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PROPAGATION ESTIMATES
FOR SCHRODINGER-TYPE OPERATORS

BY
ARNE JENSEN!

ABSTRACT. Propagation estimates for a Schrédinger-type operator are ob-
tained using multiple commutator techniques. A new method is given for
obtaining estimates for powers of the resolvent. As an application, micro-local
propagation estimates are obtained for two-body Schrédinger operators with
smooth long-range potentials.

1. Introduction. In this paper we obtain results on propagation properties for
Schrédinger operators. We first give results in an abstract setting, and then use
these results to derive micro-local propagation estimates for two-body Schrédinger
operators with smooth long-range potentials. The abstract results generalize those
in [11]. A new technique is introduced to obtain these generalizations.

A propagation estimate for a Schrédinger operator H is an estimate of the form

(1.1) | Xe *Hg(H)Y| < Co®(t).

Here g is a smooth function with compact support contained in the absolutely
continuous spectrum of H. The operators X,Y localize in appropriate regions of
phase space. The choice of X and Y depends on the physics of the problem at
hand. X and Y can depend on ¢ (see [4]), but we do not consider such results here.
The estimate (1.1) may be one-sided or two-sided, depending on the choice of X
and Y. In most cases we have ®(t) = (1+|t[)7%, s > 0.

Propagation estimates have played a crucial role in recent results on N-body
Schrodinger operators (see e.g. [2, 5, 15, 16]).

Here we obtain estimates (1.1) from resolvent estimates (R(z) = (H — z)™1)

(1.2) IXR(2)'Y[| < e

using Fourier analysis (cf. [19]). ¢ is uniform in z for Rez in bounded intervals
of the absolutely continuous spectrum of H and Im z # 0 with restrictions on the
sign for one-sided estimates.

In the abstract setting, estimates (1.2) are obtained using the commutator
method developed by Mourre [12-16]. To state the results, let H be a selfad-
joint operator in a Hilbert space ¥, and let A be another selfadjoint operator which
is conjugate to H at E € R [13]. The essential condition for A to be conjugate to
H is the Mourre estimate

(1.3) Ex(JYilH, AlEx(J) > aEg(J) + K.
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130 ARNE JENSEN

Here a > 0, J = (E—6, E+6), K is compact on ¥, and Ep is the spectral measure
of H. We also need some smoothness of H with respect to A (see Definition 3.1).
As operators X, Y we use powers of p = (1+A42)~1/2 and the spectral projections of
A for (—00,0) and (0, 00), denoted P, and P, respectively. The main results can
be stated as follows (see Theorem 3.10): For g € C§°(J\op(H)), s > 0,0 < i’ < p,
we have for £+t > 0

(1.4) lo™*PFe " " g(H)p* 4l < (1 + [t)) ™"
For s1,s2 € R, N > 0, we have for +t > 0
(1.5) lp* Pe " g(H) Py p**| < c(1+[t)) ™.

We derive (1.4) and (1.5) from the following resolvent estimates. I C J \ 0,(H)
denotes a relatively compact interval.
(ay) For s >1—1/2, Rez€ I and Imz # 0

o R(2)'p°Il < 1.
(bif) For s >1—1/2,Rez € I and FIm z > 0
l' = Px R(2)'p°|| < 1.
(cf) For 51,50 € R, Rez € I and £Imz >0
lo" PFR(2)PEp™] < a0

Estimates of this type were previously obtained in [11]. There (bjt) were proved
for s > | without the left factor p'=*, and (ci¥) were proved for s; = s2 = 0.

The estimates (a;), (bli) and (cit) are natural resolvent estimates in the sense
that they follow from the same estimates with [ = 1. This observation is the key to
our new approach to the resolvent estimates (see Lemma 2.1). Thus the problem
is reduced to the I = 1 case. (a;) was proved in [13, 20], and special cases of
(b¥), (ct) in [16] by Mourre. Our proofs of the general (bi), (cf) use results and
techniques from (11, 16, 17].

In §4 we obtain micro-local estimates for a two-body Schrédinger operator with
a smooth long-range potential,

H=-A+V in X =L?R").

With A = (2¢)"}(z- V + V - z) the estimates (1.4), (1.5) hold. We then show how
to replace p by (z)~! = (1+2%)~'/2 and P{ by phase space localizations given by
pseudo-differential operators (see §4 for precise statements).

Micro-local estimates for R(z) were obtained in [9] by Isozaki and Kitada, using
the calculus of pseudo-differential operators. They gave results on e~**¥ in [10]
using Fourier integral operators. Recently, Isozaki [8] gave micro-local estimates
for R(z)! using the calculus of pseudo-differential operators and an approach similar
to our Lemma 2.1.

The idea of relating PT to phase space localizations is due to Mourre [14]. He
gave further results and applications in [15, 16], and in particular constructed a
sufficiently large family of conjugate operators. We use this result in the proof of
our Theorem 4.5.
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The abstract results can be applied to N-body Schrodinger operators with
smooth long-range two-body potentials. Applications to these operators will be
given elsewhere.

ACKNOWLEDGEMENTS. The author wishes to thank E. Mourre for fruitfil dis-
cussions, and for his permission to use [17].

2. Estimates for powers of an operator. This section contains results on
estimates for powers of an operator obtainable from estimates for the operator to
the first power. An important aspect of the results is the explicit control over the
constants in the estimates.

Let R be a bounded operator on a Hilbert space ¥. For I > 1, R' is the Ith
power as usual. Let p be a bounded selfadjoint operator. We assume p~! > 1 for
simplicity and define p® for any s € R using the functional calculus. For s < 0,
p° may be unbounded. For any bounded operator X, the statement Xp® (or p*X)
bounded means that this densely defined operator extends to a bounded operator
on X. For s € R we use the notation (s); = max{0, s}.

LEMMA 2.1. Let R,p, P, and P_ be bounded operators on X. Assume p self-
adjoint with p~* > 1, P, + P_ =1 and that the following four estimates hold for
some cg > 0,0< 0 <1 and integer n > o:

(a1) llo” Rp?|| < co.

(by) llpt=*P_Rp®|| < ¢co for 0 < s < m.

(b7) |lp*RP1p' 2| < o for 0 < s < n.

(c1) |lo~** P_RPyp~°2|| < ¢ for s1,52 € R with (s1)+ + (s2)+ <n—1.

Then for any integer [ > 1,1 < n+ 1 — o, the following estimates hold:

(a1) ||p =1 Rl 1+ || < 2lch,.

(b ) |lp'*P-R'p®|| < 2'c} forl -1+ 0 < s<n.

(b)) |[p*R!Prpt=2|| < 2'ch forl -1+ 0 < s<n.

(c1) |lo~** P_R'Pyp=22| < 2'ck for s1,s2 € R with (s1)+ + (s2)+ <n—L

PROOF. The idea of the proof is to insert 1 = P, + P_ between the factors in R'
and write P_ = ptp~tP_, P, = P,p~"p". It is then a matter of bookkeeping to get
the conditions on ! and s, s1,s2. The most convenient way to carry out the proof
is by induction, showing that (a;_1), (bt ), (ci—1) imply (a;), (bi°), (cz). Let us
give the start of this argument. Assume the [ — 1 estimates hold and I <n+1—o0.
To prove (a;) we write

pl—1+aRlpl—1+o — pl—1+aRl—1(P+ + P_)Rpl——1+a
— (pl—1+aRl—1P+p-a)(paRpl—l+a)
+ (pl—1+6Rl—lpl—2+a)(p1—(l—1+a)P_Rpl—l+o)

= A1Az + B1Bs.
Since —o = (I-1)— (I—1+0), (b ;) with s = — 1+ ¢ implies A; bounded with
[|A1] < 2t=1ck!. The assumptions on p imply [|p°|| < [|p°|| for any s > ¢, so (a;)
implies || A2 < co. Similarly (a;_1) implies || By | < 2:~!ch~!. The result (by) with
s=1—-1+0 >0 (s < n by the assumption on !) implies ||Bz|| < co. Combining

these results we obtain (a;).
The remainder of the proof is similar, and is omitted. O
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The following lemma is used to obtain continuity of boundary values. It gives a
general result on estimates for the difference of powers of two commuting operators.

LEMMA 2.2. Let Ry, R2,p, P+ and P_ be bounded operators on X. Assume
RiR; = RyRy, p selfadjoint with p~! > 1, and P, + P_ = 1. Assume that Ry, Ry
satisfy (a1), (bit), (c1) in Lemma 2.1 with the same constants o,co,n, and that
Ry — Ry satisfies (a1), (bi), (c1) with o,n, and a constant ¢y denoted d here. Then
the following estimates hold for | > 1,l<n+1—0:

(A) [l =1 (RE — Rg)p' 1 F|| < d-1- 2+ - e

(B]) llp=°P-(R} — Ry)p®|| <d-1-2"'cht forl—1+0<s<n.

(B) o°(RY — RY)Pypt=s|| <d-1- 2" 5 forl—1+0 <s<n.

(C1) o~ * P_(RY — RY)Prp==2|| < d-1-2F1ck ! for 51,52 € R with (s1)4 +
(S2)+ <n-—I.

PROOF. The idea of the proof is to use the identity

-1
R, —Ry= (R — Ry)- > RIRy '’

=0

and insert 1 = P_ + P, between factors Rj, R in the above identity. It is then
straightforward to obtain (A;), (Bf) and (C;) using Lemma 2.1. Details of the
computation are omitted. [

3. Estimates for powers of the resolvent of a selfadjoint operator. In
this section we obtain estimates of the type (a;), (bf) and (c;) in Lemma 2.1 for the
resolvent of a selfadjoint operator, and thus estimates for powers of the resolvent.
These results generalize those in [11]. We use some results and techniques from
(11, 13, 16, 17], and shall briefly recall some definitions and results from these
papers.

Let H be a selfadjoint operator on a Hilbert space ¥ with domain D(H). En
denotes the spectral measure of H. ¥, denotes the completion of vectors satisfying

(e o]
[l = [ (4222 BRI < .
The space ¥, o is the domain D(H) with the graph norm, and ¥_5 can be identified
with the dual of ¥, via the inner product on ¥.

DEFINITION 3.1. A selfadjoint operator A is said to be conjugate to H at
E € R, and H is said to be n-smooth with respect to A, if the following conditions
are satisfied:

(a) D(A) N D(H) is dense in H.

(b) €4 maps D(H) into D(H), and supjg|<; [|He®* 9| < oo for each ¢ € D(H).

(¢n) The form i[H, A], defined on D(A) N D(H), is bounded from below and clos-
able. The selfadjoint operator associated with its closure is denoted :B;. Assume
D(B1) D D(H). If n > 1, assume for j = 2,3,...,n that the form ¢[iB;_1, 4],
defined on D(H) N D(A), is bounded from below and closable. The associated
selfadjoint operator is denoted ¢B;, and D(Bj;) D D(H) is assumed.

(dn) The form 3[B,, A}, defined on D(A) N D(H), extends to a bounded operator
from X2 to X_q.
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(e) There exist « > 0, § > 0, and a compact operator K on ¥ such that
Ey(J)iB1Eg(J) > aEy(J) + Eu(J)KEu(J),

where J = (E — 6, E + 6).

The interval J is called the interval of conjugacy. If (cy,) holds for all integers
n > 1, H is said to be co-smooth with respect to A.

This definition for n = 1 was introduced by Mourre [13]. For n > 1 is was given
in [11]. The condition (c,) essentially means that the map 6 — €4 He=%¢4 from
R to B(¥y2,¥) (the bounded operators from ¥, to ¥) is C™ in norm.

Existence of a conjugate operator A to H at E € R implies that the point
spectrum o,(H) of H is discrete in J [13]. If I C J \ 0,(H) is relatively compact,
we have with p = (1 + A2)~1/2 s > 1/2, the a priori estimate (R(2) = (H — z)™ 1)

(3.1) lo°R(2)p%|| < ¢

for z with Rez € I, Im 2 # 0 [13, 20]. In particular, H has no singular continuous
spectrum in J.

Further results on H and A were given in [16]. We recall some needed below.
Assume A is conjugate to H at E € R, and H is 1-smooth w.r.t. A. Let P{ (Py)
denote the spectral projections for A for (0,00) ((—00,0)). Let xn = X[n,n+1)(4)
denote the spectral projection for [n,n+1), n an integer. The following three results
are proved in [16]. Let I C J \ o,(H) be relatively compact.

(3.2) [XnR(2)xm| < €

for Rez € I, Imz # 0, n,m € Z with ¢ independent of n,m. For s > 1

(3.3) IP{R(2)p°|l < ¢

for Rez € I, +Im z > 0. Assume furthermore that H is 2-smooth w.r.t. A. Then
(3.4) IPFR()PE] < c

for Rez€ I, £Im=z > 0.
In this section we first prove extensions of (3.3) and (3.4) which are natural in
view of Lemma 2.1.

THEOREM 3.2. Assume A conjugate to H at E € R, and H n-smooth with
respect to A for somen > 2. Let J be the interval of conjugacy, and let I C J\op(H)
be a relatively compact interval. Then for s1,s2 € R with (s1)+ + (s2)+ <n—1
the estimate

(35) lo= PFR(2)PEp~"]| < c

holds for all z with Rez € I, £Im z > 0. Boundary values for z = A £ 1€ — M\£10
as € | 0 exist and are Holder continuous.

REMARK 3.3. Precisely stated, (3.5) means that the quadratic form
a(f,9) = (p~"*f, Py R(z)P{p~*?g)

defined on D(p~°*) x D(p~%2), satisfies the estimate |g(f, g)| < c||f| - llgll, and thus
extends to a bounded quadratic form on ¥ x ¥. The associated operator is denoted
p~tP{R(2)P{p™*.
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PROOF. For sy,s2 < 0 the result is a consequence of (3.4). Assume s;,s2 > 0.
The proof is an extension of the proof of Theorem 2.4 in [11]. Using the operators
B; from Definition 3.5(c,,), we define

j
!

o™

9-3

J=1

B;.

k)

Assume Rez € I, Imz > 0. By [11, Lemma 3.1], the operator
G.(e) = (H — z+ Cp(e)) !
is bounded for 0 < ¢ < €g. Furthermore, on D(A) (norm-derivative)

(3.6) %G;(e) = 62(e), 4] + 51 G.()Ba, AIG- (o).

Consider for 0 < ¢ < ¢¢ the family
Fo(e) = p~*1e* AP, G, () Pfe 4 p*

of bounded operators. Compute the weak derivative using (3.6):
—F,() = p~*1e*AP; [A,G,(e)|P e c4p*2
+p et APy <[G (), A] + G )[Bn,A]GZ(5)> Pfe ¢4p=2
e” _ - —€A _—s
=3P 5164 P G, (€)[Bn, A]Gz(e)Pje eApsz,
We now use the estimate ||(H +¢)G(¢)|| < ¢/e from [11] and the obvious estimates

lo=*1esAP; || < ce™* and ||PX6‘5A —92|| < ce™ 2 together with (d,,) in Definition
3.1 to get

< cE’n—sl—Sg—Z-

d
H%FZ(S)

The condition s; +s2 < n— 1 implies n — s; — s2 —2 > —1, and hence integrability.
The result (3.5) now follows as in [11]. Existence and Holder continuity of boundary
values also follows as in [11]. O

The following lemma gives a straightforward extension of the well-known Hardy
inequality. /2 = [?(N) is the usual sequence space.

LEMMA 3.4. Let s > 1/2. The map T:1? — 1? defined by T(an) = (bn),
by =n"%Y " _ m* lan,, is a bounded operator.

PROOF. For s = 1 the result follows from Hardy’s inequality [6]. The result for
s > 1 follows from the s = 1 result, since

n n
- Z m*la,| <n! Z |@m |-
m=1 m=1

The proof for 1/2 < s < 1 can be obtained by modifying the proof in [6]. Details
are omitted. O

The idea of using Hardy’s inequality to prove the following result in the s =1
case is due to Mourre [17].
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THEOREM 3.5. Let A be conjugate to H at E € R, and H n-smooth with
respect to A for somen > 2. Let J be the interval of conjugacy, and let I C J\op(H)
be a relatively compact interval. Then for 1/2 < s < n we have

(3.7 lp°R(2)P3p' | < ¢
for Rez € I, £Imz > 0. For any s’ < s boundary values of p°R(A £ z.e)Pi 1-s'
as € | 0 exist and are Holder continuous.
PROOF. Consider first Imz > 0. Let g € D(p*~%).
p°R(2)Pfp'~°g = p°P§ R(2)Pfp' g + p°P; R(2)P{ p'~°g.
Since s < n, (s — 1)y <n—1, and Theorem 3.2 implies
lo° P R(z)P5 99l < cligl.
Thus we have to consider the first term. Let f € ¥ and xn = X[n,n+1)(4).

(38) (£,0°PER(2)P{0'°g) = 3 (0°xnf, xnR(2)P p*~°0).
n=0

We write

(3.9) XnR(2)PLp" %9 = xnR(2)X(0,m+1) (A)0" g

+ XnR(2)X[n+1,00) (A)P %9
The first term in (3.9) is written as

XnR(2)X(0,n+1)(A)p' %9 = an 2)Xmp' %9
m=0

By Mourre’s result (3.2) and ||xmp' %9l < c(m + 1)°*~|xmgl|, we have

(3.10) IXn R(2)X(0,n+1)(A)p* gl S € Y (m+1)*" [ xmgl-

m=0
To estimate the second term in (3.9) we first consider 1/2 < s < 1. In this case p'~°
is bounded, and we can estimate XnR(2)X[n+1,00)(A) using Mourre’s observation
[16] that A —n —1 is conjugate to H at E € R with the same ¢ in Definition 3.1(e)

as for A. Thus (3.4) implies

(3.11) lIXn R(2)X(n+1,00) (A) ]| < €

with ¢ independent of n. Thus in the case 1/2 < s < 1, the second term in (3.9) is
estimated by c - ||g|| with ¢ independent of n. Using (3.10) and Lemma 3.4, we can
estimate the expression in (3.8):

(7, SPXR(z)PXpl""’ )|

<c: Z Ixnfl(n+1)7° 3 (m+ 1)~ xmgll + cllgl Z(n+1) *lIxn £l

n=0 m=0 n=0

oo 1/2 oo 1/2
<c <Z "an”2) : (Z Hxng||2)
mee 0 n:i32 0o 1/2
+cllgll <Z(n + 1)“2“’) : <Z ||an”2>
n=0

n=0
<clfIl-llgll-
This estimate proves (3.7) for 1/2 < s < 1.
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Assume now 1 < s < n. In this case (3.10) is still valid, but (3.11) must be
replaced by a different estimate. Since 0 < s — 1 < n — 1, we have from Theorem
3.2 with A — n — 1 as the conjugate operator,

XnR(2)X(n+1,00)(A)P* 7°9 = {(xnPi_p_1R(2)PF_,_1(1 + (A —n—1)?)(s=1/2}
A1+ (A=n—-1)2)~6=D/2(1 4 A2)(s-D/2g

The first factor in {---} is bounded with norm bounded by an n-independent con-
stant. The second factor has a norm bounded by ¢(n + 1)*~!. Thus we get

(3.12) IXnR(2)X{n+1,00) (A)p**gll < e(n+1)*~|lg].
Using (3.10) and (3.12) we get

I(f,p°P5 R(z)P{p' l<CZ|lxnf|l n+ 17 ) (m+ 1) xmgll
n=0 m=0

+ellgll S Ixnfll(n+1)~*(n + 1)°~"
n=0
<clf1 - llgll

This estimate completes the proof of (3.7) in the case 1 < s < n.

The last statement of the theorem follows by interpolation, if one notes that
p*R(2)PJ p* is Holder continuous in z for s > 1/2 (see [11]). The Imz < 0 result
is proved similarly. O

Theorems 3.2 and 3.5, (3.1), and Lemmas 2.1 and 2.2 lead to extensions of the
results of [11]. An important new feature is the explicit control of the constants
in the power estimates obtained from Lemmas 2.1 and 2.2. Since these results are
obvious from Lemmas 2.1 and 2.2, they will not be repeated below.

THEOREM 3.6. Let A be conjugate to H at E € R, and H n-smooth with
respect to A for somen > 2. Let J be the interval of conjugacy, and let I C J\op(H)
be a relatively compact interval. Then the following estimates hold for the resolvent
R(z)=(H-2)"tfor1<l<n:

(i) Forl —(1/2) < sj, 7 = 1,2, there emists ¢ = c(s1,S2,1) such that for all z
with Rez€ I, Im #0

lp° R(2)'p | < c.

(ii) For l—(1/2) < s < n there ezists ¢ = c(s,l) such that for all z withRez € I,

+Imz>0
lp*R(2)'Pxp'~*|l < c.

(iii) For s1,s82 € R with (s1)+ + (s2)+ < n — [, there exists ¢ = c(sy, s,1) such
that for all z with Rez€ I, +Ilmz > 0

lp=** PTR(2)'Prp™>| < c.

(iv) In (i) and (iii) boundary values exist and are Holder continuous. In (ii)
boundary values exist and are Holder continuous if p'=*° is replaced by Pt~ with
s <s.

PROOF. The results (i), (ii) and (iii) follow from (3.1), (3.5), (3.7) and Lemma
2.1 (with ¢ > 1/2). To prove (iv) we use the same estimates and Lemma 2.2 (in case
(i) with a straightforward modification to take into account p*~*" with ' < s). O
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REMARK 3.7. Using the notation p°* R(\ £ ¢0)p*? etc. to denote the boundary
values for [ = 1, we have the following results:

: S1 s [ 2 S1 . S2
lellr{)lp R(Xtie)'p? = (dA) p°*R(A £10)p°2,

d

-1
%) PROEOPE,

lim p* (A & ie) Prpt= = (

1-1
lim p ' PTR(A tie)'Pip 2 = (%) p ' PTR()\ +£1i0)Pfp—*:
with the appropriate restrictions on ), sj,s2,s and s’ from Theorem 3.6. The
convergence is in operator norm on B(¥).

The resolvent estimates in Theorem 3.6 lead to propagation estimates of the type
discussed in the Introduction. To derive them, we need the following lemma. The
first result is well known [13, 19]. Results similar to the second part have been
given in [15, 16]. The simple proof given here is new.

LEMMA 3.8. Letn > 1 be an integer. Let A and H satisfy (a), (b) and (c,) in
Definition 8.1. Let g € C°(R).

(1) For |s| < n, the operator p~°g(H)p® is bounded.

(ii) For s1,s2 € R with (s1)+ + (s2)+ < n, the operators p~*1 Py g(H)PJ p=*2
and p~** P g(H)P, p~°2 are bounded.

PROOF. For the proof of (i), see [13, 19]. Let ada(g(H)) = [A,g(H)], and let
ad’; (9(H)) denote the n-fold commutator. Part (i) implies that ad’ (9(H)) extends
to a bounded operator on ¥. It suffices to prove (ii) for s;,s2 > 0. Assume further
that s; + s2 < n. For € > 0, consider the family of bounded operators

F(e) = p~*1e* Py g(H)Pfe A p2.

This family is weakly C*> w.r.t. € on a dense set in ¥ (e.g. take the C>®-vectors
for A). Take the nth weak derivative on this set to get

d " —8 - n —€ —s
(3) P = erpradyanpie .

Estimate as in the proof of Theorem 3.2 to get

|() e

Since s; + s2 < m, the result follows by integration. [J ‘

REMARK 3.9. The lemma holds under the assumption that ad’,(g(H)) is
bounded for j = 1,2,...,n, and the operator norms can be estimated by the sum
of the norms of ad’, (9(H)), s = 1,2,...,n.

The resolvent estimates in Theorem 3.6 lead to propagation estimates for e
We state these results below in case H is oo-smooth with respect to A. Results
for finite n-smoothness are readily obtainable from Theorem 3.6 (see [11] for some
results of this type). Part (i) of the following theorem was obtained in [11] and
is included here for the sake of completeness. Part (ii) generalizes results in [11].
Part (iii) was not given in [11].

—81—S82

< ce

—itH
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THEOREM 3.10. Let A be conjugate to H at E € R, and let H be co-smooth
with respect to A. Let J denote the interval of conjugacy. The following estimates
hold for any g € C§°(J \ 0p(H)):

(i) For0< s’ <s

lpe*Hg(H)p*| <c(1+]t)~",  teR.
(ii) For s >0,0< p/ < p
”p_st:e_itHg(H)ps-H‘" <ec(l+ |t|)‘“,, +t>0.
(ili) For s1,82 € R, N > 0:
lo PRe " Hg(H)PEo™>8| < c(U+ )™, £t>0.

PROOF. For the proof of (i), see [11]. To prove (ii), we first note [19] for £t > 0
—itH _N (l - 1)! -1 /oo —itA AV
(3.13) e "g(H) = lelflol o 1) d e ™ R()X t1e)'g(H).
Let g € C§°(J \ 0p(H)), [a,b] 2 supp(g), and a; < a < b < by, [a1,by] C J\op(H).
We need the following estimates to prove (ii) for t >0 (s > 0,1 > 1):
(3.14) o= Py R(A +1e)'g(H)p* | < e, A€ ar,bi],
(3.15) [l PR R(A +1e)'g(H)p* ™| < c(1+ M), XeR\[a1,b1].
The estimate (3.14) follows for s, > 0, from Theorem 3.6(ii) and Lemma 3.8(i).
The estimate (3.15) follows using Remark 3.9. The results (3.13), (3.14) and (3.15)
imply for t > 0 .
lo™* Py e g(H)p* || < 1+ [t]) !

for s > 0, ! > 1. The result (ii) now follows by interpolation. The ¢ < 0 case is
proved similarly.

To prove (iii) we first assume ¢ > 0 and note that it suffices to consider sy, s2 > 0.
We need to prove
(316) o PTRO+ie)g(H)PLp~ " <e, A€ lanbi,
(3.17) o= Py R\ + ie) g(H)PTp | <c(1+ )7, A€ R\[arbl.
To prove (3.16) we write

p~*1 P; R(A + ie)'g(H)Pf p=*
— (5~ PTR(A+ i)} g™ ) (o= ~P; g(H)P o)
+ (pm " PLR(A+ie) P{ o~ (o™ g(H)p~* PY).

The estimate now follows from Theorem 3.6 and Lemma 3.8. The estimate (3.17)
follows from Remark 3.9 and straightforward computations. Result (iii) for ¢t > 0

now follows from (3.13), (3.16) and (3.17) using interpolation. The ¢t < 0 result is
proved similarly. [

4. Micro-local estimates for two-body Schrédinger operators. In this
section we use the results of §3 to obtain micro-local estimates for powers of the
resolvent of a two-body Schrodinger operator. Before discussing two-body oper-
ators in detail, we note that the results in §3 can be applied to general N-body
Schrodinger operators with smooth long-range potentials.
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We consider Schrodinger operators H = Ho+V on ¥ = L%(R™). Here Hy = —A,
V is a real-valued function, V € C*°(R"), and

(4.1) 05V ()] < ca(l + |z])7=7 1!

for some € > 0 and all multi-indices o. It is well known that H has no positive
eigenvalues (see [21]). For an interval J = (a,b), 0 < a < b < 00, a conjugate
operator is the generator of dilations A = (2¢)~!(z - V + V - z). Furthermore, H
is oo-smooth with respect to A due to (4.1). For details of the verification of the
conditions in Definition 3.1, see e.g. [11]. Let p = (1+ A%)~%/2 and let PJ (P;)
denote the spectral projections of A for (0, 00) ((—00,0)). Then Theorem 3.6 holds
for H and A.

The micro-local estimates are obtained by replacing the ij localizations by
phase-space localizations given by pseudo-differential operators (¢)do’s). The results
are stated for powers of the resolvent R(z) = (H — 2z)~!. Results for e=*# follow
as in the proof of Theorem 3.10, and will not be stated separately. A few facts
on 1do’s are given below. Details and proofs of some lemmas can be found in the
appendix.

Let p € C®(R?") satisfy

(4.2) 10208 p(x, )| < caplz)~1*l(€) 714,

where (z) = (1+22)/2. Let S(R") denote the Schwartz space of rapidly decreasing
functions. For f € S(R™) the pseudo-differential operator P with symbol p is
defined by

(43) (P)(z) = (2m)™ / &= Ep(z, €)(€) de.

Here f(¢) = [ e "¢ f(z) dz denotes the Fourier transform. Condition (4.2) implies
that P extends uniquely to a bounded operator on ¥ (cf. Proposition A.3). Lo-
calizing operators are obtained by restricting the support of p(z, £). We first give
results for operators similar to PE. Let ¢+ € C°°(R?") satisfy (4.2), and assume
for some o, v > 0,

(4.4) supp ¢+ (2, ) € {(z, )| £z - & = oz ], [¢] = v}

The associated bounded operators are denoted Q*.
The following two lemmas are needed to prove localization results. Lemma 4.1
is well known [19, 20]. Lemma 4.2 will be proved in the appendix.

LEMMA 4.1. (i) For s € R andl > 1 an integer, the operator (z)*(H+4) " {x)~*
s bounded on X.

(i) For an integer | > 1 and 0 < s < 2I, the operators (z)~°*(H +1)~'p~° and
p~°(H +1)~Yz)~* are bounded on X.

LEMMA 4.2. (i) For s > 0, the operators (z)°Q*p® and p*Q=* (z)* are bounded
on X.

(ii) For s1,s2 > 0, the operators (z)**Q*PFp=%* and p~2PTQ*(z)* are
bounded on H.

THEOREM 4.3. Let H and Q* be the operators defined above. Let J = (a,b)
with 0 < a < b < 0o, and let | > 1 be an integer. The following estimates hold for
R(z)=(H —2)7! for all z withRez€ J, Imz > 0:
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(i) [l{z)~*R(2)!(z)~*|l < ¢ for s > 1 - (1/2).

(i) [[(z)* '@ R(2)"(z) |l < ¢ and [[{x) *R(2)'Q* (z)*~!|| < ¢ for s > 1 (1/2).

(iii) [[(z)** Q™ R(2)'Q* (z)**|| < ¢ for s1,52 €R.

The estimates (i), (ii) and (iii) hold for z withRez € J,Imz < 0, if @t and Q~
are interchanged.

PROOF. The result (i) was derived for | = 1 in [20]. Using Lemma 4.1(i) the
extension to | > 1 is straightforward. To prove (ii), consider first the Q ~-estimate.
We assume Re z € J and Im 2 > 0 in the following computations. The first resolvent
equation gives

R(z) = (2 + 1) R(-1)R(2) + R(—1).

Iterate to get
(4.5) R(z) = (z+1)*R(- )+ ch

To prove (ii), consider first | = 1. Using (4.5) we get
(@)°TIQTR(2)(z) ™ = (Z+i)k( )’ T'QTR(2)(H +1)7*(z) ™

+ch YLQ™(H +1) 7 (z)~°

The sum above is a bounded operator by Lemma 4.1(i) if we note that (z)°Q~ (z)~*
is bounded (see the Appendix). For the first term, assume 1/2 < s < 1, and take
k=2:

(2)°7'Q R(2)(H +1)"*(z)™°
= ((@)°7'Q (H +1) "0 )(p' Py R(2)p")(p™*(H + i)™ {z)™*)
+((2)° QT PLp™°)(p°R(2)p") (p~*(H +1) () ™).

The result (ii) for 1/2 < s < 1 now follows from Theorem 3.6 and Lemmas 4.1 and
4.2. If s > 1, choose an integer k£ > s. Then one has

(@)°7'QTR(z)(H +1)~*(z) ™
= ((2)°7'Q7p* (P Py R(2)p°) (0" (H +14)™*(z)™*)
+((2)° 7' Q™ PLp™*)(p°R(2)p°) (p™*(H + 1) ") ™*).

The result now follows from Theorem 3.6 and Lemmas 4.1 and 4.2. To prove (ii)
for I > 1, one takes the lth power of (4.5) and proceeds by induction. Details are
omitted. The proof for Q7 is similar and is omitted.

To prove (iii), it suffices for a given ! to consider sy = sz =85 >1—1/2:

(z)°Q R(2)'Q* (z)°
=(z >8Q-(P; + P})R(2)!(Py + P})Q* (2)°
= ((2)°Q™p*)(p* Pz R(2)'p"t)(p™* "' P1 Q*(z)")
(2)°Q~ PAp *)(P°R(2)'0°)(p~°P; Q" (z)°)
(@)°Q ™ p°)(p Py R(2)'PLp™*)(p°Q" (z)*)
(z) (

+(
+(
+ ((2)°Q P~ )(p* ' R(2)' P p™°) (0° Q" (2)°).
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The result now follows from s > [ — 1/2, Theorem 3.6 and Lemmas 4.1 and 4.2. O

It is possible to extend these results to Q% with a larger support. We shall
briefly sketch an extension of Theorem 4.3(ii). We assume p. € C°(R?2") satisfy
(4.2) and for some v >0, -1 <o < L:

(4.6) supp(p+) C {(z, &)|1€] > v, £3 - £ > 0},

where % = z/|z|. Operators P* are defined using (4.3).

The following lemma plays an essential role in [9]. A proof is given in the Ap-
pendix. Let B>([0,00)) denote the C*°-functions on [0, 0c0) with bounded deriva-
tives.

LEMMA 4.4. Let0<a <b< oo, Iy = (a,b). Let ¢ € B>([0,00)) be a function
which vanishes in a neighborhood of Iy. Letl > 1 and s € R. Then

(2)°¢(Ho)R(2) ()~
extends to a bounded operator on X, with norm uniformly bounded in z for Re z € Iy,
Imz # 0.

This lemma is important because it allows us to localize in kinetic energy in
proving the propagation estimates.

THEOREM 4.5. Let P* be operators with symbols satisfying (4.6). Let J =
(a,b),0<a<b< oo, andl > 1 an integer. For s > 1 — 1/2 we have

(z)*"*P=R(2)"(z) "l <¢,  [(&) °R(2)'P*(z)* | <¢c
for all z with Rez € J, Imz > 0.

PROOF. We shall only outline the proof. A result due to Mourre [16] plays an
essential role. Let ¢ € C§°(0,00) satisfy ¢(A) = 1 for A € Js = (a — 6,b+8) (6
sufficiently small). Then

(@)~ P~ R(2)!{z)~° = (2)°*~'P~ (1 - ¢(Ho))R(2)"(z)~*
+(2)°~' P~ ¢(Ho)R(2)'(z) ~*.
The first term is bounded on ¥ with norm uniformly bounded in 2, Rez € J,

Im z # 0, by Lemma 4.4. The second term requires a decomposition of the symbol
of P~ ¢(Hp). Mimicking [16] we can get

N
p-(z,6)8() = Y _4;(z,)
J=1

such that for each j and E € J there exists a vector a; € R™ with the property
that A,; = A+a;-z is conjugate to H at E € J, and Lemma 4.2 holds for Q;, A,;.
Thus we can repeat the proof of Theorem 4.3 to get (z)°~'Q;R(z)!(z)~* bounded
with norm uniformly bounded in z, Rez € (E — é,E + §), Imz > 0. The proof is
now completed by a covering argument. [

REMARK 4.6. The result (iii) in Theorem 4.3 can be extended to P* with
symbols satisfying (4.6) and the additional condition

.ien[{n dist (supp(p_ (2, €)),supp(p4 (z, 6))) > 0.
T I3 I3
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This result was first obtained for { = 1 in [9], using a different method.

REMARK 4.7. The results of Theorem 4.3 lead to propagation estimates similar
to those in Theorem 3.10. Since the results are quite similar, they will not be stated
in detail.

REMARK 4.8. (i) If one assumes |02V (z)| < co(1 4+ |z|)~¢71%! for |a| < N, then
one obtains estimates for R(z)! for [ < N — 1 (N an integer) (see [11] for precise
statements of related results).

(i) One can also obtain resolvent estimates which are valid for Rez € [a, o0),
a > 0 with a decay (Rez)~(/?) of the norm. This result requires construction of a
different A (see [3] for results in this direction). Results for Re z € [a, 00) were also
obtained in [8, 9].

Appendix. In this Appendix we recall some well-known results on pseudo-
differential operators and use these to prove Lemmas 4.2 and 4.4.

DEFINITION A.1. Let u,m € R. S™(u) denotes the functions p € C>®°(R?")
which satisfy

103020z, €)] < caple) ()18
for all multi-indices o, 3, and all (z, £) € R?™.

The functions p € S™(u) are the symbols of a class of pseudo-differential op-
erators on R™. This class was first used for Schrédinger operators by Agmon [1].
Much more general symbols have been considered by Hérmander (7], and all the
general results on pseudo-differential operators used here can be obtained from (7,
22).

The operator associated to p € S™(u) is given for f € S(R™) by

(Pf)(z) = (21)" / e Ep(z, €) f(€) de.

P is continuous on S(R™) and by duality on S’(R™) (strong topology). The class
of operators with symbols in S™(u) is denoted OPS™(u). For P € OPS™(u), its
symbol is denoted o(P). The following properties of this class of ¥do’s are needed
below.

PROPOSITION A.2. Let P; € OPS™i(u;), = 1,2. Then
PP, € OPS™ ™2 (ug + pa),
and the symbol of Py Py has the asymptotic expansion
(=)
o(PPy) = ) 5= 0¢pi(3,)92p2(2,€) + v (2, €)
la|<N

for any N >0 with ry € S™+™2=N 4y + us — N).

PROPOSITION A.3. Let P € OPS™(u) with m,u < 0. Then P extends to a
bounded operator on L2(R™).

The following subsets of S™(u) are used in the proofs of Lemmas 4.2 and 4.4.
DEFINITION A.4. ST (u) denotes p € S™(u) such that there exist o,v > 0
(depending on p) with

supp(p) C {(z, &) [¢] > v, +&- & > o},
-1

Asin §4, welet A= (20)"Y(z-V+V-z), A€ OPS!(1), and o(4) = a(z, ) =
z-&—1n/2.
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LEMMA A.5. LetQ~ € OPS°(0), and let v be a multi-indez. There exist P e
OPS%(0),  =0,1,...,|y|, such that

el

QT =) PAL
J=0

A stmalar result holds in the +-case.

PROOF. The proof is straightforward application of the symbol calculus. For the
sake of completeness, the proof is outlined. Let ¢ € C§°(R™) satisfy 0 < ¢(z) < 1,
#(z) =1for |z| < 1, ¢(z) =0 for |z| > 2. 27Q~ = z27¢(z)Q~ + z7(1 — ¢(z))Q".
The first term belongs to OPS° (0). Thus we can assume that the symbol ¢ of Q~
has support in R

M= {(z)§)| _12620'7‘6, Z’U,IIEI 2 1}
The result is proved first for |y| = 1. Let u(z, &) = (1—z- &)1 - z; for (z,£) € M.
Elementary computations show

1030Zu(z, €)| < capla)™I*I(g) =1 1P

for all @, 3 and all (z,¢) € M. Let p(z, €) = q(z, €)u(z, £). Then p € S~*(0). Let
P be the associated operator. Proposition A.2 shows

0(_PA) = —p(ilf, g)a(xv 6) + Zigjaﬁjp(za 5) + 7'2(:5’ 6)

J=1

j=1

= z;q(x, &) + {((in/2) — U)p(a, &) + D i€;0¢,p(x, §) + 72(z, E)} :

The terms in {---} belong to S°(0). From this equation the result follows for
|7| = 1. The general result follows by iteration. O

PROOF OF LEMMA 4.2(i). For integer s the result follows from Lemma A.5.
The general result follows using interpolation. [

(ii) Consider first (z)*1Q~Pfp~%2. It suffices to prove boundedness for s; = 0
by Lemma A.5. We use the Mellin transform to diagonalize A. A stationary phase
argument then shows that Q= P} p~°? is bounded (see [18] for related results). A
direct proof using the calculus of ¥do is difficult due to the presence of Pf. The
remaining cases are treated similarly. [

PROOF OF LEMMA 4.4. The proof is based on an idea in [9] and is included
here for the sake of completeness. Let A denote the functions in B°°([0, c0)) which
vanish on a neighborhood of (a, b]. Let I = {2|Rez € (a,b),Im z # 0}. It is obvious
from Propositions A.2 and A.3 that the result holds for Ry(z) = (Ho — 2)~!. Let
L? = {f e L} (R")|(z)°f € L?*(R™)} denote the weighted L2-space. For ¢ € 4,
Proposition A.3 implies

¢(Ho)Ro(2)V (1 — ¢(Ho)) = X+p(Ho)
for some ¢ € A, where X maps L? into L2, for any s € R, with norm uniformly

bounded in z € I. Let s > 1/2 and u € L2. Then R(z)u € L?, with norm
uniformly bounded in z € I (see Theorem 4.3(i)). We have

¢(Ho)R(2)u = ¢(Ho)Ro(2)u + Xv(Ho)R(2)u + ¢(Ho) Ro(2)V ¢(Ho) R(2)u
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and thus for any ¢ € A, ¢(Ho)R(2z)u € L? The result now follows for

s >

min{—s+e,s}"

1/2 by a finite number of iterations. The same result holds for R(z)¢(Hy) for

s > 1/2, and hence by duality the result holds for s < —1/2 for ¢(Hp)R(z). The

gen
are

10.

11.

12.

13.

14.

15.
16.
17.
18.
19.
20.

21.

22

eral case follows by interpolation. For [ > 1 we proceed by induction. Details
omitted. 0

REFERENCES

. S. Agmon, Some new results on spectral and scattering theory of differential operators on R™, Sémi-
naire Goulaouic-Schwartz (1978/79), Exposé no. 2, Ecole Polytech., Palaiseau, 1979.

. M. Combescure, Propagation and local-decay properties for long-range scattering of three-body systems,
preprint, LPTHE, Orsay, 1984.

. H. Cycon and P. Perry, Local time-decay of high energy scattering states for the Schrédinger equation,
preprint, 1983.

. V. Enss, Propagation properties of quantum scattering states, J. Funct. Anal. 52 (1983), 219-251.

, Completeness of three-body quantum scattering, Dynamics and Processes (P. Blanchard, L.
Streit, eds.), Lecture Notes in Math., vol. 1031, Springer-Verlag, Berlin and New York, 1984.

. G. Hardy, J. Littlewood and G. Polya, Inequalities, 2nd ed., Cambridge Univ. Press, Cam-
bridge, 1952.

. L. Hormander, The Weyl calculus of pseudo-differential operators, Comm. Pure Appl. Math. 32
(1979), 359-443.

. H. Isozaki, Differentiability of generalized Fourier transforms associated with Schrodinger equations,
preprint, 1984.

. H. Isozaki and H. Kitada, Micro-local resolvent estimates for two-body Schrédinger operators, pre-

print, 1983.

_____, A remark on the micro-local resolvent estimates for two-body Schrodinger operators, preprint,

1983.

A. Jensen, E. Mourre and P. Perry, Multiple commutator estimates and resolvent smoothness in

quantum scattering theory, Ann. Inst. H. Poincaré, Sect. A (N.S) 41 (1984), 207-225.

E. Mourre, Link between the geometrical and spectral transformation approaches in scattering theory,

Comm. Math. Phys. 68 (1979), 91-94.

____, Absence of singular continuous spectrum for certain self-adjoint operators, Comm. Math. Phys.

78 (1981), 391-408.

, Algebraic approach to some propagation properties of the Schrodinger equation, Mathematical

Problems of Theoretical Physics (R. Schrader, R. Seiler, P. A. Uhlenbrock, eds.), Lecture

Notes in Physics, vol. 153, Springer-Verlag, Berlin, 1981.

____, Opérateurs conjugués et propriétés de propagation. 1, 11, Preprints, CPT-CNRS, Marseille,

1981, p. 1333; 1982, p. 1379.

____, Opérateurs conjugués et propriétés de propagation, Comm. Math. Phys. 91 (1983), 279-300.

_____, Private communication.

P. Perry, Mellin transforms and scattering theory. 1, Short range potentials, Duke Math. J. 47 (1980),

187-193.

, Propagation of states in dilation analytic potentials and asymptotic completeness, Comm. Math.

Phys. 81 (1981), 243-259.

P. Perry, 1. Sigal and B. Simon, Spectral analysis of N-body Schrddinger operators, Ann. of Math.

(2) 114 (1981), 519-567.

M. Reed and B. Simon, Methods of modern mathematical physics. IV, Analysis of Operators,

Academic Press, New York, 1978.

. M. Taylor, Pseudo-differential operators, Princeton Univ. Press, Princeton, N. J., 1981.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KENTUCKY, LEXINGTON, KEN-
TUCKY 40506-0027

Current address: Matematisk Institute, Aarhus Universitet, Ny Munkegade, Bygning 530, DK-
8000 Aarhus C, Denmark



