TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 292, Number 1, November 1985

A COMMUTATOR THEOREM AND WEIGHTED BMO
BY
STEVEN BLOOM

ABSTRACT. The main result of this paper is a commutator theorem: If y and A are 4,
weights, then the commutator H, M, is a bounded operator from L”(p) into L?(X)
if and only if b € BMO,-1,/». The proof relies heavily on a weighted sharp
function theorem. Along the way, several other applications of this theorem are
derived, including a doubly-weighted L? estimate for BMO. Finally, the commutator
theorem is used to obtain vector-valued weighted norm inequalities for the Hilbert
transform.

L. Introduction. In the last decade, there have been several major results involving
weighted norm inequalities for the conjugate operator f — Hf, given for trigonomet-
ric polynomials f = ¢, r!"le"? by

Hf(0)=1i Y, c,r"ei® — iy ¢, rre.
n<-1 n>1
H may also be viewed as a convolution with conjugate Poisson kernel Q,
Q(x) = (sin x) /1 — cos x.

The major results involved the class of 4, weights and their logarithms.

DEFINITION 1.1. A nonnegative function w is in the class (4,), for 1 < p < co, if
there exists a constant C so that, for 1/p + 1/g = 1 and all intervals I contained in
the boundary of the unit circle, we have

1 1 Pl
—I}T‘/;w(x) dx(m; w™9/P(x) dx) <C,
(where |I| denotes the measure of the interval I).

Two useful properties of weights are the 4, condition: w is in the class (4,,) if
there exist constants C and 8§ > 0 so that, for each interval I and measurable set
5
|E|

E c I, we have
(ffw)/(fz w) <<

and the Reverse Holder condition: There exist constants C and 8§ > 0 such that, for
< — / w dx.

all intervals I,
(Lf w1+8 dx
17| /1 1] 71

Muckenhoupt [7, 8] has shown that 4, for some p > 1, 4, and Reverse Holder
are all equivalent.

’

)1/(1+8)

Received by the editors June 27, 1984.
1980 Mathematics Subject Classification. Primary 42A50; Secondary 42B20, 46E40.

©1985 American Mathematical Society
0002-9947 /85 $1.00 + $.25 per page

103



104 STEVEN BLOOM

The major weighted norm inequality for the conjugate operator was proven by
Hunt, Muckenhoupt, and Wheeden [5].

THEOREM 1.2. H is a bounded operator on the weighted LP-space L?(w) if and only
ifwe(4,).

There is one more approach to the conjugate operator that has proved fruitful, via
commutators and the class BMO. Let M, denote multiplication by the function b.
The commutator [ H, M,] is the operator taking f — H(bf) — b( Hf). The bounded
operators of this form comprise the dual space of H!, so that, by Fefferman’s
Theorem, [ H, M,] is a bounded operator of L? if and only if 5 € BMO, the class of
functions of bounded mean oscillation:

sup ﬂ/

(See Coifman, Rochberg, and Weiss [3].)

This theory is linked to the weighted norm inequalities in the following way: If
b € BMO, by the John-Nirenberg Theorem, exp(tb) € (A4,) for ¢ sufficiently small
and p > 1 fixed. Thus H is a bounded operator on L”(e’?).

Conversely, if H is a bounded operator on L*(e”), then the operators T, = e*’He "
are bounded operators on L? for |z| < %, as is (d/dt)T)|,., = [H, M,], so that
b € BMO.

In this paper, we extend this work to settings involving multiple weights. In §II,
we present a weighted sharp function theorem, which plays a key role in the later
analysis. In §III, we present some simple applications of this theorem. In §IV, we
present the Commutator Theorem: If p and A are 4 » weights, then the commutator
[H, M,] is a bounded map from L”(p) into L?(A) if and only if b is in an
appropriate weighted BMO space. And in §V, we present a vector-valued version of
Theorem 1.2.

b(x )_ﬁ b(t) dt

dx < 0.

II. The Sharp Function Theorem. A measure » is a doubling measure if there exists
a constant C such that, for any intervals I and J with |J| = 2|I|, we have »(J) <
Cv(1).

For example, if w € (4,), then the measure w dx is a doubling measure.

The unit circle will be denoted by T.

Let » be a doubling measure and u a nonnegative weight. Then u induces a
measure, which we also call u, given by

u(E) j; :_ udv.
u is in the class A (dv) if there exist constants C and § > 0 for which
u(E)/u(1) < C(v(E)/v(1))°

for all intervals / and measurable sets £ C I. This measure u is also a doubling
measure. The average of a function f over an interval / will be denoted by f;,

vll)/fdv

fi=
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or sometimes f; ,, if the doubling measure is in doubt. The maximal function and the
sharp function (relative to ») are given by

f*(x) =sup{lfl:x €1}, and f*(x)=sup{lf—fl xeT}.

Finally, L?(u) will denote the L *-space on the circle with norm

1 » 1/p
£ llere = (;—(T_)fr lf| u dv) X

THEOREM 2.1 (THE SHARP FUNCTION THEOREM). Let f € L (dv),1 < p < oo, and
f* € L?(u), for someu € A,(dv). Then f € L?(u), with

If - fT”L"(u) < Cp”f#”L”(u)'

An unweighted version of this theorem, with # = 1 and » Lebesgue measure, was
given by Fefferman and Stein. Extending their proof to the present setting is
straightforward and we omit the details (which can be found in [1]; see also [11]).

This theorem could have been proven for functions restricted to any interval
I C T. Let f*! denote the sharp function restricted to 7,

1
#I(x) = —_— —fildvixeJcI;.
f (x) Sup{y(‘])/"]|f f.ll vix = }
In this case, we would find

COROLLARY 2.2. Let f € LY(dv),u € A (dv),and1<p < oo. If f* € L?(u dv),
then so is f, and for any interval I C T, we have

P NaYZ P
[1r=tludr< G [ (f*) udv< [ (1%) ud,
where C, does not depend on I or f.

III. Applications of the Sharp Function Theorem. Our applications involve L?
estimates for some nonstandard weighted BMO classes. The first class we will
consider is the doubly-weighted BMO class. Let u and v be weights, and suppose
that

inff |f — c/lu < Cf v for ¢, constants.
c YT I

Is there an L7 version of this for any p > 1? When u and v are 1, this is standard
BMO, and the John-Nirenberg Theorem gives the L? estimate

inf [ |f=¢|" < cltl,
(9] I

for any 1 < p < . The doubly-weighted version of this follows.

THEOREM 3.1 (THE DOUBLY - WEIGHTED BMO THEOREM). Suppose that u™ and
v'arein (A),) for somep < 2,andthat1/p + 1/q = 1. If

(1) inf/ lf—c/lu< Cf v for all intervals I,
¢ v 1
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then

q/p
@) mt o [ =l <k L)

ProOF. We will apply the Sharp Function Theorem with the measure » = u dx.
Define f*, f*, and f, with respect to u dx. Suppose that (1) holds for some constant
¢;. Then we can take ¢, = f; without losing more than a factor of 2. Now fix x and
let I contain x. Then

1 _ < -_< -1 “1yx
) LVt [ o= 2 fetes o,
and hence, f #(x) < C(vu™")*(x). Now fix an interval I. By Corollary 2.2,

S = 1" uerr dx = [ 17 = 1" us/r =t ax
I I

C/ q/puq/” Yy dx

<C- Cpfl (vu=t)y*a/Pya/P=1y dx.
We claim that

(3) u/?" Ve 4, (udx).

a/p

Given (3), Muckenhoupt’s Theorem implics

L If - fl'q/pu"/” dx < C’ /(Uu'l)q/puq/p dx
[Tk ]

= C’—l—f 09/P dx
11 -

1 . -a/p .
(mj;v ) asv™' € (4,),

1 q/p
( |—1|- f u) , by Cauchy-Schwarz.
1

>

=

So we must show (3). For this we must bound

j’ (u?/7- 1)—1/(q/p— b,

1 el 1
u(z)f,“ ’ [u(l) ;

u&>ﬁ“”h&)£””y0ﬂ (wn) wﬁ|“””

(el i< G ) )

and this is bounded, since u~! € (4 )

]q/(p—l)

—
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For our other application, we will strengthen a Lipschitz type theorem of
Lotkowski and Wheeden [6)].

THEOREM 3.2. Let F be a nonnegative function of sets, for which, if I C J, then
F(I) < CF(J). Let p be a doubling measure, and let g™! € A,(gdp),1 <p< 0. If
for each interval I,

f, If = filg du < CE(I)p(1),

where f; = f; , 4, is the average with respect to g du., then

[ (1r=1l8)" du< CE(DW().

1
+ =
p

=1.
q

(Note: Here, and throughout, C will denote a universal constant, not necessarily the
same at successive appearances.)

Lotkowski and Wheeden also assumed the existence of constants 1 < a < 8 for
which aF(I) < F(2I) < BF(I). In particular, the restriction « > 1 ruled out the
function F = 1.

PROOF OF THEOREM 3.2. Let » be the measure g du, and define f;, f*, and f* with
respect to ». Fix I and let x € J C I. Then

[\~ £l v < CF((I) < CF(Du()).
Hence,
1 1 ) e
mfjlf—f;l dV<CF(1)meg e dp < CF(I)(g™")*(x),

and so, taking supremums over J C I, we have f*/(x) < CF(I)(g ")*(x). By
Corollary 2.2,

[l =1d's" dv < e[ (£21) g7t av
I 1
< CF(D)'[ (g7)*%g* " dv.
I

But g97' € 4 (dv), as

L /g"“ldv L fg'l dv "
PI)] VI)I

S | S o]

which is bounded by the hypothesis g~' € 4,(dv). Applying Muckenhoupt’s Theo-
rem, we conclude

S = 1ig® dw< CE(1)* [ (57) "8 dip = CF(1)*u(1).
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IV. The Commutator Theorem.
DEFINITION 4.1. Let w be an A weight and b an L' function. Then b is in the
weighted BMO class BMO,, provided

1
sgp w(I)/I |b — b, < oo (hereb, = b, ).

The main result of this paper is the following:

THEOREM 4.2 (THE COMMUTATOR THEOREM). Let p, A € (A,) and put v =
(A"HY?, for some 1 < p < oo, and suppose that b € L. Then
(1) If b € BMO,, the commutator [H, M,] is a bounded map from LP(u) into
LP(N), with
I P
JltH MmN <cf 11T p.
(i) Conversely, if [H, M,]: L?(p) = L?(M) is bounded, then b € BMO,,.

To prove part (i), we will need a series of lemmas. Throughout, p and A will be in
(4,), v=(pXH)"?, and b € BMO,. An exponent with a prime will denote the
conjugate exponent,so1/p + 1/p’ = 1.

LEMMA 4.3. There exists an € > 0 so that, forall1 < r < p' + ¢
1 r
b - _’/ P Cl— | NP ) or each interval I.
ik ) s

ProOF. It will suffice to show this for some r > p’. Smaller values of r follow from
Holder’s Inequality.

Choose r so that Reverse Holder holds for the weights u™?/? and A?/? with
exponent 1 + 8 = r/p’. Fix I and let x € I. If J contains x, then

f |b — C—l—— v < Cv*(x),
|| MR
and hence b*(x) < Cr*(x). By Corollary 2.2,
[ o= bl <cf (6*ywrr < cf ).
I I

But

by Holder’s Inequality,

1 r/p’ 1 r/p
< C|— -p'/p (_ “) ,
( il ) il

by Reverse Holder,
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Thus, p~"/? € (A,) and Muckenhoupt’s Theorem applies. So

f[ b — b, w" < cj/ yprP = Cf, N

Similarly, A-"/? € (A4,), and

1 1 p
— NP — | A < C,
mf, (|1|f, )

so that

., 1 -r/p
T /p“(mf:*) '

But by Cauchy-Schwartz,

so that

-r/p -r
1 1
b-blwr<cl—[A] <c|= }\W),
mf' e (mfz ) (mfz
1 -1/p ’
<C( |I|fl>\ )

by Holder’s,

109

We will need some further notation. ¢ will be a number near p but less than p. Let

r > 1 and w a weight. Define

1/r
S(b;w,I)= (ﬁfl b — b, w’dx) ,

1/r
A(fiw 1) = ( ol |fw|) . and

KX(b, f,w)(x) = supS,, (b,w, I)A, I(f;w, 1I).
1=ax

Also put K* = K*, and let M;* denote the weighted maximal function

M¥g(x) = SuP{)\—(lﬁ/I g\ dy: x € I}.

LEMMA 4.4. For an appropriate choice of q < p, and for any r with 1

there exists a weight w depending on r such that
)w e (4,), and
(1) [[K (b, f w)(x)]PA(x) dx < Cf]| f |Pp(x) dx.

<r<p/q,
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PrROOF. We will choose w as w = u!/?N/?~1/r4 To show (i), it will suffice to show
that w? € (4 ). For then (1) will hold by Reverse Holder if g is chosen sufficiently
near p. For the A4 » condition, let ¢ > 1. Then

1 1 p/p 1 1 r'/p
—  wP| = | w? = | — —p’/p)\p’/p—p’/rq)(_ }\p/rqvl)
mf, (|1|f, ) (m//“ 11|/,“
1 , 1 p/p |1/t
< | — -tp'/p| 4
lmfr” (mff“) ]

1 1 p/p |1/
) _fX’(p’/p—p’/rq)(_fX'(p/rq—l)) )
1] 71 11| 71

The first term

1 1 p/p |1/t
i -tp'/p| t
1] Jr ( 1] Iz )

is bounded by Reverse Holder and p € (A4,) for ¢ near one, say r < t,. For the
second term, consider the exponent t'(p/rq — 1). Asq - p,r > 1,and p/rqg —> 1.
So we can choose ¢ sufficiently near p so that choosing ¢" with ¢'( p/rq — 1) = 1 still
keeps ¢ < t, for r = 1, and hence for r > 1 as well. Then the second term is

)

which is bounded, since A € (A,). Hence wrl e (A,) and (1) follows.
We will show that

1/t

)

1/rq
1
4 — | A S (b;w, 1)< C foralll.
@ (Illfl) ol :

Assume (4) for the moment. For each x, there exist intervals I, containing x which
approximate K *, that is

[ KX, fw) O] Ax) dx < 2 [8,,(85w, LA, (frw ™ 1)) 7N

Now

1 vy L/rq
. -1 PR -rg)-1
A (fiw »1.()-(“1[,‘ |/ w=rax %)
1/rq 1 _11"9y 1 1/ra

1/rq

< ()1 ) (0]
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so that, by (4),
J b smrn< e [ (i3

<cf I ar,
by the boundedness of the Hardy-Littlewood maximal function,
P
=cfIffn.
So to show (ii), we must only verify (4). First,
/ 1 rq 1
S (b,w, I)=— | |b—b “ra/PN-aA/amr/p)
(6w, 1) |1,/,| "

Choose s so that sq’(1/q — r/p) = p’/p. q near p means that s is large, so that
rq’s’ < p’ + &, the exponent in Lemma 4.3. Hence,

1 - 1/s’ 1 1/s
S (byw, 1)< |—=[|b-b]" 'q’f’/P) (— xp’/l’)
e Y AR ol

1 rq’ 1 , 1/s
< C(_f}\-l/P) (—f}("/i’) , byLemma4.3,
1|71 || /1

1 rq/p'+1/s
< C(_f}\—p’/p)
11

b

1 Pq’/p'q
- C(_f;\—p'/p)
)7

or

S, /(b;w, 1)< C

1 p/p" |1/rq
(_ / )\—p'/p) }
1R
and (4) holds by the 4, condition.
The main ingredient of the proof is an estimate of the sharp function of [H, M,]f,
set out in the lemma below.

LEMMA 4.5. Let w and W be weights with w?, W' € (A,) for somer > 1. Then

(LH. M,11)"(x) < C[K*(b, £,w)(x) + K*(b, Hf, w)(x)
+K (b £.5)(x) + (a2 (1)) ().

PrROOF. Let g = [H, M,]f. We must estimate g*. So fix x and I containing x. Let
x, be the center of I. Define f; = fx,,, and f, = f — f,. For any constant c,

1 2
— -gl<— - cl.
|1|fz|g gl |1|f1|g l

In particular,
1

sl g = HO = b A
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Now

g=1[H M,]f= [H’ Mb—h,]f
=H(b- b/)fl + H(b - b/)fz —(b- b,) Hf

so that

1 2 2
e el g o= llmi+ o f1HG = b0

2
+ mj; |[H(b = b,)fo(1) = H(b = b;) fr(x)| dt

=2(K, + K, + K;).

For these terms, first

1
=— | |b - b,|wHf|lw!
77, 1o babwla|

(mfw_Mwﬁ/(mfm”Wﬂ

=S, (biw, I)A (Hf; w™', 1) < K*(b, Hf ,w)(x).

1/q

For the second piece,
1 , 1/r
Ki<|— | |H(b—-b
<[ e - s
e f2m 4
<™ [ 1 = b)) 1)
0
~1/r roo\VT
< C|1| (/ |b — b, |fil ) , by the Theorem of M. Riesz,
1 1/r
=21/'c(— b—b, )
o, o=l

1 , , 1/r
(i, o= el

=2/C[4 + B].

<2¥C

1 , 1/r
=l o L 1) }

Here,

(121|f b = w11 )‘/’

S, (b W, 21 A, (f; w1, 21) < KX(b, f,%)(x).
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To estimate B,

1 2
by =byl<— | |b—=byl<— b—
lbr = bal < [ o= bad< T [
1 1/q
<28,(b;w,2I)| — | w4
o0 %pnﬁz )

1 1/rq
<28,,(b; w,zl)(ﬁfz’ w-rq)

so that

1/rq 1 , 1/r
B<2S w,21 W™ — ww’
o (63 )( |21] ‘/;l " ) ( [21] -/21 /1 )

1 1/rq 1/rq
.._1 w9 —_— W'
<28,,(b;w,21) A, (f; W 21)(|21| fz,w ) (|21| fzzw )

< CKX(b, f,w)(x)
sincew™ € (A4,). Hence K, < CK*(b, f,w)(x). For K3, lett € I. Then
|[H(b — b,)f,(1) — H(b — b)) fr(x,)

<jWQu—y)—Q0m—ymb—mwu@

<cf |f2()’ |lb = b,] dy
|t—y|| X =
t —
=C — 20 __|f|lb - b))
‘{XO y>8 |t = yllxqg — yl !
where § = |1|.
Sincet € I,
|t — xol < 8/2 < 5xo =y,
and
lt — yl=1xo — yl =t = xol > ]x = ¥l
Hence,
|H(b —b;)f,(t) — H(b - bl)fz(xo)l < Ch |f||b b,| dy,

mwwu—n

and since this holds for all 1 € I, the same bound must hold for K. Therefore,

K,< 8% [ —L\7llb - b dy
k U2¥T18<|xy—y|<2%8 |x _.y|

<C2f2% g \f11b — b, dy.

Ixo=»l<2*8
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Let I, = 2*I. Then
1

Ky<8CY2* b= b,|I/]
k h+1

| k+1|

<t6cL2 ([ bn i L f o, o,
k TARA

=16CY.2°%(L, + M,).
k

|l

But
Ly < Sy(biw, L)A(f;w™', L) < K*(b, f,w)(x),

so that

K, < 16C[K*(b,f,w)(x) + zz-wk].

k
We must show
- q 1/
(5) T27M, < [ M (1) (x)] 7",
K

To prove (5), we will use two facts. First, since b € BMO,,
(6) f |b — b,/ < Cv(J) for each interval J,

J

and second, since » € (A4,,), there exists a 8 > 0 such that

E) ol

™ v(J) T T\

Thus,

) for all measurable sets E C J.

k-1
‘bl - bI‘I <X lbl,, =b, . I<
1=0

\Z |f|b_b1,,|

n=0 | n
k—1 1

2

n=0 |1n+1| I/Hl

Ib_bl,,..,

k-1
cy M) o)

n=0 , n+ll

Z y(1n+l) 'II\I
1=0 V(]) |1n+ll

< Gy,
I

k—1 A 1-8
<Cr ) (l_k) by (3),

n=0 n+1|
k=1
— (k—=n—-1)1-8) k(1-96)
Cr, Y2 < Cr2 ,

n=0
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and hence

Y2 M, < CL 2, — flﬂ
p P |1,
1 . 1/q 1 1/q
< CY 27Ky (—— If| }\) (— v""h""/")
k 5 lIkI '/;k lIkI f’k
Y 2 k8, ( )l/q( 1 | |q}\ l/q( 1 A ,/)
=C) 27", (A fv ) — | pTIN9/4
p L\ >\(Ik) _/;k lIk| j;k

/q
C[MA |fv| ( )]1/"22—k8 ( lk)l/q(ﬁ/; V—q’)\—q’/q) )
Kk

1/q

So (5) will hold provided
1/q
(8) v,()\,)l/"( f “"A""/") < C foralll.
1]
To show (8),
p IN9/9 = “—q’/p)\-q'(l/q—l/p)'

Choose s so that sq’(1/q — 1/p) = p’/p. So s is large, and Reverse Holder will
apply to p~”"/? with exponent q’s’ /p’ for q near p. So

1/5'q’ 1/sq’
1 _// l ,

8 A )4 1/p xP/P 1/P( qs ) (_ }\_p/p)

® <O ) )| o e il

< C(M)l/q(#:)l/p(A‘,‘”'/”)l/p M (w7/7)"/?, by Reverse Holder,
-p’ / ! —p’ 1/ 4
= CON)I(NP72) PP () P (wyPr2) 7

which is bounded, since p and A are in (4,).
PROOF OF THEOREM 4.2, PART (i). By Lemma 4.5,

f([H, M,1£)*A < c[f K*(b,f,w)”>\+fK*(b, Hf, w)"A

+ [ Kb £+ [ (a(147))" A ]

for w and W satisfying w? and w7 € (A s)- By Lemma 4.4, we can choose an r > 1
and such weights w and w so that

J k. powy < cf1fln,

and

[ KX, 1.9\ < [ 11T b
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Therefore,
s, 107 ()] "Ax)
P P a\p/
C[/ Pw+ [ 1H e+ [ (1wl”)” "A].
By the Theorem of Hunt, Muckenhoupt, and Wheeden,
p p
[ HfPe<cf 111 n,
and by Hardy and Littlewood’s Theorem,
/
[ M) y<cf Ipfx=cf Ifn.
So we conclude
4
[ H MmN <[ I n.
Now let
1 27
k - ﬁ/(; [H’ Mb]f'
By the Sharp Function Theorem,
p
JItH M) = kh < cf 1] n.

Thus,

/p

(f [H, M,]f] 7\) (/ [H, M,]f~ k| A) +k(/>\)l/p

/p 1/p
c([ |f|”u) + k(f A) .
Finally, |k| = (1/27) [, [H, M,,_, ]1f |, and estimating this just as in Lemma 4.5 for
K, and K, gives

< 5 |16 = bl + 5 [ 1H(b = 1)
< [K*(b, Hf. 0)(x) + K*(b. ,8)(x)]

for any x € T, so that

([T |k|”>\)w < [(/T K*(b, Hf, w)"x)l/p +(jT K*(b,f,&))”k)l/p]

< (||Hf”L"(u> + ||f||L"(m) <[ fleoqu

by Lemma 4.4 with appropriate choices of w,® and r > 1, and by the Hunt,
Muckenhoupt, and Wheeden Theorem, and part (i) follows.
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PROOF OF THEOREM 4.2, PART (ii). We may assume that

JlH MmN < [ 17,

and that b is real. Fix I, centered at x,. Since [H, M,] = [H, M,,_, ], we may further
assume that b, = 0. Put M = (1/»(1))[;|b|. We must bound M, independent of I. So
we can assume that M is quite large. Let E = {x € I: b(x) > 0}. We may assume
without loss of generality that |E| > }|/|. Let E’ C E have measure |E’| = |I ~ E|.
Define ¢ by ¥ = xz — x;-¢ Then ¢b >0, and [y = 0. Also, since [, b =0,
[1- g (=b) = [¢ b. Hence,

[eb> [ (b)= %(fi~5(_b)+ [Eb) = 3 [ b= 3 (1).
Now let x € 21. Then
[[H, M, ] (x)] > |H(by)(x)| = [b(x)[|HY (x)].
To analyze this,

[H(B9)()] = [[100x = »)I(54)(7)

while

U] =| [ Qx =24 &)

| [ 1ot =0 =0t = xdv () . since [ =0,

—x B
cof —2xd < -x
1 |x = pllx = x

and we conclude,

aMr(1)  ClIf’lb(x))|

) LH. M,)4(x)] > . xeal

_ 2
Ix = x |x — x|

Choose @ < C,; and B a small universal constant. We can think of the unit circle as
(xo — 7, xo + 7). B will be chosen so small that 28M'/?|I| < . For otherwise,

1/q
K = 1/p,-1/p VP( 27 —q/p)
I <1 /[y 717 < p(1) fo v ,

or

W(1) > (wz\zw)p(/ /)/ -

1
v(I)

and so

M=

f, b < CB”M]|b]s.
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We can choose f sufficiently small so that CB7||b||, < 1, leading to a contradiction.
Now put

J = {x: 1] < (x - xy) < BM'/7|1]},
F={xeJ: ()1’ < (¢ = a)My(I)(x - xo)}. and

G=J~F.
By the argument above, J C (x,, x, + 7/2), and so 2J C T, the unit circle. We can
assume that M is large enough so that I C 2J. Then

w(D) > [ Wle> [ M1 N> [ ([H. M,]40A

2 '3
N aMv(l) eyl| b(x)|
- '/; X = Xp 2

A, by(1),

(x = xg)
aMv(I) |*? aMv(I) |
e g

AEY () M s AP (5

so that
AP < (8) ueny < (8] [0 f ) wn
(8 e
< (g)p ,(—[,L-q/p#(z)), where% + é -1,
- (g) (D), (/7)< (g)pxu), by the 4, condition,
C(B/a) A (2J).
Now

= [% st el
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and thus |F | < 2CB/a - BM/P|I|. We will also require 8 to be so small that
2CB/a < %. Then for M large,

(10) G| > 38MV/7|1].
Notice that 8 does not depend on M or |/|. Next let
H*f(x) = [ 0(x = »)f(») d.

Then the adjoint of the commutator is [H, M,]* = -[H*, M,]. Also, if T is any
operator satisfying [|Tf |’A < [| f|”n, then any easy argument shows that its
adjoint satisfies

(I wor) < (f |f|q)\-q/p)‘

In particular, for T = [H, M, ], we have

(11) JlUa*, M) o7 < [ |g'A o,

Now let g = (sgn b)x . Then for x € I,
L8+, M,1g(x)] > [ 0(y = x)(b8)(y) dy = |b(x)||H*g ()]
> 26, L bl 00— x)

2
> ﬁ(cl - a)

M”(f 61 = bl [ a2
> CM'*V/Py, — C’|b(x)|log M, by (2).
Let D = {x € I: |b(x)| < 2Mv,}. Then for x € D,
ILH*, M,]g(x)| > »,[CM'*/? — 2C"Mlog M]
> Cy,M'*V/? forlarge M.
Next,

2M|I ~ D| = 2M <|I < M|I|,
r~pl=[ 2m<inf i
so that|I ~ D| < 3|1}, or|D| > %|I|. By (11),

* 9y-as N/ -a/ -a/
St M)glw e < [lel'Ner < [ xors [ xcon,

v(I)

Thus,
f NP> f |[H* Mb]gl p P > C(v,) "Mq+q/p/ e
2J D

But

1 ﬂ__ 1/p,-1/p 1/p / e
5 < f#u < (r/) mfu‘”’ :
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so that (1/|1]) fp p~ 97 > 279(p,)"9/?, and thus

1 NP> C(,,l)‘/qu/pz-q(”,)‘q//”
1] Y24

or

Mé+Ta/P < C AP(p, )P (v )7
|1|/

CI}I V) ()

2 -ar 4/1’( N/ py-1/p !
| | ( )2y (1)) Illf p )

I2J| -q/p P ( ,-4/p L v
< Bl ony,w) 7 eom) (32

|2J] l+q/p
< C(W) (#’)q/p(‘u_q/p)’()\N)q/p(}\_q/,,)u

L+q/p
2J]
. A, ,
( i as p.E(Ap)

< C(2BMV/P) 7.

a

So we have
C > MIHa/pa=-1/p=1/p — pfa
and we have an upper bound on M.

V. A weighted norm inequality for vectors. Let W be a symmetric, positive definite,
n X n matrix-valued function on the unit circle 7. W(x) induces a pointwise inner
product on the vector space C” given by (f, g) (., = (W(x)f, g) where the latter is
the standard dot product on C”. This extends to vector-valued functions as

(80w = 37 | (W()1(x). 5(x) .

This inner product in turn induces a Hilbert space L*(W) of vector-valued functions
whose W-norm is finite.

We wish to extend Theorem 1.2 to this setting. For what weights W is the
conjugate operator H a bounded operator on L*(W)? Nonconstructive necessary
and sufficient conditions have been found by Pousson [9] and Rabindranathan [10]
using the Hilbert space arguments of Helson and Szego [4]. We will present a
sufficient condition which is constructive, and which can be generalized to ap-
propriately defined L?(W') spaces [1].

THEOREM 5.1. Let W = U*AU, where U is unitary, A diagonal, and the diagonal
entries N, of A are A, weights. If for each r and j,
u, € BMO\, y.iy2 fork =1,2,....n,

then H is a bounded operator on L*(W).
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PROOF. The W-norm of Hf is given by
Il = £ 5, [ WA (0 Ae()
We will bound each [(UHf),|.
UHf = H(Uf) + UHf — H(Uf)
= H(Uf) + UHU*(Uf) — UU*HUY,
so that, with U = (u,)),
(UHf) i = H(UF) i + Lug,(HUX(Uf); — UH(UY) ;).

J
Now

HU*(Uf), - U*H(Uf),; = L, (Uf), - 4, H(Uf),

=Y [H. M (1)),
Since U is unitary, each |u, ;| < 1. Thus

|(UHS) Wl <|H(UP)+ ZZ|[H. M, |(UF),

)

and so

2
N

lf 1 < C(§f H(UF) A+ Z_k/ [ H, M, ] (Up),

where ¢ depends only on the dimension n.
By the Hunt, Muckenhoupt and Wheeden Theorem 1.2,

J1H@N N < e[ 1wl

and by the Commutator Theorem 4.2,

S M )W) A < cf 1D LA

since each #,; € BMO,, )1,z by assumption. So
2 2 2
IHf I < €X [ (U I°A, = Clf

We close with some remarks on the converse of Theorem 5.1. The requirement
that the A, be 4, weights causes no great pain. There are examples of good weights
with a diagonalization for which the diagonal entries are not in A4,, but these
examples reflect a choice in diagonalization rather than the structure of the weight.
In particular, if U*AU is a good weight with U continuous, the A,’s must be in 4,
[1].

In any converse to Theorem 5.1, very little can be said about the arguments of the
unitary entries. For if U*AU is a good weight, and if J is any diagonal, unitary
matrix, then U*J*AJU = U*AU, so that necessary conditions must apply to JU as
well as U. Multiplication by J smears the arguments of each row.
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The condition that we suspect is necessary is the following
CONJECTURE 5.2 Let H be a bounded operator on L*(U*AU ), where
A 0
A= .
0 A,
is diagonal, and U = (u,;) is unitary. Then each |u, | € BMO, ).y, k = 1,2,....n.
This author has also studied the simpler moving average operator

A = 3 [ 1) @

A weight W is said to be a good weight for the moving average if 4, is bounded on
L?*(W), with bound independent of 4.

Conjecture 5.2 holds for the moving average in two dimensions, but our proof
breaks down in higher dimensions [1].

Similarly, one can ask these questions about the Hardy-Littlewood maximal
function, defined in the vector setting to maximize the W-norm.

One example motivated much of these ideas. Let a, 8 > 0, a < 1. Put
X" o

—a |?

0 |«

A:

and

coslxlB sinlx[ﬂ
U =

—sin|x|B cosixiﬁ
Then U*AU is a good weight for any of the operators discussed if and only if 8 > «,
which is exactly the condition called for by Theorem 5.1 of [1].
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