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DUALITY THEOREMS IN DEFORMATION THEORY
BY
HUBERT GOLDSCHMIDT!

ABSTRACT. We give a unified treatment of the construction of the Calabi sequence,
which is a resolution of the sheaf of Killing vector fields on a Riemannian manifold
of constant curvature, and of the resolution of the sheaf of conformal Killing vector
fields on a conformally flat Riemannian manifold of dimension > 3 introduced in
[7]. We also explain why the latter resolution is selfadjoint and associate to certain
geometric structures selfadjoint resolutions of their infinitesimal automorphisms.

Introduction. In the deformation theory of pseudogroup structures as developed
by K. Kodaira and D. C. Spencer [21,20,23], one of the fundamental problems
consists of interpreting the space of infinitesimal deformations of a geometric
structure on a compact manifold X of dimension n, which is isomorphic to the first
cohomology group H'(X,®) of X with values in the sheaf ® of infinitesimal
automorphisms of the geometric structure, and then of determining which elements
of H'( X, ®) correspond to an actual deformation of the structure. Certain classes in
H'( X, ©) may be obstructed, the obstructions occurring as classes in H*( X, ©).

If the automorphisms of the structure form an analytic and elliptic pseudogroup,
according to [23 and 17], the Spencer sequence

o2 2 n
00 >¢o ¥ >€ > - €" >0

is a fine resolution of ® and an elliptic complex. Here % is the sheaf of C*-sections
of a vector bundle C’/ over X and D is a first-order differential operator, and
¢= 0% J possesses the structure of a graded Lie algebra which is compatible with
D, i.e.

D[u,v] = [Du, v] +(-1)'[u, Dv]

foru € €', v € €’. Moreover, the space H/( X, ©) is finite-dimensional and isomor-
phic to the cohomology of the sequence

(X, %) S T(X, %) S T(X, 4/*);
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2 HUBERT GOLDSCHMIDT

if a cohomology class in H'( X, ®) is represented by a section u of C' over X
satisfying Du = 0, the obstruction to finding a deformation tangent to this class lies
in H2( X, ®) and corresponds to the cohomology class of the section }[u, u] of C>.

For complex structures, this is an extremely satisfactory theory. Unfortunately, for
certain other structures this theory does not always lead to explicit computations and
alternative interpretations of the cohomology groups H/( X, ®) must be found. Here,
we are interested in structures giving rise to pseudogroups of finite type. Then © is a
locally constant sheaf and the Spencer sequence is isomorphic to the canonical
resolution of ®, which is a twisted de Rham complex. In certain cases, one can
construct other fine resolutions of ®, whose bundles and differential operators can
be explicitly described by means of the geometric structure, and in terms of which
the infinitesimal deformations have a more geometric interpretation. Two resolutions
of this type have been constructed, namely by Calabi [2] for the sheaf of Killing
vector fields on a Riemannian manifold of constant curvature and in [7] for the
sheaf of conformal Killing vector fields on a conformally flat Riemannian manifold
of dimension > 3. In both these cases, an element of H!( X, ®) can be represented
by a variation of the metric, which is a symmetric 2-form. Using these sequences, for
certain spaces one can compute the space of infinitesimal deformations. For exam-
ple, Calabi proved that H'( X, ®) vanishes when © is the sheaf of Killing vector
fields on a compact quotient of hyperbolic n-space, with n > 3. In [7, §17], all the
cohomology groups H/(X,©) are computed for the sheaf ® of Killing or of
conformal Killing vector fields on a flat torus. Since a good obstruction theory does
not as yet exist in the context of these sequences, it is important to relate explicitly
the Spencer sequence to the geometric resolution for these two structures in order to
carry out computations for certain examples, in particular for the conformally flat
structures on compact quotients of hyperbolic space (see [22]).

In this paper, we propose to give a unified treatment of the construction of these
two geometric resolutions by means of a spectral sequence, which permits us to
associate directly to a section u of C/ satisfying Du = 0 a section of the (j + 1)th
vector bundle of the geometric resolution corresponding to the same cohomology
class in H/( X, ®). This should enable us to relate the deformation and obstruction
theory given in terms of the Spencer sequence to one worked out in terms of the
geometric resolution.

If g is a conformally flat Riemannian metric on X, an infinitesimal deformation of
the corresponding conformal structure is represented by a section « of the bundle C!
of the Spencer sequence satisfying Du = 0. It determines an infinitesimal variation 4
of the metric g, which is a symmetric 2-form. If n > 4, we show here that the
condition Du = 0 implies that the linearization of the Weyl tensor operator vanishes
on h, that is, & is a cocycle of the geometric sequence of [7]. The second order
variation of the Weyl tensor operator gives us a section of a bundle of this sequence,
which is a cocycle and which has an explicit quadratic expression in terms of & and
its first derivatives. Using the methods developed here, we hope to prove that this
section corresponds to the cohomology class of the section 3[u,u] of C 2 in
H?(X.0). Using the Spencer sequence and cur spectral sequence, we explain in
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algebraic terms why the duality theorem for the cohomology groups H’/( X, ©)
established in [7] holds and why the geometric resolution of ® is selfadjoint.

We denote by T and T* the tangent and cotangent bundles of X and by & the
sheaf of sections of a vector bundle E over X. Let R, be a formally integrable linear
differential equation of order m on a vector bundle E over X corresponding to the
homogeneous equation Ps = 0, for s € &, where P is a linear differential operator of
order m. Assume that R, is of finite type, in particular that the first prolongation of
its symbol vanishes. Then a solution s of R, or of the equation Pu = 0 over a
connected open subset U of X is uniquely determined by its m-jet at x € U, and the
sheaf © of solutions of R, is locally constant and admits a canonical resolution

(1) 050 >R, ST*OR, > NT* @A, > > NT*SR, -0,

which is a twisted de Rham sequence. We suppose that R, satisfies some regularity
conditions and in particular that the Spencer cohomology groups H”/(R,,) of R,
with 0 < j < n, 0 < p < m, defined in §3 are vector bundles. The vector bundle R,
is filtered and this permits us to define a filtration {€7} of A7 * ® #,, determined
by sub-bundles C? stable under the differential v We consider the corresponding
spectral sequence { E?/, d,}, and verify that E$”/ is canonically isomorphic to the
sheaf of sections of H?*/(R,,) and that E}?~ !/ = 0. If there exist integers

O=rysr<- - <,

n—1 <

n

sm

such that H?/(R,) = 0 forall p + r, with 0 <j < nand 0 < p < m, then, because
of the vanishing of appropriate E; and E, terms of this spectral sequence, from the
sequence (1) we obtain a complex

()] 1 2
(2) 050825825 .. e,

where E/ = H"”/(R,) and D’ is a differential operator of order r,,, —r, +1
derived from the differential d,,  _,, of the spectral sequence; using results from
the theory of spectral sequences, we prove that this sequence is exact and an elliptic
complex. Moreover, we always have H*(R, )= E* = E.

In [5], it is shown that the first-order equation R, for the Killing vector fields of a
Riemannian manifold ( X, g) of constant curvature satisfies all the above conditions
withm=1,7,=r,=0and r,= --- =r,=1; we thus have the resolution (2) of
the sheaf © of Killing vector fields of (X, g), where D,, D; (with j > 2) are
differential operators of order 1 and D, is of order 2. There are canonical isomor-
phisms

T — H°°(R,), S’T* - H"(R,), E,_,— H'(R,)

for 2 <j < n, where S*T* is the bundle of symmetric 2-forms on X and E_,isa
sub-bundle of A’T* ® A*T*. By means of these isomorphisms, from the resolution
(2) of O, we obtain a resolution

Qo Q Q,
O—»@—>,7—>S2,7'*—>é’1—>é’2—>~-~ -8,.,—0.



4 HUBERT GOLDSCHMIDT

In §6, we show that it is the Calabi sequence of [2] as defined in [5]; in particular, if £
is a vector field on X, we verify that Q¢ is the Lie derivative of g along £.

If ¥ is a torsionless connection on X and ( X, ¥ ) is an affinely flat manifold, then
the equation R, of order 2 for the infinitesimal affine transformations also satisfies
all the above conditions withm = 2, ry=0and r, = --- =r, = 1, and so we have
the resolution (2) of the sheaf ® of infinitesimal affine transformations of (X, V),
where D, is a differential operator of order 2 and D, (with j > 1) is of order 1 which
can be explicitly described in terms of ¥.

We now suppose that R, is a Lie equation in the tangent bundle of X. Then R, |
has the structure of a Lie algebra for x € X. In terms of the Killing forms of these
Lie algebras, we define a pairing

(3) (NT*®R,)®(A'T*® R,) > ANT*,
sending u ® v into (u, v), such that

(vu,v) +(-1){(u,vv) = d{u, v)
forue NT*@R,,v e NT*®R,. If HY(X,O) denotes the kth cohomology
group of X with compact support and values in ©, then, from this pairing and the
resolution (1), when X is oriented we obtain a pairing
(4) H/(X,0)® H /(X,0) - R.

Whenever R, | is a semisimple Lie algebra for all x € X, we prove that this pairing

n.,x

i1s nondegenerate (Theorem 1.1). We assume henceforth that m = 2. By restriction
and passage to the quotient, the pairing (3) induces a pairing
(5) HP(R,)® H> PJ/(R,) = AN'*/T*
for 0 < p <2, sending u ® v into {u,v). Suppose that there exists an integer
0 < k < (n+1)/2 such that

H%/(R,)=0 for j >k,

H'J(R,)=0 for j<kand j>n—k,

H?*/(R,)=0 for j<n-—k;
then the condition described above for the existence of the sequence (2) is verified

withr, =0forO<i<k,rp=1fork+1<j<n—k—1andr,=2forn—k<
!/ < n. We have r 2—r for 0 <j<n and we prove that there exists a

n—j =

differential operator
aj:g/ @ gn—/~l N /\”’1,7'*

of order r

j+1

(6) <Dju,v>+(—l)1<u, D,,_I_lv>=daj(u®v)

— r,such that

for allu € &/, v € &"/~1. Thus when X is oriented, from the resolution (2) and the
pairing (5) we obtain another pairing

H/(X.0) & Hl /(X.0) > R;
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by means of our spectral sequence, we show that this pairing is indeed equal to (4)
(Theorem 5.1).

For x € X, the fiber R, , is a filtered Lie algebra and thus the fibers of the graded
bundle g = g, ® g, ® g, associated to the filtered bundle are also Lie algebras. If g,
is semisimple for x € X, so is R, , and the pairing (4) is therefore nondegenerate
whenever X is oriented; moreover, there exists a morphism o: g — g of vector
bundles such that o, is a Cartan involution of g, for all x € X, and

(7) o(gp) = g2—p
for p = 0,1,2. The Killing forms of the Lie algebras g, and o determine a scalar
product on the bundle g and a metric on X. Using the induced scalar product ( , )

on AT* ® g, we construct a sub-bundle F/ of A/T* ® g, and an isomorphism y:
F/ — EJ. The pairings (5) determine morphisms

F/® F'/ > A'T*
sending u ® v into (u, v) = {yu, yv). By means of the isomorphisms y, from the
sequence (2) and (6) we obtain a resolution

PO P! PZ
(8) 050 >F 5 FI5F2S oo 5 F" 50

of © and differential operators
a F/ ®F" I o5 \TLTx
of order r;,, — r; which have properties similar to those of the de Rham sequence,

namely:
(I) Foru € #/andv € "7/, we have

(Plu,v) +(-1)(u, P"7"1v) = da;(u @ v).
(IT) If X is oriented, then because of (7), the isomorphisms
*:NT*®g, > AN"'T*®g, ,
defined in terms of the Hodge *-isomorphism by
*(a®£)=—(xa)®a(§),
fora € A'T*, ¢ € 8., give us by restriction isomorphisms *: F J — F"7J such that
9) xxy=(-1)""u,
(10) (u, * vy = (u,v)Q
for u, v € F/, where Q is the volume form corresponding to the metric on X.
(III) If X is oriented, the formal adjoint P/*: #/*! - %/ of P/ is equal to
(=)™t e priTlx,
(IV) The Laplacians 0/: #/ — % / defined by
0/ = (p/—lpj—l*)’/+l—’j+1 +(PA/'*P/‘)’./"/—|“
are formally selfadjoint and elliptic and, if X is oriented, satisfy the relations

*0/=0""7 %,
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These properties of the sequence (8) imply that it is formally selfadjoint; hence the
adjoint complex

n—1lx no 2% 0%

P P
0-0@,0 > F" > F"1 o .. 5FIL F05

of (7) is exact, where o is the orientation sheaf of X (over Z).

In §7, we study the first-order differential equation R, for the conformal Killing
vector fields of a conformally flat Riemannian manifold ( X, g) of dimension n > 3.
Using results of [7], we verify that the first prolongation R, of this equation satisfies
all the above assumptions with m = 2 and k = 2, and that R, _ is a simple Lie
algebra for all x € X. We thus have the resolution (2) of the sheaf ® of conformal
Killing vector fields of (X, g), where D,, withj # 1, n — 2, are differential operators
of order 1, D), D, , are of order 2 when n > 4, and D, is of order 3 when n = 3.
There are isomorphisms of vector bundles depending on g

@o: T > H*°(R,), 910 S§T* > HY(R,),
¢ E) > H'(R,),
@1  N'T*® S;T* > H*""(R,), ¢, A"T*® T* > H>"(R,),

where ST * is the sub-bundle of S>T* of 2-forms with zero trace, and E” | is a
sub-bundle of A/T* ® A’T* for 2 <j<n— 2, such that the resolution of ©
obtained from (2) by means of these isomorphisms is the sequence

P Py Py
(11) 020 ->F > F >F—> -+ >F >0

of [7]. From the relations (6), we deduce the results given by Propositions 11.1 and
11.2 of [7]. We then show that the nondegenerate pairing (4) obtained from (5) is
equal to (—cn)-times the corresponding pairing described in 7] when X is compact,
where ¢ = 8 if n > 4 and ¢ = 2 if n = 3 (Theorem 7.1). Moreover, if 2 2/" denotes
the bundle of densities of order —2/n on X, there exist isomorphisms of vector
bundles

¢0=(p0:F0_)EOa (i)n:q‘)n:F —)E"’ q')j: Q—Z/n®f}—)Ej

n

for 1 <j < n—1, depending only on the conformal class of g, such that the
resolution of © obtained from (2) by means of these isomorphisms is the sequence
(13.14) of [7], and we thus show that this complex depends only on the conformal
class of g, a result verified in [7, §13].

In terms of the metric, we define a Cartan involution of the graded bundle g
satisfying (7); consider the corresponding scalar product ( , ) on AT* ® g and
the sub-bundle F/ of A/T* ® g,- We define an isomorphism y;: F; » F / such that
v¢, = ¢,. If X is oriented, then, in terms of the morphisms *: F/ — F"™/ de-
termined by o, the morphism *: F, > F,__ defined in [7] is equal to d ¥, * ¢,
where d, is a constant depending only on » and j. From (9) and (10), we deduce the
corresponding relations for the isomorphisms *: F, = F,_, of [7]; thus we have
shown that the resolution (11) of © is a formally selfadjoint complex, namely, that it
satisfies conditions (I)—(IV) of the introduction of [7].
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If v is a torsionless connection on X and » > 2, and if (X, V) is a projectively
flat manifold, then the second order differential equation R, for the infinitesimal
projective transformations satisfies all the above assumptions with m = 2 and k = 1,
and R, , is a simple Lie algebra for all x € X. Thus we have the resolution (2) of the
sheaf © of infinitesimal projective transformations of (X, V), where D, with j # 0,
n — 1, are differential operators of order 1 and D, D, _, are of order 2. Moreover,
we have the nondegenerate pairing (4) and the sequence (2) is formally selfadjoint.
The operators of this sequence can be explicitly described in terms of v, although
we do not carry out this computation here.

Finally, we make some additional comments about the contents of this paper. §1
contains some results from the theory of overdetermined differential operators of [8
and 17], namely formula (1.13) which is needed to establish (3.6) and the commuta-
tivity of (3.5); these are the two facts which permit us to construct our spectral
sequence in §3. In §1, we also provide two proofs of the nondegeneracy of the
pairing (4). In §2, we present the results on spectral sequences, which are required in
§3 to construct and prove the exactness of sequence (2), and which are similar to
certain ones of [3, Chapter XV]. In §3, we define our filtration {€”} and our
spectral sequence, and give explicit formulas for the differential operators of the
sequence (2) and their symbols. We also prove the commutativity of diagram (3.20),
from which we deduce Theorem 5.1. §4 is devoted to the structure of semisimple
graded Lie algebras; we establish there a duality result for their cohomology
(Proposition 4.4), which is proved in a special case in [7].

We wish to thank J. C. Moore, E. Van den Ban, J. L. Verdier and G. Zuckerman
for the most helpful discussions concerning this paper.

1. A duality theorem. Let X be a differentiable manifold of dimension n and class
C*, whose tangent bundle we denote by T. We write 0, for the sheaf of real-valued,
differentiable functions on X. Let S'T* and AT * be the /th symmetric power of
T * and the mth exterior product of T*, and let AT * be the exterior algebra of T *.
Let E be a vector bundle over X; we denote by & the sheaf of C*-sections of E and
by J,(E) the bundle of k-jets of sections of E. We write C*(E) (resp. C5°(E)) for
the space of C*-sections of E (resp. of E with compact support) over X. Let j,:
& — J, (&) be the differential operator of order k which sends a section s of E over a
neighborhood of x € Xinto the k-jetj, () of this section and let w,: J, , ,(E) = J,(E)
be the natural projection sending j, , ,(s)(x) into j, (s)(x). We identify J,( E) with E
and we set J, (E) = 0 for k < 0. We have a natural injection

A (E) = J (S (E)),
which sends j, , ,(s)(x) intoj,(j,(s))(x), and an exact sequence of vector bundles

(1.1) 0- ST*® ES J(E) ='J,_(E)— 0,

where ¢ is the morphism defined as follows: if fi,...,f, are real-valued functions on
a neighborhood of x which vanish at x, then

((dfy - 'dm(x)@s(x))=jk((ﬁﬁ)s)<x>.
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The sequence (1.1) yields the exact sequence
0->T*®J,_,(E) - (41 (E)) E Ji-1(E) = 0.

If F is another vector bundle over X and Q: & - Zis a differential operator of
order k, then Q induces a unique morphism of vector bundles p(Q): J,(E) > F
such that p(Q)e j, = Q; the symbol o(Q): S*T* ® E — F of Q is the morphism
p(Q)ee.

We define a first-order differential operator
D:J (&) > T*eJ,_,(&)

by

(1.2) eDu = ji(m,_u) — Nu

for u € J,(&), and obtain the first-order differential operator
(1.3) D:NT*®J (&) > N"'T*eJ, _ ()
determined by

(1.4) D(w®u)=dw®m,_u+(-1)'w A Du

for w € A/.J * and u € J,(&). We thus obtain the Spencer complex
(1.5) 0-657(6) 3T 0u_ (&) > NT*®J, (&)

D
S s ANTre s (&) -0,

which is an exact sequence. Let §: S¥*!T* - T* ® S*T* be the natural inclusion

sending o, - - -+ -0, Witha,,....a,,; € T* into
k+1
aj®al' a/ PP .a/\‘+1;
J=1

foru € SK*!T* and ¢ € T, we denote by 8,u the element of S¥T * defined by
8§u = (§,0u).
We extend 8§ to a morphism of vector bundles
S: NT* ® SKHIT* 5> N/FIT* @ ST *
sending @ ® u into (-1)/w A 8u, for w € A’T* and u € S**'T*. Then we have
(1.6) S(wAu)=(-1)w A du
forw € A’T* and u € AT* ® S**!T*, and the diagram

: -8 .
NT*e ST *es - N''IT*eST*e¢

le Le

(1.7) NT* 8T . (&) S  ANTres(s)
1w my

NT* ® J,(&) 5 ANTre g (&)

commutes (see [8, 17]).
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If R, C J,(F) is a differential equation of order k on E, the symbol of R, is
g, ={ue ST*® Eleuc R,}. Now let R, C J,(E) be a formally integrable
differential equation of order k on E, whose /th prolongation is the sub-bundle R, .,
of J,, (E); let g,.,C S¥*'T* ® E be the /th prolongation of the symbol g, of R,.
Then the differential operator (1.3) gives us by restriction a first-order differential
operator

D:NT*@ R, ., > N'T*@ R, ., 4

and, according to the commutativity of (1.7), the diagram
NT*® g __f NTT*® g
Le le
NT*eR,., > NI &R, ,

commutes. From the exactness of (1.5), we see that, if © denotes the sheaf of
solutions of R, the sequence

./k+l

(1.8) 0052, > T*® U, (&)

is exact.
We obtain a complex

8 5 8
(19) 0-g, > T*®@g. 1> ANT*®g, ,—> - 2ANT*®g
S AFIT* @ ST+ 8 E;
the Spencer cohomology H**/~/-/(g,), with [ > j, is the cohomology of (1.9) at
ANT* ® g, ,. Werecall that

(1.10) H**'0(g) =0,  H'''(g)=0

for/ = 0.

Now assume that there exists an integer m > k such that g, ., = 0. Then =, :
R, ., = R, is an isomorphism; let x: R,, = R, ., denote its inverse. The composi-
tion

X A

Rm - Rm+1 - Jl(Rm)
is a connection on R, since myA;x = id; it corresponds to the first-order differential
operator V: %, = J * ® #,, determined by

evu = ji(u) = Ax(u)
foru € #,,,. According to (1.2), we see that

vV=D-x:%,>9*®2%,.

If
(1.11) VIANT*® R, > NTT*® 2R,
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is the differential operator determined by
vV (o®u)=do®u+(-1)w A vu

forw € A’ * andu € #,,, then
(1.12) Vi (oAu)=doAu+(-1)wA Vu
forw € A7 *andu € AT * ® #,, and from (1.4) we infer that

V=D -x:NT*®R,>N"T*02R,.
Hence by the commutativity of (1.7), we see that
(1.13) T, V' =D:NT*Q@R, >N T*eJ,  (T).
By (1.12), the symbol

o(v): T*®AT*®R, > N''T*®R,,
of V' sends a ® w® u into a A w®u, for a € T* weA/T* and u € R,,.

According to Proposition 5.1 of [8] and Theorem 2.1 of [5], the curvature of the
connection x vanishes and so the sequence

(114) 003 %, ST 0, 5 NT*08R, > -+ >A'T*@R, -0
is a complex, which by Lemma 5.3 of [8] and Proposition 2.1 of [5] is in fact an exact
sequence. Moreover, by Theorem 2.2 of [8], if U is a connected and simply connected
open subset of X and x € U, the mapping

(1.15) rv,e)-R
sending s into j,,(s)(x), is an isomorphism, and so © is a locally constant sheaf. The

sequence (1.14) is also an elliptic complex.
Henceforth, in this section we suppose that E = T. Consider the bracket

‘]r+l(T) ®Jr+l(T) - ‘,r(T)

m,x»

defined by
[rr()(x) s () ()] = i ([§, ])(x)

for x € X and §,n €7, We also assume that R, is a Lie equation, that is,
[R,.1» Rii1] € R,. Then we have

[Rm+1’ Rm+1] c Rm*
and the bracket
(1'16) Rm ® Rm - Rm’

defined by
(¢ 0] = [x(&). x(n)].

for §,m € R,,, endows R, with a structure of Lie algebra for all x € X. Moreover,
with respect to the Lie bracket of vector fields, ® is a sheaf of Lie algebras, and the
mapping (1.15) is an isomorphism of Lie algebras. We say that R, is formally
transitive if 7,: R, — T is surjective.

Let B: R,, ® R,, — R be the mapping whose restriction to the fiber over x € X is
the Killing form B, of R, ..
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LEMMA 1.1. If &, v are sections of © over an open set U, then dB( j,,(£), j.(1)) =0
on U.

PROOF. We may assume that U is connected and simply connected. Let B’ denote
the Killing form of the Lie algebra I'(U, ®). Since (1.15) is an isomorphism of Lie
algebras for x € U, we have

B'(¢,m) = B.(Ju(£)(x), ju(n)(x))
forall ¢, m € T'(U, ©).
We define a morphism of vector bundles
(1.17) (NT*® R,) ®(A'T*®R,,) > AN"/T*
sending u ® v into (u, v), foru € A'T* ® R, andv € A’'T* ® R,,, by setting

(u,v)y = B(§,m)a A B,
wheneveru = a ® £andv = B ® n, witha € AT*, B € A/T*and ¢, n € R,

LEMMA 1.2. We have

(1.18) (Vu, vy +(=1)(u, v) = d{u, v)
forue NT*® R, andv e N'T* ® R,

PROOF. According to Lemma 1.1, the equality (1.18) holds when u = j,(§) and
v =j,(n), with §, 7 € ©. If (1.18) holds for u=§{( € %, and v =0 € %, and if
f. g€ 0y, then by (1.12) it holds for u = f§ and v = gn. Since (1.15) is an
isomorphism, the sheaf #,, is generated by j,,(©) over 0, and therefore the formula
is true for all u, v € #,,. From (1.12), we see that if (1.18) holds for u,v € #,,, it
holds for u, v of arbitrary degree.

If v also denotes the connection in R}, ® R¥ induced by Vv and if we consider B
as a section of R* ® R¥*, then formula (1.18) holds for all u, v € #,, if and only if
vB = 0.

We denote by H/ the cohomology of the complex

(1.19) 0 - C*(R,) > C=(T*®R,)> C*(AT* & R,,)
o
> -« 5 C*(A"T*®R,)—>0

at C*(A’T* ® R,,), and by H{ the cohomology of the complex (1.19), with C*®
replaced by C°, at C°(A’T* ® R,). The exact sequence (1.14) gives us canonical
isomorphisms

(1.20) H/(X,0)—> H/, H{(X,0)- Hj,

where Hj( X, ©) is the jth cohomology group of X with compact support and values
in ©.

Suppose that X is oriented. Consider the mapping sending u ® v, with u €
C*(N'T*® R,,) and v € CP(A"/T* ® R,)) satisfying Yu=0 and vv =0,
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onto f,{u, v); by Lemma 1.2 and Stokes’ theorem, we see that this mapping induces
a well-defined pairing

(1.21) H' ® H]”/ — R.
From the isomorphisms (1.20) and the pairing (1.21), we obtain a pairing
(1.22) H/(X,0)® H! /(X,0) > R.

THEOREM 1.1. If R, . is a semisimple Lie algebra for all x € X, then the pairings
(1.21) and (1.22) are nondegenerate.

ProOOF. First, we assume that X is connected and simply connected; let w be an
n-form with compact support such that [, w = 1. Since V¥ is a flat connection, if
{£1.....§,} is a basis of I'(X, ©) and «; denotes the cohomology class of w ® j,(£))
in Hg, then {j,(§)),....j.(£§,)} is a basis of H® and {ay,...,a,} is a basis of H].
Then, if x € X, the pairing (1.21) sends j,,(§,) ® a;, with 1 < i, j < ¢, into

[, BUMED. (&) = BUL(EN (). n(€)(x) [ o

= B( ), (£)(x), jul£)(x)).

by Lemma 1.1. Since B, is nondegenerate and { j,,(§,)(x),... Jm(§,)(x)} is a basis
of R,, ., the pairing (1.21) is also nondegenerate for j = 0. Since H/ = 0 for j > 0,
and H{ = 0 for j < n, we see that (1.21) is nondegenerate for all j > 0. A proof due
to J. Milnor of Poincaré duality for de Rham cohomology, using Mayer-Vietoris
sequences for this cohomology with or without compact support and the existence of
acyclic coverings, and similar to his proof of the Duality Theorem A.9 of [15,
Appendix A] (see also [18, Chapter 11]), is now easily extended to the case of the
cohomologies of the sequence (1.14) and gives us the nondegeneracy of (1.21) for an
arbitrary oriented manifold.

Under the further assumption that X is compact, we now give another proof of
Theorem 1.1 using Hodge theory.

We first begin with

LEMMA 1.3. Let g be a bundle of Lie algebras over X and 7: @ — g a morphism of
vector bundles such that T, is an involutive automorphism of g, for all x € X. Assume
that g, is semisimple for all x € X, and that (g, 7) is locally trivial, that is, for all
Xy € X there exist a neighborhood U of x, and an isomorphism ®: U X g, — g, of
bundles of Lie algebras over U such that 7, = ® (id X 7 )®_ !. Then there exists a
morphism o: g — g of vector bundles over X such that ot = 70 and o, is a Cartan
involution of g, for all x € X.

PRrROOF. Fix x € X; let G be the adjoint group of the Lie algebra g .. According to
Lemma 10.2 of [1] (see also [10, p. 156]), there exists a Cartan involution 8 of g,
commuting with 7. Let g =t ® p be the corresponding Cartan decomposition of
g, and set h = {£ € g, |1(§)=§). Then according to Lemma 4 of [14] and its
proof, the set of all Cartan involutions of g, commuting with 7, is equal to

{$0y |y = exp(ad §), withé e p N b }.
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By [4, Chapter I, Proposition 6 and 10, p. 216], this set considered as a subset of
Hom(g,, g,) is diffeomorphic to p N ). Suppose that X is connected. Our condition
of local triviality implies that

o, is a Cartan involution of g a}

{0 e Hom(g, Q) foralla € X, and o7 = 10

is a locally trivial sub-bundle of Hom(g, g) whose fiber is diffeomorphic to p N .
Therefore by Theorem 12.2 of [19], this bundle admits a differentiable section o.

Since the mappings (1.15) are isomorphisms of Lie algebras, R, is a locally trivial
bundle of Lie algebras. Assume that R,  is a semisimple Lie algebra for all x € X.
Then by Lemma 1.3, with 7 = id, there exists a section o of R¥ ® R, over X such
that o, is a Cartan involution of R, , for x € X. Then the mapping B,: R,, ® R,, =
R, defined by

Bg(£7 TI) = _B(ga U("?))
for £, n € R,,, determines a symmetric positive definite form on R,, , for x € X. Fix
a Riemannian metric g on X and consider the scalar product ( , )on AT*® R,
induced by the scalar product on AT * determined by g and the scalar product B, on
R . Suppose that X is oriented and let £ be the corresponding volume form on X.
Let
(1.23) *:NT*® R, > N"'T*®R,
be the morphism of vector bundles defined in terms of the Hodge *-isomorphism by
*(a®§) = —(xa)®o(£)

fora € A/T* and ¢ € R,,. Then, since o is an involution,

(1.24) xxu=(-1)""u
foru € A'T* ® R,,. Moreover, foru,v € A’'T* ® R,,, we have
(1.25) (u, *v) = (u,v)Q.

Indeed, ifu = a ® {andv = B ® n, witha, B € A/T*and u, v € R, we see that
<u9 * U> = _<a ® g’ *B ® 0(1’)> = _B(g’ 0("7))" A *B
=B,(&,m)an =B =(u,0)Q

From formulas (1.24), (1.25), Lemma 1.2 and Stokes’ theorem, it follows that the
formal adjoint

V*NTT* R, > NT*e AR,
of v” (with respect to € and the scalar product ( , ) on AT* ® R,)) is equal to
(DTG O ANT* @ R, > NT * ® R, is the Laplacian defined by

=V V™ + v™*v’,

then
(1.26) *0 = O
(see [7, Proposition 14.1]). Moreover, if X is compact, since (1.14) (with © omitted) is
an elliptic complex, according to Hodge theory the harmonic space

H/ = {ue C® (MT*@R,)|[O0u=0}
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is finite-dimensional and the mapping H/ — H’, sending u into the cohomology
class of u in H’, is an isomorphism. By (1.26). the mapping (1.23) induces an
1somorphism

x:H/ - H" /.
From these results and (1.25), we deduce that (1.21) is a nondegenerate pairing (see
for example the proof of Theorem 14.1 of [7]).

2. Filtrations and spectral sequences. In this section, we shall consider modules
over aring R. Let A be a filtered complex (over R) endowed with a filtration

- CFP*Y(A)c Fr(A)cC ---

by submodules of 4, with p € Z and 4 =U ., F”(A); moreover 4 = ®,_, 4’ is
graded and, if F7/(A) = A’ N F?(A), we have

FP(A) = _EBZFN(A).

The differential d of the complex A satisfies
dFP/(A) C FP/"1(A).

We consider the spectral sequence of this filtered complex; we set
zr={ae Fr/(A)|da € Fr' /"' (A)},
Erp./ — er//( erjll.j + erp:lrirl,j—l).
We have
E({’”/ = Fpa/'(A)/Fpn./(A).
The differential d induces a morphism d,: Ef/ — EF*"/*1 Then EF; is canoni-
cally isomorphic to the cohomology of the sequence

d d
porj-l S ppg 5 prtrgtl
Er - E’ - Er

at EP+/. Thus if EP*"/*1 = 0, there is a natural epimorphism E/~ — E?;}, and if
EP~"/~1 = 0, there is a natural monomorphism Ef;{ — E//. Let r < s; by compos-
ing such mappings, from this remark we obtain a natural epimorphism E?/ — EP*/
if E9/*1 =0 for p+ r < gq <p +s, and a natural monomorphism E?/ — EP-/ if
Ed/~' =0 for p —s < g < p — r; if both assumptions hold, these mappings are
reciprocal isomorphisms.

Let r > 1; assume that

(21) E({’v!*l — O‘ Elq._/#l — 0’
(2.2) Ep*ri =0, Ef=

for p < g < p + r. Then we have a natural epimorphism a: E{~” — E/*/ and a
natural monomorphism B: EP*"/*1 — Ef*/*! and so we may consider the
morphism

yya prrotl
dy, E{’ — E{
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equal to the composition

Ca d, . B .
pJ pJ ptr.j+1 ptrj+1
EpJ > EPJ = E! - E{ .

This operator d,, is defined under stronger assumptions in [3, Chapter XV, §5]. If
(2.1) holds forp < g < p + r, then
FPI(A)=ZPJ + FP1(A);
if u € FP/(A) is written as
(2.3) u=uv+w,

where v € ZP/ and w € FP*1J(A), then it is easily verified that the image under a
of the class [u] of u in E§*/ is equal to the class of v in E?*/. On the other hand, if
(2.2) holds forp < g < p + r, we have

de_+ll'jC FP+r+l.j+l(A);

if ' € ZP*r/*1 the image under B of the class of 4’ in E*"/*! is equal to the
class of u’ in Ef*"/*!. Hence if (2.1) and (2.2) hold for p < g < p + r, and if
u € FPJ(A) admits the decomposition (2.3), then d ,[u] is equal to the class of dv
in Ef*"/*!. Forr = 0, wesetd,, = d,.

Let r, s be integers > 0. If » > 1, assume (2.1) and (2.2) hold forp < ¢ < p + r; if
s = 1, suppose that

(2.4) E¢™/ =0, Efi=0,
(2.5) Egi~'=0, Epil=0

for p — s < g < p. Under these assumptions, we have the sequence
: dO s ,'dO r .
(2.6) Ef~ It = EfJ S Ep*ri*t,

which is easily seen to be a complex.
The proof of the following proposition is similar to that of Proposition 5.9 of [3,
Chapter XV].

PROPOSITION 2.1. Suppose that one of the following conditions hold:
(@)yr=s;
(b)s < rand

(2.7) Ef/"'=0 forp—-r<q<p-s;
(¢)s > rand
(2.8) Ef/*' =0 forp+r<q<p+s.

Then, if t = sup(r, s) + 1, the cohomology of the complex (2.6) is isomorphic to EP.
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PRrOOF. First, if r = s, we have a commutative diagram

i1 dy., dy,, tritl
Eé) r.J N E({?/ N Eé) r.J

la 1B Ty

I
Erp—r.j—l ‘_) Erp/ - Erp+r.j+l
where a is an epimorphism, 8 is an isomorphism and y is a monomorphism. Hence
the cohomology of (2.6) is isomorphic to the cohomology of the bottom row of this
diagram, that is, to E?;%

r+1-
Next, suppose that (b) holds. In this case, we have a commutative diagram
. do s dy., .
Eop—x./fl — Eé)/ > E(g)+r./+l
la B Ty

d P
p=s.j-1 3 PeJ i .
Es - E.\' - E.\"+l r r

where a, @ and y are epimorphisms, 8 is an isomorphism and y is a monomorphism.
The hypothesis (2.7) implies that ¢ is an isomorphism and that Ef~"/*! = 0; from
this last fact, we obtain an exact sequence

d, .
(29) 0- Erp+jl _X) Erpj_) Erp+r./+1.
From (2.1), we deduce that EZ**/*! = 0; hence the sequence
d
(2.10) Er—ss ' S Eri S Era

is exact. We now easily see that the cohomology of the complex

r

Esp—x.j—l il_; Esp.j _‘l;lq)Erp-#rAijl
is isomorphic to E7;4, and therefore so is the cohomology of (2.6).
Finally, assume that (c) holds. We then have a commutative diagram

p-s.j—1 4o, oDy pr+l
E{~* »  E{ - E§

la B Ty

p-s.j-1 4 P Y p X P “ pHrj+l
Ex ' —)Es‘ _‘)Er+l_) r - Er

ty

where « is an epimorphism, 8 is an isomorphism and ¢, x and y are monomor-
phisms. The hypothesis (2.8) implies that  is an isomorphism and that EF*5/*1 = (;
from this last fact, we obtain the exact sequence (2.10). From (2.5), we deduce that
EF~r/71'=10, and so the sequence (2.9) is exact. We now easily see that the
cohomology of the complex
X, d, .
E!)—X.j—l N Erp"/—) Erp+r.j+l

is isomorphic to E”;/, and therefore so is the cohomology of (2.6).
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We say that the filtration is regular if, for each j, there exists an integer p; such
that F7(A4) N A’ = 0 for p > p,. We denote by H/(A) the cohomology at A’ of the
complex

. d o d .
ATV S 40> AT

If there exists 7 > 0 such that E?/ =0 for g < p, then any element u of A’
satisfying du = 0 can be written as u = v + dw for some v € FP/(4A)andw € 4771,
The following result is given by Proposition 5.6 of [3, Chapter XV].

PROPOSITION 2.2. Let t > 0. Assume that the filtration is regular and that
Ef " '=0 forq<p-—1,
(2.11) Ef7/ =0 forq + p,
EF/*t =0 forqg>p+1.
Then we have a natural isomorphism H/(A) — EF.

If the hypotheses of Proposition 2.2 hold, and if u € A/ satisfies du = 0, then
because of (2.11) we may write u = v + dw for some v € FP/(A) and w € A/~ !; the
mapping H/(A) — E?* of Proposition 2.2 sends the class of u in H/(A) into the
classof v € ZP/in EP.

From Propositions 2.1 and 2.2, we deduce

PROPOSITION 2.3. Let t = sup(r, s). Suppose that the assumptions of Proposition 2.2
and that one of conditions (a), (b), (c) of Proposition 2.1 hold. Then the cohomology of
the complex (2.6) is naturally isomorphic to H'( A).

In fact, under the assumptions of Proposition 2.3, we have a natural isomorphism
from H/(A) to the cohomology of (2.6) which can be described as follows. If u € 4/
satisfies du = 0, then we may write u = v + dw for some v € FP*/(A) andw € 4/,
this isomorphism sends the class of u in H/(A) into the class of v € Z§/ in E§.

For the remainder of this section, suppose that K is a graded filtered module (over
R), with a filtration

K=K°>K'D-.- DKPDO KPP D ...
and a gradationK = &, _, AJ; if KPJ = K? N A/, we suppose that

KP= @ K7,
pEZL

We set K? = K and K7/ = A/ for p < 0. Assume that K is a complex and that its
differential d satisfies

(2.12) dKrJ c Kpmlu+L

By (2.12), we obtain a new filtration

(2.13) oo CFPYY(K)C FP(K)C -
on K by setting

(214) F??(K)={ue K?|lduc K?}, F?**Y(K)=Kr*'+dKkr*!
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forp > 0,and F7(K) = K for p < 0. We write F”/(K) = F’(K) N K’; then
F*»/(K)={ue€ K"/|du € Kr+ty
F2p+1,j(K) — Kp+1./ + de+l._/—I

and F7(K)= &, _, F7/(K)for p > 0. Clearly,
(2.15) dFP/(K) c Fr/*Y(K)
for all p, and so K endowed with the filtration (2.13) is a filtered complex. We now
consider its spectral sequence. For simplicity, we write F” = F?(K). From the
definition of this filtration, it follows directly that

Zip~l = F2 4 gFir-}

for p > 1. Therefore, we have E2? ' = 0 for p > 1. Hence H/(F2"~' /F2r) = 0 for
p = 1, and so we obtain

LEMMA 2.1. Forp > 1, we have E;? ™' = 0 and the mapping H/(F*?) — H/(Fr~1)
is an isomorphism.

3. Filtrations and resolutions. Let R, C J, (E) be a formally integrable differential
equation of order m on a vector bundle E. Assume that g, ,, = 0; we consider the
exact sequence (1.14). Suppose also that m,: R, — E is surjective and that the kernel
R!, of #: R, — J(E) is a vector bundle for all 0 < /< m; we thus obtain a
filtration

1+1 / 0 -1
.CRm CRmC“'CRmCRm_R

where R/, = 0 for / > m, by sub-bundles. For 0 < / < m, let g, be the sub-bundle of
S'T* ® E defined by the exact sequence

3 -1
O - gl_) W/Rm - 7T/‘lRm - 0’

where 7_; = 0. We identify g, with its image in J,( £) under the mapping . We have
g, = R !and g, = E. Since R, is formally integrable, from the commutativity of
diagram (1.7) we see that

DINT*®R,.,)Cc N*'T*® R

for 0 </ < m — 1. We therefore obtain a complex

8 8
(3.1) 0-g->T*®g > AN'T*®g,,
8 8
——)...-)/\I_IT*®g1—>/\/T*®gO—)O

for all /> 0; the Spencer cohomology H/"/“/(R,)) of R,, with | —j > 0, is the

cohomology of (3.1) at A/'T* ® g,_,. We have
H°°(R,)=E, H'°(R,)=0 forl>0,
Hm+/.j(Rm) — H"’*""(g,,,) =0 for / > O,

m>

and

H™/(R,)=H"/(g,) = {u€NT*® g,|8u=0},
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with H™!(g, ) = 0. We suppose that the mapping
(3.2) S NT*®g, > NT'T*® g, |,

whose kernel we denote by M/, is of constant rank for all j, / > 0, where g_; = 0;
then H'/(R,,) is a vector bundle for all j, / > 0. For p > 0, let

NT*® g,

‘YZp:AjT*®gp_) i
M;

’ 72p+1: M;{ - Hp‘j(Rm)

be the natural projections.
We define a filtration

(3.3) ...cCrtlccrc--- cC'=AT*®R,,

of AT* ® R,, by sub-bundles C? defined as follows. For 0 < p < m, let C??J be
the sub-bundle of AT * ® R, determined by the exact sequence
.o JT *
0 cori s prea rp L A 26
M J
P
and let C2P*1J be the sub-bundle of C2?+/ defined by the exact sequence

72p

0 - C2p+1'j N C2p'j :‘WpHp‘j(Rm) - 0.

Then we have
NT*® R C C?r+lic C?Jc NNT*® Ry,

if @: C?PJ — C2P-J/C?P*1J js the natural projection, the mapping p, = ¥;,.1 * 7,
induces an isomorphism

(3.4) p: C2Pi/C?*1J - HPI(R,,)
such that the diagram
c»ri 3 C2Pd L

Pp N lu
H"/(R,,)

commutes. In particular, C2"/ = H™J(g,) and C*"*!/ = 0. We set C?/ = 0 for
p=2m+2and C? = &,_,CP/forp > 0.
From (1.13) and the commutativity of (1.7), we deduce the commutativity of.

NTreart S Ntigrea,
(3.5) La, Lm,
NT*®g, S NT*eR,
for 0 < p < m, and hence that

(3.6) VANT*e RL) C NPT R,
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From the filtration
ANT*®R, =K°DK'D ... DKPDKPIS ...
of AT * ® #,, defined by
KPJ=NT*®@RP " for0 < p < m,
KPP/ =0forp>m+1,andK” = &,_, K/ forp > 0,
as we have (2.12), with d = v, according to (2.14), we obtain a new filtration
. Cc FPtlc FPc ...
on A J* ® %, by setting
FO ' =NT*e 2, ,
Fri={ue NT*® RV ue N'T*eR) !,
F¥* = NT* @ R0 + v (N7 * @ #2)
forO<p<m,FP/=0forp>2m+ 1,and F¥ = GSjezF’“f

Let ® be a paracompactifying family of supports on X. If «7is a sheaf over X, we
denote by TI'y (/) the space of sections of &/ over X whose supports belong to the
family ®, and by H{(X, &) the jth cohomology group of X with values in .« and
supports in ®.

We consider the filtration {I'4(K?)} of the complex [',(A7 * ® #,,). Using the
commutativity of (3.5), since the mappings (3.2) are of constant rank, we easily see
that
(3.7) FPrJ = &P,

[o(€%77) = To(K?/) + v To( K771,
I«q)((gzpn.j) _ {u c I‘Q(K”‘-’)'V‘u e F¢(Kp-.i+l)}
for all p, j = 0. Thus {I4(%”)} is the filtration obtained from {I(K?)} using
(2.14); moreover, according to (2.15) we have V" (¢7/) Cc €7/*!. Therefore, we
may consider on one hand the spectral sequence of A 7 * ® #,, with the filtration
{€*} and the differential V" and on the other hand the spectral sequence of

I'o(A T * ® #,,) with the filtration {I',(%7)} and the differential v We denote by
HI(€*) the cohomology of the complex

: v v .
€rJi~l 5 @prJ 5 gpJtl

According to Lemma 2.1, the canonical mappings #/(€2F) > H#/(€**~!) are
isomorphisms. Moreover, we have

LEMMA 3.1. Let j > 0; if H*/(R,,) =0 and H*/"Y(R,) =0 for 0 < q < p, then
HI(E?P)=0.

PrOOF. Our hypothesis implies that for the spectral sequence of A 7 * ® #,,, we
have Ef/ =0 and Ef*/~! =0 for 0 < g < 2p. Therefore the canonical mappings
K€1) - H#I(€9) are isomorphisms for 0 < ¢ < 2p. From the exactness of
(1.14), we obtain the desired result.
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We now consider the operator d, of the spectral sequence of the complex
A T * ® R, with the filtration { €7} and the operators d, , of §2 whenever they are
defined. The diagram

(glp‘j N g2p,j+l
l w l w

(52p,j/(g2p+l,j i.) %2p,j+1/%2p+l.j+l
commutes; as in §2, we set d,, = d,. As we have seen in §1, the symbol

o(v): T*® A'T*®R,, > NV''T*® R,
is induced by the multiplication of AT *. This mapping ¢(Vv ") induces by restriction
a morphism T* ® C?/ — C?*7~/*!, which in turn, by passage to the quotient,
determines a mapping

T*® CZPJ/CZP-HJ N CZp.j+1/C2p+1.j+l
which is equal to 6(d,).

Letp > 0 and r > 1. Assume that
(3.8) H?/*Y(R,)=0 forp<q<p+r,
H%(R,)=0 forp<qg<p+r.

By Lemma 2.1 and because of the isomorphisms (3.4), the conditions (2.1) and (2.2),

with p replaced by 2 p and r by 2r, are verified. Therefore, according to §2, we have
a mapping

dOZr: %2p,_[/%2p+l,j N %2(p+r).j+l/%2(p+r)+l.j+1.
Because of (3.8), for 0 < s < r the mapping

8 Mysrri NT* ® REFS - MY

pts

is surjective. Let »;: MJI! — A/T* ® R.*° be a morphism of vector bundles such
that &7, . v, =id. Let v € ¥%»**/*1; then the element v + V7, v of
AN * T * @ AR, is well-defined. According to the commutativity of (3.5), we have

v— 8w v v=0,

'”p+s(v + Vv szp+sv) = p+s+17s"p+s

pts
and so

(3.9) v+ Vw0 ENTT*Q RETS.

sTp+s
Letu € €27/ satisfy Vu € €27*2/*1 with 0 < s < r. Then
Qu=u+vm Vu

is a well-defined element of A7 * ® Z,,, where v, v 'u belongs to ¢ X7*+9*1/;
moreover, according to (3.9), with v = vu, we see that vQu € NPT * @ Rp+s,

and hence that

VAQ ue %2(p+$+1),j+l
s .
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Therefore, if u is an arbitrary element of %27/, we obtain a well-defined element
O, - -Q, - Qouof €2rJ with

Qu=v7Q, - -Q, Quue Fxr*tnJ+l
and
Uu—Q, - - -Q,-Qouc €l
From the construction of the mapping d),, given in §2, we see that the diagram
%Zp.j g (gZ(p+r).j+1
(3.10) l = l =
doar

%Zp.j/(gzp+l.j %2(p+r)_j+l/%2(p+r)+l‘j+l

commutes; we now see that Q and d,, ,, are differential operators of order r + 1.
If a), @, € T* and u € C?7/, then the element

w=oy Avgm,(a; A u)+ay Avem, (e, A u)
of A/*!'T* ® R? actually belongs to C27*2/*! Indeed, we have
87rp+1(a1 A vom, (ay A u)) = —a; A 8m,  wom,(ay A u)
= -y Am,(ay Au)=-ay A ay A T,u,
and so 8, ,w = 0. By (1.12), we now easily verify that the symbol
6(Q): ST IT* ® 2/ — CAp+ri+1
of Q is given by
(3.11) o(Q)(ay-a, ® u) =a, Avy(ay A wpu) + a5 A vy, A wpu)
when r = 1, and by
1

(312) o(Q)(ey-ay-a; @ u) = 2 Yy Ar(agg A LARUN RN A7)
TEW®,

+a7(3) A 7rp+1u0(a1(2) A wpu))

when r = 2, where a,, a,, a; € T*, u € C?*’*/ and ®, is the symmetric group on 3
letters.

We denote by »#7/(R,,) the sheaf of sections of the vector bundle H”/(R,,); by
means of the isomorphisms (3.4), from the operator d,,, we obtain a differential
operator

d.O.Zr =p- d0.2r . -u'_l:'%p‘j(Rm) - ')?p+r‘j+l(Rm)

of order r + 1; we write d, = ‘io,o'
Assume that there are integers

O=ry<r<---<r,

,,_1<"

n

<m

such that H?/(R,) =0 for all p # r,and 0 <j <n, 0 <p<m Weremark that
the assumption that H”"}(R,,) = 0 for p + r, implies that g, = S'T* ® E for I < r,,
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and hence that m,R,, = J,(T) for / < r,. With these hypotheses, by the constructions
of §2 and the above remarks about the operators d, ,,, we obtain a complex

@, doar,
(313) 00 " g00/g10 Sgnl gt

‘I0.21 r,—n) dO.Z( ry—ra)

- %2"2.2/%2r2+1.2 - cee — (ng,,,n/(glf,ﬁl,n N 0,

where doy, ) is a differential operator of orderr; ., — r; + 1.
We set

Pi= G gl = @ P,
J

and consider the complex I';(.# ") whose differential is induced by the operators
dox ) We remark that this complex can be obtained directly from the spectral
sequence of T'py(A I * ® #,,) with the filtration {T',(¥¢7)}. Because of the isomor-
phisms (3.4) and Lemma 2.1, the assumptions of Proposition 2.3 are satisfied for our
two spectral sequences; this proposition on one hand tells us that the cohomology of
(3.13) is isomorphic to that of (1.14) and hence that (3.13) is exact, and on the other
hand gives an isomorphism

v H(To(€°)) > H/(To(£7))
which can be described as follows: If u € T5(%%/) satisfies v'u = 0, we may write
u=uv+ V'w, where v € Ty(¢?7/) and w € T[,(¥*/7!); the mapping ¢ sends the
cohomology class of u in H/(T(%°)) into the cohomology class of the element wv
of Tp (L) in H/(Tp(£)).
We set

7= {ue €rJ|vu=0},
z/ = {u €€/ € M dyy, i = 0};
for p > g, let i,: 2?77/ — 2?9/ denote the natural inclusion. If = is the projection

C?J — C27J/C?7+ 1, it is easily verified that w (2 27/) € Z/. Thus forj > 0, we
have a commutative diagram

0> @2 o @2 A 22 50
]
(3.14) lw l= | P
402y -1 +
0 - gj N ngj,j/%Zr/+l.j N Qﬂj+l ‘—)O,

according to Lemma 3.1 and the exactness of (3.13), it is also exact. This diagram

now determines a morphism @: 227/*! — Z/*! such that d,, @ =PV
. g+ J

Then the diagram

i
302"]“,_/4»1 _') 3&2rl,j+l

3.15
( ) \lw
ij+l
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commutes. Indeed, let u € 227+ *!; we may write u = Vv for some v € €27+
Then, since Vv € €27+17*! we have

Qu = do.zu,,pr,)'m) =@Vl = wu.
From the diagram (3.14), we obtain the commutative diagram
, 8 , ‘
Hé)(X, QPZr/,j+l) N H$+1(X, QﬂZr/._/)
Lo =
. . 8 . ,
Ho(X, 27%Y) = Hy''(X,2)

where § are connecting homomorphisms; therefore by the commutativity of diagram
(3.15) and the exactness of the sequence

O _)QoO,j - (gO,/‘ Z;Q"()J*l - O,
we have the commutative diagram:

. ) 8 . .
H&,(X, on./+l) N H$+1(X, QPO.])

Ti(; T iy
. . 8'i’/ . .
Hy(X, 220l S0 H (X, 220)
l‘w J, @

. . ) . .
Hy(X, 277 5 HI(X, 29).

Thus by composing the horizontal arrows of this last diagram, we obtain a
commutative diagram

Jm
Lo(2%)  — HY(X.2°) <  HY(X.0)
i 1id Tid
Jm
(3.16) T,(227) -  H(X, 2Z°) < Hi(X,0)
| o | = lid
@ o

To(27) -  HY(X.2°) < HY(X.0)
for j = 0. From the commutativity of diagram (3.16) and the definition of the
mapping ¢, we infer that the diagram
H§(X,0) - H/(T(%°))
(3.17) lid Ly
Hy(X,0) - H/(T,(£),

whose horizontal arrows are the isomorphisms determined by the resolutions (1.14)
and (3.13) of ©, commutes.
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Let x € X and a € T*, with a # 0. If P is a differential operator, we consider its
symbol o ( P) at « as defined in [7, §12] (see also [8]). The sequence (1.14) (with ©
omitted) is an elliptic complex. We set L{ = (C27//C?7*1J)_ and consider the
complex L, = &, L/ whose differential is induced by the mappings o,(d 5 rai—r)-
It is easily seen that this complex can be obtained directly from the spectral sequence
of (A\T* ® R,), with the differential 6,(V") and the filtration {C?}. Now by
Proposition 2.3, since (1.14) is an elliptic complex, the cohomology of L; vanishes
and so (3.13) (with © omitted) is also an elliptic complex.

We write E/ = H"7/(R,,)) for 0 <j < n; by means of the isomorphisms (3.4), we
obtain from the complex (3.13) the exact sequence

i Dy D,
(3.18) 005858 >6"> - 58" -0,
where D, = d, 2101 -7,) is a differential operator of order r,,; — r;, + 1; here E 0=

and i is the 1nclu51on of © in &, since pw: R,, > E°is equal to 770 Welet&° denote
the complex & & J with the differential 1nduced by the differential operators D,. We
have an isomorphism

(3.19) p: H(T4(%°)) > H/(To(&7))
which can be described as follows. If u € Ty(%%/) satisfies v"u = 0, then we may
write u = v + V" w, where v € Ty(%27/) and w € T,(¥%/7!); the mapping p
sends the class of u in H/(T4(%°)) into the class of [ in H(Tp(&7)).

From the commutativity of diagram (3.17), we deduce

THEOREM 3.1. Let R,, C J,(E) be a formally integrable differential equation, with
g,.+1 = 0. Assume that my: R, — E is surjective, that R!, is a vector bundle for
0 < ! < m, and that the mappings (3.2) are of constant rank for all j, 1 > 0. Assume
moreover that there are integers 0 = ry < rl < -r <r,_y<r,<m such that

H?/(R,)=0 forall p#r,and 0 <j < n, 0 < p < m. Then we have the resolution
(3.18) of ® which is an elllpttc complex, and the dzagram

H{(X,0) — H/(To(%¢"))
(3.20) lid lo
H§(X,8) —  H/(T4(&)),

whose horizontal arrows are the isomorphisms determined by the resolutions (1.14) and
(3.18) of ©, is commutative.

4. Semisimple graded Lie algebras. Let g = & ,_; g, be a real finite-dimensional
Lie algebra having the following properties:

(1) g, = 0 forp < -2;

(i)[g, 8,0C g,,,forp,qgEZ

We consider the Lie algebra cohomology H(g) = H(g_,, g) of the abelian Lie
algebra g _, with values in the g _;-module g corresponding to the adjoint representa-
tion of g_, on g. Let

Cr(g)=Ng*®q,
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and define
(4.1) 8:Cr/(g) » Cr 1t (g)
by

g+1

(8u)(£1""’£j+l) = Z (_1)i+1[£1’ u(gl"”’éia---vgl’+l)]
i=1
foru e C”/(g)and§,,....§,, € g_,. Then
Cp+1.j—l(g) _8) ij(q) i Cp_l'j+1(g)

is a complex whose cohomology we denote by H?+/(g). Then

H(g)= @ H’/(q). H'(g)= D H"/(q).

pJEZ pez
If {£,,...,§,} is a basis of g_; and {«,,...,a,} is the dual basis of g*, then it is
easily seen that

(4.2) S(a® §) = i(ai/\a)®[§i,£]

fora € A/g* and§ € g,_,. Since
(4.3) 8(a Au)=(-1)an du
fora € A/g* and u € A'g* ® g,_,, the multiplication
g* ® Ng* — A/ lg*,

sending « ® w into & A w, induces a mapping

¢* ® H"/(g) > H”/*!(q).
Clearly the mapping g*, ® H%/(g) = H%/*!(g) is surjective forj > 0.

Let B denote the Killing form of g and consider the mapping

(4.4) (Ng* ®g) ®(Ag* ®g) = ATMgx,
sending ¥ ® v into (u, v), determined by

(u,v) = B(&,m)a A B
fu=a®¢tandv=8®n wherea € A'g*,, 8 € AM/g* and &, m € g.
LEMMA 4.1. Foru € N'g*, ® g and v € N/g* ® g, we have
(8u,v) = (1) (u, 8v).

PROOF. Suppose that u = a ® £ and v = 8 ® 1, with a € A'g*;, B € A/g* and
¢neg If (&,....¢, ) isabasisof g_, and {«,,...,a,} is the dual basis of g*,, by
(4.2) we have

(8(a®&),B®N)

Y B([&. el AanB
k=1

(-1)""' Y B(EL&. n])a A ap A B
k=1

=(-1)"a® & (ap A B) ®[.1])
= (-1)""(a ® £, 8(B ®1)).
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According to Lemma 4.1, the mapping, sending u ® v, with u € C”(g) and
v € C%9(g), into(u, v) € A'*/g*, induces by passage to the quotient a well-defined
pairing
(4.5) H"(g) ® H/(g) = A'"a*,,
sending u ® v into (u,v); if u € H?'(g) and v € H%/(g), we have (u,v) =
(-« v, u).

The next proposition is proved in [12].

PROPOSITION 4.1. If g is semisimple, we have:

()g,=0forp>2
(i1) B, is nondegenerate;
(iii) g, is the vector space dual to g _, under the pairing
(&,m)~ B(§,m) for§€g .m€<qgy
(iv) there exists a unique element e € g such that
e, é]=i¢ fortegq,,i=-1,0,1;
this element e belongs to g; if 6: ¢ — g is a Cartax involution, then o(e) = —e.

If g is semisimple, let 7: g — g be the automorphism of g defined by
T(§+n+§)=-¢+n-¢
for €g_,,m € gyand{ € g,.
Because of Proposition 3.2 of [16], the proof of the following proposition is
essentially the same as that of Lemma 6 of [12] and shall be omitted.

PROPOSITION 4.2. Assume that g is semisimple and let e be the element of g, given by
Proposition 4.1(iv). If o is an involutive automorphism of g such that 16 = ot and
o(e) = —e, then

(4.6) o(g,)=4a_, forp=-1,0,1.
We also recall the following result of [12].

PROPOSITION 4.3. Assume that for £ € g p» With p > 0, the condition [g_,, §] =0
implies that § = 0. Then g is a simple Lie algebra if and only if the representation ad:
8o = a* ® q_, isirreducible and g, # 0.

Assume that g is semisimple; we know that g » =0 for p > 2. According to
Lemma 10.2 of [1] (see Lemma 1.3), there exists a Cartan involution o of g such that
o7 = 70. By Propositions 4.1 and 4.2, we see that (4.6) holds. Then the mapping B,:
g ® g — R, defined by

B,(¢,m) = -B(£,0(n))

for §, 7 € g, determines a symmetric positive definite form on g and scalar products
on g_; and Ag*; we denote by ( , ) the scalar product induced by B, on
Ag* ® g_;. Let

(4.7) 8*:Atlg* ® g > Ag* ®g
be the adjoint of & and set
H7/ = {ue Ng* ®q, |8u=0,68%=0}.
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We have a natural mapping
(4.8) H?/ — HPJ
sending u into its cohomology class.

If g_, is oriented and @ € A”"g*, is the corresponding volume element, where
n=dimg_,, let

(4.9) *1Ag* ®g—> AN"gH ® g
be the mapping defined in terms of the Hodge *-isomorphism by

*(a®¢)=-(*a)®0o(£)
for « € A/g* and £ € g. Then (1.24) and (1.25) hold for u,v € Ng* ® g.
Therefore, by Lemma 4.1, foru € A/g* ® gand v € A/"!g* ® g, we have

(8u,0)Q = (Bu, *v) = (1)’ (u, 8% v)

= (=) N u, e x8x0) = (<1)" (4, x 8% 0)Q,
and so the adjoint (4.7) of § is equal to (-1)"/*! = § . According to the standard
Hodge theory and (4.6), the mapping (4.8) is an isomorphism and the mapping (4.9)
induces an isomorphism *: H?/ - H? 7"/ for p =0,1,2 and 0 </ < n. We
deduce

PROPOSITION 4.4. If g is semisimple, the pairing
Hp.j( g) ® HZ*p.n—/( g) - /\"Qfl
given by (4.5) is nondegenerate.

The assertion of Proposition 4.4 in the case of g = s0(n + 1,1), for n > 3, is
already given by [7, Proposition 10.1] (see §7).

REMARK 4.1. If g is semisimple, this cohomology H(g) of g can be computed using
results of Kostant [13] (see also [16]).

By (4.3), we see that & is0H 0-J(g) is a graded Ag*-module generated in degree 0.
Hence there exists an integer 0 < k < n such that H%/(g) # 0 for 0 < j < k, and
H%J(g) =0 for j > k; if g is semisimple, by Proposition 4.4 we have H2/(g) = 0
forj <n— k,and H>/(g) # 0 forn — k <j < n.

5. Selfadjoint resolutions. In this section, we suppose that R, c J (T) is a
formally integrable and formally transitive Lie equation of order m, with g, ,, = 0.
We assume that R/, is a vector bundle and that the mappings (3.2) are of constant
rank for all j, / > 0; according to Proposition 5.4 of [9], the fact that R, is a formally
integrable and formally transitive Lie equation implies that these conditions hold on
each connected component of X.

If we set R!, = R, for all / < -1, under the bracket (1.16), we have

(5.1) [R:. R] c RE™
for all p, g € Z. For x € X, we see that { R/, },_, is a filtered Lie algebra structure
on R and the associated graded Lie algebra

garl..\' = @ RII‘:I..\'/R'I:It\’l

pPEZL

m,x>
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can be identified with the fiber g, at x of the vector bundle g = @pEZ 8,+1,» Where
g,=0forp<-lorp>m+1 The graded Lie algebra g = g,, with g, = g,.; .,
satisfies conditions (i) and (ii) of §4.

If ¢ € Tand u € g, we have

(5.2) [£& u] = 8,u;
if u,v € g,, we have
(5.3) [u,v] =vou—uov,

considering u, v as elements of T* ® T = Hom(T, T'); finally, if m > 2, u € g, and
v € g,, then [u, v] € g, is given by

(5.4) [u, 0](&,m) = v(u(£, ) —u(v(£),n) —u(§, v(n))
for £, 7 € T, considering u, [u, v] as elements of S 2T* ® T and v as an element of
T* ® T=Hom(T,T). From (5.2), it follows that the operator § of the complex
(3.1) at x is equal to the coboundary operator § given by (4.1), and so H LI(R,), =
H'(g). According to Proposition 5.4 of [9], g is a locally trivial bundle of Lie
algebras.

Consider the Killing form B of R, of §1 and the mapping B: g ® g > R, whose
restriction to the fiber at x € X is the Killing form B, of the Lie algebra g, . Then
from (5.1), if m = 2 we deduce that

(5.5) B(g, RY) =0

and hence that

(5.6) B(u,v) = B(mu,mv) foru,v e RY,
and

(5.7) B(u,v) = B(myu,v) forue€R,, veEg,.

LEMMA 5.1. Let x € X. Suppose that grR,, . is a semisimple Lie algebra. Then
8.x=0 for | = 3 and g, , is isomorphic to T*; moreover R,
algebra.

. is a semisimple Lie

PRrOOF. The first two assertions are given by Proposition 4.1. Thus we may assume
that m = 2. Letu € R, , with B(u,v) =0 for allv € R, ,. Forv € g, ,, by (5.7) we
have B(myu, v) = 0 and so myu = 0 by Proposition 4.1(iii). Now u € RY ,, and for
v € RS, by (5.6) we see that B(mu, mp) = 0; thus by Proposition 4.1(ii), we have
mu = 0. Finally, for v € R, _, by (5.7) we obtain B(u, m) = 0 and hence u = 0.

For the remainder of this section, we suppose that m = 2. Consider the pairings
(1.17) and (4.4), with g =g,  and g_, = T,, where x € X. For u € C??"' and
v € C3>7 %P, withp = 1,2, we have

(5.8) (u,v) = 0;

indeed, we have 87,u = 0 and 7, v = 8w for some w € A/~'T* ® g,_,, and hence
by (5.6), (5.7) and Lemma 4.1 we see that

(u, vy =(mu,m,_p) = (mu,dw) = (—1)i+l(8wpu,w> =0.
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Therefore for p > 0, the diagram
Crig C4 2r o AT
(5.9) Lo, @0, Lid
HP(R,)® H* 7I(R,) - AT,

whose horizontal arrows are given by the pairings (1.17) and (4.5), with g = g, for
x € X, is commutative.

The following lemma follows directly from the commutativity of (5.9) and Lemma
1.2.

LEMMA 5.2. For u € #7(R,) andv € #* PJ(R,), we have
(dou, v) +(-1)(u, dyw) = d{u, v).

LEMMA 5.3. Letr = landp = 0,1, or r = 2 and p = 0. Assume that
H%*YR,)=0 forp<q<p+r,
H*'(R,)=0  forp<q<p+r,
H*YR,)=0 for2—r—p<q<2-p,
HY/(R,)=0 for2—r—p<qg<2-p
Then there exists a differential operator
a: H#P (R, @H* " PI(R,y) > NIT*
of order r such that
(doyu,0) +(-1)(u, dy,,0) = da(u & v)
for all u € #P(R,)andv € H#* " PJ(R,).

PROOF. We write s = 2 — r — p. As we have seen in §3, there exist differential
operators

Q/: (gZp.i — (gZp.i, Qn: %Zs‘j N (gls.j
of order r such that
VAQ/u/ =] CZ(p+r).i+1 v Q/r " e C2(24p),j+l
and
u - Q/u; = (gzp+1‘i, u’ — Q//u// c (gZS+1.j
forallu’ € €27 and u” € €%*/. Let
x': HP(R,) —» C*, X" H"f(R ) > C*

be morphisms of vector bundles such that p,x’ =id and p,x” =id. Let u €
HP(R,) and v € H*/(R,); we write # =x'u and &= x"”v. Then dg,u=
p,.,vV Q' and dysb = Py ,V Q"0 According to (5.8), we have

(vQ'u,v—- Q"%)y=0, (- Q'u,vQ"uy=0.
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Hence by the commutativity of diagram (5.9) and Lemma 1.2, we obtain
(doa,us ) +(-1) (u, do o0y = (V°Q'R, ) +(-1) (&, vQ"D)
=(VQ'%, Q") +(-1)(Q"%, vQ"5)
=d(Q'u, Q") = d{Q'x'u, Q"x"v).
We now see that the desired result holds if the differential operator « is defined by
a(u ® v) = (Q'x'u, Q"x"v).

If «7is a sheaf over X and if ® is the family of all closed subsets of X, we write
() = Ty(); if ® is the family of all compact subsets of X, we write Iy(&) =

Tp ().

Assume that there is an integer 0 < k < (n + 1)/2 such that
(5.10) H%/(R,)=0 forj> k,
(5.11) H"“(R,)=0 forj<kandj>n—k,
(5.12) H>/(R,)=0 forj<n— k.

Then the hypotheses of Theorem 3.1 hold with m = 2, r=0,r=1fork+1<j
sn—k—1andr, , =2; wehaver,_ =2 — r. Consider the resolution (3.18) of
© and set D, = 0. From Lemmas 5.2 and 5.3, we obtain

PROPOSITION 5.1. For 0 < j < n — 1, there exists a differential operator
a: &/ ®ET AT
of order r,, | — r, such that
(Dju, v) +(-1)"(u, D, ;,_w)=da(uov)
forallue & andv € &7,
Suppose that X is oriented. Consider the mapping sending u ® v, withu € C*(E’)
and v € C°(E" /) satisfying Du=0and D, ;v =0, onto [,{u,v); by Proposi-

n—j
tion 5.1 and Stokes’ theorem, we see that this mapping induces a well-defined

pairing
(5.13) H/(T(&Y) ® H"/(T(&7)) - R.

From the isomorphisms H(X,0) —» H/(T4(&")), determined by the resolution
(3.18) of ©, and the pairing (5.13), we obtain a pairing

(5.14) H/(X,0)® Hl 7(X,0) - R.

It follows directly from the commutativity of diagram (5.9) and the definition of the
mappings (3.19) that the diagram

H/(T(¢°)) ® H"/(T,(¢°) - R
lo®p lid
H/(T(&7) @ H" /(Ty(€7)) - R,

whose horizontal arrows are the mappings (1.21) and (5.13), is commutative.
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The commutativity of diagram (3.20) given by Theorem 3.1 now implies the
following

THEOREM 5.1. If X is oriented, the pairings (1.22) and (5.14) are equal.

Thus from Theorem 1.1, if X is oriented and if R, is a semisimple Lie algebra for
all x € X, we deduce that the pairing (5.14) is nondegenerate.

We continue to assume that there is an integer 0 < k < (n + 1)/2 such that
(5.10), (5.11) and (5.12) hold. Suppose moreover that gr R, , is a semisimple Lie
algebra for all x € X. Letr: g — g be the involution defined by

(E+n+{)=-4+n1-¢
for § € gg. m € g, and { € g,. Since g is a locally trivial bundle of Lie algebras,
according to Lemma 1.3 there exists a morphism of vector bundles o: g —> g such
that o7 = 70 and such that o, is a Cartan involution of g _for all x € X. By
Propositions 4.1 and 4.2, we see that
(5.15) o(g,) =8,
for p = 0, 1, 2. Then the mapping B,: g ® g — R, defined by

Eo(gs 7’) = _E(gﬁ U(Tl))
for £, n € g, determines a symmetric positive definite form on g, that is, a scalar
product on the vector bundle g. We consider the Riemannian metric on X and the
scalar product ( , )on AT* ® ginduced by B,.
Let8*: A/T* ® g, > A/7'T* ® g, be the adjoint of 8 and
F/ = {u ENT*® 8, |8u =0,8%u = O}.
As we have seen in §4, we have isomorphisms
(5.16) y: F/ > EJ.
By means of these isomorphisms y, from the sequence (3.18) we obtain a resolution
i i P! r?
(5.17) 0-0->F°5F' 5 F25 ... 5 F"50
of ®, where F° = E®=T, F"= E" = A"T* ® g, and P’ is a differential operator
of order r,.; —r,+ 1. The mappings (4.4), with g =g for x € X, determine
morphisms
(5.18) F/® F"/ — A"T*,
sending u ® v into (u, v) = {yu, yv), such that

(u,0) = (-1)""(v, u)
for u € F/ and v € F"/; according to Proposition 4.4, these morphisms are
nondegenerate. From Proposition 5.1, we deduce that for 0 < j < n — 1 there exists

a differential operator
&».g‘;_[®‘97nﬁ/'l _’/\"‘1-7.*
J*

of order r;,; — r, such that

(5.19) (Plu, vy +(-1)(u, P" 7 Yoy = d&,(u & v)
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for all u € %/ and v € "/~ !. We also consider the formal adjoint P/*: #/ —
F /=1 of P/, which depends on o.
If X is oriented, let © be the corresponding volume form. As in §4, let

(5.20) »NT*@g->N"'T*®g
be the mapping defined in terms of the Hodge *-isomorphism by
+(a ® ) = ~(xa) ® 0(£)
for « € A/ T* and ¢ € g. By restriction, it determines an isomorphism
(5.21) x: F/ —> FnJ
such that (1.24) and (1.25) hold for all u, v € F’. Then, as in §1, from the formulas
(5.19) and Stokes’ theorem, it is easily seen that

(5.22) Pi* = (=1)" " apri
(see [7, Proposition 14.1]).

Let » be the orientation sheaf (over Z) of X and let i: o = A” 7 * be the natural
mapping determined by the metric on X (see [7, §15]). If we consider the composi-
tion

®—>7—°>g2,

the sequence
i®c n e 1
000,06 >AN"IT*®g, > F"
is exact. Indeed, if Q is a local volume form on X, by (5.22), we have
P (Q® u) = —+P%(Q ® u) = xP%(u)

for u € g,; hence P" " *(Q ® u) = 0 if and only if 6(u) € ©. Therefore by taking
local orientations of X, from the formulas (5.22) we deduce

PROPOSITION 5.2. The adjoint complex

pn-lx n—2x PO*

(523) 008,05 F" > Fn V'S g2, o Lgl L F0 50
of (5.17) is exact.

We introduce the Laplacians 0/: %/ — &%/ defined by
(5.24) O/ = (P/=1p/= %) 0t L (pixp)ynT it

where P~! = 0 and P" = 0. Since (3.18) (with © omitted) is an elliptic complex, so is
(5.17); therefore by Lemma 14.2 of [7], these Laplacians are selfadjoint and elliptic,
and, if X is compact, the harmonic space

{ue C(F/)|0/u=0} = {ue C°(F/)|P/"™*u =0, P/u=0}

’

is finite-dimensional and isomorphic to H/( X, ®). If X is oriented, from (5.22) it
follows that *0/ = 0"/ as differential operators #/ — % "/, As in [7, §14], one
may use these facts to prove that the pairings (5.13) and (5.14) are nondegenerate
when X is compact and oriented.
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We summarize some of the above results in

THEOREM 5.2. Let R, C J,(T) be a formally integrable and formally transitive Lie
equation with g, = 0. Assume that m R, is a sub-bundle of J,(T ) and that the mappings
(3.2) are of constant rank for all j > 0 and | = 1, 2. Suppose moreover that there is an
integer 0 < k < (n + 1)/2 such that (5.10), (5.11) and (5.12) hold and that g, = gr R, .
is a semisimple Lie algebra for all x € X. Then there exists a morphism o: g — g such
that o_ is a Cartan involution of g, for all x € X, and such that (5.15) holds.
Furthermore, in terms of the scalar product on NT* ® g induced by B,, we have a
resolution (5.17) of ® which is an elliptic complex and which is formally selfadjoint in
the following sense:

(i) the relations (5.19) hold for allu € F/ andv € F" /71

(i) if X is oriented, the isomorphisms (5.21) satisfy (1.24) and (1.25), with u,
v e F/,

(iii) if X is oriented, the formal adjoint P’* of P/ is given by (5.22);

(iv) the Laplacians O/: F/ — F/ defined by (5.24) are formally selfadjoint and
elliptic and, if X is oriented, satisfy the relations

0/ =0" 1 F /) > F" 7,

REMARK 5.1. If gr R, . is a semisimple Lie algebra for all x € X, and if there are
integers r, with 0 <r <2, 0<j<n, such that H?/(R,)=0 for p # r, with
0 <j<n 0<p<2, by Proposition 4.4 there exists an integer 0 < k < (n + 1)/2
such that (5.10), (5.11) and (5.12) hold.

6. Riemannian manifolds with constant curvature. Let R, C J,(T') be the Killing
equation of a Riemannian manifold ( X, g) as defined in §3 of [5]. Let gb: T — T*
and g* T* — T be the isomorphisms determined by the metric g. If g, € T* ® T'is
the symbol of R, and ¢: T* ® T — S?T* is the morphism sending « ® ¢ into
a - gP(§), the sequence

(6.1) 0>g, > T*®T > ST* >0
is exact. The image of the morphism
GANT* > T*® T,
defined by
anB)=a®gHB) - B e gia)

for a, B € T* is equal to g,. Let p: A/T* @ A°T* > A/*'T* ® T* be the
morphism of vector bundles defined by

podlanp))=(arw)@f—(vAp)ea

forw € A/T* and a, B € T*, and let E,_, denote its kernel. It is easily verified that
the diagram

AIT* @ ANPT* 5 AIT* @ T
(6.2) lide. lido g*
AT eg S ANTTreT
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is commutative, and that its mapping § is surjective for j > 0. Moreover, for j = 0,
the mappings g and 8 of this diagram are isomorphisms; we have

p (e Aay) ®B) =3y ®(BA @) —a; ®(BA ) +B&(a; Aay))
for a;, a,, B € T*, and the inverse of & will be denoted by A. The image of the
morphism of vector bundles

T SIT* ® SPT* - A*T* ® A*T*,
determined by
T((a - a;) ®(By - By)) = 3{(ey A By) ®(a; A By) +(ay A B,) ®(a; A By)
+(ay A By) ®(ay A By) +(ay A By) ®(ay A B))}
for ay, a5y, By, B, € T*, is equal to E; (see[5, §3]).
LEMMA 6.1. Foru € T* ® T and oy, a, € T*, we have
(id® ¢ )r(a; - a, ®(Yu)) =a, AX(ay Au)+a, AX(ey A u)
as elements of N> T* ® g,.
PROOF. Assume that u = a ® ¢, with a € T* and ¢ € T, and set 8 = gb(¢). By
the commutativity of (6.2) with j = 0, we have
(id ® ™)y AAN(ay A u)+a, AX(ay A u))
=(@d® ) (o, AX(ay A @) ®E) +ay AXN((ag A @) ®E))
=, Ap((aaAa)®B) +ay A p (e A ) ®B)
= 7((0) - ;) ®(a- B)) = 7((a - @) ®(Yur)).

We now assume that (X, g) has constant curvature. Then according to Theorem
6.1 of [5], the equation R, is formally integrable. It is also a formally transitive Lie
equation with g, = 0 (see [5, §3]). Thus this equation satisfies the assumptions of §1
and so we may consider the sequence (1.14) with m = 1, where © is the sheaf of
Killing vector fields of ( X, g).

From the exactness of the sequence (6.1), we see that the mapping ¢ induces an
isomorphism
(6.3) HOY(R,) - S*T*.

Since the mapping 8 of (6.2) is surjective, we have H%/(R,) =0 for j > 2; the
isomorphism id ® ¢ of this diagram induces by restriction an isomorphism of vector
bundles

(6.4) id® v E - H"*'(g) forj>0.
Clearly
H''(g) = H"(g)=0.

By the above computation of the Spencer cohomology groups of R;, we see that
the hypotheses of Theorem 3.1 are satisfied withr, = r; = 0,r, = --- =r, =1, and
so we have a resolution (3.18)

D, D, D,
00 —>IT->#"(R,) > H'2(g) > - > H""(g,) =0
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of ©, where Dy, D, (with j > 2) are differential operators of order 1 and D, is of
order 2. By means of the isomorphisms (6.3) and (6.4), we obtain a resolution

Do D, D
(6.5) 050 >T>8T* 658> - 56 | -0

of ®@. We claim that this sequence is the Calabi sequence of [2] as defined in [5]. Let
Qy:T—> ST*, QuST* -6, Q6 ,—-& for2<j<n-—2

be the differential operators of the Calabi sequence which are defined as follows. For
§ €7, we have Q¢ = Z, g, where %, g denotes the Lie derivative along the vector
field £ of the metric g. According to [S, §3], the symbol of Q, is equal to y. If R, is
the linearization along g of the curvature operator sending a metric into its curvature
of type (2,2), which is a section of A>T* ® AT, and if g’: A>T > A2T* is the
isomorphism given by g, we consider the differential operator of order 2

D,:S°T* > N2 T* @ N2 T+

sending h into g Z/(h). Then D, (S°7*) C & and we set Q; = D: S’T* - &,.
According to equation (4.28) and Proposition 6.1 of [5], the symbol of Q, is equal to
7. Let ¥ be the Levi-Civita connection of g and the connection in A* T* induced by
v . This connection determines a differential operator
(6.6) VINT* @ AT 5 NHIT @ A\KT*
satisfying

vV (o®a)=do®a+(-1)w A Va

for w € A/J* and a € A¥ T *. We consider this operator with j > 2 and k = 2.
According to [5, §6], we have %‘(é"j_l) C & forj > 2, and we set

Q, =V _,—>& forj>2.
The symbol
(6.7) o(V): T* ® AN'T* ® A’T* - A/HIT* @ A2T*
of (6.6), with k =2, sends a ® w ® Bintoa A w ® B for a € T*, w € A/ T* and
B € A2T*. In[5, §3], forj > 2 it is shown that the symbol

o(Q,): T*®E,_, > E,
which is the restriction of (6.7), is an epimorphism of vector bundles. i
We first verify that o(Dj) = 0(Q,) for j > 0. According to the definition of D,
the diagram
# S5 Trea,
! o Ly o

b ,
T - ST*

commutes; since the symbol of ¥ is equal to the identity mapping of T* ® R, the
symbol of D, is equal to ¢, and so a(Dy) = o(Q,). Let 0: T* ® #, —» H#'?(g,) be
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the differential operator defined by
Qu=v"(u+ A1yv’u)
for u € 7* ® #,. The commutativity of diagram (3.10) tells us that the diagram

Q
T* R - Xu(&)

1 oo /' D,
fo‘l(Rl)

commutes, and by the definition of D, that

9]
T* @ % - %ﬂl'z(gl)

,LLP'W() Tid@t

b,
§2T* - 8,
commutes. According to (3.11) and Lemma 6.1, we see that o(D))=1=0(Q)).
Clearly, we have o(b )=0(Q,)forj > 2.

Thus we know that D Q, is a differential operator of order 0 forj # 1, and that
D, — Q, is of order 1. We now show that D Q,; forj > 0. Since D, — Q, vanishes
on O and since for all x € X and n € T, there exists a Killing vector field £ on a
neighborhood of x such that £(x) = 7, we see that Dy = Q. If x € X and h € S27*,
by Lemma 5.1 of [S], there exists § € I such that j,(Z;g)(x) = j;(h)(x); hence we
see that

((bl - Ql)h)(x) = ((Dl - Ql)QOg)(x) =0
and that D, = Q,. Since
0(Q,) =7:8’T*® ST* - E;, 0(Q,):T*®E > E,,,,

forj > 1, are eplmorphlsms ifx € Xandu € &, , withj > 1, there exists v € ST *
ifj=10rved,_,, ifj>2suchthat (Q,_ 1u)(x) = u(x); then since (6.5) and the
Calabi sequence are complexes if D _1= Q,_;withj > 2, we have

((D, - 0)u)(x)=((D,-¢)-0,.1v)(x) =0,

and so Dj = @,. Thus (6.5) is the Calabi sequence, and now from Theorem 3.1 we
obtain the exactness of this sequence.

7. Conformally flat Riemannian manifolds. Let (X, g) be a conformally flat
Riemannian manifold of dimension n > 3. Let R, C J,(T) be the conformal Killing
equation of (X, g) as defined in §2 of [7] whose solutlons are the conformal Killing
vector fields. According to Propositions 5.1 and 6.1 of [7], the equation R, is
formally integrable. It is also a formally transitive Lie equation with g, = 0, and so
R, satisfies the assumptions of §1 with k = 1 and m = 2. Therefore we may consider
the sequence (1.14) with m = 2, where O is the sheaf of conformal Killing vector
fields of (X, g). According to §§2 and 10 of [7], we know that R, satisfies the
hypotheses of Theorem 3.1 with m =2, r, =0, ;=1 for 2<j<n—2, and
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r

-1 = 2; in particular (5.10), (5.11) and (5.12) hold with k = 1. Therefore, we also
have the resolution (3.18) of ©®, where

EO — T, El — HO'l(Rl),

E/=H'"(g) for2<j<n-—2,

En-l — HZ.n—l(gl)’ En — HZ.n(gl) — An T* ® gZ.

If id is the section of T* ® T = Hom(7, T') which corresponds to the identity

mapping of 7, and if {id} is the sub-bundle of T* ® T generated by this section,
then g, = g, ® {id}, where g, denotes the kernel of the morphism { of §6.

According to Lemma 2.1 and formula (2.2) of [7], the image of the monomorphism
of vector bundles

6: T* > S’T*® T,

defined by

B(a)(&,m) = (& a)m + (m. )¢ — g(£.m)g*(a)
fora € T* and ¢, € T, is equal to g,; in fact, the morphism 8 of [7, §2] is equal to
1. Using (5.2) and (5.4), we easily verify that
(7.1) [£,8(a)] = (¢, @)id + a ® £ — g°(£) ® g%(a),
(7.2) [6(a). u] = -8(u*(a))
as elements of g for a € T*, £ € T and u € g, where u* € Hom(T*, T*) is the

adjoint of u € Hom(7, T'). By means of these formulas, (5.2) and (5.3), we easily see
that the Killing form B of g is given by

(7.3) B(6(a), £) = -2n¢¢, a),

(7.4) B(u,v) =nTr(ucv)

fora € T*,§£ € Tand u,v € g, and

(7.5) B(id,id) = 2n, B(id,g)=0, B, =0, B, =0,

and that g, and g, ® g, are perpendicular to each other with respect to B. It follows
that B is nondegenerate and so gr R, , is a semisimple Lie algebra for all x € X. In
fact, since the natural representation of g, . on T, is irreducible and g, . # 0, by
Proposition 4.3 the Lie algebra gr R, | is simple for x € X. It can be shown that
gr R, , is isomorphic to $o(n + 1,1) and that R, , is isomorphic to grR, . (see
[11, 12]). The assertion of Proposition 4.4 for gr R, _ is given by [7, Proposition 10.1].

Let SOZT* be the sub-bundle of S>T* of symmetric 2-tensors with zero trace and,
as in §8 of [7], let E j‘) denote the sub-bundle of E; consisting of those elements with
zero trace (with respect to g). As in [7, §11], we set

F,=T, F, = ST,
F=E), for2<j<n-—2,
E,_, = A" I1T* ® S§T*, F,=AN"T* ® T*.

We now define isomorphisms ¢,: F, - E/for0 <j<n.
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Let ¢, be the identity mapping of T. Let »: S?T* — T* ® T be the monomor-
phism of vector bundles determined by

v(a-B)=a®gHB)+B®gHa)
for a, B € T*. Let p,: S?°T* — SZT* be the morphism sending 4 into & — +(Tr h)g,
where Tr k is the trace of 4. Then it is easily verified that the diagram

1

Poy¥ 2 bid
™eT - S§T* —-»> T*®T
(1.6)
BN Z B
El

commutes, where the mapping B is the natural projection. Let ,: SGT* — E! be the

mapping 8 o ».
Consider the monomorphism of vector bundles

(7.7) (id®): NVT*® N’T* > NT* ® g,
and its restriction to E;_,. For j > 2, according to the commutativity of diagram
(6.2), the mapping

@ E,_, > H'(g,)
sending u into the cohomology class of (id ® ¢)u is well-defined. According to [7,
§10], for 2 < j < n — 2 its restriction
(7.8) w! E_[O—l - H"(g,)
to E” | is an isomorphism; moreover, if pi-1: E,_ > E jO_l denotes the orthogonal
projection of E; , onto E” | with respect to the scalar product on A/ T* ® A>T*
induced by g, then for u € E; | we know that p;_,u is the unique element of E |

such that
wP;_\U = wU.

Letg: E) | —> E/beequal to2w for2 <j<n— 2.
If

Tr" L A"T* @ S?T* > A" 'T* @ T*

is the trace mapping determined by g as defined in §8 of [7], according to §§2 or 8 of
[7], the restriction of the morphism

(i[d®8) Tr" L A"T* @ S’T* > A" 'T* ® g,
to A"T* ® S¢T* is an isomorphism onto H>"~(g,). Let
@, i N"T* ® S¢T* — F"~!
be equal to 4(id ® ) - Tr" 'if n > 4, and to (id ® ) - Tr? if n = 3. Finally, let
o AN T*®T* > AN'"T*® g,

be equal to 4(id ® 8) if n > 4, and toid ® fif n = 3.
Let

ST* @ (A"T* ® S*T*) > A" T*
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be the morphism, sending h ® vinto (h, v), where h € S?T* andv € A" T* ® S2T*,
determined by
(hyw® Y = (h, h)w

for h, k" € S2T* and w € A" T*, where (h, h’) is the scalar product of 4 and A’
determined by the metric g (as in [7, §8]).

LEMMA 7.1. For h € S?T* andv € A" T* ® S2T*, we have
(v(h), (id ® 6)Tr" ‘o) = -2n(h,v),
where the left-hand side is given by the mapping (4.4).

PROOF. Let x € X and let {§,...,£,} be an orthonormal basis for 7, (with
respect to the metric g). Let h = a - B € §?T* witha, BE T*, andv=w @ K’ €

X

(N"T* ® S°T*),, where w € A" T* and i’ € S2T*. We have

0= i(&,)(a Aw)= ¢, )0 —a A i(§j)w.
Thus by (7.3), we obtain

(v(h),(id ® 6)Tr" ') = Z (a®g¥(B) + B ®g*a), (i(¢)w) ®(i(¢,)n))

n

X (B(8*(B).6(i(5)n))a ni(£)w + B(g8(a). 8(i(£,)R))B A i(£,)w)

j=1

= -2n 2_1: ((8*(B),i(&,)h)(E, @) + (g*(a). i(&,)h'><£,,/3>))w

-l % (h(&. g (B))CE o) + h'(&,. g#(a))<s,,ﬂ>))w
j=1

i.j=1

= -2n| ¥ (&, a)(E B) + (&, BY(E a)) (&), 'Sf))w

“2n| X h(&.8)R (8, 8)|w=-2n(h, 0 ® k).

ij=1
If u,v € A*T*, we have
Tr(e(u)oe(v)) = -2(u,v),
where (, ) is the scalar product on A% T*; thus by (7.4), we see that
(7.9) B(u(u),(v)) = -2n(u,v)
for u, v € A2 T*. Using this identity, Lemma 7.1 and (7.3), we easily verify

LEMMA 7.2. If u € Fyand v € F,_,, we have

n—j»

<(Pju’ (P"_jl)> = _Cn<u’ U>’

where (@;u, @,_,v) is given by §5 and (u, v) by the mapping (11.33) of [7], and where
c=8ifn>4,andc=2ifn=3.
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We next recall the definition of the operators of the complex (12.5) of [7], namely
Pl P2 Pn—l
(7.10) O—>®—>/0—>/ %> Fk > F -0

n—

We have
Pyé = %Poggg for¢ e,

P,_w=v"Tr" v forveAN"T*® S§T*,

n

where ¥ is the differential operator (6.6), with j = n — 1 and k = 1, determined by
the Levi-Civita connection Vv of g. Then a(P,) = ipyy. If n > 4, the differential
operator P;: #, = %, of order 2 is equal to #/, the linearization along g of the

operator sending a metric into its Weyl curvature tensor, which is a section of E};
since (X, g) is conformally flat, we have #} (S¢T*) c &Y (see [7, §3]). From
formula (3.18) of [7] and Proposition 8.2 of [7], we deduce that

(7.11) o(P,) = p,.
If n > 4and 2 < j < n — 3, the operator P, is given by
Pu= f)jff u

foru é’ _ 1, Where V" is the differential operator (6.6), with k = 2, determined by
v, Wthh satisfies v *(€,_1) C &;. The symbol 6 (P)) is equal to pjo(v ). Let

¢:A"2T* ® T* > A""IT* @ N> T*
be the isomorphism of vector bundles defined in §2 of [7]; then its restriction
é:8(A"’T* ® S’T*) > E,_,
is an isomorphism (see [7, §§2, 8]). Let R be the section of T* ® T determined by
g(R°(£),m) = Ric(¢, m),
where Ric is the Ricci curvature of (X, g) and &, n € T. We define a morphism
) 9: A\"2T* @ A’T* > A" 'T* ® T*
Yy

T N(E e BB, RO(E), )

8(u)(61s- - by ) = 7

for u € A""2T* ® A>°T* and £,,...,£,_,, n € T. Then there exists a unique dif-

ferential operator of order 2
P,_,:60 , > A" T*® S§T*

such that

Tr"_l-P 2_(1) (V¢ V_e) 3_)An lg’*®.7'*

n—

where ¥ is the differential operator (6.6), with k = 1 or 2. Then we see that
(7.12) Tr" o(P,_,)(a, - a, ® u)
_ Y
2

(ay A ¢ ay A u) + ay A7 ay A u))

fora,, @, € T* and u € E?_,
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If n = 3, let
P S§T* > NT* @ SET*
be the differential operator of order 3 defined in §11 of [7] such that
Tr? - P = -8(2w), .
By formula (6.7) of [7], we see that the symbol of P, is determined by the relation
(7.13) Tr?-o(P))(a;-a, - a; ® u)
=2 Adr(ay ey ®u) +ay A dir(ag - ay ® u)

+a; A o (e, @, ® u))

for a;, a,, ay; € T* and u € SFT*.

Let }3] &, — %, be the differential operator determined by
(7.14) (pj+li,j = qu)j
for 0 <j < n— 1. We now verify that i’j=Pj for 0 <j < n—1. We begin by
showing that
(7.15) o(P)=0(P), O0<j<n-—1.

According to the definition of D, the diagram

2 > Trea
l”o lPo

Dy

T - &

1s commutative. Thus by the commutativity of (7.6), the diagram
%, > Trex,
L7 L 2po¥m

Ry

T S ST

also commutes. Therefore, since the symbol of the operator v of the above diagram
is equal to the identity mapping of T* ® R,, the symbol of P, is given by
o(P,) = ipoy = o(P,). By the definition of P,_,, the diagram

n

A"T*e S2T* L ANTre T
lide®f) Tr" ! lided
AT e B ATrea,
commutes and so
o(P,_))=0o(v")-Tr"" ' =a(P,_)).

As in §6, let \: A°T*® T > T* ® g, be the inverse of the isomorphism
8 T*®g, — A°T* ® T, and let
k:T*® g, —> T* ® R
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be a morphism of vector bundles such that 7,k = id. We set vy = kA; then mp, = A.
Since H>"~2(g,) = 0, the morphism

SANTIT*R®g, > A" IT*® g,
is injective; therefore there exists a unique morphism »;: M ' > A" ?T*® g,
such that 8», = id. According to the commutativity of diagram (2.5) of [7] and
formula (2.11) of [7], the diagram

8
An—2 T ® g2, — An—lT* ® 2,
Tided Tid® ¢

-1
-

S(A"3T* ® S°T*) E, ,

is commutative; therefore, for u € E,_, we have
(7.16) v (id® Ju=(-1)"(id ® ) - 6 'u.

Assume that n > 4. Let Q: 7* ® #, > €*? be the differential operator of order
2 defined by
Qu=v"(u+ vym,v" u)
foru € 7* ® #,; the commutativity of diagram (3.10) tells us that the diagram
Q
T*9R, - €7
l Po l P
Dl

g)l - (g)2

commutes. By (7.14) and the commutativity of (7.6), we now see that this implies
that the diagram

Q
-

T* R, %22

(717) | poym, I o
Py @

ST S & S &

is also commutative. According to (3.11) and Lemma 6.1, since m», = A, we have
m0(Q)(a; - a, ® u) = a; AAN(ay A mu) + a, A Aoy A mou)
=(id® )7(a; - a, ® Yymu)

for a), @, € T* and u € T* ® R,. Hence from the commutativity of (7.17), we
deduce that

wo(P)(a, - a, ® poh) = w7(a; - a, ® h)

for a), a, € T* and h € S?T*. The above characterization of the orthogonal
projection §, therefore implies that

o(P)(e, - o, ® poh) = py7(a; - @y ® h)
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for a;, a, € T* and h € S*T*, and so by (7.11) we see that (7.15) holds for j = 1.
For2<j<n—-3,ifa€T* and u € A/T* ® g, with du = 0, it is easily seen
that
o(D,): T*® E/ » E/*!
sends « ® y;u into y;(a A u). Hence by (7.14), we have
(Pj+1°(1~)j)(°‘ ®u)= U(Dj)(“ ® ‘P,“) =2v;(id ® ¢)(a A u)

= ¢(anu)

fora € T*andu € E jo_l; by the characterization of p;, we infer that
o(P)(a®u)=p(anu)
fora € T* and u € Ej.o_l. Thus we have shown that (7.15) holds for 2 < j < n — 3.
Let Q: €272 > #2""1(g,) be the differential operator of order 2 defined by

Qu=v(u+vmviu)
for u € €%~ 2. The commutativity of diagram (3.10) tells us that the diagram

(52.11—2 _Q) éan—l

! [t 7D,

é’nAZ
commutes. From formula (3.11), we deduce that
(718)  o(D,_ o) ey @y ® y3u) = ay A vy(ay Au) +ay A vi(ag Au)
fora;,a, € T* and u € A" 2T* ® g, with §u = 0. By (7.18) and (7.16), the symbol
of

P, &0 > N"T* @ SET*
is determined by
2(id ® 0)Tr" ! - 6(P,_,)(a, - @, ® u)
=a, Av(a; A(id ® )u) + ay A vy(a; A(id ® ¢)u)

(-1)"(id ® 8) (o, A ¢ ay A u)+ay A d7 (e A u))

for a;, a, € T* and u € E?_5; thus we see that
(-D"
2

From (7.12), we infer that (7.15) holds forj = n — 2.
Finally, assume that n = 3. Let
Q:T* @ %A, - #**(g)
be the differential operator of order 3 defined by

Tr" ' a(P,_,)(a - a, ® u) =

(ay A oM ay A u) +ay A 7Hay A u)).

Qu= v (u+vmv u+v,mV u+vmv vmv u)
foru € 7* ® #,; the commutativity of diagram (3.10) tells us that the diagram
Q
IT*e A, - &?

l Po 7 Dy
é’l
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commutes. By (7.14) and the commutativity of (7.6), we now see that the diagram

Qo
T* AR, - &?
(7.19)  3povm, 1 (id ® ) - Tr?
P
SeT* S AN T ST

also commutes. Since 7,», = A, by formula (3.12) and Lemma 6.1, we have

o(Q) e - @y~ a3 ® u)

=1y a,aqy A ”1(0‘,,(2) A )\(ap(3) A wou) +a,s A )\(ap(z) A wou))
pE@

=a; Av(id® )7T(a, a3 ® Ymou) + ay A v (id ® o) 7(ag - a3 ® Ymyu)
+ay Av(id ® )7(a; - a, ® Yymyu)
for a;, a,, a3 € T* and u € T* ® R,. Hence from the commutativity of (7.19) and
by (7.16), we deduce that
1(id® 8)-Tr? - o(P)(a, - @, a3 ® pyh)
= —(i[d®8)(a; A d'r(a,- ay ® h)
ta, A b (e - a; ® h) +az A dir(a - @, ® h))
for a), a,, a; € T* and h € S?T*, and hence by (7.13) that (7.15) holds for j =
and n = 3.
From (7.15), it follows that the differential operator Pj — P:F — %, is of order
reg—rfor0<j<n—1 According to §§5, 6 of [7] and the commutativity of

diagram (12.1) of [7], the complex (7.10) satisfies the hypotheses of Theorem 0.2(ii)
of [7], and hence the morphism

(7'20) p(jrjﬂ—rl,oi)j—l):‘lrl\;l |+l( 1) /+l r( j)

is surjective for 1 < j < n. We now verify by induction on j > 0 that Pj = P,. First,
since m,: R, —» T and the mappings (1.15) are surjective, and since the operator
P, — P, of order 0 vanishes on ©, we see that P, = P,. Suppose that j > 1 and

P_,=P_,. If x€X and u €% ,, by the surjectivity of (7.20), there exists
v € #,_, , such that

jrﬁl—rj(u - Pj—-lv)('x) =0
then

(B~ 2)u)(x) = (B~ B)B_0)(x) =0,
since the sequences (3.18) and (7.10) are complexes; hence 13/ =P.
From (7.14), we now deduce that

(7.21) 9+1P = Dy,

for 0 <j < n — 1. Thus (7.10) is the resolution obtained from (3.18) by means of the
isomorphisms ¢;. Therefore according to Theorem 3.1, the exactness assertions of
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Theorems 12.1 and 12.2 of [7] hold; in particular the sequence (7.10) is exact. By
Proposition 5.1, Lemma 7.2 and the relations (7.21), it follows that

(7.22) (Pu,vy +(-1)"(u, P, , vy =dB,(u@v)

for u E.?F/anduef

o~ j— 1, Where

B,i«gj @37”7/‘_1 — /\n—lg—*

is the differential operator of order r;, | — r; defined by

1
B_/(u & U) = _aaj(q‘)/u ® (pn—/-lv)

forue# andves , |, withc=8ifn>4andc=2if n=3 Hereq,is the
differential operator of order r,,, — r;, given by Proposition 5.1. Thus we have
essentially obtained the results of Propositions 11.1 and 11.2 of [7], although we did
not derive explicit formulas for the differential operators 8, as is done in [7, §11].
Consider the complex # = @ ¥, whose differential is induced by the differential

operators P,. By (7.21), the morp{lisms @; induce isomorphisms
¢: H(To (7)) » H'(To(&7)).
Since g, is the identity mapping of T, the diagram
Ho(X.0) —  H(T4(F))
(7.23) Jid Lo
Hy(X.0) —  HI(T,(£),
whose horizontal arrows are the isomorphisms determined by the resolutions (7.10)
and (3.18) of ©, is commutative.

Assume that X is oriented. Consider the mapping sending u ® v onto [, {(u, v),
with u € C*(F)) and v € C5°(F,_)) satisfying Pu = 0 and P,_ v = 0, where (u, v)
is given by the mapping (11.33) of [7]. By (7.22) and Stokes’ theorem, this mapping
induces a well-defined pairing
(7.24) H/(T(Z.))® H" /(Ty(Z )) = R.

From the isomorphisms H{(X,0) - H(Ty(%.)) determined by the resolution
(3.18) of ©, and the pairing (7.24), we obtain a pairing
(7.25) H/(X,0)® H /(X,0) > R.

The pairings (7.24) and (7.25) were considered in [7, §14], when X is compact. By the
commutativity of diagram (7.23), Lemma 7.2 and Theorems 1.1 and 5.1, we obtain
the following result.

THEOREM 7.1. If (X, g) is a conformally flat oriented Riemannian manifold of
dimension n = 3, the pairings (1.22) and (5.14) are nondegenerate and are equal to
(—cn)-times the pairing (7.25), where c = 8 ifn > dand ¢ = 2 ifn = 3.

We thus obtain a different proof of Theorem 14.1 of [7].
The isomorphisms ¢, and the sequence (7.10) depend on the metric g, while the
sequence (3.18) corresponding to R, depends only on the conformal structure on X.



DUALITY THEOREMS IN DEFORMATION THEORY 47

Let ° denote the bundle of densities of order s on X. The canonical measure p, of
the Riemannian manifold (X, g) is a section of !, and ,u’; is a nowhere vanishing
section of Q. As in [7, §13], we identify the section § = u,*" ® g of Q~*" ® S>T*
with the conformal class of g. We define isomorphisms

$: T—>E° @ F,—E" §:Q*"®F —>E/

n

for1 <j < n — 1 by setting
¢0=q)0= ld’ d)'z:q’)n’ ¢/(H;2/”®u)=(pj(u)

foru € F;, 1 <j < n—1; itis easily verified that these isomorphisms depend only
on g, and that the sequence (13.14) of [7] is the one obtained from (3.18) by means
of the isomorphisms ¢,. Since the complex (3.18) depends only on R, and the
isomorphisms ¢; depend only on g, we see that the resoiution (13.14) of © depends
only on g, as is shown also in [7, §13].

Let 0: g — g be the morphism determined by the metric g defined by

o() = 5-0(2°(8).  o(d(a) = 2ng%(a),
o(u)=u, o(id)=-id

for{ € T, « € T* and u € g,. Then by (7.1), (7.2) and (5.2), it is easily verified that
o, is a Cartan involution of g, for x € X; clearly o satisfies (5.15). Consider the

symmetric positive definite form B, on g and the scalar product ( , )onAT* ® g
induced by it. Using (7.3), we see that

(7.26) B, =g,

and so the scalar product ( , ) on A T* induced by B, is the one corresponding to
g

According to §5, we may consider the resolution (5.17) of ©, the morphisms (5.18)

and, when X is oriented, the isomorphisms (5.21) determined by 6. We have
F°=T, F'={ueT*® T|6*u=0)},
F/={ueNT*®g|éu=0,08%=0},
Fn—l = E"‘l, Fn=E"

for 2 < j < n — 2, where 8* is the adjoint of 8 (with respect to B,).

For 0 <j < n, we now define isomorphisms of vector bundles y;: F, > F/ such
that vy, = ¢,. Let ¢, be the identity mapping of 7. Since F' is the orthogonal
complement to g, in T* ® T, we see that F! = »(SZT*) and we set , = ». Next, for
2 <j < n— 2, we wish to show that F/ is equal to the image of Ejo_1 under the
mapping (7.7). Indeed, if u € A/ T* ® A>T*and v € A/ T* ® T*, we set

u=({d®)ueNT*®g, =(de®0ve AN 'T*®g,;
then

S0 =(d® ¢)v; + w®id,
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where v, € A/T* ® A*T* and w € A/ T*. By (7.5), (7.9) and the commutativity of
diagram (10.6) of [7], we have
(80, u) = ((id ® ¢)v,, (id ® t)u) = 2n(v,, u) = 2n(Av, u),
where
ANTIT*® T - (NNT* @ N2T*) @ A/ T*
is the morphism of §10 of [7] and (Av, u) is the scalar product of the elements Av, u
of (N/T* ® A*T*) ® A’ T* considered there. Hence 8*# = 0 if and only if A*u =0
in the sense of §10 of [7]. From the equality (10.13) of [7] and the commutativity of
diagram (6.2), we deduce that
(id® )E’, = F/ Nn(AT*®g,).

The desired result now follows from the fact that the mapping (7.8) is an isomor-
phism. We set ¢, = 2(id ® ¢) for 2 < j < n — 1. Finally, we let ¢ = ¢,_; and
¥, = Py

Since ¢, = vy, for 0 < j < n, we see that (7.10) is the sequence obtained from
(5.17) by means of the isomorphisms ¢,. In terms of the scalar products on the
bundles F, considered in [7] and the scalar product on AT* ® g and its sub-bundles
F/ determmed by B according to (7.26), (7.9) and (7.3), it is easily verified that

(7.27) (yju. ¥, v) = c¢;(u.v)

foru, v € F,, where ¢ =¢; =1, ¢;=cnfor2<j<n—2andc, ,=c, = (cn)?,
withc=8if n > 4andc—21fn—3 Setd, = —cn/c;, wherec—81fn 4 and
¢ = 2 if n = 3; then clearly we have
(7.28) d.d

i%n-j =
Now suppose that X is oriented and let Q be the corresponding volume form of

(X, g). Consider the isomorphisms

(7.29) %:F - F

n o

n—1

equal to d, 11/" L *y,, where « is the isomorphism (5.21). It is easily seen that
#=008g'(¢), #2®a)=g¥a),
sh=Q®h, #Qeh)=(-1)"""h
foré € T.a € T*and h € ST*, and that %: E? | — E)_,_, is the restriction of
* ®id: AVT* @ N*T* — /\" IT* @ N*T*
for 2 <j < n — 2; thus we obtain a result also given by Proposition 9.1 of [7].
Therefore (7.29) is equal to the isomorphism  of §14 of [7]. Since the isomorphisms
(5 21) satisfy (1.24) and (1.25) for all u, v € F/, we see that the isomorphisms
: F;, - F,_; satisfy (1. 24) and (1.25) for all u, v € F,. Indeed, (1.24) follows from

n—j

(7 28) ifu,v e F, by (7.27) we have
<‘I’j“»*¢jv> = (‘Pju’ ‘P},U)Q = C,-(u, v)L,
and by Lemma 7.2

1
<¢ju9*'4’jv> = d_<¢_lu’ 4/»1 /*U> = —%(u,*v)
J J

= ¢;(u, *v),
and so (1.25) holds.
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From the above results and Theorem 5.2, we deduce that the sequence (7.10) (with
© omitted) is an elliptic complex and that it is formally selfadjoint, namely that it
satisfies conditions (I)-(IV) of the introduction of [7].
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