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GLOBAL SOLVABILITY AND REGULARITY FOR 3
ON AN ANNULUS BETWEEN
TWO WEAKLY PSEUDO-CONVEX DOMAINS
BY
MEI - CHI SHAW

ABSTRACT. Let M, and M, be two bounded pseudo-convex domains in C" with
smooth boundaries such that M; ¢ M,. We consider the Cauchy-Riemann operators
3 on the annulus M = M, \ M,. The main result of this paper is the following:
Given a 9-closed (p, q) form a, 0 < g < n, which is C® on M and which is
cohomologous to zero on M, there exists a (p, ¢ — 1) form u which is C*° on M
such that du = a.

0. Introduction. Let M, and M, be two bounded pseudo-convex domains in C”
with smooth boundaries such that M; C M,. We consider the annulus M between
M, and M,, i.e, M = M, \ M,. The Cauchy-Riemann equation d on M is a system
of overdetermined first-order differential equations. We ask the following question:
Given a ( p, q) form a, where 0 < ¢ < n, when can one solve the equation

(0.1) du=a

and if a is smooth up to the boundary of M, does there exist a solution u of (0.1)
which is also smooth up to the boundary?

A necessary condition for a to be solvable is that @ must satisfy the compatibility
condition

(0.2)

since 92 = 0.

In this paper, we shall prove that if n > 3, a has L? coefficients and satisfies (0.2),
and a is orthogonal to a finite-dimensional space (i.e., the harmonic ( p, ¢) forms),
then there exists a (p,q — 1) form u such that (0.1) holds. Furthermore, if a is
smooth up to the boundary of M, then we can find a u that is smooth up to the
boundary also and u satisfies (0.1) (Theorems 1, 2 and 3).

Our method is to use the 3-Neumann problem with weights which was used by
Hoérmander [3] and Kohn [4] to solve the equation (0.1) on weakly pseudo-convex
domains. The 3-Neumann problem was a method to solve the equation 8 with
solutions smooth up to the boundary. If one can show that the subelliptic estimate
holds for the 3-Neumann problem, then one can conclude that the harmonic forms

are finite dimensional and one can solve (0.1) provided « has L? coefficients and
satisfies (0.2) and « is orthogonal to the harmonic space. One can find a solution u
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smooth up to the boundary if a is smooth up to the boundary. Moreover, one also
obtains local regularity [2, 8]. In the case of an annulus, some of the important
known results are

(1) If we assume M, and M, are both strictly pseudo-convex and n > 3, then M
satisfies condition z(g) and the 0-Neumann problem satisfies the subelliptic 1
estimate (see Kohn [5], Hormander [3] and Folland and Kohn [2]).

(2) If we assume M, and M, are weakly pseudo-convex and real/ analytic and
0 < g < n — 1, then it is proved by Kohn [6] and Dirridj and Fornaess [1] that the
subelliptic estimate holds for the 3-Neumann problem on M.

If we assume only that M, and M, are weakly pseudo-convex, the subelliptic
estimate does not hold in general and we do not get local regularity as was the case
for strictly pseudo-convex domains. In this paper we shall show that global regular-
ity holds for the d-Neumann problem with weights (Theorem 1) and we obtain
global solvability and regularity for (0.1).

This paper is arranged as follows. In §I we give some definitions and notations.
We give a brief introduction to the d-Neumann problem with weights in §1I and
state the main theorems in this paper (Theorems 1, 2 and 3). In §III we prove the
basic a priori estimate (3.1). The estimate is similar (but weaker) to the basic
estimate obtained by Hormander in [3] on weakly pseudo-convex domains. How-
ever, it is sufficient for us to solve the 3-Neumann problem with weights and obtain
the finite dimensionality of the harmonic forms (Lemmas 3.1 and 3.2), which gives
the solvability of 3 in the L? sense. Based on the estimate (3.1), one can prove global
regularity for the weighted 9-Neumann problem and obtain regularity for 9. Since
the proof from the a priori estimate to global regularity essentially follows the line in
Kohn and Nirenberg [8] and Kohn [4], we omit the proofs here and only state the
results in §IV, which completes the proof of Theorem 1. Theorems 2 and 3 follow
from it. A large part of this paper is devoted to the proof of estimate (3.1).

It is easy to see that our results can be generalized to the annulus between two
pseudo-convex manifolds M, and M, as long as there exist real-valued functions
whose complex hessian is positive definite in a neighborhood of the boundaries of
M, and M,. The proof is the same and we shall only stay in C" in this paper.

I. Preliminaries and notations. We denote the boundaries of M, M, and M, by bM,
bM, and bM,, respectively. Let p be the defining function for M, i.e., p = 0 on bM
and p < 0 in M and p > 0 outside M (the sign of p is specified). We normalize p
such that |dp| = 1 on bM. We recall some definitions.

DEFINITION 1.1. Let M be a domain in C" and p be a defining function of M. If z,
is a point on the boundary of M, we shall say M is pseudo-convex (pseudo-concave)
at z, if, for every (a',...,a") € C" such that £p, (z4)a’ = 0, then

(1-1) Zp:,EI(ZO)aiaj>0 (<0).

It is easy to see that the domain M which we consider here is pseudo-convex at
bM, and pseudo-concave at bM,.
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DEFINITION 12. Let A € C%(M). For every P € M, we define the complex
hessian at P to be the hermitian form, if (z;,...,z,) are the coordinates for C”",

(1.2) }\zlfjdzi ®dz;

and A is called strongly plurisubharmonic (plurisuperharmonic) if the complex
hessian is positive (negative) definite.

An example of a strongly plurisubharmonic (plurisuperharmonic) function is |z|?
(~|z]?). In this paper we shall fix the function A € C®(M) and let ¢ be any
nonnegative real number.

We denote by a”-9(M) the space of all the ( p, q) forms on M which are smooth
up to the boundary. L¢, (M) denotes all the ( p, ¢) forms with L* coefficients. We
denote by L%(M, t)) the space of functions on M which are square integrable with

respect to the density e~*; therefore f € L*(M, t\) if and only if

(1.3) f|f|2e")‘dx <o
M
and the norm of f is defined by (1.3) and we denote it by ||f||(2,) = {f, f ) Note
that the norm ||||,, is equivalent to || ||, = |||| for every ¢.
We denote by L(Zp_ (M, t\) the space of all (p, q) forms with coefficients in

L?*(M, t\). The norm of a ( p, q) form is defined, as usual, as the sum of the norms
of its coefficients.
For each nonnegative integer s, we define the Sobolev s-norm || ||, by

(1.4) 1= [ X 1D,

lal<s
where

. _i. o P A2n _
D = (axl) (———axzn) fora = (ay,...,a,,),

a multiple integer, and |a| = ¥ a;, where x,,. . ., x,, are real coordinates for M.

The completion of C*(M) in the norm || ||, is the Hilbert space W°. We use
W, (M) to denote the space of (p,q) forms with coefficients in the Sobolev
s-space. We also define the norm || || _, by

If1l-y = sup(I(£, &)1/1Igll),
where the supremum is taken over all functions g € C°(M). The norm || ||_; is
weaker than the L? norm || || in the sense that any sequence of functions which are -
bounded in the || || norm has a subsequence which is convergent in the norm || || _;.
We shall also simply use notations W, a’*9, L;_ o, When there is no danger of
confusion.

I1. The 3-Neumann problem with weights and the main theorems. In this section we
shall give a brief introduction to the 3-Neumann problem with weight ¢ (for details
see [4]). Let (z,,...,z,) be the complex coordinates for C”. Then any ( p, q) form
¢ € a”9( M) can be expressed as

2.1) 6= "¢, ,d' ndZ/,
1.J
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where I = (iy,...,i ) and J = (Jy,...,J,) are multi-indices and dz' = dz, N -+ A
dz,, dz’ =dz; A --- Adz,. The notation ¥’ means the summation over strictly
mcreasmg mulu indices and ¢;., is defined for arbitrary I and J so that they are
antisymmetric.

The operator 9: a?9 —» a?9*1 is expressed by

(2.2) o=3'Y a4)”dz kndz'Adz?.
s & oz

The formal adjoint #: a?¢ - a”9*! of 3 under the usual L? norm is defined to be
the operator such that

(2.3) (39, 6) = (¥, 3¢)
for every ¢ € a?9(M) and ¢ is compactly supported in M. Therefore ¢ can be
expressed explicitly by

(2.4) do=(-1)"Y' Y qb”"ar I A dz¥
1K Z
It is easy to check that 9> = 92 = 0. Let 9, be the formal adjoint of 0 under the
L*(M, t\) norm, i.e.,
(2.5) CAZ ¢>(z) = (¥, 54’)(1)

for every compactly supported ¢ € a”9(M). We have the following relation be-
tween ¥ and ¥,

(2.6) 9 = eNge .

We take the L? closure of 9, still denoted by 9, as usual. The Hilbert space adjoint
of 3 in L*(M) and L*(M, t\) is denoted by 3* and 9}, respectively. We use the
notation Dom( ) to denote the domain. Then the smooth forms in Dom(3*) and
Dom(é,*) must satisfy some “natural” boundary conditions. For if ¢ € a?9 and
Y € a?97! we have

(2.7) (B WD = (6. 090+ [ (0(9,dp)o, e Y) ds,
where o(%, dp) denotes the symbol of ¢ in th_e dp direction and dS is the volume
element on bM. Therefore if ¢ € a”¢ N Dom(d}), we must have
(2.8) o(®,dp)¢ =0 onbM
which is a condition independent of z. Define the space 277 C a?'7 by
279 ={¢ € aPo,(d, dp)¢,=0forallp € bM}.

Then 977 consists of all the smooth forms in Dom(d).
On 279 we define the hermitian form Q*: 279 X 979 - C by

(29) Q,(¢a ‘1’) = <5¢a5'4’>(1) + <ﬁl¢, ﬂl\l/>(l) + <¢a 4’>(1)'

Let 9279 be the Hilbert space obtained by completing 277 under the norm
0'(¢, $)/%. Again 977 is independent of ¢ since the norms Q'(¢, )/ are
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equivalent to Q% ¢, )2 = Q(¢, )"/ Since Q'(o, ) > |I¢llZ,, for every a €
Lf,. ,(M) there exists a unique ¢' € 979 such that

(2.10) Q'(¢', ¥) = (a,¥),, forally e P9

The Friedrichs representative of Q°, denoted by F?, is defined by F'¢' = a. By the
identity of weak and strong extensions of first-order differential operators, we have
another description of F', i.e.,

(2.11) F'=039*+03+I1=0,+1,

where the second equality is by definition and

(2.12) Dom(F*') = {¢ € 9799¢ € Dom(3*) and 3*¢ € Dom(3)}
= Dom(l:l},‘q).

Note that Dom( F") is also independent of .

We define the space of the harmonic (p,q) forms 5, = and weighted
harmonic ( p, q) forms #,’ = ' by

(2.13) H= {¢ (=] g?l"‘lli_)(b - 5*¢ = O}’
(2:14) #'= {9 €936 =3¢ = 0).

We can now formulate the 3-Neumann problem of weight ¢ with respect to the
function A as follows:

Find a bounded operator N, : L2 — L} , (N, ,= N'is called the 3-Neumann
operator with weight ¢) such that N’ satisfies the following properties:

(i) Z(N") € Dom(F*') and Z(N') L 5#* (in the Lf,vq(M, t\) norm), where Z( )
denotes the range.

(i) /" (N*) = s#', where #7() denotes the null space.

(ii)) IN‘ = N3, 3*N'= N3* and N'O} , =0, N'=1— H', where H' is the
projection from L2 (M, t\) onto 5",

(iv) For every a € Lf,y ¢(M, t\), we have the orthogonal decomposition

(2.15) a = 00*N'a + 3*0N'a + H'a.
If (2.15) holds, then it is easy to see that if da = 0 and H'a = 0, then
(2.16) a = 00*Na.

Therefore_u, = 9*N'a is a solution of (0.1). Notice that u, € Lf,_ g—1(M, tA) and
u, L Kerd,. It is this property that links the L? solution of (0.1) to the 3-Neumann
problem with wgights. In our application, we need the following proposition which is
proved in [4].

PROPOSITION 2.1. Ifa € L} (M) and 3a = 0 in the L sense and if
(2.17) (a,¥) =0 foreveryy € DP9 withdy =0,
then a L ' in the ), norm.

We shall prove that such N* exists when ¢ is large enough and ¢ > 0, n > 3. We
also prove the global regularity for N‘. We state the main theorems of this paper.
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THEOREM 1. Let M| and M, be two bounded pseudo-convex domains in C" such that
M, C My, n > 3 and q > 0. Let X be a smooth function on M such that \ = |z| in a
neighborhood of bM, and \ = —|z|* in a neighborhood of bM,. Then there exists a
number T, such that the 9-Neumann operator with weight t, N*, exists for each t > T,-
Furthermore, for each s, there exists a number T, such that

NY(W; (M) c Wp (M), H'(W; (M) W; (M)

whenever t > T,. Whent > T, 9?;,’ g ls finite dimensional, its dimension is independent
of t and it represents the d-cohomology of M.

An immediate consequence of Theorem 1 is the following L? solvability of (0.1).

THEOREM 2. Under the same hypotheses as Theorem 1 and 0 < q < n, given any
a € L2(M t\)=1L,, and da = H'a = 0, there exists a u' € L2 p.q-1(M, tX) such
that u' L Kerd in the { Dy norm and u satisfies (0.1). In fact, one can choose
u' = 0*N'a.

In view of Proposition 2.1, we have the following corollary.

COROLLARY 1. Under the same hypotheses as Theorem 1 and 0 < q < n, given any
a € W, (M), da =0 in the L* sense and {(a,y) =0 for every ¥ € D79 with
3y = O, there exists au € W, (M) such that u satisfies (0.1). In fact we can choose
u,= 03 N'a foranyt > T,.

From Corollary 1 and the Sobolev embedding theorem, if a € a”9( M) and «
satisfies the hypotheses of Corollary 1, then we can find a solution u'» € C™(M) as
long as one chooses ¢, large enough for every m. We actually can obtain a smooth
solution u which was proved in [7].

THEOREM 3. Under the same hypothesis as in Theorem 1 and 0 < q <n, if
a € a?”i(M), da =0 and {a,y) = 0 for every y € D79 and 3y = 0, then there
existsau € aP 9" Y M) such that du = a.

In order to prove Theorem 1, our starting point is to prove an a priori estimate in
the next section. It would be interesting for one to know if the finite-dimensional
weighted harmonic forms 5 in Theorem 1 actually vanish.

III. Basic estimates and the existence of N'. We start by proving the a priori
estimate.

PROPOSITION 3.1. Let M and N be the same as in Theorem 1. Then there exist
constants ¢, T and for each t > T, a constant C, such that

(3.1) tol1y, < cQ'(¢,9) + Cli¢ll?, for every ¢ € D77

PROOF. By using a partition of unity {¢{, )™, ZV {2 =1, it suffices to prove the
estimate (3.1) when ¢ is supported in a small neighborhood U. If U C M, then by
the ellipticity of Q' in the interior of M we have

(3.2) lollf < cQ(¢,¢) foreveryp € 277
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Thus by a well-known inequality in Sobolev space, we have
(3.3) ol < cllglif + Cligli2,
which implies (3.1), when U N bM = @ and ¢ € CP(U).

If ¢ is supported in a neighborhood U of bM,, since M is pseudo-convex at every
point of bM, and A is strongly plurisubharmonic on U (shrink U if necessary), the
estimate (3.1) is proved in Hormander [3] with C, = 0. Thus we only have to prove
(3.1) when ¢ is supported in a neighborhood U such that U N bM; # . We choose
U so small such that

(WA =—z]?on U,

(2) there exists a boundary complex frame on U, which means there exists a set of
orthonormal complex vector fields L,,...,L, such that
(34) L(p)=0 ifi=1,...,n—1 and L,(p)=1 onbM, N U.

Let «',...," be the bases of (1,0) forms on U which are dual to L,... ,L,. Any
(p,q)forms pon U N M can be expressed in terms of w as follows:

_ I A =
o= ¢ 0 AT,
1.J

where the notations I, J, ¥’ are the same as in (2.1) and o’ A @/ = " A -+ A W'
ABNA - A @ Let 279U N M) denote the space of (p, g) forms in 279
which has support in U N M. Under our coordinate system, 27%(U N M) can be
characterized by

(3.5) 2°(UNM) = {qb € a”|¢ has supportin U N M

and ¢, , =0onbMifn € J}.
In these bases, d¢ and ¥,¢ can be written as
d¢

(3.6) 6=Y"Y “LLGiN'AG + - =Adp+ -,
I.J awf
(37) 19(4): (_1)1’—12 Zsjld’l,jl(w’/\ak-'- cee =Bo+ -,
LK j

where 8/ = e™(d /aw,)e-'* and dots indicate terms where no derivatives occur and
the second equalities in (3.6) and (3.7) are definitions of 4 and B.

For ¢ € 279U N M), we have
(38) ”5‘1’”(21) + ||01¢||(21) = Z’ Zg’ljl:,<zj(¢l,.l)’ Z1((1)1,.1)>(1)

1.J,L ji

+Y X (8/¢r. x> 8ibr i Dy T R(9),

LK jk
where R(¢) involves terms that can be controlled by O(l| 49l + 1Bl ()¢l
where &}/ = O unless j &€ J, /¢ L and {j} UJ = {/} U L in which case & is the
sign of permutation (/7). Rearranging the terms in (3.8), we have

— 2 2 , — 2 , _ —
(3'9) “84’”(1) + ”0t¢"(l) = E Z ”Lj(d)l,J)”(,) - Z Z <Lk(¢l,jl()’ Lj(¢l,kl()>(x)
I.J j I.K jk

+Y' Y (891 ks 01 sk Vy T R(&).

1K j.k
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We now apply integration by parts to the terms (8/¢; ;x, 8:¢; ;) (,)- Notice that

(310) (i) ¢,,=0 ifneJonbM.

(311) (i) L,(p)=L,(p)=L(¢;,)=L,(¢,,)=00nbMifjk<n
andn e J.

Let f; be bounded smooth functions such that (&u,v),, = (u, —ijv>( ot
(u, fv) foreveryu,v € Cg°(U N M). Then

(8/0 1k 8191 4k )0y = (~Li/or x> D14k Dty + (891 50 [ibr ik Doy
= (=8 Lir x> brax ) < [8;’ zk] b1k ¢’»’<K><r>
(3.12) + {8/ x> [ir.kk ey
= <zk¢l,jK’ zj¢l.kl<><r) +< 8, zk] b1k ¢""K>
(L1 urcs [9rur o+ (81 k2 fibrin -

In the above calculations, no boundary terms arise because of (3.4) and (3.5).
Introducing the notation

(1)

— 2 , - 2 2
IZolin=2"2 ”Lj(¢1,1)"(,) + Il
nJ o
and applying integration by parts to the last terms of (3.12), we have

(3.13) |<8;¢I,jk’ fk¢'1,k1<>(x)| < Cl|Lg||nllllco)-

In order to calculate the commutator [/, L,], we introduce the following nota-
tions: Let u, j be the coefficients of ddu, i.e.,

u =Y} u;,;wAe’.

LJ
Assume c}k are the smooth functions such that

do' = Y ch@’ Awh.

j ok
Then u,; can be calculated as follows:
ddu = a(zzk(u)ak) = Z(szk(u)wf/\é" + ZZ,.(u)E;Z,()wf/\ak.
From the fact that 90 + 99 = 0, we have
(3.14) Uy = LjZk(u) + Zzi(u)Ej‘ik = Zij(u) + ELi(u)c;;j.

When u = p, since w, = dp, we have

p = d0" = Y Thw! A&* = pw! AT,
Jok

where (¢j;) = (pj,) is the Levi matrix.
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From (2.14) we have
(315)  [8,LJu=[L, - L,(A),L,Ju=[L;, LJu+ L L (N)u
= ZchL,(u) - Zéjkz,(u) + tZij()\)u
= t)\jku + ZCZ,"S:"(“) - Zéjkzi(u)‘
Substitute (3.15) in (3.12) and observe that the terms (c; 8/¢; ;1. fids sk )(,) Can be

estimated by 0(||Z¢||(,)||¢||(,)) if i < n by using integration by parts. If i = n, and
J,» k < n, we have

(3.16) (Cik8ubr jxs fibr Doy = /I;Mcl:’jd’l,jl(al.kl(e_’}\ as + ---

- P
=f Pidbr xbraxe ds + oo,
oM

where dots mean terms which can be estimated by O(||L¢)|| wll®ll(,y)- Therefore

p 2 2 ’ - 2 ,
3¢l + I#¢lly = X ZI|Lj¢lJI|(,) + 12 T s br.ax D
7o Py
(3.17) i
+ Z Z ./,;QPI'K%'JK‘I”.kKe"" das + R(¢o) + E(‘b),

1.K j.k<n

where E(¢) consists of all the terms that can be estimated by 0(||f,¢>||(,)||4>||(,)).

This estimate is the same one obtained in Hormander [3] with the exception that
L sarea spemal boundary complex. We now apply integration by parts to the term
|lL (o712 (- In order not to get boundary terms, we assumej < n.

(3.18) ||Lj(¢l.1)||(,) = <‘8;Lj¢l.1’ 100+ <Lj¢I,J’ Fi®r. )
= <8;¢I,J’ 8j¢l,l>(l) + < [‘zj’ 81’] 1.0 ¢1,J>(,)
(81 1> [i¥1.000y + (Lidr. s [;91.1)0)-
Using the arguments as before, we substitute (3.15) into (3.18) and have forj < n
(3.19) "zj(d’l,f)"(zz) =“8f¢l'1"2 - fbMPy|¢l.J|2""')‘ dS — t(h by g bp ) + o0

where dots mean terms that can be estimated by 0(||I_,¢||(,)||¢||(,)). Substituting
(3.19) into (3.17), we have

”34’"(1) +|#, ¢"(z) E ”L (¢, J)”(l) + Z > ”8 b/ J"(r)

j<n
+1y ') (Nj®r ks Prak Dy — DD Nu®rgs 1.0
(3.20) LK jk I.J I<n
+Y' X / Pixdr, ckbraxe Nds =Y X f Puls, Jl e~™ds
LK j.k 1.J i<n

+E(¢) + R(9).
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We first discuss the terms E(¢) and R(¢). Let ¢ > 0 be small and C, be large
constants which might vary in the following arguments. By integration by parts to
the terms in E(¢) which involves L, j < n, we have

(3.21) lE@Ns{ + ol
1.J 1,0/ j<n

and

(3.22) IR(9)] < 7 (I49llco + 1Bllcn) + Clllco

=12 2 2
< e([88]lcr + 19.6l1co) + Clollco-
Combining (3.21) and (3.22), (3.20) now reads

(3.23 |la¢”(1) + 9, ¢”(x) (1- 26)(

I.J j<n
+(1 - 5)(Tl + Tz) - Ce”‘i’”(m
where

T,=1)" Y A pdr ks braxy — 12 2 A udbr 19100

1.K j.k 1.J I<n

=Z/ Z fpjk(i)l.jl(a)l,kke_mds

I.K j.k<n bM

-2 f P//|¢/J|e rds.

I,J I<n
It is easy to see the term T, is nonnegative for (p;;); ;- !, < 0 which implies
n—1 n-1
(3.24) (pi_j - X pllsij) > 0.
=1 ij=1

Let T, = tP + tQ, where
P = E Z <)\jk¢1,jk’¢l.kl<>(:) - Z Z 0‘1/4’1.1» b7

I.K j.k<n 1,J I<n
ne kK n&J
Q= Z Z <)\ik¢l‘jK’¢'l,kK>(t)+ Z Z <}‘jk¢'1,jk’¢l.kk>(:)

I.K i=nor I.J j<n
j=n nek

=2 X ubrs 1.0

1.J I<n
neJ

Since (A ;)] -, is negative definite, its (n — l) X (n — 1) submatrix ()\jk)}';il is
also negative definite, and (A j « = 8, X<, Ay)7 L) is positive definite when n > 3.

Wedenoteby d;; = A;; — §,,X,_, A, and d(x) the smallest eigenvalue of (d,)); ;— L
at the point x € U N M. Then d(x) > d, > 0 for some positive number d, and all
x € UN M. Therefore

2
(3.25) P>d, > ||¢'I.J||<:)-
1.J

n&J
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Every term in Q has the form (A ;¢; ;, ¢; 1), Where n € J or n € L. Assuming
n € J, using the inequality ||u||?, < €||u||? + C,|ul|?,, we have

(3.26) |<)\jk¢l,1» $r.1)0l < "}‘jk‘bl,.l”(t)”qbl,L”(t)

2 2
< el il + Collér o +ler Ll
Since ¢, ; vanishes on thg boundary when n € J, the calculations (3.12) and (3.18)
can be applied to L ,,.. ., L,. Using (3.26), we have

_ 2 2 —
(327 |Lbrilo <84l + O(IZor llioln) + ellolls + €. Mol

(3.28)  [8:llco <L (610 + O(|Lr ol8llo) + ellolll + €. oI,

wherei =1,...,n.
Combining (3.27) and (3.28), we obtained when n € J

— 2 2
(3-29) ”")I,J“f = Z ||Li(¢l.1)||(x) + Z "8;(4’1,1)”(0 + "4’"(20

— 2
<A IZ 6l + T 8581y + Clloll.

J<n
From (3.23), (3.25), (3.26) and (3.29), there exist constants T, ¢, independent of ¢,
and for each ¢ > T, a constant C, such that

"= 2 ’ 2 2 2
3300 XIL.(sr)in+ X" Z 88y + Z ol + ¢ X llorsllen
nJ IJ j<n 1J 1,J
neJ n&J
2
< CQI(‘p’ ¢) + Ct"‘b”—l
By an interpolation theorem in Sobolev space, we have forn € J
2 2 2
(3.31) s Moy < (e M6r ol + Cliorls)-
Substituting (3.31) into (3.30), we have the desired inequality (with a larger C,)
t8llco < c@'(4,9) + Cloly forevery ¢ € 279(U N M)
and the proposition is proved.

An immediate consequence of the basic estimate (3.1) is the following lemma
whose proof can also be found in [4, 8].

LemMA 3.1. If ¢ > 1 and ¢t is sufficiently large, then 3¢ is finite dimensional and
there exists ¢ > 0 such that for all § € DP9 with ¢ L #", we have

- 2
(3.32) lolico < ¢([Bsllcr + 18.llco)-

PrOOF. If h € #;79, then from (3.1) we have (¢ —.c)||hll3, < C||A||?,. Since
L?(M, t)\) is compact in W}(M, t\), we have #,7*9 is finite dimensional when
t>c.

To prove (3.32), we assume that (3.32) does not hold and deduce a contradiction.
If for every » € N there exists a ¢, L 5,7, then ||¢,|| ,, = 1 such that

- 2
(3.33) oo > »(I88ullr + 13,0,
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Combining this and (3.1), we have ||4>,,||(2,) < C/||$,/|%, which implies ¢, converges in
L? to ¢ where ¢ L 5,79 By (3.33) we have that ¢ € 5,79, a contradiction. Thus
(3.32) must hold for all ¢ L 79,

LEMMA 3.2. The range of 0" is closed if t is sufficiently large and q > 1. In this case
N' exists and satisfies the properties (1)—(iv) defined in §I1.

PrOOF. From Lemma 3.1, for every ¢ L ¢’ and ¢ € Dom(F"), we have
2 = 2 2
lollco < e([3sllcr + 19,010
= (0%, ),y < c(llelollele)

which implies

2 2
(3.34) ¢l < clloell

and that the range of O’ is closed follows from (3.34). By the open mapping theorem,
the range of O is isomorphic to (H*)* . We now define N’ as follows: If a L 5, let
¢ be the unique element in Dom F* such that 0% = a. Define N'a = ¢. We extend
N! linearly to le,‘ o, by requiring N‘(5¢") = 0. It is easy to check that N’ satisfies
properties (i)—(iv).

IV. Global regularity up to the boundary. From the estimate (3.1) we can derive a
priori estimates for F' and O’ in the Sobolev s-space when ¢ is large (how large ¢
should be depends on s). Using the method of elliptic regularization, one can pass
from a priori estimates to obtain global regularity for F' and O’ as was done in
Kohn and Nirenberg [8] and Kohn [4]. Notice in Kohn’s paper, the basic a priori
estimate does not have the term C,||¢||2,. The norm ||¢||_, is weaker than the L*
norm, therefore it is harmless as was proved in the paper of Kohn and Nirenberg [8,
Theorem 2’]. We conclude the results in the following theorems.

THEOREM 4.1. Let M and N be the same as in Theorem 1. For every nonnegative
integer s, there exist constants T, and C, such that for every t > T, if a € W, (M)
and ¢' € §P9 such that Q'(¢', ¥) = (&, ¥), for all Y € DP9, then ¢' € Wy (M)
and ||¢'||, < Cillell;.

THEOREM 4.2. For each nonnegative integer s, there exists a number T, such that if
q>0and t > T, then ¥, C W), and if a L K, , then there exists a unique
pE W, N 9P 9and & L H#' such that O'¢ = a.

Combining Theorems 4.1 and 4.2, we have proved Theorems 1, 2 and 3.
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