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SMALL ZEROS OF QUADRATIC FORMS!

BY
WOLFGANG M. SCHMIDT

ABSTRACT. We give upper and lower bounds for zeros of quadratic forms in
the rational, real and p-adic fields. For example, given r > 0, s > 0, there
are infinitely many forms § with integer coefficients in r + s variables of the
type (r,s) (i.e., equivalent over R to X7 +- .- + X2 —Xf_‘_l - = X3+s) such
that every nontrivial integer zero x has |x| 3> F7/2% where F is the maximum
modulus of the coefficients of §.

1. Introduction. Let

n
FX)= > fi XiX; #0
7,)=1
be a quadratic form with rational integer coeflicients. We shall assume here and
throughout that f;; = f;;. It had been shown by Cassels [1] that if § has an integer
zero x # 0, then in fact it has an integer zero x # 0 with

(1.1) x| < F(n=1/2,

Here [x| = max(|zy|,...,|zn|), F is the maximum modulus of the coefficients f;;
and the constant in < depends only on n. An example of Kneser (see [2]) shows that
this is essentially best possible: given n > 1, there are infinitely many forms as above
which do have nontrivial integer zeros, and every such zero has |x| > F(»~1)/2,

Recently Schlickewei [3] strengthened Cassel’s result as follows. Suppose now
that § is of the type (r,s), i.e., r + s = n and § is equivalent over the reals to
X2+ - +X2-Y%—- - —Y2 Wewill assume that r > s >0and n =7+ s > 5.
Then § certainly has an integer zero x # 0 by Meyer’s Theorem. Put

(r/s) when r > s + 3,
a=alrs)=1( 5(s+2)/(s—1) whenr=s+2o0rs+1,
2(s+1)/(s—2) whenr=s.

[EeIE

Then according to Schlickewei, § has an integer zero x # 0 with
(1.2) |x| < F*.

In the opposite direction, Watson [6] had constructed forms of the type (r,s) all
of whose nontrivial integer zeros satisfied |x| > F(1/2h with h = [r/s], i.e., the
integer part of r/s. In the case when r =n — 1, s = 1, Watson’s example becomes
that of Kneser mentioned above.
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88 W. M. SCHMIDT

We first wish to improve upon Watson’s result. Given a point x = (z1,...,2,) #
0 with real or complex components, put

() = min(lzi)) and qx) = xI/(x).
In other words g(x) is the maximum quotient [z;|/|z;| over ¢, j with z; # 0.

THEOREM 1. Suppose n = r+s, r >0, s > 0. Given C > 1 there 15 a
quadratic form § with integer coefficients of the type (r,s) and with F < C, such
that every point x € R™\0 with F(x) < 0 has q(x) > C7/%.

In particular, ¢(x) > F7/2%. Thus every nontrivial integer zero has
(1.3) x| > F/2%s.

Therefore Watson’s exponent #[r/s] is improved to 3(r/s); this seemingly small
improvement is rather nontrivial. When r > s + 3, the estimates (1.2), (1.3)
complement each other, so that each is best possible.

Given a point x = (zy,...,2,) with coordinates in the p-adic field Q, put
gp(x) = |X|p/(x)p, Where

x|, = max(|z1p, ..., |Znlp),  (X)p = min |z,
Ii¢0

and where |- - - |, denotes the p-adic absolute value.

THEOREM 2. Suppose n > 5 and a prime p are giwen. For each C > 1 there s
a nondegenerate quadratic form § with rational integer coefficients and with F < C,
where F is defined as above in terms of the standard absolute value, such that every
nontrivial p-adic zero x has

gp(x) > C¥ (=4,

with a constant in > which depends only on n and p. Moreover, § may be chosen
of prescribed type (r,s) withr + s =n.

A point x € Z™\0 has |x| > g,(x). Thus every nontrivial rational integer zero x
of § has

(1.4) x| > ¥/ (n=4) > p2/(n=4),

Of particular interest is the case n = 5, in which case we get [x| > F?. This holds
in particular for forms of the type (3,2); the best lower bound in this case had
been |x| > F3/2, due to Watson [6, last formula). For the type (3,2) the estimates
(1.2) and (1.4) complement each other and are therefore essentially best possible.
In all the other cases when r = s+ 2 or s+ 1 or s, the question of the best possible
exponent remains open.

The lower bounds given in Theorems 1 and 2 involve the real field and the p-adic
fields. Our next theorems provide upper bounds for solutions in these fields. At
least in the real case it seems natural to give bounds in terms of the eigenvalues of
the coefficient matrix.
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THEOREM 3. Let §(X) be a nonsingular quadratic form with real coefficients
of the type (r,8) withr >0, s >0, n=r+ s> 3. Let the eigenvalues of § be

A2 2 A > e 2 2 —
with positive \;, pi;. Suppose that A1 > p1, and put?

p1 ifr>2and A > p,
(1.5) v=« A ifr>2andpu; > Ao > uo,
e tfr=1orifr=2 and puz > As.

Then § has a real zero x with nonzero components and with
(1.6) q(x) < (A\1/v)'/2.

The constant in < depends only on n. Since the components of x are nonzero,
(1.6) may be rewritten as

(1.7) lzi] > (/M) x| (G=1,...,n).

There is of course an analogous result when u; > A;.

Suppose now that § has coefficients in Z. Then all the eigenvalues are of modulus
& F. Furthermore, 1 < Ay Appg - ps < Ajp] < FTui, so that uy; > F-7/s,
When r > s and A\; > p1, we have thus v > F~7/3, at least in the first of the three
cases in (1.5). But in the second and third cases one easily gets v > F~%/(n=2) »
F-7/% since r > s and n > 3. Hence by Theorem 3 there is a real zero x # 0 with

(1.8) q(x) « Fr/2)+1/2,

The same conclusion may be drawn when r > s and u; > A;. But this consequence
of Theorem 3 is rather weak as compared to (1.2). According to (1.2) we may for
r > s+ 3 get an x with g(x) < F7/2°. This raises the question whether the 1/2 in
the exponent of (1.8) is superfluous also in the cases r =s+2 or s+ 1 or s.

The case r = s = 1 is not covered by Theorem 3. It is an easy exercise to
show that an indefinite binary quadratic form with integral coefficients has a zero
x € R?\0 with ¢(x) < F, and that this is essentially best possible. So (1.8) is true
also for r = s = 1, and in this case the 1/2 in the exponent is necessary.

THEOREM 4. Let § be a quadratic form in n > 5 variables with coefficients
in Z. Let p be a prime. Then § has a zero x € Z™\0 with g,(x) < F°~, where
cn < cn~1/2 and the constant in < depends only on n,p. More precisely, we may
take c, = 4, and when n > 40 and k 1s the largest integer with 8k(4k + 1) < n, we
may take c, = 3/(2k).

By Theorem 2 we must necessarily have ¢, > 2/(n — 4). So the correct order of
magnitude of c,, lies somewhere between n~! and n~1/2.

Now let § # 0 be a form with p-adic coefficients. Define g,(§) as the maximum
p-adic absolute value of the quotients of nonzero coefficients of §. Is it possible
to assert that for n > 5 there is a zero x € Qp\0 with g,(x) bounded in terms

2Thus v = min(u1,v*), where v* is the third among Al,..., Ar, 41, .., 4s When ordered
according to size.
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of ¢5(§)? The answer to this question is negative, as is seen from the following
example. Let p # 2 and let u be a quadratic nonresidue modulo p. Set

S = (Xl + .+ Xn)2 — UX12 — UP2mX§ . Upzm("_l)X,Z,

where m is large. Then ¢,(§) = 1. Every zero is proportional to a “primitive”
zero x which lies in Z7} but not in pZ7, where Z, is the ring of p-adic integers.
Let x be such a zero. Let [ be such that z; = --- = ;_; = 0 but z; # 0; clearly
I <n-1 Wehave (z; + -+ 2,)? — up?™(=1z? = 0 (mod p*™), hence p™|z,
hence g,(x) > p™. But m is arbitrarily large! (A similar example can be given
with a real indefinite form.) The answer to the question is easily seen to be positive
when § is restricted to diagonal forms. The difficulty lies in the fact that g,(x) and
gp(§) are very sensitive to linear transformations.

However, we have the following.

THEOREM 5. Let K be a field of characteristic # 2 with a nonarchimedean
absolute value |---|. Let § = ZZ;’:I fi; XiX; be a form with coefficients fi; =
f;i € K of absolute value < 1. Write A;; for the cofactor of fi; in the coefficient
matriz. Suppose that

(a) |fiz] > B™Y, where B>1 (1<1i<n),

(b) [Ais| > B! (1<i<n),

(c) & has a zero (wy,...,w,) € K™ with each w; # 0.

Then § has a zero x € K™ with q(x) < B, where q is defined in the obvious
way, and the constant in < depends only on K, |---|,n.

In applications, when § has a nontrivial zero, choose such a zero w with the
least possible number of nonzero coordinates. Say w = (wy,...,w;,0,...,0) with
wy---w; # 0. When [ = 1, then g(w) = 1. When [ > 1, apply the theorem to
§(X1, X)) =5(X1,...,X,0,...,0). The coefficients f:i are not zero (otherwise
% would have a zero (0,...,1,...,0)) and the cofactors A,; are not zero (for if, say,
Ay =0, then ﬁ(X 1,.-.,Xi_1,0) is singular, hence has a nontrivial zero with < {
nonzero components). We thus get a zero x with

q(x) < max(|fu] ™%, 1 ful ™ JAnl 7L L JAul Y.

When K = Q, |---| is the p-adic absolute value, and § a form with coefficients
in Z and with F as above, then | < 5 and |f,-,-| < F, |Aii| < F'-1 < F4. We obtain
a zero x € Q™ with g,(x) < F*. This gives Theorem 4 with ¢, = 4.

The details for the proof of Theorem 5 will be given only when K = Q or Q,
and when we deal with the p-adic absolute value.

2. Linear forms. Given a linear form £, write |£| for the maximum modulus
of its coefficients.

PROPOSITION 1. Suppose 0 <1 <s. Giwen D > 1 there are linear forms
£:(Y) = £L(Y,...,Ys) (i=1,...,0)

with rational integer coefficients and with |£;] < D (v = 1,...,1) such that every
nonzero complex vectory = (y1,...,Ys) has

(2.1) max(|yl, |£1(¥)], -, |Li(y)]) > DY*(y).

The constant in > here depends only on s.
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This implies Theorem 1, as we now proceed to show. When C is small, we set
§=X{+ - +X?-X2,—-— X2, sothat F = 1. Every nonzero x has
g(x) > 1, and this is > C"/2* when C is small. We may thus suppose that C is
large. We put D = [pC'/?] with a constant p = p(s) to be determined later. At
any rate, D > 1 when C is large.

Write

(2.2) r=sh+! with0<Il<s.

We will at first suppose that [ > 0. We rename the variables X,..., X, as Y;; (1 <
1<s,0<j<h)andasYi,...,Y;since n =r+s = s(h+1)+I, this makes sense.
We further set

(2.3) Zij=Yy;-DY;;_1  (1<i<s, 1<j5<h),
(24) Iy =Yy — ‘cm(Ylhs ceey Ysh) (1 <m< l),
where £4,..., £, are the forms of Proposition 1. We put
s h l 3
§=2_2 Z5+3 Zh-d Y%
i=1j=1 m=1 =1

Then § has integer coefficients and is of the type (r,s). Moreover, F < D?, so that
F < C if p was chosen sufficiently small.

Now let x # 0 be real with F(x) < 0. Define y;j,ym (1 <7< s, 0< 5 <
h, 1 <m <), as well as 2, 2, in the obvious way. Set y = (y10,...,¥s0).- By
our construction of §, and since §(x) < 0, we have y # 0. Again, since §(x) < 0,
we have

lzi5l < lyl,  Jom| <yl

Thus
Yij = Dyij—1+ 25 = Dyi -1 +O(ly])  (1<i<s, 1 <5< h).

We have y;1 = Dy,0 + O(lyl), vi2 = Dy:1 + O(ly|) = D?y.0 + O(Dly|), etc., and
finally

(2:5) yin = D'yio + O(D" My|)  (1<i<s).
We further have

Ym = ’cm(ylh’ ceey ysh) + 2, = Sm(ylfh cey ysh) + O(Iy,) = Dhﬁ?’ﬂ(y) + O(Dhly|)
since |£,,| < D, and therefore
(2.6) Ym = D"(Lm(y) +Oly))  (1<m<1).

We now distinguish two cases.

Either |y| is small as compared to D'/*(y), say |y| < 6(s)D"*(y). Then if §(s) is
small enough, (2.1) shows that there is an m in 1 < m < I with |£,,(y)| > DY*(y).
Hence, again when §(s) is small, (2.6) yields

lym| > DP9 (y) = D"/5(y).
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Since y,, and the components of y are among the components of x, we obtain
q(x) > D/ > C7/?3, as desired.
Or we have |y| > 6(s)D"/*(y). Say |yio| = |y| > D"*(y) for some particular 7
in 1 <7 <s. Then (2.5) gives
lyin| > DM )(y) = D/ (y),

and again q(x) > C"/?%.

This completes the proof when | > 0. The case | = 0 is simpler, and the Y, Z,,
and forms £,, (1 < m <) disappear from the argument. We may omit the details,
all the more so, since this case follows from Watson’s result quoted above.

3. Proof of Proposition 1. We proceed by induction on [. We may suppose
that D is large. When [ = 1, set E = [D'/*] and

£1(Y) = EY, + E?Y, + --- + E*Y,.
Then |£4] < E* < D. Supposey = (y1,...,Ys) hasyx #0but y; =0fork < 5 < s.
Either |y;| < (2s) 'Elyx| for 1 < ¢ < k. Then |£1(y)| > 1E*|yx| > D'/*(y), and
we are done. Or some [y;| > (2s) ™1 E|yx| > D/*|yx| > D/*(y), and again we are

done.
Suppose now that the proposition is true for 1,2,...,l — 1 where [ > 2. Write

(3.1) s=ml+v with0<v <l

Now when v = 0, divide the s variables into Y; = (Y11,...,Yim),..., YI =
(Yi1,...,Y,). By the case | = 1, there is a form £(Zy,...,2Z,) = £(Z) in m
variables such that |£| < D and
max(|z|, |£(z)|) > D"/™(z)
for each z. Set £,(Y) = £(Y;) (: =1,...,1). Then if, say, y; = (yi1,---,¥%im) # 0,
we have
max(|y|, |€1(y)l,- -, |1€u(y)) > max(lyl, |£(y:)]) > D™ (ys) > DY*(y).

We may therefore suppose that v > 0, and we write
(3.2) l=w+w with0<w<w.
We now relabel the variables Yi,...,Y; as follows.
(i) Variables Y; with 1 < 5 <,
(ii) Variables Y with 1 <¢<u, 1<j7<v, 1<k<m.
When w > 0, we have further
(iii) Variables Yy, with 1 <t <w, 1 <k <m.
Since s = v + uvm + wm, this always gives the correct number of variables. We set

Y‘tJ:(}/'LJl)a}/l]m) (ISZSU,IS]S'U),
and when w > 0, we further set
Yt:(Ytly-"athm) (IStS’w)-

We put E = [¢D'/*] with ¢ = ¢(s) > 0 to be chosen later. We introduce the

linear forms
Mo; = E™Y;  (1<5 <),
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M;; = M;(Yi5) = EVij1 + EXVijo + -+ E™Yjy  (1<i<u, 1<5<0).
Then |9M,;| < E™ (0 <7< wu, 1< <v). Further set
L =My —E"M;_y 5 (1<i<u, 1<j<).
In the case when w > 0 we are not yet finished: Put
M, = M (Yy) = E'You + EXYio + -+ E™Yy (1<t <w),

so that also || < E™. Further let M;(Z1,...,2,) (1 <t < w) be the forms of
the proposition, with w,v, E? in place of [, s, D, respectively.® Thus |0, < E?,
and for z = (21,...,2,) # 0 we have

(3.3) max(|z|, | M1 (2)],.. ., | Mw(z)]) > E* @/ (z) = E¥(z).

Finally put
£t=mt_mt(mula-'-amuv) (IStS'IU)

The forms £;; in the case when w = 0, and the forms £;; together with the
forms £; when w > 0, are altogether uv + w = [ forms, and we claim that these [
forms have the properties enunciated in the proposition. Clearly it does not matter
that they are not simply numbered as £1,..., £;. First, it is obvious that |£,;],|L|
are < E™*Y = E3 so that when ¢ > 0 above was chosen sufficiently small, they
are < D, as required. It remains for us to show that for y = (y1,...,ys) # 0 we
have (2.1), i.e.,

(34) max(l)’la I‘cll(y)lv AR} I‘guv(y)l’ |£l(y)|) LR |£’w(y)|) > El<y)

Suppose then that y # 0. Denote its components by y; (1 < 7 < v), by
Yijk (1<i<wu, 1 <7 <w, 1<k<m),and further by s (1 <t <w, 1 <k < m)
when w > 0, and introduce vectors y;; and y;. Let & be the subset of {1,...,v}
consisting of the indices 7 with y; # 0.

We now make the following observation, which is proved like the case | = 1 of
the proposition: When y;; # 0, then

(3:5) max(|yi;l, [Mi;(yi;)|) > Elyi;)  (1<i<wu, 1<j<o).
Similarly, when w > 0, then each y; # 0 has
(3:6) max(|y:|,|M:(ye))) > EXy:) (1<t <w).

Suppose now that 7 ¢ & is fixed for the moment. We have y; = 0, hence
Mo;(y) = 0, hence £1;(y) = My;(y1;). It follows from (3.5) that when y;; # O,
then either |y| > E'(y) or |£4;(y)| > E'(y), and in both cases (3.4) is true. We
may therefore suppose that y;; = 0. Then £5;(y) = My;(y2;). Reasoning as
before, we see that we may suppose that y;; = 0, etc. Hence we may suppose that

3.7 Y1, =Y2; = =Yu; =0 foreachj¢G,
so that in particular
(3.8) M,;(y) =0 foreachj¢ &.

3By (3.1), (3.2) our induction involves the complete quotients in the continued fraction expan-
sion of s/, more precisely every second quotient.
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Next, suppose that 7 € & is fixed at the moment. We have E*IMg;(y) =
Emitvy. = Esy,. Thus if |9M;(y)| is small in comparison to E°|y;|, then |£1;(y)|
> E°ly;| > E*(y), and (3.4) holds. We may thus suppose that |9 ;(y)| >
E*|y;|, which yields E?|My;(y)| > E*t*|y;|. If |My;(y)| is small in comparison
to ESt?|y;|, then |£9;(y)| > E*t*|y;| > E°*t%(y), and again (3.4) holds. We
may thus suppose that |My;(y)| > E**¥|y;|. Continuing in this manner we see
eventually that we may suppose that

(3.9) |95 (y)| > EsH@=1? |y for each j € 6.

In the case when w = 0, the set & cannot be empty by (3.7) and since y # 0.
For jy € G we have

M5 (y)| > Bty | = Emitly |

by (3.9), (3.1), (3.2). Since |M,;(y)| < E™|yu;|, we obtain |y.;| > E'|y;|, whence
(3.4).
It remains for us to deal with the case when w > 0. Introduce

z = (Mur(y), ..., Muo(y))-

Now if & = 0, then some y; # 0 by (3.7) and since y # 0. Further z = 0 by (3.8), so
that £,(y) = M,(y:). By (3.6) we have either |y;| > EXy;) or [£:(y)| > EYy:),
and in both cases (3.4) holds.

We may thus suppose that & # 0; then z # 0 by (3.9). In view of (3.3) we either
have |z| > E"(z), or some |N;(z)| > E*(z). In the first subcase there are ¢, in
S with |9y, (y)| > E*|9M,,(y)|. In conjunction with (3.9), (3.1), (3.2) this yields

f)ﬁui y > Ew+ml+v+uv—v Y| = Eml+l ;i Z EmH_l .
J b y

Since |Myi(y)| < E™|yui|, we obtain |y,;| > E'(y), and (3.4). In the second
subcase, by (3.9),

Imt(z)' > Ew<z> > Ew+ml+v+uv—v<y> _ Eml+l<y>.

Then either |£;(y)| > E'(y) and we are done, or |M,(y)| > E™*!(y). Since
|97, (y)| < E™|y,|, we may infer that [y,| > E'(y), hence (3.4).

4. The p-adic case. Just as in the real case we begin with a proposition on
linear forms.

PROPOSITION 2. Suppose 0 < | < s. Gwen D > 1 there are linear forms
£,(Y) = £:(Y1,...,Ys) (= 1,...,1) whose coefficients are rational with (standard)
absolute value < 1 and with denominators which are powers of p and not larger than
D, such that every nonzero y € Q, has

max(|ylp, [£1(¥)lp,- - 1€1(¥)]p) > D*(y).
The constant in > here depends only on s and on p.

The proof of this proposition is like that of Proposition 1. Let ¢ be the largest
integer with p®® < D, and set E = p~®. The construction of the forms is essentially
the same as in §3. In some cases E is to be replaced by |E|, = p®. For instance, when
I =1, we set again £,(Y) = EY; + -+ E°Y;. The denominators are < |E|; < D.
Or, when | > 1 and when w > 0, the forms M(Zy,...,2Z,) (t = 1,...,w) are
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the forms of Proposition 2 with w, v, |E'l;’, in place of I,s,D. When D and hence
6 is large, the forms £;;, £; will have coefficients of absolute value < 1. The
denominators of these coefficients will be powers of p, and will be < IEI;"“’” =
|El; = p®* < D.

Before embarking on the deduction of Theorem 2, we insert

LEMMA 1. Set
®(Z) = ®(Z1,Z23Z3aZ4) = Zl2 - UZ22 +p(Z§ - ’U,Zf),

where u ts a quadratic nonresidue modulo p when p is odd, and u = —1 when p = 2.
Then for each z € Qp\0 we have |&(z)|, > p~3|z2.

PROOF. When p # 2, then
|2t — uz3|p = max(|z1[3, |22[7)

and

|p(z§ - uzi)lp =p

and since these cannot be equal,

8(2)|, = max(|z1[3, |23, p~"[23[2, 07 [24]2) > P~ [2]3.
When p = 2, we may suppose by homogeneity that |z|, = 1, so that in particular the
z; are p-adic integers. When max(|z1|p, |22|p) = 1, then &(z) Z 0 (mod 8), so that
|8(z)|, > 272 = 272|z|2. When max(|z1]p, |22]p) < 1 and max(|z3|p, |24]p) = 1,
then (z) is even but # 0 (mod 16), so that |&(z)], > 273 = 273|z|2.

Now, in order to prove Theorem 2, it clearly will suffice to construct a quadratic
form §; whose coefficients are not necessarily integers but are rational numbers of
(standard) absolute value < 1, and with denominators which are powers of p and
not larger than C. For then § = p8F, where p? is the least common denominator
of the coefficients of §1, will have the desired properties. We may suppose C to be
large and we set D = p~%, where § is the largest integer with p25*t7 < C, with a
constant ¥ = v(n,p) > 0 to be determined later.

The construction for Theorem 2 is analogous to that for Theorem 1, with r,s
replaced by 4,n — 4 respectively. Thus (2.2) becomes

4=(n—-4)h+! with0<l<n-—4,
and X;,...,X, arerenamed as ¥;; (1 <¢<n-4,0<j<h)and Y3,...,Y.
Linear forms Z;; and Z,, are defined as in (2.3), (2.4), where £4,..., £, are the
forms of Proposition 2, with |D|, = p® in place of D. Thus for example, when
n =5, then h = 4, | = 0, the variables X,..., X5 become Yjq,..., Y14, and the
Z’s are given by

! max(|23|,2n |Z4|,2>),

le = Ylj - DYI,]'_I (1 S ]‘ S 4).
On the other hand when n > 9, then h = 0, | = 4, and the variables become
Yio,..., Yn_40 and Y7,..., Yy, and the Z’s are

Zm =Ym — Lm(Yi0,...,Yn_4p0) (1<m<4).

In every case there are four linear forms Z, they form a 4-tuple Z, and &(Z) is well
defined. We put

n—4
(4.1) Jo=06(2)+ ) Y3
=1
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The coefficients of §o are < 1, and §; = p~7§o with suitable v = ~(n,p) >
0 has coeflicients of (standard) absolute value < 1. The coefficients of §F; have
denominators which are powers of p and which do not exceed p2**t7 < C.

Now let x # 0 be a p-adic zero of §;. Define y;;, ym, 2i;, zm in the obvious way,
put y = (y10,---,Yn—4,0) and combine the four z’s into z. In view of Fo(x) = 0
and the lemma we obtain |z|, < |y|,. Thus

lYislp = [Dyiy-1lp + Olylp)  (1<i<n—4, 1<5<h),
whence
[Winlp = 1D"yiolp + O(ID"'yly)  (1<i<n—4),
which is the analogue of (2.5). Further

[ymlp = 1Dl (1€m¥)lp + O(ylp) (1 <m <),

which corresponds to (2.6). The rest of the argument is very close to that in §2.
By choosing appropriate signs in & and in front of the terms Y;2 in (4.1) we
can modify the construction so as to obtain a form §g, hence §, of prescribed type

(r,s).

5. Proof of Theorem 3. Let £(X),..., L£x(X) be linear forms with |£;| =
1(i=1,...,k). Generalizing (1.7) we will show that § has a real zero x # 0 with
(5.1) [£:(x)] > (v/X1)Y2x| (t=1,...,k),

with a constant in > depending only on n and k. After an orthogonal linear
transformation (|x| and |£;| change only by bounded factors under such a trans-
formation), we may suppose that

(5.2) F=MX] 4+ FANXE - XD - e X
We begin with the case when
(5.3) r>2 and Ay > ug,

so that v = u;. Let t be the largest number in 2 < t < r with \; > v/8n.
Let IT be the set of points y = (y1,...,Yn) With (y1,...,y:) on the unit sphere
y? + - +y? =1 and with (ys41,...,Yn) in thecube 1 <y, <2 (i =t+1,...,n).
We shall need the measure u on IT which is the product of the spherical measure,
normalized so that the total measure is 1, and the Euclidean measure on the cube.
The form

g(Y) = -V — =AY+ mYh 4+ us YA
has
(5.4) 3V = 1 — 4n(u1/8n) < g(y) < 4nv
for y € II. The map

oy) = (yl(g(Y)/)‘l)lﬂa s ,yt(g()’)//\t)l/z,yt+1, ey Yn)

maps II into the zero set of §. Moreover, 1 < |o(y)| < 1 for y € II. Thus to prove
the assertion on (5.1) it will be enough to show that there is a y € II with

Lo (y))l > (v/A)? (i=1,... k).
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We will do this by proving that for any linear form £ with |£| = 1 the elements
y € II with

(5.5) 1£(0(y))] < e(v/M)Y?
have a p-measure which tends to zero as ¢ — 0, independent of £ and §.
Given £ = ¢1X; + -+ + ¢nXn put ¢ = max(|ct+1l,-..,|cn]). Suppose that
0 < € < 1. We distinguish two subcases.
Case A.
(5.6) lesl(v/M)V2 <2 (i=1,...,1).
We claim that
(5.7) €Y% > e(v/A) Y2

This is obvious when ¢ = 1. When ¢é < 1, there is a 7 in 1 < j <t having |c;| = 1,
so that (5.6) yields €!/2¢ > (v/X;)Y/2 > (v/A1)Y2 > e(v/A1)Y/2.
The points y € II with

lce+1Ye+1 + -+ Caln] < 3n?eel/?

form a set of u-measure < €!/2. For points y € IT outside this set we have
t 4w\ /2
|£(o(y))| > 3n2éel/? - E |ei] </\—> > el/2¢ > e(v/A) V2
1=1 v

by (5.4), (5.6), (5.7).
Case B. Thereisan 7z in 1 <17 <t with

(5.8) les|(v/A)M? > e'/%.
Put Yo = (Y1,...,Y:) and M(Yo) = c1(v/A1)2Y1 + -+ + ¢:(v/Ae)V/?Y,. Either
¢ =1, and then |9M| > ¢'/? by (5.8). Or some |c;| = 1 where 1 < j < t, and then
9] > (v/X;)Y/2 > (v/A1)Y2. So always
(5.9) |90t] > min(e'/?, (v/A;)Y/?).
When y¢41,...,yn are fixed, then
£(o(y)) = aM(yo) + b,
where a = (g(y)/v)'/? and b are fixed. Since |a| > 271/2 by (5.4), the relation (5.5)
implies
(5.10) M (yo) + c| < 2Y/2%e(v/A)"/?
with ¢ = b/a. This defines a strip in t-dimensional space of width
L e(w/M)VHM ! « max(e/?(v/A,) V2 €) < €1/2.

The intersection of this strip with the sphere y? + --- + y? = 1 has a spherical
measure which tends to zero as € — 0.

This finishes the proof in the case (5.3), i.e. in the first case of (1.5). Suppose
now that we are in the second or third case of (1.5). Thus A; > u; > Xp. After
renumbering of the variables, the diagonal form (5.2) becomes

F=MX? - X3 £ vXZ 4+ paXZ+ -+ puX?
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with |p;] < v (4 <7 < n). In the second case of (1.5) we have the + sign and
v = Ag, while in the third case we have the — sign and v = us.

Our proof will be similar to the case (5.3) already done, with t = 2 and Yy =
(Y1,Y2). Let H be the set of points (yi, y2) with |y2| < 1 on the hyperbola y? —y2 =
1. Let pg be the length-measure on H, normalized such that yo(H) = 1. This time
IT will consist of (y1,...,yn) with (y1,y2) € H and with (ys,...,ys) in the cube
n<ys<n+1, 0<y4,...,y, < 1. Further, u will be the product of uy and the
Euclidean measure on the cube. The quadratic form

g(Y) = FYE — paVi — - = p, Y2
has
(5.11) (n® —2n)v < Fg(y) < (n+2)%v
for y € II. The map

o(y) = (y1(£g(y)/A1)"2, y2(£g(y) /1) 2, y3, - -, Yn)

maps II into the zero set of §. Moreover, (5.11) yields 1 < |o(y)| < 1 for y € II.

Given £ with |£| = 1, we will again show that the y € II with (5.5) have a
u-measure which tends to zero as ¢ — 0. We put é = max(|cs],...,|cn|), and the
subcases are

Case A. max(|cy|(v/A1)Y2, |co|(v/u1)'/?) < €'/%¢.

Case B. When this maximum is > ¢!/2¢.

The argument in either case is very much like before. In Case B we set M(Y() =
c1(v/A)Y2Y) + ca(v/uy)'/?Y,. Again (5.9) holds. When ys,...,y, are fixed,
then £(o(y)) = aM(yo) + b, where a = (+g(y)/v)'/? and b are fixed. Since
la] > 1> 2712 by (5.11), the relation (5.5) again implies (5.10). Thus yo lies in
a strip in the plane of width « €!/2. The intersection of this strip with H has a
uo-measure which tends to zero as € — 0.

6. Representation of diagonal forms. Let us recall the well-known Siegel
Lemma.

Let £,(X),..., Lx(X) be linear forms with rational integer coefficients in | > k
variables. These forms have a common zero x € Z'\0 with

x| < (|€4]--- [V IR,
A quadratic form &(X|,...,X,,) is diagonal if it is of the form aX?++
a»X2,. This happens precisely when
Qj(e,-,ej)=0 (1§i<j§m),

where &(X,Y) is the symmetric bilinear form associated with &(X) and where

eq,...,e, are the basis vectors. Given a quadratic form §(Xj,...,X,), suppose
we have linearly independent vectors xi, ..., X, with
(6.1) §(xi,x5) =0 (1<i<g<m).

Let T: Q™ — Q" be the linear map with Te, = x; (i = 1,...,m). Then the form
B(Y) = §(TY) is diagonal; we say that & is represented by §.
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LEMMA 2. Suppose that n > 4m. Let §(X1,...,Xn) be a quadratic form with
rational integer coefficients. Then there are linearly independent integer points
X1, .-, Xm with (6.1) and with
(6.2) Ix;] < Fam/n (j=1,...,m).

PROOF. Set x; = e;. Suppose k < m, and Xj,...,X; have already been
constructed with (6.1), (6.2) holding for 7 < k. We may suppose without loss of
generality that the projections of these k points on the space spanned by the first k
coordinate axes are independent. Consider the linear forms £;(X) = §(x;,X) ( =
1,...,k) invectors X = (0,...,0,Xx+1,-..,Xn). Wenote that |£;| < F|x;| < F2.
Applying Siegel’s Lemma with [ = n — k we obtain a nontrivial integer zero of
£1,..., Lk, call it xg41, with

|xk+1| < F2k/(n—2k) < F2m/(n—2m) < F4m/n.

Now in order to prove Theorem 4 when n > 40, we choose k > 0 with

(6.3) 8k(dk+1) <n

and we set m = 4k+1. We apply Lemma 2 and we set a; = §(x;,x;) (1 = 1,...,m).
If some a; = 0, then x; is a zero of § with g,(x;) < |x;| < F4™/™ < F1/2k and we
are done.

We may thus suppose that each a; # 0. We have |a;| < F1+8m/n < pl+1/k < p2
and therefore 1 > |a;|, > F~2. Recalling that m = 4k + 1 and reordering we have

12> ailp >+ >aslp > -+ > aglp > -+ > |agks1lp > F72.
There is some t with
lagesilp >+ > |agsrslp > F~*|agii|p.
Reordering again if necessary we may suppose that
(6.4) lai/ajl, < F% (1<4, 5 <5).

The linear map T': Q® — Q™ with Te; = x; (1 =1,...,5) hasnorm |T| <« F4™/™ <
F1/2k and transforms § into the diagonal form F(TY) = a; Y2 + - -- + a5Y2. We
have

(6.5) TY = (M (Y),...,M,(Y))
with linear forms 90; having coefficients in Z and of norm |9;| < |T| <« F1/%*.

PROPOSITION 3. Let & = a Y2+ +a5Y? be a form with nonzero coefficients
n Q having

(6.6) laifa;l, < By (1<4, j<5).

Let My, ..., My, be linear forms in Y = (Y1,...,Ys) whose coefficients ¢y (1 <1<
n, 1<t <5) are integers, and each coefficient c;, = 0 or it has |cit|, > By L
Then & has a zero y € Z5\0 such that each M;(y) is either zero or has

~1/2 p—
6.7) |9:(y)l, > By V/*B; .
The constant in > depends only on n, p.

If we apply the proposition to the forms 9, in (6.5) and with B; < F2/k B, «
F'/2k | we obtain x = Ty # 0 with §(x) = B(y) = 0 and ¢,(x) < BY/’B, <
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F3/2k Hence Theorem 4 with ¢, = 3/2k will follow once we have proved Propo-
sition 3. (As was pointed out in the introduction, Theorem 4 with ¢, = 4 is a
consequence of Theorem 5, which will be proved in §8.)

7. A counting argument. Let v be the “valuation” with |a|, = p~¥(®).
Replacing ® by a proportional form if necessary, we may suppose that

max(v(ay),...,v(as)) =0.

Then 1 < |a;|p, < By by (6.6). We write v(a;) = —2¢; + &; where &; = 0 or 1, so
that p?¢i—¢ < B; and p® < 311/2 (i=1,...,5). With the substitution Y; = p* Z;,
the form &(Y) becomes

H(Z)=b1Z¢ + - +bsZ2,
where v(b;) = €;. After multiplying $) by a suitable rational number, we may
suppose that by, ...,bs are rational integers and are not divisible by p?. Further
M, (Y) = N;(Z), where the linear forms M, have coefficients d;; in Z (1 < ¢ <
n, 1 <t <5), and each d;; is either zero or has
(7.1) |dis|, > By 'ByV/* = B,
say.

LEMMA 3. The form $) has a zero w € Z° with

(7.2) pttw;  (i=1,...,5).
PROOF. § has a p-adic zero x, and hence the congruence £(x) = 0 (mod p®)
has a primitive solution x = (zy,...,z5) with ged(p,z1,...,25) = 1. Suppose

that ptz;. Let y = (y1,...,ys), where y; = z; when p*tz; and y; = p3 when
p*|z;. Then again H(y) = 0 (modp®), and further p*ty; (: = 1,...,5). Further
99/0y1 # 0 (modp?), since p?tb; and pty; = z;. (Some exponents could be
lowered for p # 2.) By Hensel’s Lemma (see e.g., [5, p. 14, Theorem 1] with*
0< k<2, n=6),the form $ has a p-adic zero z = y (modp*). This zero has
12> |zl > p~3 (¢ = 1,...,5). Since the rational zeros of §) are “dense” in the
set of p-adic zeros, there is a rational zero, hence a rational integer zero w with
jwily = |2:ly > p~°.
Set
(7.3) z2(X) = 29H(w, X)X — H(X)w,

where X = (X1,...,Xs). Then $(z(X)) vanishes identically, and x — z(x)
maps Z5 — Z°. We will show that “many” integer points x are such that the
M, (z(x)) (i = 1,...,n) have the right property, i.e., each is either zero or has

(7.4) 9, (2(x))], > B~

Assuming that Ny, ...,M; are those forms 9; which do not vanish identically,
we will construct x such that (7.4) holds for ¢+ = 1,...,t. Now

N;(2(X)) = 29 (w, X)M(X) — H(X)N(w) = €;(X),
say.
4The condition 0 < 2k in [5] should read 0 < 2k.
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LEMMA 4. Each quadratic form €,(X) (i = 1,...,t) has some coefficient with
p-adic absolute value > B~!.

PROOF. Keep ¢ fixed at the moment. In 91;(X) = d1 X1 + - - - + d5 X5 we may
suppose that d; # 0, so that |d;], > B~! by (7.1). Since § is diagonal, it will be
enough to show that the coefficient of one of the mixed terms X; X5, X; X3, X2 X3
of 2§)(w, X)M,;(X) has p-adic absolute value > B~!. Writing u for the maximum
value of these three coefficients, we have

[brwidy + bawady |, < p,  |bywids + bswady|p < g, |bawads + bywsdz|p < p.

Multiplying respectively by bzws,bows, —bjw; we obtain |2bywobswsd:|, < p.
Since |b;|, > p~! and by (7.2), we have p > |dy|, > B~1.

LEMMA 5. Let €(X) be a quadratic form in s variables with coefficients in Z,
and with at least one coefficient not divisible by p**'. Then as x = (z1,...,s)
runs through a complete set of vectors modulo p*™, the number of x with €(x) =
0 (modp¥+2?™) 4s < p*™~™. The constant in < may depend on s and p, but it is
independent of v and m.

This is essentially Lemma 16 of [4]. The reader may prefer to find his own simple
proof.
The proof of Proposition 3 is now completed by a counting argument. Let v be

smallest possible such that each of €;,..., €; has a coefficient of p-adic absolute
value > p~¥. Then p” < B by Lemma 4. Therefore by Lemma 5 the number of
x = (z1,...,25) modulo p*>™ for which at least one of

€;(x) = 0 (mod p**2™) (1=1,...,%)

holds is < tp°™ <« p™, with a constant in < depending only on n,p. So when
m > mg(n,p), this number is less than p!®™. Thus there is an x with &;(x) #
0 (modp¥+2?m0) (; = 1,...,t). But this gives

[€:X)lp>p * 20 > p " >B  (i=1,...,t).

8. Proof of Theorem 5. By hypothesis (c) we may suppose without loss of
generality that § has a zero w = (wy,...,wp,) with 1 = |wy| > --+ > |wy|. In
analogy to (7.3) set

z2(X) = 2F(w, X)X — F(X)w.

Then §(z(X)) vanishes identically. We have
z2(X) = (z1(X),..., 2 (X)),

where each z; is a quadratic form. Since each |f;;| < 1 and each |w;| < 1, the
coefficients of z; also have absolute value < 1.

LEMMA 6. Each form z has a coefficient of absolute value > B~1.

PROOF. Denote the maximum absolute value of the coefficients of z; by u;. In
2 = 2§(w, X) X; — F(X)w, the coefficient ¢;; of 2¢,; X X; with 5 # t is

cij = §(w,e;) — (e, ej)wy = F(wy,e;)
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with wy = w — wie; = (wy,. .., we—1,0,ws1,...,wy). So
(8.1) Do fgw| = [F(weep)| Spe (5 #1).
I#t

Let A* be the (n — 1) x (n — 1)-matrix (fi;) with | #¢, j # t, and let A} be the
cofactor of fi; in A*. We multiply (8.1) by Aj; and take the sum over j # t. Since
|Af;| <1 and since

Y fi AL = by det A" = G Ay
J#t
with the Kronecker symbol &y, it follows that
|[Avwi| <pe (kK #1).

When t # 1, we may take k = 1 and we get u; > |As| > B~!. On the other hand
when ¢t = 1, we note that the coefficient of X2 in z;(X) equals — f,,w;, so that

M1 2> lfnn| > B~ L.

In the case when K = Q or Q,, with the p-adic absolute value we apply Lemma
5 and see that for a “positive proportion” of x € Z™ we have |2,(X)| > B~! (i =
1,...,n). In general one has to use a suitable analogue of Lemma 5.
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