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DERIVATIVES OF MAPPINGS WITH APPLICATIONS
TO NONLINEAR DIFFERENTIAL EQUATIONS
BY
MARTIN SCHECHTER

ABSTRACT. We present a new definition of differentiation for mappings of sets in
topological vector spaces. Complete flexibility is allowed in choosing the topology
with which the derivative is taken. We determine the largest space on which the
derivative can act. Our definition includes all others hitherto given, and the basic
theorems of calculus hold for it. Applications are considered here and elsewhere.

1. The definition. Let X be a real vector space and let Q, Y be separated real
topological vector spaces such that Q C X. Let G be a mapping from a subset
V C X to Y. We wish to define differentiation for the mapping G with respect to Q.
We are not assuming that ¥ is a linear manifold nor are we assuming that ' C Q.
Thus we cannot arbitrarily consider difference quotients of the form

(1.1) t7G(u+ th) — G(u)]

since in general u + th need not be in V. On the other hand if we restrict the
derivative to apply only to those 4 for which u + th isin V for ¢ near 0, we may find
that hardly any such 4 exist. For instance, if V' is the surface of a sphere in R” or in
some Hilbert space, then 4 = 0 is the only element for which u + th is in V for ¢
near 0. Yet the only way one can define differentiation is to consider difference
quotients of the form (1.1). This led us to examine those elements 4 which do not
necessarily satisfy « + th € V but are the limits of elements which do. To this end,
let C(V,Q,u) denote the set consisting of those g € Q for which there exist
sequences {¢,} C R, {g,} C Q such that

(1.2) 49,29 inQ, 0#1,-0, u+tg,€V.

We shall see that C(V,Q, u) is a (double) cone. Next we let E(V,Q,u) be the
smallest linear manifold containing C(V,Q, u), i.e. the set of all finite sums of
elements in C(V, Q, u). We are now ready to define the derivative of G with respect
to Q.

DEFINITION. A linear operator A from X to Y is called the derivative of G at u
with respect to Q and denoted by G, (u) if

(@) uisin V,

(b) D(A4) = E(V,Q,u),
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54 MARTIN SCHECHTER

(c) for any sequences { g, }, {¢,} satisfying (1.2),
(1.3) t;1[G(u+1t4g,)—G(u)] >A4q inY asn— .

Note that when it exists, G,(u) is uniquely determined on E(V, Q, u). On the other
hand, any larger domain will not determine it uniquely. We shall study the sets
C(V,Q,u) and E(V,Q, u) in detail as well as the properties of the derivative. We
shall also study one-sided derivatives as well.

Let us consider some examples. If V' is the surface of the unit sphere in a Hilbert
space H, then

E(V,H,u)=C(V,H,u)= {vlv L u}.

On the other hand, if V is the solid unit ball in H, then E(V, Hyu) = C(V, H,u) =
H. In the next section we discuss some basic properties of the derivative and in §3
we discuss the sets C(V, Q,u) and E(V, Q,u). In §§4, 5 we give some applications.
Proofs will be given in §6.

2. Calculus theorems. We now present some of the basic theorems of calculus
which are satisfied by our derivative. The spaces X, Y, Q and the mapping G are as
described in the first section. The set of all continuous linear functionals on Y will
be denoted by Y.

THEOREM 2.1. Let g € Q be such that u + sqisin V for 0 < s < 1, and let y’ be an
element of Y'. Assume that G)(u + sq) exists for 0 < s <1 and that

y'G(u + sq) = y'G(u) ass— 0,
y'G(u+sq) > yG(u+gq) ass—1.

(2.1)

Then there is a 0 such that 0 < 8 < 1 and
(2.2) y'[G(u+q) = G(u)] =y'Gy(u + 8g)q.

THEOREM 2.2. Let F be a mapping of a subset D of Y to a topological vector space Z.
Let u be an element of V and put y = G(u). Assume that if g€ Qandu+ g€V,
then G(u + q) € D and G(u + q) —y € R, a closed subspace of Y. Assume that
Go(u), Fg(y) exist. Then if H(v)= F(G(v)), then Hy(u) exists and equals
Fr(y)Go(u).

THEOREM 2.3. Let F be a mapping from V C X to Y, and let N be a Banach space
contained in X. Assume that there is a mapping q(t) of (0, m) into Q such that
(2.3) v=u+1tq(t)+heV, 0<t<m,heN,|h|<m.

Assume further that Y is a Banach space and there are constants 8, C, and an operator
T € B(N,Y) such that

(24) |T(hy = hy) = F(u + tq(t) + hy) + F(u + tq(1) + hy) || < 8] Ay — hy,

0<t<m,lhl<m,
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and

(2.5) d(h,N(T))= inf |h—w|< C)Th|, heN.

weN(T)
Finally, we assume that R(T) = Y and that 8Cy < 1. Then for any mapping L(t) of
(0, m) into Y and any h € N there is a mapping h(t) of interval (0, m’) into N such
that

(2.6) F(u+1tq(t)+th(t)=L(t), O0<t<m' <m,
and
(2.7) |h(2) — h||< Ct7Y|F(u + tq(t) + th) — L(2) ||

provided F(u + tq(t)) — L(¢) > O ast — 0.

COROLLARY 2.4. Assume in addition that q(t) = qin Q ast — 0 and F;(u) exists.
Then there is a mapping h(t) of (0, m) into N such that

(2.8) F(u+tq(t) +th(t))=F(u), 0<t<m,
and
(2.9) limsup [|A(1) || < C| Fg(u)q|-

THEOREM 2.5. Let W be a topological vector space continuously embedded in Q. If
Gyo(u) exists, then G, (u) exists, and is equal to the restriction of G,(u) to
E(V,W,u).

THEOREM 2.6. Let F be a mapping from V C X to Y and let
(2.10) S={veV|F(v)=0}.
If u € S and Fy(u) exists, then
(2.11) C(8.Q.u) c {g€ C(V,Q,u)|Fj(u)q = 0}.

If, in addition, for each q € C(V, Q, u) the map F satisfies the hypotheses of Corollary
2.4 for either q or —q with N continuously embedded in Q, then

(2.12) C(8.0.u) = {g€ C(V,0.u)|Fj(u)q = 0}.
Theorem 2.6 generalizes theorems of Ljusternik [1] and Ioffe-Tihomirov [2].

THEOREM 2.7. Under the same hypotheses let G be a mapping of V into R. If
(2.13) G(u)= mSin G(v)
and G)(u) exists, then
(2.14) Go(u)g=0
for all g € C(V, Q, u) such that
(2.15) Fj(u)q = 0.
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THEOREM 2.8. Under the same hypotheses, H = Fy(u) maps N onto Y and
(2.16) Gy(u)[1 — H'Fy(u)]q=0 Vge C(V,0,u)
where H ~'w is any element h of H such that Hh = w.

THEOREM 2.9. Let F be a mapping of V C X into Y and G a mapping of V into R.
Let S be given by (2.10) and assume that (2.13) holds for some u € S. Assume that Q,
Y are Banach spaces, that V + Q C V and that Fy(u + q) exists and is in B(Q,Y)
for g € Q small and
(2.17) |Fg(u+ q) = Fg(u)|| >0 asq—o.

Assume further that the range of F,(u) is closed in Y and that G)(u) exists and is in
Q’. Then there exist A € R and y’ € Y’ not both vanishing such that
(2.18) AGg(u) + y'Fy(u) = 0.

Theorem 2.9 is a generalization of the Lagrange multiplier rule.

3. The tangent cones. Let Q be a topological vector space contained in a vector
space X and let V' be a subset of X. For a given element u of V welet C_(V,Q, u)

denote the set of those g € Q for which there exist sequences {g,} € QO and
{t,} € R, such that

(3.1) q,—q inQ, 0<¢,-0, u+tq,€V.
We note
LemmAa 3.1. Ifg € C,.(V,Q,u) and a > 0 then ag € C_(V,Q, u).

Thus C_(V, Q, u) is a cone. It is called the tangent cone to the set V" at the point u
with respect to Q. We also have

LEMMA 3.2. If W is a topological vector space contained in Q with continuous
injection, then
(3.2) C.(V,W,u)c C.(V,0,u).

LEMMA 3.3. qis in C(V, Q, u) iff either g or —q is in C .(V, Q, u).

LeMMA 3.4. E(V, Q, u) is the set of all linear combinations of elements of C .(V, Q, u).

Now we define a one-sided derivative corresponding to the definition of §1. Let
X, Y, Q be as in that section. Let F map V' C X into Y. We shall write 4 = F7 5(u)
and call A the right-hand derivative of F at u with respect to Q if 4 is a linear
operator from X to Y and

(A)uisinV,

(b) D(A4) = E(V,Q,u),

(c) for all sequences { g, }, {¢,} satisfying (3.1) we have

(3.3) t; [F(u+t,4,) —F(u)] >4 inY asn— .
Clearly we have

LEMMA 3.5. If Fy(u) exists, then F', 5(u) exists and they are equal.
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We also have

THEOREM 3.6. Let F be a mapping as above and assume that F', ,(u) exists. Let B
be any subset of Y', and put

S = {ve V|y’F(u)>OVy’€B},

(34) B, = {y' €B y'F(u) =0}

Then
C.(S,Q,u)c {q € C.(V,Q,u)|yF.o(u)g=>0Vy € Bu}.
THEOREM 3.7. Under the same hypotheses, let

R= ) N(y)

V' €B,

and assume that Y = R & M with a bounded projection P of Y onto M. Assume that
PF satisfies the hypotheses of Corollary 2.4 for each g € C . (V,Q, u) with N continu-
ously embedded in Q. Assume finally that the above hypotheses hold if we remove from
B, any of the y’ € B for which no negative multiple of y’ is in B. Then if u is in S we
have

(3.5) C.(S,Q,u)= {q € C.(V,Q,u)|y'F,p(u)g=>0Vy' € Bu}.
THEOREM 3.8. Under the same hypotheses let G be a mapping of V into R. If

(3.6) G(u)=msin G(v)
and G;Q(u) exists, then
(3.7) Gl o(u)g=0
holds for all q € C,(V, Q, u) such that
(3.8) V' Flo(u)g>0 Vy' €B,
THEOREM 3.9. Under the same hypotheses, H = PF’ \(u) maps N onto M and
(3.9) Glo(u)[1 = H'PF,5(u)|g>0 Vge C,(V,Q,u)

where H"'w is any element h of N such that Hh = w.

THEOREM 3.10. Let F be a mapping of V C X into Y and G a mapping of V into R.
Let S be given by (3.4) and assume that (3.6) holds for some u € S. Assume that Q, Y
are Banach spaces and V + Q C V. Assume further that F(u + q) exists and is in
B(Q,Y)S for g € Q small and (2.17) holds. Assume also that the range of Fy(u) is
closed in Y and that Gy(u) exists and is in Q'. Then there exist A > 0 and y' € M’
not both vanishing such that

(3.10) AGy(u)q + y'PFy(u)g >0 Vge C.(V,Q,u).

4. An application. Let © be an interval in R which is not necessarily bounded, and
let a(u, v) be a bilinear form on

(4.1) W= Wi(Q) = {v(r) € Lo € L2, v(3Q) = 0}
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where L? = L*(Q), o(r) = dv(r)/dr and 0Q is the boundary of 2. The operator 4
corresponding to a(u, v) is defined as follows. For u, f in L? we say that u is in
“D(A) and Au = f if

(4.2) a(u,v)=(f,v), veW,
where
(4.3) (f,u)=/ﬂf(r)u(r)dr.

Let g(v, r) be a continuous function on R X . We shall be looking for stationary
points of the functional

(4.4) G(v) = aa(v) — I(v)

where

(4.5) I(v)=j;zg(v(r),r)dr,

a € R and a(v) = a(v,v). For Q we take the topological vector space of infinitely
differentiable functions with compact supports in £. We note

LemMMA 4.1. If a(v) is continuous on W and f(v, r) = 9g(v, r)/0v is continuous on
R X Q, then any stationary point u of (4.4) is a solution of

(4.6) 2adu = f(u(r),r).

The proof of Lemma 4.1 is straightforward and is omitted. We shall examine some
assumptions which will quarantee a stationary point of (4.4) and consequently a
solution of (4.6). We shall assume

(I) There are positive constants c,, C, such that

(4.7) coa(v) <|vll} < Goa(v)
where
(4.8) loll; =Hol® 1ol llol* = [ o(r)ar.
Q
(IT) g(v,r) < B(v,r) = By(v, r) + B,(v, r), where
k
(4-9) Bl(”v")= Z )’k(’)Uzmk(U)’
k=1
L N
(4.10) By(v,r) = ¥ wi(r)lo[*h(v), 0<s,<2,
k=1

the h, and m, are continuous functions, w, is in L?* for some p, satisfying
1 <p,<2/Q2 - s;),and y, isin L} and satisfies

(4.11) |y(r)|dr =0 as|x| - .

‘/;x,x+1)nﬂ
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(I1D) f(v, r) = dg(v, r)/dv is continuous on R X Q. Put

(4.12) V= {ve W|g(v(r),r)eLl(Q)},
(4.13) Sg = {v € V]a(v) < R?},
(4.14) Yg = sup I(v).
Sk
We have

THEOREM 4.2. Under hypotheses (I)-(1II), yg is attained for each R such that
Sp#* 3. IfS, + &, R>mand

. YR — Y
4.15 > inf ,
( ) * m<t<R R? — ¢t

then (4.6) has a solution in Sg. It is a stationary point of (4.4).

Note that our hypotheses do not restrict g(v, ) from below and that its restric-
tions from above are very mild. Theorem 4.2 will be proved in the next section. Now
we consider some examples. In them we take

02 2

(4.16) a(v) =[oll" + 2[lvf
and make use of the inequality
(4.17) o(0)' < [ {lo( [ +2l0(r)[}ar, e,

I
which holds for any interval I of length one (cf. [8, p. 19]). First we consider
(4.18) g(v,r)=w(r)e’ = h(v)
where _
(4.19) h(v), k’(v) are continuous, A(v) > 0, h(0) = 0,
and
(4.20) ¢ =j w(rydr <o, w(r)=0.

Q
In this case y; < ¢;e® and y, = ¢;. Note that S, is not empty. Thus if

a > inf Tr~ Yo
R>0 R?

we can apply Theorem 4.2 to conclude that (4.6) has a solution. Since
R _

min 1 < 1.5441383

R>0 R?
we see that (4.6) has a solution if
a > (1.5441383)c;.
Moreover, the solution satisfies |v| < 1.5936243. Next consider
(4.21) g(v,r) = c%’ + vs(r)— h(v)
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where [o |s(7)|" dr = ¢f < oo for some p such that 1 < p < 2 and h satisfies (4.19).
Then

R 2yg<c,(e®+R1Y), y,=0.
Again S is not empty. Since

min (e® + R!) < 3.442277
R>0

we see that (4.6) has a solution for a > (3.442277)c, and the solution satisfies
|v] < 0.7034674. Next let

(4.22) g(v,r) = cp%’ — w(r)h(v)
where A, w satisfy (4.19), (4.20) with the exception that /#(0) = 1. In this case
Yr < O R%R, vy = -c;.
Again S is not empty. Thus
R *(Yr = v0) < c(e® + R7?).
Since

min (e® + R-?) < 3.6906033
R>0

we know that (4.6) has a solution for a > (3.6906033)c, and the solution satisfies

|v] < 0.92547893.
In contrast with (4.21), let

(4.23) g(v,r) = (cv? = |v|?*2)e’ + vs(r) — h(v)

where p > 0, h satisfies (4.19) and s(r) is as before. In this case the first term will
be positive only if |v|? < c. Thus we have

Yr < cR%”” + ¢,R,  v,=0.
Thus

A/p c/p

R 2yg<ce”” + ;R > ce as R — oo.

This implies that (4.6) has a solution for all @ > exp{c'/?}. The same conclusion
holds when

(4.24) g(v,r) = (cw? = [o ") e* = w(r)h(v)
where h, w are as in (4.22). Next consider the case when
(4.25) g(v,r)=cv(e’ = 1) —w(r)h(v)

where w satisfies (4.20) and h(v) > h(0) > 0. Thus
Yr S cR(eR - 1) + Y.
To obtain this we use the fact that (e® — 1)/R is an inereasing function in R. Since

R *(yg = ¥o) < c(e®=1)/R
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we see that (4.6) has a solution for a > ¢. Next consider
(4.26) g(v,r) =w(r)cosv — h(v)

where h, w satisfy (4.19), (4.20). Now we have v < ¢1, v, = ¢;. Thus R™?(vz — v,)
< 0 and consequently (4.6) has a solution for any a > 0. Finally consider

g(v,r)=cv? +vs(r) — h(v)
where p > 2, h satisfies (4.19) and s(r) is as before. Here we have

Yr < ¢cR? + ¢|R, Yo =0,
and

R 2yg < cRP™2+ ¢R7L.
The minimum of the right-hand side is
Cl(p—nc{rz)/(pﬂ)[(p — ) PTRD 2)1/<p—1)]_

Thus (4.6) has a solution for a greater than this value. The solution satisfies
l]P~! < [er/e(p = 2)).

5. Finding stationary points. In this section we show how Theorem 4.2 is proved.
First we give a few lemmas.

LEMMA 5.1. If a(v) is given by (4.16) and a(v) < R?, then
(5.1) fgw(r)v(r)zh(v(r))drsRZM(w) max |h(v)|
UZSRZ

andif 0 < s<2and1 <p<2/Q2—5s), then

(52 [ WOl Pher) dr< & o (1) [ [ 1wl ar)

where

(5.3) M(w) = sup/ lw(r)|dr.

x (x,x+1)NQ

PROOF. Let I be any interval of length one contained in 2. By (4.17)
2 2
fw(r)vzh(v)drsM(w) max_|(v)| [ {|o(r) "+ 2l0(r)['} dr.
I V< R? I

Summing over a denumerable set of such intervals covering £, we obtain (5.1). To
prove (5.2) we use Holder’s inequality and note that (4.17) implies that the L7 norm
ofvis<Rforp>2 DO

LEMMA 5.2. Under the same hypothesis, suppose a(v) < R?, a(v)) < R? and v;
converges to v a.e. Then

(5.4) js;B(uj(r),r)dr—*j;ZB(v(r),r)dr.
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PrROOF. Let ¢ > 0 be given, and take N so large that the left-hand sides of (4.11)
are less than ¢ for |[x| > N — 1. Put

J=m/f‘x Y m(o)].

UZSRZ

Then by (5.1)
f |y (r) o3| m, (v;) | dr < R%Te
Q\[-N, N]
with the same estimate for v. On the other hand
2 2
| yi(r)o,(r)'m(v) dr > | yi(r)o(r)m, (o) dr
QN[-N,N] QN[-N,N]
since the integrand converges a.e. and is majorized by R%J|y,(r)| which is integrable

in & N [-N, N]. This proves the lemma for B, (v, r). To prove the other part, put

J = max max |k, (v
: Uzst| «(0)]

and let ¢ > 0 be.given and let N be so large that
f |wk(r)|Ivj|sk|hk(vj)|dr<JR2(/ |wk(r)[pkdr <.
O\[-N,N] Q\[-N,N]

Since
/ wo(r)lo, " k(o) dr - [ wi(r)o]" k(o) dr,
QN[-N,N] QN[-N,N]

the result follows. O
LEMMA 5.3. If Sg is not empty for some R > 0, then there is a t < R such that S, is
not empty.

PROOF. Suppose v € V and a(v) = R?. Since v # 0, there must be a ¢ in Q such
that a(v, g) # 0. By changing the sign of ¢ we may arrange it such that a(v,q) > 0.
Thus we have

a(v—1tq)=a(v)—2ta(v,q) + t?a(q).
By taking ¢ sufficiently small we can make this less than R2. Since v — tq is in V,
the lemma follows. O

LEMMA 5.4. For a > 0, G(v) given by (4.4) has a minimum p, p on Sg.

PrOOF. By hypothesis (II) and Lemma 5.1, G(v) is bounded from below on Sg.
Put

(5.5) Po.r = inf G(v)
Sr
and let {v;} C S be a minimizing sequence. Since W is a Hilbert space, we can

extract a weakly convergent subsequence. Moreover, since the sequence is uniformly
bounded and equicontinuous, we can find a subsequence (also denoted by {v;})
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which converges to the weak limit v uniformly on every bounded interval in 2. Since
a(v,v;) < a(v —v;,0) +a(y),

we have

(5.6) a(v) < liminfa(v,) < R%.

Thus (5.4) holds by Lemma 5.2. Since B(v,r) — g(v,r) = 0, we have by Fatou’s
lemma that

(5.7) fﬂ [B(v,r) —g(v,r)]dr < liminf'/;2 [B(uj,r) - g(vj,r)] dr.

In particular, this shows that g(v, r) is in L'. Consequently v is in S;. Combining
(5.4), (5.6) and (5.7) we find G(v) < p, . This gives the desired result. O

COROLLARY 5.5 yg = —pg &

Now we can give the

PROOF OF THEOREM 4.2. The first statement follows from Corollary 5.5. To prove
the second, suppose there is no stationary point of (4.4) in the interior of Sg. This
implies that for each ¢ such that m < ¢t < R, p,, is attained only on the boundary of
S,. For if it were attained for some v such that a(v) < ¢2, we would have v + g in S,
for a(q) small. Thus v would be a stationary point of G. Hence we may assume that
G(v) = p,,, v € S, implies a(v) = t2. This also tells us that I(v) = v,. For if there
were a w in S, such that I(w) > I(v), then we would have

G(w)=aa(w) —I(w) <at?—I(v) = G(v),
contradicting the fact that G (v) = p, ,. Hence
(5.8) P, = G(v) =aa(v) = I(v) = ar? — v,
The identity (5.8) must hold for every ¢ such that m < ¢ < R. Consequently,
at? =y, =p,, > P = aR* — 14
or
a(R* = 1*) < Yr — Vo

This means that « is not greater than the right-hand side of (4.15). Consequently, if
a is greater than this value there must be a value of ¢ in the given interval for which
P, is achieved at an interior point of S,. Such a point is a solution of (4.6). O

As another application, let G be given as in §1 with Y = R and V' = Q continu-
ously embedded in X, a Hilbert space. Assume

(5.9)if G(v,) < C, then {v, } has a subsequence converging in X, and

(5.10) if G(v,) —» B and v, = v in X, then v isin Q and G(v) = B.

We shall prove

THEOREM 5.6. Under hypotheses (5.9) and (5.10) G,, has a nonnegative eigenvalue.
This means that thereisau # 0 in Q and a A > 0 such that

(5.11) Go(u)g =A(u,q), q€ Q.
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PrOOF. Pick R > 0 and put F(v) = ||v||> — R?, where the norm is that of X. Set
S={veQ|F(v)>0}, p=infG(v),
s

and let {v, } € S be such that G(v,) — p. Since G(v,) < C, there is a subsequence
(also denoted by {v, }) converging to some v in X. This implies that v is in S and
that G(v) = p. Note that F;(v)q = 2(v,q) and that its range is the whole of R.
Thus we may conclude that Gy(v)g > 0 whenever (v, q) > 0 (Theorem 3.8). But
every ¢ can be written in the form ¢ = v + w, where (v,w) = 0. Thus G,(v)w = 0
and

Go(v)v

Ggy(v)g = tGy(v)v = —(v,q) =A(v,q). O

6. Some proofs. Now we turn to the proofs of the theorems of §§2, 3. First we
prove the following result which is of interest in its own right.

THEOREM 6.1. Let T be a closed operaior from a Banach space N to a Banach space
Y satisfying (2.5). Suppose h, € D(T) and f is a mapping of the ball B= {h € N|
[|h = hyll < m} into Y such that
(6.1) If(h) = f()|<8lh—H|,  h h€B.

Assume that R(T) =Y and 8C, < 1. Let h; be any element of D(T) N B, and put
y1 = Thy — f(h,). Then for any € > 0 and any y € Y such that

(6.2) (Co/(1 = 8C )y =yl + 11k = holl<m
there exists an h € D(T) N B such that
Th—f(h) =y
and
(6.3) Ih = Ryl < (Co/(1 = 8Cy) +&)lly = nll.

PROOF. Let ¢ > 0 be given and take C, > C, such that (6.2) holds with C,
replaced by Cj,
¢ G
1-6C, “1-oC,

€,

and p = 6C, < 1. From (2.5) and the fact that R(T') = Y we can find an element z,
in D(T) such that Tz, = y — y,, ||z;|| < Cilly — »|l. Define { h,}, {z,} inductively
by

k
hyoy=hy + Z Z)s Tz = f(hy) = f(hy_v), Zp=hyoy = hy,
j=1

Izl < CllTz |l = Cll F(h) = f(Re—) || < ol zi—a -
Thus

lzill < oMz .
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Since p < 1, we see that h, — h in N. Moreover,

17 = holl<lity = holl+ X Nzl <y = holl+ X o/~ Hlzill
j=1 j=1

C
<l = holl+ T2y =5l < m.

Thus h € B. Also

C
Ih = hll< 721y =0l

showing that (6.3) holds. Finally, we note that

k
Thiy, =Thy + X Tz; = Thy + f(hy) — f(h) +y —»
j=1

=f(h) +y = f(h) +y ask - oo.

Since T is a closed operator, we see that Th — f(h) = y holds. O

Now we turn to the

PrROOF OF THEOREM 2.1. First we note that g € C(V,Q,u + sq) for 0 <s < 1.
For if t, = 0, then u + sq + t,q is in V for n large. If we put ¢, = g, then (1.2)
holds for u + sq. Put f(s) = y’G(u + sq). Then for 0 < s < 1, we have

M A+ 1) = f(5)] = 1[G (u + sq + 1,9) = G(u)]
- Gy(u +sq)q ast, > 0.

Thus f(s) is differentiable in (0, 1). By (2.1) it is continuous in [0, 1]. Thus there is a
8 such that 0 < 8 < 1 and f(1) — f(0) = f'(@). This gives (2.2). O

PROOF OF THEOREM 2.2. Note that G,(u) maps C(V,Q,u) into C(D, R, y). To
see this let ¢ be an element in C(V, Q, u). Then there are sequences {q,}, {¢,} such
that (1.2) holds. Therefore

(6.4) ro=1t'[G(u+t,q,) —y] > G,(u)qg inY.
Since r, is in R and R is closed, this convergence is in R. Moreover,
y+t,r,=G(u+t,q, €D.
This shows that G,(u)q is in C(D, R, y). We also have
L F(G(u+1,9,) = F(G(u)] = ;' [F(y + 1,1,) = F(»)]

- Fz(y)G,(u)q inY.

Thus

(6.5) Hy(u)q = Fg(y)Go(u)g.

Finally, we note that G,(u) maps E(V,Q,u) into E(D, R, y). For if ¢ =1Xgq,,
where g, € C(V, Q, u), then

Go(u)q = X Go(u)q € E(D, R, y). O
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PROOF OF THEOREM 2.3. Put

(6.6) f,(h)=Th — F(v) + L(z), heN.
It maps the ball ||4|| < m into Y. By (2.4)
I £.(h1) = fi(hy) | < 8ll Ay — Al lhll<m, 0<t<m.

We apply Theorem 6.1 with Ay =0, hy=th, y=0, f=f. Then |[y,|| = 0 as
t — 0, where

(6.7) yi=F(u+tq(t) +th) — L(2).
By that theorem we can find an element %, in N such that Th, — f,(h,) = 0 and
Ik, = th] < Clinl.

If we now put h(t) =t 'h,, this gives (2.6) and (2.7). O

PROOF OF COROLLARY 2.4. Note that ¢ isin C(V, Q, u). Take L(t) = F(u), h =0
in Theorem 2.3. O

PrOOF OF THEOREM 2.5. Suppose ¢ is in C(V, W, u). Then there are sequences
{g,} € W, {t,} € Rsuch that

(6.8) g9, q imW, 0+#1t,—0, u+tg,€V.

By hypothesis this implies (1.2). Thus ¢ € C(V, Q, u) and (1.3) holds. This says that
Gy (u)q exists and equals G,(u)q. If ¢ is in E(V,W,u), then it is the sum of
elements of C(V, W, u), and the result follows. O

PrROOF OF THEOREM 3.6. If g € C (S, Q, u), then there are sequences {q,}, {¢,}
such that (3.1) holds and

(6.9) yF(u+1t,4, >0, y’ € B.

If y" € B,, then y’F(u) = 0. Thus y'F} 5(u)qg > 0. O

PrROOF OF THEOREM 3.7. Suppose ¢ is contained in the set on the right in (3.5).
Remove from B, all y’ for which y’F! ,(u)q > 0. Clearly no such functional can
have a negative multiple in B. For if it did, we would have y’F(u)> 0 and
—-y’F(u) > 0 and consequently y’F(u) = 0. Thus -y’ would also be in B, and we
would have y'F/ ,(u) > 0. Thus we have

(6.10) y'Fio(u)g=0, ) €B,.

By (3.5) this implies that F{ ,(u)q is in R. Thus PF] ,(u)q = 0. By Corollary 2.4
there is a mapping h(t) of (0, m) into N such that

(6.11) PF(u +tq(t) + th(t)) = PF(u), 0<t<m,

q(t) = g in Q and h(z) » 0'in N. Thus g,(¢) = q(¢) + h(t) = g in Q. But (6.11) is
the same as

(6.12) y'F(u + tq,(t)) = y’F(u) = 0, y' € B,.

Next, let us examine those y’ that were removed from B,. For them we have

(6.13) y'F(u) =0, V'Fo(u)g>0.
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Thus
(6.14) y'F(u+1q,(1)) = ty’F, o(u)g + o(2) > 0

for ¢ sufficiently small. Finally, we examine those y’ € B that were never placed in
B,. For them we have y’F(u) > 0. Thus

(6.15) y'F(u + tq,(t)) = y'F(u) + y'Flo(u)g+o(t)>0
for ¢ small. If we combine (6.12), (6.14) and (6.15), we have
(6.16) y'F(u + tq,(1)) > 0, y' € B.

This shows that ¢ € C_(S,Q,u). O

THEOREM 6.2. Let N, Y be Banach spaces, and suppose T, H in B(N,Y) are such
that (2.5) holds and ||T — H|| < 8§ with 6Cy < 1. If R(T)= Y, then R(H) = Y.

PROOF. Let y be any element of Y, and let C; > C, be such that p = 8C; < 1.
Then there is an element z, € N such that

Tzo=y, lzl< Gyl
and inductively, there are elements z, € N such that
Tz, = (T - H)z,_y, Izl < Cill Tz, I, k=1,2,....
Then
lzill < CI(T = H)zp 1] < ol 2]l < 04 20

Thus

k

hy=%z,—-h inN

0

and

k k k-1
Thk=Zsz=Z(T——H)zj_1+y=(T—H) Y z;+y
0 1 0
=(T-H)h,_,+y->(T—H)h+y.
Thus TH = (T — H)h + yand Hh = y. Thus R(H) =Y. O

THEOREM 6.3. Under the hypotheses of Theorem 2.3 assume that N is continuously
imbedded in Q and that F ,(u) exists. Then R(F y(u)) =Y. If q(¢) = q in Q and
h is any element on N such that

(6.17) Fiy(u)h = -F}o(u)q,
then there is a mapping h(t) of (0, m) into N such that (2.8) holds and
(6.18) h(t)>h inN ast— 0.

PrROOF. By (2.4) forany h € N, t >0,
|¢Th — F(u + tq(t) + th) + F(u + tq(2)) || < 8¢| A
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and consequently,
ITh = 1 [F(u + 12(2) + th) = F(u)] + 7 [F(u + 19(1)) = F(u)] || < 8]l .
Letting ¢t — 0, we have

|Th = Fio(u)(q + h) + Fio(u)q| < 8lall.
It now follows from Theorem 6.2 that R(F},(u))= Y. Next note that g is in
C,.(V,Q,u). Take L(t) = F(u) in Theorem 2.3. Then there is a mapping h(?) of
(0, m) into N such that (2.6) and (2.7) hold. But
t7F(u+ tq(t) + th) — F(u)] - Fio(u)(g+h)

and this vanishes by (6.17). Thus (6.18) holds. O

ProofF oF THEOREM 3.8. If (3.8) holds, then ¢ € C_.(S,Q,u) by Theorem 3.7.
Thus there are sequences { g, }, {¢,} satisfying (3.1) such that u + ¢,g, is in S. Thus

1 G(u+1t,9,)— G(u)] >0 fort>0.

This gives (3.7). O

PROOF OF THEOREM 3.9. That H is onto follows from Theorem 6.3. Let g be any
element of C_(V, Q, u) and let h be any element of N such that

(6.19) Hh = -PF’ 5(u)q.
Then g, = g+ hisin C (V,Q, u) and

(6.20) PF;Q(u)q1 =0.
Thus

(6.21) Fio(u)g, =0, y' € B,.
If we now apply Theorem 3.5, we see that

(6.22) G o(u)g, = 0.

This is precisely (3.9) O
PROOF OF THEOREM 2.6. Put B = Y’ in Theorem 3.6. Then B, = Y’ as well. Thus

(6:23) C.(8.Q.u) c (g€ C.(V.Q.u)|Fy(u)q = 0}.
If we now apply Lemma 3.3, we see that (6.23) implies (2.11). Next assume

q € C.(V,Q,u) and that F satisfies the hypotheses of Corollary 2.4. We apply
Theorem 3.7. In our case R = 0 and M = Y so that (3.5) becomes

(6.24) C.(8.0.u) = {g€ C.(V.Q,u)|Fj(u)q = 0}.
This and our hypotheses imply (2.12). O

PROOF OF THEOREM 2.7. By Theorem 2.6, the set of ¢ described are in C(S, Q, u).
For such ¢ (2.13) implies (2.14). O

PrOOF OF THEOREM 2.9. If R(Fy(u))# Y, then there is a y’ € Y’ such that
y’ # 0 and y’Fj(u) = 0. Thus we may take A = 0 in (2.18). On the other hand, if
Gy (u) is onto, we may apply Theorem 2.8. All of the hypotheses of Theorem 2.3 are
therefore satisfied, including (2.4). In fact we can take T = Fy(u), N = Q. Then by
Theorem 2.1

Y [T(qy - @2) — Flu+ @) + f(u+ q,)] =y'[T = Fy(u+ q)| (01 — )



DERIVATIVES OF MAPPINGS 69

for any y’ € Y’. This implies (2.4) for the ¢, sufficiently small. Note that the
operator Gy(u)H ™" is well defined and is in Y’. For if Hg = 0, then ¢ satisfies
(2.15) and consequently (2.14) holds. We now see that (2.16) implies (2.18) with
A=1land y' = Gi(w)H™. O

PROOF OF THEOREM 3.10. The proof is similar to that of Theorem 2.9. If PF (u) is
not onto M, then there is a nonzero y’ € M’ which annihilates it. Otherwise we
apply Theorem 3.9. O
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