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DUALITY THEOREMS IN DEFORMATION THEORY

BY

HUBERT GOLDSCHMIDT1

Abstract. We give a unified treatment of the construction of the Calabi sequence,

which is a resolution of the sheaf of Killing vector fields on a Riemannian manifold

of constant curvature, and of the resolution of the sheaf of conformal Killing vector

fields on a conformally flat Riemannian manifold of dimension > 3 introduced in

[7]. We also explain why the latter resolution is selfadjoint and associate to certain

geometric structures selfadjoint resolutions of their infinitesimal automorphisms.

Introduction. In the deformation theory of pseudogroup structures as developed

by K. Kodaira and D. C. Spencer [21,20,23], one of the fundamental problems

consists of interpreting the space of infinitesimal deformations of a geometric

structure on a compact manifold X of dimension n, which is isomorphic to the first

cohomology group H1(X, 0) of X with values in the sheaf © of infinitesimal

automorphisms of the geometric structure, and then of determining which elements

of Hl(X, 0) correspond to an actual deformation of the structure. Certain classes in

H1( X, 0) may be obstructed, the obstructions occurring as classes in H2(X, 0).

If the automorphisms of the structure form an analytic and elliptic pseudogroup,

according to [23 and 17], the Spencer sequence

„  D       ,   D       ,   D0 -» 0 -» %° -» <gl -> V2 -»    ■ • •   -> <€" -» 0

is a fine resolution of 0 and an elliptic complex. Here #■' is the sheaf of C°°-sections

of a vector bundle C> over X and D is a first-order differential operator, and

# = ffi .%>' possesses the structure of a graded Lie algebra which is compatible with

D, i.e. '

D[u,v\ = [Du,v] +(-l)'[u,Dv]

for u g #', v czz <gj. Moreover, the space Hj(X, 0) is finite-dimensional and isomor-

phic to the cohomology of the sequence

T(X,VJ-l)^T(X,'£J) Zr(X,<#J+1);
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if a cohomology class in H1(X,@) is represented by a section u of C1 over X

satisfying Du = 0, the obstruction to finding a deformation tangent to this class lies

in H2( X, 0) and corresponds to the cohomology class of the section \[u, u] of C2.

For complex structures, this is an extremely satisfactory theory. Unfortunately, for

certain other structures this theory does not always lead to explicit computations and

alternative interpretations of the cohomology groups HJ( X,<d) must be found. Here,

we are interested in structures giving rise to pseudogroups of finite type. Then 0 is a

locally constant sheaf and the Spencer sequence is isomorphic to the canonical

resolution of 0, which is a twisted de Rham complex. In certain cases, one can

construct other fine resolutions of 0, whose bundles and differential operators can

be explicitly described by means of the geometric structure, and in terms of which

the infinitesimal deformations have a more geometric interpretation. Two resolutions

of this type have been constructed, namely by Calabi [2] for the sheaf of Killing

vector fields on a Riemannian manifold of constant curvature and in [7] for the

sheaf of conformal Killing vector fields on a conformally flat Riemannian manifold

of dimension > 3. In both these cases, an element of H1(X, 0) can be represented

by a variation of the metric, which is a symmetric 2-form. Using these sequences, for

certain spaces one can compute the space of infinitesimal deformations. For exam-

ple, Calabi proved that H1(X,€>) vanishes when 0 is the sheaf of Killing vector

fields on a compact quotient of hyperbolic «-space, with n > 3. In [7, §17], all the

cohomology groups Hj(X,Q) are computed for the sheaf 0 of Killing or of

conformal Killing vector fields on a flat torus. Since a good obstruction theory does

not as yet exist in the context of these sequences, it is important to relate explicitly

the Spencer sequence to the geometric resolution for these two structures in order to

carry out computations for certain examples, in particular for the conformally flat

structures on compact quotients of hyperbolic space (see [22]).

In this paper, we propose to give a unified treatment of the construction of these

two geometric resolutions by means of a spectral sequence, which permits us to

associate directly to a section u of CJ satisfying Du = 0 a section of the (j + l)th

vector bundle of the geometric resolution corresponding to the same cohomology

class in Hj(X, 0). This should enable us to relate the deformation and obstruction

theory given in terms of the Spencer sequence to one worked out in terms of the

geometric resolution.

If g is a conformally flat Riemannian metric on X, an infinitesimal deformation of

the corresponding conformal structure is represented by a section u of the bundle C1

of the Spencer sequence satisfying Du = 0. It determines an infinitesimal variation h

of the metric g, which is a symmetric 2-form. If n > 4, we show here that the

condition Du = 0 implies that the linearization of the Weyl tensor operator vanishes

on h, that is, h is a cocycle of the geometric sequence of [7]. The second order

variation of the Weyl tensor operator gives us a section of a bundle of this sequence,

which is a cocycle and which has an explicit quadratic expression in terms of h and

its first derivatives. Using the methods developed here, we hope to prove that this

section corresponds to the cohomology class of the section \[u, u] of C2 in

H2(X, 0). Using the Spencer sequence and our spectral sequence, we explain in
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algebraic terms why the duality theorem for the cohomology groups HJ(X,@)

established in [7] holds and why the geometric resolution of 0 is selfadjoint.

We denote by T and T * the tangent and cotangent bundles of X and by $ the

sheaf of sections of a vector bundle E over X. Let Rm be a formally integrable linear

differential equation of order m on a vector bundle E over X corresponding to the

homogeneous equation Ps = 0, for s ^ cf, where P is a linear differential operator of

order m. Assume that Rm is of finite type, in particular that the first prolongation of

its symbol vanishes. Then a solution j of Rm or of the equation Pu = 0 over a

connected open subset U of X is uniquely determined by its w-jet atxG LJ, and the

sheaf 0 of solutions of Rm is locally constant and admits a canonical resolution

(1) 0 -> 0 -> 3?m ̂> 5"* ® %m ̂  A29~* ® 9tm -* ■ • ■  -> A"^"* ® 9tm -> 0,

which is a twisted de Rham sequence. We suppose that Rm satisfies some regularity

conditions and in particular that the Spencer cohomology groups HPJ(Rm) of Rm,

with 0 < j < n, 0 < p < m, defined in §3 are vector bundles. The vector bundle Rm

is filtered and this permits us to define a filtration {<SP} of AT* ® 9im determined

by sub-bundles C stable under the differential V*. We consider the corresponding

spectral sequence {Ep,J, dr}, and verify that Eqp-j is canonically isomorphic to the

sheaf of sections of Hpi(Rm) and that E2p'1-J = 0. If there exist integers

0 = rQ </-!<••• < /•„_, </•„< m

such that Hpi(Rm) = 0 for a\\p # r}, with 0 < j< n and 0 < p < m, then, because

of the vanishing of appropriate E0 and Ex terms of this spectral sequence, from the

sequence (1) we obtain a complex

D° Dx D2

(2) 0-* 0 ^£°-*gl ^S2-^   ■■■ -^cf'^0,

where E> = Hr>-J(Rm) and D' is a differential operator of order rJ+x — r-+ 1

derived from the differential d2(r+i_r) of the spectral sequence; using results from

the theory of spectral sequences, we prove that this sequence is exact and an elliptic

complex. Moreover, we always have H°-°(Rm) = E° = E.

In [5], it is shown that the first-order equation Rx for the Killing vector fields of a

Riemannian manifold (X, g) of constant curvature satisfies all the above conditions

with m = 1, r0 = rx = 0 and r2 = • • ■ = rn = 1; we thus have the resolution (2) of

the sheaf 0 of Killing vector fields of (X, g), where D0, Dj (with j > 2) are

differential operators of order 1 and Dx is of order 2. There are canonical isomor-

phisms

T^H00(RX),    S2T* -> H01(RX),    Ej_x-+HUJ(RX)

for 2 < j; < n, where S2T* is the bundle of symmetric 2-forms on X and Ej_x is a

sub-bundle of AJT* ® A2T*. By means of these isomorphisms, from the resolution

(2) of 0, we obtain a resolution

Qo    .       Qi      Qi
0^0 -> sr^ s2sr* -»sx -> s2 -> • • • -> sn_x -* o.
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In §6, we show that it is the Calabi sequence of [2] as defined in [5]; in particular, if |

is a vector field on X, we verify that Q0i is the Lie derivative of g along £.

If V is a torsionless connection on X and (X, V) is an affinely flat manifold, then

the equation R 2 of order 2 for the infinitesimal affine transformations also satisfies

all the above conditions with m = 2, rQ = 0 and rx= ■ ■ • = rn = 1, and so we have

the resolution (2) of the sheaf 0 of infinitesimal affine transformations of (X,v),

where D0 is a differential operator of order 2 and /)■ (with 7 > 1) is of order 1 which

can be explicitly described in terms of V.

We now suppose that Rm is a Lie equation in the tangent bundle of X. Then Rm x

has the structure of a Lie algebra for x e X. In terms of the Killing forms of these

Lie algebras, we define a pairing

(3) (AT* ® Rm) ®(A>T* ® Rm) -h. A'+T*,

sending w ® u into (u, v), such that

( V"k, v) +(-1)'(m, V"i>) = d(u, v)

for u (z A'9~* ® 9m, v e A>9~* ® £?„,. If //0A( A, 0) denotes the A:th cohomology

group of X with compact support and values in 0, then, from this pairing and the

resolution (1), when A1 is oriented we obtain a pairing

(4) HJ(X,@)® HS~J( X, 0) -» R.

Whenever -R„, v is a semisimple Lie algebra for all x e A, we prove that this pairing

is nondegenerate (Theorem 1.1). We assume henceforth that m = 2. By restriction

and passage to the quotient, the pairing (3) induces a pairing

(5) H"'(Rm) ® H2-pJ(Rm) -+ Ai+JT*

for 0 < /? < 2, sending u ® v into (u, i>). Suppose that there exists an integer

0 < k < (n + l)/2 such that

H°'(R2) = 0    for j > k,

H1J(R2) = 0     for ; < k and j>n-k,

H2j(R2) = 0     for j < n - k;

then the condition described above for the existence of the sequence (2) is verified

with rt, = 0 for 0 < i < k, r}, = 1 for k + 1 ^j < n - k — 1, and r, = 2 for « - k <

/ < «. We have /■ . = 2 - r for 0 =$7 < « and we prove that there exists a

differential operator

otj-.Si ®Sn-'-x -> A""1^*

of order r+1 — r such that

(6) (Z)yM, „) +(-l)y(u, A,-,-^) = rf«y(" © v)

for all w e cf', u e e?"_J_1. Thus when A" is oriented, from the resolution (2) and the

pairing (5) we obtain another pairing

HJ(X,@) ® HS~j( X, 0) -» R;
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by means of our spectral sequence, we show that this pairing is indeed equal to (4)

(Theorem 5.1).

For x G X, the fiber R2x is a filtered Lie algebra and thus the fibers of the graded

bundle g = g0 ffi g, © g2 associated to the filtered bundle are also Lie algebras. If gx

is semisimple for x g A, so is R2x and the pairing (4) is therefore nondegenerate

whenever A is oriented; moreover, there exists a morphism a: g -» g of vector

bundles such that ox is a Cartan involution of gx for all x g A, and

(7) o(gp) = g2-/,

for /? = 0,1,2. The Killing forms of the Lie algebras gx and a determine a scalar

product on the bundle g and a metric on X. Using the induced scalar product ( , )

on AT* ® g, we construct a sub-bundle F-7 of AT* ® gr and an isomorphism y:

F' -* E>. The pairings (5) determine morphisms

FJ ® F"~j -> AT*

sending u ® v into (w, v) = (yu, yv). By means of the isomorphisms y, from the

sequence (2) and (6) we obtain a resolution

(8) 0 -> 0 -^J^^jF1 ^»J^2^   •••  ^JT" -> 0

of 0 and differential operators

aj'.&rJ Q&r"-J-'1 -* A"~l9~*

of order rJ+1 - rj which have properties similar to those of the de Rham sequence,

namely:

(I) For u g &J and v e y~J~l, we have

(?•>«, b>+(-1)7(m,P"~-'_1w>= da;(« ffi v).

(II) If A is oriented, then because of (7), the isomorphisms

* : AT* ® gr/ -» A""T* ® grni,

defined in terms of the Hodge * -isomorphism by

*(a ® |) = ~(*a) ® a(|),

for a g AT*, | e gr, give us by restriction isomorphisms * : FJ' -* F" ' such that

(9) ••M-(-l)"y+y«,

(10) <w, *u> = (M,i;)fi

for u, v g F7, where fl is the volume form corresponding to the metric on X.

(III) If X is oriented, the formal adjoint PJ*: ^> + 1 -+&' of P1 is equal to
f-iyj+j* P"-J-1*.

(IV) The Laplacians Uj: 3?J -» J^7 defined by

r-jy _ /py-lpy-l*\0+i_')+1 jr(pj*pjyj~rJ-i + 1

are formally selfadjoint and elliptic and, if A is oriented, satisfy the relations

*dj = n"~j *.
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These properties of the sequence (8) imply that it is formally selfadjoint; hence the

adjoint complex

0->* ®z0-> Jf"   -»   JT"-i/>^     ...  ^ jf-i^'jro ^ o

of (7) is exact, where o is the orientation sheaf of A (over Z).

In §7, we study the first-order differential equation Rx for the conformal Killing

vector fields of a conformally flat Riemannian manifold (A, g) of dimension n > 3.

Using results of [7], we verify that the first prolongation R2 of this equation satisfies

all the above assumptions with m = 2 and k = 2, and that R2 v is a simple Lie

algebra for all xGl We thus have the resolution (2) of the sheaf 0 of conformal

Killing vector fields of (A, g), where D-, withy =h l,n — 2, are differential operators

of order 1, Dx, Dn_2 are of order 2 when n > 4, and Dx is of order 3 when n = 3.

There are isomorphisms of vector bundles depending on g

<p0: T -* H°-°(R2),        cp,: 502T* - H01(R2),

cpj-.Ej^^H1-^),

<?>„_,: AT* ® S2T* -* H2ni(R2),       <p„: AT* ® T* -^ H2"(R2),

where SqT* is the sub-bundle of S2T* of 2-forms with zero trace, and Ej°_x is a

sub-bundle of AT* ® A2T* for 2 < j < n — 2, such that the resolution of 0

obtained from (2) by means of these isomorphisms is the sequence

(11) 0-»e-»^04#i-ijr2-l...-»jr-*o

of [7]. From the relations (6), we deduce the results given by Propositions 11.1 and

11.2 of [7]. We then show that the nondegenerate pairing (4) obtained from (5) is

equal to (-cn)-times the corresponding pairing described in [7] when X is compact,

where c = 8 if n > 4 and c = 2 if n = 3 (Theorem 7.1). Moreover, if fl"2/" denotes

the bundle of densities of order -2/n on X, there exist isomorphisms of vector

bundles

<Po = fo- f0 ^ E°,   9„ = <P,r Fn ~* E\   <*>,: fl"2/" ® Fj - E>

for 1 < j < n — 1, depending only on the conformal class of g, such that the

resolution of 0 obtained from (2) by means of these isomorphisms is the sequence

(13.14) of [7], and we thus show that this complex depends only on the conformal

class of g, a result verified in [7, §13].

In terms of the metric, we define a Cartan involution of the graded bundle g

satisfying (7); consider the corresponding scalar product ( , ) on AT* ® g and

the sub-bundle FJ of AT* ® gr. We define an isomorphism uV: Fj -» FJ such that

y\pj = cpj. If X is oriented, then, in terms of the morphisms *: FJ -» F"~j de-

termined by a, the morphism *: F--* Fn_j defined in [7] is equal to djip'z.j * \pj,

where d} is a constant depending only on n andy. From (9) and (10), we deduce the

corresponding relations for the isomorphisms *: F]. -* Fn_j of [7]; thus we have

shown that the resolution (11) of 0 is a formally selfadjoint complex, namely, that it

satisfies conditions (I)-(IV) of the introduction of [7].
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If V is a torsionless connection on A and n > 2, and if (X, V) is a projectively

flat manifold, then the second order differential equation R2 for the infinitesimal

projective transformations satisfies all the above assumptions with m = 2 and k = 1,

and /?2 x is a simple Lie algebra for all x g A. Thus we have the resolution (2) of the

sheaf 0 of infinitesimal projective transformations of (A", V), where Djf withy # 0,

n — 1, axe differential operators of order 1 and D0, Dn_x axe of order 2. Moreover,

we have the nondegenerate pairing (4) and the sequence (2) is formally selfadjoint.

The operators of this sequence can be explicitly described in terms of V, although

we do not carry out this computation here.

Finally, we make some additional comments about the contents of this paper. §1

contains some results from the theory of overdetermined differential operators of [8

and 17], namely formula (1.13) which is needed to establish (3.6) and the commuta-

tivity of (3.5); these are the two facts which permit us to construct our spectral

sequence in §3. In §1, we also provide two proofs of the nondegeneracy of the

pairing (4). In §2, we present the results on spectral sequences, which are required in

§3 to construct and prove the exactness of sequence (2), and which are similar to

certain ones of [3, Chapter XV]. In §3, we define our filtration {W} and our

spectral sequence, and give explicit formulas for the differential operators of the

sequence (2) and their symbols. We also prove the commutativity of diagram (3.20),

from which we deduce Theorem 5.1. §4 is devoted to the structure of semisimple

graded Lie algebras; we establish there a duality result for their cohomology

(Proposition 4.4), which is proved in a special case in [7].

We wish to thank J. C. Moore, E. Van den Ban, J. L. Verdier and G. Zuckerman

for the most helpful discussions concerning this paper.

1. A duality theorem. Let A be a differentiable manifold of dimension n and class

Cx, whose tangent bundle we denote by T. We write Ox for the sheaf of real-valued,

differentiable functions on A. Let S'T* and AT* be the Ith symmetric power of

T* and the wth exterior product of T*, and let AT* be the exterior algebra of T*.

Let £ be a vector bundle over X; we denote by & the sheaf of C°°-sections of E and

by Jk(E) the bundle of /c-jets of sections of E. We write Cco(E) (resp. C0°°(F)) for

the space of C°°-sections of E (resp. of E with compact support) over X. Let jk:

cf —» Jk((f)be the differential operator of order k which sends a section s of E over a

neighborhood of x g Ainto the k-jetjk(s) of this section and let irk: Jk + I(E) -* Jk(E)

be the natural projection sending jk + l(s)(x) intojk(s)(x). We identify J0(E) with E

and we set Jk(E) = 0 for k < 0. We have a natural injection

Xl:Jk + ,(E)^J,(Jk(E)),

which sendsjk + l(s)(x) intoj)(jk(s))(x), and an exact sequence of vector bundles

(1.1) 0 -* ST* ® E ^> Jk(E)*k-*1 Jk_x(E) -*0,

where e is the morphism defined as follows: if /,_,... ,fk axe real-valued functions on

a neighborhood of x which vanish at x, then

*((#,.dfk)(x)®s(x))=Jkllnf)s\(x).
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The sequence (1.1) yields the exact sequence

0 - T* ® Jk_x(E) - Jx(Jk.x(E)) 2 Jk_x(E) -* 0.

If F is another vector bundle over A and Q: £-* J^is a differential operator of

order k, then (2 induces a unique morphism of vector bundles p(Q): Jk(E) -» F

such that p(Q)° jk = Q; the symbol a((2): ST* ® F -> F of Q is the morphism

p(Q)oe.

We define a first-order differential operator

D:Jk(S)^9-*®Jk_x(S)

by

(1.2) eDu =jx(trk_xu) -Xxu

for u e. Jk(£), and obtain the first-order differential operator

(1.3) D-.A'ST* ®Jk(cf) -^ AJ + l9~* ®Jk_x(£)

determined by

(1.4) D(co ® u) = dco ® trk_xu +(-l)Jco A Du

for co g A'ST* and u g Jk(S). We thus obtain the Spencer complex

(1.5) 0 -»<? * /A(<f) " ^* ® A_i(<f) -^ A2JT* ® Jk.2(£)

!i  ... _» A«^r* ®yA  ;;(^) ->o,

which is an exact sequence. Let 8: Sk+1T* —> j* ® ST* be the natural inclusion

sending ax.aA: + 1, with a1(... ,a^ + 1 G F*, into

k + l

£ a, ® «i.«/.at+1;

y-i

for w g 5A +1T* and | g T, we denote by 8^u the element of ST* defined by

5|M = (|, 8w).

We extend 5 to a morphism of vector bundles

8: AT* ® 5* + T* -> AJ+1T* ® ST*

sending co ® w into (-l)Ao A 5u, for co G AT* and u G S* + 1F*. Then we have

(1.6) S(co A u) = (-l)'co A 8u

for co g AT* and u G AF* ® Sk + 1T*, and the diagram

AJ9~* ® Sk + 19~* ® £     ~->     Ai+19~* ® S^* ® £

I e 1 e

(1.7) Aj3T* ® Jk+x(S) ° AJ + l3T* ® Jk(S)

1 WA 1 w* - 1

A4T* ® ./*(<?) ^       A7 + 1^* ® A-i(^)

commutes (see [8, 17]).
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If Rk. c Jk(E) is a differential equation of order k on E, the symbol of Rk is

gA = {m g ST* ® F|ew g Rk). Now let /v^ c Jk(E) be a formally integrable

differential equation of order k on F, whose /th prolongation is the sub-bundle Rk+,

of Jk + I(E); let g^ + / c sk + lT* ® E be the /th prolongation of the symbol g^ of Rk.

Then the differential operator (1.3) gives us by restriction a first-order differential

operator

D: AW* ® 0t+/ -* AJ + l3r* ® **+,_!

and, according to the commutativity of (1.7), the diagram

A'ST* ® gk+l      =J      A^+1^* ® g, + /_!

J,  E I  E

AJf*®9k+l     ^     AJ+19-* ®9k + l_x

commutes. From the exactness of (1.5), we see that, if 0 denotes the sheaf of

solutions of Rk, the sequence

(1.8) 0^<d'^'9tk + l^9-*®Jk+l_x(£)

is exact.

We obtain a complex

(1.9) 0^gk+l^*T*®gk+l_x^ A2F*®g, + /_2^   •■•  ^AT*®g,

-* A/+T* ® S*~T* ® F;

the Spencer cohomology Hk + l~j-j(gk), with l>j, is the cohomology of (1.9) at

AT* ® gk+,_j. We recall that

(1.10) Hk+'»(gk)-0,       Hk+<>1(gk) = 0

for / > 0.

Now assume that there exists an integer m > k such that gm + 1 = 0. Then irm:

Rm+i -* Rm is an isomorphism; let x: Rm ~* Rm + i denote its inverse. The composi-

tion

x \      .
Rm ~* Rm + l  ~* JliRm)

is a connection on Rm, since w0^iX = id; it corresponds to the first-order differential

operator v: 9tm -» 9"* ® 91 m determined by

eVm =jx(u) -XxX(u)

for u g 9tm. According to (1.2), we see that

V = D-x--@m ^$~* ®9lm.

If

(1.11) v*:AJ3~* ®9tm-^ AJ+19~* ®9tm
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is the differential operator determined by

V"(co ® u) = doi ® u + (-l)'co A Vm

for co G AJ9~* and u g 9lm, then

(1.12) V"(co A u) = dec A u + (-l)'co A V"m

for co g Aj9~* and u g A 9~* ® 9tm, and from (1.4) we infer that

V'= D ■ x- AJ9~* ®9cm-+ A' + l9~* ®9tm.

Hence by the commutativity of (1.7), we see that

(1.13) w„,-iV"= D: A]9~* ® 9tm -* Ai+l9-* ® /m_1(^r).

By (1.12), the symbol

a(v'): T* ® AT* ® Rm -* AJ + lT* ® Rm

of V" sends a ® co ® u into a A co ® u, for a G T*, co G AT* and u ^ Rm.

According to Proposition 5.1 of [8] and Theorem 2.1 of [5], the curvature of the

connection x vanishes and so the sequence

(1.14) 0^0^^^^*®^,^ A29~* ® ®m ̂    • • •  -> A"^"* ® 9im -* 0

is a complex, which by Lemma 5.3 of [8] and Proposition 2.1 of [5] is in fact an exact

sequence. Moreover, by Theorem 2.2 of [8], if U is a connected and simply connected

open subset of X and x g U, the mapping

(i.i5) r(u,@) -»/?„,,„

sending 5 intoy„,(s)(x), is an isomorphism, and so 0 is a locally constant sheaf. The

sequence (1.14) is also an elliptic complex.

Henceforth, in this section we suppose that E = T. Consider the bracket

Jr+X(T) ® Jr+X(T) - Jr(T)

defined by

[jr+lU)(X)jr+l(v)(x)]=jr(U,1l])(x)

for x g A and |, tj g^. We also assume that Rk is a Lie equation, that is,

[Rk + X, Rk + i] c Rk. Then we have

[Rm+1, flm+i] c Rm,

and the bracket

(1-16) Rm®Rm^Rm,

defined by

[«,ii]= ixU),x(v)],
for ^, tj G Rm, endows Rm K with a structure of Lie algebra for all x g A. Moreover,

with respect to the Lie bracket of vector fields, 0 is a sheaf of Lie algebras, and the

mapping (1.15) is an isomorphism of Lie algebras. We say that Rk is formally

transitive if 7r0: Rk-> T is surjective.

Let B: Rm ® Rm -> R be the mapping whose restriction to the fiber over x g X is

the Killing form Bx of Rm x.
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Lemma 1.1. //£, tj are sections of@ over an open set If, then dB(jm(£), jm(f])) = 0

on U.

Proof. We may assume that U is connected and simply connected. Let B' denote

the Killing form of the Lie algebra T(U, 0). Since (1.15) is an isomorphism of Lie

algebras for x G U, we have

B'U,V) = Bx(jmU)(x),jm(7])(x))

for all |, tj g T(U,@).

We define a morphism of vector bundles

(1.17) (AT* ® Rm) ®(AT* ® Rm) -+ A'+T*

sending u ® v into (u, v), for u g AT* ® Rm and v G AT* ® Rm, by setting

(u,v) = B(£,ri)cx A B,

whenever u = a ® £ and v = B ® tj, with o g AT*, B g AjT* and £, tj g Fm.

Lemma 1.2. IFe /iaue

(1.18) (Vu,v) +(-l)'(u,v'v) =d(u,v)

for u g A'9~* ® 9lm and v G A^* ® 3?m.

Proof. According to Lemma 1.1, the equality (1.18) holds when u = ym(£) and

t> = jm(r\), with £, tj G 0. If (1.18) holds for u = £ g 3?m and v = tj G ^m, and if

/, g g C^, then by (1.12) it holds for w = /£ and t> = gij. Since (1.15) is an

isomorphism, the sheaf ^m is generated byy„,(0) over <SX, and therefore the formula

is true for all u, v e ^m. From (1.12), we see that if (1.18) holds for u, v g ^m, it

holds for u, v of arbitrary degree.

If V also denotes the connection in /?* ® /?* induced by V and if we consider B

as a section of P* ® R*t, then formula (1.18) holds for all u, v G 9im if and only if

VB = 0.

We denote by HJ the cohomology of the complex

(1.19) 0 -» C°°(fl„,) * C°°(F* ® Rm) * C°°(A2F* ® Rm)

^   •••   -> C°°(AT* ® £„,) -»0

at C°°(AT* ® /?„,), and by ^ the cohomology of the complex (1.19), with Cx

replaced by C0°°, at C0°°(AT* ® Fm). The exact sequence (1.14) gives us canonical

isomorphisms

(1 -20) HJ( X, 0) -» /F,       #<{(A, 0) -> Hi,

where Hf{( A", 0) is theyth cohomology group of A with compact support and values

in 0.

Suppose that A is oriented. Consider the mapping sending u ® v, with u g

C°°(AT* ® Rm) and u g C0°°(A""T* ® Rm) satisfying  Vu = 0 and   vi) = 0,
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onto jx{u, v); by Lemma 1.2 and Stokes' theorem, we see that this mapping induces

a well-defined pairing

(1.21) W® H^-i'-> R.

From the isomorphisms (1.20) and the pairing (1.21), we obtain a pairing

(1.22) /F(A,0)®/FT'(A,0) ^ R.

Theorem 1.1. // Rm x is a semisimple Lie algebra for all x g A, then the pairings

(1.21) and (1.22) are nondegenerate.

Proof. First, we assume that A is connected and simply connected; let co be an

M-form with compact support such that jxu = 1. Since V is a flat connection, if

{£t_,|?} is a basis of T(A, 0) and ay denotes the cohomology class of co ®ym(£,)

in Hq, then {jm(£x),. ■ -Jm(£q)} is a basis of H° and {ax,...,aq} is a basis of Hg.

Then, if x g X, the pairing (1.21) sendsym(|() ® ay, with 1 < i, j < q, into

JxB(jMi),jMJ))o: = B{j„Mi)(x),jm(iiJ)(x))fxCO

= B(jm(i,)(x), jm((j)(x)),

by Lemma 1.1. Since Bx is nondegenerate and {jm(£i)(x),...,jm(£;q)(x)} is a basis

of Rm x, the pairing (1.21) is also nondegenerate fory = 0. Since HJ = 0 fory > 0,

and H^ = 0 fory < n, we see that (1.21) is nondegenerate for ally > 0. A proof due

to J. Milnor of Poincare duality for de Rham cohomology, using Mayer-Vietoris

sequences for this cohomology with or without compact support and the existence of

acyclic coverings, and similar to his proof of the Duality Theorem A.9 of [15,

Appendix A] (see also [18, Chapter 11]), is now easily extended to the case of the

cohomologies of the sequence (1.14) and gives us the nondegeneracy of (1.21) for an

arbitrary oriented manifold.

Under the further assumption that X is compact, we now give another proof of

Theorem 1.1 using Hodge theory.

We first begin with

Lemma 1.3. Let g be a bundle of Lie algebras over X and t: g —> g a morphism of

vector bundles such that tx is an involutive automorphism of Qxfor all x g A. Assume

that Qx is semisimple for all x g A, and that (g, t) is locally trivial, that is, for all

x0 G X there exist a neighborhood U of x0 and an isomorphism $: U X qx —> q^ of

bundles of Lie algebras over U such that tx = ^(id X rx )$x~1. Then there exists a

morphism a: g->jo/ vector bundles over X such that or = ra and ox is a Cart an

involution of qx for all x g A.

Proof. Fix x g A"; let G be the adjoint group of the Lie algebra qx. According to

Lemma 10.2 of [1] (see also [10, p. 156]), there exists a Cartan involution 6 of qx

commuting with rx. Let g x = I ffi p be the corresponding Cartan decomposition of

gx and set rj={£Ggx|T(£) = £}. Then according to Lemma 4 of [14] and its

proof, the set of all Cartan involutions of g x commuting with tx is equal to

{ iW"1!^ = exp(ad £), with £ G $ n h }.
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By [4, Chapter I, Proposition 6 and 10, p. 216], this set considered as a subset of

Hom( qx, g v) is diffeomorphic to p n b. Suppose that A is connected. Our condition

of local triviality implies that

( ,        .    a„ is a Cartan involution of g,,)
a G Horn(fl.fl)     a

\ for all a G A, and ot = to      I

is a locally trivial sub-bundle of Hom(g, g) whose fiber is diffeomorphic to p n b.

Therefore by Theorem 12.2 of [19], this bundle admits a differentiable section a.

Since the mappings (1.15) are isomorphisms of Lie algebras, Rm is a locally trivial

bundle of Lie algebras. Assume that Rm x is a semisimple Lie algebra for all x g X.

Then by Lemma 1.3, with t = id, there exists a section a of /<* ® Rm over A" such

that ax is a Cartan involution of Rm x for x g X Then the mapping Ba: Rm® Rm^>

R, defined by

73a(£,T,)=-73(£,a(T,))

for £, tj G /?m, determines a symmetric positive definite form on Rm x for x g X. Fix

a Riemannian metric g on A and consider the scalar product ( , ) on AF* ® Rm

induced by the scalar product on AF * determined by g and the scalar product Ba on

Rm. Suppose that A is oriented and let fl be the corresponding volume form on X.

Let

(1.23) *: AT* ® Rm -> A"~T* ® Rm

be the morphism of vector bundles defined in terms of the Hodge * -isomorphism by

*(a ® £) = -(*«) ® a(£)

for a g AT* and £ g Rm. Then, since a is an involution,

(1.24) **„ = (_!) »J+JU

for u g AJT* ® Rm. Moreover, foxu, v g AT* ® Rm, we have

(1.25) (u,*v) = (u,v)Q..

Indeed, if u = a ® £ and v = B ® tj, with a, /3 g AT* and h, d g Pm, we see that

(u, *v) = -(a ® £, *B ® o(-q)) = -#(£, a(ij))a A * B

= 2?0(£,tj)« A .0=(«,»)O-

From formulas (1.24), (1.25), Lemma 1.2 and Stokes' theorem, it follows that the

formal adjoint

V"*: AJ + 1ST* ® 9tm -> AJ9~* ® 9tm

of V" (with respect to fl and the scalar product ( , ) on AF* ® Rm) is equal to

(-1)"./+1 * vA*. If D: AJ9~* ® 9tm -+ AJ9~* ® 9tm is the Laplacian defined by

□ = V* V"* + v"*v",
then

(1.26) *□ = □*

(see [7, Proposition 14.1]). Moreover, if A" is compact, since (1.14) (with 0 omitted) is

an elliptic complex, according to Hodge theory the harmonic space

H^ = {u g C00 (AT* ® Rm)\n u = O)
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is finite-dimensional and the mapping HJ' -» Hf sending u into the cohomology

class of m in W, is an isomorphism. By (1.26), the mapping (1.23) induces an

isomorphism

*:W ^ H"J.

From these results and (1.25), we deduce that (1.21) is a nondegenerate pairing (see

for example the proof of Theorem 14.1 of [7]).

2. Filtrations and spectral sequences. In this section, we shall consider modules

over a ring R. Let A be a filtered complex (over R) endowed with a filtration

••■  c Fp + l(A) c Fp(A) c •••

by submodules of A, with p G Z and A = iJp<=zI7pi^)' moreover ,4 = ® £ZAJ is

graded and, if Fp-\A) = A1 n Fp(A), we have

F"(A)=  © Fp-'(A).

The differential d of the complex A satisfies

dFp-J(A) c F"'J+1(A).

We consider the spectral sequence of this filtered complex; we set

Zp-J = (ae Fp-J(A)\daczz Fp + r-J + l(A)),

Ep.J = Zf-J/(Zffx1-J + dZf-{+Uj-1).

We have

Ep.j = Fp-J(A)/Fp+Ui(A).

The differential d induces a morphism dr: Ep-J -» Ep+r-j+1. Then F/^ is canoni-

cally isomorphic to the cohomology of the sequence

d, d,
gp-r.j-l   __>   £P.J _>   £P + r.j+l

at F/''. Thus if Ep + r-j+1 = 0, there is a natural epimorphism F/'-7 -» Efo\, and if

£p-r.j-1 = o^ there is a natural monomorphism F^-j -» Ep-j. Let r < 5; by compos-

ing such mappings, from this remark we obtain a natural epimorphism Ep-J -» F/y

if F^/+1 = 0for/2 + r<c7</? + 5, and a natural monomorphism F/7 -> £/•■' if

Ef-'~x = 0 fox p - s < q ^ p — r; if both assumptions hold, these mappings are

reciprocal isomorphisms.

Let r > 1; assume that

(2.1) Eg-J+1 = 0,       E?-J+1 = 0,

(2.2) Eg + r-J = 0,        Ef-J = 0

fox p < q < p + r. Then we have a natural epimorphism a: Eff-J -* Ef'-> and a

natural monomorphism /?: Erp + r-J + x -* Etf+rJ+1 and so we may consider the

morphism

a    . pp.i _» pp+rj+i
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equal to the composition

ad, fl
£PJ _> £PJ _> £P + rJ+l _» Ep + r-J+   .

This operator J0 r is defined under stronger assumptions in [3, Chapter XV, §5]. If

(2.1) holds for p < q < p + r, then

Fp-J(A) = Zp-J + Fp+1-J(A);

if m g Fp-J(A) is written as

(2.3) m = v + w,

where v g Zf-j and w g Fp+1-j(A), then it is easily verified that the image under a

of the class [u] of u in F^-7 is equal to the class of v in Ef'K On the other hand, if

(2.2) holds fox p < q < p + r, we have

dZpffx1J c F'+r+w+1(,4);

if w' g Zp + r-J+1, the image under /? of the class of u' in EF+r,J+1 is equal to the

class of m' in E$ + r-j+1. Hence if (2.1) and (2.2) hold for p < q < p + r, and if

u g Fp-i(A) admits the decomposition (2.3), then d0 r[u] is equal to the class of dv

in Eg+rJ+1. For r = 0, we set d00 = d0.

Let r, s be integers > 0. If /■ > 1, assume (2.1) and (2.2) hold fox p < q < p + r; if

s > 1, suppose that

(2.4) Eg~s-J = 0,        Ff-7' = 0,

(2.5) Eg-J-i = 0,       Ef-J~1 = 0

fox p — s < q < p. Under these assumptions, we have the sequence

(2.6) Eg-'-J-1 ^E$-J -^Eg + r-'+i,

which is easily seen to be a complex.

The proof of the following proposition is similar to that of Proposition 5.9 of [3,

Chapter XV].

Proposition 2.1. Suppose that one of the following conditions hold:

(a) r = s;

(h) s < r and

(2.7) F1"'1 = 0   forp- r^q<p - s;

(c) s > r and

(2.8) Ef-J+1 = 0   forp + r < q </> + s.

Then, if t = sup(/\ s) + 1, the cohomology of the complex (2.6) is isomorphic to Ep->.
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Proof. First, if r = s, we have a commutative diagram

dn r J,,
Eg-'-'-1      -      Eg-'      -      EP+r-J+1

i« i/8 Ty
dr d,

£p-r.j-\ _^ £P.j _^ £P + r.j+\

where a is an epimorphism, B is an isomorphism and y is a monomorphism. Hence

the cohomology of (2.6) is isomorphic to the cohomology of the bottom row of this

diagram, that is, to Epz{.

Next, suppose that (b) holds. In this case, we have a commutative diagram

Eg-'-J-1     ->     Ep-J      -:->       Eg+rJ+1

ia iP Ty

ds <p ^ clr
pp-s.j-l _> pp.J _>   pp..)   _>   pp.j _> pP + r.J+l

where a, tp and \p axe epimorphisms, B is an isomorphism and y is a monomorphism.

The hypothesis (2.7) implies that yj/ is an isomorphism and that EP~r,J'+1 = 0; from

this last fact, we obtain an exact sequence

(2.9) 0 -> Ef-{ i £/'•■' 4 Ef+r-J+l.

From (2.1), we deduce that Ep + s-J + l = 0; hence the sequence

(2.10) EP-s-j-i 4 £/•; Z. F/^i -» 0

is exact. We now easily see that the cohomology of the complex

d, df-yp-<p
£P~sJ-l  _> £PJ     _>     £P + rJ+l

is isomorphic to Epi{, and therefore so is the cohomology of (2.6).

Finally, assume that (c) holds. We then have a commutative diagram

dn . dtj -
pp-s.j-l _1_. pp.J : pp + r.j+l

l« i/S Ty
ds l// X ^r

pp-sj-l _.   pp.j _.   pp.J   _. pp.j __. pp + r.j+l
L's s '-'r+l ^r ^r

where a is an epimorphism, B is an isomorphism and \p, x and y axe monomor-

phisms. The hypothesis (2.8) implies that \p is an isomorphism and that Ef+s,J+1 = 0;

from this last fact, we obtain the exact sequence (2.10). From (2.5), we deduce that

Ef-rJ-i — o, and so the sequence (2.9) is exact. We now easily see that the

cohomology of the complex

X ■ >P ■ ds dr
£P~s,j-l     _>     £p.J' _, £P + r.j+l

is isomorphic to Efi\, and therefore so is the cohomology of (2.6).
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We say that the filtration is regular if, for each y, there exists an integer pj such

that FP(A) n AJ = 0 for p > p.. We denote by Hj(A) the cohomology at Aj of the

complex

■    i   d        .   d
AJ-\ _> AJ -> AJ + \

If there exists / > 0 such that Ef-j = 0 for q < p, then any element u of AJ

satisfying du = 0 can be written as u = v + dw for some v g Fp-j(A) and w g Aj~x.

The following result is given by Proposition 5.6 of [3, Chapter XV].

Proposition 2.2. Let t > 0. Assume that the filtration is regular and that

Eq.j-i=0     forq^p-t,

(2.11) Eti-J' = 0 forq + p,

EpJ+i=q    forq^p + t.

Then we have a natural isomorphism HJ(A) —* EP'K

If the hypotheses of Proposition 2.2 hold, and if u g A> satisfies du = 0, then

because of (2.11) we may write u = v + dw for some v g Fp-j(A) and w g AJ~lm, the

mapping HJ(A) -* EP-j of Proposition 2.2 sends the class of u in Hj(A) into the

class of v g ZP'J in Ef'K

From Propositions 2.1 and 2.2, we deduce

Proposition 2.3. Let t = sup(r, s). Suppose that the assumptions of Proposition 2.2

and that one of conditions (a), (b), (c) of Proposition 2.1 hold. Then the cohomology of

the complex (2.6) is naturally isomorphic to Hj(A).

In fact, under the assumptions of Proposition 2.3, we have a natural isomorphism

from H'(A) to the cohomology of (2.6) which can be described as follows. If u g A'

satisfies du = 0, then we may write u = v + dw for some v g Fp-J(A) and w G AJ~X;

this isomorphism sends the class of u in HJ(A) into the class of v g ZP-J in Eg'-*.

For the remainder of this section, suppose that K is a graded filtered module (over

R), with a filtration

K = K° 3 A"1 d • • •  d #' => F^1 => • • •

and a gradation K = ©      /!-'; if F''7 = if n v47, we suppose that

F^ =   © F''-'.

We set Kp = K and Kp-j = Aj for p < 0. Assume that K is a complex and that its

differential d satisfies

(2.12) dKPJ <zKp-1-J+1.

By (2.12), we obtain a new filtration

(2.13) ••• c Fp + 1(K) c Fp(K) c ■■•

on F by setting

(2.14) F2p(K) = {u g K"\du g A"'},    F2/,+ 1(F) = F^ + 1 + c/F^1
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forp > 0, and FP(K) = Kfoxp < 0. We write FpJ(K) = FP(K)D K>; then

F2p-J(K) = {ue Kp-'\du g Kpj+1},

F2p + 1-J(K) = Kp+U> + dKp + 1-J~1

and F>'(K) = ©>eZ FPJ(K) foxp > 0. Clearly,

(2.15) dFp-'(K)c Fp-J + l(K)

for all />, and so F endowed with the filtration (2.13) is a filtered complex. We now

consider its spectral sequence. For simplicity, we write Fp = FP(K). From the

definition of this filtration, it follows directly that

Z2p~l = F2p + dF2p- '

forp > 1. Therefore, we have Ex2p~l = 0 foxp > 1. Hence HJ(F2p-l/F2p) = 0 for

p > 1, and so we obtain

Lemma 2.1. For p > 1, wehaveE2p~1 = 0 and the mapping HJ(F2p) -> HJ(Flp~1)

is an isomorphism.

3. Filtrations and resolutions. Let Rm c Jm(E) be a formally integrable differential

equation of order w on a vector bundle £. Assume that gm + 1 = 0; we consider the

exact sequence (1.14). Suppose also that tr0: Rm —> E is surjective and that the kernel

R'm of •hl: Rm —> Jj(E) is a vector bundle for all 0 < / < m; we thus obtain a

filtration

•-■  c F£i c F'm c ■••  cF°mcF;„1=Fm,

where F'm = 0 for / > m, by sub-bundles. For 0 ^ / < w, let gt be the sub-bundle of

S'T* ® E defined by the exact sequence

where ir_x =0. We identify g, with its image in J,(E) under the mapping e. We have

gm = R"^1 and g0 = F. Since F„, is formally integrable, from the commutativity of

diagram (1.7) we see that

D(AJ9~* ® 9ll+x) c AJ+19~* ® ^/

for 0 < / < m — 1. We therefore obtain a complex

(3.1) 0^g,^T*®g,_x^ A2T*®g,_2

X   ... _» A'-T* ® gj -1 AT* ® g0 -> 0

for all / > 0; the Spencer cohomology Hlji(Rm) of Rm, with / -y > 0, is the

cohomology of (3.1) at AT* ® gl_J. We have

H°-°(Rm) = E,       H'°(Rm) = 0    foxl>0,

Hn>+U(RJ = Hm + '-J(gm) = 0        for/ > 0,

and

H'">(Rm) = /F">(gm) = (m G AT* ® gm\8u = 0},
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with Hm-1(gm) = 0. We suppose that the mapping

(3.2) 8:AJT*®g,^AJ+lT*®gl_x,

whose kernel we denote by Mj, is of constant rank for ally, / > 0, where g_x = 0;

then HIJ(Rm) is a vector bundle for ally, / > 0. For p > 0, let

AT* ® g„
y2p: AT* 9 gp -*-—-*,   y2p+x: Mj - H><'{Rm)

be the natural projections.

We define a filtration

(3.3) • • • c Cp+1 cz Cp cz ■■■ c C° = AT* ® Rm

of AT* ® Fm by sub-bundles Cp defined as follows. For 0 < p < m, let C2;''7 be

the sub-bundle of AT* ® Fm determined by the exact sequence

,   .                        .Kp-"p AT* ® g0 ^> C2p-J-> AJT* ® Rpl  -»   --->0

and let c2p+ly be the sub-bundle of C2^-' defined by the exact sequence

0 _>  C2p + l,y ^  C2p.y       ̂        #^( RJ ->0.

Then we have

AT* ® Rfl.cz C2p + 1-J cz C2p-J c AT* ® RPf1;

if w: C2p-J -» c7-p,J/Clp + 1,i is the natural projection, the mapping pp = y2p + i * ">

induces an isomorphism

(3.4) jt: c2p'J/Clp+1-J -» HpJ(Rm)

such that the diagram

qT-p-j       -Z,       Qip.j iq2p + \,j

pP\ in

npj(Rm)

commutes. In particular, C2mJ = HmJ(gm) and C2m+1J = 0. We set Cpj = 0 for

p > 2m + 2 and C = ®JeZCp-j foxp > 0.

From (1.13) and the commutativity of (1.7), we deduce the commutativity of-

AJ9-* ® 9tPfl      *        AJ+19~* ® #„

(3.5) iff, iir,_,

A^* ® gp        ^     Ay + \5T* ® ̂ _!

for 0 < p < w, and hence that

(3.6) V~(AJ9~* ® 9tpm) c Aj+13r* ® 9tpm\
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From the filtration

AST* ®9tm = F°3 F1 D •••  z> F^ d F^+1 D •••

of A9~* ®9tm defined by

£-/>./ = a^* ® gp-\ for o < ^ < w,

F^ = 0for/> > m + l,andFp = ®/eZKpJfoxp > 0,

as we have (2.12), with d = V", according to (2.14), we obtain a new filtration

... c Fp+l cz Fp cz ■■■

onAJ* ® 9tm by setting

Fo.j = Aj*r* Qg^

F2p-J'= (m GAjr ® ^"^v'm eAJ+1J* ®9tP,-1),

F2p+l.j = ^j^-* (g, ̂  + v«(Ay-i^-* ® #£)

for 0 < y? < w, F'^ = 0 for/? > 2w + 1, and Fp = ®jeLZ Fpj.

Let $ be a paracompactifying family of supports on A. If j/is a sheaf over F, we

denote by r9(jtf) the space of sections of j/ over A whose supports belong to the

family $, and by H^(X, s?) they'th cohomology group of X with values in s/and

supports in <I>.

We consider the filtration {T<l,(Kp)} of the complex F^AT* ® 9m). Using the

commutativity of (3.5), since the mappings (3.2) are of constant rank, we easily see

that

(3.7) Fp,J=cgp,j^

Y^2p-J) = T9(K"-J) + vT^F^-1),

T^2p+i-J) = {« e T9(K'-J)\v'u e r(!l(F^->+1)}

for all />, j > 0. Thus {r„)(^'')} is the filtration obtained from {T^(KP)} using

(2.14); moreover, according to (2.15) we have -g\(€p-i)cz ^p-J + 1. Therefore, we

may consider on one hand the spectral sequence of A ST* ® 91 m with the filtration

{(£p} and the differential v" and on the other hand the spectral sequence of

T0(A 9~* ® 9cm) with the filtration {T9((SP)} and the differential v". We denote by

3^'i(c€p) the cohomology of the complex

cgPJ-l X <j£P<J?* <gP-J+1.

According to Lemma 2.1, the canonical mappings Jif j((i2p) -* 3V\(€2p~1) are

isomorphisms. Moreover, we have

Lemma 3.1. Let j > 0; if H"J(Rm) = 0 and H"-J-\R„) = 0 for 0 < q < p, then
3^J(^2p) = 0.

Proof. Our hypothesis implies that for the spectral sequence of A ST* ® 91m, we

have Exq-j = 0 and Exq-j~x = 0 for 0 < q < 2p. Therefore the canonical mappings

3ei((€q+1) ->^(<g"?) are isomorphisms for 0 < q < 2p. From the exactness of

(1.14), we obtain the desired result.
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We now consider the operator dr of the spectral sequence of the complex

A 9"* ® 9cm with the filtration {%>*} and the operators d0r of §2 whenever they are

defined. The diagram

(glp.j Z, Cg2p,j+l

I ru J, to-

(g2p,j/(g2p+l,j _> <g2p,j+l/cg2p+l,j+l

commutes; as in §2, we set d00 = d0. As we have seen in §1, the symbol

o( V'): T* ® AT* ® Rm -> AJ+1T* ® Rm

is induced by the multiplication of AF*. This mapping a(V") induces by restriction

a morphism T* ® C2p-J'-> C2pJ+1, which in turn, by passage to the quotient,

determines a mapping

Y*  (g  Q2p,j /Q2p+l,j _»  Q2p,j+l /Q2p+l,j+l

which is equal to o(d0).

Let/7 > 0 and r > 1. Assume that

(3.8) H«'J+1(R„) = 0    foxp < q<p + r,

HqJ(Rm) = ° foxp < q ^p + r.

By Lemma 2.1 and because of the isomorphisms (3.4), the conditions (2.1) and (2.2),

with p replaced by 2p and r by 2r, axe verified. Therefore, according to §2, we have

a mapping

d02/.  (€2p->/(ti2p + 1-] -»   (g^P + r),j+X/Cg2(p + r) + l,j+l_

Because of (3.8), for 0 < 5 < r the mapping

5-w       , ■ AT* ® Rp+S -» MJ+1"      "p + s+l- /v  J       w lxm lrlp + s

is surjective. Let vs: Mjf] -> AT* ® Rp,+S be a morphism of vector bundles such

that 8irp+s + xvs = id. Let v G <jfVp+»J+i- then the element v + V\trp + Sv of

AJ + l9~* ® 9cm is well-defined. According to the commutativity of (3.5), we have

^P+s(v + W^^d) = irp+sv - 8tTp + s+xvstrp+sv = 0,

and so

(3.9) v + V\trp + Sv g AJ+19~* ® @p+\

Let u g #2^ satisfy v'ucz qip+isj+i Wlth 0 < s < r Then

Qsu = u + vstrp+iV'u

is a well-defined element of A7^"* ® ^m, where vsirp+sv"u belongs to 1g2^P+^+1-J;

moreover, according to (3.9), with v = Vm, we see that V'Qsu g Aj+19~* ® 9tpf",

and hence that

V~Qsu G  Cg2(p+s + l),j+l
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Therefore, if u is an arbitrary element of <€2p'f we obtain a well-defined element

Qr  i.0i- Q0u of V2pf With

Qu= v'Qri.QiQo"e v2(p+r^+l

and

U-Qr-l.Ql ■  QoU G  V2P + 1-J.

From the construction of the mapping d02r given in §2, we see that the diagram

Cglp.j _> (g2(p + r),j+l

(3.10) i w i zj

<g2p-j/<g2p+1-'          "'        (g2{p + r),j+l ,(g2(p + r)+l,j+l

commutes; we now see that Q and d02r axe differential operators of order r + 1.

If a,, a2 G F* and w g C2*'-', then the element

w = ax A v0ir (a2 A u) + a2 A i>077- (o^ Aw)

of AJ+1T* ® R»m actually belongs to C2p + 2J+1. Indeed, we have

fi">+l(«l  A  "o">(«2 A  ")) =  -«1  A ^p+lvoFp(a2 A  ")

= -aj A irp(ot2 A u) = ~ax A a2 A ir u,

and so 8irp+xw = 0. By (1.12), we now easily verify that the symbol

o(Q): sr+1T* ® C2p-> -* c2{p + r)-j+1

of Q is given by

(3.11) o(Q)(ax • a2 ® m) = at A v0(a2 A it u) + a2 A v0(ax A it u)

when r = 1, and by

(3.12) o(Q)(ax ■ a2 ■ a3 ® u) = j   £   aT(1) A vx(ar{2) A irp + xvQ(aTm A irpu)

+ "r(3) A ^+l"o(aT(2) A ">«))

when r = 2, where ax, a2, a3 g F*, u g C2''-7 and ©3 is the symmetric group on 3

letters.

We denote by 3VPJ(Rm) the sheaf of sections of the vector bundle HpJ(Rm); by

means of the isomorphisms (3.4), from the operator d02r we obtain a differential

operator

d0.2r = M ■ <W • vrl:*'J{Rm) - J*"+'->+1(Jl J

of order r + 1; we write J0 = d00.

Assume that there are integers

0-ro<rl< •■■  <r„_1<r„</n

such that HPJ(Rm) = 0 for all /> # r, and 0 <y < w, 0 < p < ra. We remark that

the assumption that Hpl(Rm) = 0 foxp # rx implies that g, = S'T* ® E for / < rt,
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and hence that ir,Rm = J,(T) for / < rx. With these hypotheses, by the constructions

of §2 and the above remarks about the operators d02r, we obtain a complex

(3.13) 0 -> ©^"V0-0/^1-0 °-i" V2r'-l/V2ri + 1-i

do.2(r2-ri) d01{rj_ri)

->        Cg2r2.2/<g2r2+l.2       _> ...    _^  <g>2r„.y <g72r„+l,n _> Q,

where c702(r    _r, is a differential operator of order rj+x - Tj + 1.

We set

SfJ=^2rJ'J/^2rt+1'J,      &=  ® ^f

j

and consider the complex Y9(£C') whose differential is induced by the operators

d02(r -ry We remark that this complex can be obtained directly from the spectral

sequence of r$(A 9~* ® 9tm) with the filtration {Y^(^p)}. Because of the isomor-

phisms (3.4) and Lemma 2.1, the assumptions of Proposition 2.3 are satisfied for our

two spectral sequences; this proposition on one hand tells us that the cohomology of

(3.13) is isomorphic to that of (1.14) and hence that (3.13) is exact, and on the other

hand gives an isomorphism

*: HJ{T9(V°)) - H'(T9(&-))

which can be described as follows: If u g Y^C^°-j) satisfies v"u = 0, we may write

u = v + v"w, where v g Yq>((£2r>]) and w g Y^tf0-^1); the mapping \p sends the

cohomology class of u in H^Y^CS0)) into the cohomology class of the element z?v

of Y9(SfJ) in H^T^S'-)).

We set

X'-i = (mg <€p-J\Vu = 0},

&J = {^Vr-J/Vri + Uj\do,2(rJ+l-rj)u = o};

for p > q, let i.\ S£2p-> -» 2(2q-i denote the natural inclusion. If w is the projection

C2r,.j _, C2ry,yC2ry+i,7 it ig easily verjfie(1 that vr( 2?2rW) c 2? i. Thus fory > 0, we

have a commutative diagram

0 -»        ̂ 2r'J        -* ^20-> X &2rj.J+l _, 0

(3.14) i «• i «"■ ! <p
^0.2(r/+1-ry) *

0 ->       J"y       -»     <g2rj<J/<g2rj+1-J -» J^ + 1        -» 0;

according to Lemma 3.1 and the exactness of (3.13), it is also exact. This diagram

now determines a morphism cp: g?2rj-J+x -^S> + x such that d02(r + _r)w = <pvA.

Then the diagram

a^2rJtl.j+l _> ag2rrj+l

(3.15) \.

or ^-\^^      * T

^~*"*djfj+l
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commutes. Indeed, let u g 2f2r'*l-J + l; we may write u = v"» for some v g <g*2W.

Then, since v"i> G <g'2'j+i->+1i we have

CpU = dQ2{r     _r)crt> =  crV'b =  'CM.

From the diagram (3.14), we obtain the commutative diagram

H^(X, &2r--J+l)      ^      HL_+1(X, &2rJ-J)

if |o

HL\(X, 2fJ + 1) ^        H' + x(X,2?i)

where 5 are connecting homomorphisms; therefore by the commutativity of diagram

(3.15) and the exactness of the sequence

0 -> 2?°-> -» tf°-J ^ 2f°-J+i -> 0,

we have the commutative diagram:

Hi(x, &°-j+1)      -1     hj,+ 1(x, ar°-j)

T 'o T i'o

Sir.

Hib(X,2?2r'^-J+l)      -»      Hi+1(X, &2rfJ)

H'(X,2fJ + 1) -i        Hi,+ 1(X,&J).

Thus  by composing the horizontal  arrows of this last  diagram,  we obtain  a

commutative diagram
Jm

Y9(2T°-J)      -     Hi(X,2f°-°)       ^       Hi(X,B)

T i0 T id T id

jm

(3.16) Y^(2f2rrJ)      -*     Hl(X,2r°-°)       ^       Hi(X,S)

i zr i nr J, id

rt(arj)     -    hi(x,&°)     ^-    Hi(x,@)

for j > 0. From the commutativity of diagram (3.16) and the definition of the

mapping \p, we infer that the diagram

H£(X,Q)     -»     W(Y9(<g0))

(3.17) lid U

Hi(x,e)   -   tf;(r.(jsr)),

whose horizontal arrows are the isomorphisms determined by the resolutions (1.14)

and (3.13) of 0, commutes.
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Let x g A and a G Fx*, with a # 0. If F is a differential operator, we consider its

symbol oa(P) at a as defined in [7, §12] (see also [8]). The sequence (1.14) (with 0

omitted) is an elliptic complex. We set L{ = (C2rJ'J/C2r'+1,j)x and consider the

complex L\ = ®jLJx whose differential is induced by the mappings oa(d0^r+i_r)).

It is easily seen that this complex can be obtained directly from the spectral sequence

of (AF* ® Rm)x with the differential a„(v") and the filtration {Cp}. Now by

Proposition 2.3, since (1.14) is an elliptic complex, the cohomology of L'x vanishes

and so (3.13) (with 0 omitted) is also an elliptic complex.

We write EJ = Hr<j(Rm) for 0 <y < n; by means of the isomorphisms (3.4), we

obtain from the complex (3.13) the exact sequence

(3.18) 0^ 0-^ «f ° 4 <f * 4 <?2-* •••  -»,f»-»o,

where Z)y = <?02(r+ _r} is a differential operator of order rJ+x — Tj + 1; here E° = E

and i is the inclusion of 0 in £, since pm: Rm -» F° is equal to tr0. We let <?'denote

the complex ® £j with the differential induced by the differential operators F»;. We

have an isomorphism

(3.19) p://;(r^°)H#W<n)
which can be described as follows. If u g Y^(^°'j) satisfies V" u = 0, then we may

write u = v + X7*w, where v g Y9C^2rj-J) and w g Y^C^0-^'1);  the mapping p

sends the class of u in HJ(Yq,Ct?0)) into the class of p v in HJ(Y9(£')).

From the commutativity of diagram (3.17), we deduce

Theorem 3.1. Let Rm c J„,(E) be a formally integrable differential equation, with

gm + x = 0. Assume that ir0: Rm -» F is surjective, that R'm is a vector bundle for

0 < / < m, and that the mappings (3.2) are of constant rank for all j, I > 0. Assume

moreover that there are integers 0 = r0 < rx < • • ■ </•„_!< rn < m such that

Hp'(Rm) = 0 for all p ¥= r and 0 < y < n, 0 < y7 < m. Then we have the resolution

(3.18) o/0 which is an elliptic complex, and the diagram

Hi(X,&)     -*     HJ(Y0(V0))

(3.20) 1 id lp

Hi(X,@)     -*     HJ(Y9(£-)),

whose horizontal arrows are the isomorphisms determined by the resolutions (1.14) and

(3.18) of@, is commutative.

4. Semisimple graded Lie algebras. Let g = ©    z Qp be a real finite-dimensional

Lie algebra having the following properties:

(i)gp = Ofor/7<-2;

(h)[Qp, fl,] cz g p + q for p,q<zz Z.

We consider the Lie algebra cohomology H(q) = H(q_x, g) of the abelian Lie

algebra q_x with values in the g.^module g corresponding to the adjoint representa-

tion of g_! on g. Let

Cp-j(q) = AjQ*x ® Qp_x
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and define

(4.1) *:C'-'(8)-»C'-1-'+1(o)

by

(5M)(£1,...,£7 + 1)=  Z(-l)i+%,uUx,... ,£,... ,£/ + 1)]
; = 1

for«G C'(g) and £!,...,£y + 1 G g_,.Then

CP+i.J-^ix)icp^(Q)^Cp-1-J+l(Q)

is a complex whose cohomology we denote by Hp-j(q). Then

H(a)=   ©   HP-J(a),       HJ(q)= @ Hp-J(q).

If {£!,...,£„} is a basis of q_x and {ax,...,an} is the dual basis of q*x, then it is

easily seen that
n

(4.2) S(«®£)= I(a,.Ao)«[{,{]
/ = i

for a g A7fl*i and £ g g    x. Since

(4.3) 8(a A u) = (-l)Ja A 8u

for a g A7g*! and u G A'fl*i ® Qp-X, the multiplication

g*!® A^'a*!- Aj+1q*x,

sending a ® co into a A co, induces a mapping

q*x ® Hp'j(q) -+ #^+1(q)-

Clearly the mapping fl*! ® Z/0'7(g) -» F/0j, + 1(g) is surjective fory > 0.

Let 5 denote the Killing form of g and consider the mapping

(4.4) (A'g*! ® g) ®(Ajq*x ® g) -> A'+Jq*lt

sending w ® v into («, u), determined by

<m,i;> = F(£,rj)a A B

if u = a ® £ and i> = B ® tj, where a g A'g*!, /? g A7g*! and £, tj g g.

Lemma 4.1. For u g A'g*! ® g and v g A7g*i ® fl, we have

(8u,v) = (-1)' + 1(M,cSi;>.

Proof. Suppose that u = a ® £ and u = B ® tj, with a G A'g*!, /? g Ajq*x and

£, tj g g. If {£1;.. .,£„} is a basis of q_x and {ax,...,an} is the dual basis of q*x, by

(4.2) we have
n

(8(a ® £), B ® tj) =  £ £([£,, £], n)oft A o A j8
A: = l

= (-l)' + 1i; £(£,[£„!,])« A a. A/?

/t=i

= (-l)' + 1(a®£,(a,AJS)®[£„Tj]>

= (-l)' + 1<a®£,6(fi®Tj)>.
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According to Lemma 4.1, the mapping, sending u ® v, with u g Cp''(q) and

v cz C'7(g), into(M, v) cz Ai+JQ*x, induces by passage to the quotient a well-defined

pairing

(4.5) //'•'(g)®/F^(g)-*A'+7g*i,

sending u ® v into (u, v); if u cz Hp'(a,) and v g Hq-j(q), we have (u, v) =

(-1)"<», M>.

The next proposition is proved in [12].

Proposition 4.1. If a, is semisimple, we have:

(i)Qp = 0forp>2;

(ii) 2?|fl  is nondegenerate;

(iii) g j is the vector space dual to q_x under the pairing

(£, tj)~ fl(£,r,)   /o/-£g g.^T, G fll;

(iv) ?/ie/-e exists a unique element e G g smc/i ?/icH

[e,£] = /£   fori eg,,/ =-1,0,1;

//ws element e belongs to g0; i/a: g -» g is a Cartan involution, then a(e) = -e.

If g is semisimple, let t: g -» g be the automorphism of g defined by

t(£ + tj + ;:) = -£ + t,-;:

for£ g Qx, tj g g0and£ G gx.

Because of Proposition 3.2 of [16], the proof of the following proposition is

essentially the same as that of Lemma 6 of [12] and shall be omitted.

Proposition 4.2. Assume that g is semisimple and let e be the element of o,0 given by

Proposition 4.1(iv). // a is an involutive automorphism of g such that to = ar and

a(e) = -e, then

(4-6) o(Qp) = Q_p   forp =-1,0,1.

We also recall the following result of [12].

Proposition 4.3. Assume that for £ g g with p > 0, the condition [g_l5 £] = 0

implies that £ = 0. Then g is a simple Lie algebra if and only if the representation ad:

flo ~~* fl-i ® fl-i is irreducible and qx =£ 0.

Assume that g is semisimple; we know that g = 0 for p > 2. According to

Lemma 10.2 of [1] (see Lemma 1.3), there exists a Cartan involution a of g such that

ot = to. By Propositions 4.1 and 4.2, we see that (4.6) holds. Then the mapping Ba:

g ® g -» R, defined by

F0(£,tj) =-!?(£, a(Tj))

for £, tj G g, determines a symmetric positive definite form on g and scalar products

on fl_i and Afl*i; we denote by (    ,    ) the scalar product induced by Ba on

Ag*! ® g_!. Let

(4.7) 8*: A' + 1g*i ® g -» AJq*x ® g

be the adjoint of 8 and set

Hp-J = [ucz AJd*x ® Qp_x\8u = 0,cS*h = 0).



28 HUBERT GOLDSCHMIDT

We have a natural mapping

(4.8) Hpj-> Hpj

sending u into its cohomology class.

If g_j is oriented and Q G A"g*] is the corresponding volume element, where

n = dim q_x, let

(4.9) * : Ayg*! ® g -» A"~JQ*X ® g

be the mapping defined in terms of the Hodge * -isomorphism by

*(a ® £) = -(* a) ® a(£)

for  a g AJQ*X  and £ g g.  Then (1.24)  and  (1.25)  hold  for u, v cz A'q*x ® g.

Therefore, by Lemma 4.1, for u cz A'g*! ® g and v cz AJ+1Q*X ® g, we have

(8u,v)Q = (8u, *v) = (-l)J + 1(u,8*v)

= (-l)"J + \u, **8*v) = (-l)"J + l(u, * 8 * v)Q,

and so the adjoint (4.7) of 8 is equal to (-l)nJ+1 * 8 *. According to the standard

Hodge theory and (4.6), the mapping (4.8) is an isomorphism and the mapping (4.9)

induces an isomorphism *: Hp-J -» H2~p-"~j for p = 0,1,2 and 0 <y < n. We

deduce

Proposition 4.4. F^g is semisimple, the pairing

HpJ(q) ® H2-"-"-J(q) -> A"g*i

given by (4.5) is nondegenerate.

The assertion of Proposition 4.4 in the case of g = 8o(« + 1,1), for n 3= 3, is

already given by [7, Proposition 10.1] (see §7).

Remark 4.1. If g is semisimple, this cohomology F/(g) of g can be computed using

results of Kostant [13] (see also [16]).

By (4.3), we see that ©y>0 H°-J( g) is a graded Ag Vmodule generated in degree 0.

Hence there exists an integer 0 sj k < n such that H°-j(q) =£ 0 for 0 <y < k, and

H°'j(Q) = 0 fox j > k; if g is semisimple, by Proposition 4.4 we have H2-j(q) = 0

fory < n - k, and H2-j(q) ¥= 0 for n - k <y' < n.

5. Selfadjoint resolutions. In this section, we suppose that Rm cz Jm(T) is a

formally integrable and formally transitive Lie equation of order m, with gm+x = 0.

We assume that R'm is a vector bundle and that the mappings (3.2) are of constant

rank for ally, / > 0; according to Proposition 5.4 of [9], the fact that Rm is a formally

integrable and formally transitive Lie equation implies that these conditions hold on

each connected component of A.

If we set R'm = Rm for all / < -1, under the bracket (1.16), we have

(5.1) [Rpm, R"m] cz Rpm+"

for all p, q g Z. For x cz X, we see that {R'm x }/GZ is a filtered Lie algebra structure

on Rm x, and the associated graded Lie algebra

&Rm,x= ®Rpm,x/Rpm+,!
p<=Z
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can be identified with the fiber gx at x of the vector bundle g = © eZg/»+i> where

gp = 0 foxp < -1 oxp > m + 1. The graded Lie algebra g = gx, with g^, = gp+x<x,

satisfies conditions (i) and (ii) of §4.

If £ G F and u cz gk, we have

(5.2) [i,u] = 8^u;

if m, v G gx, we have

(5.3) [m, v] = v o w — m ° U,

considering u, v as elements of F* ® T = Hom(T, T); finally, if m > 2, w G g2 and

d g gj, then [m, v] g g2 is given by

(5.4) [u,v](S,r,) = v(utt,n)) - u(v(£),V) - u(Z,v(-n))

for £, tj G F, considering u, [u, v] as elements of S2T* ® F and v as an element of

T* ® T = Hom(F, T). From (5.2), it follows that the operator 8 of the complex

(3.1) at x is equal to the coboundary operator 8 given by (4.1), and so Hlj(Rm)x =

H'-'(q). According to Proposition 5.4 of [9], g is a locally trivial bundle of Lie

algebras.

Consider the Killing form B of Rm of §1 and the mapping B: g ® g -» R, whose

restriction to the fiber at x cz X is the Killing form Bx of the Lie algebra gx. Then

from (5.1), if m = 2 we deduce that

(5.5) F(g2,F°2) = 0

and hence that

(5.6) B(u,v) = B(itxu,irxv)    for u,vczR°2,

and

(5.7) B(u,v) = B(ir0u,v)    forMGF2,    v cz g2.

Lemma 5.1. Let x g A. Suppose that gxRm x is a semisimple Lie algebra. Then

gj x = 0 for / > 3 and g2x is isomorphic to T*; moreover Rm x is a semisimple Lie

algebra.

Proof. The first two assertions are given by Proposition 4.1. Thus we may assume

that m = 2. Let u g R2x with B(u, v) = 0 for all v g R2 x. For v G g2x, by (5.7) we

have B(ir0u, v) = 0 and so ir0u = 0 by Proposition 4.1(iii). Now u cz R2x, and for

v g R2x by (5.6) we see that B(irxu, irxv) = 0; thus by Proposition 4.1(h), we have

irxu = 0. Finally, for v g R2x, by (5.7) we obtain B(u, ir0v) = 0 and hence u = 0.

For the remainder of this section, we suppose that m = 2. Consider the pairings

(1.17) and (4.4), with g = gx and q_x = Tx, where x G X. For u cz C2pj and

v cz C5~2p-J, with/? = 1,2, we have

(5.8) (u,v) = 0;

indeed, we have 8irpu = 0 and ir2_pv = 8w for some w cz AJ~1T* ® g3_/), and hence

by (5.6), (5.7) and Lemma 4.1 we see that

(u,v) = (irpu,ir2_pv) = (irpu,8w) = (-l)' + 1(8irpu,w) = 0.
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Therefore for p > 0, the diagram

C2p.i g, C4-2p,j _,       a,+T*

(5.9) 1pp®p2_p lid

Hpi(Rm)®H2-pj(Rm)     -»     A'+T*,

whose horizontal arrows are given by the pairings (1.17) and (4.5), with g = gx for

x g A, is commutative.

The following lemma follows directly from the commutativity of (5.9) and Lemma

1.2.

Lemma 5.2. For u cz jep'(R2) and v G 3^2p'(R2),we have

(dQu,v) +(-l)'(u, d0v) = d(u, v).

Lemma 5.3. Let r = 1 andp = 0,1, or r = 2 andp = 0. Assume that

Hq-I + 1(RJ = 0 forp<q<p + r,

H"'(Rm) = 0 forp<q^p + r,

H"J+1(Rm) = 0 for2- r- p ^q <2- p,

H"J(Rm) = 0 for2-r-p<q^2-p.

Then there exists a differential operator

a:Jep'(R2) ®je2-r-p-J(R2) -* A'+T*

of order r such that

(d02ru,v) +(-!)'(u,d02rv) = da(u ® v)

for all u czjfp-'(R2)andv cz J^2~r-p-J(R2).

Proof. We write s = 2 - r - p. As we have seen in §3, there exist differential

operators

Q>-   (£2p.,  _,,   (g2p.i^ Q,r.   r^2s.j  _^   <g2s,j

of order r such that

V'Q'u' cz c2ip + r)-' + 1,        v~Q"u" e C2(2-p)-J + 1

and

U' -  Q'U' CZ   <g2p + 1\ U" -  Q"U" G   ^2s+l.j

for all m' g <g2pJ and u" cz <g2s-J. Let

Xf: Hp'(R2) -* C2"-',       X": H*J(R2) -> C2s^

be morphisms of vector bundles such that ppx' = id and psx" = id. Let u cz

Jt?pi(R2) and v cz jesJ(R2); we write u = x'u and D = x"^- Then c/02,m =

Pp + rVQ'u and ^0,2^ = P2-/.V"2"f5- According to (5.8), we have

( V"£>'h, v - C2"C> =0,        (m - Q'u, V"C2"m> = 0.
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Hence by the commutativity of diagram (5.9) and Lemma 1.2, we obtain

(d0,2ru,v) +(-l)'(u,doarv) = (W'u,v) +(-l)'(u,v'Q"v)

= (V'Q'u,Q"v) +(-!)'(Q'u,vV"v)

= d(Q'u,Q"v) = d(Q'X'u,Q"x"v).

We now see that the desired result holds if the differential operator a is defined by

a(u ® v) = (Q'x'u, Q"X"v).

If j/is a sheaf over A and if $ is the family of all closed subsets of X, we write

Y(jtf) = r<t(j/); if <t> is the family of all compact subsets of X, we write YQ(jtf) =

r„(^).
Assume that there is an integer 0 < k < (n + l)/2 such that

(5.10) HOj(R2) = 0    foxj>k,

(5.11) HUj(R2) = °    forJ < k andi >n- k,

(5.12) H2-J(R2) = 0    foxj<n-k.

Then the hypotheses of Theorem 3.1 hold with m = 2, rk = 0, Tj =1 for k + 1 <y

«. n — k — 1, and rn_k = 2; we have rn , = 2 - r,. Consider the resolution (3.18) of

0 and set Z>„ = 0. From Lemmas 5.2 and 5.3, we obtain

Proposition 5.1. FwO <_/' < n — 1, there exists a differential operator

CLj-.gi ®£"-J'1 -» A""1^"*

of order rJ + x — r^such that

(Dju, v) +(-l)j(u, D„_j_xv) = detj(u © v)

for all u g gJ and v cz S"'J-\

Suppose that A is oriented. Consider the mapping sending u ® v, with u cz CX(EJ)

and v e C0°°(F"~7) satisfying Dpv = 0 and Dn^jV = 0, onto fx(u, v}; by Proposi-

tion 5.1 and Stokes' theorem, we see that this mapping induces a well-defined

pairing

(5.13) Hj(Y(£-)) ® H"-J(Y0(£-)) -> R.

From the isomorphisms H^,(X,®) ^ H'(Y<S,(£')), determined by the resolution

(3.18) of 0, and the pairing (5.13), we obtain a pairing

(5.14) HJ(X,@)®H^J(X,@)^R.

It follows directly from the commutativity of diagram (5.9) and the definition of the

mappings (3.19) that the diagram

HJ(Y(V0)) ® H"->(YQ(V0))     ->       R

1 p ® p 1 id

H'(Y(£-))® H"-J(Y0(£-))      ^      R,

whose horizontal arrows are the mappings (1.21) and (5.13), is commutative.
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The commutativity of diagram (3.20) given by Theorem 3.1 now implies the

following

Theorem 5.1. If X is oriented, the pairings (1.22) and (5.14) are equal.

Thus from Theorem 1.1, if A is oriented and if R2 x is a semisimple Lie algebra for

all x cz X, we deduce that the pairing (5.14) is nondegenerate.

We continue to assume that there is an integer 0 < k < (n + l)/2 such that

(5.10), (5.11) and (5.12) hold. Suppose moreover that gxR2x is a semisimple Lie

algebra for all x cz X. LetT: g -» g be the involution defined by

t(£ + t, + f) = -£ + T, - £

for £ g g0, tj g gx and f G g2. Since g is a locally trivial bundle of Lie algebras,

according to Lemma 1.3 there exists a morphism of vector bundles a: g —> g such

that ot = to and such that ox is a Cartan involution of gx for all x g X. By

Propositions 4.1 and 4.2, we see that

(5.15) °(gP) = g2-p

for p = 0, 1, 2. Then the mapping FD: g ® g —> R, defined by

BaU,r,) = -B(i,o(ri))

for £, tj G g, determines a symmetric positive definite form on g, that is, a scalar

product on the vector bundle g. We consider the Riemannian metric on X and the

scalar product (    ,    ) on AF* ® g induced by Ba.

Let 8*: AJ T* ® gp-> A^1 T* ® gp + xbe the adjoint of 5 and

F'' = { u g AJ T* ® gr\8u = 0, 8*u = 0 j.

As we have seen in §4, we have isomorphisms

(5.16) y:FJ^Ef

By means of these isomorphisms y, from the sequence (3.18) we obtain a resolution

(5.17) 0 -* 0 -U^0^ &1 ^j?"2^ •••  -> 9r" -* 0

of 0, where F° = E° = T, F" = E" = A'T* ® g2 and PJ is a differential operator

of order r+1 — ry + 1. The mappings (4.4), with g = gx for x cz X, determine

morphisms

(5.18) FJ ® F"-j -<• AT*,

sending w ® u into (u, v) = (yw, yv), such that

for u g F7 and u g F"~j; according to Proposition 4.4, these morphisms are

nondegenerate. From Proposition 5.1, we deduce that for 0 <y < n — 1 there exists

a differential operator

Stj-.&J © j^"^"1 -+ A"^*

of order r+x — r such that

(5.19) (PJu,v) +(-l)J(u, P"-J-lv) =daJ(u® v)
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for all m g &i and v g 9r"~J'1. We also consider the formal adjoint Pj*: 97i -*

&i~x of PJ, which depends on a.

If A is oriented, let fi be the corresponding volume form. As in §4, let

(5.20) *: A'T* ® g -> A"-' T* ® g

be the mapping defined in terms of the Hodge *-isomorphism by

*(a ® £) = -(*<*) ® a(£)

for a G A7 F* and £ G g. By restriction, it determines an isomorphism

(5.21) *:Fj->F"-J

such that (1.24) and (1.25) hold for all u, v cz FJ. Then, as in §1, from the formulas

(5.19) and Stokes' theorem, it is easily seen that

(5.22) P>* = (-l)"y+1*F"^-'*

(see [7, Proposition 14.1]).

Let o be the orientation sheaf (over Z) of X and let i: o -» A" 9~* be the natural

mapping determined by the metric on A (see [7, §15]). If we consider the composi-

tion

the sequence

O^*®z0 -> A"9'* ® g2  ->  &"-1

is exact. Indeed, if fi is a local volume form on A, by (5.22), we have

F"_1*(fi ® m) = -*P°*(fi ® u) = *P°a(u)

for m g g2; hence F"-1*(fi ® m) = 0 if and only if o(u) cz 0. Therefore by taking

local orientations of A, from the formulas (5.22) we deduce

Proposition 5.2. The adjoint complex

l'8o P"1* ,P"~2* , , P°*        .

(5.23) 0 ->* ®z0 -» J7"  -^  J*"""1   -»  ^""2 -» •••  -» J^1 ^ J^° ^ 0

o/(5.17) is exact.

We introduce the Laplacians D7: J^7 -»J5"7 defined by

(5.24) nJ = (pj-ipj-i*yj-"-'j+1 +(pj*pj)rj~rj-l+1,

where P'1 = 0 and P" = 0. Since (3.18) (with 0 omitted) is an elliptic complex, so is

(5.17); therefore by Lemma 14.2 of [7], these Laplacians are selfadjoint and elliptic,

and, if X is compact, the harmonic space

[u G Cx(FJ)\aJu = 0} = {m g C°°(FJ)\PJ-I*u = 0, PJu = 0}

is finite-dimensional and isomorphic to HJ(X,@). If A is oriented, from (5.22) it

follows that *nj = n"~J* as differential operators 9?J ->9?"~J. As in [7, §14], one

may use these facts to prove that the pairings (5.13) and (5.14) are nondegenerate

when A is compact and oriented.
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We summarize some of the above results in

Theorem 5.2. Let R2 c J2(T) be a formally integrable and formally transitive Lie

equation with g3 = 0. Assume that irxR2 is a sub-bundle of JX(T) and that the mappings

(3.2) are of constant rank for all j > 0 and I = 1,2. Suppose moreover that there is an

integerO < k < (n + l)/2 such that (5.10), (5.11) and (5.12) hold and that gx = gxR2x

is a semisimple Lie algebra for all x cz X. Then there exists a morphism o: g -» g such

that ox is a Cartan involution of gx for all x cz X, and such that (5.15) holds.

Furthermore, in terms of the scalar product on AT* ® g induced by Ba, we have a

resolution (5.17) of 0 which is an elliptic complex and which is formally selfadjoint in

the following sense:

(i) the relations (5.19) hold for all u cz &'■> and v cz ̂ "'J-1;

(ii) // X is oriented, the isomorphisms (5.21) satisfy (1.24) and (1.25), with u,

v cz F>;

(iii) if X is oriented, the formal adjoint PJ* of P' is given by (5.22);

(iv) the Laplacians □': J*"7 -* J*-"7 defined by (5.24) are formally selfadjoint and

elliptic and, if X is oriented, satisfy the relations

*D7 = u"-j*:9rj -*&"-■>.

Remark 5.1. If gxR2x is a semisimple Lie algebra for all x g A, and if there are

integers r} with 0 < r, < 2, 0 <y < n, such that HPJ(R2) = 0 for p # r with

0 <y" < n, 0 < /? < 2, by Proposition 4.4 there exists an integer 0 < k ^ (n + l)/2

such that (5.10), (5.11) and (5.12) hold.

6. Riemannian manifolds with constant curvature. Let Rx cz JX(T) be the Killing

equation of a Riemannian manifold (A, g) as defined in §3 of [5]. Let g°: T -* T*

and g*: F* -> Fbe the isomorphisms determined by the metric g. If gx cz T* ® T is

the symbol of Rx and \p: T* ® T -* S2F* is the morphism sending a ® £ into

a • g''(£), the sequence

(6.1) 0 -> gi -» T* ® T^S2T* -> 0

is exact. The image of the morphism

t: A2F* -» F* ® T,

defined by

t(a A B) = a ® g*(/8) - B ® g*(a)

for  a,  ,8e F*,  is equal to gx.  Let ju:  A'T* ® A2F* -> A7 + IF* ® F*  be  the

morphism of vector bundles defined by

ju(co®(aA/3)) = (aAco)®/3-(coA/3)®a

for co G A' T* and a, B cz T*, and let Ej_x denote its kernel. It is easily verified that

the diagram

A;+1F*®A2T*      -^      AJ + 2T*®T*

(6.2) 1 id <S £ lid®g*

AJ+1T* ® gx ->       A/ + 2T* ® T
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is commutative, and that its mapping 8 is surjective for j > 0. Moreover, for j = 0,

the mappings u and 8 of this diagram are isomorphisms; we have

H'l((ax A a2) ® B) = §(<*! ®(B A a2) - a2®(B A ax) + B ®(ax A a2))

for ax, a2, B g T*, and the inverse of 8 will be denoted by X. The image of the

morphism of vector bundles

t: S2T* ® S2T* - A2 T* ® A2 T*,

determined by

r((a, • a2) ®(BX ■ B2)) = \{(ax A Bx) ®(a2 A B2) +(ax A B2) ®(a2 A Bx)

+ (a2 A Bx)®(ax A B2) +(a2 A B2) ®(ax A Bx)}

for ax, a2, Bx, B2 cz T*, is equal to Ex (see [5, §3]).

Lemma 6.1. For u g F* ® Tand ax, a2 g F*, we have

(id ® i)r(ax ■ a2 ®(\pu)) = ax A X(a2 A u) + a2 A X(ax A u)

as elements of A2 T* ® gx.

Proof. Assume that u = a ® £, with a g F* and £ g F, and set B = gb(£). By

the commutativity of (6.2) withy = 0, we have

(id ® t~1)(ax A X(a2 A u) + a2 A X(ax A u))

= (id ® rl)(ax A X((a2 A a) ® £) + a2 A X((ax A a) ® £))

= ax A H~1((a2 A a) ® B) + a2 A H~1((ax A a) ® B)

= T((ai • a2)®(a ■ B)) = T((otx ■ a2) ®(^u)).

We now assume that (A, g) has constant curvature. Then according to Theorem

6.1 of [5], the equation Rx is formally integrable. It is also a formally transitive Lie

equation with g2 = 0 (see [5, §3]). Thus this equation satisfies the assumptions of §1

and so we may consider the sequence (1.14) with m = 1, where 0 is the sheaf of

Killing vector fields of (A, g).

From the exactness of the sequence (6.1), we see that the mapping <// induces an

isomorphism

(6.3) H01(RX) -* S2T*.

Since the mapping 8 of (6.2) is surjective, we have H0/(RX) = 0 for j > 2; the

isomorphism id ® t of this diagram induces by restriction an isomorphism of vector

bundles

(6.4) id® t:Ej^ H^J+^gJ    fory>0.

Clearly

H10(gx) = H1-1(gx) = 0.

By the above computation of the Spencer cohomology groups of Rx, we see that

the hypotheses of Theorem 3.1 are satisfied with r0 = rx = 0, r2 = • • ■ = r„ = 1, and

so we have a resolution (3.18)

o ^ e -*^jif01(Rx) ^^l2(gx) ^ ■■■ -^jeln(gx)^o
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of 0, where D0, Dj (withy ^ 2) are differential operators of order 1 and Dx is of

order 2. By means of the isomorphisms (6.3) and (6.4), we obtain a resolution

b„ Z>,       b,

(6.5) 0^0^ ST^ S29~* -»^ -><?2 -> ■■■  -> £n_x -> 0

of 0. We claim that this sequence is the Calabi sequence of [2] as defined in [5], Let

Q0:9~-> S29~*,       QX:S29'*^£X,        Qj:£J_x^£J   for2<y<w-2

be the differential operators of the Calabi sequence which are defined as follows. For

£ G 9~, we have <20£ = ^g, where if^g denotes the Lie derivative along the vector

field £ of the metric g. According to [5, §3], the symbol of Q0 is equal to i|/. If 3t' is

the linearization along g of the curvature operator sending a metric into its curvature

of type (2, 2), which is a section of A2 F* ® A2 T, and if gb: A2 F -* A2 F* is the

isomorphism given by g, we consider the differential operator of order 2

Dg: S29~* -* A2 9~* ® A2 9~*

sending h into gb° ^(/i). Then Fg(S2jT*) c ^ and we set Qx = Dg: S29~* -» £x.

According to equation (4.28) and Proposition 6.1 of [5], the symbol of Qx is equal to

t. Let V be the Levi-Civita connection of g and the connection in AA T* induced by

V. This connection determines a differential operator

(6.6) v":AJ9~*®Ak9~*^AJ + 19-*®Ak9~*

satisfying

V"(co ® a) = dec ® a + (-l)'co A Va

for co g A79~* and « G Ak9~*. We consider this operator withy ^ 2 and k = 2.

According to [5, §6], we have v"(^-_1) c ^ fory > 2, and we set

Qj= V-:^_! -^    fory > 2.

The symbol

(6.7) a( V): T* ® AT* ® A2F* -> AJ+1T* ® A2T*

of (6.6), with k = 2, sends a ® co ® /? into a A co ® /3 for a G F*, co G A7 T* and

/? g A2 F*. In [5, §3], fory ^ 2 it is shown that the symbol

a(Qj):T*®Ej_x^Ej,

which is the restriction of (6.7), is an epimorphism of vector bundles.

We first verify that a(Df) = o(Qj) fox j ^ 0. According to the definition of D0,

the diagram

9tx ^       9~* ® 9tx

i»o 1 ty ■ w0

Ai
3"        -> S29~*

commutes; since the symbol of V is equal to the identity mapping of F* ® Rx, the

symbol of D0 is equal to $, and so o(D0) = a(Q0). Let Q: 9~* ® 9lx -> Jfh2(gx) be
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the differential operator defined by

Qu = V"(m + A770v'm)

for u g 9~* ® 9tx. The commutativity of diagram (3.10) tells us that the diagram

9-*®9cx       ->       JTia(gi)

1 Po / D\

Jt*°-l(Rx)

commutes, and by the definition of Dx that

9~*®9cx -> •^7l'2(gl)

1 \p ■ 770 T id ® i

S29~* -+ £x

commutes. According to (3.11) and Lemma 6.1, we see that o(Dx) = r = o(Qx).

Clearly, we have a(Z>) = o(Qj) fory > 2.

Thus we know that £). - Q] is a differential operator of order 0 fory # l) an(j that

Dx — Qx is of order 1. We now show that Z). = £ ■ fory > 0. Since Z)0 — Q0 vanishes

on 0 and since for all x cz X and tj g Tx there exists a Killing vector field £ on a

neighborhood of a: such that £(x) = tj, we see that D0 = Q0. If x cz A and h cz S29~x*,

by Lemma 5.1 of [5], there exists £ cz9~x such thaty'^JS^gX-x) = jx(h)(x); hence we

see that

((Dx - Q1)h)(x) = ((Dx - Q1)e0£)(x) = 0,

and that Dx = Qx, Since

o(Qx) = t: S2T* ® S2T* -* Ex,    o(QJ): T* ® E] -» EJ + X,

fory ^ 1, are epimorphisms, if x g A and u G ^. x withy > 1, there exists v cz S29[*

ify = 1, ox v cz £j_Xx ify > 2 such that (Qj-Xv)(x) = m(jc); then since (6.5) and the

Calabi sequence are complexes, if bJ_1 = Qj-i withy > 2, we have

((2); - Qj)u)(x) = {(Dj - Q^ ■ Qj-lV)(x) = 0,

and so Z). = Qy. Thus (6.5) is the Calabi sequence, and now from Theorem 3.1 we

obtain the exactness of this sequence.

7. Conformally flat Riemannian manifolds. Let (X, g) be a conformally flat

Riemannian manifold of dimension n ^ 3. Let Rx cz JX(T) be the conformal Killing

equation of (X, g) as defined in §2 of [7] whose solutions are the conformal Killing

vector fields. According to Propositions 5.1 and 6.1 of [7], the equation Rx is

formally integrable. It is also a formally transitive Lie equation with g3 = 0, and so

Rx satisfies the assumptions of §1 with k = 1 and m = 2. Therefore we may consider

the sequence (1.14) with m = 2, where 0 is the sheaf of conformal Killing vector

fields of (A", g). According to §§2 and 10 of [7], we know that F2 satisfies the

hypotheses of Theorem 3.1  with m = 2, rx = 0, n = 1  for 2 <_/'<« — 2, and
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r,,_x = 2; in particular (5.10), (5.11) and (5.12) hold with k = 1. Therefore, we also

have the resolution (3.18) of 0, where

E°=T,        El = H01(Rx),

EJ = HUj(gx)    for2<y<«-2,

£„-i _ //2.»-i(gi),       E" = H2-"(gx) = A"T* ® g2.

If id is the section of F* ® T = Hom(F, T) which corresponds to the identity

mapping of F, and if {id} is the sub-bundle of T* ® T generated by this section,

then gi = fi © {id}, where gj denotes the kernel of the morphism \p of §6.

According to Lemma 2.1 and formula (2.2) of [7], the image of the monomorphism

of vector bundles

0: T* -> S2T* ® T,

defined by

S(a)U, tj) = (£, a>Tj + (tj, a>£ - g(£, Tj)g*(«)

for a cz T* and £, tj g F, is equal to g2; in fact, the morphism 0 of [7, §2] is equal to

\6. Using (5.2) and (5.4), we easily verify that

(7.1) [£, Hoc)] = (£, «>id + a ® £ - gb(£) ® g*(a),

(7.2) [0(a),u] = -0(u*(a))

as elements of g for a g F*, £ g T and u g gx, where u* cz Hom(F*, F*) is the

adjoint of u G Hom(F, T). By means of these formulas, (5.2) and (5.3), we easily see

that the Killing form B of g is given by

(7.3) £(0(«),£) = -2H<£,a>,

(7.4) B(u, v) = nTx(uov)

for a g F*, £ g Fand u,v g gx, and

(7.5) F(id,id) = 2«,    F(id,g1) = 0,    F,g2 = 0,    B|go = 0,

and that gx and g0 ffi g2 are perpendicular to each other with respect to B. It follows

that B is nondegenerate and so gr R 2x is a semisimple Lie algebra for all x cz X. In

fact, since the natural representation of gx x on Tx is irreducible and g2 x =£ 0, by

Proposition 4.3 the Lie algebra grR2x is simple for x cz X. It can be shown that

gxR2x is isomorphic to §o(/i + 1,1) and that R2x is isomorphic to grF2x (see

[11,12]). The assertion of Proposition 4.4 for gr R2 x is given by [7, Proposition 10.1].

Let SqT* be the sub-bundle of S2T* of symmetric 2-tensors with zero trace and,

as in §8 of [7], let £? denote the sub-bundle of Ej consisting of those elements with

zero trace (with respect to g). As in [7, §11], we set

P = T F  = 92T*

Fj = E°_x    for2 <y'< n - 2,

F„_! = A"_1F* ® S^T*,       F„ = A" T* ® F*.

We now define isomorphisms <jd;: Fj -» F7 for 0 < y < n.
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Let <p0 be the identity mapping of F. Let v: S2T* -> T* ® T be the monomor-

phism of vector bundles determined by

v(a ■ B) = a ® g*(B) + B ® g*(a)

for a, B g F*. Let p0: S2T* -> S02T* be the morphism sending h into h - \CYxh)g,

where Tr h is the trace of h. Then it is easily verified that the diagram

Poty        , i"
T* ® T      -»      S02F*      -»      T* ® T

(7.6)
£\ / /?

F1

commutes, where the mapping/3 is the natural projection. Let <px: SqT* -* F1 be the

mapping B ° v.

Consider the monomorphism of vector bundles

(7.7) (id ® t): A'T* ® A2T* ^ A'T* ® gx

and its restriction to Ej_x. Fory > 2, according to the commutativity of diagram

(6.2), the mapping

w: Ej_x -+ /fw(gl)

sending u into the cohomology class of (id ® t)u is well-defined. According to [7,

§10], for 2 < y «g « - 2 its restriction

(7.8) *,:Ef_x^H^(gx)

to Ef_x is an isomorphism; moreover, if Pj-v Ej-i ~* Ef-i denotes the orthogonal

projection of E',_1 onto Ej°_x with respect to the scalar product on A7T* ® A2F*

induced by g, then for » e £;_, we know that pj-Xu is the unique element of Ej°_x

such that

nrp:_XU = ■nru.

Let <Pj-. Eff j —» EJ be equal to 2vj for 2 < j < « — 2.

If

Tr"-1: AT* ® S2T* -* A""'F* ® F*

is the trace mapping determined by g as defined in §8 of [7], according to §§2 or 8 of

[7], the restriction of the morphism

(id® 6) -Tr"-1: AT* ® S2T* -> A"_1F* ® g2

to A" F* ® S02F* is an isomorphism onto H2-"-\gx). Let

%_X:A"T* ® S£T* -+ F"-1

be equal to 4(id ® 0) ■ Tx"'1 if n > 4, and to (id ® 0) ■ Tx2 if n = 3. Finally, let

<p„: AT* ® F* -» A"F* ® g2

be equal to 4(id ® 0) if n ^ 4, and to id ® 0 if « = 3.

Let

S2T* ®(A"F* ® S2F*) -> A"F*
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be the morphism, sending h ® v into (h, v), where h cz S2T* and v cz AT* ® S2T*,

determined by

(/i,co ® h') = (h, h')u

for h, h' cz S2T* and co G A"T*, where (h, h') is the scalar product of h and h'

determined by the metric g (as in [7, §8]).

Lemma 7.1. For h g S2T* and v cz A" T* ® S2T*, we have

(v(h), (id ® c^Tr"-1!;) = -2n(h, v),

where the left-hand side is given by the mapping (4.4).

Proof. Let x cz X and let {£,,...,£„} be an orthonormal basis for Tx (with

respect to the metric g). Let h = a ■ B cz S2T* with a, B cz T*, and v = co ® K e

(A" T* ® S2T*)X, where co g A" T* and h' G S2F*. We have

0 = i(Zj)(et A co) = <£,, «>co - a A i(£,)co.

Thus by (7.3), we obtain

(v(h), (id ® 0)lx"^v) = f(a® g*(B) + B® g*(a), (/(£» ® 9(i(ij)h'))
7=1

= t {B{g*(B),0{i(Zj)h'))a A ,(£> + B{g^(a),0(i(^)h'))B A /(£»
7=1

/     " \

= -In    E (^(^^/(^J/r'X^.a) + (^(^./(^O/r'X^.^jL
v./ = i /

= -2«    E (h'{ij,g*(B))(ij,a) + h'{ij, g*(a))(ij, B))L

= -2«f   E«€y. «><«/./8> + <£,,/3><£„ «»/i'(£7, £,)) co

= -2n     E  /i(£y,£,)/i'(£;,£,)  co =-2«</i, co ®/i'>.

If m, u g A2 F*, we have

Tr(i(M)ot(t>)) = -2(u,v),

where (    ,    ) is the scalar product on A2 F*; thus by (7.4), we see that

(7.9) B(t(u),t(v))= -2n(u,v)

fox u, v cz A2 T*. Using this identity, Lemma 7.1 and (7.3), we easily verify

Lemma 7.2. IfuczFj and v cz Fn_j, we have

(<PjU<<Pn-jv) = -cn(u,v),

where (tpjU, cpn_jV) is given by §5 and (u, v) by the mapping (11.33) of [7], and where

c=%ifn>4, and c = 2 if n = 3.
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We next recall the definition of the operators of the complex (12.5) of [7], namely

(7.10) 0 -> 0-^jFo4jr 4jf24 ••• -»^_i -*&n -» o.

We have
P0i = l2p0^g for £g 9-,

Pn_xv = \7~-Tx"-lv    fori; g A"9~* ® S^9~*,

where V* is the differential operator (6.6), withy = n - 1 and k = 1, determined by

the Levi-Civita connection V of g. Then a(P0) = 2p0xr'- If n > 4, the differential

operator Fj: 9^x —> 32 of order 2 is equal to iff, the linearization along g of the

operator sending a metric into its Weyl curvature tensor, which is a section of Ex;

since (A", g) is conformally flat, we have Wg'(S£9~*) c <?° (see [7, §3]). From

formula (3.18) of [7] and Proposition 8.2 of [7], we deduce that

(7.11) o(Px) = pxt.

If n > 4 and 2 < y < « - 3, the operator Py is given by

P,m = pyV'n

for u g (g^Lj, where V* is the differential operator (6.6), with k = 2, determined by

V, which satisfies v"(^_i)c £j. The symbol o(Pj) is equal to PjO(v'). Let

4>: A"~2F* ® F* ^ A"_1F* ® A2F*

be the isomorphism of vector bundles defined in §2 of [7]; then its restriction

<f>: S(A"~3F* ® S2T*) -* F„_2

is an isomorphism (see [7, §§2, 8]). Let R° be the section of T* ® T determined by

g(F°(£),T,) = Ric(£,Tj),

where Ric is the Ricci curvature of (A, g) and £, tj g T. We define a morphism

0: A"~2T* ® A2F* -+ A"~T* ® F*
by

8(u)Ux,. ..,£„_!,!,) —IM)'^1^^.I,.^^U),-!)
"    z /=1

for u cz f\"-2T* ® A2T* and £x,...,£n_x, tj g T. Then there exists a unique dif-

ferential operator of order 2

Pn-2: <C°_3 -» A" 9-* ® Sl9~*

such that

Tx"-1 ■ Pn_2 = ^L-(v'4>~1V'-0):£°-i^ A"-19-* ®9-*,

where v" is the differential operator (6.6), with k = 1 or 2. Then we see that

(7.12) Tr'-1a(P„„2)(«1-a2®M)

= V     '   (ax A $~x(a2 A m) + a2 A (p-^aj A w))

for ax, a2 cz T* and u cz F„°_3.
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If n = 3, let

Px: S29-* -> A3^* ® S02^*

be the differential operator of order 3 defined in §11 of [7] such that

Tr2- Px = -8($a)'g .

By formula (6.7) of [7], we see that the symbol of Px is determined by the relation

(7.13)    Tr2 • a(Px)(ax ■ a2 • a3 ® u)

= -2(ax A <p_1T(a2 • a3 ® m) + a2 A 4>"V(a1 • a3 ® m)

+ a3 A <p_1t(«i • a2 ® "))

for ax, a2, a3 g T* and m g SrjT*.

Let F: J^ -> 9^+x be the differential operator determined by

(7-14) <Pj+xPj = Dj<pj

for 0 <y < « — 1. We now verify that P, = Pj for 0 <y < n — 1. We begin by

showing that

(7.15) <x(P,) = a(Pj),       0<i<n-l.

According to the definition of F0, the diagram

#2       ^     jf* ® <#2

1 wo 1 Po

iT ->      cf1

is commutative. Thus by the commutativity of (7.6), the diagram

912        ?*      9~* ® 9c2

1 rr„ 1 }/>o"/">b

9-       ->     S23*

also commutes. Therefore, since the symbol of the operator v of the above diagram

is equal to the identity mapping of T* ® R2, the symbol of P0 is given by

o(P0) = {pQ^ = o(P0). By the definition of P„_x, the diagram

p„_,
A" 3* ® S,2^"*      -»      A" 9~* ® ̂ "*

l(id® 9)-Tr""1 1 id ® fl

A"-19~*®g2       ^       A"9~*®9c-2

commutes and so

«(ti) = a(v")-Tr"1 = a(/>„_1).

As  in §6,  let A:  A2F* ® F-> T* ® gx  be  the inverse of the isomorphism

8: T* ® gt -> A2 F* ® F, and let

ic: F* ® gx -» T* ® R°
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be a morphism of vector bundles such that itxk = id. We set v0 = kX; then irxv0 = X.

Since H2"~2(gx) = 0, the morphism

8: A"~2F* ® g2 -> A""T* ® gx

is injective; therefore there exists a unique morphism vx: M"^1 -» A"~2F* ® g2

such that 8vx = id. According to the commutativity of diagram (2.5) of [7] and

formula (2.11) of [7], the diagram

A"~2F*®g2 -i       A"~1F*®g1

t id ® 0 T id ® t

§(A"-T* ® S2T*)        -> Fn^2

is commutative; therefore, for w g F„_2 we have

(7.16) ^(id ® i)m = (  l)"(id ® 0) ■ c}>-lu.

Assume that n > 4. Let CF //"* ® ^, -» <^2,2 be the differential operator of order

2 defined by

Qu = V"(m + p0ir0V"u)

for u g 5^* ® ^jj the commutativity of diagram (3.10) tells us that the diagram

9~* ® 9t2      -£      ^2'2

1 Po 1 Pi

s1        4     s2

commutes. By (7.14) and the commutativity of (7.6), we now see that this implies

that the diagram

3T*®9t2 -> V1-2

(7.17) 1 Potyno 1 Pi

Sl9~* 4      <f°      4       S1

is also commutative. According to (3.11) and Lemma 6.1, since irxVQ = A, we have

irxa(Q)(ax • a2 ® u) = ax A X(a2 A ir0u) + a2 A X(ax A ir0u)

= (id ® i)T(ax ■ a2 ® 4nrQu)

for ax, a2 cz T* and u cz T* ® R2. Hence from the commutativity of (7.17), we

deduce that

nra(Px)(ax ■ a2 ® p0h) = ■nrT(ax ■ a2 ® h)

for ax, a2 cz T* and h cz S2T*. The above characterization of the orthogonal

projection px therefore implies that

o(Px)(ax ■ a2® p0h) = pxT(ax • a, ® h)
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for ax, a2 cz T* and h g S2T*, and so by (7.11) we see that (7.15) holds fory = 1.

For 2 <y < n - 3, if a cz T* and u cz A' T* ® g, with 8u = 0, it is easily seen

that

a(Dj): T* ® F7'-> F7 + 1

sends a ® y3u into y3(a A u). Hence by (7.14), we have

cpJ + xo(Pj)(a ® u) = o(Dj)(a ® tp^) = 2y3(id ® t)(a A u)

= <pJ + x(a A u)

for a g F* and u cz Ej°_x; by the characterization of p., we infer that

a(/v)(a ® m) = ^(a A w)

for a g F* and m cz Ej°^x. Thus we have shown that (7.15) holds for 2 < y=g « - 3.

Let Q: (€2-n~2 -► JC2'n~\gx) be the differential operator of order 2 defined by

Qu = V"(m + vxirx\7~u)

for m G c€2-n~2. The commutativity of diagram (3.10) tells us that the diagram

£>2,„-2 _> ^n-1

1 Pi /  D„   2

^„-2

commutes. From formula (3.11), we deduce that

(7.18)       a(A,-2)(ai ' a2 ® Y3M) = ai A l'i(a!2 A w) + a2 A ^(a^ A u)

for ax, a2 g F* and u cz A""2 T* ® gx with 5u = 0. By (7.18) and (7.16), the symbol

of

F-„_2:<f„°_3 -> A"9-* ® S02JT*

is determined by

2(id ® r^Tr""1 ■ a(P„_2)(ax ■ a2® u)

= ax A vx(a2 A (id ® t)u) + a2 A vx(ax A (id ® t)u)

= (-l)"(id ® 0)(ax A 4>'1(a2 A u) + ct2 A <J>-1(ai A u))

for a,, a2 g F* and w g F°_3; thus we see that

Tr""1 • a(F„_2)(o1 • a2 ® m) = ^-(^ A 4>_1(«2 A u) + a2 A ^'("i A m)).

From (7.12), we infer that (7.15) holds fory = n — 2.

Finally, assume that n = 3. Let

Q:9-*®9t2^^2'2(gx)

be the differential operator of order 3 defined by

Qu = V"(m + v0ir0V" u + vxirxV' u + vxirxV~ v0ir0V" u)

for u cz 9~* ® 9tx; the commutativity of diagram (3.10) tells us that the diagram

sr* ® 9t2      —      £2

1 Po /* O,

£x
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commutes. By (7.14) and the commutativity of (7.6), we now see that the diagram

9~* ® 9t2        -> £2

(7.19) ibbM) T(id®9)-Tr2

S02^* -i       A3^"*®S02^"*

also commutes. Since 77^,, = A, by formula (3.12) and Lemma 6.1, we have

o(Q)(ax ■ a2- a3® u)

= 2   E otpci) A pi{aP(2) A M°t>(3) A tt0m) + ap0) A X(ap(2) A ir0u))

= ax A ^(id ® t)r(a2 • a3 ® ^itqu) + a2 A ^(id ® t)^^ • a3 ® i^7t0m)

+ a3 A ^(id ® t)T(ai • a2 ® i/'Wqw)

for <*!, a2, a3 g F* and m g T* ® R2. Hence from the commutativity of (7.19) and

by (7.16), we deduce that

i(id ® 0) ■ Tx2 ■ o(Px)(ax ■ a2- ot3® p0h)

= -(id ® 0)(ax A cJ>_1T(a2 • a3 ® h)

+ a2 A ^-^(a! • a3 ® h) + a3 A cjr^ai • a2 ® /i))

for aL, a2, a3 g F* and h cz S2T*, and hence by (7.13) that (7.15) holds fory = 1

and n = 3.

From (7.15), it follows that the differential operator Pj - Pj. J^ -* J^ + 1 is of order

r/+1 — Tj for 0 <y < w — 1. According to §§5, 6 of [7] and the commutativity of

diagram (12.1) of [7], the complex (7.10) satisfies the hypotheses of Theorem 0.2(h)

of [7], and hence the morphism

(7.20) p{jrj+i_rrPj_x):Jr^_rj_i + l(Fj_x)^Jrj+i_rj(Fj)

is surjective for 1 «£y < «. We now verify by induction ony > 0 that Pj = Pj. First,

since ir0: R2 —> T and the mappings (1.15) are surjective, and since the operator

F0 - F0 of order 0 vanishes on 0, we see that P0 = PQ. Suppose that y > 1 and

Pj_x = Pj-X- If x cz X and u cz3*jX, by the surjectivity of (7.20), there exists

v g &j_Xx such that

jrj+i_,.(u - Pj_xv)(x) = 0;

then

{(Pj - Pj)u)(x) = {(Pj - Pj)Pj_xv)(x) = 0,

since the sequences (3.18) and (7.10) are complexes; hence F, = F.

From (7.14), we now deduce that

(7.21) <pj+xPj = Dj<Pj

for 0 <y < n — 1. Thus (7.10) is the resolution obtained from (3.18) by means of the

isomorphisms <Pj. Therefore according to Theorem 3.1, the exactness assertions of
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Theorems 12.1 and 12.2 of [7] hold; in particular the sequence (7.10) is exact. By

Proposition 5.1, Lemma 7.2 and the relations (7.21), it follows that

(7.22) (PjU, v) + (-l)\u, P„.j.xv) = dBj(u ffi v)

for u g fFj and v cz 9rn_j_x, where

Bj:&j®&„_j_x -» A"-1 9-*

is the differential operator of order rJ + x — rf defined by

Bj(u ffi v) = -—otj(<PjU ffl <p„_j_xv)

for u g 37J and v cz 9'n_J_x, with c = 8 if n ^ 4 and c = 2 if n = 3. Here a is the

differential operator of order r-+1 - r- given by Proposition 5.1. Thus we have

essentially obtained the results of Propositions 11.1 and 11.2 of [7], although we did

not derive explicit formulas for the differential operators /?■, as is done in [7, §11].

Consider the complex J^ = © J^ whose differential is induced by the differential

operators Pj. By (7.21), the morphisms <p. induce isomorphisms

tp: H'(Y9(<F. )) - #'(r.(*-)).

Since <p0 is the identity mapping of F, the diagram

/Fi(A,0)     -»     H'{T*(&.))

(7.23) lid l<p

///j(a,0)   -»   #'(r#(/-)).

whose horizontal arrows are the isomorphisms determined by the resolutions (7.10)

and (3.18) of 0, is commutative.

Assume that X is oriented. Consider the mapping sending u ® v onto fx(u, v),

with u cz Cx(Fj) and v g C^°(Fn_j) satisfying P;u = 0 and Pn ■» = 0, where (w, i;>

is given by the mapping (11.33) of [7]. By (7.22) and Stokes' theorem, this mapping

induces a well-defined pairing

(7.24) H>(Y(3T. )) ® //"-7(r„(j?:)) -> R.

From the isomorphisms //^ A, 0) -» i/'(r<))(J5;)) determined by the resolution

(3.18) of 0, and the pairing (7.24), we obtain a pairing

(7.25) H'(X, 0) ® Hj"~J(X, 0) -> R.

The pairings (7.24) and (7.25) were considered in [7, §14], when A is compact. By the

commutativity of diagram (7.23), Lemma 7.2 and Theorems 1.1 and 5.1, we obtain

the following result.

Theorem 7.1. // (A, g) is a conformally flat oriented Riemannian manifold of

dimension n > 3, the pairings (1.22) and (5.14) are nondegenerate and are equal to

(-cn)-times the pairing (1.25), where c = 8 if n > 4 and c = 2 if n = 3.

We thus obtain a different proof of Theorem 14.1 of [7].

The isomorphisms <Pj and the sequence (7.10) depend on the metric g, while the

sequence (3.18) corresponding to R2 depends only on the conformal structure on X.
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Let fi5 denote the bundle of densities of order s on A. The canonical measure jig of

the Riemannian manifold (A, g) is a section of fi1, and ixkg is a nowhere vanishing

section of fi*. As in [7, §13], we identify the section g = pg2/" ® g of fi"2/" ® S2T*

with the conformal class of g. We define isomorphisms

<p0: T -* F°,    cpn: F„ -* E",    cpy. fi"2/" ® F} -* E'

for 1 < j < n - 1 by setting

cp0 = tp0 = id,   % = <p„,   <pj{fig2/" ® u) = <pj(u)

for u G F, 1 <y < n — 1; it is easily verified that these isomorphisms depend only

on g, and that the sequence (13.14) of [7] is the one obtained from (3.18) by means

of the isomorphisms (pj. Since the complex (3.18) depends only on R2 and the

isomorphisms <p depend only on g, we see that the resolution (13.14) of 0 depends

only on g, as is shown also in [7, §13].

Let a: g -» g be the morphism determined by the metric g defined by

a(£) = ^c7(gb(£)),       o(0(a)) = 2ng*(a),

a(u) = u,        a(id) = -id

for £ g F, a g F* and u cz gx. Then by (7.1), (7.2) and (5.2), it is easily verified that

ox is a Cartan involution of gv for x cz X; clearly o satisfies (5.15). Consider the

symmetric positive definite form Ba on g and the scalar product ( , ) on A F* ® g

induced by it. Using (7.3), we see that

(7.26) Ba]T=g,

and so the scalar product (    ,    ) on A F* induced by Ba is the one corresponding to

g-

According to §5, we may consider the resolution (5.17) of 0, the morphisms (5.18)

and, when A is oriented, the isomorphisms (5.21) determined by a. We have

F° = T,       F1 = {u cz T* ® T\8*u = 0},

F7 = { u cz A' T* ® gx\8u = 0, 8*u = 0},

pn-l _ £»-l pn _ £n

for 2 < y < « - 2, where 8* is the adjoint of 5 (with respect to Ba).

For 0 <y < n, we now define isomorphisms of vector bundles \p : F -+ F7 such

that y\pj = <pj. Let \p0 be the identity mapping of F. Since F1 is the orthogonal

complement to gx in T* ® T, we see that F1 = t>(Sr2T*) and we set \(/x = v. Next, for

2 < j *S n - 2, we wish to show that F7 is equal to the image of Ef_ x under the

mapping (7.7). Indeed, if u g A7 F* ® A2 T* and v cz A'~: F* ® F*, we set

S = (id ® i)u cz AT* ® gx,       v = (id ® 0)u g A7_1F* ® g2;

then

Si; = (id ® t)vx + u ® id,
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where vx cz A7 T* ® A2F* and co g A'T*. By (7.5), (7.9) and the commutativity of

diagram (10.6) of [7], we have

(8v, u) = ((id ® t)vx, (id ® t)u) = 2n(vx, u) = 2n(Av, u),

where

A: Aj~ lT* ® T* -+ (A7 T* ® A2 T*) ffi A7 T*

is the morphism of §10 of [7] and (Av, u) is the scalar product of the elements Av, u

of (AT* ® A2 T*) ffi A7 F* considered there. Hence 8*u = 0 if and only if A*u = 0

in the sense of §10 of [7]. From the equality (10.13) of [7] and the commutativity of

diagram (6.2), we deduce that

(id ® i)Ej°_x = F7 n(AT* ® gx).

The desired result now follows from the fact that the mapping (7.8) is an isomor-

phism. We set \p. = 2(id ® i) for 2 <y < n - 1. Finally, we let 4>„^x = cpn_x and

*P„ = <P„-
Since cpj = y\pj for 0 <_/ < n, we see that (7.10) is the sequence obtained from

(5.17) by means of the isomorphisms iF. In terms of the scalar products on the

bundles Fj considered in [7] and the scalar product on A F* ® g and its sub-bundles

F7 determined by Ba, according to (7.26), (7.9) and (7.3), it is easily verified that

(7.27) (^jU,^jv) = Cj(u,v)

for u, v cz Fj, where c0 = cx = 1, c- = cn for 2 <y < n - 2 and cn_x = cn = (cn)2,

with c = 8 if n > 4 and c = 2 if n = 3. Set dj = -cn/c'■, where c = 8 if n > 4 and

c = 2 if n = 3; then clearly we have

(7.28) djd„_j=l.

Now suppose that A is oriented and let fi be the corresponding volume form of

(X, g). Consider the isomorphisms

(7.29) *:Fj^Fn_i

equal to cF;/'"1^*^, where * is the isomorphism (5.21). It is easily seen that

*£ = fi®gb(£),        *(fi ® a) = g*(a),

*h = Q®h,       *(fi ® h) = (-l)"~lh

for £ G F, a cz T* and h cz S02T*, and that *: Ef_x -> F„°_y_, is the restriction of

* ® id: AT* ® A2T* -+ A"~JT* ® A2F*

for 2 <y < n — 2; thus we obtain a result also given by Proposition 9.1 of [7].

Therefore (7.29) is equal to the isomorphism * of §14 of [7]. Since the isomorphisms

(5.21) satisfy (1.24) and (1.25) for all u, v cz FJ, we see that the isomorphisms

*: Fj -> Fn_j satisfy (1.24) and (1.25) for all u, v G Fj. Indeed, (1.24) follows from

(7.28); if u, v g Fj, by (7.27) we have

(\pjU,*\r>jV)  =  (\pjU,\pjV)Q = Cj(u,v)Q,

and by Lemma 7.2
1 cn

(xPjU,*4>jV) = ■j(T>jUAn_j*v) = --j-(u,*v)

= Cj(u, *v),

and so (1.25) holds.
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From the above results and Theorem 5.2, we deduce that the sequence (7.10) (with

0 omitted) is an elliptic complex and that it is formally selfadjoint, namely that it

satisfies conditions (I)-(IV) of the introduction of [7].
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