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CONJUGACY PROBLEM IN GL,(Z[v/~1]) AND
UNITS OF QUADRATIC EXTENSIONS OF Q(v/=1)

BY
HIRONORI ONISHI

ABSTRACT. A highly efficient procedure for deciding if two given elements
of GL2(Z[v/—1]) are conjugate or not will be presented. It makes use of a
continued fraction algorithm in Z[\/—1] and gives a fundamental unit of any
given quadratic extension of Q(v/—1).

(1) Introduction. A solution to the conjugacy problem in the group G =
GL2(Z[v/-1]) is included in the result of Grunewald [3]. But for a nice group
like this there ought to be a simpler solution which makes use of the special nature
of G. On the other hand, since G is not an amalgam of simpler groups, we should
not expect too easy a solution. In this paper we present a straightforward proce-
dure for deciding if two given elements of G are conjugate or not. It is based on a
continued fraction algorithm in the ring Z[/—1] and a module theoretic consider-
ation. It combines the ideas used in [1 and 2]. As the examples show it is highly
efficient. A similar solution can be given for the group GL2(0), where O is the
ring of integers of any imaginary quadratic field, but in order to fix our attention
we shall deal with the case when O = Z[1], : = v/—1.

(2) Actually what we solve is the similarity problem for the 2 x 2 matrices over
0 = Z[1]; given two such matrices A and B the problem is to decide if there is an
R € GL3(0) such that RAR™! = B. Our solution gives an explicit R if there is
one. It also gives an effective characterization of the centralizer

Z(A) = {R € GLy(0)|RA = AR}

for a given A, so that we can find all R € GL2(0) such that RAR™! = B. The
characterization of Z(A) is obtained by finding a fundamental unit of an order in
a quadratic extension of F = Q(7); our method generates a fundamental unit.

(3) Given 2 X 2 matrices A and B over O, call A ~ B similar if RAR™! = B
for some R € GL2(0). If A ~ B, then A and B have the same characteristic
polynomial f over 0. Given a monic quadratic polynomial f over O, let M(f)
denote the set of 2 X 2 matrices over 0 whose characteristic polynomials are equal
to f. In deciding if A ~ B, we may assume that A and B € M(f) for some f.
When f is reducible over F', deciding if A ~ B is easy and we discuss it in the
Appendix.

(4) Assume that f is irreducible over F. Put

ft) =t —qt +r, A = g% —4r.
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Given

A= (‘; ;) € M(f),

put A = (¢g++/A)/2, where Im(v/A) > 0 or v/A > 0. The number ) is an eigenvalue
of A. Put
p(A)=a=A—-d)/b=(a—d+VA)/2b.
Since f is irreducible, bc # 0. The column vector (a,1)T is an eigenvector of A
belonging to A and Aa = a (under the projective action of A on C).
(5) Put K = F(v/A). Given ¢ € K, let ¢’ denote its conjugate over F. Given
Ae M(f), if a = ¢(A) then

()66

Thus the map ¢: M(f) — K is injective (for a given f). For any R € GL2(0),

= (o(5 1)) (2 2)(e(5 %))

Thus by injectivity of ¢ on M(f), we have ¢(RAR™!) = R¢(A). Given a and
B€ K—F,cal o ~(if Ra = f for some R € GL(0). From the discussion
above, we see that, given A and B € M(f),

A~B iff $(A)~ ¢(B).

Thus the problem is transformed to this: Given « and 8 € K — F, decide if o ~ (.
(6) Given a and 8 € K, let (o, 8) denote the module over O generated by a and
B. In this paper, by a module we shall mean a finitely generated full module over
O contained in K. Every module is of the form (a, 3) and (e, 3) is a basis of this
module over 0. For example, if @ € K — F, then (a, 1) is a module. Given modules
Uand V,call U ~V similar if U = AV for some A € K*.
(7) Given o and B € K — F, put U = (e, 1) and V = (8, 1). Then

a~f@ iff U~V

In fact, if & ~ B, say Ra = B, R € GL2(0), then R() = A(?) for some A € K*
and hence U = AV, i.e., U ~ V. Going backward we get the converse. Thus the
problem is now transformed to the following: Given modules U and V, decide if
U~V.

(8) Let U = (a,8) be a module. An element £ = za + yB of U, where it is
understood that z and y € 0, is called primitive if (z,y) = 1, i.e.,, ¢ and y are
coprime. The primitiveness of an element of U does not depend on the choice of
a basis (o, 8) of U. A member of a basis is primitive. It is easy to see that if p is
a primitive element of U, then U = (o, p) for some 0 € U. A module U is called
normalized if 1 is a primitive element of U so that U = (a, 1) for some a € K — F.
Given modules U and V, call U =V if U = ¢V for some c € F*.

(9) For any module U, there is a unique normalized module V such that U = V.

PROOF. U N O is a nonzero fractional ideal of O and hence U N 0 = (b) for
some b € F* and b has to be a primitive element of U. Thus U = (ea,b) for
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some a. V =b"1U = (ab~1,1) is normalized and U = V. To see the uniqueness,
suppose that U and V are normalized modules such that U =V, say U = ¢V,
ce F*, U = (a,1), and V = (B,1). Then (e, 1) = {(ca,c) and hence there is an
R € GL2(0) such that R($) = c(f) Since ¢ € F and « ¢ F, R has to be of the

form
_ [T Y

with zc =det R € 0* = {£1,4i}. Thusce€ 0% and U = V.
(10) Given cand B € K — F, call a = 3 if

€ ¢
(0 l)a—5a+c—ﬁ

for some € € 0> and ¢ € 0. From the proof of (9), it is clear that, given normalized
modules U = (a,1) and V = (8, 1),

U=V iff a=g

We assume that, given o and § € K — F, recognizing if « = (3 is instantaneous.
For example, if

o= (e; +VA)/2b; and B = (es+VA)/2by,

where e1,by,e2,b2 € O, then a = 3 iff by = by for some ¢ € 0* and e; = ey
(mod 2by).

(11) Let U be a module. A nonzero element p of U is called a convergent of U
if 0 is the only element £ of U such that

€l <lpl and [¢] <][p'|.

Note that given a and 8 € K, |a| = || iff |&/| = |5’|. (This can be easily proved
by looking at v = a/8 and its complex conjugate § and their norms.) For any
A € KX, as p ranges over the convergents of U, Ap ranges over the convergents of
AU.
(12) Let U = (o, B8). If ¢ = za+ yB € U, then ¢ = za’ + yf’ and
z= ({0 - ¢B)/(af —d/B) and y=(ag —a'{)/(af —d'B).

Thus if |£| and |¢’| are bounded, then |z| and |y| are bounded. Thus for any ¢,
and c; > 0, U contains only a finite number of element ¢ such that |£] < ¢; and
|€'| < co. This shows that there are convergents of U.

(13) Let p be a convergent of U. Then p is a primitive element of U and U = (o, p)
for some o and p~'U = (op~!,1) is normalized. The normalized module p~1U is
called a derived module of U. Let D(U) denote the set of all derived modules of U,
i.e., D(U) = {p~'U|p is a convergent of U}.

(14) IfV € D(U), then U ~ V. Thus if D(U)ND(V) # <, then U ~ V.
Conversely, suppose U ~ V,say AU =V, A € K*. The relation A\p = o establishes
a one-to-one correspondence between the convergents p of U and the convergents ¢
of V and p~'U = 0~!V. Thus D(U) = D(V). In particular, given modules U and
V, either D(U) = D(V) or D(U)N D(V) = & according as U ~ V or not.

(15) By an argument similar to the one given in [2], we can show that D(U) is a
finite set for any module U and such an argument indicates how to find all members
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of D(U). In this paper we shall accomplish this by means of a continued fraction
algorithm, which is more efficient.

(16) Given a module U, let Oy denote its coefficient ring; Oy consists of w € K
such that w¢é € U for all € € U. Oy is a module and 0 C Oy C Ok, whereOk is
the ring of integers of K. If U ~ V, then Oy = Oy. Given A € K*, AU = U iff
A€ OF. If A€ OfF, then as p ranges over the convergents of U, so does Ap.

(17) Given convergents p and o of U, call p >~ o if A\p = o for some A € Of.
We have p ~ o iff p~1U = ¢71U. Thus the set D(U) of derived modules of U is
equivalent to the set C(U) of equivalence classes (under =) of the convergents of
U. Given convergents p and o of U, call p = ¢ if ¢p = o for some root of unity ¢ in
OF - A root of unity in Of is usually a 4th root of unity, i.e., in 0%, but it could
be an 8th root or a 12th root of unity. We assume that given convergents p and
o of U, recognizing if p = o is instantaneous. If p = o, then |p| = |o| (and hence
|p'| = |o’|). But since p and o are not necessarily integers, it is possible that p % o
and |p| = |o| (cf. Example 3 and (35)).

(18) Our main objective in the rest of the paper is to show that C(U) is finite
and to see how we can systematically obtain a complete set of representatives of the
equivalence classes in C(U). We are going to develop a continued fraction algorithm
for these purposes. We start with a simplest version. Such an algorithm has an
independent interest of its own (cf. [4, pp. 181-188]).

(19) Given a € C, let [a] denote the element p € O such that o — p is in the
square

—%<z§% and —%<y§%
of the complex plane. Given a € C, put ag = « and having defined «,, for some
n > 0, put p, = [a,] and an4+1 = 1/(an — pn) provided a, # pu, ie., a, ¢ 0.
Note that |a,| > /2 for n > 0. It is easily verified that o, € O for some n > 0 iff
acF.

(20) Given a € C, let p,, be as in (19) and put

Pn:<”1" 1), Ao=1I and A, =PyP - P, ;.

0
a Ap—1
A — n n ,
" <bn bn—l )
where a,, and b,, are given by the recursions ag = 1, a1 = po, An+1 = AnDn + An—1,
bp =0, by =1, bpy1 = bupn + bp—1. Since det P, = —1, det A, = (-1)". In

particular, (a,,b,) = 1.
(21) From the definition of a,, and p, in (19), we have

P,,:lan = Qn+1 and 13,"’_1 (aln> = a;}H <a77i+1).

Then we verify that

Thus
Ala=a, and Al <(:> = (o an)”t <a1")

By looking at the second component of the second equality above, we get that
an—bpa = (=1)"/(a; -+ - ). Since |a,| > /2 for n > 0, it follows that |a, —bpa| <
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1/4/2". In particular, for a ¢ F,

. a .
lim = =¢ and lim b, = co.
n—oo n n—oo

(22) LEMMA. With o, and b, as above for a & F, |by/(a;1 - an)| < V2 +1
for allm > 0.

PROOF. By looking at the second component of the equality

e -(%)

we get that a; - - a, = byay, + by—1, and hence
|bn/(a1 ce O‘n)l = Ian + bn—l/bnr‘l-

Call n > 0 good if |byp| > |bp—1|. Since by =0 and by =1, n = 11is good. (It can be
shown that all n > 0 are good but we do not need this. In any case since b, — oo,
there are infinitely many good n’s.) If n is good, then

Ian +bn—1/bnl Z lanl - lbn—l/bn| > \/i - 1,

and hence

lbn/(@1 - an)| < 1/(VZ—1) = V2 + 1.

Suppose n is bad. Take the largesi good k < n. Then since n,n —1,...,k + 1 are
bad, |bn| < |bn-1]| < -+ < |bk|, and hence

bn bk bn
al...an al--.ak bkak+1...an

< (\/§+1)

(23) THEOREM (PERIODICITY). Given a € C — F, o4y = oy for some k
and l with I > 0 off a s quadratic over F.

bn <V24+1.
b

PROOF. Suppose ak+; = ak, ! > 0. Then with A=PFPg  Pgy—1 = A;lAk_H,
o = Aak4r = Aak. Thus ai is quadratic over F. Since a = Agax, o is quadratic
over F also.

Conversely, suppose « is quadratic over F, say da’® —ea+c = 0, where d, e,c € O
and dc # 0. Put C = (5, _zc). Then Ca = a. Since a = Apon, A CAnan = ap.
Computing

-1 [ en  — 2

modulo 1, we get that
dn, = daf, — eanb, + cbf, and ¢, = —dnp_1.

Put a, = b,a + 6, and substitute this into the expression for d,, above. We get
that d,, = (2da — €)bn, + d62. By (21) and (22), |bnés| < V24 1 and 6, — 0 as
n — o0o. Thus d,, are bounded by a constant (depending only on a). Then so are
Cn. Since €2 — 4d,,c, = €? — 4dc, e,, are bounded also. Since d,a2 — enay, + ¢y =0
and d,, e,, ¢, are bounded, we conclude that there are only a finite number of
distinct a,. Thus ak4; = ax for some k and [ with | > 0 (cf. [4, p. 185] for another
proof).
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(24) Let a be quadratic over F and suppose aj1; = ag, ! > 0. Then |a, —of,| >
V2—1foralln>k.

PROOF. Let the notations be as in (23) and put A = e? — 4dc. Then o, =
(en +V/A)/2d,, for all n > 0 (with dg = d, eg = € and ¢y = ¢) and hence a,, — o/, =
VA/d,. Since 2do — e = VA, d, = /Ab,6, + d62. Since |b,6,| < v/2+ 1 and
Op = Qpim for all m > k and m > 0 and 6, — 0 as n — o0, we get that
|dn| < (V2 + 1)|v/A] for all n > k and hence

o — ap| = [VA/da] 2 1/(V2+1) = V2~ 1.

(25) Given @ € K—F, put U = (a, 1). By means of the simple continued fraction
algorithm developed above, we can find a unit A € O;f such that [A| > 1. In fact,
compute a,, until we get ax1; = ak, | > 0, and consider U, = (ay,,1). Since A, €
GL2(0) and A, (%) = (a1 on)($), Un = (a1 an)U. In particular, U, ~ U
and Oy, = Oy. Put A = ag41- - ok Then [A| > 1 and AUy = Uk4; = Ux and
hence A € 0. (But A may not be a fundamental unit of Op.)

(26) Given a module U, the norms (over F) of the convergents of U are bounded.

PROOF. We may assume that U = («a,1). Let p be a convergent of U. If |p| > 1,
then take A € O such that [Ap| < 1 (cf. (25)). Then o = Ap is a convergent of U
such that o] < 1. Since [NA| =1, |[No| = |[Np|. Thus we may assume that |p| < 1.
Let a,, and b, be as in (20) for « and consider the elements &, = a, — by of U.
Since &, = (—1)"(a1 -+~ o)~ (cf. (21)) and |a,| > V2, &, decreases to 0. Take
n > 0 such that

1€nl < lpl < [€n—1] = &l |anl.

Since &, € U and p is a convergent of U, |p/| < |&,|. Thus |[Np| < |[N&||an|.
Since only a finite number of «,, are distinct, |a,| are bounded. On the other hand,
N¢&, = (Nap--- Nay)~t. With the notations as in (23), d,a2 — epan + ¢ = 0,
and hence Na,, = ¢,/dn. Since ¢, = —dn_1, Nay -+ Na, = (-1)"dd;!. Thus
N¢, = (—=1)"d,d~! and these are bounded. (A modification of the argument used
in (11) of [2] gives another proof of this result via Minkowski Theorem.)

(27) Given cg > ¢; > 0, the number of convergents of U such that ¢; > |p| > 1
is finite.

PROOF. Choose ¢y > 0 such that |Np| < ¢o for all convergents p of U (cf.
(26)). Let p be a convergent of U such that co > |p| > ¢;. Since |p||p'| < co,
|p'] < colp|~! < cocy!. Since there are only a finite number of elements ¢ of U such
that |¢] < ¢z and |€'] < cocy? (cf. (12)), we get the result.

(28) THEOREM. For every module U, the set C(U) s finite (cf. (17)).

PROOF. Take A € Off such that [A| > 1. Given a convergent p of U, take n € Z
such that |A|"~! < |p| < |A|*. Then |A|~! < |pA~"| < 1. Since pA™" =~ p, we get
the result by (27).

(29) We now turn to the problem of finding a complete set of representatives
of the equivalence classes in C(U), where U = (a,1). First of all, we have to find
a convergent of U to get started. Let o = (e + v/A)/2b € K, where b,e € 0.
If ¢ = ya—z € U, then y = (b/VA)(§ — ¢). Thus if |¢] < 1 and |¢'| < 1,
then |y| < 2|b|/|vVA|. In particular, if 2|b| < |v/A|, then y = 0 and 1 must be a
convergent of U.
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(30) Suppose 2|b|/|v/A| > 1 but not too large (cf. (32)). Let y range, in some
convenient order, over the nonzero elements of O in the first quadrant (including
the real axis but not the imaginary axis) such that |y| < 2|b|/|v/A|. For each y,
choose z € O such that |ya — z| < 1 and compute |yo/ — z|. If |yo/ — z| > 1 for all
y and z, then 1 is a convergent of U.

(31) Assume that for some y as in (30), there is an z € O such that

lya —z| <1 and |yo' —z|< 1.

For each y for which such an z exists, choose = such that |ya’ — ]| is least. There are
at most two choices for such z, and if so, they differ by 1 or 7, and choose the one
of smaller modulus for the sake of definiteness. List the elements { = ya — x thus
chosen as &1, &2,..., & so that |&1] > |&] > -+ > |&|. If there is an ambiguity in
this order, i.e., if two or more ; have the same modulus, then order them according
to the given ordering of y’s. If [{1] <[] for all 7 > 1, then & is a convergent of
U. Suppose [£1] > [;| for some j > 1. Then take the first such j and consider the
list &j,..., & and repeat, i.e., if [£}| < [&;] for all k > j, then {; is a convergent of
U, etc.

(32) In case 2|b|/|v/A| is large, the method of finding a convergent of U described
in (30) and (31) is tedious and unsatisfactory. This is where the result of (24) comes
to the rescue. Compute o, as in (19) until we get ax4; = ak, [ > 0, and consider
B = o, and V = (3,1). With the notations as in (23) and (24),

2ldel/|VA| =2/16 - 8] < 2 (\m 1).

Thus we can find a convergent o of V as in (29), (30) and (31) without much
trouble. (It is likely that 1 is a convergent of V.) Let

ar  Gkg—1
AL =
k (bk b1 )

be as in (20) for « and put v = ay — bga. Then U = (o, 1) = (by—100 — ag—1,7) =
~{B,1) = AV. Thus ~o is a convergent of U.

(33) We now have a way to find a convergent p; = p — qa of U = (o, 1). If
p1 = 1, then put Q; = I. In any case, find r and s € O such that ps —gr = 1
and put @y = (Z :) Although it does not matter how we find such r and s, one
definite way to find them is to apply the simple continued fraction algorithm to the
“rational” element 3 = p/q € F*. Compute a, and b, as in (20) for 3. Then we
arrive at k > 0 such that qay — pbx = € € 0%. Put r = ¢~ lay and s = ¢~ 1b;. Put
oy = Ql_la and U; = (ay,1). Since Ql_l(ol') = pl(o‘l‘),

@ (7)=r(5) it =i

Since p; is a convergent of U, 1 is a convergent of Uj.

(34) LEMMA. If1 1s a convergent of U = (o, 1) and € = yo — z 18 a primative
element of U such that |€] < 1 and |y| > 2, then U contains a nonzero element 3
such that |B| < 1 and |B'| < |€'|.

PROOF. Let £ = ya — z be a primitive element of U such that |£| < 1 and
ly] > 2. Choose p € O such that @ — p| < 1 and |&/ — p| is least. Since 1is a
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convergent of U, |a' —p| > 1. Choose € € O* such that 3 = e(a — p) is in the first
quadrant. Consider the half-planes
Hi:Re(z) <3, Hx:Im(z) <3, Hs:Re(z)+Im(z) <1
By the choice of p we have the following implications:
If |8 —1| < 1, then §' € H;.
If |8 -4 < 1, then 8’ € H,.
If |8-1—-1] <1, then 3’ € H;.
Let A:|z| > 1. Since 3 is in the first quadrant and |8] < 1, there are five cases:
(i)|B-1<land|B—-1 <1 put B=ANH;NH,.
(i) |f—=1>1and |#—1—1 < 1: put B= AN H,NHs.
(ili) [B—1/>1and |[8—1—1¢ > 1: put B= AN H,.
(iv) |[B—¢>1and |[—1—1] <1: put B=ANH;NH;.
(v)|B—4>1and |f—-1—1>1: put B=ANH;.
Since € is primitive, (z,y) = 1. Since |£] < 1, ja—zy~!| < |y|7!. Putr = [p—zy~
The inequality

ll.

|2 —epl > |yl |z — exy™| = |yz — exl

on z defines a disk D of radius 7/[y|/(Jy| — 1) with the center c on the line through
ep and ezy~! so that exy~! is between ep and ¢ and |ezy™! —¢| = r/(|Jy| — 1).
Since |y| > 2, in any of the five cases above, if B is defined as indicated, then we
see that (B + ep) N D = . Since €/ € B + ¢ep,

18| = lea’ —ep| < |ya’ —z| = |¢'].

(35) Although it is possible for U to have two convergents p and o such that
lo| = |o| and p # o, if p, 0 and 7 are convergents of U such that |p| = |o| = |7|,
p# o0 and p ¥ 7, then 0 = 7. In fact, by considering p~!U, we may assume that
p=1. Let 0 and 7 be convergents of U such that |o| = |r| =1, 0 ¥ 1 and 7 ¥ 1.
Put ¢ = ya — z. If |y| > 2, then there is 8 € U such that 8 # 0, || < 1 and
|6'| < |o’'| =1 by (34), which contradicts that 1 is a convergent of U. Thus we
may assume that 0 = a — z or 0 = (1 + ¢)a — z. Similarly, we may assume that
T=a—-yor7=(1+7)a—y for somey € 0. Since o] = |r| = 1, if 0 # 7, then
we get that a € O or a € O + ¢ for some 12th root of unity ¢. Since a ¢ O, we get
that o and 7 are 12th roots of unity, and hence o = 7.

(36) Having chosen a convergent p; of U = (a, 1), we are going to choose con-
vergents pz, p3,... of U so that |p1]| > |p2| > |p3| > ..., pn % pn+1 for any n > 0,
at most two py,’s have the same modulus, and if p is a convergent of U such that
|pil > |p| > |p;| for some j > i > 0, then p = p,, for some n, max{1,7—1} < n < j.
(The possibility that p = p;_1 occurs only if |p;_1| = |p;| = |p| and ¢ > 1.)

(37) Suppose we have found convergents py,...,p, of U = (a, 1) satisfying the
conditions stated in (36). We have done so for n = 1 (in which case the various
conditions are vacuous). Moreover, assume that we have matrices A4,,...,4, €
GL2(0) of determinant 1 such that with 4, = (‘;: fi: ), Pn = Gn —bpa. Forn =1,
A1 = Q1. (The meanings of a,, b, and A,, are now different from those in (20).)
Put a, = A, a and U, = (an,1). Since A7L(S) = pn (%),

A, <a1"> =p;t (‘;) and U, = p,;'U.
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Since p,, is a convergent of U, 1 is a convergent of U,.

(38) To find pp+1, choose p € O such that |a, —p| < 1 and |a}, —p| is least. There
are at most two choices for such p, and if so, choose the one of smaller modulus. If
n > 1 and |p;; 1pn—1| = 1, then make sure that |a, — p| < 1. Choose ¢ € 0* such
that

an—-p~1—i—i g% and c=a;—p—1+ is least
and put
_Jp—on if v2¢ > |aj, - pl,
I TN A i)pte— (L+d)an if Ve < |a, —p|,

and then put pn4+1 = pronst1-

(39) To see that pp+; produced in (38) is a next desired convergent of U, we
claim that, if £ is a primitive element of U, such that |{| < 1 and |{'| < |oy,44],
then £ = 1 or £ = plp,—1 (only if n > 1 and |pp_1]| = |pn|). In fact, let ¢ be
such an element, say £ = yo, — z. If |y| > 2, then there is 8 = a, — g € U, such
that |8] < 1 and |3'| < |€'| by (34). Since |¢'| < |o},41| < |oy, — p|, this contradicts
the choice of p in (38). Thus |y| < 2, and we may assume that £ = a, — z or
& = (14 7)oy, — z. First suppose that £ = a, — z. If || < 1, then [¢'| > |, — D
by the choice of p. But since |aj, — p| > |07, 4/, this is impossible. Thus |¢| = 1.
Suppose { 1. f n=1o0rn > 1and |pp—1| > |pn|, then since |¢'| =1, { Z a, —p
by the choice of p and 041 = o — p. But since [¢| < |0}, |, this is impossible.
Thus n > 1 and |pn_1| = |pn|- Then since |p; pn—1]| = |€] = 1 and p;lpn-1 # 1,
€= p-1p,_1 by (35). On the other hand, if £ = (1+1)ay, — z, then it contradicts
the choice of € in (38). This proves the claim.

(40) Let & be any element of Uy, such that |¢| < |on41| and [€'] < |0y, 44| If
& # 0, then we may assume that ¢ is primitive. Since |op+1| < 1, [ = 1 by (39),
which is absurd. Thus £ = 0 and 0,41 is a convergent of U,, and hence p,1 is
a convergent of U. Clearly, |pn| > |pn+1|- Since 1 ¥ ony1, pn # Pnt+1- fn>1
and |pn—1| = |pn|, then 1 > |o,41| and |pn| > |pni1]- Let p be a convergent of
U such that |p;| > [p| > |pj|, 0 < i < j < n+1. To see p = pi for some k,
max{1,7—1} < k < j, we may assume that |p,| > |p| > |pn+1|- Then £ = p;lpisa
convergent of Uy, such that 1 > |{| > |op41]. Since £ is a convergent, |¢'| < |07, {].
Thus by (39), £ = 1or ¢ = p;1p,_1, and hence p = p,, or p = p,,_;. This completes
the proof that p,41 is a next desired convergent of U.

(41) Put
_[p -1 p T
Q”+1’<1 0 ) or <1+z' 1)

according as op41 =P — @y or p— (14 7)ay,, where r = (p — 1)/(1 + 7). Note that
in the second case, since (p,1+1) = 1, 1 +4 divides p—1 and r € 0. In either case,
det Qn+1 = 1. (Qny1 is rarely of the second type.) Put

Ant1 = AnQny1 and any1 = Qntion = AL} 0.
Since Qr_mltl (aln) = ‘7"+1(a"1+1)’
- [ _ 1 _ o Qp+1
n-l1—1<1> =Qni1Anl<1> =ann-}—1< 1") =pn+1< n1+ >’

and hence pp41 = apt1 — bntrcn
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(42) We now have a way to generate a sequence of convergents p1, p2, p3, ... of
U = {a,1) satisfying the conditions stated in (36). Moreover, corresponding to
these convergents, we have matrices Q1,Q2,Q3,... € GLs(0) of determinant 1
such that, for each n > 0, if

= an Cn = oo
An—' <bn dn) —Ql Q’n7

then p, = @, —bna so that, with a, = A7 a, 4, (%) = p1($) and Uy, = (0, 1) =
pn U € D(U).

(43) Since D(U) is finite by (28), U;41 = Ui for some | > k > 0. Let [ be the
least such integer. Then we claim that k = 1. In fact, put A = pkpl;ll. Since
pitU = U = Uiy1 = pi iU, U = AU and X € 0. Since |pk| > |pigal, [A] > L.
Since A € Ok, if |A\| = 1, then ) is a root of unity and px = pj+1. Thus |A| > 1.
Given a convergent p of U, choose n € Z such that |px| A" > |p| > |pi] |A" L.
Then

okl > 1pA™" > oA~ = |prgal-

Thus 0 = pA~™ is a convergent of U such that |px| > |o| > |pi+1], and hence
p =0 = py, for some n, max{1,k — 1} < n <[ In particular, taking p = p1, we get
that p; = pn, and hence U; = U, for some n < [. Thus n = k = 1 by the choice of
l.

(44) Let I be the least integer > 0 such that U;+; = Uy, or equivalently p+1 =~ p1
or ay41 = o1. In choosing a convergent 042 of U1 to get pi42, since Uy = Uy,
it would be nice if we can choose 0,42 = 02 so that the sequence p1, p2, p3, ... looks
like

Pl’---,plv/\Pl,--~a/\Pl,)\2P1»---a

where A = pl+1p1_1 € O7F. If |pt| > |pi+1] or 1 > |o2|, then we can choose 0712 = 3.
But suppose |pi| = |pi+1| and 1 = |o2|. Then oo = pl_+11pl by (35) and we cannot
choose o9 as 0;42. This anomaly can be easily remedied by skipping p;. This
amounts to taking oy0141 as o7, Q1Qi+1 as Q; and [ — 1 as [. If this is done, then
we can take o2 as oy4o. This situation is well illustrated by Example 3 in the
Appendix. The least integer [ > 0 such that U;1; = U; (after the adjustment
above if applicable) is called the period of U or of a. From the discussion in (43),
we get the following theorem.

(45) THEOREM. If! is the period of U, then {p1,...,p1} is a complete set of
representatives of the equivalence classes in C(U) or equivalently

D) ={Us,...,U},  Un=an1).

(46) THEOREM. Ifl is the period of U, then Ao = pi+1p7 " 45 a fundamental
unit of Off, i.e., every A € O 1s uniquely of the form X = A3¢, where n € Z and
¢ 18 a root of unity.

PROOF. Given A € Of, choose n € Z such that
lo1] 2 [p1AXG ™ > loa| A7 = |pigal-

Since p1AAG ' = p1, p1ANG™ = py and Ao ™ = ¢ is a root of unity. The uniqueness
is clear.
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(47) Here is a summary of the procedure for deciding if A ~ B for given A
and B € M(f). First compute a = ¢(A) and o, as in (33) and (42) until we get
ay41 = oy for the first time. Next compute 3 = ¢(B) and §; for 3 as in (33). Then
A~ Biff ; = a, for somen, 1 <n <L

(48) Given A and B € M (f), suppose that A ~ B so that 8; = a,, 1 <n <,
as in (47), say B1 = €an +c¢, € € 0%, c € 0. Compute A, for a = ¢(A) and
By (= Q1) for 3 = ¢(B) and put

€ C —
RlzBl (0 1)An1

Then R; € GLy(0) and Rya = 3, and hence RyAR;! = B.

(49) Given A, put Z(A) = {R € GL2(0)|RA = AR}, the centralizer of A in
GL3(0). Z(A) is a subgroup of GLy(0). If RiAR; ! = B, then the coset R;Z(A)
consists of those R € GL2(0) such that RAR™! = B.

(50) If @ = ¢(A) and U = (e, 1), then Z(A) is canonically isomorphic to Of .

PROOF. Let R € Z(A). Since Ra = a, R($) = A($) for some A € K*. Then
U = (a,1) = (A, A) = AU and hence A € Off. This defines a map R — \: Z(A) —
O, and it is clear that it is a homomorphism. Suppose A = 1 for the image A of
R € Z(A). Then R($ O{) = (9 "i'), and hence R = I. Thus the map is injective.
Let A € 0. Then U = AU = (Ae, A), and hence there is an R € GL2(0) such that
R(§) =A(). Then Ra = o and R € Z(A). Thus the map R — X is onto O} .

(51) Let I be the period of o = ¢(A), say ay41 =eag +¢,e € 0%, c€ 0. Put
Ro=Ai1(§ $)AT". Then Ry € GL2(0) and

_ € a _ a _ a a
R0<(;> = py ' Aig (0 i) (;) =p; 1Al+1< lfl) =p; 1Pl+1<1> = /\0<1>-

Since Ao, together with a root of unity ¢, generates O;f by (46), in view of (50), Ro

together with an element of order 4, 8 or 12 corresponding to ¢, generates Z(A).
(52) As a final remark, let us apply our method to find a fundamental unit of

Ok, K = F(V/A), where A € 0, A #0,+1, A is square-free in 0. Put r =1 —4

and

VA if A=0 (modn)or A = +: (mod?2),

(1+VA)/r  if A=+1+ 2 (mod4),

(1++vA)/2  if A=1 (mod4),

(1+v=-A)/2 if A=-1 (mod4).

Then Ok = (a,1). The proof of this is a straightforward exercise and is left to the
reader. Clearly Ok is the coefficient ring of the module Ox. Thus by finding the
convergents of Ox we get a fundamental unit of Ok via (46).

Appendix. Reducible case.

(1) We shall summarize the results for the case when the characteristic poly-
nomial f is reducible over F'. Since the proofs are straightforward, we shall omit
them. Put f(t) = (t — e1)(t — e2), where e; and ey € 0.
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(2) Given A € M(f), we can find R € GL2(0) such that

RAR ' =% ©
0 €2 !

where a is in the first quadrant (including the real axis but not the imaginary axis).
(3) Suppose 1 = ey = e. If a and b are in the first quadrant and (§ ¢) ~ (& ?),
then a = b.
(4) Let A = (8 ¢). If a = 0, then Z(A) = GL3(0). If a # 0, then Z(A) is

generated by (5 1), (5 1)s (6 9)-
(5) Assume e; # ep. Put e = e; — eg. Given a € 0, we can find R € GL3(0)

such that
€1 a -1 _ €1 r

where (i) 7 = 0, (i) r/e = (14¢)/2 or (iii) 0 < Re(r/e) < 1 and 0 < Im(r/e) < 3.
(6) If a/e and b/e are in the quarter square in the sense of (5) for r/e and

(% &)~ (% 4) thena=b.

7) Let a/e be as in (6) and A = (¢ “2) Then Z(A) is generated by
(1) ( ) ( %) ifa/e=0,

(ii) ( ) ((1) _1 ) ifa/e=1/2,

(iii ( z) ( 1) ifa/e=(1+1)/2,

)
(iv) (§ 9) otherwise.
EXAMPLE 1.

A [16+33 17+6T p_ [26+6li 145
"4+ 14 154300 ) - 7 5+2 )

The characteristic polynomial of A and B is f(t) = t* — (31 + 63:)t + 1 and its
discriminant is A = —3012 + 3906¢.

1+3i+ VA _2145% + VA

a=0A) = gy A=0B) =g

Computing @, and o, = Q;; 'a,_; for a, we get

I, a; = Q,

2 o = 234531+ VA
1 2T (25— 1m)

_254+4Ti+ VA
1 BT @)

_ —1+55+VA
 2(13-561)

Il

1
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Q.= (! 1 =254 57i+ VA
5=\ 1 ’ T TR0 5)

(—1+2i —1 ~13+ 6% + VA
Qe = =

1 0 ) T Ta5-20)

-1 -1 _BF3Li+VA
1 o0/’ TT 211+ 140) T

On the other hand, #; = § and this is not = to any «,. Thus A » B. Note that
computation gives

4+8 -1 35+ 53i + VA
Q2=< ’ >, B2 =

1 0  2(51-Ti)
for 8 and the next convergent of (32, 1) after 1is (1 +14)82 — ¢ (cf. (38) and (41)).
EXAMPLE 2.
A= 16 +33: 17+ 6T: B— 72+85% —5-—2%
S\ 11+ 14 154+30¢ ) S \176-T¢ —41-227 "

This A is the same as in Example 1 and the characteristic polynomial of B is the
same as that of A.

113+ 107 + VA 0 -1 —113 - 107 + VA
p=9B)= 2(176 — 7i) ’Bl_<1 0)’ pr = 2(5 + 29)

for 8, and we recognize that 3; = as, in fact, 8 = —ias + (-3 +¢). Thus A ~ B.
Now compute (cf. (42))

A5 = Q12:Q5QuQs = ( o, 14;””"),

mem (30 )= (0 e
We have Ry AR ! = B. Noting a7 = a; + 1, we compute (cf. (51))
= ( - 16— 33 —1—341‘.)’
—11-141 —-4-16:
R Y L (e B
Thus Z(A) is generated by A and ¢I and we get all R € GL2(0) such that RAR™! =

B. In view of (50), the eigenvalue of A, A = (31 + 63 + v/A)/2, is a fundamental
unit of Oy, where U = (a, 1).

EXAMPLE 3.
144 -5
A_(2+4i —3—i>’

f@) =1 — (=243t + (—19 — 30), A=T1,
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011 o =g LEHHVA
T PR

o0 = a; — 1 is a convergent of U; such that |[o| = 1 and ¢ % 1. Take o2 = o (cf.

(38)).
1 -1 3+ VA
Q2=<1 0)» a2=m, Ay = Q2.

, Ai=1

0 = ay is a convergent of U such that |o| = 1 and 0 % 1. But since 0, ' = —0,
03 # 0.

-7 -1 8+i+ VA -1-7 -1
Q3_< 1 0 >7 a3 = 2 3 A3_< . _1>7
0.=(8 ! o _8—i+VA A 98 14
7\1 o ) fTR(=2-4) Tl -1-8& 1 )
o = a4 — 1 is a convergent of Uy such that |o| =1 and o ¥ 1. Take 05 = 0.

0.1 =1 e o “HEVA L [0-8 948
7 \1 0 )0 TPT 224y P\ 8 1+8& )

0 = as is a convergent of Us such that |o| = 1 and o % 1. But since o5 ' = —o,
06 # 0,
o= (! ~1) . _4-5i+vVA [ 18 -9+
= \1 o )0 T T2(=m) 0 P \o+8 -8 )
o=t ~1) _6+5i+VA [ -0+26 18
Tl ) T (=3 =3 T 1649 —9-80 )

0 = a7 + 1 is a convergent of U7 such that |o| =1 and o # 1. Take 03 = 0.
0s— [~} 1 _i+VA [ —9-26i 9-26
5=\ 1 o )0 *TeE—my T\ r-1m 16-9 )

0 = ag is a convergent of Us such that |o| = 1 and o % 1. But since 08_1 = —o,
09 # 0.

o[ 1 pe o 8EBIHVA (35350 9+26i
° {1 o ) T Ta(=s) P\ 38-2% —741T )

0w=["1 “1) . _A-5i+ VA [ -26+6li —35+35
Ve 0 T T2y T 404190 —33420 )

0 = ajo +1 is a convergent of Ujg such that |o| =1 and o ¥ 1. Take 017 = 0.

Ou = -1 -1 =3+ VA A [ 26+61  26-6l
=V o0 0 M Toaray M T\ —1a442 40-19i )
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We note that a1 = a1; a;; = —iay +4. Since |o11| = 1 and |og] = 1, 02 = o7}
(cf. (44)). Thus we take 019011 as 10 and take Q10Q11 as Q1o:

Ow=| "1 “Y)[—F o -t o = T3 VA
R U T 1 o)\ -1 -1) 107 9(C4 + 20)

A _ [ 26+6lL  26-6Li
0=\ —14+42 40-19 )

Since a9 = —tay + 1,
B —i 4\, [61-26i —35—35
RO—A“’( 0 1)A1 - <42+14i -2-33% |’
and Z(A) is generated by Ry and ¢[.
EXAMPLE 4. A = 71, K = F(\/71). Since 71 = —1 (mod4), with o =

(14++v/=T1)/2, Ok = (o, 1) (cf. (52)). Compute Q,, a, and A,. (In this compu-
tation, we encounter convergents o of some U, such that || =1and 0 % 1.)

leI, a; = «Q, A1:I7
4 -1 —1+8i++/—=T1

Q2—<1 0 ), az——w—y Az = Q2,
0= -1 “') .  =3+4/-T1 A -1—4i — 4
V1 0 ) TP 22+ 4) 3= -1
o= (i 1 P Bk ek Vi [ 4-5 1+4z

S T 4 2(=51) -1 ’
0= -1 “1) . 5460+ /71 [ —34+9% —4+45
STl 0 0 TP (=343 T\ 244 1+1 )’
Os— [~ ! o = LHVETE 3 5+8z 3-%

=\l 1 o )0 TP 2(=3-3) “l2-d —2-4)
o= (-t =4 . 5460+ /=71 B —2—172 —5—8
7= 1 0 ) 7 — 2(_5) ) - —2+Z y
Oe= ([ =% 1 e = B4 VT [ -22-6 24176
8=\l o ) BT T4+ "\ —2+4m 4 )
0o= (! ! e = 3V —20+ 117 22+6i
°=1l1 o ) ST (4 - 20) 245  2-50

2(7) T-T7 —2-5

a1p = ag; ajp = —tay + (4 +1). Since p; = 1, p1o = (33 +261) — (7T — Ti)a is a
fundamental unit of Ok (cf. (46)).

-7 -1 —1+8++v/-T71 33+267 20— 112
Qo = y 0 = ————, Ajg = . . ],
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