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Aut(F) — Aut(F/F") IS SURJECTIVE
FOR FREE GROUP F OF Rank > 4
BY
SEYMOUR BACHMUTH AND HORACE Y. MOCHIZUKI1

ABSTRACT. In this article, it is shown that the group of automorphisms of the free
metabelian group ®(n) of rank n > 4 is not only finitely generated but in fact every
automorphism of ®(n) is induced by an automorphism of the free group of the same
rank n. This contrasts sharply with the authors’ earlier result [4] that any set of
generators of the group of automorphisms of the free metabelian group ®(3) of
rank 3 contains infinitely many automorphisms which are not induced by an
automorphism of the free group of rank 3.

0. Introduction. Contrary to original expectations, we prove the following result
(which has been announced elsewhere [2]):

THEOREM A. For n > 4, each automorphism of the free metabelian group ®(n) =
F(n)/F(n)" of rank n is induced by an automorphism of the free group F(n) of rank n.

As a corollary we have

COROLLARY TO THEOREM A. For n > 4, the group Aut(®(n)) of all automorphisms
of ®(n) is finitely generated.

Thus, the structure of Aut(®(n)), n > 4, is radically different from that of
Aut(®(3)). However, the study of matrix groups over polynomial rings suggested the
possibility of such contrasting behavior as a naturally expected pattern. To put
matters in proper perspective and to present a better understanding of Theorem A,
we state two theorems. The first theorem presages the second, and the second
theorem is a widening of Theorem A to incorporate the previously known results for
Aut(®(2)) and Aut(P(3)).

THEOREM 0.1. Let s,,...,s, (r = 2) be commuting indeterminates over Z, the ring of
integers.

(@) GL,(Z[sy, s7%...,s,, s ') = £ A(r), where A(r) is the multiplicative group
generated by s,,...,s,, i.e., GL,(Z[s, s{,...,s,, s *]) has only the trivial or obvious
units.

(b) [3] Any generating set for GL,(Z[s,, s{%...,s,, s;']) contains infinitely many
elements which are not in the subgroup GE,(Z[s,, s7',...,s,, s;']) generated by the set
of all elementary 2 X 2 matrices and all invertible diagonal 2 X 2 matrices.
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(c) (Suslin [7]) For m > 3, GL, (Z[s, s;,....s,, s7']) is generated by the set of all

rs r

elementary (m X m) matrices and all invertible diagonal (m X m) matrices, i.e.,
GL,,,(Z[SI, sihos,, s,'I]) = GE,,,(Z[sl, sihs,, s,’l]).

THEOREM 0.2. (a) [1] Aut(®(2)) is an extension of the group of inner automorphisms
of ®(2) by GL,(Z). Consequently, each automorphism of ®(2) is induced by an
automorphism of F(2), and Aut(®(2)) contains only the trivial or obvious elements.

(b) [4] Any generating set for Aut(®(3)) contains infinitely many automorphisms
which are not induced by automorphisms of F(3).

(c) For n > 4, each automorphism of ®(n) is induced by an automorphism of F(n).

Thus for n > 2, GL, _,(Z[s,, s;'.....s,, s;']) and Aut(®(n)) play analogous roles
as do the elements of GE,_(Z[s,, s{',-...s,. 5, ']) and the induced automorphisms
of ®(n).

Theorems 0.1 and 0.2 motivate the problem of discovering other settings in which
the same type of theorem holds. Intriguing candidates are the automorphism groups
of the free groups in the variety of abelian-by-nilpotent groups or the variety of
solvable groups, the automorphism groups of free algebras over a field, and the
automorphism groups of polynomial rings over a field. This last setting is perhaps
the most promising because of its close analogy to the groups in Theorem 0.2. We
refer to [5] for a more detailed discussion of this case.

The organization of this paper is as follows: §1 contains a table of notation and
background material about the relevant automorphism groups—mainly several
theorems of Magnus. §2 contains an outline of the proof of Theorem B (Theorem B
is a reformulation of Theorem A). §3 contains results to the effect that various
automorphisms of ®(n) of special types are induced by automorphisms of F(n).
Some important results of Suslin are also in this section. §4 is devoted entirely to one
lemma—appropriately called the Main Lemma. It is a technical lemma which again
states that automorphisms of ®(n) of a special form are induced by automorphisms
of F(n). The completion of the proof of Theorem B is in the final §5.

Our proofs of the Main Lemma and all the numbered propositions from §2
onward (with the sole exception of Proposition 3.1) require the hypothesis that the
rank n > 4. The results in [4] assure the falsity of almost all, if not all, of these
results if n < 4.

1. Notation and background.

F(n) = free group of rank n.

®(n) = F(n)/F(n)’ = free metabelian group of rank n with basis x;,...,x,.

A(n) = F(n)/F(n)y = ®(n)/®(n) = free abelian group of rank n with basis
Sys.--.58,, wheres, = x,®(n)’.

Aut(G) = group of all automorphisms of the group G.

IA-Aut(G) = group of all automorphisms of G which induce the identity map on
G/G’ = group of all I4-automorphisms of G.

Z[A(n)] = Zs,, s;',...,s,, s, '] = integral group ring of A(n).

o=s5,—1L1</j<n
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GL,(R) = group of all invertible n X n matrices over the commutative ring R.

SL,(R) = subgroup of GL,(R) of all matrices with determinant 1.

E, (n) = n X n matrix with 1 in (i, j) position and zeros elsewhere.

(1, + aE;],i # jand a € R, is called an elementary matrix over R.

E,(R) = subgroup of SL,(R) generated by all elementary matrices over R.

€, = n-tuple with 1 in the ith coordinate and zeros elsewhere (the value n will be
clear from the context).

#' = transpose of n-tuple i when viewed as a 1 X n matrix.

Unimodular row over R = n-tuple with entries in the ring R which generate R as a
module.

&/ (n) = the subgroup of GL,(Z[A(n)]) of all matrices (a;;) which represent
IA-automorphisms of ®(n), or, equivalently, which satisfy the conditions X7_;0;a,;
=o0,1<j<n

%(n) = the subgroup of «7(n) which represent I4-automorphisms of ®(n) in-
duced by /4-automorphisms of F(n).

F(n)i<j and i, j, k distinct, = the n X n matrix with o, in the (i, k) position,
-0, in the (j, k) position and zeros elsewhere.

F,j(n), i <j, = the n X n matrix with —o; in the (i, j) position, g, in the (j, j)
position and zeros elsewhere.

F,(n), i <j, = the n X n matrix with o, in the (i, /) position, —o; in the (J, i)
position and zeros elsewhere.

Let I be an ideal of the commutative ring R. Then, the natural map R —» R/I
induces natural maps GL,(R) - GL,(R/I)and SL,(R) — SL(R/I).

GL, (R, I) = Kemnel{GL,(R) - GL (R/I)}.

SL,(R, I') = Kernel{SL,(R) — SL,(R/I)}.

E, (R, I) = normal closure in E,(R) of {1, + aE, (n): i # j,a € I'}.

Induced matrix (c;;) = matrix in GL,_,(Z[A4(n)], 0,Z[A(n)]) which can be
completed to a matrix in Z(n) of the form

[ 3)

Let ¢,,...,t, be indeterminates over Z[ A(n)], and let #(n) denote the group of
matrices generated by
(s,- t,-) .
R 1<i<n.

0 1
M (n) consists of all matrices
(g at, + -+ a,,t,,)
0 1
such that g € A(n), a, € Z[A(n)] and a0, + -+ + a,0,= (g — 1). There is a
well-known faithful representation [7] of ®(n) onto #(n), called the Magnus
representation, which is given by

(Si tl) .
x; = , 1<i<n.
0 1

Henceforth, we shall identify ®(n) with # (n).
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Let.«Z(n) denote the subgroup of GL,,(Z[A(n)]) of all matrices (a, ;) such that
(1.1) Yoa,=0, 1l<j<n.
i=1

Each « in /4-Aut(®(n)) is uniquely defined by a map
(sj tj)_)(sj aj it + - +a,,
0 1 0 1

Then, the map « — (a,;) defines a faithful representation of /4-Aut(®(n)) onto
& (n). Henceforth, we shall also identify IA-Aut(®(n)) with </ (n).

The natural map F(n) — ®(n)=.#(n) induces natural maps Aut(F(n)) -
Aut(®(n)) and 14-Aut(F(n)) = IA-Aut(®(n)). We shall prove

, 1<j<n.

THEOREM B. If n > 4, then the natural map IA-Aut(F(n)) —» IA-Aut(®(n)) is
surjective, i.e., each I4-automorphism of ®(n) is induced by an IA-automorphism of
F(n).

As an immediate corollary to Theorem B we have the following restatement of
Theorem A.

THEOREM A’. If n > 4, then the natural map Aut(F(n)) — Aut(®(n)) is surjective,
i.e., each automorphism of ®(n) is induced by an autormorphism of F(n).

PrROOF OF THEOREM A’. We assume Theorem B. Then, we have the commutative
diagram with exact rows and columns:

0
d

0 — I4-Aut(F(n)) - AutF(n) - Aut(d4(n)) -1
l l Il

0 - JA-Aut(®(n)) - Aut(®(n)) - Aut(A(n)) -1
! !
0 0

Theorem B easily follows. O

Let #(n) denote the image of the map I4-Aut(F(n)) — IA-Aut(®(n)) = Z(n).
Magnus [6] gave a set of generators for I4-Aut( F(n)). We shall give the correspond-
ing set of generators of #(n).

PROPOSITION 1.1. Z(n) is generated by the set of all matrices of the following types:
I, + F(n), i <jandi, j, k distinct; I, + F,;(n),i <j;and I, + F,(n), i <j. O
2. Outline of proof of Theorem B. For the remainder of this paper, n > 4.
Leta = I, + (a;;) € #(n). Thereis »,1 < » < n, such that

a€ GL,,(Z[A(n)], Yy on[A(n)]).
j=v
If v < n, we shall show that there is

BVE%’(n)ﬂGLn(Z[A(n)], io,z[/un)])

J=v
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such that B la € GL (Z[A(n)], Yi_,+16;Z[ A(n)]) (Proposition 5.2), and if » = n,
then a € %(n). Thus, if » <n, there exist B,, B8,.1,...,8, € #(n) such that
Bl BB la € B(n), whence a € #(n) and Theorem B is proved.

The outline of the procedure for producing the B, is as follows. If » < n, we set
0,,, = -+ =o0,=0ina to obtain

@=[1,+(a;)] € GL,(Z[4(» - 1)], 0,Z[A(» - 1)]).

It is easy to show that there are T,, 8, € Z(n) N GL,(Z[A(n)), £’_,0,Z[ A(n)]) such
that

T = (1, +(a,)] € GL(2[4(v - 1)],0,2[4(» - 1)])
with @/, € 6?Z[A(v — 1)}, and

0'vdll T ovdl(u—l) 0 0vdl(u+1) o c"vdln

ovdnl e ovdn(v-—l) 0 ovdn(v+l) e ovdnn

where T, and §, are the results of setting 0,,, = --- =5,=0 in T, and §,,
respectively.

In order to show that there is e, € #(n) N GL,(Z[A(n)], X7_,0,Z[ A(n)]) such
that when we seto,,, = -+ = 0, = 0 in ¢, we obtain &, = § T, '&, we need the

MAIN LEMMA. Any element of &/ (n) of the form

0,by; T onbl(n—l) 0
I,, + 0'nb(n—l)l U onb(n—l)(n—l) O
n—1 n—1
- Z oby, -+ - Z oibi(n—l) 0
i=1 i=1
is contained in #(n).
Let B, = T,8,e, € B(n). lf weseto,,; = -+ =0, =0in B, 'a, we obtain B, 'a =

1,, whence we can conclude that 8'a € #(n) N GL,(Z[A(n)], Z"_, , ,0,Z[ A(n))).

3. Preliminary results. The reader is reminded of the assumption that n > 4.
Although Proposition 3.1 is valid for n > 2, the remaining propositions need the
hypothesis that n > 4.

The first result will give information about the entries of a matrix in &Z(n). €,
denotes the n-tuple with 1 in the i th coordinate and zeros elsewhere.

ProposiTION 3.1. If ay,...,a, € Z[A(n)] and 6,a, + --- + o,a, = 0, then the
n-tuple (a,...,a,) is a linear combination over Z[ A(n)] of the n-tuples o€, — o€,
i<j.

PROOF. When we set all o, = 0, k # i, in the equation 6,a; + - - + ¢,a, = 0, we
obtain 0,4, = 0, where 4, € Z[s,, s/'] is the result of setting all o, = 0, k # i, in a,.

Since Z[s;, s;'] is an integral domain, we conclude that &, =0, ie., a, €
Liwior ZLA(N)].
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We use induction on n, the case n = 2 being straightforward. We write
(31) an= olaln + o+ on—la(n—l)n

where a,, € Z[ A(n)), and

n—1
(ay,...,a,) + 21 a,(0€ —0e,)=(a, +o,ay,,....a, | +0,a.,_,0).

i=
From (3.1), 0\(a; + 0,a;,) + -+ + 0, 4(a,_, + 0,a.,_,),) = 0. By induction, (a,
+o0,ay,,...,a,_, to0,a.,_ 1),,) is a linear combination over Z[ A(n)] of the n-tuples
o€ — ,j,1<z<j<n—1andwearedone a

The next three propositions give us three classes of matrices which are contained

in #(n). If i is a n-tuple over a ring R, then #* will denote the transpose of i, where
u is regarded as a 1 X n matrix over R.

PROPOSITION 3.2. If a € Z[A(n)] and i, j, k are distinct, then [I, + ak;; (n)] is
contained in #(n).

PRrOOE. Since (F, jk(n))z =0, [, + aF,;(n)] is additive in a, and therefore it is
sufficent to prove the proposition when a € A(n).
Let (a,,) be an invertible n X n matrix with inverse (b,,). Then

a,;0; — a,;0; \ (Pubun)
(ayv)[1n+aF;'jk(n)](byv)= In+a .
a,0; — a,;o;

We assume [[, + aF;;(n)] € #(n) and shall show that [1, + as*'F, ,(n)] € B(n)
for any /.

If we let (b,,) = [1, + Fjy,(n)]*' when | < k or (b,,) = [1, + F,;(n)]*' when
| > k, then

(a,) |1, + aF ()] (b,,) = [1, + as*'F(n)] € #(n).
We will be done if we show that
[I,, + as,:—"llijk(n)] € #(n).

Since n > 4, there is m # i, j, k. Let (b,,) = [I, + F,(n)]if m <k or (b,,) =
1, + F,,.(n)]if m > k. We may assume [1 +aF,;,] and [, + as;'F,,] are in
%(n). Then,

(ap.y)[ln +ta Um( )]( )[In - anm(n)][In + al:ijk] = [In + asy ljk] € ‘@(n)
and
(ap,v)[ln—ask Ijm(n)] )[I +as,:1 ‘jm][1n+ank]
= [I,,+ask ,jk] e %(n). O
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PROPOSITION 3.3. Any a € &/ (n) with exactly one nontrivial column is contained in
AB(n).

PrROOF. By symmetry we may assume the last column is nontrivial. Let

ofutofi;+ - +o,f1,

~01fi, t 03f3 + -+t 0, /s,
_olfl(n—l) - °2f2(n—1) - T onf(n—l)n
00 1-o0,f;,—0/5,— " _an—lf(n—l)n

where the form of the last column of « follows from Proposition 3.1.

deta € +A(n). If we set 6, = --- =o0,_; =0, then we obtain a matrix of
determinant 1. Thus, it is clear that deta € A(n — 1). Each [I, + F,,,(n)] is
contained in #(n) and has determinant s,. By multiplying « by a suitable product of
the (I, + F;,,(n)] if necessary, we may assume det a = 1. Thus,

0y fint ofi+ oo+ °n—1f1(n—1)
o1 fiutosfnt o+, 1

‘°1f1(n—1) - °2f2(n—1) - T °n—2f(n—2)(n—1)
0---0 1

= ].—[ [In+fijEjn(n)]'
1<i<jgn-1
Since all the factors are in #(n) by Proposition 3.2, a is in Z(n). O

PROPOSITION 3.4. The following elements of &/ (n)

1+ 0,0,f oif 1+ 00,/ O o
0 0 1 0 0
-oif 1 -o0y0,f ' -olf 0 1-o00f ’
0 In—2 O In—3
1+o00,f O o’f
* 0 In—-Z O I

—oif 0 l-op9,f

where f € Z[ A(n)), are all in B(n).

PrOOF. By symmetry it is sufficient to prove the proposition for the first matrix
listed above.
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A straightforward calculation shows that

1+o0y0,f 022f
0
—"12 1-o00,f
O In—Z
_anOZf 0'2f
onolf s" 0 _olf
1,,_1 0 In—l
= o |[|° Sn 0
O In—2
0 4! 0 0
0 0 1 0 0 1
s, 0 -0, f
0 o, f
O Sn-1 In—l
x 0
0 X
In—2 0
s;lo, 570, 0---0 1

Each factor of the product is in #(n), whence the product is in%#(n). O

The next proposition is a minor extension of an important result of Suslin [8]
which is partially based on the work of Vaserstein [9]. A unimodular row over a ring
R is a k-tuple over R whose coordinates generate R as an R-module.

PROPOSITION 3.5. Let Z[A(m)] = Z[s,, s;%,...,s,, s}, let k > 3, and let I denote
the ideal o, Z] A(m)] of Z[ A(m)].
(@) SL(Z[A(m)), I) = E(Z[A(m)], T).
(b) E (Z[ A(m)), I) is generated by the set of all matrices of the form
[1, + i (w8, = ué)]
where h € I, u = (uy,...,u,) is a unimodular row over Z|A(m)], and1 < i <j < m.

REMARK.

[+ hat (w8, — )] = [1+ h(u@, + ue) (ue - ue)]

. /E/‘[Ik + h(u,é,)’uje,.)] . 1Ej[1k - h(u,?,)’u,é"j].

Therefore, E, (Z[A(m)], I) is generated by the set of all matrices of the form
(I, + h(fe + ge) - (ge, — fe)| wherei <j h €l andf, g € Z[A(m)]

PROOF. Part (b) of the proposition is [8, Corollary 1.4]. For the proof of part (a)
we use the fact (Corollary 7.10 of [8)) that, for k > 3, SL,(Z[A(m)]) = E (Z[ A(m))).
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For f € Z[ A(m)),
(*) f=g0,+h
where g € Z[A(m)] and h € Z[A(m — 1)]. Let a € SL,(Z[A(m)), I), and assume
a = g¢, - - - g, for suitable ¢; € E, (Z[ A(m)]). Because of the decomposition (*), we
can write ¢, = v,8, where v, € E (Z[A(m)], I) and §, € E, (Z[A(m — 1)]). Hence
yla = 8,6, - -+ &, € SL(Z[A(m)], I). Since SL,(Z[A(m)], I) is a normal subgroup
of SL,(Z[A(m)]), we may conjugate y; '« by &, to conclude that &, --- ¢4, €
SL,(Z[ A(m)], I). Continuing in this manner, we obtain the result that §, --- §, €
SL,(Z[A(m)), I). But, 8, - -- 8, € SL,(Z[A(m — 1)]), whence 8, - - - 8, = I,.

This last fact enables us to write

a = 71(817281_1)(8182Y382_181_1) T (81 T 8;—1%8’_—11 T 8f1)(81 T 81—18:)
where each
(81 e By, 87 Bfl) € E,(z[4(m)], I).

Therefore, a € E, (Z[A(m)], I). O

Although our interest is mainly in the case m = k, we remark that the proof shows
that Proposition 3.5 is valid for any m > 1 and k > 3 if one interprets Z{ A(m)] to
be Z when m = 0.

4. Proof of the Main Lemma. As the title of this section indicates, the purpose is to
prove the

MAIN LEMMA. Let n > 4. Any element of &/ (n) of the form

onbll e onbl(n - 1) O

(4.1) I+ %bu-im - %bu_ym-y O
n—1 n—1

- Z oby, - - E oibi(n—l) 0
i=1 i=1

is contained in #(n).

The set of elements of the form (4.1) is a subgroup of /(n), and we have a
homomorphism of this subgroup onto GL, _,(Z[A(n)), 6,Z[ A(n)]) which maps the
matrix (4.1) onto the matrix

(4~2) [In—l +(onbij)]‘
Rather than work with the larger matrices (4.1), we will deal with the matrices (4.2)
and make the following definition.

An invertible (n — 1) X (n — 1) matrix (c;;) will be called induced if it can be
completed to a matrix in #(n) of the form

)

(Note that the last column is trivial.)



90 SEYMOUR BACHMUTH AND H. Y. MOCHIZUKI

We can now restate the Main Lemma as
MAIN LEMMA'. Any matrix in GL, _(Z[ A(n)), 0,Z[ A(n))) is induced.

PrOOF. By the Remark after Proposition 3.5, GL,_,(Z[A(n)], 0,Z[ A(n)]) is
generated by the set of all matrices of the form

(4.3) (1,1 + o,h (12 + g2)" (g2, 12))]

where i < jand f, g, h € Z[ A(n))]. The proof that these generators (4.3) are induced
is quite tedious and lengthy and will be done in several stages.

For the sake of simplicity as well as clarity we will restrict ourselves to the case
n = 4. As the proof proceeds, it will become clear that the case n > 4 is the same in
principle as n = 4. The point is that the general matrix in GL,_,(Z[A(n)]) of the
form (4.3) involves only two distinct indices 1 < i, j < (n — 1). Hence, the case
n = 4 already illustrates all the essential possibilities which occur. By using n = 4,
we avoid matrices with blocks of zeros.

We first change from the consideration of matrices of form (4.3) to the considera-
tion of matrices of a simpler form. (See (4.6) below.) To see how we arrive at this
simpler form, we consider a matrix of form (4.3) withi = 1, = 2.

1+ a,hfg —o,hf? 0

[13 +o.h(fE, +g8,)" (g2, _fgz)] =1 o,hg? 1—o,hfg O
0 0 1
1 0 0\(1 0O —oif}/1 o0 0\[1 O o4hf
=10 1 0|0 1 -o4hg|| 0O 1 O0fj0 1 o4hg]|
g S o o 1 /=8 f 1lo o 1
The last factor is certainly induced, being the image of the element
1 0 a hf 0
0 1 o,hg 0
0 0 1 0]
0 0 -o,hf—o0,hg 1

which is in Z(n) by Proposition 3.3. (Clearly, any matrix in GL;(Z[ A(4)], 0,Z[ A(4)])
with only one nontrivial row or column must be induced.) Thus, we must prove that

both
1 0 0\(1 0 —-of\[1 0 O
0 1 Oflo 1 0 0O 1 0
g -f 1/]\lo o 1 -g f 1

1 -ohf? 0\(1+ohfg 0  -o,hf
=0 1 0 0 1 0
0 -oif’g 1]\ oshfg® 0 1-o,hfg

(4.4)



Aut( F) — Aut(F/F”) IS SURJECTIVE 91

1 0 o0\(1 0 1 0
o 1 ollo —o,hg|l 0 1
g -f 1/{o 1 -8 f

0
1
0
1 0 0\/1 0 0
1
0

and

(4.5)
= | oshg? 0|0 1~ o.hgf ~0,hg

~o,hg’f 1/10  o,hgf* 1+ o,hgf

are induced. But the first factors on the right side of both equations (4.4) and (4.5)
are induced. Thus, we must prove that both of the second factors on the right side of
(4.4) and (4.5) are induced.

In general, we must prove that the following matrices are induced:
(4.6) [1, + a( 12, + f2)) (~g2, + &),

where i # j and f, g € Z[ A(4)]. (Note that h has been combined with either f or g.)

We begin with a few specific examples of matrices which are easily seen to be
induced.

(4.7)
1 - o0,f0, o,f 0 O)(1 os, O0\[s, O O
—o,fol 1400, 0[=|s;%, 1 0f|O0 1 0]l-o, 1 O
0 0 1 0 0 1 01

o
©w
Ny

—

is induced, as is

(4.8)
1 0 0
0 1+o0,/g0, -—o,fg°]
0 osf 1 - 0,/g0,
1 0 -o08\(1 0 0)[1 O og\(1 o,fg0, -0,fg%0,
=0 1 g |0 1 0jj0 1 -egllo 1 0
00 1 of 1o o 1 )Jlo o0 1
is certainly induced, and similarly
1 0 0
0 1-o0,/g0, ouf

0 “°4f82°12 1+ o,fgo,

is also induced.
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From (4.7), we see that

1 -o0,f0, o.f 0
-0, /ol  1+a,f0, 0

0 0 1
1 0 0)f1 0 -1 1 0 0)/1 0 1
= 0 1 0[(0 1 -g 0 1 0110 1 o
(—04/‘01 o.f l](o 0 1 )(04.[01 —0,f 1)(0 0 1 )
is induced as is the first factor in the product. Therefore,
1 0 -1 1 0 0y/1 0 1
0 0 -o 0 1 0{[0 1 o
(O 0 1 )(04f61 -of 1/lo 0 1 )
1-o04f0, 0 -0,f0 1 0 0
= 0 1 0 -o0,fol 1 -o,fa}
o,f0; 0 1+ 0,f0 0 0 1
1 0 0 I af o4f0
10 1+ 0,f0, o,fol (0 1 0 )
0 -o,f 1—-o0,f0,]\0 0 1

is induced as are the last three factors of the last product, the second of these factors
by virtue of (4.8). We conclude that

1 -o,fo, O -0,fo,

(4.9) 0 1 0
04f01 0 1+ 0'4f01

is induced.
In a similar manner, we can prove that

1 —o,fo; 0 o,f0, 1~ o0,fo0, -0,fo, 0
0 1 0 ) 0,f0, 1+ 0,0, 0O
-o0,fo;, 0 1+ o0,f0, 0 0 1

and
1 - o0,f0, o,f0, 0
-o,fo, 1+o0,f0, O
0 0 1

are all induced.
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1 - o4f0, —0,f 0
o,fo} 1+o,f0, O
0 0 1
1 0 0)\(1 0 1 1 0 01 0 -1
= 0 1 0§|0 1 -0 0 1 0ffo0 1 o
ooy of 1flo o0 1 =04for —oof 1Jlo0 0 1
1 0 0)(l—-o0,f0, O 0,fo, 1 0 0
=] 0 1 0 0 1 0 o, fof 1 —o,fo}
o,fo, o,f 1 -0,fo;, 0 1+o0,fo 0 0 1
1 0 0 1 -o0,f -o04f0,
10 1+ 0,f0, o4f012 0 1 0 .
0 —0,f 1-o0,f0,/\0 0 1

All five factors of this last product are induced (use (4.9) and (4.8)), whence

1 - 0,fo, ~0,f 0
o0, fo} 1+o0,f0, O
0 0 1
is induced.
The proofs that
1-o0,f0, o,f6f 0} [1+0,f0, o,f62 0
-o,f 1+o,f0, Of> -o,f 1—-o0,f0, 0]
0 0 1 0 0 1
1-o0,f0, O —o,f
0 1 0
o, fof 0 1+ o,fo

are induced are done in a like fashion,

1 0 0
0 1+ g,fo0, o,fo,
0 -0,fo0, 1 - o,fo,

are induced.

and then these results are used to prove that

1 0 0
and [0 1-o0,f0 AL
0 —0,f0, 1 + o,f0,;

We are now ready to prove that matrices of form (4.6) of a more general type are

induced.
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Replacing f by fg in (4.9), we have the induced matrix
1—-o0,/g0, O -0,/80,

0 1 0

0,/g0, 0 1+ o,/g0
1 0 0 1 of O 1 0 0 1 -o,f O

=g, 1 gofl0 1 0||-g0, 1 -go, |0 1 0
0 0 1 /10 -af 1 0 0 1 0 of 1
1 - o,fgo, o f 1 0 -o4fg0,

= | -oufg%s! 1+a,fge, 0||0 1 -o,fg%;

0 0 1/10 O 1

1 0 0 1 0 0\({1 -0 O
0 1-o0,/g0 °4f82°12 °4f82012 1 0}jo 1 0f,
0 -0,f 1+o0,/go, || osfgey, 0 1]10 of 1

and the last four factors of this last product are induced by (4.8). Therefore the first
factor of the product

1 - o,fg0, o.f 0
-0,fg%ef 1+ o,fgo, 0
0 0 1

is induced.
Likewise, we can prove that

1 - o,fg0, °4f32°12 0 1—-o0,/g0, O 04f<g2012

-o,f 1+ a,/go, 0] 0 1 0 ,
0 0 1 —o,f 0 1+ o,fg0,
and
1+ o0,fgo, O —o,f
0 1 0

°4f82°12 0 1-o0,/g0,

are induced.
Using the preceding methods, we can also easily verify that the following matrices
are induced:

[13 + 042f(gi - é.j)l '(éi + g,)]
and
[13 + 04(fé‘, + fgo4e7j)' ~(—ga4é',- + é'j)],
where i # jand f, g € Z[ A(4)], and
410)  [L+om(e ) (Fe,+e)| =[L+a(exe

wherem € Z and i # j.
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Combining the above results and using the symmetry of sy, s,, and s5, we have
that, for 1 < k < 4,

(4.11) |1+ 0(f + fgoi8) " (-g0.2, + )|

and

where i # j and f, g € Z[ A(4)), are all induced.
Using (4.10) and (4.11) and the additivity of
(4.12) [L+af(e28) (Fe+8)|.  i+)
on f, we can conclude that (4.12) is induced for all f € Z[ A(4))].
Up to this point, we have demonstrated that special cases of the matrices (4.6),

namely (4.11) and (4.12), are induced. These cases may be considered as the
beginning of an induction procedure. We are now ready to prcve that the matrices

(4.6) |1+ ou(f + fg2) (g2, + &), i %),

are induced for arbitrary f, g in Z[ A(4)]. The process used will be referred to as the
“induction procedure”.

Let g = g, + g,. Then, fori = 1, = 2, (4.6) becomes

1-o0,fg o.f 0

_°4f32 1+o0,/g 0
0 0 1

1 0 0|1 0 ~ouf
=10 1 O0Jf0o 1 -o,f(g +g,)
& 1 1]y o 1
1 0 0|1 0 of
0 11 (1) 0 1 of(g+8g)
(4.13) ¢ 00 X
1 0 0\(1 0 -of
=0 1 0J]|0 1 -o,fg
- 1 1/lg 0o 1
1 0 0\([1 0 0\(1 0 -of
40 1 0|f0 1 0|0 1 -o,fg,
g -1 1/i-g 1 1]/{g o 1
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Since the last factor in the last product of (4.13) is induced, in order to prove that
(4.13) is induced, we must demonstrate that

(4.14)
1 0 0\(1 0 -of 1 0 0
0 1 0]l0 1 -o,fg 0 1 0, k=1,2,
(g +8) 1 1)/lg o 1 (g, +g) -1 1

are induced. Both cases are handled in the same manner. For example,

1 0 0)(1 0 -of 1 0 0
0 1 0fj0 1 -o,fg 0 1 0
-&1-8 1 1[lg o 1 gtg -1 1
1 0 0\(1 0 0\(1 0O -of
= 0 1 0 0 1 0 0 1 _o4fg1
-8 0 1f{-g 1 1 0 0 1
1 0 0\/1 0 of)(1 0 O
(4.15) 40 1 0110 1 ofg |0 1 0
gl —1 1 0 O 1 g2 0 1
1 0 0)(1 0O -of)(f1 0 O
0 1 0 0 1 _04fg1 0 1 0
-8 0 1/ig o 1 g 0 1
1 0 0)\[l—-af o f 0y/1 o0 o
=0 10 ~o,fgi  1+ofg O 0 1.0
-g, 0 1 0 0 1/182 0 1
1—-o0,/g, O -0,f 1 0 0
0 1 0 —0,/818, 1 -0,/
0. f8; 0 1+o0,/g, 0 0 1
1 —0,/8 o.f 0 1 0 0
_°4fg12 1+o0,/g O 0 1 0
0 0 1 o4fg1g2 _04fg2 1

0 1 0 -0,/8.8, 1 -o04/8
0,fg? 0 1+ o0,fg, 0 0 1

The second and fourth factors in this last product are induced. Thus, if we know that
the first and third factors of this product are induced, (4.15) would be induced,
whence (4.14) would be induced, whence (4.13) would be induced. A similar
procedure holds for any i and j such that i # j in (4.6).

Therefore, the completion of the proof that (4.6) is induced is now clear. We prove
(4.6) is induced when g is an integer by induction on g, beginning with (4.12). Then,
we prove (4.6) is induced successively for g = r + hjo,, g =r + hjo, + hy0,, g =r
+ h6, + h,0, + hyo5, and g =r + hjo, + hy0, + 1305 + h,0, where r € Z and

1- o4fg2 0 -o,f ( 1 0 0 )
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h; € Z[ A(4)), using the induction procedure and the induction hypothesis that (4.11)
and (4.12) are induced. Since any element g of Z[ A(4)] can be written as g = r +
h,0, + h,0, + hy0, + h,0,, we are done. O
5. Proof of Theorem B. Let
n
a= [I,, +(a,-j)] € (n) NGL,|Z[A(n)], X o,Z[A(n)]].
By condition (1.1), r
(5.1) 0,0y, + 0ya,,+ -+- +0,a,, =0, 1<j<n.

Leta=[I,+ (a)l=1[1,+ (o,,l_aij)] be the result of settingo, = --- =o0,_; =0in
a. Thus @ € GL (Z[A(v — V)]s, 5;'], 0,Z[A(v — D][s,,, 5,,']). (Note. When » = 1,
it is understood that Z[A(» — 1)] = Z. When » = n, a« = a.) Equation (5.1) takes on
the equivalent forms

(5.2) 0,8y, + 0,a,; + +-- +0,.,d, ) +0,a,, =0, 1<j<n,

(5.3) 01511‘"'0252/"' +o,,_ll_)(,,_1)j+on5nj=0, 1<j<n.
If we set o, = 0in (by,,,...,b,_1,), we obtain (¢,,,,...,C(,_1),) Where
(5.4) 0,6, + <0+, 4y, =0.

PROPOSITION 5.1. In the preceding setting, there is

y = (c;;) € #(n) N GL,|Z[A(n)], f,o,»Z[A(n)l ;

j=v
such that when one setso, = -+ =g¢,_; =0iny,
Eln
I, :
E(n—l)n
0---0 1
is obtained.
PROOF.
Cin 0
C1n : :
In—l In—l C(v—l)n _O
_ 7 = O In—l cvn
C(n—l)n . .
0---0 1 : o
O c(n—l)n
0---0 1 0---0 1

Since by virtue of (5.2) the first factor of the product satisfies condition (1.1) and has
at most one nontrivial column, it is in %#(n) by Proposition 3.3. Moreover, the
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second factor lies in GL,(Z[A(n)], 0,Z[A(n)]) and breaks up into the following
product:

n—1

In~1 Evn = 1_[ (In + EA'nEkn)'
. k=v

E(nfl)n

We shall prove that each (I, + ¢, E,,) arises in the manner described in Proposi-
tion 5.1.

Ekn = o‘lonfl + -0+ 0,-10,J,-1 + Onzfn + o,r
where r € Z and f,,....f, € Z[A(v — D][s,, s, ']. Let
0

: -0,0, /|
0 .
I,_, s:'o, =040, f, 1
Y = 0 I, | 0
: olonfl + -+ ov—lonfv—l
0 0
I, 0
1+ okonfn 0 0112 n
0 0 0. 0
_olffn 1- 640, Jn

By Proposition 3.3 and Proposition 3.4,

v € #(n) N GL,|Z[A(n)], i ajZ[A(n)]

j=v
and when we seto, = - -+ = 0,_, = 0iny,, weobtain (I, + ¢, E,,).
It is clear that
Eln
Y= 1”_1 6(1}—1)11 .YV"’ Yn*l
0
0---0 1

satisfies the demands of Proposition 5.1. O
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By multiplying a on the left by y~! where v is as in Proposition 5.1, if necessary,
we may suppose that when weseto, = -+ =o0,_; =0ina,

a,€oZlA(n-1)][s,,s'], 1<i<n-1

Let
0
I, _ :
M= n—1 “
0
o, o,
and let
0
H= In—l .
g, g, , 0---0 o,
be the result of setting o, = = 0,_, = 0in M. Then,
on—laln
O (a,, - 0,%0a,,) :
MaM™" =1, + J 4 .
-1
0" a(n—l)n
0 0
-1
0, a1, [ - ]
I (aij—on 1ojam) 0
n—1
= . I, + ,
Oy a(n—l)n 0-- 0
0---0 1 B B
on_laln [ 0 7
— — I _ :
MaM™! = 1 . I, + (aij - °n_1°j‘7m) :
O An-1n || 0--- 0/]
0---0
0"671,, B 0
I _ : -
= nt - I+ (o,,d,.j) 1,
0,d -1y | 0--- 0
0---0 1

where d,; € Z[A(v — 1)][s,,, s, "], and the diagram

a — MaM™!
1 i)
a - MaM™!

commutes.
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Forl <k <sn-—1,let

0 0 0
0 0 0
_ olo'ntikn OZOann e o'ankn
8, =1,+ 0 0 o 0
0 0 . 0
_olakjkn _OZOkd_kn T _onokan
= ]._.[ (In + oiJkanni) (In + 0k‘iknl:‘knk - ond_kannn)’
i#+k,n
which is in #(n) by Propositions 3.2 and 3.4.
Let §, be the result of settingo, = -+ =0, , = 0in §,. Then,
oﬂin
— v I,
Ms, -8, M= v
ond(n—l)n
0---0 1

Thus, by multiplying a on the left by (8, --- §,_,)~" if necessary, we may assume
that

0
MaM~ = |1,+|(0d,)
.. 0
Let
onjll onjl(n—l) 0
e=1+ onj(n——l)l onj(n—l)(n—l) 0f.
n—1 n—1
-Xody o -Xod,, 0
j=1 j=1
By the Main Lemma, ¢ € #(n) N GL,(Z[A(n)],X]_,0,Z[ A(n))), and
0
MeM™' = MM = |1, +| (0,d,) -
0

By multiplying a by ™! on the left if necessary, we may assume that MaM ' = I,
whence

ac€(n)NGL,|Z[A(n)], i o, Z[A(n)]|.

j=v
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In effect what we have proved is

If « €(n)NGL, (Z[A(n)], Z;; o, Z[ A(n))), then there are v,
(*) 8, e €%(n) such that
n—1
¥y la=BaeL(n)N GL,,(Z[A(n)], 2 oZ[A(n)]

J=v

To prove Theorem B, a modified version of () is needed, as was seen in the
outline of the proof of Theorem B in §2.

PROPOSITION 5.2. Let a € /(n) N GL,(Z[A(n)), L7_,0,Z[A(n))). Then, there
exists B, € B(n) N GL(Z[A(n)], L}_,0,Z[ A(n)]) such that

gazo,zanl. ¥ azlaw)
Jj=v+1
PROOF. All the indeterminates s,,...,s, play equivalent roles. Thus, when we set
6,,, = - =0,=0ina, we obtain @ € GL ,(Z[ A(v)], 6,Z[ A(v)]), and from (*) we

have the existence of an element 8, € % (n) such that

B;laeGL,,(Z[A(n)], 5 o,z{A<n>1). .

Jj=v+1

We are finally prepared to prove

THEOREM B. If n > 4, then the natural map IA-Aut(F(n)) — IA-Aut(®(n)) is
surjective, i.e. each 1A-automorphism of ®(n) is induced by an IA-automorphism of
F(n).

PROOF. In our notation, we need to prove that &Z(n) = #(n). To this end, let
a € /(n). By applying Proposition 5.2 successively, we have the existence of
elements B,,...,8, € #(n) such that

n

Bt Bi'Bi'a € GL,|Z[A(n)], X oZ[4(n)]],

Jj=v+1

v =1,2,...,n. In particular, 8, --- B7la = I, whence a € #(n). O
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