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VOLUMES OF TUBES ABOUT COMPLEX
SUBMANIFOLDS OF COMPLEX PROJECTIVE SPACE

ALFRED GRAY

ABSTRACT. Simple formulas in terms of Chern classes are given for the volume of a
tube about a Kahler submanifold of a space of constant holomorphic sectional
curvature. A comparison theorem which generalizes these formulas is also given.
Tubes about complete intersections in complex projective space are studied in detail.

1. Introduction. Let M be a complete Kahler manifold whose sectional curvature is
bounded from below or from above, and let P be a topologically embedded Kahler
submanifold of M with compact closure. I shall give inequalities for the volume
V"DM(r) of a tube of radius r about P in terms of the bounds on the sectional
curvature of M (Theorem 6.1). These results generalize the Bishop-Gunther compari-
son theorem for the volumes of geodesic balls [BC, p. 256] as well as the Weyl tube
formula [W].

The case when M has nonnegative or nonpositive sectional curvature has been
treated in [GR3, 4, 5], so this article is mainly devoted to the case when M has
sectional curvature bounded above or below by a nonzero constant. Perhaps the
most interesting special case is that of a compact complex submanifold P of complex
projective space CP”"(A). (Here the Fubini-Study metric is used for CP"(A); it is
chosen so that the holomorphic sectional curvature of CP"(\) is 4A). Let g be the
complex dimension of P and lety =1 + v, + -+ + v, be the total Chern form of
P. Write (1) =1+ ty; + -+ + t9, and let y(¢) = I[17_,;(1 + tx,) be its formal
factorization. Denote by F the Kahler form of CP"(A) (or of P).

THEOREM 1.1. Suppose r > 0 is not larger than the distance between P C CP"(X)
and its nearest focal point. Then

, 1 4 A a n
CPPN( ) — & _A T 2
(1.1) VS (r) n!j; aI=I1(1 WF+xa) /\(Asm VAr + cos v?\rF) .

Note that on the right-hand side of (1.1) all terms not of degree 24 must be
discarded before the integration is carried out. Formula (1.1) can be written
somewhat more explicitly as

1 7 A_\97¢ T n
CPT M) = L _A T2 2
(12) vy (r) ’l!j; agl(l 7TF) /\yu/\(xsm VAr + cos \/}TrF) .
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Theorem (1.1) can be used to calculate the volumes of tubes about many
interesting complex submanifolds of CP"(A), for example complete intersections
(see also Remark (5) below).

COROLLARY 1.2. Let P = P4 %-4(X) C CP"(N) be a complete intersection, de-
fined as the simultaneous zeros of polynomials of degrees a, - - a,_,. Assume that
r > 0 is not larger than the distance from P to its nearest focal point. Then

1 f ((m/N)sin® VA r + cos> YA rF)"
ntJp (A(A/m) F)ITZ(1 +((a, = DA/7) F)-
There is a formula for the volume of p“ " “-+(A) [MU, p. 89, K]:

13) V() =

. al e an_qf”q
(14) VOI(P ! ""’()\)) = —W—_

When (1.4) is combined with (1.3) a more explicit formula for ¥,<%"™(r) results.

COROLLARY 1.3. Assume the hypotheses of Corollary 1.2. Then

1.5)

n 4 n—gq

VPN (r) = —1-(5) Y (n)(sin2\/)?r)"_"(cosz\/—Xr)c I {1 -(1- a.)q_c“}.
nt\AN] T \¢ o1 !

In particular, the formula for the volume of a tube of radius r about a complex

hypersurface of degree d is

VPN (y) = %(;){1 —(1 - dsinVAr)").

(Also of interest of course is the special case q = 0; this is the formula (already known
to Study [S]) for the volume of a geodesic ball in CP"(X\), V,SF"M(r)=
(1/n)((7/N)sin® VA r)™)

COROLLARY 1.4. The volume of a tube of radius r about a complete intersection in
CP"™(\) depends only on A, r and the degrees of the polynomials defining the complete
intersection.

REMARKS. (1) There are formulas corresponding to Theorem 1.1 for tubes about
complex submanifolds of C" or CH"(X) (where CH"(A) denotes complex hyper-
bolic space with holomorphic sectional curvature —4A, A > 0). However, in these
cases complex submanifolds of positive dimension are necessarily noncompact.
Nevertheless tube formulas are meaningful when the closure P is compact. The
corresponding formulas are

(1.6) VE(r) = ;ll—!fpy/\(vrr2+F)",

q n
(1.7) VETN(r) = i'/ I (1 - AF+ xa) /\(Esinh%/)Tr + coshzx/XrF) .
n:Jp a=1 T A
(For (1.6) see also [GR5]; some information about V,<'(r) is also given [GS].)
(2) Let P be a compact Kahler submanifold of a compact Kahler manifold M.
Then P defines an element [P] in the homology ring H ,.(M,R). Hence (see for
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example [MS, p. 196] and [GH, p. 54]), one can use cap products and de Rham’s
theorem to show that there is a closed differential form ¢ in M such that the class
[¢] € H*( M, R) is dual to P. This means that for any closed form a on M one has

(1.8) a[p]=fa=/ ané=(ang¢)[M]
P M
From (1.8) it follows that (1.1) can be rewritten as
(1.1)
VPN (r) = -1—f A ﬁ (1 - TF+x ) /\(zsinZ\/Xr + coszx/XrF)n.
n!Jepnny a=1 A “ A

In the case that dim M = dim¢ P + 1 one has in fact that
[¢] = [vi(»(P))] = the first Chern class of the normal bundle of P in M.

(See for example [MS, p. 196].) Thus for a complex intersection P = P“ "4-¢(\) in
CP"(M) the dual class [¢] can be computed by induction. It turns out that

(1.9) [6]=ay -+ a, [((\/m)F)"].
Thus using (1.8) and (1.9) it follows that (1.3) can be reformulated as

(1.3)" v N(r) =

lf ((z/N)sin® VA r + cos? VA rF )" (N /m)F)"*
ntJepoy (U=(A/m)F)ITE_1 {1 +((a. = DA/7)F}

(3) Note that for any Kéhler manifold P and any integer n it is possible to define

(1.10) VEP'M(r), VE(r) and VT M(r)

by formulas (1.1), (1.6) and (1.7). All that is required is that the relevant integrals
converge. Thus the expressions in (1.10) make sense formally even when P is not
embedded in CP"(X), C" or CH"()). For example when n = 0 and P is compact all
of the expressions in (1.10) coincide with the Euler characteristic of P.

(4) To what extent do the volume functions in (1.10) depend on the ambient space
CP"(A), C" or CH"(A)? Recall (see for example [BGM, p. 106]) that a Kdahler
deformation consists of a change of Kahler form from F to F + id’d”’f, where f is
any real-valued (differentiable) function.

THEOREM 1.5. Let P be a compact Kahler manifold with Kahler form F. Define
VEP'N(r), VE(r) and VET"M(r) by formulas (1.1), (1.6) and (1.7). Then these
functions are the same for all Kihler deformations. In particular, if (Q, M) is a Kihler
deformation of (P, CP"())), then

Ve'(r) = VEr®(r).

The proof of Theorem 1.5 is elementary (given formulas (1.1), (1.6) and (1.7)) and
is given in [GRS].
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(5) It is interesting to write out formulas (1.1) and (1.6) for certain simple Kahler
manifolds P. If Pis a compact Riemann surface with Euler characteristic x (P), then

YO (r) = 7 1)'( smzxf—r)n_1
{(1 _r 1sin2\/Xr)V01P + — msin \/_r (P)}
(mr?)"!

v(r) = W{VOI P+ 77—:lix(P)}

These formulas are simple consequences of the fact that [,y; = x(P).
Similarly, for a compact complex surface the tube formulas are

VPN (r) = ﬁ(—stﬂ)
(- 2t D+ 2 D0 D) o 2
L (Zaime (1 - 2 L v ) A )]
Z?nl+—1)( sin® X7 | x(P)}
VPC"(r)—((:i—);;{volP—k Z(FAv)[P]+ ((” )) (P)}

Another case of interest is that of a flat submanifold P9 € CP"(A). Then
n V(o . u n + cp. ¢
VEP M (r) = z—!(xsmz \/Xr) LEO( q- c)(n . c)(—1) (sin>yAr)“vol P,
Similarly, when P79 ¢ CP"(]) is totally geodesic,

VPCpn(A)(,-)_( 1 )’( sin \/-r) ) vol(P).

n-—q

2. Four equations describing the geometry of tubes. Let M be a complete Rieman-
nian manifold of dimension n and let P C M be a topologically embedded submani-
fold which is relatively compact. In this section results of [GR3] are summarized; in
subsequent sections they will be specialized to Kahler manifolds.

Let t+ — y(¢) be a unit speed geodesic in M normal to P with y(0)=p € P.
Assume that ¢ > 0 is less than the distance between P and its nearest focal point.
Denote by S(z) the second fundamental form at the point y(t) of the tubular
hypersurface at a distance ¢ from P. Also let R(t): M, — M, be the linear
transformation defined by (R(?), x, y) = R}, .. «,» where (, ) and RM are the
metric and curvature tensor fields of M, M, ,, denotes the tangent space to M at
y(1),and x,y € M_,,.

PROPOSITION 2.1. The following Riccati equation holds:
(2.1) S'(t) = S(1)* + R(2).
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The study of (2.1) is essentially equivalent to the study of Jacobi fields near P.
Equation (2.1) has the advantage that it yields direct information about the principal
curvatures of the tubular hypersurfaces.

Next let w be a Riemannian volume form defined near P with |jw|| = 1, and let
(x4, .- -,x,) be asystem of Fermi coordinates (cf. [GR3]) such that

Ty o OB

n

Foru € P+ with ||u|| = 1, put
d d
0,(1) = o 3o o A g |0,
Then 6,(z) measures the ratio of the infinitesimal volume element of the normal
bundle of P to the infinitesimal volume element of M.
ProposITION 2.2. 6,(0) = 1 and
(2.2) 0:(1)/6,(t) = —=((n — g — 1)/t + trS(z)).
Let V(r) be the volume of a tube of radius r about P; thus
V3!(r) = vol{ m € M| there exists a geodesic y with length

L(y) < r from m to P meeting P orthogonally} .

(See [GR3] for details.) Also let S”~771(1) be the unit sphere in Pl

PROPOSITION 2.3. If 0 < r < distance from P to its nearest focal point, then
23 vy = [ t"=9739,(¢) du dP di.
(23) P =[] L,

By means of (2.1), (2.2) and (2.3) the tube volume V(r) is expressed in terms of the
second fundamental forms of the tubular hypersurfaces.

There is a fourth equation of a different sort that is relevant to the estimation of
V2(r) in terms of curvature, and also to the Weyl tube formula. Let 7, P, P,
denote the second fundamental form of the submanifold P at p € P in the direction
ue Ppl , and consider the function

s — det(I — sT,).

In general this function will depend on the immersion of P in M. It is remarkable,
however, that the average of det(I — s7,) over S" 9 }(1) C P;- is expressible in
terms of the curvature of P and M; hence this average is independent of the
immersion, for example when M is a homogeneous space. More precisely,

PROPOSITION 2.4.
(2.4) f det(I — sT,) du
Sn—q—l(l)

2w(n—q)/2 [4/2] CZL'(RP _ RM);SZ"
CT((n—9q)/2) Sy @) (n—gq) - (n—q+2c~2)
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Here R” denotes the curvature operator of P and R™ denotes the restriction to P of
the curvature operator of M. Then (R” — RM)¢ is the cth power of R — R™ and
C?(R? — RM)¢ is its complete contraction. (See for example [GR] and the next
section.)

Proposition 2.4 is a key step necessary to establish Weyl’s tube formula [W]. For
the case M = R” the function 8,(¢) and det(/ — ¢T,) coincide. Consequently Prop-
ositions 2.1-2.4 can be used to establish Weyl’s tube formula for the volume of a
tube about a submanifold of R”. Similarly, for a space of constant curvature A > 0,

one has
. n—g-1 .

(2.5) 0,(t)= ( Slr‘;x‘[}t\—r ) det(cos VAL — su:/%)?t T,
and again a tube formula obtains. More generally, when the sectional curvature of M
satisfies K™ > XA or K™ < A, (2.5) still holds with “ = ” replaced by “ < ” or “ > ”.
From this estimates for V() follow. (See [GR3] for details.)

For submanifolds of CP"(A) it is also possible to derive tube formulas. This is the
subject of the following sections.

3. Chern forms and curvature. Let P be any almost Hermitian manifold of complex
dimension ¢ and let R be any tensor field on P that has all of the symmetries of the
curvature tensor field of a Kahler manifold. (Later R will be taken to be R” —
REP"™) Let { E\JE, --- E,JE,} be a local holomorphic orthonormal frame field
on P. Then the complex curvature forms of R with respect to this frame field are the
2-forms =, defined by

E(XAY)=Rppyy— ‘/__I_RE,,JE,,XY
for complex vector fields X, Y on P. By definition the total Chern form of R is
Y(R)=1+y(R)+ -+ + v,(R) = det(8,, + (V-1 /27)Z,,)
where y,(R) is a 2¢-form on P.

It is also possible to define the cth power of R (see for example [GR1]). The
definition can be given inductively via the formulas R® = 1 and

RC(XI AN ch)(Yl Ao A Yzc)

2¢
_ i+j+k+1 -1 %
= Y (-1 RyxyyRTUXA AN AKA A X)
ijkl=1
i<Jj,k<I

’(Yl/\ e A )A/k/\ A f’[/\ A Y2c)'
Then the complete contraction of R¢ is

2q
2cpe — c
C*R°= ) 1R (E, A -~ NE, )(E, A --AE,)
4y a,=
where { E; - -+ E,,} is any local orthonormal frame field on P.

According to [GR4] there is a relation between the Chern forms and the cth
powers of R.

ProPOsSITION 3.1. For 0 < ¢ < g,
q'(q — ¢)'C*R° = c!(2¢)'(27) “(y.(R) A F7¢, F9).



SUBMANIFOLDS OF COMPLEX PROJECTIVE SPACE 443

Next write
(3.1) Y(R)(t) =1+ ty;(R) + -+ + t7y,(R)
and let

Y(R)(r) = alill(l + )

be its formal factorization. Also put
q

WRYO = TI{1=2F+ ). 3(R) = H(R)D).

Then it is easy to see that formally

PROPOSITION 3.2.
W00 - (1= 28) YR =y )

The main case of interest is when P is a complex submanifold of a space of
constant holomorphic sectional curvature, say CP"(A), and R = RY — RCP"™),
According to [GRd] there is a relation between y(R” — R€F"™) and y(RP).

PROPOSITION 3.3.
., q }\ g—a+1
y(R? = RP'™M) = ¥ (1+;F) A v,(R”).
a=0
Therefore,

PROPOSITION 3.4. If P is a complex submanifold of CP"()), then

y(R? = RET'V) A )
=TI(1-2F+x,)
1-(A/m)F Ul( m e

PrOOF. From Proposition 3.3 it follows that

Y(RP — RCP"(M) q A 9@
1-(A/m)F ) (1 B FF) A Ya(R)

0

B A9 A
—(1—;F HI=2F (x4 4 x )+ e x e x

4 A
= n(l——F+xa).
a=1 T

4. Tubes about complex submanifolds of complex projective space. Although (2.1)
is too complicated to solve for general Riemannian manifolds, it can be solved for
complex submanifolds of CP”(A). To this end, let {e,e, - -+ e,ef} be an orthonor-
mal basis of the tangent space M, such that Je, = ef,e, ., = y'(0) and eef - - e
are tangent to P. It may be assumed that eje} --- e X diagonalize the second
fundamental form T, of P where u = e, ; = y'(0). Let k,(0), k*(0) - - - ¥,(0), 7(0)
be the corresponding eigenvalues. Extend e,e - - - e,eX to orthonormal vector fields
E\E}¥ --- E,E} along vy so that at each point E_, ,(¢) = y(¢) and the other E ()
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diagonalize S(¢). Now the curvature tensor of CP"(A) is given by the formula
(41) R, = M{wy)(xz) = (wz)(xp)

+ {(Iwy{(JIxz) = {(Iwz){JIxp) + 2{IJwx){Jyz)},
where wxyz are tangent vectors to CP"(\). From (2.1) and (4.1) it follows that

K= Kk2+ A, a#tqg+1,(qg+1)%

@2 {

Here |k ,(0)| < oo fora =1 --- g* while k,(0) = —o0 fori = (¢ + 1)* --- n*. Thus
(4.2) can be solved explicitly:

’ )
Kigenx = Kigen» + 4N,

0
k()= — %ln(cos‘/Xt - f—‘:/%sin\/Xt fora=1--- g*,

(4.3) k(1) = —-(%ln(sim/)Tt) fori=q+2--- n*,

d .
Kgen(2) = — Eln(smh/)Tt).

From (4.3) it follows that
d

(4.4) trS(t) = — E{ q;lln(cosﬁt - "“Tgo)sim/ﬂ)

+2(n— g — 1)InsinyAz + lnsin2\/7Tt}.

Because of the explicit form of (4.4), equation (2.2) can be solved explicitly. The
result is

45 6.(1)= ( Si;g" )zn_zq_lcosﬁ , f;[l (cosﬁ - ";;0) sinyk 1).

Now «,(0) + k,«(0)=0 for a =1 --- g, because P is a complex submanifold of
CP"(M). Thus (4.5) reduces to

(4.6)  6,(1)= (Sin‘/X’)zn_ZHcosx/Xz ﬁ (cosZ\/Xr - ﬁ'@sinzﬁt)

\/Xt a=1 \/X
= (Sia}\_‘/ft)zn_ q_l(cos\/)Tt)qudet(I - tai})‘/TXtTu).

It is now possible to derive a formula for V,SP™)(r) using equations (2.3), (2.4)
and (4.6).

LEMMA 4.1. For 0 < t < the distance between P and its nearest focal point,
i sin\/}Tt )2n-—2q—1

dt \/Xt

. i ((tan\/Xt)/\/'):)zc

S ct2e)2T(n—g+c)

(4.7) VEP" M (1) = 27" 9(cosyA t)z"“(

| c<(R" - RE"'™) aP.
»
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Here (d/dt)V,C7"M(¢) is the surface volume of the tube of radius ¢ about P. A
proof of (4.7) using Jacobi fields is given in [GV]; proofs of (4.7) making use of the
submersion $2"*}(X) - CP"(\) are given in [F] and [WO). Formula (4.7) amounts
to a Weyl tube formula for complex submanifolds of CP"(A). However, more is
required for Theorem 1.1. The right-hand side of (4.7) must be expressed in terms of
Chern forms and then the whole expression must be integrated from 0 to 7.

LEMMA 4.2. For 0 < t < the distance between P and its nearest focal point,

(4.8)

12"‘2‘7‘1f 6,(t)dU
s2n-24-1(1)

2msinyA rcosyA 1 » cp T . nloq
= RP — REP"®™ /\(——F sm2\5t+F) , —F9).
(n— 1WA <Y( ) (A ) q!

PrOOF. It follows from (2.4) and (4.6) that
(4.9)

fszn_n,_l(l, 8,(1) du

inVA ¢ 22l 2g+1
= (Sﬁt ) (cosyA t) fS

T,

de 1= L7
VA

2n-24-1(1)

- 277.n—q( sinVA ¢ )2n—2q—1(cos‘/Xt)qu Z": C(R? = R”" ™) [ tanyX 1 )zc
VAt Sl T(n—g+c)\ W '
Hence from (3.1) and (4.9) follows
2n—2qg-1
2n=24 /Su_zq—x(l) 8,(t) du
_ 27(sinvA ) (cosyA 1)*"
VA
. Zq: <'YC(RP - RCP"O‘)) AN Fi7¢ F%) (,”taHZ‘/Xt)n—qﬂ'—l
= (g=)l(n—-g+c—1)g! A
_ 2 (sinyA 1)(cosyA 1)*" !
(n— 1)!\[X
9 n—1 2 n—b—1
n —1\/ 7 tan VAL 1
(Bt rren B )

_ 2m(sinyA t)(cosyA 1)*" ! P pCPON T n-1]
- P <y(R —~ REV') A (FtantA 1+ F ) ,EF4>.

Hence (4.8) follows.
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COROLLARY 4.3. For 0 < r < distance from P to its nearest focal point

((m/N)sin? A r + F)"
1—-(\/7)F

" 1
CP"(A) _ _ CP"(N)
(410) Vy (r)= " fpy R )/\

PrROOF. When (4.8) is integrated from O to r the result is

.
/ f t2n=2a719 (t) dudt
0 S2n—2q—l(1)

4. , .
(4.11) =<Y(RP—RCP""O‘)) ((m/N)sin?VAr + cos®YArF)" 1 >

1 —(\/m)F il

Hence (4.10) follows from (4.11) and (2.3)
PrOOF OF THEOREM 1.1. Formula (1.1) is now an obvious consequence of
Proposition 3.4 and Corollary 4.3.

5. Volumes of tubes about complete intersections. In this section let P be a
compact complex submanifold of CP"(A), and write y(z) = 9(RP)(¢), ¥(¢) =
Y(RP)(1), etc.

PROOF OF COROLLARY 1.2. The total Chern class of a complete intersection
Padn-a(N) € CP"(A)is given by

n+l1 "74
[v]= (1+%F) /1‘[(1+ acA )]

(see for example [H, p. 159, K]). Hence
F)|

(1) (o] = |1+ 26)"
From (5.1) and Proposition 3.2 follows
[y(r)]=[(1—%F)"(1+z‘rp 1_(}\/ )F )n+1 e q(1+%‘%F(T_—(m))]
o s (e
In particular,

(5.2) [y(1)] = [(1 - —F) 1j( a—_l)AF)]_l.

Now (1.3) follows from (5.2) and (1.1).
PROOF OF COROLLARY 1.3. When the right-hand side of (5.2) is expanded in a
power series, the result is

[(1 ) ﬁF)n—q . )\(a;— 1)F)]_1

™ c=1

(53) =[§{—""1—(1 ;a,)"“}(ﬁp)" '

=0\ i=1 7

n—q

I1 (1 L
c=1
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From (5.3) follows the power series expansion for the integrand in the right-hand
side of (1.3):
((m/\)sin® YA r + cos*/A F)"
n!(1 —(A/w)F)H"—"( +(X(a, = 1)/7)F)

P L

(5.4)

where

f(c)z'ﬁ’{ﬂ}_

When (5.4) is integrated over P all forms not of degree 2¢g must be discarded. Hence
from (5.4) and (2.3) follows

croug [T\ s (sin?VAr)" “(cos*VAr)“
(5.5) vEror) = (T) Pl P

Now (1.5) is a consequence of (1.4) and (5.5).

fa-a)2F) 121,

6. Comparison theorems. In this section it will be shown that there is a comparison
theorem which simultaneously generalizes Theorem 1.1 and also the Bishop-Gunther
comparison theorem. This theorem is a refinement for Kahler submanifolds of the
comparison theorems of [GR3].

The following notion will be needed:

DEFINITION. Let 0 < 6 < 2. Then the @-sectional curvature K ™(8) of an almost
Hermitian manifold M is the restriction of the sectional curvature of M to the
2-dimensional subspaces = of tangent spaces which make an angle § with a
holomorphic section. (Thus # has a basis of the form x, cos {x + sin §y where y is
perpendicular to x and Jx.) Then the holomorphic and antiholomorphic sectional
curvatures are the cases § = 0 and § = 7 /2.

THEOREM 6.1. Let P be a Kihler submanifold of a complete Kihler manifold M.
Assume that P is relatively compact and topologically embedded, and that r > 0 is not
larger than the distance from P to its nearest focal point.

(i) Suppose KM(O) > 4N and KM(7/2) > N. Then
(6.1) VM(r)< / (R - RM)/\(%sinzx/Xr+cosz\/Xr)"

1 -¢ 7 —sin \/—r)
<Gl T (4 SR )
~———(n _l 2! (—smzy/—r) ) vol(P).

(ii) Suppose KM(0) < 4\ and KM(7/2) < A. Then
(6.2) va(r) > ! / 7(RF — RM) A(%sinzﬁr + coszx/XrF)".
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PrROOF. The proof of Theorem 1.1 must be generalized. The four fundamental
equations described in §2 are completely general and so they may be used as they
stand.

First part (1) will be established. Instead of (4.2) one has

Ko > K2+ A, #q+1,(¢g+ 1"
(63) { K a*q+1,(qg+1)

Kige1y» = K(qﬂ)* + 4A,

and from (6.3) follows

k() > ——ln(cos\/—t ‘/E_)smx/—t fora=1--- g%,

(6:4) {k,(1)> ——lnsmft fori=gq+2--- n*
Kgrne(1) > — Eln(sinZ\/Xt).

Then (6.4) implies

(6.5) trS(7) < { :V:: n(COS\/—Xt - K”T;O)sim/}:t)

+2(n— g - 1)nsinyAz + lnsin2\/)Tt}.
From (6.5) follows the generalized version of (4.6):
. 2n—2g-1
(6.6) 6,(1)< (%‘/&) cosx/—tn (coszy/—t ( ) sn2\/—t)
t

It is clear that the rest of the proof goes as before with “ = ” replaced by “ < ” at
the appropriate points. Thus the inequality corresponding to (4.8) is

(6.7)

t2"—2q—1/ 6,(t) du
§21-29-1(1)

2msinyA tcosyA ¢ P pCPUON) T 9 A 1o,
<SR <y(R R )/\((A F )sin \/}\t+F) iFY).

When (6.7) is integrated from 0 to r and then over P the result is the first inequality
of (6.1).

To establish the second inequality in (6.1) let {,(¢) denote the quantity in the
right-hand side of (6.6). It is clear that

(68) {u(t) B ( Sin‘/'x\/ft )2n—2q—l(cos‘/xt)2q+1 < (Si;x\/}ft )Zn—Zq—lcos‘/Xt.
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Thus
"an-29-1 $,(t) dude
,/(; j;2n—2q—1(1) ( )
(6.9) <2t j»r(sim/Xt)2”‘24—1(005‘/Xt)2q+1dt
“T(n-q)% \ VAt

n—gq n—
<Gl

The integral in the middle term of (6.9) can be computed. Thus when (6.9) is
integrated over P and (6.6) is used, the second and third inequalities of (6.1) resuit.

The proof of (6.2) is similar to that of (6.1); this time all of the inequalities are
reversed. The only difference is that there is no analog of (6.8).
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