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THE TRACTION PROBLEM
FOR INCOMPRESSIBLE MATERIALS

BY
Y. H. WAN!

ABSTRACT. The traction problem for incompressible materials is treated as
a bifurcation problem, where the applied loads are served as parameters. We
take both the variational approach and the classical power series approach.
The variational approach provides a natural, unified way of looking at this
problem. We obtain a count of the number of equilibria together with the
determination of their stability. In addition, it also lays down the foundation
for the Signorini-Stoppelli type computations. We find second order sufficient
conditions for the existence of power series solutions. As a consequence, the
linearization stability follows, and it clarifies in some sense the role played
by the linear elasticity in the context of the nonlinear elasticity theory. A
systematic way of calculating the power series solution is also presented.

1. Introduction. In this paper, we analyze another variation of the basic
problem studied in Chillingworth, Marsden and Wan (2, 3], in which only volume-
preserving deformations are admissible.

Let B C R3, 0 € B, be an open bounded set with smooth boundary dB. Set
U = {¢|¢: B — R of Sobolev class H®, ¢(0) = 0} with s > 3 + 1. Denote by
Cvol = {¢ € U|J(¢) = 1} the space of volume preserving deformations, where
J(¢) = det F, F = D¢. The first Piola-Kirchhoff stress tensor P is given by
~JpF~T+0W/OF (F~T = (F~1)T), where W = W(X, C), C = FTF, stands for a
smooth stored energy function, and p is an undetermined hydrostatic pressure. For
simplicity in notation, we often drop the variable X. Denote by M3 the space of all
3 X 3 matrices with inner product (A, B) = Trace AT B, sym = {E € M3|ET = E},
skew = {K € M3|KT = —K}.

As in [2, 3], we assume the following conditions throughout this paper:

(H1) The undeformed state is stress-free with pressure zero; pgl = (0W/3F)(Ip)
=0.

(H2) ¢ = 4(8°W/8C?)(Ip) is positive definite on traceless symmetric matrices,
i.e. there exists a constant c¢; > 0, such that (¢(X)E,E) > ¢;|E|? for all E € sym
with tr £ = 0.

The conditions (H1) and (H2) are equivalent to: W(C) has a nondegenerate
local minimum at I on the manifold of positive symmetric matrices C, det C = 1,
with the normalization pg = 0. Let W* = W — py(det F — 1), so that OW* /OF =
OW /OF — JpoF~T. Thus, replacing W by W* if necessary, we can always assume
that pp = 0.
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104 Y. H. WAN

Let £ = {(b,7)|b: B — R3 of class H*2?, 7:0B — R3 of class H*=%/2, [, bdV +
faBTdA = 0}. Given any load | = (b,7) € L, a configuration ¢ € Cy, is called
an equilibrium solution for the load ! iff there exists p € H*~! (and hence unique?
such that

—DivP=b in B,
(E) PN =7 on dB.

Here, DivP = Y°_, P;j; = Y.7_, OP,;/0X;. An equilibrium solution ¢ € Cyol
is said to be stable iff ¢ is a local minimum of the function V on C,o, where
V(@)= [aW(6)dV — (1,8), (L,6) = [,(b,0)aV + [,5(r,6) dA.

Set ®(p,¢) = (~Div P, PN). Let SO(3), the proper orthogonal group on R3,
act on ¢, ! by composition and on p trivially. Then, ® is SO(3)-equivariant and
SO(3)Ip = SO(3) is a set of trivial solutions.

Again, as in [2, 3], the basic problem is

(T) Describe the equilibrium solutions for loads Al, with A > 0, small, and | near
some fized load ly.

Specifically, one needs

(a) to count the number of solutions,

(b) to determine their stabilities.

For general reference on elasticity theory, please see [5, 8-10, 14, 15].

The variational approach in [2, 3] proves to be very powerful and successful
in dealing with such a traction problem for compressible materials. The symme-
try group SO(3) plays an important role, and a reduced bifurcation equation is
obtained through applying the Liapunov-Schmidt procedure twice. Indeed, old re-
sults become unified and many new results are obtained. In §2, we aim to carry out
a similar but more complicated analysis for the incompressible materials. It turns
out the loads should be classified into the same types as in [2]. One obtains the
same bifurcation diagrams for type 0 and type 1 loads. One also gets the same up-
per bound for types 2, 3, and 4 loads in “nondegenerate” cases, circles of solutions
for parallel loads, and homogeneous solutions for “homogeneous” loads (cf. [1]).

The Signorini Scheme [11, 12, 15, 16] enables us to find power series solutions
near identity when the applied load possesses no axis of equilibria. This scheme
has been generalized in Marsden and Wan [11]. A perturbation scheme for incom-
pressible materials can be found in Green and Spratt [7]. In the last section, we
aim to extend the results in [11] to traction problems for incompressible materials.
Again, necessary conditions (i.e. Signorini’s compatibility conditions, incompress-
ibility conditions) are obtained by formal expansions. A geometric reformulation of
the first order conditions enables us to generalize a result of Tolotti [14]. Motivated
by the methods in [3], one can get a second order sufficient condition, via results
from §2. As a consequence, the linearization stability result (cf. [11, 6]) follows,
and it clarifies in some sense the role played by the linear elasticity in the context
of the nonlinear elasticity theory. Based on this second order sufficient condition,
we work out a generalized Signorini Scheme for incompressible materials.

As a preparation for §§2 and 3, we conclude this section with a study of the
“linearized” problem of our problem (E) in terms of a map ®(p, ¢).

21t suffices to show that Div(JgF~T) = 0 and (JgF~T)N = 0 imply ¢ = 0. For Div(JF-T) =
0, we have Dg = 0 in B. Thus Dg =0 on B and ¢ = 0 on 9B imply ¢ = 0.
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Let Q ={¢:B— R|ge H*" '} and V = {u € U|divu = 0}.
1.1. DEFINITION. Let L = Q X V — L be the linear map defined by
L(g,u) = (=Div[—q1 + c(e)], [-q1 + c(€)]N),
with e = 3(Vu + VuT).

1.2. PROPOSITION (CF. [9]). Under assumptions (H1) and (H2) on W, we
have

(a) ker L = {(0, KX)|K € skew},

(b) Im L = L. = the space of all equilibrated loads.

For | = (b,7) € L, (k(1))ij = [gb:iX;dV + [557:X;dA. The load [ is said to be
equilibrated or | € L. iff k(1) € sym. It is easy to see that [ € L. iff (I, KX) =0 for
all K € skew.

1.3. LEMMA. (l,w) =0 for all w, trVw =0 ¢ff | = (“I;Ii\}'q) for some scalar
function g (€ H*71).
PROOF. Suppose | = (_2%"1) for some q. Then

(tw) = << ";}\}”’1> ,w> = (q1, Vuo) = (g, tr Vas) = 0.

On the other hand, assume that { = (%). (I,w) = 0 for all w, with tr(Vw) = 0.
First claim 7 must be normal to 9B, i.e. 7 = g(X)N. Indeed choose vector fields
wy, so that tr(Vw,) = 0, ||wns]lo — 0 as n — oo, and wy|sp = tangent component
7: of T on OB.

From [(b,wn)dV + [(r,wn)dA = 0, [{(b,w,)dV — 0 as n — oo, one has
[(r,wa)dV = [(r,7;)dA = 0. Thus, = 0. Next, (**Piv9") kills all w, such
that tr Vw = 0. From Hodge theory, b + Div gl = Vp = Div p1, with ¢(dB) = 0.
Consequently, b = —Div(g — ¢)1. To finish the proof it suffices to take ¢ = g —
e. Q.E.D.

PROOF. (a) Clearly, ker L D {(0, KX)|K € skew}. To see the other inclusion,
let (¢,u) € ker L. Thus, 0 = (L(q,u),u) = (—q1 + c(e), Vu) = {(c(e), Vu) = {c(e), €)
by divergence theorem and symmetry of c¢. From positive definiteness of ¢ on
traceless matrices, e = (Vu + VuT)/2 = 0. Therefore, u = KX for some K € skew
(cf. Fichera [5]). Now Divgl = 0 and g¢N = 0 imply q = 0.

(b) (L(g,u), KX) = (—q1 +¢(Vu),K) = 0 for all K € skew. Thus, L(g,u) € L.
On the other hand, let [ € L.. By the Korn second inequality, and the equivalence
of the norm || Vullo and [|u[|; on u such that [udV = 0, one gets (c(Vu), Vu) =
(c(e),e) > cile|* > callul|? on u such that [u;;dV = [u;;dV [udV = 0, and
divu = 0. Therefore, by the Lax-Milgram theorem, there exists u € V N Ugym such
that (¢(Vu), Vw) = (I, w) for all w € VNUsym. Since (I, KX) = 0 for all K € skew,
(e(Vu), Vw) = (l,w) for all w € V. Hence

<< —23;)(;“)) —l,w> =0 forallwe.

Therefore, by Lemma 1.3 there exists g, such that

< —Divc(Vu)) = ( —Divql)
c¢(Vu)N - gN



106 Y. H. WAN

or

[ —Div(—gl + ¢(Vu))
1_< ol + e VaNN ) Q.E.D.

2. The variational approach. (A) Ezistence and stability via a potential on
SO(3). We begin our variational approach by giving some preliminary results.

2.1. PROPOSITION (CF. EBIN AND MARSDEN [4]). Cyo s a submanifold
of U with tangent space at ¢ € Cyor given by TpCyol = {u € U|tr(VuF~1) = 0}.

PROOF. Consider the smooth map J:U — H*"1, defined by J(¢) = det F.
Clearly, J=1(1) = Cyo1. Let ¢ € Cyo1. Then DJ(u) = tr(F~1Vu). Denote U =
V&G = {uec lldvu = 0} & {Vé — ¢(0)|¢ = 0 on B}, obtained from the
Hodge decomposition of vector fields. At ¢ = I, ker DJ = V and DJ|G is an
isomorphism onto (i.e. a Dirichlet problem), J is split surjecive. To obtain split
surjectivity at ¢ € Cyol, one uses the smooth right translations Rg(u) = u o ¢.
Hence U = TyCyol ® {F~TV¢ — F-TV$(0)|$|0B = 0}. Q.E.D.

It is convenient to let Skew = {(0, KN)|K € skew} and L = L. @ skew. Thus,
Usym = skew’ = {u € U| [u;;dV = [u;;dV}. Recall from the following lemma
from (2]

2.2. LEMMA. (a) U = {KX|K € skew} ® Usym.

(b) For some neighborhood U of 0 in Usym, the map p:SO(3) x {I + U} — C.
p(Q, I +u)=Q (I +u) defines a tubular nbd of SO(3) in C.

(c) Skew = Ug -

For Usym D G = {V¢ — ¢(0)|¢ = 0 on dB}, it follows easily that
2.3. LEMMA. {I + Usym} N Cvol is a submanifold of I + Usym near I, with
tangent space Usym NV = {u € Usym|divu = 0}.

The variational approach (cf. Remark 2.12) starts from the following. For scalar
or tensor fields A; on B, write (A1, A2)y = [5(A1, A2)dV.

2.4. PROPOSITION. The deformation ¢ € Cyol is an equilibrium solution with
a load N iff there is a p such that (p, ) is a critical point of the function V on
Q x C, where V(p, ¢ = [W(¢)dV — (M, ¢) — (p,det F — 1)y

PROOF. For D¢(p, det F — 1)y (u) = (p, J tr(F~1Vu))y = (JpF~T,Vu)y,

D4V (u) = <?}/ Vu>v—(/\l,u)—(JpF'T,Vu)v

= (®(p,#) — Al,u) (by divergence theorem).

Thus, D,V =0, DgV =0 iff ®(p,¢) = M, ¢ € Cyor. Q.E.D.
To consider equilibrium solutions near SO(3), by Lemma 2.2(b) one needs to
examine the critical points (Q,p,¢) € SO(3) x @ x (I + U) of the function

(Q po)=V /W —(AQL,¢) — (p,det F — 1)y.
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2.5. PROPOSITION. (Q,p,¢) € SO(3) x Q@ x (I +U) s a critical point of V,
on SO(3)x Q x (I +U) iff

(a) ®(p,¢) = AQ! (mod Skew),

(b) J(F) =1, and

(c) (AWQIL,¢) =0 for all W € skew.

PROOF. From the equation DyV,(u) = (®(p, ¢) — AQ!,u), we see that DyV, =
0 on Usym iff ®(p,¢) = AQ! mod Skew. Clearly D,,V,_. =0 iff J(F) = 1. For
DoV,(WQ) = —(A\WQL, ¢), DoV, = 0iff AWQI, ¢) = 0 for all W € skew. Q.E.D.

Since, {I + Usym } N Cyol is a submanifold near I by Lemma 2.3, we can linearize
the map Q X {I+Usym}NC — L mod Skew, (p, ¢) — ®(p, ¢) mod Skew, to obtain a
linear map Q X Usym NU — L mod skew, (g,u) — L(g,u) mod skew (cf. Definition
1.1). This linear map is an isomorphism by Proposition 1.2. Hence, by the inverse
mapping theorem, the equation ®(p,¢) = AQ! mod Skew can be solved uniquely
near (0,1) € @ X (I + U) N Cyol, provided A > 0 is small, and [ is near ly. Let us
denote this solution by (Pg(Al), ¢g(Al)) or simply by (Pg, $g) when no confusion
may arise.

Now, we are ready to carry out the Liapunov-Schmidt procedure.

2.6. DEFINITION. Define f:SO(3) — R by f(Q) = Vp(Q,p,¢q) for A > 0
small, and [ near lg.

The following is a standard corollary of Proposition 2.5.

2.7. COROLLARY. (@, Pg,¢q) is a critical point of f/p iff Q is a critical point
of f on SO(3).

2.8. PROPOSITION. Assume the elastic tensor ¢(X):sym — sym satisfies the
condition (H2) in §1. Then, there exists a constant c; > 0 such that (c(e),e) >
c2||Dull? for all u € Usym NV, where e = 3(Vu + VuT).

This proposition follows from the second Korn inequality. By Lemma 2.2(b),
one may study V by looking at V o p.

2.9. PROPOSITION. V, has a local minimum on SO(3) X {I + Usym } N Cyol at
(Q, Q) iff f has a local minimum at Q.

PROOF. It suffices to show that, to each (Q, #q), there exists a neighborhood
Uy XU of (Q, ¢@) such that V| Oxu, has a nondegenerate local minimum at ¢ on
(I+Usym)NCvot. Let ¢ +u € (I+Usym)NCuol. 1 = J(dg+u) = 1+tr(F~1Vu)+
O(||Vul?), implies tr(F~1Vu) = O(||Vu||?). Po = 0, when Al =0, so Py = o(1).
Thus

[(Potr F=1Va)] < [|Poll ltr ' Vul] = of | Dul?)
For u € Usym, (W /OF, Vu)y —(AQl,u) = (Pq, tr F~'Vu). Thus (0W/AF, Vu)y —
(AQL u) = of|| Dul]?).

Vpléxu2(¢(§ +u)— Vp|qu2(¢Q)

- K%Yw% - (/\Ql,u)J + / B%(W)? +0(|w|3)] dv

~ollpul) + [ |35 (7 + 0(vul®)| av

> c|[Dul® - K[| Dul]* > 0
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for small Uy, Uz, A and ||l — ly||, by Proposition 2.8 and continuity arguments.
Q.E.D.

2.10. COROLLARY (OF THE PROOF). Indez of V at Q '¢g = Index of f at
Q.

Summarizing:

2.11. THEOREM. The equilibrium solutions of the incompressible traction pro-

blem are in 1-1 correspondence (Q~1¢g < Q) with the critical points of a function
f on SO(3). The stable solutions correspond to local minima of f.

2.12. REMARKS. (a) It follows easily from the equation (OW /OF, Vu)y — (A, u)—
(JpF~T ,Vu)y = (®(p, ¢) — Al,u) that equilibrium solutions are critical points of
V on Cyo1. Indeed, they are the same. To see the converse, we need a variant (or

extension) of Lemma 1.3.
(b) Let ¢ € Cyol. Then, (l,u) =0 for all Tr(F~1Vu) =0 iff

P DivJgF-T
N JgF-TN
for some function q. Proof:

(L) = /b dv+/ (X) - u(X) dA

/b u(d~ z)dv+/ (¢! )(‘;ﬁ) -u(¢~z) da.

For divu(¢~'z) = 0 iff Tr(F~'Vu) = 0, by Lemma 1.3,
b(¢p~1z) = —divg(¢p~'z) = ~F~TVq,
7(¢7'z) (dA/da) = q(¢~"z)n.
Thus, b(X) = —~F-TVq = —Div(JgF~T) by Div(JF-T) = 0, and 7(X) =

¢(X)nda/dA = JgF~TN by nda = JF~TNdA.
(c) Now, let @ € Cyo1 be a critical point of V. Thus

- /( -piwawser) ., \ _
D,V (u) = (OW/OF, Vu) —‘(/\l,u) = <( (OW /OF)N ) /\l,u> =
on tr(F~1Vu) = 0. By the above lemma,

~DivoW/oF\ , _ ( -DivJgF~T
(OW/3F)N “\ JgF-TN

for some ¢, or ®(q,¢) = Al.

(d) Combining this result with Proposition 2.4, we see immediately that the
pressure p is really a Lagrange multiplier for the optimization of V' on the manifold
J=1

(B) Load classification and a second order potential on Sa,. As before, we make
the expansions

do(M) =1+ dug(l) + O(\?)

and
Po(Xl) = Ago(l) + 0(\%).
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2.13. LEMMA. L(gq(l),uq(l)) = (Q)c, where ug(l) € Usym NV, L 15 as in
Definition 3.1, and (Q!). is the equilibrated part of Ql according to the decomposition
L =_Lc®skew.

PROOF. By Proposition 2.5(a)
®(Ago(l) + ON), I+ dug(l) + O(X?)) = AQ! mod skew.

Thus, L{gq(!),ug(l)) = (A@).. QED.
The load classifications enter into this approach through the following

2.14. PROPOSITION. All the critical points of f are near Sa, = {Q|k(Qlo) €
sym} for l =1lp and A > 0 small.

PROOF. Otherwise, there exists A, \, 0, @, — @ ¢ S4,, by Proposition 3.7(c).
(/\nWino, I+ Mpug, (lo) + O(’\i)) =0.

Hence, one must have (WQlo,I) = (W, k(Qlp)) = 0 for all W € skew, which is
absurd. Q.E.D.

Since the map ® is SO(3)-equivariant, applying De Silva’s Lemma if necessary,
we may assume in what follows that lp € L..

Thus, loads are classified into types 0,1,...,4 according to the different topo-
logical types of the associated Sa4,. The corresponding critical manifolds S4, are
4 points, S! U 2 points. Rp? U 1 points, S! U S! and SO(3) respectively. This
classification of loads is the same as that in [2] for the compressible materials.

Now, we shall derive a second order potential on S4, as in [2, 3|.

2.15. LEMMA. (Ql uq(l)) = ((Q)e, uq(l)) = (c(Vuq(l), Vug(!))v-
PROOF. This follows from the divergence theorem and (gg(l)1, Vug(l)v) = 0.

2.16. PROPOSITION.

@) = e+ [~(.G71) = 5e(V), Tu) + 00%) + 0L o).

where L(gq, Vud) = (Qlo)e, uQ €V and c = [W(I)dV.
PROOF. Recall that ¢g = I + Aug(l) + O(A?). Thus,

1(Q) = / W(de)dV — (\QL dQ)

2 2
- [ 3 [ Sr e av + 5 [ S oy av + O(A‘*)]

— QLT + Mug(l) + O(A?)).
Thus, by Lemma 2.15,
7@ = e+ [(-1,Q71) - 5elTuglD). Vug(1) + 02|
For, Vug(l) = Vug(lo) + O(ll — lo), ug(lo) = ub + KX for some K € skew,
(e(Vug), Vug(L) = (e(Vul), Vu) +O(1 - k).
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Hence,

£(Q) = c+ A —(l,QTl)—%(c(VuOQ),VuOQ)+O(/\2)+O(/\|[l—l0||) . QED.

2.17. DEFINITION. Let f*(Q) = (f(Q) — ¢)/A for A > 0. Thus

A
F1(@) = =(L,QT1) = S(e(Vug), Vug) + O(N*) + O(AJll = boll).
From this formula of f*, one is led to examine the function —(ly, Q71) on SO(3)
(i.e. A =0).
For convenience, we collect some relevant facts from [2].

2.18. PROPOSITION. (a) Q is a critical point of —(lo,QT1) iff Q € Sa,.
(b) Sa, is a submanifold in SO(3) and —(lo, QT 1) is nondegenerate on (TgSa,)*t
C ToSO(3) with index that of QAo — Tr(QAo)1 (Ao = k(lp)).

This proposition suggests that one should carry out another Liapunov-Schmidt
reduction.

Thus, take any normal bundle of S4, in SO(3) with fibres orthogonal to TS 4,.
Denote by @ +n(Q), Q € S4,, the critical point of f* restricting the fibre through
Q. Therefore n(Q) = Ay + O(A?), where y € TpS4,.

2.19. DEFINITION. Set f(Q) = f*(Q + n(Q)) for Q € Sa,.
2.20. PROPOSITION.

f(Q) = ~(,Q71) - S(e(Vay), Vu) + 0() + O~ lol).

PROOF. It suffices to observe (I, (Q+n(Q))T1) = (I, QT1)+O(\|l—1]) +O(A?),

which follows from the fact (lp,y) =0. Q.E.D.
Let us now state a refinement of Theorem 2.11:

2.21. THEOREM. For A > 0 small and | near ly, the solutions to the incom-
pressible traction problem are in 1-1 correspondence to the critical points of f(Q),
Q € Sy,. Indeed, if Q is a critical point of f on Sao, then (Q+n(Q)) 'dg4n(Q) 15 @
solution to the traction problem. Furthermore, the indez of V at (Q+n(Q)) ™' ¢g+n(q)
equals the indez of (QAo — Tr(QAp)1) plus the indez of fatQ.

(C) The nondegenerate cases, parallel loads, and homogeneous loads. Since the
reduced bifurcation function given by Proposition 2.16 is basically the same as that
in (3], the same arguments provide the following results.

2.22 THEOREM. For A > 0 small, | near ly and ly of type 0, the incompressible
traction problem with load Al has ezactly 4 solutions, ezxactly one of them is stable.

2.23. THEOREM. Let ! =l(c) depend on c € R? with [(0) = lo a type 1 load.
Under generic conditions, the incompressible traction problem for load Al(c) has the
following bifurcation diagram (near S'). Furthermore, it is also universal.
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2.24. THEOREM. Under generic conditions, the incompressible traction prob-
lem for load M, ||l — lp]|/A, A > 0 small, has

(a) at most 13 solutions near Rp? for type 2 loads,

(b) at most 8 solutions near S' U S! for type 3 loads,

(c) at most 40 solutions near SO(3) for type 4 loads.

Recall that a nontrivial parallel load ! is a load in the form [(X) = f(X)a,
where f:B — R, 0 # a € R® and [ f(X)XdV + [ f(X)XdA # 0. For such a
load, the potential function V is S!-invariant. Thus, the traction problem becomes
degenerate and cannot be covered by previous theorems.

2.25. THEOREM. Let ly be an equilibrated nontrivial parallel load. Then,
for A > 0 small, there exist exactly two circles of equilibrium solutions to our
incompressible traction problem. One of them s stable.

Aload I is said to be “homogeneous” if it is in the form lo = ( ), with A € sym.
Let us consider the traction problem of an isotropic homogeneous, incompressible
material for a homogeneous load. Calculations show the reduced bifurcation equa-
tion may always be trivial, and thus one has a degenerate traction problem. We
take a direct approach in this case.

2.26. THEOREM. Let ly be a “homogeneous” load. For A > 0 small, the
solution set of a traction problem for an isotropic, homogeneous, incompressible
material, consists of homogeneous configurations only and vs diffeomorphic to S4, =

{Q € SO(3)|QA¢ € sym}.

In other words, no bifurcations occur (cf. [1]). From the représentation theorem
for the Piola-Kirchhoff stress tensor P, one has

2.27. LEMMA. P(p,F) = J(—p+ OW/OF)F~T € sym for F € M, where
M =symN {F|det F = 1} is a manifold near I.

PROOF OF THEOREM 2.26. Let Q € S4, = {Q|QA¢ € sym}, where Ag =
k(lp) = Avol(B). Applying the inverse function theorem to the map (p, F) —
P(p, F) near (0,1) € R? x M one finds Apxg, 1 + AE g € M such that

P(/\p,\Q, 1+ /\E)‘Q) = AQA
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for A small. Define ¥ (X) = Q@ 1(X + AExgX). Clearly ¢ (X) is homogeneous.
P(AP,\Q,Q (1 + AExQ)) = Q 1P(APrg,1 + AExQ) = Q" (A\QA) = AA. Hence,
—DivP =0, PN = AAN and g solves the traction problem. Indeed Q — v is
a diffeomorphism. By Theorem 2.21,

{|Q € Sa,} C {all solutions near SO(3)}
CH{Q+n(Q) ™ ¢@+n(@)|Q € Sao} ~ Sa,-

The proof is now completed by topological considerations (i.e. invariance of domain,
connectedness). Q.E.D.

3. A power series approach. In this section, let us consider the problem:
Gwen l(A) € L, [(A) — 0 as A — 0, under what conditions does there exist p()) €
Cvol, P(A) — 0 and ¢(A) — I as A — 0, such that ®(p(A),d(N)) = {(A)? If
they exist, how do we find them? Here and what follows, [(A), p()\) and ¢())
are smooth functions in A. Let us write [(A\) = Al; + A%l + --- (more precisely,
IA) =My + A%l + -+ A%, + O(A™HY) for any n). p(\) = Ap1 + A®p2 + --- and
#(A) = I+ Aug + A2ug + - - . Throughout this section, [(}) is assumed to be given.

(A) Necessary conditions. Let (p(A), #(A)) be a solution to the above problem.

3.1. Signorint’s compatibility conditions. From Proposition 2.4 (I(A), WT¢(A)) =
(WI(A),9(A)) =0 for all W € skew. Thus, k(I()), ¢(A )) € sym or

2 skew(k(! /l X ¢(A

where “x” denotes the usual cross product in R®, and f Ix¢= [gbxodV +
J55 T X ¢dA. From the equation [I()) x ¢(A) = 0, we obtain:

(Co) Al order, /ll xI=0 (so,l; €L.),
(C1) A? order, /ll X Uy +/12 x I =0,

(Cn—l) order, /11 X Up— 1+/12X’U,n 2+ /l x I =0.

3.2. Incompressibility conditions. Since 1 = J(I + AVu; + A?Vuz + ---) by
looking at A™ order terms, we have:

(I) A order, tr(Vu;) =0,
(I2) A% order, trVus — §tr(Vu;Vuy) =0,

(In) A" order, tr Vu, —tr(Vu1Vun—1) + ¥(Vuy,...,Vu,_2) =0,

where ¥ is a polynomial in Vuy, ..., Vu,_o of degree n (deg Vu,; = 7).

3.3. Linear equations. Expand ® = ®; + ®; + ®3 + - -- near (0,1) as a (formal)
Taylor series with ®; = L, &2 = ®2((q,u), (g,u)), etc.

Hence,

S(Ap1 + Apo+ -, T+ dug + A2ug + )
ZL(/\Pl+/\2P2+-~,/\u1+,\2u2+...)
+(I)2(/\p1+/\2p2+"',/\U1+/\2u2+...)+.,,
=AM+ Ny +---.
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Comparing orders in A, we get
(Ll) /\1 order, L(pl,ul) = ll,

(L2) A% order,  L(pz,u2) + Pa(p1,u1)® = la,
(Ln) A" order, L(pnv un) + 24)2((271,“1), (Pn—l, un—l))

+ K((pl,Ul), ey (p‘n—21 un——?)) = ln’
where K is a polynomial in (p1,u1),. .., (Prn—2,Un—2).

Now, we will reformulate the 1st order necessary conditions in geometric terms.

Recall, S4 = {Q € SO(3)|k(Q!) € sym} for k(l) = A. TgSa = {KQ|Kk(Ql) =
k(KQI) € sym}, the tangent space of Sy at Q. For k(Q!) € sym, L(pg(l),ug(l)) =
Ql. ug(l) € Usym N'V.

3.4. LEMMA. 2(l5,QTX) + (c(Vug(l1)), Vug(l1)) restricted to Sa, has a
critical point Q € Sa, iff 0 = (l2, (KQ)TX) + (c(Vug(l1)), Vukg(l1)) for all
KQe TQSAI .

3.5. LEMMA. Let A € sym. Then, (KAW) = (K,WA) 1s a symmetric
bilinear form with kernel {K € skew|K A € sym}.

The proofs of these two lemmas are elementary and we leave them to the readers.

3.6. THEOREM. Letly € L, (i.e. condition (Co) holds). There exist py,u;,
L(pl,ul) = Iy, with trVu; = 0. fll X uy + flg xI =0 ff 2(12,QTX) +
(c(Vug(l1)), Vug(ly)) restricted to Sa, has a critical point Q € S4,.

PROOF. For tr Vu; = 0 by the divergence theorem,

(c(Vur(l1)), Vuw (L)) = {c(Vuw (1)), Vur (1))
= (—=qw(l1) + c(Vuw (1)), Vur(l1)) = Wiy, ur(ly)).

The “only iff” part: [l x uy + [I2 x I =0 implies (Wly,u1) + (Wlp, I) = 0 for
all W € skew, and u; = u; + KX for some K € skew.

<Wl1,'lt1> = (Wll,ul) + (Wll,KX> = (Wll,ul) + (K, ]C(Wll))

Thus, (l2, WTX)+(c(Vur(lh)), Vuw (L)) = ((wla, 1)+ Wiy, u1))+ (K, k(Wly)) = 0
for Wiy € sym, W € skew.

By Lemma 3.4, the proof of the “only if” part is now completed.

The “if” part: one needs to find K € skew so that, for u; = uy— KX, (Wly,u;)+
(Wlg, I) =0 for all W € skew.

(Wi, ur) + (I, WTX) = 0 for WA; € sym (for (c(Vur(ly)), Vuw(ly)) =
(Wly,ur)) by hypothesis.

By Lemma 3.5 there exists K € skew such that (Wi, us) + (lo, WTX) =
(WA, K) for all W € skew.

Therefore,

(Wll,ul) + <W12,I> = (Wll,ul) — (Wll,KX> + (le,])
= (Wl,ur) + (2, WTX) — (WA;,K) =0
for all W € skew. Q.E.D.
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3.7. COROLLARY (EXTENSION OF TOLOTTI [14]). There ezist at least
4 rotations @ in SO(3) such that conditions (Cy), (C1), (L1) and (I1) hold for
Qli=1} and Qly =13, t.e. I} € Le and [} x uy + [13 x I =0 for some (p1,uz)
with L(py,uy) = {3, tr Vu; = 0.

PROOF. Let Q be a critical point of 2(l2, QT X) + (c(Vug(l
By Lemma 3.4, (l2, (KQ)TX) + (¢(Vug(l1)), Vukg(la ) =
sym.

Since, uko(l1) = ur(Ql1) = uk(l3),
ug(l) = ur(Qh) = wr(l3),
(5, KTX) + (c(Vur(1})), Vug (17)) =0 for all Kk(l}) € sym.

By Theorem 3.6 and Lemma 3.4 (with @ = I, [ = [}, l; = [3), the corollary
follows by observing at least 4 such critical points can be found. Q.E.D.

(B) A first order sufficient condition, and a Signorini Scheme. Let l; € L. (i.e.
an equilibrated load). The load I; has an axis a € R3, ||la]| = 1, of equilibria if
Ryly € L. for any rotation Ry with axis a. It can be shown that [; has no axis of

equilibria iff the function (I;,QTI) on SO(3) has a nondegenerate critical point at
Q=1 (cf. [2]).

3.8. THEOREM. Suppose I'(0) =11 € L. has no azis of equiltbria. Then there
ezist unique p(A), p(A) € Cyol such that ®(p(A),d(A)) =1U(A), p(A) — 0, ¢(A) — I,
as A — 0.

PROOF. It suffices to observe f = constant — A(l;,QTI) + O(\?), and (l1,QTI)
has a nondegenerate critical point on SO(3) at @ =I. Q.E.D.

It is convenient to state and prove the following lemmas in which /; € L. may
possess axis of equilibria. These lemmas will also be used in (C).

3.9. LEMMA. Let K € skew. Then, [I; x KX = 0 iff Kk(l1) € sym, t.c.
KET]SAI.

3.10. LEMMA. Supposeuy,...,un—_1 satisfy (I1),...,(D)n—1. Then, there exist
¢=14Aug +Aug+ -+ A" lu,_q1 + - such that J(¢) =

PROOF. Let 7 be a projection of U onto the tangent space V = {u € Ujtr Vu =
0} of Cyo1 at I. By the inverse mapping theorem there exists unique ¢ = 1+ Auj +
A2y} + - -+ in Cyo1 such that

r(Aul 4+ N2ud 4 ) = m(Aug + A2ug 4+ -+ A u, ).

1)), Vug(l)) on Sa,.
0 for all Kk(Qly) €

Thus, 7(u}) = 7(u1),...,7(us_;) = m(un—1). Using (I),...,(In—1), we obtain
ul =up,...,un_q =Un—1. QE.D.

3.11. LEMMA. Letl, € L.. Suppose (p1,u1),---,(Prn—1,Un—1) satisfies (C1),
(L1),(11),...,(Cn_2),(Ln-2), Tn-2), (Ln-1) and (In_1). Then, (Cn_1) s a solv-
ability condition of (L) and (1,) for pn, un.

PROOF. Choose ¢ = 1+ Auj + A2uz + -+ A" lup_; + A"y}, + - - - by Lemma
3.10. Set
B(Apy + A%pa+ -+ Ay T dug + A Pug o A T o+ A )
R e T P
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So u}, satisfies (I%), (L3 ): L(0,w)) + K((p1,u1)s - - s (Pr—1,Un—1)) = I, and (C;,_,):
fl1 XUp—1+-- -+fl;;><1 = 0. One needs to find p,, u, = u),+v such that tr Vo =0
and L(pp,v) =1, — I. Sincefll Xun_1+---+fln><1=0, fll X Up—1+- -+
JlzxI=0f(l,-1l3)xI=0o0rl, -1} € L. Consequently, such p,,u, can be
found by Proposition 1.2. Q.E.D.

Now, we are ready to present the Signorini Scheme for incompressible materials.

3.12. THEOREM. Letly € L. have no azis of equilibria. Suppose (p1,u1),.- ..,
(Pn—1,un—1) (n > 1) satisfies (C1), (L1), (I1), .., (Cn-1), (Ln—1) and (In—1). Then
(Cn)a (Ln) and (In) define pp, Un.

PROOF. By Lemma 3.11, there exists (pn,%,) which satisfies (L), (I,). One
needs to find K € skew, u, = 4, + KX, so that (C,) holds, i.e.

/ll xun+-~-+/ln+1><[=0,
/llXKX=—</[1Xan+"’+/ln+1X1>.

For l; has no axis of equilibria, T;S4, = {0}, by Lemma 3.9, the map K —
f Iy X KX is an isomorphism. Therefore, such a K € skew can be found and
indeed, it must be unique. Q.E.D.

(C) A second order sufficient condition, and linearization stability. Now we will
extend Theorem 3.12 so that the load I; may possess an axis of equilibria (i.e.

TrSa, # {0}).

3.13. THEOREM. Suppose 2(l2,QTI) + (c(Vug), Vug) has a nondegenerate
critical point at I restricted to Sa,. Then, there exist p()), p(A) € Cyo1 such that
o(p(1),6()) =1(A), p(A) = 0, () = I, as A — 0.

PROOF. It suffices to observe, by Proposition 2.16,

or

f = constant — A(l5, QT1) — %(c(VuQ), Vug) + 0(\%). QE.D.

The above theorem enables us to relate the linear elasticity theory (cf. [9]) to
that of nonlinear elasticity theory in a satisfactory and expected way (cf. [15, 16]).
The appropriate notion one may introduce is the following

3.14. DEFINITION (CF. [6]). Givenl; € L.. The load [; is said to be linearization
stable in L. if there exist p(A), #(A) € Cyol, P(p(A), #(A)) = U(N), p(A) — 0, ¢(A) —
I as A — 0 for some () € L., I'(0) = 1. If l; € L. is linearization stable in L.,
then there exist pi,u;, such that L(pi,u;) = Iy, tr Vu; = 0 with fll X u; = 0.
Conversely, we have

3.15. THEOREM. A load l; € L. s linearization stable in L. if there exist
p1,u1 such that L(py,u1) =1, tr Vuy; =0, fll x u; =0.

In other words, (Cy), (I1), (L) are the only obstructions for the solvability of the
equation ®(p(A), #(A)) = I(A), with I’(0) given.

PROOF. By Theorem 3.6, (c(Vug), Vug) has a critical point at Q = I. Take
Iy € L. so that 2(I3,QTI) + (¢(Vug), Vug) is nondegenerate at I along Sa,. By
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Theorem 3.13 there exist p()), #(A) € Cyol, ®(p(A), d(N)) = M1 + A2z, p(\) — 0,
¢(A) - TasA—0. QE.D.
(D) A generalized Signorini Scheme. Here, we present a scheme for the solu-

tion found in Theorem 3.13. This scheme extends the Signorini Scheme given by
Theorem 3.12.

3.16. THEOREM. Let the hypothesis in Theorem 3.13 be fulfilled. Suppose
(p1,u1)y- -y (Pn—2,Un—2) (n > 1) and pp_1,un—1 mod KX, K € T;Sa,, are
determined through (Ci1),(I1),(L1),...,(Cn=1), In=1),(Ln_1). Then, equations
(Cn), (1) and (L) define up—1 and pn,u, mod KX, K € T1S4,.

Our proof consists of brute force computations. Basically, Lemmas 3.17-3.19 are
collections of relevant facts similar to that in [11].

3.17. LEMMA. (a) 2(l2,QTX) + (c(Vug), Vug) has a critical point on Sa, at
Q=1 1ff (la, KTX) + (c(Vug), Vug) =0 for all K € T1Sa,.

(b) The Hessian is (l2, K2X) + (c(Vug), Vug) + (c(Vur), Vugz) for all K €
TrSa,.

Expand P=P, + P, +---and ® = ®; + &, + - - - as formal series at (0, ) and
(0, Ip) respectively. Thus, ®; = L.

P=-JgFT4+p

opP* 192p*
—_— . e p— T ... —_— —_—— 2 PEEEEY
=—-(14+trH+--)g1—-H" +--)+ 3F (H)+28F2 (H)* +
B opP* T 192P*, ., . oW
_[_Q+FI7—(H)]+[Q(H _trH)+§W(H) + ey P = 3F

Hence, P; = —q + (0P*/0F)(H) and P, = q(HT —tr H) + 3(8?P* /OF?)(H)?.
Applying the divergence theorem, we get
3.18. LEMMA. (a) (L(g,u),w) = (Pi(g, Vu), Vw),
(b) <q>2(q7 U)Qa U)) = <P2(Q7 vu)zv Vw)
Now, set W = W(D), D = (FTF — 1)/2. Thus P* = OW/dF, S* = OW /0D
and P*(F) = FS*(D). AT F = I, computations show
3.19. LEMMA. (a) (0P*/0F)(H) = (05*/0D)(H),
(b)
o%p* a5* 0S* 0S*
arz HK) = H (K) + K55 (H) + 55 (
3.20. LEMMA. (a) ®2(0, KX)? = L(0, KTKX).
(b) 2@2(([)1,11,1), (O, KX)) =Kl + L(O, KTUI) for K € T]SAI.

PROOF. (a)

o925~

T
K H)+ 3D?

(H,K).

a8*
aD
= (L(0, KTKX),w) (by Lemmas 3.18(a) and 3.19(a))

(2®,(0, KX)?, w) = < (KTK), Vw> (by Lemmas 3.18(b) and 3.19(b))

for all w € U.
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(b)
38 a8*
T T
<p1K +K8D (H)+ 3D — (K" H), Vw>
(by Lemmas 3.18(b) and 3.19(b))
_ 0S* oS8*  .r
= <K( —p1 + —— 3D (H)> (K H), Vw>
= (Kl + L(0, KTu;), w), for allwell. QED.
3.21. LEMMA. (Wi, KTu;) — Wiy, KX) is symmetric in W and K, where
W,K € T[SAI.
PROOF. [li X ui + [l x I = 0 means k(ly,w1) + k(lg,I) € sym. Thus,
(KT, k(l1,u1)) + (KT, k(l2, I)) = 0 for all K € skew, or (Kly,u;) + (Klp, X) = 0.
Let K = WK — KW. Then one obtains

WKl uy) + (WKly, X) = (KWl u) + (KWl, X),
or
(Kly,WTuy) — (Klp, WX) = Wiy, KTu1) — (Wip, KX). Q.E.D.

Now, we are ready to prove Theorem 3.16 in steps (), (8), (7).

() Let n > 2. One needs to show that there exists a unique K € T7Sy4, such
that un_; = uy,_; + KX (u},_, given by hypothesis), and a corresponding u,, p,
obtained by Lemma 3.11, solve (L,), (I,) and (C,,).

For each K € T1S,,, from (I,), (L) for pn,u, and (I}), (L}) for p},uy (given
by Lemma 3.11)

L(pn — Py, un — uy,) + 2®2((p1,u1), (0, KX)) = 0,

L(pn — P}, + PK,un — u + uk + KTu;) =0 (by Lemma 3.20(b)).

For, tr(Vun—Vu +VuK+KTH) = tr(Vun, — Vul + KTH) =0 by (In), (I}).
Thus, u, — u’ +ug + KTu; + KX = 0 and p, — p: + px = 0 for some K € skew.
Puttlng in (C ), one has

/llxu —ug — KTu; — KX) + /12x 1+ KX)
+/l3xun_2+~-'+/ln+1xl=0.
or

(1) —k(l,uk + KTu; + KX) + k(ly, KX) + M € sym,

with M = k(l1, up)+k(l2, w5 _1)+k(ls, tn—2)+- - +k(lns1, T). Since, (W, k(ly, KX))
= (-Wly, KX) = (-WA;,K) =0 for W € Ty S,

(2) (W, —k(ly,ue + KTuy)) + (W, k(lo, KX)) + (W, M) =0 for all W € T;Sy,.

Now, (W,—k(ly,ux + KTu1)) + (W, k(l3, KX)) = (Wi, ug) + (Wi, KTuy) —
(Wlz, KX) is a nondegenerate form by Lemmas 3.21 and 3.20(b).
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Thus, there exists a unique K € T;S4, such that equation (2) holds. Thus, one
gets the uniqueness part of K in the theorem. To obtain the existence part, one
seeks K € skew so that

Un_y =ul_; + KX, un=u,—ux — KTu; — KX, p,=p,—pk

satisfies (C,,). (Conditions (I,) and (L,) are fulfilled automatically.) Consider the

equation for K:

k(ly, KX) = —k(ly,ux + KTuy) + k(ly, KX) + M modsym
=N modsym.

From (K, k(WTl,)) = (k(ly, K(X)), W), the solvability condition for K is (W, N)
=0 for all W € T;S4,, which is precisely the equation (2).

(B) The proof for n = 2 is basically the same as in («), where one needs Lemma
3.20(a).

Indeed, one has

L(pQ — p;,UQ — U,E) + 2@2(([)1,111), (0, KX)) - @2(0, KX)2 =0

and

L(p2 — p5 + px,uz — u3 + ug + KTu; — 3KTKX) =0
by Lemma 3.20. For, tr(Vuy — Vu} + Vug + KTH — 1KTK) = 0 by (I2), (I3).
Thus up — u} + uk + KTuy — 3KTKX + KX =0 and p; — p} + px = 0 for some
K € skew. Putting in (C2), for [I; x KTKX =0 or k(l;, KTKX) € sym (notice
K € T;S4,). One has the same equations for K, K as equation (1).

The rest of the proof is the same as that in (o).
(v) When n = 1 this is Theorem 3.6. Q.E.D.
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