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CONSTANT TERM IDENTITIES
EXTENDING THE ¢-DYSON THEOREM
BY
D. M. BRESSOUD AND 1. P. GOULDEN

ABSTRACT. Andrews [1] has conjectured that the constant term in a certain product
is equal to a g-multinomial coefficient. This conjecture is a g-analogue of Dyson’s
conjecture [S], and has been proved, combinatorically, by Zeilberger and Bressoud
[15]. In this paper we give a combinatorial proof of a master theorem, that the
constant term in a similar product, computed over the edges of a nontransitive
tournament, is zero. Many constant terms are evaluated as consequences of this
master theorem including Andrews’ g-Dyson theorem in two ways, one of which is a
g-analogue of Good’s [6] recursive proof.

1. Introduction. The ¢g-Dyson theorem states that the constant term (with respect
to x;,...,X,)in

X; X; X; X; X;
1 -1 —g=) .- (1 =—go 121 =g (1 =g92
15:‘I<]jsn( xj)( qxj) ( 7 xj)( qxi) ( 1 X

is equal to
Q1-g)1-g¢*)---(Q—ga" "=
Q-g)(1-¢*)-1-g2)---1-q)(1-¢*)--(1-q")
This was conjectured and verified for n = 1,2,3 by Andrews [1] in 1975. It was
proved for n = 4 by Kadell [8] in 1983, and for all n by Zeilberger and Bressoud
[15], later that year.

This theorem has its origins in work in statistical mechanics by Dyson [5] in 1962.
Specifically, in describing the statistical properties of a finite Coulomb gas of N
particles, he found it necessary to evaluate the integral

fz" fz" ITle" - ei0k|2‘d01 o dly,
0 0

Jj<k

which he conjectured to equal (27)"T(Nz + 1)/T(z + 1)". His approach to this
integral was to recognize that its evaluation is equivalent to showing that the
constant term in I'1,_ (1 — x,/x,)*(1 — x,/x,)* is T(Nz + 1)/T'(z + 1)V. This con-
stant term is easily verified for N = 2 by the binomial theorem and for N = 3 by a
classical result of Dixon. These results led Dyson to conjecture the following
generalization, in which the operator [1] indicates the constant term (coefficient of 1)
in the polynomial in x,,...,x,, x;},...,x,! to which it is applied.
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204 D. M. BRESSOUD AND I. P. GOULDEN

THEOREM 1.1. For nonnegative integers a,,...,a,,
a, a
mo -2 (-2 et )
l<i<j<n X; X; alay,! ---a,!

Theorem 1.1 was proved independently by Gunson [7] and Wilson [13] later in
1962. In 1970, Good [6] gave a very elementary proof using recursions. This proof is
discussed in §5. Zeilberger [14] gave a radically different combinatorial proof in
1982.

If we introduce the notation

(x), =1 =-x)A~-gx)---(1-¢""'x), (x)p=1, (x),=(1-xq7")

for positive integers n, then the g-Dyson theorem can be more succinctly stated, as
follows.

1

THEOREM 1.2. For nonnegative integers a,...,a,,
X; X, (q)a + - +a
O I R A e P
1<i<jsn\Xj [, \" Xi]a, (9)a (),

It is readily verified that Theorem 1.2 becomes Theorem 1.1 in the limit as ¢
approaches 1. For n = 1,2, 3, Theorem 1.2 is either trivial or classical. Kadell’s proof
for n = 4 is modelled on Good’s proof of Theorem 1.1, and the Zeilberger-Bressoud
proof for general n is an extension of Zeilberger’s proof of Theorem 1.1.

In this paper we use the Zeilberger-Bressoud approach to prove a master theorem,
which is stated in terms of tournaments. A tournament T on n vertices is a set of
ordered pairs (i, j)suchthatl <i#j<nand (i, j)€ Tif and only if (j,i) & T.
Equivalently, T can be thought of as a directed graph with vertices 1,...,n and edges
directed from i to j for all (i, j) € T. Thus we write i = j if (i, j) € T. The
tournament T is transitive if the relation — is transitive. Equivalently, T is transitive
if it contains no cycles (i = j = k — i). Otherwise, T is nontransitive.

THEOREM 1.3 (MASTER THEOREM). If T is a nontransitive tournament on n vertices
and ay,...,a, are nonnegative integers, then

[1] T1 (x—) (qﬁ) -=0. O
. per\ X/, a,-1

§2 is devoted to consequences of our master theorem, which include deducing the
g-Dyson theorem directly from it. Before summarizing them, we explain our nota-
tion.

The set {1,2,...,n} is denoted by 4, If T is a tournament on n vertices, then the
in-degree of vertex j, 1 <j < n, is the cardinality of {i € A}|(i, j) € T}, and the
out-degree of vertex j is the cardinality of {i € A, |(j, i) € T }. Let S, denote the set
of permutations on 4. If T is transitive, then T defines a permutation o € S,, called
the winner permutation, by a(i) = o, and equals the vertex with in-degree i — 1. Thus
if we say that i — j means that / beats j, then g, beats everyone, o, beats everyone
but ¢,, and o, is beaten by everyone. The identity permutation is denoted by e, (or e
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if there is no ambiguity about the value of n). The transitive tournament correspond-
ing to e, (e) is denoted by E, (E). The set of inversions of o is denoted by
I(6) = {(0;,0)|0,> 0, and i <j}. If S C T for any tournament T, then TS is the
tournament obtained from T by reversing the edges of S.

The vector (a,,...,a,) is denoted by a, while (a,,...,a,_y,a;,1,.-.,a,) Is
denoted by (a,,...,4,,...,a,) for k = 1,...,n. The unit vector in the ith direction is
denoted by §,. For 0 € S, a(a) denotes (a,,---,a, ). For any statement 4, x(4) is
defined to be 1 if A4 is true and 0 otherwise. For any set X of integers, we denote
(G, Dli <. i j € Xyby (3.

Finally, for compactness, let T be a tournament and define

Nﬂ@=[1(ﬁ)“ﬁhq, C(T;a) = [1]P(T; ),

GopeT\ %), \ X

r(a) = lfll(l _ge)(1 = gt ey,

The most general results of §2 are: If &/ C (%) and #(4) = {oeS,|if(ji)e
I(o), then (i, j) & &}, then

[1] l_I (ﬁ)x((i‘j)éﬂ)_ﬁ (qﬁ) (qﬁ)
l<i<jsn \\ Xi X; X; a1 Xi)a;-1

- Warse e (o))

B (q)a, "'(q)a,. CER(H)

(1.4)

Furthermore, if # C () withe/ N @ = &, then

n I1 (ﬁ) (ﬁqx«nne%)
L<i<jsn\Xj ), \ X a;=x((i, j)€st)

= M E"‘a,r o
(@D (2)a ae;ﬂ)q (a(a)),

(1.5)

where L* is the sum over pairs (i, j) € I(o) such that (j, i) & #. O

The main results of §2 are the corollaries of these general results that involve
choices of «7and % for which the summations on the RHS of (1.4) and (1.5) can be
expressed explicitly as a product. Many of these corollaries have been conjectured by
Kadell [8].

§3 introduces the notion of a tournamented statistic on a word. This is a
generalization of the z-statistic used in the Zeilberger-Bressoud proof of the g-Dyson
theorem, and is central to the proof of the master theorem, which is given in §4.

In §5 we demonstrate how the master theorem can be used to prove the g-Dyson
theorem by a method analogous to Good’s proof of Theorem 1.1. This section
concludes with a summary of the conjectures and open problems suggested by our
work.
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It should be mentioned that Theorems 1.1 and 1.2 are only the simplest cases of
several families of integral evaluations and constant term identities indexed by root
systems of Lie algebras, this larger context being first observed by Macdonald [10]
(see also Morris [12], Andrews [3] and Askey [4]). This is a field that is characterized
by having far more conjectures than theorems.

2. Consequences of the master theorem. In this section we deduce various
constant-term identities from the master theorem. Frequent use is made of the
following result.

PRrROPOSITION 2.1. Let T be a tournament with S C T. Then

P(T;a) |1 (— %) = P(TS;a).

(i, )eS i

ProOOF. First note that

_N X % Y A | P 7R ) %
( xi)(xj)a,(qxi)aj—l ( xi)(l xj)(qxj)al_l(qxi)u—l

Applying this for all (i, j) € S gives

X X X X X
re T (-2)= 0[5 (o), TR (o)
( )u‘l;[es Xi (. peT-s\ %), \"XiJa-1G.pes\ Xila\ X;),

= P(TS;a), asrequired. O
Now we are ready to give the transitive analogue of the master theorem.

THEOREM 2.2. If T is a transitive tournament with winner permutation o, then for
nonnegative integers a,,. . .,da,,

[ T1 (x_)(qx_)_ (9o oy (1=g")

G )eT xj X; ’ o (fI)a, e (q)u,, i=1 (1 — q“n(l) "““‘am) )

PROOF. We first prove this result for o0 = e. Now

), ol e
qxi a,,—l_ qxi ay-2 1 x; )

and applying this fori = 1,...,n — 1 gives, witha, > 1,

n—1
P(e;a)=P(e;a—3,) 1 (1 - q“"‘l%)
i=1 -

1

_ Z q|S|'(un_l)P(E§; a— 8}1)'
ScA, xX{n}
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The only nonzero contributions to the constant terms in the above expression will
arise from S such that ES is a transitive tournament, from the master theorem. The
only such S are of the form {(k, n),(k + 1, n),...,(n — 1, n)} for k = 1,...,n, for
which |S| = n — k and ES has winner permutation1 --- k — 1nk --- n — 1. Thus,
equating the constant term on both sides of the above expression gives

C(e;a)= Y g Ma-bc(1---k—1nk---n—1;a-38,).
k=1

But C(o;a) = C(e; o(a)),so fora, > 1,

n
Cle;a) = Y q" ®DC(e;(ay,...,ap_1,a,—1,a4,...,a,_,)),
k=1

giving a recurrence equation for C(e; a), the LHS of the result to be proved. The
RHS satisfies this recurrence equation by Proposition Al of the Appendix, dividing

both sides by (), + ... +u./(@)u, **(4)4,_(4), _, and settingy, = g4 X",
To obtain initial conditions for C(e; a), note that

o2),--20-2)
qxi _1—_ X X, )

so for a, = 0,

P(e,ia) = {ﬂk(‘j—k)(l ) %)l(%),k("%)l}

XP(e,_y;(ay,....4;,...,a,)).

Every term in this expression has negative exponents for x, if K > 2, and the only
terms which are constant in x, are in 1 - P(e,_;; a,,...,a,) for k = 1. Thus initial
conditions are

0, ifa,=0fork =2,...,n,

Cles;a) = {C(e,,_l;(az,...,a,,)), ifa, =0.
But these initial conditions are clearly satisfied by the RHS of the result to be
proved, and the result follows for ¢ = e. In general, the result is obtained by
applying C(o;a) = C(e; o(a)). O

Theorem 2.2 has been conjectured by Kadell [8]. The expansion that we have used
in its proof can also be used to deduce that the master theorem for a nontransitive
tournament with some vertex with out-degree = 0 follows from the master theorem
for nontransitive tournaments in which every vertex has out-degree > 1.

From Theorem 2.2 and the master theorem we now deduce the g-Dyson theorem,
conjectured by Andrews [1] and proved by Zeilberger and Bressoud [15].
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THEOREM 2.3. For nonnegative integers a,, . ..,a,,
X; X (4)a+
1 () () - D
15:‘1:{‘9; X; q; X a, (Q)a,“‘(‘I)a"

ProOOF. Expanding (¢x;/x;), for alli < j, we have

n[%), [ox), = reamf =g

_ Zqzt</vil<”érajP(T; a)’
T

where the summation is over all tournaments 7T, from Proposition 2.1. Now denote
the LHS of the required result by F(a). Equating constant terms in the above
expression yields, from the master theorem and Theorem 2.2,

(q)‘ll E qzu /DE’W)H'I‘(O(a))

i T

Now let G(a) denote the inner summation in the above expression for F(a). The
g-Dyson theorem is equivalent to showing that G(a) = 1. We prove this by induction
on n. Clearly G(a,) = 1 and the result is true for n = 1. For n > 1, we partition the

sum over ¢ into those o with 0, = k, k = 1,...,n. This yields immediately
n 1 — qak I=k+14; )
G(a,,...,a,) = Z q"‘)+q ——Gl(ay,....4,,...,a,)

= (1—ga* ) Y (1 — g%)g¥-+1%, by the induction hypothesis

= (1 —garta { 2 grimee = Z q= }

— (1 — qul+~~+a")'1{1 _ qal+~~+u,,} — 1,

so G(a) = 1 for all a, and the result follows. O
The constant terms considered in Theorems 2.2 and 2.3 are the extreme cases
= (%) and /= @ of the following result.

PROPOSITION 2.4. If A C (%), then

Xi X
I (2] (o]
l<i<j<n J a, i aj—x((i,j)e.;{)

_ @arvn s (o(a),

(D) e, (9) a, geais

where R(.F) consists of those 6 € S, such that if (j, i) € I(0), then (i, j) &€ .
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PRrROOF. We have

X X X
Il (—) (44) = P(e;a) 1 (1—q“f—’)
1<i<jza\ %) o \" Xi] a;—x(i. rest) (i et Xi

i<j

and the result follows from Proposition 2.1 and Theorem 2.2. O

Proposition 2.4 expresses the constant term in a large class of polynomials as a
single sum of at most n! (independent of the size of the g,’s) terms, and does
therefore give the constant term in a reasonable form. However, we are most
interested in finding & for which the summation can be determined explicitly as a
single term. A general class of 7 for which this can be carried out is considered in
the following result.

THEOREM 2.5. Let 0=a0<ﬁlsa1<ﬁzg e Sak_1<,3k$ak=n, o =
(ay,..-,a,),B=(By---.B8), k>1,and

e - {07 o{ U~ ) x( =),

i=1 i=1

Then

1—[ X X
[1] <i<j< (x ) ( x )
l<i<j<sn\%;/ , i) a;—x((i, j))EU(a, B))
i J

_ @areva, 55
(q)ax e (q)a,, i=1j=B+1 1- q

1-— g%

a“:—1+1+ +aj °

PROOF. Let p € S, and u, v > 0. We first consider

f(m,u,v,p;a) = Y qrureotr(o(a)),

a€T (m,u,v,p)

where I (m, u, v, p) consists of all permutations o in S, ., such that elements
1,...,m appear internally in the fixed order p(1) --- p(m), elements m + 1,
..., m + u appear in any order, but all appear to the left of elements m + u + 1,
..., m + u + v, which themselves appear in increasing order. For example, 5346127
€ 7 (3,2,2,312). Now define g(m, u, v, p; a) by

T (1 -qg%)

. P . zi /)€ i
f(m’ u,v, p’a) = g(m’ u,v, P’a)q s 1'1:[1 (l - qap|+"~+apj).

We prove, by induction on m + u + v, that

g(m,u,v,p;a) = ﬁ (1 — goms)
s U Us Py =1 (1 _ q”m+l+”'+am+“+i)

First, the result is clearly true for u = v = 0, since the only summand corresponds to
o = p,sog(m,0,0, p; a) = 1 by definition.
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For u > 1, by considering whether the final element of o is p(m) or m + i for
i=1,...,u, we obtain
1

a+ - +a

g(m, u,0,p;2) = 1 -

-9

X{g(m -1, u,0,p(1) -+ p(m=1)sa; - Qpy " Qi)

Xq“m+1+ +am+u(1 —_ q”l+ +am)

u
+ Z g(m’ u-— 1’0’ p; al o al e a’"+u)qum*l’|+‘“+u"""(1 - q“””’)}
i=1

1 ,
= dpayt i tdyy — ayt - +a,
1 gt ame q (1 - g )
u
A1t oty .y — g%m+i
+ 2 gl (1-4 )},
i=1
by induction hypothesis
= ——}-T qanl*l+“'+um*u — q”l'*'"""“m»u
1 - q“x Tt Amay
u+l u
nl$l+‘..+ mt U — nl+l+...+ m+u
+ 2 g ‘ 2 g ‘ }
i=2 i=1
1

= __—+u{q“m+|+"'+”m+.. — q“1+"'+am+u +1 - qﬂ,.,¢|+'“+d,.,.u}

1 — qa|+4. m+u
=1
and the result is true for v = 0.
For v > 1, by considering whether the final element of o is p(m) or m + u + v,

we obtain
1

apt ot dpy s

’9’;a=
g(m,u,v,p;a) =4

X {g(m - l, u,U,p(l) p(m — 1), a, - &p(m) am+u+v)
an"'+‘+"'+”n.+u+"(l - qal+~~»+a,..
+g(m’ u,v— l’p’ al U am+u+u—1)(1 - qa,,.”,“.)}

1 v (1 — qany+u+/)
l — q“1+"'+‘1m+u+n izl (l _ qu,,,,l+.~.+u,,,,w,)

X {qambl+“'+am+uﬁr(1 — qal+”'+um +(1 —_ qam+l+"'+amou+:-))},
by induction hypothesis

v 1 — gY9mtu+i
l_[ ( q9 )

BT (1 — gt )
and the result is true for all v > 0.

Il
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Now the required result, from Proposition 2.4, is

(q)a|+~~-+a,, Z E

(Q)al T (q)an PET(0.B.ay—B,. D) p €T (e, By—ay, a3 = By. py)

Z qz(l.J)E/(vk'u‘ r(pk (a))
Pk €T (@1 By = Op 1 = Bro pi-1)
(D a+va 1
= ——--- a-_, '_a-_’a’_ "e ;a T a
LR ; " -
o el o= By a0, )
1 nJ=

and the result follows immediately. O

Theorem 2.5 specializes to Theorem 2.2 by choosing k = 1, 8, = 1, and to the
g-Dyson theorem (Theorem 2.3) by choosing k = 1, 8, = n. The complete case
k = 1 has been conjectured by Kadell [8] and is given by the following result.

COROLLARY 2.6. For 2<m <n+1, 0 <t <n—1, and nonnegative integers

a,...,a,,
X; X
I (2] (62
(l) l<i<j<n Iy i) aj=x(jzm)
_ @asra, S (1-g%)
(@)= (q)a, izm (1 = g0t Fe)’
X; X
0 II (q—) 2]
2) tsi<jsa\ %) o xiso\ Xila

_ (@asva, 1 -4*)
(9)a, - (q)a, i=1 (1 — g4t e

PROOF. (1) In Theorem 2.5, setk = 1, 8, = m — 1, s0 (i, j) € Ka, B) if and only
ifj = m.

(2) In (1), replace x, and a; by x,,,_; and a, ., _;, respectively, for i = 1,...,n,
andsett=n+1-m. O

Another constant term that can be determined in a compact form is given by the
following result, which has been conjectured by Kadell (private communication).

THEOREM 2.7. For nonnegative integers a,, . . .,a

'y Yps

X, X, X. X;
012
[ ]1sz‘l-<-[jgn(xi xj) qxj -1 qxi a,_

j—1
= _(q)a|+-~+a" (q“: - qal)
(9)a, - (q)a, l<i<j<n (1 - gq%*t4)”
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PrOOF. The LHS of this result can be expressed as

(1] 1FI{(l - %) -[1- i‘)}("%)("i—)
o1 (202,22 )

_ (9)a+- a
=@ (0@,

where h,(a) = L,cs(-1)""'r(0(a)), from Theorems 1.3, 2.2 and 2.3. Thus the
required result is equivalent to proving that

n@= 1 L)

1<i<j<n (1—gq%r4)’

We prove this by induction on n.
First, it clearly is true for n = 1. For n > 1, by considering that the final element
is equal to k for some k = 1,...,n, we obtain

h,(a) 2 “1)"7%(1 = q¢*)h,_,(ay,....4,...,a,)

l—q"‘

1 { (¢* - q%) }
1-— qal+--~+a,, l<i<j<n (1 _ qa,+aj)

n o (1_qa+ak)
Xk§ 1 q )n qak)

by induction hypothesis

1 (g“ —q%) }
= — —_ T 7 1 _ a + +a, s
1- q“’*'“*“"{lsgs" (1—q%%%) (1-q )

from Proposition A2, with y, = g%, i = 1,...,n, and the result is true for all n > 1.
0

The constant term identities given in this section up to this point have been ones
in which we have used Proposition 2.1 together with Theorems 1.3 and 2.2 to express
the constant term as a g-multinomial coefficient multiplied by a weighted sum of
r(o(a))’s. Furthermore, we have been able to simplify these summations to single
terms. There are a number of constant terms that we can treat in this way, but in
which we cannot simplify the summation. Examples of these are given in the
following result.

THEOREM 2.8. Let r(a) = 1. ,(1 — ¢%)(1 — g™ " *4)"1. Then

ﬁ)a(ﬁ)a _ @Das-va, Y r(o(a)).

1si<jsn(xj A Xi)a (‘I)al"'(‘l)a,,aey;,

(1) (1]
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Ifot, B C (%) withe/ N\ B = O, then

n II (ﬁ) (qx«i‘j)eea)ﬁ

1<i<jzn\ % xi)a,—x«i.j)ex’)

(2) _ (@Darta, Y gFar(a(a)),

(q)al T (q)"n oER(H)

where X* is the sum over pairs (i, j) € I(o0) such that (j, i) &€ %.

{2 ) (42
1<i<j<n (\ Xi Xj Xj) a1\ Xila—1

L) L BNLGI
(@D (4)a, oegm( 1) (o(a)).

(3)

PROOF. (1) The product on the LHS can be written as

X
P(e;a) [1 (1 - —’) =Y. P(T;a)
l<i<j<n X; T
from Proposition 2.1, where the summation is over all tournaments 7. The result
follows immediately from Theorems 1.3 and 2.2 by equating the constant terms.
(2) The product on the LHS can be written as

P(e;a) T1 (1 _ ﬁqa,-x«i,j)ew))
(i, Hes X
and the result follows from Proposition 2.1, Theorems 1.3 and 2.2.
(3) The product on the LHS can be written as

SRR, xenen(Z] () )

J J

and the result follows from Proposition 2.1, Theorems 1.3 and 2.2. O

Theorem 2.8(1), whose LHS at first glance seems to be the most natural g¢-
analogue of Dyson’s conjecture, has been conjectured by Kadell (private communi-
cation).

It must be pointed out that, though large classes of constant terms can be deduced
from the master theorem, there are many similar constant terms on which our
method sheds no light. For example,

ﬁ)aiﬂ(q%)a_l=P(e;a) I1 (1—4“&)

lsi<jsn(xj ila l<i<j<n Xj

but now Proposition 2.1 does not apply to any of the 2() terms in the expansion of
I icjcn(l = q“x;/x;) except for the leading term 1. Thus the methods of this
section do not yield any expression for

X X
1 = —’) .
[ ]15113::1("1)(,,“(‘]": a;~1
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Similarly, consider the problem of deducing Theorem 2.2 from Theorem 2.3. We

1 H(_.)‘ (q_jl)u
1<'<_/'< ’x_/ X 1

/
i

)L e
= — q— 1-— T2
{lsilz_[jsn(xj)a‘_l( X; a,~1 1Sll:IIS)1 7 xj

and expand the second product on the RHS as

0 [1-¢3)- & 0 (3
1<i<j<n AT X

But this does us no good since we have no knowledge of

X : X X :
e sl ), e
[]{(i.lj_)IEa( 9 X, lsil:_Ian X a,—1 q'xi a;—1

unless « = &, in which case we know the constant term by the ¢g-Dyson theorem.

Note also that in results 2.3 to 2.8, we have considered constant terms in products
over 1 < i <j < n which is equivalent to (i, j) € T where T = E is the transitive
tournament with winner permutation e. Clearly, to obtain analogous constant terms
when T is the transitive tournament with winner permutation p, we need only to
replace a by p(a) on the RHS. Of course, in the case of the g-Dyson theorem
(Theorem 2.3) this results in no change, since the RHS is symmetric in a.

However, if T is a nontransitive tournament, then we have analogous weighted
sums of r(o(a))’s to replace results 2.4 and 2.8, but, in general, we know of no closed
form RHS’s analogous to results 2.3, 2.5, 2.6, 2.7.

Finally, we note that our results for constant terms are equivalent in some cases to
results for nonconstant terms in related products. For example, we have the
following result.

THEOREM 2.9. Let Q C T, where T is a tournament. Then

Xy X Xj
12 I (3) (63
(. kyeo *k J . per\ X/, \ Xi]a-1

0, if T@ is nontransitive

D TV C PRES T L R et )
(‘I)al . -.(q)u" i=1 (1 _ qu"l+”'+au,)

if TQ is transitive, with winner permutation o.

PrOOF. The LHS of this result is equal to

[1]{ I ik—}P<r;a>=[11(—1>'Q‘P(Té;a>

(. kyeo X1

from Proposition 2.1, and the result follows from Theorems 1.3 and 2.2. O
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3. Tournamented statistics. Let W = W\W, --- W, € M(a), where M(a) is the set
of words with a, 1’s,...,a, n’s, and r =a, + -+ + a,. Two of the most useful
statistics for studying such words were introduced by MacMahon [11], the major
index

r—1
MAJ(W) = X kx (W, > Wy,y)
k=1
and the inversion number
VW)= X x(W> W),
l<i<j<r
For the proof of the master theorem, given in §4, we shall need generalizations of
these statistics indexed by a tournament T on »n vertices.
The first of these statistics is the tournamented major index MAJ (W) defined by
MAL (W)= ) MAJT(Wu)’
l<i<j<n
where W, is the subword of W consisting of all i’s and j’s in W, and MAJ(W))) is
given by

a,+aj—1
MAJT(W:'/) = Y kx(Veon V) €T),
k=1
where W, = ViV, --- V, .. Thus,if W = 1322132 € M(2,3,2), then W, = 12212,

Wi = 1313 W, = 32232. If Tis the transitive tournament 1 — 3 — 2,1 — 2, then
MAJ-(1322132) = 3 + 2 + 3 = 8. If T is the nontransitive tournament 1 — 2 — 3
— 1, then MAJ;,(1322132) =3 + 4 + 5 = 12. Note that MAJ; is precisely the
z-statistic used by Zeilberger and Bressoud in their proof of the ¢g-Dyson theorem
[15].

The second new statistic is the tournamented inversion number INV (W), defined
by

INV.(W)= Y INV.(W,),

l<i<j<n
where
INVT(Wij) = > x((V,v,)eT),
l<k<i<a;+a,
and W,; = WV, --- V, ., Thus for T givenby 1 — 3 — 2,1 —» 2 and T" given by

1-52-53->1, we have INV #(1322132) =2+ 1 + 2 =5 and INV,(1322132) =
2 + 3 + 4 = 9. Note that INV, is simply MacMahon’s inversion number.

The generating functions for MAJ; and INV, are trivially deducible from the
classical case T = E when T is transitive and are given in the following result.

PROPOSITION 3.1. If T is a transitive tournament, then

Y NI F MALO) (q)an+---+a".
We M(a) We M(a) (@) e, () a,
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PROOF. Let the required generating functions be denoted by ®(a) (for INV;) and
V¥,(a) (for MAJ;). If T has winner permutation o, then clearly ®,(a) = ®.(o(a))
and ¥, (a) = ¥ (o(a)). But from MacMahon [11] and Zeilberger and Bressoud [15],
respectively, we know

((I)al+ e ta,
(), -+ (q)a,’

and the result follows since the RHS of this result is symmetric in the elements of a.
O
However, for nontransitive tournaments, the generating functions for INV,. and
MAJ; are not identical. For example, if T'is given by 1 — 2 — 3 — 1, then
Z qINVT(W)= q + 5q2 + 5q3 + q4,
weM@2,1,1)

Y qMATM =24+ 4g7 + 44 + 24°.
WeMQ.1,1)

®,(a) = ¥i(a) =

In general, these generating functions are not symmetric in the elements of a. It is
easy to see (by considering the words W = W, --- W, read in reverse order
W, --- W)) that they are both reciprocal (F is reciprocal if [¢']F = [q™*!~']F for
i=1,...,[m/2], where m > degree (F): in this case m = ("}!)). Moreover, we
conjecture that, for any tournament, the generating functions are unimodal.

Following the notation of [15], associate with each word W € M(a) a permutation
7 € S, defined by: #(1) is the last letter of W. For i = 2,...,n, w(i) is the last letter
of W not equal to #(1),...,7(i — 1). Thus if W = 12214334414, then #(1) = 4,
m(2) =1, #(3) = 3, 7(4) = 2, so 7 = 4132. For 7 € ¥,, we denote by M_(a) the
subset of M(a) consisting of words associated with fixed =.

We cannot find a representation as a rational product for the generating functions
of M(a) with respect to INV, and MAJ;. for nontransitive 7. However, we can find
such a representation for the generating function of M, (a) with respect to MAJ,
which is the result about tournamented statistics needed in §4.

THEOREM 3.2. For any tournament T, and nonnegative a, .. .,a

' “ns

Y gMAITON) = gCrima (9a+-ta, (1-qg*)
weM,(a) (q)al e (Q)an i=1 (1 - qa"(,)+~~+u"("))

where

Cr(ma)= ¥ ax(v'())<=(j))= XL ax(m;=i),

(i,/))eT (i, HeT
and ;= i if n'(i) < m7(j), and = j otherwise.

PROOF. When T = E, this result is Sublemma 4.1.1 in [15], and we precisely
parallel that proof here.

The theorem is trivially true for n = 1, and if it is true for n = 1, then it is true for
n when at least one of the a,’s is zero. Thus we must show only that each side of the
result satisfies the same recursion.
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Let 7 =a7Q2) - a()aQ)7(i+1)--- w(n) for i=1,...,n (so 7@ =),
Given a word W € M, (a + §,,,), consider removing the last letter (which must be
7(1)). Then we are left with a word in M, (a) for some i =1,...,n, and the
contribution to MAJ,.(W') which has been made by this last letter is

gz(am) +a,)x((7(1). 7(r)) € T).

Thus, if F, (a) is the generating function on the LHS of the theorem, we obtain the
recurrence equation

n
F, r(a+ 5"(1)) = ¥ gF-raotaex@O.1VEDE | (a).
i=1
To show that the RHS satisfies the same recurrence equation, we must show that

cr(m,a+8,,) (q)al+~~~+a,, G(?r)
(q)al—l U (q)“,,(l) e (q)a,,—l

= . HG (i (‘I)a.+~~~+a,,—1
= Zq G( ())(q)al—l"'(q)a,,-l,

q

i=1

where
G('ﬂ') = 1_[ (1 - qa,,(j)+~~+a"("))‘1
j=2

and

H, = cp(n,8) + X (ayq) + ay)x((n(1), 7(r)) € T).

r=2

Multiplying by (¢),,—1 - **(9)a,-1/(4) 4, + ... +4,~1 Makes this equivalent to

(*) q"(”"”ﬂn)(l — g% )G(w) = Zn: g "G (= ™).
(1 - qa,,(,,) i=1

-+a,

But we have

cr(ma)= ¥ ax(7'(i) <77'()))

(. )HeT
= Lax(77'(i) <7 (/)x((i, /) € T)
= 'E'aﬂ(j)X(i <j)X((7’(i)>”(j)) €T)
= L aapx((7(0), 7(/)) € T),

SO

er(n®,9) = ep(m2) = X ayox((7(1), n(r)) € T)

r=2

+ Y a,ux((n(r), 7(1) € T),

r=2
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and thus H; = c¢z(7,a) + (i — 1)a,,,. Moreover, c (7,2 + §,,,) = c(7,a), so (*)
is equivalent to

(1 _ qa|+<~-+u") n B )
S G = X g G (a ),
(1 -q nm) igl
which is proved in [15] at the end of the proof of Sublemma 4.1.1. Thus the RHS

satisfies the same recursion as the LHS, and the result follows. O

4. Proof of the master theorem. We shall prove Theorem 1.3 by exactly following
the proof of the g-Dyson theorem given by Zeilberger and Bressoud [15] with
appropriate modifications for the fact that instead of taking the product over pairs
(i, j), 1 i <j < n, the product is taken over pairs (i, j) € T, where T will be an
arbitrary tournament. Perhaps surprisingly, the arguments are no more difficult
when T is an arbitrary tournament. As we shall see at the end of this section,
Theorem 2.2, which takes its product over transitive tournaments, is a corollary of
the argument we shall use to prove Theorem 1.3. It is assumed that the reader has
access to the Zeilberger-Bressoud proof [15], hereafter referred to as Z.-B., to which
we shall frequently refer.

Let us initially assume that 7 is an arbitrary tournament on » labelled vertices and
begin as in Z.-B. by expanding the product under consideration by use of the
g-binomial theorem [2, p. 36], yielding

) u(gp), =2 EL 4 @)y

() vk (@) b-s
This gives us

Goper\Xi ), \ " Xi]a -1

7

b —a<ka.

I_I (_1)k1/q(’*/z/*1)(q)al+u/_1xi—k,/xj—k“
G.NET (@) a,+x,(q)a,+5,-1

(4.1)

(_1)Z‘k'1q(‘\lzj+l) n
= X

Xk
Xt 1(g) aa, -1
koo inj (@) a ek, =xner) i1’ e

i<j
where k ;= —k;,, A" is the set of integer matrices K = (k,;) satisfying k;; = —k ;,
and X* is the sum over all pairs (i, j) € T. We get the constant term if we restrict
our matrices to the subset K C ¢/, those whose row sums are zero.

As in Z.-B., the expression

T*k,, ot
g DTl

Ke.)t”niaéj(q)”,"'k,_,—x((j- HeT)

is the generating function for matrices of partitions P = (P,;), where P, is empty. If
#(P, ;) denotes the number of parts in partition P, then

3 #(p) = (n-Da,~ Lx(()ET),

j#i J#i
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and
#(Pij) + #(Pji) =a;+ta;- 1
Moreover, if | P, ;| denotes the sum of the parts in P, then the weight assigned to P is
()T R,

where k,, = #(P,;) —a, + x((j, i) € T).
We apply Algorithm 3.2 of Z.-B. to our matrix P with the following modifications:
In step 2, order i, j so that (i, j) € T and then as before define
i B+ k= B,

S
Yoy B+ k, <BP.

In steps 5 and 6, replace the pairs (i, j) such that i < j with pairs (i, j) € T. The
implication in step 6 becomes: If (W,\/* D, W/") € T, then Q{/* " is strictly less than
61(1” The same Bijection M, with the winner between i and j in T considered to be
the smaller number, yields a new partition Q, satisfying |Q;|=Q;| +
MAJ(W,;t,;), where MAJ is the tournamented major index defined in §3.

In step 3, case 3a holds if (/, i) € T while 3b applies if (i, /) € T.

In step 4, the implication again should read that if (W{*P, W) e T, then
Q}j’.”) < Q‘j’) and Bijection M yields Q,; satisfying |Qj| =1Q,,| + MAJ(W,)).

The key observation about this modification of Algorithm 3.2 is the following
lemma.

Lemma 4.1. If #(pij) =a;+k;— x((J,i) € T)wherek,;= ~k;;, and Tk, = 0,
1 <j<n,j#i, and if T is nontransitive, then step 2 of the modified Algorithm 3.2
eventually produces a nontransitive tournament S.

PROOF. We first observe that until step 5, the number of parts in B, ; is given by
#(Bij) =a,—c¢+k;— x((j,i)eT).

For fixed i, this quantity is nonnegative for all j # i and thus ¢, is less than or equal
to a; and equality is possible only if k,; = O and (i, j) € T forallj # i.

If vertex i has out-degree in 7 which is neither 0 nor n — 1, then the sequence
(¥(P,), #(P,),..., #(P,)) cannot be constant because for any choice of
{ki;j}j-1, ;i satisfying Xk, . = 0,1 <j < n,j + i, at least one P,; has at least a, parts
and at least one has at most a, — 1 parts. Let us fix a j such that #(P,)) is the
minimum of the set of values in the sequence. From the definition of s, in step 2 of
Algorithm 3.2, once B;; is empty the ith row cannot be further emptied unless

(1) (i, j) € T and B, is empty, or

(2) all partitions in the jth row are empty.

Since B,; and B, are empty:

0=a,—c +k;, O=a;,—c +k;— 1

Adding these equations yields0 = a, + a, — (¢; + ¢; + 1) and thus ¢, = g,or¢; = a;.
If (i, j) € T, then c; cannot equal a; and so c; = a; which implies that k,, = 0 for
all m and (i, m) € T for all m # i. Since we assumed that / does not have out-degree
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n — 1, this cannot happen. Thus (j, i) € T and we must be in the second case: all
partitions in the jth row are empty.

Thus no row can be completely vacated unless there is a row with out-degree
n — 1 in T and that row has been completely vacated first. Once a row has been
completely vacated we eliminate the corresponding node from all subsequent tourna-
ments S. Since T is nontransitive we must eventually get down to a subtournament
in which no vertex beats every other vertex and thus no more rows can be vacated.
Since we can never completely empty all partitions in P, eventually the tournament
S must be nontransitive. O

Let us now look at what comes out of Algorithm 3.2 modified. It will always be an
element of # as defined in §3 of Z.-B. with the following modifications:

(ii)) We shall call our nontransitive tournament defined by the algorithm S to
avoid confusion with the initial specified tournament 7.

WM ki=r;+x(s;;=0)-x((J,))€T)+c,—a,

As in Z.-B. this implies that

Jj=1
J#i

{: (s,=1) = (n =g, = ) = X (r, = x((:1) € T)

and thus the score vector for S is completely determined by B, T, (a,,...,a,) and

(¢1,---5€,)-
(vii) Replace the pair (i, j),1 <i<j<n,by(i, j)ET.
The weight of an element (W, S; Q, B) € #is now given by

(4.3) Weight(W, S; Q, B)

= (-1 g | LB |+ L™ (IQ,,I (k ”)

i#j
__kij(C,' + X(S,'j = 1)) + MAJT(I'VUS,'/)) ,

where k,; = r,; + x(s;; =i) = x((J,i) € T) + ¢, — a;, and L* is the sum over all
pairs (i, j) € T.
We shall fix Q and B and sum this weight over pairs (W, S) for which
(W, S; Q, B) € #. Theorem 1.3 will be proved if we can show this sum to be zero.
As in Z.-B., let GAR denote anything which is constant with respect to the pairs
(W, S) in the summation. Let us write k,; = b,, + x(s,; = i) and therefore

%k"(k“ + 1) - ki'(ci + X(S,-,- = ’))
= 2b2 +b,,X( i)+%X(sij=i)+%bij+%X(sij=i)
(bljcl (S I)C+bth(s=l)+X(slj=l))
= GAR — ¢;x(s;; = i) = GAR + ¢;x(s,; = ).

(4.4)
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Thus we have that
(4.5)

Weight(W, S; Q, B) = GAR(-1)" X g T *(cx (s, = j) + MAT(W,,))].

It is thus sufficient to prove that
(46 (DT gre[ £ (exls, =) + MAL(W,5,))] =0,

where the outer sum is over all words W € M(c,,...,c,) and S is over all
nontransitive tournaments which have a fixed score vector and for which the last
letter of W is a “spoiler” (see §1 of Z.-B. for definition of “spoiler”). Note that if the
word W is empty, then the sum is over all nontransitive tournaments with fixed
score vector and equation (4.6) is trivial.

We now specify the permutation associated to a given word and rewrite equation
(4.6) as

)y )y (=1)F"XC0=D gErextsy=))

n€S, S€NonTran(n; w; m(1))

X Z qz*MAJ-,-(W i) = (),

(4.7)

For (i, j) € T, we have that

(4.8) MAJ(W,s,;) = MAIL(W,;) +(c; + ¢;)x((s;;, m;) € T).
By Theorem 3.2, we know that
Z qZ‘MAJT(le) = q):‘C/X("’ j=i) (q)cl"' e,
weM,(c,..., <) (Q)c,-l "'(q)c,,—l

n
X ]_[ (1 —_ qcﬂ(1)+ +cn(n))—1
i=2
and therefore it is sufficient to prove that

(4.9) 0= E Z (_I)E‘x(fu=j)

7€ S, Se€NonTrans(n; w; m(1))

xq**[ciX(sij =J) +(Ci + cj)X((sij"”ij) € T) + CjX('”ij = 1)]
X ﬁ (1 — q“nu)"’"""cwtn))_l
i=2

Equivalently, replacing ¢ by Y,, we must prove that

(4.10) 0=X r (~1)F"xCu=

n€S, S€NonTrans(n; w; (1))
I, J)eTYx(s”-/)(YY)X«SU U)ET)YX(" =9
i=2(1 qu(i) o Yﬂ(n))
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If we can prove Observation 5.1.1 in Z.-B. for the modified weight function
¢ = ((s;;.m)ET) —
[ e YXC () ™ Py peen =
;1=2(l - Y Yﬂ(n)) '

AR
then the remainder of the proof in Z.-B. goes through without any modifications
required. We are thus reduced to proving the following lemma.

weight(m, s) = (-1)=X¢ 77

LEMMA 4.1.1. Let r = w(1), let 7’ satisfy = = rn’, and let o be the transitive
tournament obtained when the spoiler r = w(1) is removed from S. We then have that

|weight(#’, o)|(Y,Y, -~ ¥, -~ ¥,) V"

1 - YW(Z) e Yﬂ(n)

|weight(7, s)| =
As before, L S is the in-degree of vertex r in tournament S.
PROOF.

weight(7’, o o 5,
| ght( )| T1 le(s,,—r)(Yin)X((‘,rv NET)
(1 - Yw(z) Yvr(n)) (i.r)eT

(m,=1i) X(s,,=/) X NET) gy (ar, =r)
X Y0 [T yxemn(x,y,)X0n =y e,

|weight(#7, S)| =

(r.))ET
. , ‘
|Welght(770)| l—[ XX(S”=’)()/[Y,‘)X(S"=” I_I er(s,/=j)Y",l
(1 - Y1r(2) Yﬂ(n)) (i.r)eT (r. HET

_ |weight(7’, )|
(1 - Yvr(2) e Yﬂ(n))

This concludes the proof of Theorem 1.3. It should be pointed out that we have
effectively also proved Theorem 2.2, for if T is transitive the only piece of the proof
which is affected is Lemma 4.1. From the proof of Lemma 4.1 we see that we can
completely vacate our original matrix of partitions only if T is transitive and K is the
zero matrix. If T corresponds to the permutation o, then for all i, 1 <i < n, row
o(i — 1) must be completely vacated before row o(i) can be vacated. The word that
is created will have a,,, 6(1)’s, a ) 0(2)’s,...,a4,_1,0(n — 1)’s but only a,,, — 1
a(n)’s. If we append o(n) to the end of this word we necessarily get a word in M_(a)
where 7(i) = o(n + 1 — i), 1 <i < n. Within those constraints, the word is arbi-
trary.

Thus, if T is transitive, then the partition matrices P which are not taken to an
element of & by Algorithm 3.2 modified correspond to a Cartesian product of an
arbitrary word € M, (a) weighted by the tournamented major index and an upper
triangular matrix of partitions with @, + a;, — 1 parts in position (i, j), i <j. By
Theorem 3.2, the generating function for words in M, (a) weighted by ¢M*7™"" with
7(i)=o(n+1—-1i)is

(Yl e )A/r.” )/n)YrLrS‘

n

(q)a|+~~~+a -1 . -1
n 1 — qa(n+l—j)+~~+a(1) R
(@t (@t b :

concluding the proof of Theorem 2.2. O
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5. Alternative methods of proof. In this section we examine other methods of proof
for constant term identities. First we give Good’s [6] proof of the Dyson conjecture.
Then a g-analogue of this proof will be obtained to give an alternative proof of the
g-Dyson theorem.

Good’s proof of Dyson’s conjecture. Let f(a;x) =TI} _; ,.,(1 — x;/x;)* and
F(a) = [1] f(a; x). Now note that

n n n n
[ (1-2)- % I{i-2)) 11 [1-2)
ij=1 Xl k=1 =1 X)) =1
i*) J*k i*k
i#j

Since both sides are polynomials of degree < n — 1 in x, and have the same value

for the n distinct choices x = x,,...,x,. Now let x = 0, so
n x. n n x.
(+) (1-%)-% I11-2)
i, j=1 J k=11./j=1 J
i*j i*k
i#j

Multiplying (*) by f(a — 1; x), we obtain f(a;x) = X7_,f(a — §,;x) for a > 1,
and equating constant terms gives

Fla)= ¥ Fa—8,), a>1.
k=1

Also F(a) = F(ay,...,d4,,...,a,) if a, = 0, and F(0) = 1. These initial conditions
and the above recurrence uniquely identify F(a) as the multinomial coefficient
[al + - +a,

a,,....a ]=(al+ 4 a,)/a) - a,). O

We now give a g-analogue of this proof to obtain the g-Dyson theorem. Like the
proof of Theorem 2.3, this proof relies on the master theorem. However, it does not
require Theorem 2.2.

Alternate proof of Theorem 2.3. Let F(a) = [1]1—11S,-<js,,(x,-/xj)a,(qxj/x,)al. We
prove that F(a) = (q), +..+4/(q), - (q), by induction on a, + --- + a,.
Clearly

F(a) = F(ay,...,a;,...,a,) ifa,=0,k=1,...,n,

and F(0) = 1, so the result is true fora; + --- + a, = 0. Now for a,,...,a, > 1 we
have F(a) = [1]P(e; a) 1, ., ;. ,(1 — ¢“x;/x,). But

axj n n xj xj
(s¢) TI (1—41— -y 101 -¢+2) 11 (1—q«—)
l<i<j<n X k=1 \j=k+1 Xk ) 1<i<j<n o X

i j*k

X
£ T T (-3
Te®, (j.DET Xi
Jj>i
where 2, consists of all tournaments on n vertices such that no vertex has in-degree
equal to n — 1. This follows by identifying each of the 23 terms in the expansion of
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the LHS with a tournament, in which choosing the “1” from 1 — ¢“x,/x, corre-
sponds to the edge (i, j), and choosing “~g“x,/x,” corresponds to the edge (j, /).
The k th term in the RHS of (* *) corresponds to the tournaments in which vertex k
has in-degree equal to n — 1. These tournaments are disjoint for k = 1,...,n and 2,
contains all other tournaments on »n vertices.

Thus, multiplying both sides of (* *) by P(e; a) and equating constant terms, we
have

n
F(a)= Y q¥-+“F(a,,....a;,_ . d;,1,....a,,a, — 1)
k=1

+ ) { Il q"'}[llP(T;a)~

Te®, \(j.DET
i>i
But all tournaments T in &, are nontransitive, so [1] P(T;a) = 0 from the master
theorem, and

n
F(a) = ) ¢ “F(ay,....a; 1, aqs-. s a,,a,—1)
k=1

- M Y g¥-+14(1 = g*), by induction hypothesis
ay ap k=1

_ M{f g — Z, quxku,}
(@) () a, k=1 k=1
_ (q)al+~~~+u,,—1 {
(@) e (q)a,
the result is true for alla. O

Kadell [8] has obtained the case n = 4 of the ¢g-Dyson theorem by a g-analogue of
Good’s method, without using the master theorem. He has also shown [9] by a
g-analogue of Good’s method that the g-Dyson theorem is true for all n if the
required constant term can be assumed to be a symmetric function of the a,’s.
However, this symmetry has never been established independently of actually
proving the g-Dyson theorem, as Z.-B. and we have done. It is one of the most
tantalizing features of the g-Dyson theorem that a constant term which seems most
asymmetric is in fact symmetric. A proof of this symmetry which is not equivalent to
actually proving the ¢g-Dyson theorem would be very desirable.

Now we apply Good’s method to prove the case ¢ = 1 of Theorems 1.3 and 2.2.
This will allow us to consider the possibility of finding a g-analogue of these proofs,
which would lead to an algebraic proof of the master theorem, and hence all of our
results.

Alternative proof of Theorems 1.3 and 2.2 when q = 1. Multiplying P(T,a — 1)|,_,
by (*) yields

(q)al+~-+a,,

L= = )

P(T;a)|,-1 = Y, P(T:a—38,)|,-1
k=1
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Equating the constant terms in this equation gives the recurrence equation, where
a>1,

n

c(r; a)|q=1 = Z C(T;a - 6/<)|q=1-
k=1

The argument given in the proof of Theorem 2.2 enables us to obtain initial
conditions. If a, = 0, then

C(T - k; ay,....4;,...,a,)| =1,
C(T;a)|4-1 = if vertex k has in-degree = 0in T,
0, otherwise,

where T — k is the tournament on vertices {1,...,7(,...,n} obtained by deleting
vertex k and all incident edges. Also C(T;0)|,_, = 1, where T is the (empty)
tournament on 1 vertex.

It is easy to verify that the unique solution to this recurrence is (we have already
done this for transitive T in Theorem 2.2)

0,122

(i, )ET X X

0
[a1+~-+a,,] aa, --- a,
4,04y fa,(a, +a,) - (a, + - +a,)

if T is transitive with winner permutationo. O

The transitive case of the above result has been given by Kadell [8]. Now we
consider the possibility of finding a g-analogue of the above proof to obtain a proof
of Theorems 1.3 and 2.2. The g-analogue of (*) which allowed us to prove the
g-Dyson theorem is obtained by multiplying (* *) by I'l, _,_;_,(1 — x;/x;), and is

(xx%) T1 (1 - ;‘—)(1 - qa/ﬁ)

l1<i<j<n J X

S E e f0-2)) (-]

k=1 i=1 J l<i<j<n J i
i#+k i, j#k
b X
+ Z q (j.heT.j>i4; 1_[ 1 - —.
Tew, (i, )T X

Suppose we replace a; by a; — 1,/ = 1,...,n, multiplying both sides of (* * x) by

X Xj
1 (a2] (62 .
1<i<jsn\ Xj), q\ Xila -2

and then equate constant terms. Then on the LHS we have C(e;a), which is
considered in Theorem 2.2. However, none of the summands on the RHS are
recognizable as constant terms that we have dealt with.
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Similarly, we might try proving the master theorem by constructing an analogue
of (***) in which the product on the LHS is taken over (i, j) € T for a nontransitive
tournament 7. However, we have been unable to find such an expansion in which
the terms on the RHS yield recognizable constant terms. It certainly would be useful
to find an analogue of (*) which allows us to deduce the master theorem, though it
appears to be a difficult task.

A final approach that we mention is to try to prove that the constant term in the
master theorem is equal to the negative of itself, and hence must be zero. This
“asymmetry” approach can be carried out for special values of a, as given in the
following result.

THEOREM 5.1. The master theorem is true for a such that a, = a, for some pair of
vertices k and | with equal out-degrees in T.

PROOF. Suppose, w.l.o.g. that kK </ and (k,/) € T. There are unique vertices
UysevnsUp_y and uy,...,u,, for some m =1,...[(n — 1)/2], such that (k,v)€ T
and (l,v)& T,j=1,....m—1,and(k,u;) & Tand (/,u;)) € T,j=1,....,m. Now
let S={(k, 1), (kyv),....(k,v,_ ), (v, D).....(v,_, 1) (up, k),....(u,, k),
(Louy),....(Lu,)}. Clearly [T, ;) cs(-x,/x,) = (-1)!*I = -1, s0

_P(Tia) = P(T:) [ (— %) _ P(T5:2)

(i, )ES i
from Proposition 2.1, since S C 7. Thus equating constant terms gives —~C(7;a) =
C(TS; a). :

But the tournament TS is isomorphic to T, under interchanging vertices k and /.
Thus

~C(T; ay.....ag,..vap...a,) = C(Ty ay,....a;,...,a;,...,4,)

and the result follows immediately. O
The choice of S in the above proof was found by N. Alon (private communica-
tion). One corollary of this result is worth mentioning.

COROLLARY 5.2. The master theorem is true whena, = a, = -+ =a

n-

PrOOF. The result follows from Theorem 5.1 since a nontransitive tournament
must have at least one pair of vertices with equal out-degrees. The a;’s corresponding
to such a pair of vertices must be equal since all a;’s are equal. O

Note that Corollary 5.2 does not imply the truth of the g-Dyson theorem for
a, = --- = a,, at least not by the techniques of this paper.
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Appendix.

PROPOSITION Al. Forn > 1,

n k-1 n
- - -1
(1=3) Ty 1A =p o 3) T =y yie)
k=1 i= i=

n—-1

= I=]1(1 - N "'Yi)—1~

PROOF. Let the expression on the LHS of the above result be denoted by
L(y,,---,y,)- We prove the identity by induction on n. Clearly

L(}’1) = (1 ')’1)(1 ")’1)_] =1
and the result is true for n = 1. Now

(1= y)

L(yp---,y,.)=(—lT—— Ey,f' " "1_[(1—)’1 -y)

-1 -1
X I__[k(l -y ey —y,,)ljll(l -y )
=5, (1 =y y) L(yysee Vs ) +(1 —yn)ljll(l -y )T

- _ﬁlu ) =) (A=),

by the induction hypothesis
n—1
-1
I_'I1 A=y 2,
and the resultis true forn > 1. 0O

PROPOSITION A2. Forn > 1,

-y
E(l-yk)ﬂ "-l—yl--'yn-

Hék

PrOOF. Denote the LHS of the required result by L(y;,...,y,)- Then

n

L(yy--oy) = X 1+y l_[( y,yk)l_[

k= — Vi

#k

= g( {l_[( —yy) = (1) "3 TN +yk)}
+(-1)"yy - i 1)lflly:yk
= Zf(yk)l_[ -yl---ynig(y;‘)lilw,

11yz
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where

f(x)= ’;1_1[1(1 +y,.)-1{1’—'[(1 - yx) —(_])"yl ey (x4 x"_l)},

i=1

z=-1,g(x)=1,w= 0. But f(x) and g(x) are polynomials in x of degree at most
n — 1. Thus

f(x) = zm N

l—lyl Yk
#k

since both sides are equal for the n choices x = y,,...,y,. Similarly

o) = X sl [T 20200

i#k
since both sides are equal for the n.choices x = y;',...,y,!. Combining these results,
we have L(y,,...,y,) =f(-1)-x, --- x,80)=1~-x, --- x,, as required. O
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