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THE CAUCHY PROBLEM FOR u; = Au™ WHEN 0<m <1

BY
MIGUEL A. HERRERO AND MICHEL PIERRE

ABSTRACT. This paper deals with the Cauchy problem for the nonlinear
diffusion equation du/dt — A(ulu|/™1) = 0 on (0, 00) x R, (0, ) = up when
0 < m < 1 (fast diffusion case). We prove that there exists a global time
solution for any locally integrable function ug: hence, no growth condition at
infinity for ug is required. Moreover the solution is shown to be unique in that
class. Behavior at infinity of the solution and L{? -regularizing effects are also
examined when m € (max{(N — 2)/N,0},1).

1. Introduction. This paper deals with the Cauchy problem

(L.1) %—’t‘ — Aulu/™) on (0,00) x RV,
(1.2) u(0, ) = uo,

where

(1.3) 0<m<1

and

(14) uo € Lo (RY),

Equation (1.1) has been suggested as a mathematical model for a lot of physical
problems. We will not recall them here and we refer to the survey [15] where the
very extensive literature on (1.1) is summarized.

Our goal is to emphasize some features of (1.1) when m < 1. Thus our main
result claims that the Cauchy problem (1.1), (1.2) has a global solution in time for
any uo € LL (RN). This is in sharp contrast with the case m > 1 where some
growth condition at infinity is required on ug to provide even a local solution in
time, namely

If m = 1, there exists ¢ > 0 such that

/RN e_°‘1|2|uo(x)|dz < 0o0.

Ifm>1
sup R"(N+2/(m‘1))/ up(z) < 0o.
R21 {z;z|<R}
Note that these conditions are necessary to obtain nonnegative solutions. The
necessity is proved in [2] and the sufficiency in [8] for m > 1 (see [12] for m = 1).
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Here we prove that, if 0 < m < 1, there is a local estimate of the form

(15) / lu(t, z)| dz < F <t, R, / luo ()| dz) ,
{=z;]z|<R} {z;|z|<2R}

where F' is bounded on bounded subsets of R3 (see (2.4) for its precise form).

Combined with classical monotonicity properties, this suffices to establish exis-
tence for any up € L} (R") independently of the behavior of ug(z) for |z| large.
The estimate (1.5) relies essentially on an idea introduced in [3]. It has been ex-
tensively used for semilinear problems in [3, 4] and also recently in [7]. The same
kind of local estimates enable us to prove uniqueness of strong solutions for all
0 <m <1 (see [8, 10] when m > 1).

In the case when
(1.6) (N —2)*/N = max((N — 2)/N,0) <m < 1,

we obtain here more precise results on the solutions of (1.1).
(i) We exhibit a regularizing effect from LL (RY) into LS (RY), that is, an
estimate of the form

(1.7) sup |u(t,z)| < F (t,R,/ Iuo(x)ldz> vt > 0.
lz|<R {z;|z|<2R}

Conditions under which solutions become bounded are also discussed.

(ii) We look at the behavior for |z| large of the nonnegative solutions.

The precise results and more comments are to be found in the next section.
Their proofs are the content of §3.

This work was partially supported by the France-Spain cooperation agreements.
It was also partially supported by U.S. Army Grant no. DAJA 3781C 0020 (M. A.
Herrero) and sponsored by the U.S. Army under Contract no. DAA G29-80-C-0041
(M. Pierre).

We thank J. L. Vazquez for some useful discussions and comments.

2. The results. By a solution of (1.1), we mean a function u satisfying
(2.1) u € C([0,00f; i (R")),

(2.2) % — Auju/™ 1) =0 in D'(J0,c0[xR").

Since 0 < m < 1, (2.1) implies that |u|™ is locally integrable on [0,00[xRN.
Therefore (2.2) makes sense in the space of distributions on ]0, oo[xRN. Through-
out this paper, we shall write u(t, z) or u(t) to designate such a function.

Let Br = {x € R";|z| < R}. We will write

/ f=[ f@)de
Br Bgr

THEOREM 2.1. Let ugp € L (RN). Then there exists u satisfying (2.1), (2.2)
and

(2.3) u(0,-) = uo,
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(2.4) vt > 0,YR >0 / lu(t)| < C [/ luo| + taR‘W} ,
Bgr Bar
where
(2.5) a=1/(1-m), y=2/(1-m)-N
and C = C(N,m).
In the case when
(2.6) (N-2)t/N<m<1,

the solutions obtained above are locally bounded. More precisely:

THEOREM 2.2. Assume (2.6) holds. Let ug € LY (RN). Then there ezists a
solution u of (2.1), (2.2) with u(0,-) = up and such that Vt,R > 0

20/N
(2.7) sup |u(t,z)| < C [t'e [/B |u0|] + (t/R2)°‘} ,

r€Bp
where =1 =m — 1+ 2/N and C = C(m, N).

By slightly adapting the proof of Theorems 2.1 and 2.2 in §3, it will follow that
if (2.6) holds, the solution obtained, u(t), is bounded in R" for each ¢t > 0 if for
some p > 0

(2.8) lluoll, = sup / luo(2)] dz < +o0.
EERN Jiz—¢|<p

We prove that this condition is necessary for nonnegative solutions. The same
result was established for m > 1 in [8, 2] (for m = 1, it is obvious from the usual
representation of the solution in terms of ug).

We next state a uniqueness result for (1.1), (1.2). For technical reasons, we are
compelled to deal with strong solutions by which we mean a function u satisfying
(2.1), (2.2) and

o
(2.9) 55 € Lloc (10, 00[xRN).

THEOREM 2.3. Let u, @ satisfy (2.1), (2.2) and (2.9). Then u(0,-) = 4(0,-) =

u = 4.

REMARKS. We will see that, if ug > 0 and (2.6) holds, by construction u(t) > 0
on RN and

(2.10) LRy

for all ¢ > 0 (this comes from the results in [1]). As a consequence, by standard
regularity results u € C*(]0,00[xR™N) and (2.9) is more than satisfied. If u does
not have a sign, using again the arguments in [1] one can still conclude that (2.9)
holds if u is continuous and du/0t is a measure. Methods to prove continuity of
u can be found in [11, 16]. To prove that du/dt is a measure would require a
localization of the results in [6] concerning the estimate of [p v |Ou/dt| in terms of

Jrw~ luo|. We refer to [9] for uniqueness results when ug € LY(RN) N L= (RN).
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Concerning the behavior of u(t, z) for large |z| we have

THEOREM 2.4. Assume that (2.6) holds, and let u be a nonnegative function
satisfying (2.1), (2.2) and (2.9). Then if u # 0 one has for each t > 0:

(2.11) lluln inf |z|?* u(t, z) > (2mt)®,

where o,y are defined in (2.5).

REMARKS. Property (2.11) is in striking contrast with the behaviour of non-
negative solutions of (1.1) when m > 1: In fact in this case a compactly supported
datum ug gives rise to a (spatially) compactly supported solution u(t,z) (see [14]).
However in the linear case m = 1 it is well known that the minimal rate of spatial
decay for nonnegative, nonzero solutions is precisely that of the fundamental solu-
tion [19]. Notice that (2.11) does not involve the initial datum wug. Its sharpness
can be checked on the explicit solution given in [5]

(2.12) Ua(t,z) = t%4a+ (2my) ™ - [af? - 4720/V} e,

where 0 is given in (2.7) and a is an arbitrary positive constant. The total mass

fRN (t,z)dz is a time invariant which depends only on a for given
m and N. One easﬂy checks in (2.12) that the behaviour for large |z| does not
depend on M and realizes the equality in (2.11). In the case when N = 1 and
ug € L'(RY) stronger results about this asymptotic behaviour have been recently
obtained in [17]. In particular, equality holds in (2.11) under these assumptions
when ug is compactly supported.

3. The proofs.

LEMMA 3.1. Let u,4 satisfy (2.1), (2.2) with u > 4. Then, for all R > 0 and
t,s >0

(3.1) /B fu(t) — a(t)] < C [ [B fu(s) — a(s)] + |t — s[ R,

where a,~y are given in (2.5) and C = C(m, N).

REMARK. Actually, this lemma proves that any nonnegative solution of (2.1),
(2.2) satisfies the local estimate (2.4) and not only the one we will construct below.
Moreover, the proof we are going to give could be applied as well to solutions of
the same equation in open cylinders containing [t, s] x Bog. Existence on the whole
space is not required. Note that in view of the explicit solutions (2.12), exponents
a,~ in (3.1) are sharp.

PROOF. From (2 1), (2.2) applied to u and 4, we have for any ¥ € CP(RYN)
and a € C§°(0, 00)

/ /R )= /Ow /R _alg(ulum = i)

which implies

d

(3.2) o

L o) - o) = [ A~ afa)
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in D’(0,00) and therefore in L (0, 00) as well. Since

(rlr|™=t = sls|™" 1) <21 (r — )™ Vr > s,

/1[) —a(t))| < 2!~ m/[AzﬁIu—u)m

We set v = u — 4. By Hoélder’s inequality, we obtain

83) 2 [wt] <con| [ wo)”

where e
ow=[2 [ 1avven]

By integrating the differential inequality (3.3), we are led to

(34) Vs t>0 [/ z[w(t)]l—m < U z/)v(s)]l_m+(1—m)C(tp)|t—s|.

If one can choose ¥ € C§°(RY) such that

(3.2) implies

(3.5) 0<y <1, ) =1o0n Br, % =0 outside Bg
and
(3.6) C(¥) < C(m, N)R~"(=™)

one obtains the desired estimate (3.1). By setting ¥ (z) = ¥o(z/R), since by change

of variable
C() = R72HNI=mC(yg) = R C (1),

we are reduced to the case R = 1. We then choose for instance ¥ = ©*, where k
is an integer > 2a and p € C$°(RY) satisfies (3.6) with R = 1. Then we verify

Clwo) < C'(m, V) [(18p1* +[¥l) < Clom, N).

PROOF OF THEOREM 2.1. The starting point is the following classical result
(see [15]): for any ug € L*(RN) N L>®(RYN), there exists

u € C([0,00[; LY (RM)) N L= ([0, 00[xRY)

solution of (2.2) with u(0, ) = ug. Moreover the mapping ug — u is nondecreasing.

Now, let ug € LL_(R") and uf = sup(uo,0), uy = sup(—uo,0). We denote
by (v™) and (vp) two sequences of nonnegative functions of L!(RY) N L*(RY)
increasing to ug and ug respectively.

Let p be fixed and let us denote by u™ (resp. w™) the solution of (2.1), (2.2)
with 4™(0,-) = v™ — v, (resp. w™(0,-) = v™). By monotonicity 4™ < w", which
implies (u™)™ < w™ since w™ > 0. By Lemma 3.1 applied with u = w™ and 4@ = 0,
we have for all R,t >0

(37) NCICE /B w0 [ /B W +t°‘R"’] .
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Since n — u" is nondecreasing, it follows that, when n T oo, u™(t) increases for
all ¢t to some function u,(t) € L1 (R™). Obviously u, is also a solution of (2.2)
and satisfies

(3.8) /BR(up)’L(t) <C [/Bm ugd +taR"’} .

It remains to show that u, satisfies (2.1). We remark that, for all s,¢ > 0
|ttty = o) < [ w0 -0 @)+ [ o) - )
Bgr Bgr Br

(3.9)
+ /B [iple) ~ (5]

By Lemma 3.1 applied with u replaced by u* and @ by u™ (k > n) and after
letting k tend to oo, we obtain

0100 [ O -wei<c|[ ) -l
By (3.9), (3.10) and the fact that u™ € C([0, 0o[; L}(RN))

lim sup /B lup(t) — up(s)| < (1 + C)/ [up(s) — u™(s)].

t—s B2r

We obtain the continuity of u,(t) in LL . (RY) by letting n go to oo in this
inequality.
Now we let p tend to co and by a monotone (decreasing) process exactly similar

to the previous one, we obtain a solution u to (2.1), (2.2) with u(0, ) = up. As in

(3.8), we have
/ u (t) <C [/ ug + to‘R_“’] .
Br B2r

This together with (3.8) and u < u, yields the estimate (2.4).
The proof of Theorem 2.2 is based on the result of Theorem 2.1 and the deep
pointwise estimate established by Aronson and Bénilan [1], namely:

LEMMA 3.2. Assume (2.6) holds. Let ug € L*(RN) N L®(RN), ug > 0, and
let u be the nonnegative solution of u(0) = ug and

(3.11)  we (o, o0f; L' (RN)), % C AW =0 in D'((0,00) x RV).
Then
(3.12) Au™ > —fu/t in (0,00) x RN

with § = N/(2+ N(m — 1)).

REMARK. Estimate (3.12) can be understood as a strong pointwise inequality
since u > 0 and u € C*°((0,00) x R") as proved in [1].

Now, the L{? -regularising effect will be a consequence of (2.4), (3.12) and the
next lemma which is of independent interest.
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LEMMA 3.3. Let v be nonnegative, smooth and satisfying

(3.13) ~Av™ < Av in D'(RVN),
where (N —2)* /N <m < 1 and A > 0. Then, for all R >0
20/N
(3.14) ”'U”Loo(BR) <C A? |:/ U] +RN v,
Bzr Bzr

where =1 =m — 1+ 2/N and C = C(m, N).

REMARK. The method for obtaining L*°-estimates by using the pointwise es-
timate (3.12) has already been used in [8] where a result similar to Lemma 3.3
is stated (see Proposition 1.3) to treat the case when m > 1. However the local
character of (3.14) (which has not been explicitly established in [8]) does not carry
over to the solution of (3.11) if m > 1. Obviously, this is due to the lack of local
estimates like (2.4) in that case.

PROOF. It is sufficient to prove the estimate (3.14) for R = 1. Indeed, if v
satisfies (3.13), then so does w defined by w(z) = R?/(1-™) y(Rz). Now (3.14) is
nothing but the same estimate applied to w with R = 1.

Let ¢ € CP(RY), 0 < 9 < 1. Multiplying (3.13) by vP~14)2, where p > 1, gives
after integration by parts

/vaV(vp'lt,bz) < A/ VP2,
We deduce
(3.15)

4p—1) /V (m+p—1)/2(2,)2 / 2 m / m+p—
b= m < P _m 1A 2.
0 P 1) Vv [“9* < A [ vPy® + | v Ay

Now we assume N > 3 and we denote by C any constant depending only on N
and m. Using that

(3.16) |V(,U(m+p—1)/2,¢)|2 < Clvv(m+p—l)/2l2,¢)2 + C'I)m+p_1|V’l[)|2,
by Sobolev’s imbedding, we have with s = N/(N — 2)

1/s
(317) [/ vs(m+p—1)w2s:,
+p—1)2 m+p—1 -
SC[(i——A vPY? 4 —— = | ™LA .
- Dm Y T |Ay?|
By Hoélder’s inequality, for all p > sm > 1 (by 2.6), we have

1/s (m+p-1)/
(3‘18) [/ vs(m+p—1),¢)2s:l <C [pA/ 'Upd)2 + [/ UpwzJ P po(w)] ‘

where

2\p/(1-m) 1(0-m)/p
ot = [ g 1

2m+p=1)/(1-m)

This inequality shows that v can be estimated in Lfé:"“ ~U in terms of bounds of

v in L}, . Repeating this estimate will provide an estimate of v in L2, in terms of
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an L°™-norm of v. We will indicate below how one can start from an L!-norm of
.
Now, for any k > 0, we set

By ={z e RV;|z| <1+27F},
(319) DPk+1 = SPk — (1 —-m)s, po =1,

ar = vPk,
By

For k > 1, we choose p = p; and ¢ = wi/(l_m) in (3.18), where ¥, € C§°,
0 < <1,9%x =1o0n Bgy; and ¥ = 0 outside By so that ||Vihk||eo < C2* and
[|AYk||oo < C4F. This implies

1/6,

(3.20) cw)<C [ [ 1wt 1| < ook

Hence by (3.18), (3.20) and the fact that py < s* for all k > 1
(3.21) arsr < CFF(A%ag + al+/Pr),

Since pr+1/pr < 8, the sequence by = max(ay, 1) satisfies

. k1 < TA+1 > 1 (we impose C > 1).
(3.22) b1 < C* (A +1)°b; Vk > 1 (we impose C > 1)

We will prove below that this inequality also holds for £k = 0. Let us assume it
and continue. By induction

(3.23) beyr < ChFUFkst st (g 4 pyots? oot tyettt
But, from (3.19) we also obtain by induction
Prst = 5T — (1 —m)(s+ % + -+ sFT1).
Hence passing to the limit in (3.23) yields
(3.24) lim sup(beg1) P+t < C(A + 1)%82°

k—oo0

where §=! = m — 1 + 2/N; that is
20/N
v, 1) .

Now, let A = || B, V and v = A0 so that 1 = S B, 0. We verify that ¢ satisfies the
estimate —AI™ < ANT™9.
Applying (3.25) with v replaced by ¥ and A by AA!~™ yields

|[0]| Lo (By) < CAN ™+ 1) < C(APA(-m) 4 1)

(1-m)6+1
H’U”Loo(Bl) <C |:Ao [/ ’U] +/ ’U] .
B2 B,

This is the desired estimate (3.14) since (1 — m)6 + 1 = 26/N.

(325)  max(vlli e 1) < O+ 1) max( [

2

which implies
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To complete the proof when N > 3, we need to establish (3.22) for £k = 0.
For this, we use Holder’s inequality and (3.18) with p = p; = sm (recall that
p2 =s(sm+m —1)):

/ WPrp? = / o8/ (+1) 2/ (1) 2/ (1) 26/ (5+1)

3/(s+1) 1/(s+1)
<[] [
s/(s+1) p2/sp1
<C [/ 'Uwz/s] lA/vp1¢2 + [/ Up11/)2] C(¢)]

We deduce that
1/(s+1) s/(s+1)
e26) [mac{ [orura}] T <owr oy [fove] T

We now choose 1) = ¢g‘/(“m) with ¥g € C§°, 0 < ¢ < 1, 9o = 1 on B33 and
1o = 0 outside B, to obtain

max{/Bwv”‘,l} <C(A+1)° [/Bv]

which is (3.22) with k = 0.
If N =2 for all w € C°(R") we have by Sobolev’s inequality

fosel

Hence, for w >0and all § >0

fomsel o] scof s <aof ] ]

For w with support in Bg, we then have by Hélder’s inequality

(6-1)/6
/w26 < 052 [/ w26] /valza
which implies

(3.27) [ / w25J " <o / V2.

This inequality allows us to argue as when N > 3. Here we set pg = 1, px+1
2pk+m—1and b = max{ka vPk 1}

By (3.15) and (3.27) applied with w = v(m+Px=1)/2¢) k> 1, and 6 = & =
(2pk + m — 1)/(p + m — 1), we obtain, as above, bg; < C¥+1(A + 1)2b2.

We check independently that this also holds for £ = 0. After iterating this
estimate, we deduce

s/(s+1)

lim sup b,lc{'_pl"“ <C(A+1)%8,

k—o00
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where
) 9 22 . 2k+1 9 2k+1 1
o= lim 225t 2 g im -
k—oo Pk+1 m k—oco Pr+1  m™m

We finish by homogeneity as for N > 3.

The case N =1 is easier and left to the reader.

PROOF OF THEOREM 2.2. Let up € LL_(R"™). By Theorem 2.1, we know
there exists a solution u of (2.1), (2.2) with u(0,-) = up. This solution has been
constructed as the monotone limit of solutions vy in

C([0,00[; L*(RN)) N L*°((0,00) x RY)

with u2(0,-) = v™ — v, € L*(RN) N L®°(RY), v™ increasing to u§ and v, to ug.
Moreover |uy(t)| is bounded above by the nonnegative solution with initial datum
v™ + vp, which increases to |ug|.

According to these remarks, it is sufficient to prove (2.7) when uy > 0 and
up € L'(RN) N L2 (RV).

If u is a solution of (2.2), then so is w(t, z) = R?*T~%u(Tt, Rz) for any R, T > 0
and a = 1/(1 — m). By homogeneity, we check that (2.7) is nothing but the same
inequality applied to w at t = 1.

Now w satisfies the estimate (3.12). In particular —Aw™(1) < Aw(1) so that by

Lemma 3.3
20/N
/ w(l)} +/ w(l)],
|z|<2 |z|<2

where we again denote by C any constant depending only on m and N. Now by

(2.4):
/ w(0) + 1} .
lz|<4

20/N
o w .
A Vmg w(O)] +/|a:|§4 0) + 1]

Going back to the original variables this reads

20/N
sup |u(t,z)| <C [t—o (/ Iuo|> +R_N/ luol + (t/R2)°‘} -
Bsr Byr

z€EBR

(3.28) sup w(l,z) < C |A?
lz|<1

(3.29) /||<2 w(l) < C

Finally (3.28), (3.29) yield

sup w(l,z) <C
|z|<1

This together with the next consequence of Young’s inequality,

20/N
RN lug] < C(m,N) [t“’ (/B |u0|> + (t/R2)“} ,

Bar

provides the desired estimate (2.7).
PROOF OF THEOREM 2.3. Let u, 4 satisfy (2.1), (2.2), (2.9). Thanks to the
regularity assumption (2.9), one can apply Kato’s inequality [13]

(3.30) ~Alufu|™ 1 — afu™Y) < —sign(u — @)A(ulu/™"t - @lamY).
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Hence, using (2.2) again, we have
(331) —gt—lu — | = Alufu/™ ! — @™ <0 in D'((0,00) x RY).
For any ¢ € C°(RY), 0 < 9 < 1, we then obtain

% / Wl — d|(t) < / |AY| Julu™t - afa™ () < C / |A%][u — 4™ (2)
<cw| [ vh-alw)] "

where .
Cw) = [2 L IAd)I“zb“""‘] .

Therefore, we are led to a differential inequality of type (3.3) except that it is
unilateral here. As in the proof of Lemma 3.1, we deduce

/BR -dt)<c [/BR lu—a|(0) + RN(t/R2)1/(1-m)] ,

Applying this estimate to u(t,z + £), 4(t,z + &), where ¢ € RV is fixed but
otherwise arbitrary, and writing Br(¢) = {z € RN : |z — ¢| < R} we get

. w—i N (¢ R2)1/(1-m) |
(3.32) /B ol ul(t)SC[/B )+ R /R J

Assume now that u(0) = 4(0). Then if N < 2/(1 —m) (i.e., m > (N — 2)*/N)
uniqueness follows by just letting R — oo for each fixed ¢ > 0 in (3.32). Otherwise
we can argue as follows. Set

t
w(t,z) = / ™1 — afa|™Y|(s, z) ds.
0

Integrating in time in (3.31) leads to [u(t) — 4(t)| < Aw(t,z) in D’'(RY) for each
t>0.
Thus w is subharmonic and therefore for all ¢ € RY

(3.33) w(t, ) < = w(t,z)dz VR >0
R Br(€)

for some C' = C(N). The uniqueness result now follows by noticing that, as a
consequence of (3.32), the averages on the right-hand side of (3.33) tend to zero as

R — oo. In fact, denoting by C some constant depending only on m and N, one
has

t
/ w(t,z)dz < C/ / lu —a|™
Br(£) 0 JBr(¢)
t m
gc/ RNU-m) / lu—il(s)) ds
0 Br(§)

t
< CRN(I—m)/ (RN-20 gaym g < O1/(1=m) pN—2m/(1-m)
0

We now briefly discuss boundedness of solutions.
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PROPOSITION 3.1. Assume (2.6) holds. Then the solution obtained in Theorem
2.2 15 bounded for all't > 0 of

|luollp = sup / luo(z)| dz < +o00.
3 Bp(§)

ERN
Moreover this condition 1s necessary if ug > 0 and 0 <m < 1.

PROOF. We can obviously reduce ourselves to the case p = 1.

We begin with the sufficiency part. Since the solution with initial value |uo|
bounds the absolute value of the solution with initial value wug, it suffices to deal
with nonnegative solutions and without loss of generality we can assume p = 1. Let
¢ € RY be arbitrary. We apply Theorem 2.2 to u(t,z + ¢) for fixed ¢ > 0 to obtain

20/N
sup u(t,z) <C t=° / Uug + (t/R2)1/(1—m)
z€BR(E) Bar(£)

Now the result follows by choosing R = 1/4 and letting ¢ vary over RY.
As to the necessity, we use the two-sided estimate (3.1) with & = 0 and u(t, z)
replaced again by u(t,z + &) to get

/ u < C U u(t) + t1/(-m)
B1(&) B2(¢)

which yields, if for instance u(1) € L*(RY),

sup / wo < Cllfu(1)]]oo + 1)-
¢eRN JB,(¢)

REMARK. When ug > 0 and m > 1, condition (2.8) is known to be necessary
and sufficient for solutions of (1.1), (1.2) to be globally bounded at each positive
time. For m > 1, sufficiency has been proved in [8] whereas necessity follows from
the Harnack type inequality obtained in [2]. When m = 1, the result follows easily
from the usual representation

C o C
e l== /4ty () dy > W/ uo(y) dy.

u(t,z) = —=
tN/2 le—y|2<4t

RN
Note that Proposition 3.1 contains as a particular case the well-known regular-
izing effect from L' into L™ (see for instance [18]).
PROOF OF THEOREM 2.4. The idea is to show that any nonnegative solution
of (2.1), (2.2), (2.9) is, for |z| large, bigger than some of the similarity solutions

Uult,2) = 522Ut z)  (a=1/(1-m)),
where U(t, z) = Uy(t, z), i.e. (see (2.12))
Ut,z) = t70(1 + blz|> t~2/N)=@
with =1 =m — 1+ 2/N, b= (2m~)~!, vy and « as in (2.5).

By the uniqueness result of Theorem 2.3, u is necessarily the solution obtained
in Theorem 2.2. One knows that, if ug > 0, up € LY(R¥) N L*(RY) and m >
(N —2)* /N, then the corresponding solution is positive for all ¢ > 0 (see [1]).
Hence, by construction, u > 0 for all ¢ > 0. Since it is also bounded and satisfies
uy = div(u~(1=™)Vu), by classical arguments u is C* on (0,00) x RV (see [12]).

Now we use the following comparison lemma.
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LEMMA 3.4. Let 0 <7 < T and S =|r,T[x{z € RYN;|z| > 1}. Assume v,w
are nonnegative and C*® on a neighborhood of S and satisfy

ov m  Ow
(3.34) 5= Av™, T =Auw™ on S,
(3.35) v(t,z) < w(t, z), T<t<T,|z|=1,
(3.36) v(r,z) < w(r, z), |z| > 1.
Then
(3.37) v<w nS.

Let us assume this lemma and continue.
Fix 0 < 7 < T. Since u(t,z) is continuous and positive in S, there exists
6 =6(r,T) > 0 such that

(3.38) 6 = min u(t, z), T<t<T,|z| <1
We now select x4 > 0 such that
(3.39) Uu(t—7,2) <6 whenr <t<T,lz|>1/2.
To this aim, according to the definition of U, we need
(3.40) p2o(t — 7)1 + b2 (t —7)"2NY 2 < 8
or
77 < pH (- 1)? 0T b - )7
for 7 <t < T and |z| > 1/2 which is implied by
(3.41) S < um Rt —)P0-m) L p(t— 1)1 /4.

But this function of ¢ is bounded below by CbN(1-m)/2,=N/6 \where C =
C(m,N) > 0. Thus (3.41) is satisfied if we choose u such that

p < ObO(l—m)/?&(l—m)O/N'
Since U, (t — r,z) =0 for t = 7, |z| > 1, by (3.39), (3.38) and Lemma 3.4
Uu(t —7,2) <u(t,z) Vr<t<T,lz|>1,

whence

. . 2mN(t — 1)
4 2a > 2a _ —
(3.42) l|lxr|n—§2<f |z|**u(t, z) > llgln_}{.lg lz|“*Uyu(t — 1,2) = [ T=m) ]
Since the right-hand side of (3.42) does not depend on u, we can let 7 tend to 0
and T — oo, so that (2.11) holds (note that v = N/(1 — m)8).

PROOF LEMMA 3.4. Let y € C§°(RN), ¥ > 0. By Kato’s inequality,
%(v —w)t <A™ -w™)T onS
so that, thanks to (3.35)

9 — )t m . m+ ~ m
ot lﬂclzl(v w) TIJS/MZI(U w™)TAY < C(y) [/IxIZI'U wl] ,
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where again C(¢) = 2[ [z~ [Ay|*yp—om]i=m™,
Repeating the arguments in Lemma 3.1 and using (3.36), we deduce

10.

11.

12.

13.
14.

15.

16.

17.

18.

19.

/ (v—w)H(t) < C(t—7)°R™T Vie (r,T),VR > 1.
1<|z|<R
let R tend to co to conclude.
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