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ON LIPSCHITZ HOMOGENEITY OF THE HILBERT CUBE

BY
AARNO HOHTI

ABSTRACT. The main contribution of this paper is to prove the conjecture
of [Vi] that the Hilbert cube Q is Lipschitz homogeneous for any metric ds,
where s is a decreasing sequence of positive real numbers s; converging to zero,
ds(z,y) = sup{sk|zk — yk|: k € N}, and R(s) = sup{sk/sk+1: k € N} < oco.
In addition to other results, we shall show that for every Lipschitz homogeneous
compact metric space X there is a constant A < oo such that X is homogeneous
with respect to Lipschitz homeomorphisms whose Lipschitz constants do not
exceed ). Finally, we prove that the hyperspace 2! of all nonempty closed
subsets of the unit interval is not Lipschitz homogeneous with respect to the
Hausdorff metric.

1. Introduction. Let (X;,d;) and (X2, d2) be metric spaces. A surjective map
f: X1 — Xz is called a Lipschitz homeomorphism if there exists a real number
K > 1 such that K—1d;(z,y) < d2(fz, fy) < Kd;i(z,y) for all points z,y of X;.
Let bilip denote the least such constant K. In case bilip f < L, we say that f is an
L-Lipschitz homeomorphism. A metric space X is called Lipschitz homogeneous if
for all points z and y of X there is a Lipschitz homeomorphism f: X — X with
f(z) = y. It is well known that the Hilbert cube Q = [~1,1]V is topologically
homogeneous as was shown by [Ke] in 1931. It is natural to ask whether Q is
Lipschitz homogeneous with respect to some suitable metric. Let @5 be the Hilbert
cube equipped with the metric ds, where s is a decreasing sequence of positive real
numbers converging to zero and ds(z,y) = max{sk|zkx — yk|: k € N}. Then d, is a
natural metric for the setting of Lipschitz maps. J. Vaisala proved in [V&] that if
Qs is Lipschitz homogeneous, then

R(s) = sup{sk/sk+1: k€ N} < o0o.

We have proved the converse that was left open.

On the other hand, it was also shown in [V ] that if one takes s = {1/k: k € N},
then there is a constant L < oo such that for all z,y € Q there exists an L-Lipschitz
homeomorphism f: Qs — Qs with f(z) = y. However, we shall prove that every
compact Lipschitz homogeneous metric space has this property.

2. Notation. Let S denote the set of all decreasing sequences s of positive
real numbers s converging to zero and for which R(s) < co. We will think of the
cube Qs as an infinite product of the line segments I = [—s, sk] with the natural
metric d, given by ds(z,y) = (||z — yllc,) = max{|zx — yk|: K € N}. Then @, can
be considered as a metric subspace of the Banach space co(N). For each k € N,
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76 AARNO HOHTI

let Qf = [I{I3:j > k}. Hence, Q, = I x --- x I x Q¥*! for all k > 1. For
a compact metric space X and ¢ > 0, the maximum cardinality of an e-discrete
subset of X will be denoted by N(X,e). (A subset D of a metric space (X,d)
is called e-discrete if d(z,y) > ¢ for all distinct elements z,y € D.) The symbol
B(A,¢) denotes the closed e-neighborhood of a set A. The set of all Lipschitz
homeomorphisms of X onto itself will be denoted by L(X), and for a real number
r > 1, we write L,(X) = {f € L(X): bilip f < r}.

3. Lipschitz homogeneity of the cubes @);. In this section we establish the
following result, which is the main contribution of the paper.

3.1. THEOREM. Ifs€ S, then Qs is Lipschitz homogeneous.

PROOF. We shall say that a point z € Q; is in good position if zx > sk —sk+1/4
for each k € N. The meaning of this convention will become clear later. First we
shall show that every point of Qs can be mapped to a good position by a Lipschitz
homeomorphism of @;. Indeed, let ¢ € Q,. For each k € N, let fr be a PL-
homeomorphism I} — I{ such that |fizi| > sk — sk+1/4. Note that we can assume
bilip fi < sik/(sk+1/4) < 4R(s). If fixi > 0, let gi be the identity map of Iy.
Otherwise let gi be the reflection of I} relative to the point 0. Then the map
h: Qs — Qs, given by

h(‘h»‘ha .. ) = (glflql,g2f2q27 .. '),

is a 4R(s)-Lipschitz homeomorphism of Qs such that (hz)x > sk — sk41/4 for every
ke N.

To show that @, is Lipschitz homogeneous it will be sufficient to prove that an
arbitrary point of @, can be mapped to 0 = (0,0,...) by a Lipschitz homeomor-
phism of Q,;. To that end, let ¢ € Qs. By the above, we can assume that g is
in good position. For each k € N, we define a map @i of I} x I}, onto itself
as follows. (The square I{ x I{,; has the maximum metric.) Let ¢x be a map
O(I§ x I} ,,) — O(I§ x I} ) such that ¢ is the identity on

AL x Igyq) — [({sk} X [0, sk41]) U ([3 — Sk+1, 8ic] X {Sk+1})]
and ¢y maps linearly the segments {sx} x [0,sk+1/2], {sk} X [Sk+1/2, Sk+1) and
[sk — Sk+1,8k] X {Sk+1} onto the segments
{sk}x[0,8641), [Sk—5k+1/2,8k]¥{sk+1} and [sk—sSk+1,8k—Sk+1/2]X{sk+1},

respectively. Then ¢y is defined on 9(I} x I¢,,;). Let the restriction of ©i to
Ak = [Sk — Sk+1,5k) X [0, Sk+1] be the radial extension of ¢ relative to the point
(sk — Sk+1,0) and let i be the identity on the complement of Ax. The reader will
find Figure 1 helpful.

Then gy is a PL-homeomorphism and the action of ¢, on Bj is given by

or(z,y) = (32 —y — (5K — 5k+1)/2, T — (sk — Sk+1))-

It follows that o is a Lipschitz homeomorphism; let bilippx = L. (We note that
L is a universal constant not depending on the sequence s.)
For each k € N, we define a map gx: @s — Qs by setting

Jk = id[fx”'XII:_l X P X iin:+2.
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The important property of g is that it acts “backwards”, i.e. the direction of the
map is from I} ,-coordinates to I3-coordinates. Further, gi leaves I ;-coordinates
fixed for j < k. Now having defined the maps gk, let f, = gngn—1---91 forn € N.
Recall that our point g was in good position in Qs. Hence, (q1, g2) is in good position
in I{ x I3 (in the obvious sense) and thus f; maps ¢ to a point (r1,u,¢s,qs,...),
where s; — s2 <7y <81 — s2/4 and s2 — s3/4 < u < s2 because ¢, is level-raising
for I3-coordinates. Consequently ((f1q)2,(f1¢)3) is in good position in I35 X I§ (see
Figure 2). As above we infer that ((f29)s, (f2¢)4) is in good position in I§ X I§
and so on. In general, an inductive argument shows that f, maps q to a point
(T],TQ, ce oy Tny Uy Gn+25,q9n+3, - - ')a where 8¢ — Si41 <rp<s - 3i+1/4 for 1 < T <n
and Sp41 — Snt2/4 <u < Spyyp.

The sequence {f,: n € N} forms a Cauchy sequence in the space of continuous
maps of @, into itself, equipped with the supremum metric. (Just note that the
distance of f,, and f, 4 is less than 2s, for all k € N.) It follows that f = lim f,, is
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a continuous map of @ into itself. As @, is compact, it can easily be shown that
f is surjective. We shall prove that f is a Lipschitz homeomorphism.

The proof that f is Lipschitz depends on the following inequality, whose validity
is left as an illuminating exercise to the reader. Let z and y be any points of
IR x I, and let ' = pi(z), ' = pi(y). Then

(x) |Thys = Yhyr| < max{|ze — ykl, 2ot — Yot}
The idea behind this inequality can be seen from Figure 3.

Now let z and y be arbitrary points of Qs. Put ||z — y|l,, = a. We shall
prove by induction that |(fxz)k+1 — (fxy)k+1] < 2a for all k > 0, where we put
fo =idg,. Clearly this holds for k = 0. Suppose that the claim holds for 0 < k < n.
Since by the induction hypothesis |(fnZ)n+1 — (fa¥)n+1| < 2¢, f, does not affect
I , o-coordinates and |Tn42 — Ynt2| < o, (*) yields

|(fn+1z)n+2 - (fn+1y)n+2| = |(gn+1fnx)n+2 — (gn+1fny)n+2l
< max{l(fnx)n-f-l - (fny)n+1|a2,zn+2 - yn+2|} < 20
Hence, the claim is valid for all k € N. Since the maps @y are L-Lipschitz, we obtain
|(fkz): — (fxy):] < 2La for all k € N and ¢ < k. Therefore, || fxz — fryllco < 2La
for every k € N and thus
Ifz = fylleo < 2Lljz — yllc,-

To prove that f is bilipschitzian, it will be sufficient to show that f satisfies a
left-hand side inequality K ~!||z — yllc, < ||fT — fyllc, for some K > 1. We shall
prove this for K = 2L. To accomplish this, we derive from (*) a similar inequality
for 30;1. This is possible since ¢y and 30;1 have similar expressions on Ag. (Switch
If and If |, if necessary.) Let z and y be any points of I} x I} | and let 2’ = pxk(z),
Y = ©k(y). Then

(%) |z — yi| < max{|z} ) — Yii1l 2Tk — vil}-

Now let z,y € Q,, = # y, and let ko be the least index k for which |z — yllc, =
|Tk — yk| = . The argument given below shows that we can assume ko > 1. Since
©k,— 1 is L-Lipschitz, either

I(fko—lx)ko—l - (fko—ly)ko—lf 2 a/L or I(fko—-lz)ko - (fko—ly)kol > a/L
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In the first case, ||fz — fyllc, > @/L since I} _;-coordinates are not changed by g;
for j > ko. Thus, suppose that the latter case occurs. From (%) we obtain that
either

(1) [(fro@)ko — (fro¥)ko| = /2L, or

(i) [(feo@)ko+1 = (fro¥)ko+1| = /L.
If (i) is true, then we are done for the same reason as in the first case. Case (ii) is

a starting point for an inductive process where (ii) appears at each step. However,
case (ii) can occur only finitely many times, since

|(fex)k+1 = (fey)k+1| < 28641 — 0.
It follows that in any case ||fz — fyl||c, > «/2L. Thus, bilip f < 2L.

To finish the proof, note that f maps ¢ to the point (ry,rq,...), where s; —
Siv1 <15 < 8; — 8;41/4. For each k € N, let hy: I} — I} be a 4R(s)-Lipschitz
homeomorphism for which hy(ri) = 0. Let h: @s — Qs be the map given by

h(xl, T, .. ) = (hlil,‘l, h2$2, . )
Then hf is an 8 R(s)L-Lipschitz homeomorphism of Qs with hf(q) = 0, as required.

REMARK. In particular, @ is Lipschitz homogeneous with respect to the metric
p(z,y) = sup{2~*|zy — yi|: k € N}.

4. The number of essentially different Lipschitz homogeneous metrics
d, for Q. It is natural to ask what is the number of all Lipschitz equivalence classes
of metrics ds, where s € S. This question will be answered by using a completely
computational application of the following “comparison principle”. Recall that for
a compact metric space X and an ¢ > 0, N(X, ¢) denotes the maximum cardinality
of an e-discrete subset of X.

COMPARISON PRINCIPLE. Let X andY be compact metric spaces. If there is an
L- Lipschitz homeomorphism p: X — Y, then for each € > 0, we have N(Y, Le) <
N(X,€). Thus, if for each L > 1 there is ann € N with N(Y,L/n) > N(X,1/n),
then Y 1is not Lipschitz homeomorphic to X.

For the proof note that if D is an Le-discrete subset of Y, then o ~1[D] is an
e-discrete subset of X.

4.1. LEMMA. For each s € S and each € > 0, we have

N(Qs,e) = [] (12s¢/€] + 1),

keN

where [r] denotes the greatest integer p with p < r.

PROOF. For each k € N let Dy = {—sx +1e: 0 < 1 < [2s5/e] + 1}. Then
Dy is an e-discrete subset of [—s,sx] with |Dg| = [2sx/¢] + 1 and hence D =
Dy x Dy x D3 x - is an e-discrete subset of Q, with

1Dl = [T (12sk/¢] +1).
kEN

(Note that the above product makes sense since there is an n such that 2sx/e < 1
for k > n.) Suppose that D’ is any e-discrete subset of Q. For each k € N, we
define a map fi: D’ — Dy by setting

fe(z) = max{y € Dy: y < zx}.
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Let f: D’ — D be the map given by f(z) = (f1(z), f2(z), f3(z),...). Then f is
injective. Indeed, suppose that z,y € D’ and that f(z) = f(y). For each k € N,
we have

Tk, Yk € [fi(2), fi(z) + €]

and consequently ||z — y||., < € which implies = y since D’ is e-discrete. Thus,
|D'| <|DI.

4.2. LEMMA. Letr,s € S and suppose that s/ri. > 2°% for all k € N, where
a > 0. Then Q, s not Lipschitz homeomorphic to Q.

PROOF. To derive a contradiction, let L > 1. Choose an m’ € N large enough
to satisfy the following conditions: (i) 2°™'/4 > L; (ii) m’ > 4/c. Then choose an n
such that 1 < k < m/ implies r,/2 ""! > 1 and let m = max{k € N: rp/27 "1 >
1}. Clearly m satisfies the conditions (i)—(ii) and 2"*!r,, > 1. By Lemma 4.1,

N@-27) = ] (2] +1)
KEN

and

N@s,27"L) = [] (2" (sx/L)] + 1).

keN

We shall apply the Comparison Principle. For each k > m we have [2"T1r]+1 =1
and thus

(QS,Q_"L ﬁ 2"+1 Sk/L ] +1 ﬁ n+1 sk/L > ﬁ sk/rk

N@Qnzm = M e aa = o
> 9g-mp-m H 2ak — 2—mL—m2m(m+1)a/2
k=1

> (Q—am/22(m+l)a—2)m/2 — 2(ma/2+a—2)m/2 > 1,

a contradiction with the assumption that there is an L-Lipschitz homeomorphism

of @, onto Q.

4.3. COROLLARY. There are 2* essentially different Lipschitz homogeneous
metrics d,, where s € S.

PROOF. For each a > 0, put sg(a) = 27%%. Then 0 < o < [ implies
sk(a)/sk(B) = 28~k and Lemma 4.2 shows that Q) is not Lipschitz home-
omorphic to Qs(q)-

5. Lipschitz Q-manifolds. As we have shown that the cubes @) are Lipschitz
homogeneous for s € S, it is reasonable to introduce the following notion.

5.1. DEFINITION. A separable metric space X is called a Lipschitz -manifold
if there is an s € S such that each point of X has a neighbourhood which is Lipschitz
homeomorphic to Q.

It is well known that a connected Hilbert cube manifold is homogeneous. This
can be proved by using the facts that @ is locally homeomorphic to @ x [0, 1]
and that every homeomorphism between two Z-sets of ) can be extended to a
homeomorphism of Q. There is no theory of Lipschitz Z-sets but we can obtain a
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proof of the Lipschitz homogeneity of connected Lipschitz @-manifolds by using an
elementary isotoping device augmenting the proof of 3.1.

To show that X is Lipschitz homogeneous, it will be sufficient to prove that any
point p € X has a neighbourhood U such that any ¢ € U can be mapped to p by
a Lipschitz homeomorphism of X. Since @), is locally Lipschitz homeomorphic to
[0,1[x Qs (this follows from 3.1 by an argument similar to that of 12.1 in [Ch]) it
is easily seen that proving the Lipschitz homogeneity of X amounts to establishing
the following variant of 3.1.

5.2. THEOREM. For any two points z and y of [0,1/4[x Qs there is a Lipschitz
homeomorphism F: [0,1[xQs — [0,1[X Qs such that F(z) =y and F is the identity
on (3/4,1[xQs.

PROOF. We shall show that any point z of [0,1/4[xQs can be mapped to the
point (1/8,0) by a map F that satisfies the conditions of 5.2. Since z; < 1/4 there is
a Lipschitz homeomorphism of [0, 1[x I{ which takes z to a point (1/8, z3) and which
is the identity on [1/4,1[xI{. Hence, we can assume that (z;,z2) € {1/8} x I3.
(Figure 4 shows a typical situation when we map a boundary point of [0, 1/4[x I3,
i.e. z; = 0. The map can be realized by taking a suitable PL-homeomorphism of
the boundary of [0,1/4[xI{ and then extending it radially.) From now on we shall
work with the projection z’ = (z2,z3,...) of £ on Q.

As in the proof of 3.1, we use the stretching maps fi: I§ — I such that | fiz}| >
sk—8k+1/4 forall k € N. Since the constants bilip f. are uniformly bounded there is
a Lipschitz homeomorphism F;: [0,1[xQs — [0,1[xQs which (Lipschitz) isotopes
fi X fa X f3 x --- to the identity so that Fy(t,q1,q2,...) = (¢, fiq1, f2q2,...) for
every (t,q) € [0,1/4] X Qs and F} is the identity on [3/4,1[xQs. Write Fi(z) =
(1/8,z,25,...).

Following the notation from the proof of 3.1, we must avoid using reflections g
since they cannot be isotoped to the identity. Write Q, = (I§ x I§) X (I§ xI§) X ---.
For each k € N, (x4, _,,2%;) lies in one of the small four corners of I§,_; x I3,.
Let gr be a Lipschitz homeomorphism of I3, _, x I3, which maps the corner of
(@5%_1, T4 ) into the one which is in good position. These maps are to be obtained
by rotating the boundary 9(I3,_; x I3,) (with a suitable squeezing continuing the
earlier effect of the maps fy) and then radially extending to the whole of I3, | xI3,.
Now one can easily find a Lipschitz homeomorphism Fy: [0,1[xQs — [0,1[xQ;
which (Lipschitz) isotopes g; X g2 X - - - to the identity so that

F5(t,q1,42,43,q4,---) = (t,(91(g1,92))1, (91(q1,92))2, (92(g3, 94))1, - - -)
for all (t,q) € [0,1/4] X Q, and F; is the identity on [3/4, 1[xQs.
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Next we shall handle the maps . For each t € [1/4,3/4], define pi(t): I} X
I,y — I} x I, | as in the proof of 3.1 but replace Ay by the set

Ar(t) = [sk — 2(3/4 — t)Sk+1, k) X [Sk+1 — 2(3/4 — t)Sk+1, Sk+1]-

Thus, the sets Ak(t) are linearly squeezed to their corners. On each slice {t} x
Qs, where t € [1/4,3/4], the maps @i(t) induce a 2L-Lipschitz homeomorphism
fe: {t} x Qs — {t} x Q5. Thus, we easily see that we obtain a Lipschitz homeo-
morphism F3 of [0, 1[x Qs such that the map f from the proof of 3.1 is isotoped by
F3 to the identity in [1/4,3/4] x Qs. Let Fy: [0,1[xQs — [0,1[xQs do the same
for the map h. Then F = Fy--- F} is the required map.

A112)
A,(1/4) AN

e 3/4

s
1k+l

1/4

Iy
FIGURE 5

5.3. COROLLARY. A connected Lipschitz Q-manifold s Lipschitz homoge-
neous.

PROOF. See the proof of the following proposition.
Indeed, Theorem 5.2 yields a slightly stronger “basic cube” result for Lipschitz
(Q-manifolds.

5.4. PROPOSITION. Let X be a connected metric space. Suppose that for each
z € X there exists an s, € S and a neighbourhood U, of x such that U, ts Lipschitz
homeomorphic to Q(gy. Then X is a Lipschitz Q-manifold.

PROOF. As a locally separable connected metrizable space, X is separable. Let
p,q € X. Use the connectedness of X to find a simple chain {Uy,...,U,} of open
subsets of X and points 1,...,Zn+1 € X such that p =2z, € Uy, ¢ = tp41 € Un
and ;41 € U; N U4 for 1 < ¢ < n, with Lipschitz homeomorphisms

i Uy = [0,1[xQs,, 5; €8,

where ©;(z;), wi(zit1) € [0,1/4[xQs(;). By 5.2 we can find a Lipschitz homeo-
morphism f; of [0, 1[xQs(;) such that fip;(z;) = @i(z:4+1) and f; is the identity
on [3/4,1[XQs(;). Define a map g;: X — X by setting g;(z) = o7 ! fupi(z) for
¢ € U; and gi(z) = z for z € X — U;. Let K; = ¢; '[[0,3/4] x Q4(;)], and put
6; = d(X — U;, K;) > 0 and p; = diam K;. The map g; being a Lipschitz homeo-
morphism on U; and the identity on X — K, suppose that z € K; and y € X — U;.
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Then

pi o d(zy) e dlgie,gy) o dly, K 1

6i dlz,y) ~ dlz,y) ~ dy, K;)+p; 1+ u/6’

which shows that g¢; is a Lipschitz homeomorphism of X. Now ¢g,¢n—1 - g1 maps
p to q. Thus, X is Lipschitz homogeneous and the claim of 5.4 follows.

The use of simple chains in the proof of 5.4 can be motivated by the fact that
this proof can easily be modified to show that a connected Lipschitz )-manifold is
strongly Lipschitz n-homogeneous for every n € N. It follows that for each s € S, Q,
is strongly Lipschitz n-homogeneous. It is well known that if A;, A; are compact
subsets of the pseudointerior {z € Q;: |zx| < sk Vk € N} and f: A} — Az is a
homeomorphism, then f can be extended to a homeomorphism of Q,. The same
does not hold for Lipschitz homeomorphisms as can be seen from the following
example.

5.5. EXAMPLE. Define a sequence {a,} of positive integers by setting a;; = 2,
Qni1 = an +n?. Let ay, = s,(1 —27% ") and let b, = s,(1 — 2-%"). We define
two compact subsets A, Az of the pseudointerior of Qs:

Ay ={re€Qs: |tx] <arVke N} and Ay ={z€Qs: |zk| <bxVkE N},
Clearly the map f: A; — A2 given by (fz)x = (bx/ak)zk is a Lipschitz home-
omorphism. Suppose that it has an extension to a Lipschitz homeomorphism f
of Q5. Let L = bilip f and let n > 3 be such that 2" > L. Notice that the set

E = B(A;,27%"""s,) has the form F x Q7, where F is the set of all points z of
I§ x -+ x I3_4 such that

|zk] <ak+27%""s, <sp forl<k<n.

1+ —

Now If -x I$_; — F is homotopy equivalent to S® 2 and so is Q, — E =
(I3 x -+ x Ig 1 — F) x Q7. Since f is an L-Lipschitz homeomorphism, we have
B(A2,27%"""s, /L) C f[E] C B(Ag,27%""s,L).
The inequalities 27" L < 27%r and 27%+! < 27%~" /[, imply that
B(A,27% "5, /L) = F' x Qy*' and B(A2,27%" s, L) = F” x Q71,

where both F’ and F” are products [—ry,71] X -+ X [—7rp, 7] With 7 < s for
1 < k < n. Thus, there is a natural retraction
©: Qs — B(A2,27%""s, /L) — Qs — B(Ag,27% s, L) (L>1)
induced by the retraction of (I§ x --- x I;) — F" onto (I§ x ---x I3) — F". Thus,
we obtain a retraction
¢ Qs — f[E] = Qs — B(A2,27%""s, L).

The induced map ¢, : H,_1(Qs — f[E] Z) — Hy,_1(Qs— B(A2,27*"s, L), Z) =
Z of the singular groups is an epimorphism and hence H,_1(Qs — f[E), Z) # {0},
which contradicts the fact that H,_(Qs — E, Z) = {0}.

6. The existence of uniform constants of Lipschitz homogeneity. As
can be seen from our proofs for 3.1 and 5.4, for each compact connected Lipschitz
@-manifold there is a uniform constant A < oo such that the Lipschitz homogeneity
of the manifold is witnessed by Lipschitz homeomorphisms f with bilip f < A. The
following result shows that the same holds for any Lipschitz homogeneous compact
metric space.
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6.1. THEOREM. Let X be a Lipschitz homogeneous compact metric space.
Then there s a constant A < oo such that for each pair x,y of points of X there
ezists an f € Ly(X) with f(z) = y.

PROOF. For each z € X and eachn € N, let L,(X; z) denote the set of all y € X
such that there is an f € L,(X) with f(z) = y. First we shall show that the sets
L,(X;z) are closed. Suppose that y € X and that {z,} is a sequence of elements
of L,(X;z) such that z, — y. By the definition of L,(X;z), for each k € N
there is an fi € L,(X;z) with fi(z) = z. Since X is compact, {fi(z): k € N}
is relatively compact for all z € X. On the other hand, {fx} is an equicontinuous
subset of C.(X) (= the set of all continuous self-maps of X with the topology of
compact convergence) since it is even equilipschitzian. By Ascoli’s theorem {f}
is relatively compact in C.(X). Hence, there is a subsequence {fx,} of {fx} such
that the maps fx, converge uniformly to some f € C(X). It follows that f is an
n-Lipschitz homeomorphism of X. (Note that f is surjective since X is compact.)
But

f(z) =lim fi;(z) = limzg; =y
and hence y € L,(X;z). Consequently the sets L, (X;z) are closed.

Since X is Lipschitz homogeneous, we have X = (J,cn Ln(X;z) for every
z € X. By the Baire Category Theorem there is an n, € N such that U, =
int Lp,(z)(X;2) # J. Accordingly, choose a point y, € U,. Since y; € Ly(z)(X; 2),
there is an f; € L,(;)(X) with fz(z) = y.. As f; is continuous, we can find an
open neighbourhood V,. of z such that f,[V,] C U,. Put m, = n3. It follows that
for every pair z,w of points of V; there is an f € Ly, (z)(X) with f(2) = w. Indeed,
let z,w € V;. Then f.(z), fz(w) € U; and hence (since U, C Lp(z)(X;z)) there
exist g, h € Ly(;)(X) such that g(x) = fz(2) and h(z) = fz(w). Consequently the
map f_thg~!f, takes z to w and

bilip(f; thg™! fz) < ni.

Now {V,: z € X} is an open cover of X and has a finite subcover {V;,,...,Vz }.
For each pair (¢,7), where 1 < ¢, j < n, choose a Lipschitz homeomorphism
fij: X — X such that f;;(z;) = z;, and let

m = max{bilip f;;: 1 <1, 7 <n}.

Finally, put A = m - my, - --mz,. Then X satisfies the condition of 6.1. In fact, let
7,y € X. Choose 1,J so that z € V; and y € V;. By the previous paragraph there
exist g € Lom(z,)(X), h € Lin(z,)(X) with g(z) = z; and h(y) = z;. Then A~ f;;g
maps z to y and

bilip (h™ fij9) < ma, - m-mg, <A,

as desired.

6.2. REMARK. By an argument that is easier but similar to that given for 6.1,
one can show that if G C L(X) is a compact group of Lipschitz homeomorphisms
of X, metrized by the metric ¢ for which

6(f,9) = max{o(f,9),0(f"',¢"")} and o(f,g)=sup{d(fz,g2): z € X},

then there is a uniform constant A < co such that G C Lx(X). It was shown in
[DW] that there are compact connected 2-manifolds without boundary (any having
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genus > 1 is good) X such that no compact subgroup of H(X) acts transitively
on X, or, equivalently, X has no compatible metric for which the isometries are
transitive. Anyhow, it has been noted in [HJ] that for any compact homogeneous
metric space X and any ¢ > 0, there is a compatible metric of X for which X is
Lipschitz homogeneous with a uniform constant < 1 + €.

7. The hyperspace 2/ of closed nonempty subsets of the unit inter-
val. It was shown by Schori and West in 1975 that 2! is homeomorphic to Q.
Their result implied that 2! is homogeneous. The following question arises: is 27
even Lipschitz homogeneous with respect to its standard Hausdorff metric? It is
not too difficult to show that the answer to this question is negative. Recall that
the Hausdorff metric (denote it by d) of 2! is defined by setting d(A;, Az) < ¢ iff
A C B(AQ,E) and Ay C B(A1,€), where A;, Ag € 27 and € > 0.

7.1. LEMMA. For each n, we have N(2%,1/n) = 2"+ — 1.

PROOF. Let A = {i¢/n: 0 < ¢ <n}. Then ¥ = the power set P(A) minus the
empty set is a (1/n)-net of 2/. Suppose that D is a (1/n)-discrete subset of 2.
Define a map F': D — 7 by setting z € F(D) iff either z =0and z € D or z = i/n,
1> 0, and

(i =1)/n,i/n]ND # <.
(Then d(D, F(D)) < 1/n.) Suppose that D, D’ € D and F(D) = F(D’). It easily
follows that d(D, D') < 1/n and hence D = D’. Thus, F is injective which implies
DI < |F| =27t - 1.

7.2. PROPOSITION. 2! is not Lipschitz homogeneous.

PROOF. We shall prove that there is no Lipschitz homeomorphism of 2/ mapping
the point {0} of 2 to the point I. To derive a contradiction, suppose that ¢: 27 —
2! is a Lipschitz homeomorphism with p({0}) = I and let bilipp = L. Choose an
n € N with n > 5L2. Denoting by B4({0},1/n) the closed (1/n)-neighbourhood
of {0} in 2, notice that B4({0},1/n) = 2(%1/7 and by the above lemma

N (Ba({0},1/n),1/n?) = 2! — 1.
By the Comparison Principle N(p[B4({0},1/n)],L/n?) < 27+l Since ¢ is L-
Lipschitz, we have B4(I,1/nL) C p[Ba({0},1/n)]. Thus, we obtain
(%) N (Ba(I,1/nL), L/n?) < 271,

To see that () is not true, let D = {i/Ln: 0 < ¢ <r =[Ln|}, and for 0 <7 < r,
let D; be an L/n?-discrete subset of i/ Ln, (i+1)/Ln[ of cardinality [n/L?]. Choose
subsets D; C D; for which |D}| > [n/L?] — 2 and for which DUDjU ---UD._, is
an (L/n?)-discrete subset of I. (Just throw out the least and greatest elements of
D;.) Note that any C € 2! containing D belongs to By(I,1/nL). Especially each

set DUFoU ---U F,_y, where F; € P(D}), is an element of By4(I,1/nL). But the
collection of all such sets is (L/n?)-discrete in 2! and their number is

r—1 r—1
H |P(D;c)| > H 2n/L’—3 = (2”/L2—3)r S 2n+1,

a contradiction.
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Another question which arises in the context of 27 is whether 2/ is Lipschitz
homeomorphic to (Q, p), where p is the metric given by p(z,y) = 3 27|z — yil.
The answer is negative, even if I is replaced by any Peano continuum. (It was shown
in [CS] that if X is a nondegenerate Peano continuum, then 2% is homeomorphic

to Q.)

7.3. LEMMA. Let X be a connected metric space with diamX > 1. Then
N(X,1/2n) > n.

PROOF. Let g € X be arbitrary. Since X is connected and diam X > 1, for each
J < n—1thereis an z; such that d(zo, z;) = j/2n. Theset {zo,...,zn_1}is (1/2n)-
discrete, because 1 < ¢ < j < n— 1 implies d(z;,z;) > d(z;,z0) — d(z;,x0) > 1/2n.

Now let X be any Peano continuum. We can assume that diam X > 1. Let
s be the sequence (27%). Note that if 2,y € Q and p(z,y) > 27", then there is
an ¢ < n + 1 with |z; — y;| > 27771, Therefore, s;|z; — y;| > 272”2 and hence
ds(z,y) > 27272 It follows that any 2~ ™-discrete subset of (Q,p) is 272" 2-
discrete in s and so

N((Q,P)» 2—71) < N(QS,Q_Q"—2) < 2(n+3)(2n+3)’

where we have used Lemma 4.1. However, N(2%X,27") grows much faster. Indeed,
by Lemma 7.3, N(X,2™") > 2"~ ! and thus N(2X,27") > 22" "' —1. Consequently,

N(2X,27"L)/N((Q,p),2 ") - 00 asn — oo

for any L > 1 and the Comparison Principle shows that 2% is not Lipschitz home-
omorphic to (@, p).
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