and the ¢ form, the usage of
which should be clear from the context.

For:=1,...,q,
(3.1)
| OUm, Oum,

— — T PR
Ozp, 0z

- _ 123
T (- Izi|2p_ 1/m)p+1 <Tzi + 2 <1 + 8—%>> ¢(z1) -+ d(yn)
1 1
+ §Tz¢ (zn — Z lziP — l/m)p¢(zl)
P (Yn—1)(8' (2n)P(yn) — 18(2n) ¢ (yn))
1 oA 1
-5 (1 + a—zn> e 1/m)pd>(x1)
- B(2:)B(yi) - Dy ) (@ (2:)b(yi) — 10(2:) ' (31)).
Integrating both sides of (3.1) with respect to z;,y;’s, we get

| Littm]|? < sum of three terms.

2

We calculate the first term, calling it I.
o [6(z1) - #(yn)|* dady.

I= / ’ T, +Z 1+ oA
T Jallen = Y|zl - 1/m)prr| |0 Ozn
We notice that r,. = —%; + u;(2), where u;(2) = O(|za| + |2|2), so

ra + Zi(1+ 0X/020) = O(|za] + |2]2).
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Using the implicit function theorem, we see that
|21|2 n—1

Izl
Z > T HU(E v,

i=1 J=gq+1

where (2, yn,7) = O(lyn| [2'| + Ir| || + |(r, 2/, yn)1?)-
With a change of coordinates

t\DIﬁ

:Ei = m1/2$1‘, g‘i = ml/zyi) 1= 13 A (O 17 and fin = MIn, gn = MYn,
we have
1 2p+2 3 ~ 2
< 2p—n—1 3)|2 et S DU y_n dz dy
I__Cm én—z|zzl2—1 |f(z)| ¢<ml/2 ¢ m T y’
where f € C®(C"),|f(z)| < C'|Z| for a constant C’.
Sz /2=) 0 1512 /24 i) 1
I< Cm2p—n—l/ _ _ _ '2'2
- ZTn=—o0 ((@n = 2122 - 1)% + g2)PH!

d djj.

NET
Yn
fe ) o (%)
For suitable choice of ¢,

|€(2/,yn)| < 1/2  when 2 € supp($(&1/m*/?) - - - $(§n/m)).

Integrating with respect to z,, we get

[o o] [o <] 1
) I I v
o0 J oo (i1 B> +1)2 + G2)P

fo(am) - ()|

where we get the last line because 1/(z? + -+ z2_; +y? +---+y2 + 1)Pis an
integrable function in R?"~! for sufficiently large p.

Using the same argument, we can compute the integral of the last two terms on
the right side of (3.1). The integral of the second term is bounded by const m2P—"~2;
the last, by const m??~"~!, Hence,

3’ dj

S Cm2p—n— 1 ,

|Lium|® < Cm*™"1 4i=1,...,q.
Forj=q+1,...,n—1,
I. __ Ouy . Oup
U =T G T B

1_ 1 P
-5 (s 1/m> Ha)
. (yn—l)(¢/(zn)¢(yn) + i¢(xn)¢,(yn))

1 oA
‘§<”ﬂ>< Elzl2—1/ )‘”"’
D)) Dum) (@ (2)0(w;) + i) (u3).
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Just as in the computation of || L;u.,[|?, we get

2p—n—1
b

| Zjum||* < constm Jj=q+1,...,n-1

| Lnum||? and |jum||? are also bounded by constm??~"~! with the same argu-
ment. Hence,

(3.2) Q(Um, Um) + |[um|? < Cm?P—7~1,

We proceed to compute |||u,|||?2. We use new coordinates (zi,...,Zn_1,%1,
.+, Yn,7), where r is the defining function for . Let (&1, ..., £2,—1) be the Fourier
transform variable dual to (z1,...,yn).

llemli2 = [+ IeP°

1
/(7/2_ ?:—11|zi|2/2+1/)—1/m+iyn)1’
2

.e—ig-(z',y)'(b(zl) o @(yn)dx' dy | dEdr

> [leanal ‘/ TSR U

7 an 1 () P(Yn) dyn

1@(z1) - ¢(yYn—1)|> d€ dr da’ dy’,

2

where we used Plancherel’s theorem on £y, ..., 2,_2 in the second line. We use
similar transformations as before, where:

~ 1/2 ~ 1/2 .

zizm/xi, yi:m/yi, 1=1,...,n—1,

Tpn =MTp, Yn=MmYn, Eon-1= §2n—1/ma r=mr.

Then

l”umng > const m2et2P—n-1p

where

Im=/|£2n—1|2e

1
/ (F/2 = X |Zi[2/2 = P(Z', Gy F) = 1+ ifin)?

2

: e—iézn_lg"({b(:l:n)q5 (%) dﬂn

~ 2
. ‘q&(fl‘l/ml/z) g (f:;;)‘ déyn1 di di dif

where

Yy e . 2 gn T
3 gn?) = (25,2 1),
Clearly, for fixed (', §n,7), ¥ — 0 as m — oco. Hence, for each (&n_y, %, 7', 7),
we have by the Lebesgue dominated convergence theorem,

1 —iEZn—lgﬂ g_" ~
/(f/2§:15,»|2/2— 1=+ iGn)P ¢(z")¢<m> @

1 —iéy G, 1~
— e n—lynd .
“/ (72— S Z2/2 — L+ iGn)? Yn
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Using Fatou’s lemma we get

i 1
liminfI,, > 2
imin _/lézn 1| ./ (/2 =S |Z:2/2 — L+ 4 )P
~ - 2 ~
e~€m-rln | g, | dFdF dif’

>C >0,

which means that

lluml|2 > Cm?e+2p—nt

for infinitely many m, where C > 0.
Comparing this with (3.2), using [||um]||2 < C(Q(tm,um) + |luml|?), we get
2¢ +2p—n—1<2p—n— 1, which implies ¢ < 0. This finishes the proof.
REMARK. In fact we can use this method to prove that in C*° domains

r=2Rez, — Z|zl|”l+ Z |25]P7,

J=q+1

where p;, p;’s are positive even integers, there is no subelliptic estimate for (0, q)
forms. We can also add a C* function 1 satisfying

E zfl...z:

814..-9Sn

[y <C

where s;’s satisfy some ‘weight’ condition to the defining function r to give the same
conclusion.

We can use a similar sequence of u,,’s to study the reason why in some domains
subelliptic estimates higher than a certain order cannot hold when there is a man-
ifold with some order of contact with the boundary. As an example we prove the
following:

PROPOSITION 3.2. Let () be a domain in C™ given by

r=2Rez, — Z;f, )2+ w(z"),

=1
where 2’ = (21,...,24),2" = (2g41,---y2n—1), fi’s are holomorphic functions, :
C" 971 - R 45 C*, and | (2")| < C|2"|".
If a subelliptic estimate of order € holds at z =0 for u € D?,’"_l, then e < 1/n.

To prove Proposition 3.2 we need the following two lemmas.

LEMMA 3.3. Let f;’s be holomorphic functions in C", where 1 < 1 < k and
fi(0) = 0. Then there ezists a closed neighbourhood M of 0, & > 0, such that for
all 0 < 6 < 8o we have either of the following:

(i) m{z € M: ZZ fi(2)|2 < 6} ~ 69 for some a > 0;

(ii) m{z € M: 3% |fi(2)|? < 6} ~ 6%|log 6| for some a > 0;
where (i) or (ii) holds mdependent of 6 and x ~ y means that C1y < < Coy where
Cl, 02 > 0.

PROOF. Let V = {z € C": there exists 1 < k such that f;(2) =0}. Then 0 € V.
Now by Hironaka’s desingularization theorem, there exists an open neighbourhood
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M of 0, an n-dimensional complex manifold M, and a proper holomorphic mapping
©: M — M with the following properties: 5

(1) ~1(V) is the union of submanifolds of M, intersecting at normal crossings,
i.e., if o is a point in the intersection of two submanifolds, then there exists a
neighbourhood W of z¢ and a local coordinate (21, .. ., 2,) such that =1 (V)NW =
{z€eW: z; =0o0r 2o = 0}.

(2) ©lp-1(Mm-v) is biholomorphic.

Let g = [[ f2; then V = V/(g), where V(g) is the variety defined by the single
holomorphic function g.

The mapping g o ¢: M — C is a holomorphic function vanishing only on
@~ Y(V N M). Therefore at any point zo € ¢~ 1(V N M), locally using (1) we
can write

gop(z) = h(2)27 2,
where h is nonvanishing and p, q are integers such that p > 0 and ¢ > 0. Hence

H(f2°<P (Hf)oso h2%23,

fo<p hiz20 23, 1< <k,

where h;’s are nonvanishing, and p; and ¢;’s are nonnegative integers.
We proceed to estimate the measure of the required set.

k
m<iz€eM: |fi|2<5} :/ 1dz=/ | det | d2’
{ ; Zlfi|2<6 Zlffo¢>|<6

| det | dz’.

SO

(3.3)

/Zm 2Pizdi|<6

Since h;’s are nonvanishing, for some K1, K2 > 0 we have the following:
{z: Z|z’1’izg‘| < K16} - {z: Z|hiz1"zg‘| < 6}
C {z: Z |2} 23| < Kgb‘}.

Also we have
k

Nfs 1< et Tlpagi<s)

=1 1
k
C (W= |28 < 6}
=1

In view of what we need, it suffices to find the integral of (3.2) on the set
nz 1{2 |21' 5 < 6}

By property (2) of the mapping o, we know that, locally det p = Fz{25, where
F is nonvanishing, and a, b are nonnegative integers. Hence, we have reduced the
problem to estimating

— a b
I= 1ezesse < |2¢ 25| dz dy.
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Here |z;| <eforallt=1,...,n
I= const/  |2§28| dzy dyy dza dys.
RIEARES)

Introducing the polar coordinate z; = r;e*%, ¢ = 1,2, we have

I = const "“ b“drl drog
rp’ rq' <é

51/q,r Pi/a; €l

ming <<k L bal
= const / / ‘1’+ r2+ dry drg
1‘1—0

b+2
= const / e+l min [§Y/% 7% ] dry.
=0 1<i<k

We can separate the above integral into several parts, taking in each part the
minimum in the bracket to integrate. Since the integrand is of the form §%7%, it is
easy to see that the dominant term is 6% or 6%|log 6|, where a > 0, which means
we have either

Cl5a < I < 026“ or Cg&“llog 5, < 1 < C46“[log5|,

where C;’s > 0 are independent of 6.

Therefore for each point zg € p~1(V N M), there exists a neighbourhood W,,
such that m{z € U: p=1(z) € Wy,, Y. |fi|?> < 6} is of the order ¢ or |6%log6|.

Since ¢ is proper, we can choose a finite number of neighbourhoods W, such
that UW,, D ¢~ }(V N M), and there exists a dominant term out of the finite
number of neighbourhoods. Away from the variety V., " |f;|? is small. So we get
what is required by choosing ¢y small enough.

REMARK 1. It is easy to see that the power a of é§ is independent of the
neighbourhood M, as long as M is sufficiently small.

REMARK 2. We use Hironaka’s theorem to prove this lemma, but there should
be a more elementary way to prove this.

LEMMA 3.4. Let f;,, wherei=1,...,k, be as in Lemma 8.3, and let M be the
neighbourhood in the conclusion of Lemma 3.3, where we have the estimate of the
measure of the set {z € M: % |fi|?> < 6} when 6 < &.

Then there exists a constant C > 0, independent of m > A, such that for q large,

1 1
f s =< [, e

PROOF. This is a straightforward calculation of the integral using Lemma 3.3.

We know that -
/ lg|P dx = p/ o' \(@) da,
M 0

where A(a) = m{z € M: |g(z)| > a}. Hence,

1 1
= — q
I /M mSIAET D dzx q/o afy,(a) da,
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where

(@) = {xeM: %_Zﬁm > a} _ {xeM: SO < la‘ma}.
Then Am(a) = 7((1 — a)/am), where 7(a) = {z € M: " |fi(z)[? < a}. Now

1 —
I:q/ aq'7<1 a> da.
0 am
Put y = (1 — a)/am.

o 1
I :qm/o Wﬁ(y)dy

o 1 b 1
=qm («/0 W’Y(y)d‘y-‘_/go W’Y(l/)@)-

Now ~(y) ~ y* or y*|logy| for y < b.
Case 1. y(y) = y* for y < bp.

b0 1 6o ya . mébo ya
L wdy= | —Y  _dy=m Y gy
/o (g + 1y 1V W /0 (my + ez W= /o N Gkl

When m is large,

mébo ya
C; < /0 (—?JT)'H'E dy < Cy,

where Cy,Cy > 0 and the above inequality holds independent of m when ¢ > a - 1.
Therefore,

b0 1 1
—a-
fo Gy 3 Dz W dy ~m
For the second integral,
- dy = — o ERW
/so (g + 1)yeve 1) A m/mso v+ 1)q+2"(m) v

oo

1

< const / 5 dy < const m=27,
m méo (y + 1)q+

Hence,

0o
1 —a—
/(; W'y(y)dyfvm a-1 whenq>a—1.

Therefore, I ~ m™¢.
The above argument also shows that

1 —a—1
———————dz ~ f
/M CINTAEIG dr ~m itqg>a,

and the assertion is established in this case.
Case 2. v(y) = y*|logy| for y < bo.

b0 1 bo al
y-logy
S = — _J "2
/0 (my + 1)"*"’7('1/) o /0 (my + D)a+2 Y

et | ™ logm — logy
0

—1-a
(1 1)+ dy ~m logm

for ¢ large enough.
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For [°(1/(my + 1)72)4(y) dy we have the same estimate as in Case 1, so the

conclusion follows in the same way.
PROOF OF PROPOSITION 3.2. Define

0 0 ]
=Ty —— =, 1=1,...,n—1 L,=—,
Lz Tz azn 822" 4 ) y 5 6Zn
and let wy,...,wy, be a basis of (1,0) forms dual to Ly, ..., Ly.

1
- 2 ()P - 1/m)p

d(x1) - Byg)d(m! Mzqy1)

o ‘tb(ml/nyn—l)’\(xn)d’(yn)wl A AWp—1,
where ¢, A € C§°(R) are chosen later.

Um =

Los1um|? < ||r OUum 2 Oum 2
at1imil = | Tza1 g, Ozg41l|
aum o 1

Tzqt1 0z, azq+1 Z If (zl |2 _ l/m)P+1 ( )
"¢(yq)¢(m1/"$q+1) ---¢(yn) + lower order terms in m.
2
< const / |17n _Zlfi|2 _ 1/m+iyn|2p+2
(#(21))? -+ ($(yn))? do1 - - - dym

Note that |¢( )] < C|2"|" implies that, on compact sets, we have |9v/dz44+1| <
const|z” |71

Hence,

Oum, 2 1

T2441 oz
n

oy

9zq+1

With change of variables only in z441,...,yn as follows,
z; = ml/nxi, Ui = ml/ny‘i, 1=¢q+1,...,n—1, Tp = My, Un = MYn,
we get
A ||

< const m?2P—2+(—2n+29+4)/n

Tzq+1 oz
n

‘/|5H|2n—2 1
((@n —m|fil? = 1)2 4 §2)p+!
(B(z1) - D(Yq)d(Eq41) - - B(Gn/m))? dzy - - - dyg dZgs1 - - - dijm.

Integrate with respect to Z,, which runs from —oo to
(m 1A — ma( fmi /) 2,

and also integrate g, from —oo to oo to get

2

Jdu
m < const m2p—2+(—2n+2q+4)/r/

Tzan1 0zn

/I~//|2n -2 1
(=m S | fi|2 + map(2" /m1/n)) — 1)2p-2
(¢($1) o d(Ye)D(Eqr1)  Sin1))? dr1 - dyq dFqry - dijnr.
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For suitable choice of ¢,

Imy(2” /m"/™)| < 1 for 2" € supp($(Zg41) - $(fin—1))-

So we have
Oum 2 - 2p—2+(—2n+2q+4) /7
Tzq+1 52 < constm
1
| / WS fE e e - $(yq))? dzy - - - dzg dy; - - - dyg.

Using a similar technique, we can compute ||Qun, /027 |12 to get

(34)  [|Lgs1um|? < Om?P~2H(=2n+2a+4)/n

. / (m} llei ¥ 1)2e2 (p(z1) - ¢(yq))2 dzy---drgdy; - dyq.

The above inequality is also true when Ly isreplaced by L;, j = ¢+2,...,n—1.
With similar calculations it is easy to see that

| Znuml|? < right side of (3.4)

and
[lum || < right side of (3.4).
Also,
44 (— 1
“Llum“2 < szp 4+ 2n+2q+4)/n/ (mz |fi|2 T 1)2p_2 (¢(.’E2) e ¢(y¢1))2

(¢ (21)p(y1) + b(21)¢' (y1))? dzy - - - dy,
+ right side of (3.4).

The main term on the right side of the above inequality is the second term, which
we can see from later calculations.
Combining all these estimates, we get

(3.5)  Q(tm,um) + |[um|? < Cm?P=2+(=2nt2a+4)/n

1
. / (m_1fil* +1)%—2 (¢(z1) - B(yq))? da - - - dzq dys - - - dyq-
To calculate |||Um||lg we use, as before, the coordinate (z1,...,Zn—1,Y1,--.,

Yn,7) and dual variable & = (&1, .., {2n—1)-
12 = / (1+[eP)e

1
/ (r =S fil2=9)/2 - 1/m +iyn)?
(z1) - D(Yg)p(Mm /M zgi1) -+ H(m Myn_1)

B(yn) Mz )e @Y dg’ da” dy

2
dédr

2

1 —1€2n-1Yn
/ ((r=2fil2—v)/2-1/m+ iyn)p¢(yn)A(zn)e ¥ dyn
(1) - p(m Myn_1))? da’ dz” dy’ dy” dE dr.

> 18,
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Using the substitutions
z; :ml/nxiv g‘i :ml/nyia i=Q+1a"',n_ 1,

Un = MYn 5271—1 = (1/m)éan—-1, 7 =mr,

we obtain
“,uml”g > m25+2p—2+(—'2n+2q+2)/171-m’

where

n= [V | [ sy

(B )

- (#(21) - B(§n1))? da’ dF" dy dif" d€ dF,

2

and ¢/ (2") = my(2" /m2/").
We already see that for a suitable choice of ¢,

[¥'(2")| <1 for " € supp(¢(Zq+1) *+* $(fn—1))-

If we put

)

_<f—m221fz~|2—¢'_1>

g is nonvanishing on
supp($(Zg+1) -+ $(Fn—1))-

Using a further substitution

y;z = ggn’ €/2n—1 = (1/9)5211—1’

I |£2n 1126 ¢ /\(l’ )e 1605 lynd ?
m= | g2i-2e 1+ zyn)p n Yn
“(#(z1) - ¢(y2n— ))? d&5,,—y dF dz’ dZ" dy' d"”
=J1 + Ja,

where J; integrates from —oo to —mK, J; integrates from —mK to 0 for 7, and K
is suitably chosen.

For 7 € [-mK,0], 2 € supp(¢(z1)---d(yq)), 2" € supp(B(Zq+1) - #(Fn-1)),

and
|zpn| = f/m+ Y Ifil? —2(1/m)¢(m1/n5//) <c

where C is a constant > 0.
We may choose A € Cy(R) such that A(z) =1 for |z| < C. Then

— bl

2
dgs,_, > const > 0
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for all (2/,2",y',9") € supp(¢(z1) - - #(Gn-1)) for 7 € [-mK,0].
0
1
= C°“St/ /;:_mK (F—mOIfil? —v)/2— 1)Pori-2
((z1) - O Yn_1))? dz’ di" dy’ dff" dF

= f TR T ) o) i’ dy

1
e / (mK +m)_|fi]? + 3)2p—2¢ (¢(z1) -+ Blyq))* da’ dy/,

where C; > 0.
Now
1
/ (mK +m3 |fi]* + 3)%—2 (#(x1) - B(yq))? da’ dy’ < const m~2PF%.

It is easily seen from Lemma 3.4 that the above term is much less than

/ (m)2 Ifi|21+ 3)2p—2¢ (B(z1) - B(yq))? de’ dy’

when m is large for p large enough, so

1
Im 2 C/ (mS |fil? 1 3)2p-2 (¢(z1) - d(yq))* da’ dy’, where C > 0,
and, finally,
(3.6) ||uml|[? > Cm2et2r—2+(=2n+2a+2)/n
1
. / (m3_[fil? + 3)%p—2 (B(z1) -~ b(yg))? da’ dy'.

Now if we choose 0 < ¢ < 1 such that
#(z) = 1, <R,
=0, x> R,

where R” > R’ > 0 and R’, R” small enough, then applying Lemmas 3.3 and 3.4,
we have

/ (m) |f,-|21+ 3)2p-2¢ (p(z1) - (yq))? da’ dy’

1 1
> -
= 3 Jimisrt (m Y] |fi]2 4+ 1) 2%

lys ISR/
1

>
> const /,,-mv (mZIfiP_,_l)zp—z

lvil <R
1

> t
~Z cons /:ilsR" (mzlfilg_,_l)zp_

ly; ISR

1 2 't
> comt [ oo o) ),
where the third line obtains because the power of m is the same in the second and
third lines, using the same argument as in the proof of Lemma 3.4.

dz’ dy’

dz' dy’

5 dz' dy
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Combining (3.5), (3.6), and the above inequality, we have
const m2e+2P—2H(=2+20+2)/n < Oy 2p=2+(=2n4+20+4) /0

where C > 0.

Taking m — oo we get € < 1/n.

REMARK. Using a similar argument we can also prove the following:

Let () be a domain in C™ with C* boundary. If there exists an (n — 1)-
dimensional manifold with order of contact 7, and a subelliptic estimate of order ¢
holds, then € < 1/n.

The proof of the above is as follows. We may assume

r = 2Rezp, + O(|zn| || + |2|7).

Then with the same L;’s and w;’s as before, we define

mgb(ml/"xl)qﬁ(ml/"xn_l)¢(m1/"y1)¢(m1/”yn_1)wl ASERRAYC Y
We get € < 1/n using the same argument as in Theorem 3.1 and Proposition 3.2.

Finally, we prove a result on nonpseudoconvex domains using Catlin’s method
[1]. We first give a definition.

DEFINITION 3.5. If a € LE7(12) we define the singular support of , denoted by
sing supp(), to be the closed subset of {1, as follows. If z € {) then = ¢ sing supp (a)
if there exists a neighbourhood U of z such that the restriction of & to U N is in
C>.

A REMARK TO CATLIN’S THEOREM. Let } C C™ with C* boundary, zo €
b(). Suppose there exists an (n — 1)-dimensional complex manifold M passing
through zo, and M C bQ N U for a neighbourhood U of zy. Then there exists a
neighbourhood U’ of zo such that there is a 9-closed form a € L2™~1(Q) and, for
any (p,n —2) form u with du = «, then sing supp(u) strictly contains sing supp(a).

PROOF. It suffices to prove this for p = 0.

The construction of the form o here closely follows that of [1], except that in
this case we have an explicit construction of the holomorphic function f used in «.
We may assume that 29 = (0,...,0) and M is defined by M = {z: z, = 0}.

Assume further that 0r/0z,,—¢ = 1. Define f(z) = l/z,ll/ %, We want to show
that f is holomorphic in a neighbourhood U’ of 0. We prove that in a neighbourhood
of 0 there exists 6 such that

(2,2,) ¢ Q forall 2 =(z1,...,2n_1) and 0 < z,, < 6.

Uy, =

Actually, on y, = 0, we have
7 =2n + O(|zn| [2'] + [2n]?).

’|* term because r vanishes on z,, = 0. Now we choose C,§ > 0

There is no |z
such that

|0(|zn] 2] + |zn|?)] < %]xn| when || < C, |z,| < 6.

Therefore when || < C, 0 < z,, < é, we have r > 1z, > 0, which implies that
(2yzn) ¢ 2 in this region and proves our assertion.

We now construct a family of (n — 1)-dimensional manifolds Mj in 2 such that
M, approaches M. M; = {z: z, = —1/k}.
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Then for large k and some R we have My N {z: |2/| < R} C U'. Let U =
U' N {z: |2/| < R}. Define ¢ € C*°(R) with the property

o(z) =1, |z|<e,
=0, |z| > 2e,

where ¢ is chosen such that 8¢ < R.
We now define a (0,n — 1) form as follows:

a=¢(|Z1)f(2)dZ A ANdZp_1.

First of all, since f is holomorphic, we have o = 0. We want to show that
a€ L3(U).

/ 16(22)£(2)]?

/I |2

dz, dy, = C’.

Ian<T zn

Therefore o € L2(U).

Next, we want to show that there exists u € LY ?(U) such that du = o
Consider ¢(|2/|*)dzy A -+ Adz,—; as a (0,n — 1) form in C™~!. There exists a
¥ € A%"=2 in C™~! such that 69 = ¢(|2'|*)dz1 A --- AdZn_1. Let u =9 f be a
(0,n — 1) form in C™.

(v f) = (0y)f +v(df) = (B¥)f
= (212 dz1 A - NdZpor =

We now derive a contradiction. Assume there exists v € Lg’"_2(U ) with 9v = a
and singsupp(v) = singsupp(a). Let W = {2": |#/| < R} C C™~1. We put the
standard hermitian metric Z;:ll dz; ® dz; on W. Denote the inner product on
forms induced by this metric by ( , ). Define gr: W — U by gk(2’) = (2, -1/k)
and let w = ¢(|2'|?/4)dZ1 A -+ - AdZ,—1 on W. Then

| wawav = | (ai@0),w)av
— | @laiv)w)av = | aiv.ou)av

We integrate the last line by parts and use the fact that w has compact support.
Now

supp(fw) C {z: 4e < |Z/|* <8} = S.

We see that o = 0 in {2: 2¢ < |2/|?}. So the assumption on v says that v is smooth
in SN, and hence |gfv| < M in supp 6w for all k. Therefore,

/ <g;;a,w>dv] < Msup 6wl i/ av
w w w

(3.7) <C

independent of k.
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On the other hand,
‘/W@;:a,w)dV‘ = 2"_1/W¢(|z’|2)f (zf,_%>¢<lz;l"’> dV’

=z [ ot (#-3) av|

o (B sy

The third line obtains because f(z’,—1/k) is independent of z’. Now

-1/2
/¢(|z'|2)dV =C and (——1>
W k

Hence, | [, (g5, w) dV | = Ck'/2, where C is independent of k, so

‘/w(g};a,w)dV — 00

as k — oo. This contradicts (3.7) and finishes our proof.
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