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ABSTRACT. We study under what conditions on a finite CW complex X is Q(X)
atomic.

1. Introduction. Let Q( X) = Q@*Z*( X). In [3] we showed that Q(S") is atomic at
p if r > 2 and that the universal covering space of Q(S') is atomic at p. In this
paper we study the question of what conditions one must have on a finite complex X
so that Q( X) is atomic at 2. For example, we show in Theorem 2.5 that Q(2CP") is
atomic at 2 for all n. We conjecture that Q(2°X) is atomic at 2 if s > 1 and X is
“stably atomic”. We can prove this only when s > 2 and X is restricted to a special
kind of CW-complex.

The proofs of our results depend heavily on the methods of [3], especially those
used to prove the stable case. We use algebraic properties of the algebra of Dickson
invariants in a crucial way in order to use an induction on the skeleta of X. This is
done in §3. We also note that something different happens when X is no longer
finite dimensional by showing that Q(ZCP*) is not atomic at 2 (Theorem 2.7).
Finally, we note the finite cases proved in [3] do not generalize by showing that
Q273"X is not atomic at p unless X is a sphere or a point (Theorem 2.8), although
[2] gives a different finite analogue.

A detailed statement of our results is given in §2 and the proofs are given in

§§3-7.

2. Statement of results. We first define the term atomic and various related
notions (see also [2, 3]).

DEFINITION. An (r — 1)-connected space Y is called atomic if given any self-map
f: Y > Y such that f,: H(Y)— H/(Y) is an isomorphism, then f,: H.(Y) —
H ,(Y) is an isomorphism. Y is called H-atomic if Y is an H-space and we are given
only self-H-maps f. Y is called atomic at p, where p is a prime, if Y has the same
property with all homology groups having Z/pZ coefficients. Y is called H-atomic
at p if further, Y is an H-space and we are given only self-H-maps f.

DEFINITION. A connected space X is called stably atomic (stably atomic at p) if
2°(X) is atomic (atomic at p) for all s > 0.
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We first note the following simple proposition.

PROPOSITION 2.1. If Y is 1-connected and QY is H-atomic ( H-atomic at p), then Y
is atomic (atomic at p).

We will be interested in finding conditions on X that imply that Q(Z*X) is
atomic. Many of our results will be stated in the form: Q(X) is H-atomic at p
under certain conditions on X. Since QQ(ZX) is homotopy equivalent to Q(X),
Proposition 2.1 then implies that Q(Z X)) is atomic at p.

The following proposition gives a necessary condition on X. We prove it in §5.

PROPOSITION 2.2. If Q(2°X) is atomic at p for some s, then X is stably atomic at p.

We now assume that p = 2; we presume there are similar theorems for p odd. We
also assume all homology and cohomology groups have coefficients Z/2Z. Before
stating our main results, we recall H,(Q(X)). Let Q, be the Dyer-Lashof (Kudo-
Araki) operations defined for infinite loop spaces. Let I = (i, ..., i,) be a sequence
of integers with i, < i,y and iy > 0. Let O, = Q, --- Q,, where O, = id if k = 0.
Let {x,} be a basis for H,(X). Then H,(Q(X)) = Z/2Z[Q,(x;)]. Let i,: H(X)
- H,(Q(X)) and 7: H,(Q(X)) = H,(X) be the natural maps. Let f: Q(X) —
Q(X) be a self-map which induces an isomorphism on the lowest nonvanishing
homology group. Let x] = 7f ,i.(x;). If X is stably atomic at 2, then { x;} is also a
basis for H .( X).

We need to put a condition on our CW-complexes X. A CW-complex is called
special (ar 2) if it is 2-homotopy equivalent to a CW-complex X with C(X) =
H,(X), that is, if there is a CW-structure with zero boundaries. (Using homology
decompositions (see Moore [17]) and the fact that Moore spaces for finitely
generated groups are special, it is not hard to see that a simply-connected CW-com-
plex of finite type is special.)

In §3 we study the Dickson algebra and prove the following general theorem.

THEOREM 2.3. Let X be a finite CW-complex, which is special. Assume that X is
stably atomic at 2. Let f: Q(X)— Q(X) be an H-map. Assume that f,(Q,x;) =
Q,x! + other terms and that f (Q0,0,x,;) = Q,0,x] + other tems. (Here x; and x; are
as above, and other terms mean terms of another filtration in the given basis.) Then f
is an isomorphism.

Since double loop maps commute with Q,, we get the following corollary.

COROLLARY 2.4. Let X be a finite CW-complex, which is special. Assume X is stably
atomic at 2. Then Q(2°X) is atomic at 2 if s > 2.

In §4, we apply Theorem 2.3 to projective spaces and prove the following theorem.

THEOREM 2.5. Q(CP") is H-atomic at 2 for all n. Q(RP") is H-atomic at 2 for
n#3or.

In §5, we apply Theorem 2.3 to prove a general theorem for finite CW-complexes
X.
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THEOREM 2.6. Let X be a finite CW-complex which is special and which is stably
atomic at 2. Assume that all elements of H (X)) are primitive. Furthermore, assume
H*(X) is a trivial A-module. Then Q( X) is H-atomic at 2.

On the basis of our results, we offer a conjecture.

CONJECTURE. Let X be a connected finite CW-complex. Assume X is stably
atomic at 2. Then Q(Z°X) is atomic at 2 if s > 1.

This conjecture is not true when X is an infinite dimensional CW-complex. In §6
we use the results of [3] to study RP* and CP*.

THEOREM 2.7. Q(ZRP*) and Q(ZCP>) are not atomic at 2.

The proof of this theorem is a corollary of our discussion of the Kahn-Priddy
theorem [15] in §6.

We have studied some finite versions of Q( X) to see if they could be atomic at 2.
[2] gives our results for Map,(P>3(2), S"), and in §7, we prove the following theorem.

THEOREM 2.8. If Q"2"X is atomic at p for n> 2, then H (X, Z/pZ)=
H,(pt; Z/pZ) or H,(S% Z/pZ) for some q.

3. The Dickson algebra and the proof of 2.3. Let f: Q(X)— Q(X) be a
self-H-map. To show that f,: H,.(QX)— H,(QX) is an isomorphism it is enough
to show that the induced map on QH ,(QX), the module of indecomposables, is an
isomorphism. (This is because f , is multiplicative.)

Let Q,(X) € QH ,(QX) be the subspace generated by Dyer-Lashof operations of
length k on H ,(X) modulo those starting with Q,. R[k] denotes the Dyer-Lashof
operations of length k. Recall [3, §1] that R[k]* = Z/2Z]a,, ..., a,], the algebra of
Dickson invariants. The following two propositions relate Q,(S") to the Dickson
algebra. Here R[k]/(Q,,...,Q,) denotes the Dyer-Lashof operations of length k all
of whose subscripts are > r.

ProrosITION 3.1. Q,(S") = Z"(R[k]/(Qy, ..., 0,)) given by Q; --- Q,(x,) =
Q. Q, . is an isomorphism of A-modules.

PROPOSITION 3.2. (R[k]/(Q¢s ..., Q,)* = (a;") C Z/2Z]ay, ..., a;).

3.1 is an easy application of the Nishida formula and 3.2 is proved in the same
way as Theorem 1.7 of [3].

DEFINITION. An ##module is »£atomic if given an «£map f: M — M which is an
isomorphism in the lowest nontrivial dimension, then f is an isomorphism.

A key fact is the following proposition, which is proved below.

PROPOSITION 3.3. Let M = l—Ik<a;“> and let f: M — M be an stmap such that
f(a;thy = a;*! + others for all k. Then f is an isomorphism. In particular, <a,’<“> is
Latomic.

We now start the proof of Theorem 2.3. Let X" be the r-skeleton of X. Let P(X)
denote PH*(QX) = QH ,(QX)* =T1,0,(X)*. We want to show that f*: P(X)
— P(X) is an isomorphism. We first want to prove by downward induction that f*
induces a map f,: P(X") » P(X"). We will then prove by upward induction that f,
is an isomorphism. Let Q¥ = Q, -+ Q, € R[k].
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LEMMA 3.4. Under the hypotheses of 2.3, f «(Q¥x,) = Qfx! + others.

ProOF. The hypotheses of 2.3 include this condition for k < 2. Assume k > 2,
and prove this by induction on k. We note that “others” must be primitive. We have
SqLQkx, = Q,0F 'x,. Since k > 2, no other basis element has this property. Hence,
f+(Qfx;) = Qfx/ + primitives.

LEMMA 3.5. Letx € P(X"/X""Y), |x|=t. Thenx €N,.,_,,, KerSq'.

PROOF. P(X'/X""')= @P(S") = &®I1,="(a;*!) by Propositions 3.1 and 3.2.
Thus x = ¢’y with |y|=1¢—r. Since (a;"') is an unstable Zmodule, y €
N, KerSq.

LEMMA 3.6.0 > P(X'/X""1) > P(X") > P(X"" ') - 0 is exact.

PrOOF. The cofibration X"~! - X" —» X"/X"~! induces a fibration Q( X" ') —»
Q(X") = Q(X"/X" ') and it is easy to see that the Serre spectral sequence of this
fibration collapses. The lemma now follows.

LEMMA 3.7. Let 0 # x € P(X"™ "), |x| = t. Then Sq'(x) # O for some i >t — r +
2.

PrOOF. By Lemma 3.6, either x € P(X" !/X""?)or 0 # x € P(X"?). Continue
in this manner and find s <r such that x projects to a nonzero element in
P(X*/X*"1). Then 0 # Sq'*(x) € P(X*/X*"!) and hence in P(X’"'). This is
because P(X*/X*" 1) = &TI,=%ai"") by Propositions 3.1 and 3.2, and Sq'"* is a
monomorphism in degree ¢t — s of the Dickson algebra [3]. Since s < r, we have
t—s>t—r.

We return to the proof of 2.3. We assume that we have f.: P(X") - P(X") which
is a map of w£modules. This certainly exists when r = dim X. We want to fill in the
following diagram by maps of «#modules:

0 - P(x/xY) 4 P(X") - P(XYH) - 0
l
0 - P(x/x A P(X") - P(x7') - o0

By Lemmas 3.5 and 3.7, Im8 = N,.,_,Ker Sq’ and hence it is preserved by f,. This
defines f,_, on P(X’'"') and makes a commutative ladder. By induction we know
that f._, is an isomorphism and thus so is f, if f,|/P(X’/X""!) is an isomorphism.
(We write f,| for f,|P(X"/X""').) The bottom classes of P(X"/X""!) are dual to
Qfx, and thus by Lemma 3.4, f,| preserves the classes a;*! (at this point we use the
fact that X is special). By Proposition 3.3, f,| is an isomorphism and the five lemma
shows that f; . » is an isomorphism, and the proof of 2.3 is complete.

We now prove Proposition 3.3. The idea of the proof is similar to that of
Corollary 4.2 of [3]. Let x €T1 k<a2+1> be in Kerf. Using the techniques of
Corollary 4.2 of [3], we can find a Steenrod operation « such that a(x) = a? for
some s and some k, and a(x) € Kerf. However, there is a Steenrod operation ¢
such that ¢ (a}*!) = a? and so a} is not in Kerf.
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4. Q(CP") and Q(RP"). We first study Q(CP"). Let x,, € H,,(CP") be the
generators. To apply Theorem 2.3 we must show that f.(x,;) = x,; + of, f,(Qx,,)
= Q,x,, + of, and f,(Q,0:x,;) = 0:0,x,; + of for i < n. (“of” stands for other
filtrations.) These facts will be proved in Lemmas 4.1-4.5.

LeMMA 4.1. If f «(x,,) = x5, + of, then [ (Q5x,,) = Q,x,, + of. Further, if n is
odd, then f «(Q,x,,_3) = QX3,_, + of.

PrROOF. Case 1, n even. |Q,x,,| = 4n + 2, so there are no decomposable elements
of filtration 2 in that dimension. Hence f4(Q,x,,) = Xa,,Q4,.,-4:X,; + of. Apply
Sq2 to get 0 = Yia,;Qy4,_4,%,; + of. Hence, a,, = 0 if i is odd. We now apply Sqi
to the same equation to get

Fa(Q2%5,5) = a,3,0,%),_5, + Za4j(jQ4n-2~8jx4j + Q4n+2—8jx4jA2) + of.

Apply Sq3 to this last equation to get
f4(Qox3,_5) = a3,Q0%X2,-2 + Za4jQ4n—8jx4j—~2 + of.

Since fu(x,,-,) = x,,_, + of and f, is multiplicative, we see that a,, =1 and
a,;=0,j<(n/2)—1

Case 2, n odd. As before, apply Sqi to f4(Q,x,,) to get f4(Q¢x,,) =
Yia,,Q4,_4,X,; + of Hence a,, =1and a,, = 0if i is odd, i < n. As before, apply
Sq:Sqx to fx(Q1x,,) to get 0 =1Xa,;Q,, X4, + of Hence a,, =0, j<
(n — 1)/2, and we have shown Case 2.

Finally, consider

Fa(Q2%2,2) = 2a2Qun—gi—2%2 + Of + bX5, 5 x,,,.

Apply Sqi to get 0 ="Yia,,Qu,_4;i 4% + bXs,_4- Xx,, + of. Hence b =0 and
a,, = 0if i is odd. Now continue as in Case 1.

LEMMA 4.2. If f o(x,,) = X,; + of, all i, then f (Q1x,,) = Q1x,; + of, all i.

PrROOF. By Lemma 4.1, f,(Q,x,,) = Q,x,,+ of. Apply Sqk to see that
fx(Q,x,,) = O;x,, + of. We now use downward induction on i. Assume the lemma
is true for i > k.

Case 1, k odd. Then SqiQ;X,, 1, = Q1% and this case follows easily by
induction.

Case 2, k even. f4(Q2%3,) = Eby,Qursr4;%,; + decomp.+ of. Apply Sqi to
deduce that b, , = 0 if j is odd. Now apply Sq3Sq; to get

fa(Q1x55) = Zb4j[(1 +7)Quak—3-g%q; + Q4k+1—8jx4j—2] + by Q1% 54, + of.

Case 2a, k = 0 mod 4. Since Sq§x,,., = X,,_,, by induction we have

f*(Squ1x2k+2) = ng(Q1x2k+2 + of) = Q1Xy4 -, + of = f(Q1x24_2)-

Thus b,, = 1 and b,, = 0if j < k/2. Note that x,, ., exists because k < n.

Case 2b, k =2 mod4. Then Sqix,,,4 = x,,. Hence the induction hypothesis
gives f4(Q1%5,) = f£(Sq3Q1x544+4) = Q1x,, + of. Note that x,, ,, exists as k < n
— 2if niseven and kK < n — 3if n is odd by Lemma 4.1.
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LemMMma 43, If fu(x,y,) = x5 + of, all i, then f,(0,0,x,,)= 0,0,x,;, +
decomp.+ of.

PRrROOF.
[(0,0,x,,) = ZakerZkQ2jx2r + Ebkrstka2r © Q5%
+ chrst2k+lx2r C QX T+ deerZkQ2j+1x2s
+ squares + (products of length > 3) + of.
Apply SqxSqsSqx to get
f*(QOQ1x2k) = ZakerZkAZQZj—lxh
+ Zbkrjs[(k + r)sz—sxzr : QZj—leS +(j+s+ 1)Q2k—1x2r
Q53X +(k+s+1)0y 3x,,- Q1%

+(J +5)Qau1X5, - Qo 3%,] +(length > 3) + of.

By Lemma 4.2, f,(Q,0,x,;) = Qy0Q;x,; + of. Comparing coefficients gives a;;;, = 1
and a,;, = 0 otherwise.

LEMMA 4.4. Letn # 2" — 1. If f o(x,) = X,, then f ,(x,,) = x5; + of, all i.

PrROOF. H,(CP") = H,(QCP") —» H,(QCP") > H,(CP") is a map of A-mod-
ules. Since H ,(CP") is A-atomic, the lemma follows.

LEMMA 45. Let n = 2" — 1. If f o(x,) = x5, then f(x5;) = x,; + of, all i.

PROOF. H,(CP""') = H(CP") > H(QCP") > H,(QCP") = H, (CP" ') is
a map of A-modules. Hence, by Lemma 4.4, this lemma is true for i < n. Y(x,,;) =
Y x,, ® x,,_,;. We have that

Vfx(x,,) = Zf*(xZi) ® fe(x2,-2,) = szi ® X,,_,; *+ others.

The only elements having this diagonal are x,, + of or X x,, - x,,_,; + others. If
the latter, then apply Sq3 to get 0 = Q,x,_, + others. Since only Q,x,_, goes to
QoXy_; by Sqi besides x,_; - X, we have fu(x;,) = X5, - Xa, 5 + QaXp 5 +
others. Apply Sqk to get 0 =0+ Q,x,_, + others and others cannot cancel
Q,x,:_,. Hence the lemma is proved.

We now study Q(RP"). The proof is very analogous to that for Q(CP") and we
state the appropriate lemmas and give a short outline of the proof of each.

LEMMA 4.6. If f o(x;) = x; + of, then f .(Q:x,) = Q,x, + of. Further, if n is odd,
then f (Q1x,_1) = Q\x,_, + of.

PROOF. Case 1, n even. f4(Q,x,) =Xa,Q,,_2,.1%; + of. Apply Sq} to deduce
a, = 0if i is odd. Then apply Sq;Sq; to deduce that @, = 1 and a,, = 0if 2/ < n.

Case 2, n odd. Apply Sq. to deduce that a, = 0 for i odd, i < n, and a, = 1.
Apply Sq; to deduce that a,; =0, 2j < n — 1. Finally, consider f,(Q,x,_,).
Apply Sqk to deduce that b = 0 and a, = 0 for i odd, and then continue as in Case
1.
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LEMMA 4.7. If f o(x;) = x; + of, then f ,(Q,x;) = Q,x, + of + decomp.

PrOOF. By Lemma 4.6, this is true for i = n. Assume true for i > k.

Case 1, k odd. Since SqiQ;x,,, = Q;x,, this case follows immediately by
downward induction.

Case 2, k even. fy(Q1x,)=LbQs;_;1X; + decomp.+ of. Apply SqL to de-
duce that b, = 0 if j is odd. Now apply Sqi + SqxSq; to deduce b,; = 0 but we
cannot conclude that b, = 1 because (Sq3 + Sq4SqZ)(Xx_1 * X442) = QoXx_1-

Case 2a, k = 2 mod 4. Then Sq4Q,x, ., = Q,x, and we use “further” in Lemma
4.6 and induction.

Case 2b, k = 0 mod 4. Apply Sq3 to f4(Q;x,) and Sqi to f«(Q;x,. ;) to show
no decomp. appear and hence b, = 1.

LemMa 4.8. If f4(Q1x,) = Q1x, + decomp.+ of, then fu(Q:0:x;) = 101, +
decomp. + of.

PROOF. Case 1, i odd. f 4(Q,0,x,) = aQ,Q;x; + others. Apply Sq} to deduce that
a = 1 because Sqx (Q,x; - @rx;) = QoX; - 0,X;.

Case 2, i even. [u(Q10,x;))=2Xa, ;01Q;.;%;_;+ b0303x,_; + LcQ;x; +
decomp. + of. Apply SqiSqi to deduce a, = 1 by Case 1.

LEMMA 4.9. Letn # 2" — 1. If f o(x,) = X, then f «(x,) = x, + of, all i.
PrROOF. The proof is the same as for Lemma 4.4.

LEMMA 4.10. Letn = 2" = 1, t > 4. If f o(x,) = x,, then f (x;) = x, + of, all i.

PrOOF. The proof of 4.5 does not generalize to the real case. For example, if
n =3, then x; + x; - x, + (x;)* + Q;x; could be in Kerf,. (Indeed, there is a
homotopy equivalence g: =2RP? — Z%(RP? U S?) and thus Q(RP?) is homotopy
equivalent to Q(RP*U S?) by a map Q2Q(g).) We first prove that f, is an
isomorphism in dimensions < n. The first step in the proof of Lemma 4.5 works, so
we know that f,(x;) = x, + of for i < n. Then we note that the proof of Lemma 4.6
shows that if f,(x,) = x; + of for i < n, then f,(Q;x,_,)= 0;x,_, + of. Using
this, we note that the induction in the proof of Lemma 4.7 still works in dimensions
< n, as does the proof of 4.8. Next, we examine the proof of 2.3 in §3. The
induction which constructs f, is correct in our case and the only step that fails is the
induction from X"~! to X", and it fails for Q,( X "), i.e. it fails first in dimension n.
If Kerf, = 0 in dimension n, Lemma 4.10 is proved. If Kerf, # 0 in dimension
n, then an element of the form y = x, + X x, - x,_, + others € Kerf,. As in the
proof of 3.2 in [2], we let M be the mapping telescope of f and let f": Q(RP") — M.
Let F be the fibre of f’. F is (n — 1)-connected and hence y € Ker f is a spherical
element. By taking an adjoint of this spherical class we see that the top cell of RP" is
stably spherical and this can only happen in Hopf invariant 1 cases, i.e. when ¢ < 3
(see [13)).

5. Proofs of Proposition 2.2 and Theorem 2.6. We first prove Proposition 2.2. It is
enough to prove that VX is atomic for large N. Let g: S¥X — VX be such that
g« is an isomorphism on the bottom dimension, but g,: H(Z¥X) > H,(EVX) is
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not an isomorphism. Let x € Hy(X), x # 0, g4(o™x)=0. Choose N > s and
N > |x|. Then g induces f= Q(g): QZVX —» QX such that f, is an isomor-
phism on the bottom dimension, but f, is not an isomorphism because H ,(Q="VX)
= H,(EVX) if * < |o"x|. Hence f is not a homotopy equivalence at p and thus
QN ~5f is also not a homotopy equivalence at p.

We now examine an attempt to prove the conjecture in §2. If we assume that every
element of H ,(X) is primitive, i.e. that H *( X) has no nontrivial cup products, then
the proof of Lemma 3.4 shows that we only need assume that f.(Q;x;) = Q;x/ +
others terms to apply the argument for Theorem 2.3. We now show that the
assumptions of Theorem 2.6 are enough to prove this. Let |x;| = 2° mod 2°*!. Then
Sq?Q,x, = Qyx,. Since x, is not in the image of any Steenrod operation, we get
fx(Qyx,) = Qx| + others. Apply SqiSq2 ---Sq2 ' to this equation to get
f+(Q1x;) = Q;x/ + others. This proves Theorem 2.6.

A more delicate analysis would show that we can weaken the assumptions of
Theorem 2.6, but the results are fragmentary.

6. Analogues of the Kahn-Priddy theorem. Let X have the homotopy type of a
connected CW-complex of finite type. If X is not 1-connected, we assume that X is
an H-space. The following lemma is easily proved using the Whitehead theorem.

LemMA 6.1. If f: X - Yand g: Y — X, with (gf )x an isomorphism in the bottom
dimension and X atomic at p, then X is a retract of Y at p.

Theorem 2.7 and the Kahn-Priddy theorem follow from the following corollary.
(Q “(S1) denotes the universal covering space of Q(S').)

COROLLARY 6.2. Let (1) g;: Q(ERP*®) > Q"(SY), (2) g,: Q(ECP*®) - SU, and
(3) g3: Map,(P*(2), S°) - Q3S? be maps which induce isomorphisms on the first
nonvanishing homotopy group of the domain. Then there exist maps f; such that g, f; is
a homotopy equivalence at 2.

PRrROOF. Since all three ranges of g, are atomic at 2, it suffices to exhibit maps f;
and then apply Lemma 6.1. (Q “(S"') is atomic at 2 by [3], 23S° is atomic at 2 by
[2], and it is easily checked that SU is atomic at 2.) To define f,, consider the second
stable Hopf invariant 4,: Q(S') = Q(D,(S")) [14]. D,(S') is homotopy equivalent
to SRP>® and Q(S') is homotopy equivalent to S* X Q "(S!). Then f, is the
composite Q *(S') —» Q(S') » Q(D,). It is immediate that g,f, induces an iso-
morphism on 7,. Note that f; is not an H-map.

To define f,, use the adjoint of James’ stable retraction in [12]. Then g, f, induces
an isomorphism on ;. Note that f, is not an H-map.

To define f;, use the lift of the second Hopf invariant given in Lemma 3.1 of [6].
Again g, f; induces an isomorphism on ;.

To apply Corollary 6.2, we need to know that the g; exist. To obtain g;, use the
extension of ERP*® — Q(S!) obtained by taking the adjoint of J. H. C. Whitehead’s
map RP*® — Q,(S°). To obtain g,, use the extension of SCP* — SU given in
[13]. The construction of g, is the main result of [7].



SELF-MAPS OF LOOP SPACES. II 49

We remark that one point of Corollary 6.2 is that the maps g, (and f;) are
essentially arbitrary. In particular, g; may not necessarily be an H-map. Kahn and
Priddy [14, 15], J. F. Adams [1], and P. Loeffler and N. Ray [16] use a map g, which
is an infinite loop map. The map g, can be traced to the work of I. M. James [12].
Later, G. Segal [18] proved that BU is a retract of Q(CP*), and this follows by
looping g,. Since g, induces an isomorphism on rational homotopy, it follows that
the other factor of Q(2CP*) has finite homotopy groups.

7. Theorem 2.8 and product decompositions. In this section, all spaces X are
localized at p and are assumed to be of finite type over Z,,. Our main result is the
following theorem.

THEOREM 7.1. If 22X is not homotopy equivalent to a sphere or a point, then Q=X
admits a nontrivial product decomposition up to homotopy.

This theorem was known to Cohen, Moore, and Neisendorfer and they gave a
proof in an unpublished computation [9]. Some analogous decompositions and
related applications are given in [S and 10]. We note that Theorem 2.8 is an
immediate corollary.

We first set up some notation and prove two lemmas. We require maps f,:
(EX)K1 - (T X)!*), where Y% denotes the k-fold smash product of the space Y.
Let o,: Y¥1 > Y[¥] denote the cyclic permutation (1,k,k — 1,...,2) and recall
that [(ZX)!*); Z]is a group for k > 1. Define B, inductively by setting 8, = 1 — o,
and B, = (1AB,) — (BiAl) - 0.

LEMMA 7.2 (DYNKIN-SPECHT-WEVER RELATION). B,.8,. = kB,..

PROOF. Let M = H(2X)“ and [a,b]=a ® b — (-1)""Ib ® ain M ® M. By
definition, we have

Bi(m, ® --- ®@m,) = [ml[mZ["'[mk—l’mk]"‘]’]’]'

The lemma now follows from the computation in the proof of Theorem 8 of [11, p.
169).

Let L,(2£X) and M, (ZX) denote the mapping telescopes of B8, and k — B,
respectively. Define ¢,: (EX)*1 - L,(EX)V M, (2£X) to be the composite
EX)H - Ex)H)M v (EX)¥ > L (2X)V M, (ZX). By Lemma 7.2, ¢,. induces
an isomorphism on H, ( ; Z[1/k]). Thus as in [4], we have proved the following
lemma.

LEMMA 7.3. If (k, p) = 1, then ¢, is a homotopy equivalence.

PROOF OF THEOREM 7.1. We shall exhibit a loop map Q(w): QEL,(ZX) —» Q22X
and a map h: Q32X - QZL,(ZX) such that & - Q(w) induces an isomorphism on
H,() if (k, p) = 1. Thus QEL,(ZX) is a p-local retract of 222X. We will show
that Q32X is homotopy equivalent to 2L, (ZX) X Z for some Z. To prove
Theorem 7.1, we must check that L, (ZX) is more highly connected than 2 X and
that H, L,(ZX) is nontrivial. But L,(Z X) is a retract of (£ X)!*! and so it is more
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highly connected than 2 X. Also, if 2 X is not a sphere or a point, there exist at least
two elements u and v in H,=X. Then ad“~!(v)(u) is a nonzero element of
H,L,(=X).

Next we show that 232X splits. Let F be the homotopy fibre of w and let :
22X — F be the natural map obtained from the Barratt-Puppe sequence. There is
a morphism of fibrations:

h-Q(w)
QZL,(2X) - Q=L (ZX)
7Xh
Q32X - FXQZL,(2X)
7 l
F - F

and so 7 X h induces a homology isomorphism.

Now we exhibit Q(w) and h. Consider the Freudenthal suspension E: 22X —
Q32X and the k-fold Samelson product ad*"}(E) E): (EX)¥ - Q32X. Notice
that this map induces the map B,. in homology. Thus if (k, p)=1, then
ad* " Y(E)(E) restricted to L,(2X) induces an isomorphism from H,L,(2X) to
the Lie tensors of length k. Let Q(w): QL (ZX) — Q22X be the canonical
multiplicative extension of the induced map ad“ " }(E)E): L, (ZX) — Q2X. Fi-
nally, we construct g: SQZ’X — SQ3L,(ZX) such that g- ZQ(w) induces a
homology isomorphism. It follows from Lemma 1.6 in [8] that there is a map 4 such
that 4 - Q(w) is an equivalence. To construct g, recall that SQ=?X is homotopy
equivalent to Z(V,,(£X)U). Pinch the spaces (£X)U! to a point if j # 0 mod k
to obtain a map Q22X — =(V,, (2 X)), Next, observe that by Lemma 7.3,
(ZX)VUk! is homotopy equivalent to (L, (2X) V M, (2X))VUL. Project (2X)U*! to
(L, (ZX))V). The composite of these maps gives g: ZQZ2X — ZQZL,(ZX) which
by inspection has the property that g - 2Q(w) induces a homology isomorphism.
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