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PROBABILISTIC SQUARE FUNCTIONS
AND A PRIORI ESTIMATES

BY
ANDREW G. BENNETT

ABSTRACT. We obtain a priori estimates for Riesz transforms and their
variants, that is, estimates with bounds independent of the dimension of the
space and/or the nature of the boundary. The key to our results is to give
probabilistic definitions which do not depend on the geometry of the situation
for the transformations in question. We then use probabilistic square functions
to prove our a priori estimates.

The purpose of this paper is to show how probabilistic methods can be used to
obtain a priori estimates for Riesz transforms and their variants, that is, estimates
with bounds independent of the dimension of the space and/or the nature of the
boundary. We shall prove our results for domains with smooth boundaries. The
importance of estimates, with bounds independent of domain, for domains with
smooth boundaries is that one can prove corresponding results for more general
domains using limiting arguments. We shall not deal with these limiting arguments
in this paper. In Theorem 1, we prove an estimate for the boundary values of a
system of conjugate harmonic functions; in Theorem 2, we show how a variation on
this proof allows us to give an alternate proof of the L? boundedness, independent
of dimension, of the Riesz transform in R™; and in Theorem 3, we prove an estimate
for an appropriate analogue of the g* function for general domains.

The approach used here was suggested to the author by E. M. Stein. This paper
represents part of the author’s work on his dissertation.

Our basic tools will be probabilistic square functions; the following is the basic
example. Let D be a domain in R™. Let B; be Brownian motion in D and let 7
be a stopping time. If u is harmonic in D, then u(B;) is a martingale and we can
define the martingale maximal function, u*, and martingale square function, S(u),
to be the following random variables.

DEFINITION 1. u* = supg<,<, u(B), S(u) = (u*(Bo) + [y |Vu(By)|? dt)!/2.

It should be noted that the integral in the definition of S(u) is the quadratic vari-
ation of the martingale u(B,), i.e. u?(B;) —u?(Bo) — [y |Vu(B,)[? ds is a martingale.
It follows that E[u?(B;)] = E[S?(u)]. We now have the following lemmas.

LEMMA 1 (DOOB). For1<p< oo
((p—1)/p)PE[u"?] < E[[u(B,)[P] < Elu*P].

PROOF. See [2].
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LEMMA 2 (BURKHOLDER). Forl < p < oo, there exist ¢, and Cp, independent
of D and n, such that

cpE[S(w)F] < E[u?] < CpE[S(u)?).
PROOF. See [1].

LEMMA 3 (KAKUTANI). Let D be a bounded domain in R™ with smooth bound-
ary and let 20 € D. If B; is Brownian motion in D with By = z°, then the proba-
bility distribution of the point where By first hits 0D 1s harmonic measure on 0D
associated to z°.

PROOF. See [5, 6].

COROLLARY 1. Suppose D, z° and B; are as in Lemma 3. If we let 7 be the
first hitting time of B, on 8D and || f|} = [, |f(z)|P du(z), where du is harmonic
measure on D associated to z°, then for 1 < p < oo, there exist b, and Bp,
independent of D and n, such that

bpE[SP (u;)]'/? < ||fjllp < BpE[S? (u;)]"/?.

PROOF. Trivial consequence of Lemmas 1, 2 and 3.

These lemmas and particularly Corollary 1 are the keys to relating our proba-
bilistic square functions to our a priori estimates.

Our first theorem involves the boundary values of a system of conjugate harmonic
functions, what we shall call a system of Riesz transforms.

DEFINITION 2. Let D be a bounded domain in R™ with smooth boundary and
let z° € D. Suppose fi,..., fn are L? functions on 8D and let uy,...,u, be the
solutions of the Dirichlet problems, Au; = 0 and uj|ap = f;. Wesay fi1,...,fnisa

system of Riesz transforms in case uy, ..., u, forms a system of conjugate harmonic
functions, i.e. they satisfy the generalized Cauchy-Riemann equations (see [7])
Ou;  Oug " Ou; 0 0
— =_= —2 =0, ui(z’)=--=u,(z”)=0.
a(Ek (9.73]' ) = 81:] ) 1( ) n( )

The last condition is necessary for general D since otherwise the Riesz transforms
would only be determined up to an additive constant. (Note: We could use the
condition u;(z°) = -+ = u,(2°), not necessarily = 0, and all our conclusions
would still hold. The case where u;(z°) = 0 is just simpler.) Next, let | f|5 =
Jyp |/ (2)P du(z), where du is harmonic measure on 9D associated to z°, and let

3% stand for >, where 1 # j.

THEOREM 1. If fi,..., fa 15 a system of Riesz transforms with respect to z°,
then for 1 < p < oo, there exists A, independent of D and n such that | fj|l, <

Ap i I fillp-

PROOF. Here we shall use everything as defined in Corollary 1. By Corollary
1, if we can show S(u;) < 3% S(u;), we will be done. To simplify the notation, let

, 9 1/2
;=(/ dt) .
0

Ju;
(9:ck

(Bt)
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Then we have

$*(uy) = [ 1Vu(BP d

2 r , 2
-5 ([ [zl a) + [ [z a
2 T , )
_Z</0 g;‘; (By) dt>+/0 Zz—;‘:(Bt) dt
_Z Al +Z Az +23 S [/ g‘: (Bt) g—:l':(Bt) dt}
i k>i ¢
2 1/2
<Z((Az)2 +QZZ [( Bt) dt)
i k>t
T 2 1/2
x(/o g—:’;(fg) dt) J
—E ((A%)? + (4 )+2Z;A’A’°
_Z«A’ F(ADH +2 YT (A7 + (AR + (452
i k>

2
- Z ((45)? Al)*’)‘/?}

[ (Clggem o [z o))

<|s(f |Vuj(Bt>|2dt)1/T - [Z;’S(ui)r

So S(u;) < 3°: S(u;) and the theorem is proved.
Next, we give an example to show that in the inequality || f;I[2 < Ap Y_; || fill2,
the bound A, grows with n. We let D be the unit ball in R™ and 79 = 0. Let

du; Ou;

axi

(Bt)

(Bt)

ui(z) = (n— 1)z,

uz(x) = —z9,
Un(Z) = —Tp.
Then uy,...,u, forms a system of conjugate harmonic functions and hence the

fi = ujlap form a system of Riesz transforms. Let oy, = [, |z1|P do(z), where
do(z) is Lebesgue measure on the surface of the unit ball in R” normalized to have
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total mass 1 (and also harmonic measure with respect to ¥ = 0). Then we have
15l = (= 1P [ [zaPdota) = (0 - 1P,
oD
I£allp= [ leaP do(e) =
oD

1l = /a ol do(a) = o,

So [|f1llB5 = (n — 1)Pay, but 37", || fs]|5 = (n — 1)a, and so Ap must grow with n.

In our second theorem, we show how a variation of these techniques can be
applied to the domain Ri“ and given an alternate proof of the LP boundedness
of the Riesz transform with bound independent of dimension.

Let f € L?(R"). Then we define the Riesz transforms of f to be the functions
fj in L? such that f/(€) = (i€;)/€]f"(€), where f~(€) is the Fourier transform
of f(z). By convention, we shall call o = y and fo(z) = f(z). Then if Au; =0
in Rﬁ“ and uj|pn = f;, the u; are a system of conjugate harmonic equations
and satisfy the generalized Cauchy-Riemann equations given in Definition 2 with
19 = co. We write R(f) = (f1,...,fn) and then |[R(f)|?> = f +--- + f2. Here we
use || f||p for the usual L? norm on R™. To simplify the notation, we write ||R(f)||p

for || [R(f)! [lp-

THEOREM 2 (STEIN). For 1l < p < 00, there exists Ap, independent of n, such
that [|R(f)llp < Apllfllp-

PROOF. We will first introduce a variation on Brownian motion due to Gundy
and Varopoulos called “background radiation” which we need to deal with Ri‘“.
DEFINITION 3. Background radiation is the continuous process Z; = (X4, Y3),
—00 < t < 0, taking values in Ri“ and having the following properties:
(1) Yooo =limy) oo Yy = 400.
(2) Yo = lim10 Yz = 0 and Zy = limy1o Z; exists as a point on the boundary R™.
(3) If, for a > 0,we let T® = inf{t:Y; = a},then Z¢ = Zpe, ¢, 0 <t < T is a
copy of standard Brownian motion on RT‘I with initial distribution being Lebesgue
measure on the level {y = a} and which terminates upon hitting the boundary R™.
See [4] for an explicit construction of this process. It should be noted that Z; is
not itself Brownian motion.
With this process, we are now ready to define our variations on S(u) for R:’_"’l.
If f€L? and Au=0in R} with u|g~ = f, we define
9 1/2
dt> .

DEFINITION 4.
We shall also need a special definition for the vector-valued case.

0 1/2 0
S(f) = </_ |VU(Zt)Ith> ) Si(f) = (/_
DEFINITION 4'. S;(R(f)) = (S(f1) + - -- + S}(fn))/2.

Our theorem will now follow from the next three lemmas.

ou
8—y(Zt)




PROBABILISTIC SQUARE FUNCTIONS 163

LEMMA 4. For 1< p< oo, E[SY(R(f))] < E[SP(f)].
LEMMA 5. For 1< p < oo, there exist ap, Ap, tndependent of n, such that

apE[SP(f)] < I£1I5 < ApE[SP(f)).
LEMMA 6. For 1 < p < oo, there exists By, independent of n, such that

IR(NIF < BpE[ST(R(S))].

PROOF OF LEMMA 4. This follows trivially from the generalized Cauchy-
Riemann equations.

PROOF OF LEMMA 5. Let S(p) = (u2(28)+ J; © |Vu (Z2)|? dt)'/? and observe
that Lemmas 1 and 2 imply that for 1 < p < 00, there exist ap, Ap, independent
of n, such that

ap,E[S%, (f)] < E[uP(2° 1)) < A E[ST, ().

Also note that E[uP(Z° 1,)] = E[uP(Z)] = ||f||% by the definition of background
radiation. Lemma 5 follows by combining these observations and letting b — +o00.

PROOF OF LEMMA 6. We first prove Lemma 6 in the scalar valued case. The
first step is to show that || f||3 = 4E[S?(f)]. As is well known, if we take the Fourier
transform of u(z,y) in the z variables only, we obtain u"(¢,y) = e~ 27I¢l¥ fA(¢).
So by Plancherel’s theorem, we can see that 2||(du/dy)(-,y)llz2 = || |Vu(-,y)| |2
from which it follows that 4E[S?(f)] = E[S?(f)]. But E[S%b)(f)] = E[u%(Z)] =
|13, and by letting b — +o00, we see that E[S%(f)] = | f||3. So we have our
identity ||f||3 = 4E[S%(f)]. Polarizing this identity, we obtain [, f(z)¢(z)dz =
4E[S1(f)S1(9)] for f,g € L*(R"). Let ® = {g € L2 N L:||g||; = 1}, where q is the
conjugate exponent to p, 1 < p < co. Then

11 = inf [ F(elala)do = 4 int E(S1(/)S1(0)
<4(jng ESIQI) BSUAN < SN

where we have used Holder’s inequality in the third step and the fact that
E[8{(9)]/* < E[SU(9)]"/? < |lglle/aq

in the fourth step. This establishes Lemma 6 in the scalar-valued case. We now
note that the exact same proof works for the vector-valued case and our proof of
Lemma 6 is finished if we substitute R(f) for f. Theorem 2 now follows trivially
from our three lemmas.

Our probabilistic proof closely parallels Stein’s analytic proof (see [8, 9]). Our
probabilistic square functions replace the Littlewood-Paley g-functions in Stein’s
proof and our three lemmas are exact analogues of the three lemmas in Stein’s
proof.

Our final theorem involves the square function g*(f)(2). g*(f)(2) is defined on
R™ as follows.

DEFINITION 5. Let f € L?(R™) and let u be the Poisson integral of f. Then

(6" (N)(2)? = /0°° /Rﬂ ¥2(|z — z|? + v?) " (V2| Vu(x, y)|? dz dy.
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With this definition, it can be shown that ||g*(f)|, < Ap|lfllp for 2 < p < o0
with A, independent of n (see [7]). We shall extend both the definition of g*(f)
and this last inequality to general domains (the idea for extending the definition to
general domains is due to Kenig).

Let D be a bounded domain in R™ with smooth boundary and let z° € D. Let
u be harmonic in D and u|gp = f. Let G(z,y) be the Green’s function for D and
let P(z,y) be the Poisson kernel for D.

DEFINITION 6.

/ &Yl piy ) Vuw)Pdy (2 € oD).

It should be noted that if we take D = R}"! and let z° — +00, we get the same
definition for g*(f) in Definition 6 as was given in Definition 5, up to a multiplicative
constant. Now let || f 5 = [5p |f(z)|P du(x), where du(z) is harmonic measure on
AD with respect to 2°. (Note that du(z) = P(z°, z) do(z), where do(z) is Lebesgue
measure on 9D.)

THEROEM 3. If u(z®) = 0, then for 2 < p < oo, there exists Ap, independent
of D and n, such that |lg* (), < 4]l .

PROOF. The key to our proof is to give a probabilistic definition of ¢g*(f) in
terms of conditional expectation. If, as before, B; is Brownian motion on D, with
By = 1° and B; stopped at D at time 7, then we will show (g*(f)(2))? =
$E[[y [Vu(By)[? dt|B; = 2]. We start by defining the occupation time for B;.
For measurable A C D, the occupation time is the random variable fOT x4(Bt) dt,
where x4 is the indicator function of A. We can also define a measure v on D
by the expected value of the occupation time, i.e. v(4) = E[fy xa(B)dt]. Since
B; is stopped at 3D, B, € 9D fort > 7, By ¢ D for t > 7, and we could just
as well deﬁne v(A) = E[[;° xa(B) dt]. The importance of the measure v is that
Ip flz)d = E[f, f(Bt)dt]. We can show this by first using simple f and then
taking hmlts Our next observation is that

o) =B | [ xaBar| = [ Eamole= [ R A a

where P,(z°,A) = E[xa(B)] is the probability of a transition from z° to A in
time ¢. For Browman motlon Py(z°, A) has a density p;(z°,y) and v(A) also has
a density v(y fo p¢(z°,y) dt. We have the following lemma.

LEMMA 7. v(y) = 2|G(2°,y)|.

PROOF. This follows from the fact that if w(z) = E[fy f(B:)dt|Bo = ], then
1Aw = —f and w(z) =0 on D (see [3]).
Next, we look at the transition density for the process conditioned to hit 9D at

z, p{¥ (2, y). By Bayes’ theorem,

HO) = e ()
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remembering that P(z?, 2) is the density of B, given By = z°. Thus, the occupation
density for the conditioned process is given by

oo oo
@)= [ p@ (0 dt = [ LW2) 0
v (y) /0 pt (.'E ) y) dt /0 P(:EO, Z) Dt (x ) y) dt

Py,2) .\ _ Ply:2)
- P(xo,z)v(y) - P(zo’z)QlG(xO’y)l'

So finally .
@@ = [ S P Vute ) dedy

-1k [/O Vu(B,)[2 dt|B, = z] .

Now, remembering from Lemma 3 that the distribution of B, is harmonic measure
on @D, we have for 2 < p < 0o

lo*(1lg = 2 E [ | rvuBPi, - ] W)]
< %E -E </OT |Vu(By)|? dt>(p/2) |B; =z }
_ % (/0 |Vu(Bt)l2dt> (pm}
.

= E[SP(u)] < A If113-
Here, we have used Jensen’s inequality in step 2 and the fact that u(z®) = 0 in step
4.

We close with an example to show that p > 2 is the best exponent we can get in
Theorem 3. Let h(z) = |z|~(®*1)/2 for z € R™. Let v(z,y) be the Poisson integral
for R%*! of h. Then since h is homogeneous of degree —(n+1)/2, v is homogeneous
of degree —(n+1)/2 and |Vv| is homogeneous of degree —(n + 3)/2. A calculation
shows v(0,y) = c,y~("*1)/2 and hence

g_z(o’ vo) = oLy (/2.
So |Vu(z,y)| > ci(|z]? + y?)~(™+3)/2 for (z,y) = (0,y0) and, by continuity, this
inequality must hold in some neighborhood about (0, yo). Finally, by homogeneity,
this inequality must hold in some cone of the form {(z,y): |z| < ay} with a > 0.
Using this inequality, it can be shown that g*(h)(2) = oo for the g* function
of Definition 5. We shall show that this same example is also the example we
want for bounded D and the g* function of Definition 6. To simplify matters,
we shall use a translation and reflection of v(z,y). Let u(z,y) = v(z,1 — y) and
let I” = {(z,y):|z] < a(1 —y)}. Let D be the unit ball in R**!, 20 = 0, and
1=(0,...,0,1). Then if f = u|sp, f has a pole of order (n + 1)/2 at 1, and
hence f € LP(0D) for p < 2n/(n + 1). But we shall show that g*(f)(z) = oo.
In what follows, we shall not distinguish a vertical direction and we will write
u(y) (y € R™*!) instead of u(z,y) (z € R, y € R'). C, will be a constant
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depending on n whose value may change from line to line. Let v = min(|z — 1], 3).
Let I'(r) = {y:|lyl = r, |y — 1] < B(1 — |y|)}, where B3 > 1 depends solely on
a and is chosen so that I'(r) C I for % < r < 1. Note that for % <r <1,
fr(r) do > ¢, (1 —r)™, where do is Lebesgue surface measure in R*+!.

(9"()(2))? = Cn D(Iyll“" — D= ly)?ly = 27" Vu(y)* dy

>, /D (U= gL+ + [u* ) (1 ~ [y])
X (1+ |yl)ly — 27 Vu(y)* dy
> C, /D (1= [y)?ly — 2" |Vu(y) > dy

1
> c,,/ / (1=r)2(jy— 1] + |2 = 1))~y - 1|3 do dr
1-~JI(r)

>Ch (1-r)2BA-r)+|z—1)""HBA -7 "3 —r)"dr

1—~
1
> Cplz — 1|""‘1/ u (B4 u)"" du = oo,
0

where we have switched to spherical coordinates in step 4 and made the substitution
u = (1-r)/|z — 1] in step 6. This shows our inequality fails for p < 2n/(n + 1).
By taking n — 0o, we see that our a priori inequality holds only for p > 2.

NOTE ADDED IN PROOF. It has come to the author’s attention that R. Banuelos
has proven several similar results also using probabilistic methods.
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