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ABSTRACT. Let X and Y denote real Hilbert spaces, and let L: X --> Y be a closed 
densely-defined linear operator having closed range. Given an element y E Y, we 
determine least squares solutions of the linear equation Lx = y by using the method 
of regularization. 

Let Z be a third Hilbert space, and let T: X --> Z be a linear operator with 
~(L) c:::: ~(T). Under suitable conditions on Land T and for each a "" 0, we show 
that there exists a unique element Xa E ~(L) which minimizes the functional 
Ga(x) = IILx - yII 2 + a2 11Tx112, and the Xa converge to a least squares solution Xo 
of Lx = y as a --> O. 

We apply our results to the special case where L is an nth·order differential 
operator in X = L 2 [a, b J, and we regularize using for T an m th·order differential 
operator in L2[a, bJ with m.,;; n. Using an approximating space of Hermite splines, 
we construct numerical solutions to Lx = y by the method of continuous least 
squares and the method of discrete least squares. 

I. Introduction and general theory. 
(A) Introduction. The method of regularization we introduced by Phillips [24] and 

Tikhonov [28, 29] as a means of overcoming instabilities of numerical computations 
for first kind integral equations. More recently, Locker and Prenter [19, 20] have 
examined regularization in a general Hilbert space setting, applying it to first kind 
integral equations while regularizing with differential operators. Other work of 
Locker and Prenter [21] involves regularizing ill-posed two-point linear boundary 
value problems using the identity operator. 

Throughout this paper we let X and Y denote real Hilbert spaces with inner 
products ( , ) and norms 1111, and we let L: X ~ Y be a closed densely-defined linear 
operator having closed range. Given an element y E Y, we want to determine least 
squares solutions of the linear equation 

(1.1) Lx =y 

by using the method of regularization. 
To introduce regularization, let Z be a third Hilbert space and let T: X ~ Z be a 

linear operator with !?2(L) <;;; !?2(T). For each real number a -=1= 0 let G{J/ be the 
functional defined on !?2 (L) by 

2 2 G{J/(X) = [[Lx - y[[ + a2 [[Tx[[ . 
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Under suitable conditions on Land T there exists a unique element x" E ~(L) 

satisfying 

(1.2) X E ~(L), 

and the x" converge to a least squares solution of (1.1) as 0: --> O. 
In the following exposition many well-known results regarding regularization are 

given. Most are included in §I, where we establish the general theory of regulariza-
tion. In §II we study regularizing linear boundary value problems using similar 
differential operators, and in §III we examine regularization in a discrete setting. 
These two sections represent the principal contributions of this paper. 

§I follows the work of Locker and Prenter [19, 21] by making appropriate 
assumptions on Land T, the regularizing operator, and by viewing regularization as 
a least squares process, an idea introduced and outlined by Nashed [23]. For each 
real number 0: =1= 0 we establish the existence and uniqueness of the regularized 
approximate solution x"' and show that the x" converge to a least squares solution 
of (1.1) as 0: --> o. The technique employed to establish error estimates is the 
alternative method, surveys of which have been given by Cesari [4, 5] and Hale [10]. 
The special form of the alternative method used in this paper was developed by 
Kannan and Locker [13]. The rate of convergence will be shown to be of order 0: 2 , 

which is in contrast to the rate of convergence of order 10:1 obtained by Ivanov [12] 
with T = I, the identity operator. 

In §§II and III we let L be an nth-order differential operator in X = L2[a, b], and 
we regularize using for Tan mth-order differential operator in L2[a, b] with m :s;; n. 
Using an approximating space of Hermite splines, we construct numerical solutions 
to (1.1) by the method of continuous least squares in §II, and by the method of 
discrete least squares in §III. 

In both sections we establish error estimates by first showing superconvergence at 
the knots of the partition associated with the spline approximating space. This is 
known to occur with Galerkin approximates to particular two-point boundary value 
problems [9]. Developments in both sections extend work of Sammon [26] and 
Locker and Prenter [18] in a well-posed setting. The discrete least squares analysis in 
[18] is an alternate analysis of the method of collocation applied to well-posed 
ordinary differential equations, which was done by deBoor and Swartz [8]. Ascher [1] 
has studied discrete least squares together with Gaussian quadrature in a well-posed 
setting. The analysis is relatively complicated, but it allows for a more general spline 
approximating space than the Hermite splines used here. 

An outline of §II follows: Part (A) describes the mathematical setting and 
introduces x"' the (continuous) least squares approximate to x" which is selected 
from a spline subspace. In (F) we establish the convergence of x" to Xo = L"y, a 
particular least squares solution of (1.1). 

To develop the error estimates, we introduce in (B) the generalized inverse L + and 
list properties of the associated generalized Green's function G(t, s), which has been 
characterized by Locker in [16, 17]. This information along with appropriate adjoints 
of L and A = TI~(L), which are examined in (C), is used to establish smoothness 
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and uniform boundedness of the Xa in (D). In (E) we examine the linear operator 
Tax = (Lx, aAx), explicitly characterizing the local and global smoothness of the 
associated rep res en tors for its generalized inverse. This parallels the representor 
theory of Locker and Prenter [19, 22]. 

Because of the exact integration involved in the computation of Xa , the least 
squares approximate to Xa' the method in §II is in general impractical. This is 
readily overcome by the implementation of discrete least squares and numerical 
quadrature in §III. 

We begin in (A) of the third section by introducing xa' the discrete least squares 
approximate to Xa' proving its existence and uniqueness in (B) and (C). In (D) we 

" introduce x a' the quasi-discrete least squares approximate to x"' using it to establish 
error estimates for x" - Xo in (E). 

(B) The method of regularization. To analyze the method of regularization, it is 
necessary to work with f»( L) under two different structures. The first is the graph 
norm structure of L: 

(x, y)L = (x, y) +(Lx, Ly), 

Because L is a closed operator, it follows that f»(L) is a Hilbert space under this 
structure. We now make the following assumptions on Land T: 

(I)%(L) rI%(T) = {O}. 
(II) The restriction A = TIf»(L) is continuous from f»(L) under the graph norm 

structure of L into Z under its standard structure. 
(III) There exists a constant f3 > 0 such that IITxl1 ~ f3llxll for all x E %(L). 
The second structure on f» (L ) is the * -structure: 

(x, y)* = (Lx, Ly) + (Ax, Ay), 

From [19, Lemma 3.3, p. 509] it can be shown that ( , )* is an inner product on 
f»(L), f»(L) is a Hilbert space under the inner product ( , )* and II IlL and 1111* are 
equivalent norms on f»( L). It follows that both L and A are bounded linear 
operators from f»( L) under the * -structure into Y and Z under their standard 
structures, resp. Thus, there exist bounded everywhere-defined adjoint operators 

given by the equations 

(Lx,y)=(x,L!l:y )* and (Ax,z)=(x,A!l:z )* 

for all x E f»(L),y E Y, and z E Z. 
We get the main existence and uniqueness theorem for the method of regulariza-

tion from [19, Theorem 3.1, p. 508]. 

THEOREM 1.1. For each y E Y and each a "* 0, the equation 

L!l:Lx + a 2A!l:Ax = L!l:y 

has a unique solution x" E f»(L). Moreover, the element x" is also characterized as the 
unique element in f»(L) satisfying G,,(x,,) = infxE.@(L) G,,(x). 
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It is possible to view regularization as a least squares process, an approach 
introduced by Nashed [23]. Let us use the standard product structure on Y EB Z: 

«(u,u),(t1]) = (u,O +(u,1]), [ 2 2]1/2 
l(u,u)l= Ilull +llull 

for (u, u), (~, 1]) E Y EB Z. For each real a "* 0 let Ta be the linear operator from 
~(L) into Y EB Z defined by Tax = (Lx, aAx). From assumption (1) we see that Ta 
is a 1-1 mapping, and clearly Ta is bounded from ~(L) under the *-structure into 
Y EB Z under the product structure. Thus, Ta has a bounded, everywhere-defined 
adjoint Tatr: Y EB Z ~ ~(L) determined by the equation 

(TaX, z) = (X, Tatrz)* for all X E ~(L), z E Y EB Z. 

It follows from [19, Lemma 3.3, p. 509] that the range ~(Ta) is closed in Y EB Z 
under the product structure. Let Qa be the orthogonal projection from Y EB Z onto 
%(Tatr ) in terms of the product structure, so that 1- Qa is the orthogonal projection 
onto ~(Ta)' Let Ta+ be the generalized inverse of Ta given by Ta+ = Ta- 1(I - Qa). 
From the Open Mapping Theorem the operator T,,+: Y EB Z ~ ~(L) is bounded 
from the product structure into the * -structure. More precisely, we have 

(l.3) 

where the operator norm is taken from the product structure into the * -structure on 
~(T,,) = ~(L). 

If y E Y and if we set y = (y,O) E Y EB Z, then ITax - yl2 = IILx - yl12 + 
a 211Axl12 = G,,(x). We immediately get 

LEMMA 1.2. The element x" in Theorem 1.1 is characterized as the unique least 
squares solution of the equation T"x = y, i. e. X a = Ta+ y. 

(C) Error estimates in the * -norm for x" - V'y. Next, we establish the conver-
gence of the x" to a least squares solution of (1.1) as a ~ 0 and develop the 
associated error estimates. Let N.1 * denote the orthogonal complement of a sub-
space N in ~(L) with respect to the inner product ( , )*' and let P * and I - P * be 
the orthogonal projections from ~(L) onto %(L) and %(L).1 * = ~(Ltr), resp. In 
terms of the standard inner product on Y, let Q and I - Q be the orthogonal 
projections from Y onto %(Ltr) = ~(L).1 and %(Ltr).1 = ~(L), resp. Let VI.: 
Y ~ ~(L). be the generalized inverse of L, where we work with ~(L) under the 
* -structure and with Y under the standard structure: 

Since we are assuming ~(L) is closed in Y, the linear operator L!" is continuous 
from Y under its standard structure into ~(L) under the * -structure. The range 
~(L) being closed in Y also implies that the ranges ~(Ltr) and ~(LtrL) are closed 
in ~(L) under the * -structure, and ~(LtrL) = ~(Ltr) and %( LtrL) = %( L) [3, pp. 
481-482]. Form the generalized inverse (Ltr)!": ~(L) ~ Y, which is continuous from 
~(L) under the * -structure into Yunder the standard structure 

(Ltr)!" = [Ltrl%(Ltr).1t\I - P*). 
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Also, the operator L #L: ~(L) -> ~(L) is continuous under the * -structure, and it is 
easy to check that L#.L is symmetric, and hence, is selfadjoint. Form its generalized 
inverse K = (L#.L)/L: ~(L) ~ ~(L), which is given by 

K = (L#.L)IL = [L#.LI~(L) n %(L)-L* ]-1(1 - P *), 
and which is continuous under the * -structure. The operator K = (L#.L)/L = L/L(L#.)/L 
plays a key role in establishing the following uniform boundedness and convergence 
of the Xa [21]. 

THEOREM 1.3. The element xa E ~(L) n %(L)-L*, for each a 1= 0, and the xa are 
uniformly bounded and converge to L/Ly with rate of convergence of order a 2 as a -> 0, 
with estimates 

(1.4) 
and 

(1.5) Ilxa - L/Lyll*,;;; [¥IIKII + t]IIL/Lyll*a 2 

for ° < lal ,;;; minO, /3 /2y'2jfKIT} 
II. Regularization and nth-order linear boundary value problems with Tan mth-order 

differential operator. 
(A) Mathematical preliminaries and the least squares approximate xa' In this 

section the regularization method is applied to the numerical solution of ill-posed 
two-point linear boundary value problems. This extends earlier work [18] for 
well-posed problems. We will work in the real Hilbert space X = Y = Z = L2[a, b] 
under the standard inner product and norm, and in the subspace 

Hn[a, b] = { x E C n- 1[a, b ]lx n- 1 is absolutely continuous 

on [a, b] and x(n) E L2[a, b]}. 

Let L be an nth-order differential operator in L2[a, b] determined by a formal 
differential operator T = L7_oa;(t)(d/dty with coefficients aj(t) E COO [a, b] and 
an(t) 1= ° on [a, b], and by a set ko (0,;;; ko ,;;; 2n) linearly independent boundary 
values B1,··· ,Bko: 

~(L) = {x E Hn[a, b]IBj(x) = 0, i = 1, ... ,ko }, Lx = TX. 

Let T be an mth-order differential operator in L 2 [a, b] with m ,;;; n which is 
determined by a formal differential operator a = L'!!:obj(t)(d/dt)j with coefficients 
b;(t) E COO[a, b] and bm(t) 1= ° on [a, b] and by a set of k1 (0 ,;;; k1 ,;;; 2m) linearly 
independent boundary values C1,···, Ck1 : 

~(T) = {x E Hm[a, b]ICj(x) = 0, i = 1, ... ,kd, Tx = ax. 
It is well known that Land T are closed densely-defined linear operators in L2[a, b] 
with~(L) and~(T) closed subspaces in L2[a, b]. 

For a given function y E L 2[ a, b] we want to numerically construct approximate 
least squares solutions of the linear boundary value problem Lx = y, using T as the 
regularizing operator. In the sequel we assume that ~(L) <:;;; ~(T) with Land T 
satisfying conditions (1)-(111) of §I. 
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In our analysis we will frequently use the norm 
n-I 

on !!)(L), where 111100 is the standard LOO-norm. It is well known that !!)(L) is a 
Banach space under the norm 1111w, and 1IIIw is equivalent to the graph norm II IlL of 
L. We will refer to II II w as the Hn-norm and to the associated Banach space 
structure as the Hn-structure for ~(L). 

Note that A = TI~( L) is continuous from !!)( L) under the Hn-structure into 
L 2[ a, b] under its standard structure, and hence, condition (II) is automatically 
satisfied. Also, if condition (I) is satisfied, then T is I-Ion the finite-dimensional 
subspace % (L), implying that condition (III) is satisfied. Thus, conditions (I)-(III) 
hold whenever condition (I) is satisfied. 

Treating Land T in the setting of unbounded linear operators, the adjoints L * 
and T* exist as closely densely-defined operators given by (Lx, z) = (x, L *z) for all 
x E !!)(L) and z E ~(L*), and (Tx, z) = (x, T*z) for all x E ~(T) and z E !!)(T*). 
We know that L* is an nth-order differential operator in L2[a, b] determined by the 
formal adjoint T* and by a set of 2n - ko adjoint boundary values Bi,··· ,Bin-ko' 
and T* is an mth-order differential operator in L2[a, b] determined by 0* and a set 
of 2m - kl adjoint boundary values Ct, ... ,Ctrn-k!' Also, the product operator L*L 
is a 2nth-order differential operator in L2[a, b] determined by the formal differen-
tial operator T*T and by the set of 2n boundary values B 1,··· ,Bko' BiT, ... ,Bin-koT, 
and L*L is selfadjoint [17, Chapter IV]. 

Let P denote the family of all partitions ~ of [a, b]. For ~ E P given by ~: 
a = to < t 1 < ... < t N = b, let 

h = max (t; - t;_I) and b. = min (t; - t;-I)' 
l~i~N l~i~N 

In terms of a partition ~ we introduce the subspace 

C;·k[a, b] = {x E Hn[a, b]lx E C n + k [t i_ 1 , til fori = 1, ... ,N} 
for 0 ~ k ~ 00, which is a Banach space under the norm 

n+k 
Ilxllc;,k= L Ilx(J)lloo forO~k< 00. 

j~O 

Let Sp(2n - 1, ~, n - 1) denote the space of Hermite splines of degree 2n - 1 
having C n -1 global continuity. The cardinal basis 

<liN = { CPi)O ~ i ~ N, 0 ~ j ~ n - 1} 
for Sp(2n - 1, ~, n - 1) consists of the unique splines from Sp(2n - 1, ~, n - 1) 
solving the interpolation problems 

cP~j)(tl) = 8i/8jrn , 0 ~ i, I ~ N; 0 ~j, m ~ n - 1. 

Each x E Sp(2n - 1, ~, n - 1) has the unique representation 
N n-I 

(2.1) x(t) = L L x(J)(tJcp;/t), 
;=0 j=O 

which will be used later to establish certain error estimates. 
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Assume that the regularization parameter a * 0 has been fixed so that the 
corresponding Xa is a good approximation to the least squares solution Xo = Lily 
(see Theorem 1.3). We are going to use the method of least squares to approximate 
Xa by means of Hermite splines. Let SN = Sp(2n - 1, Ll, n - 1) II ~(L) and let 
CPl' ... ,CPM' where M = n(N + 1) - ko, be a basis for SN· 

By Lemma 1.2 we know that 

(2.2) ITaxa - 5'1 = inf ITa x - 5'1, 
xEfJiJ(L) 

or equivalently, 
(2.3) (Taxa - 5', TaX) for all X E ~(T,J = ~(L). 
Define the (continuous) least squares approximate xa E SN to Xa by the condition 
(2.4) 

or equivalently, 
(2.5) 

Combining (2.3) and (2.5) we have 
(2.6) (Taxa - TaXa' TaCP) = 0 for all cP E SN' 
or equivalently, 
(2.7) 
If we write xa = r.):lC/Pi' then from (2.6) the coefficients cl, ... , CM satisfy the linear 
system 

(2.8) 
M 

L [(LCPi' LcpJ + a 2 (ACPi' AcpJ] c) = (y, LCPi)' 
j~l 

1 :%; i :%; M. 

(B) The generalized inverse L + and the generalized Green's function G(t, s). The 
remainder of this section is devoted to establishing error estimates for xi) - x6)1, 
where Xo = LlJ.Y and j = 0,1, ... , n - 1. This will require establishing smoothness 
and uniform boundedness of the X a' and investigating the operators Ta and their 
generalized inverses and associated representors. Toward this end we introduce the 
generalized inverse L + and the generalized Green's function G(t, s) for L, and 
consider various adjoints of the operators L and A = TI~( L). 

Let L + be the generalized inverse of L given by 

L + = [ L I~ ( L) II JV ( L ) .L] -1 (I - Q): L 2 [ a, b] -> ~ ( L ) , 

where Q and 1- Q are the L 2-orthogonal projections from L2[a, b) onto JV(L*) 
and !J?( L), resp., and let G be the generalized Green's function associated with L, 
which satisfies 

L + Z ( t) = fh G ( t , s ) z ( s) ds for all z E L 2 [ a, b], a :%; t :%; b 
a 

(see [16 or 17)). For each t E [a, b) we have Gt (·) = G(t, .) E !J?(L) and 

(2.9) IIGtll:%; IlL +11, 
where we work with L + from L 2[ a, b) under the standard structure into ~(L) under 
the Hn-structure. 
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We have the following result concerning the boundedness of the operators Land 
L +. See [17, Chapter IVj. 

LEMMA 2.1. For ~ E P, 0 ~j < 00, 0 ~ k < 00, there exist positive constants {Xjk 
and /3jk independent of ~ such that 

(i) IILxllctk ~ (Xjkllxllcg~j·k for all x E !»(L) Ii c;+j,k[a, b], 

and 

(ii) 

(C) The adjoints L* and A* and their relationships with the adjoints L# and A#. We 
will now examine the operator L and A on !»(L) with an emphasis on the graph 
norm structure of L. We know that L and A are both bounded linear operators from 
the graph norm structure of L into the L 2_structure, and hence, there exist adjoint 
operators L*: L2[a, bj ...... !»(L) and A*: L2[a, bj ...... !»(L) determined by the 
equations 
(2.10) 
and 
(2.11) 
for all x E !»(L) and z E L2[a, bj. Both L* and A* are bounded from the 
L 2_structure into the graph norm structure of L. We will characterize the adjoint 
operators L* and A* and exhibit their relationships with the adjoint operators L# 
and A#. The following two lemmas are proved in a straightforward manner using the 
1-1, selfadjoint operators L *L + I and LL * + I [17, Chapter Ij. 

LEMMA 2.2. 

(i) 

(ii) 

L*z = (L*L + J)-lL*z forallz E !»(L*). 

L*z = L*(LL* + J)-lZ forallz E L2[a, b]. 

LEMMA 2.3. A*z = (L*L + l)-lT*z for all z E !»(T*). 

The operator L*L + I, its Green's function G(t, s), and [17, Chapter IVj give us 
the following: 

(2.12) 

a.e. on [a, bj for all z E L2[a, bj. 
If we combine (2.12) with [17, Chapter IIIj, then we obtain the following results 

for A and its adjoint A *: 

THEOREM 2.4. Let ~ E P, 0 ~ j < 00, and 0 ~ k < 00, and let T be an mth-order 
differential operator with m ~ n. 

(i) If z E C,{'k[a, bj, then A*z E Cin-m+j,k[a, bj, and there exists a positive 
constant {Xjk independent of ~ such that 

IIA*zllcl n - m +}., ~ {Xjkllzllctk forallz E C,~j,k[a, b]. 
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(ii) If x E ~(L) Ii C~m+j,k[a, b], then Ax E C.{'k[a, b] and there exists a positive 
constant {3jk independent of Ll such that 

IIAxllce ~ {3jkllxlkr+Jk for all x E ~(L) Ii c~m+j, k [a, b]. 

Recall from Theorem 1.1 that for a giveny E L2[a, b] we have L#Lxa + a2A#Axa 
= L#y, and hence, for u E ~(L), 

0= (L#Lxa + a2A#Axa - L#y, u)* = (L*Lx a + a 2A*Axa - L*y, u) L" 

We conclude that Xa E ~(L) also satisfies the equation 

(2.13) L*Lxa + a 2A*Axa = L*y. 
For the operator L*L + a 2A*A we have the following easily-proven result. 

LEMMA 2.5. For each a =1= 0 the operator L*L + a 2A*A is a bounded selfadjoint 
linear operator on ~(L) under the graph norm structure of L and it is invertible. 

(D) The operator K1 = (L*L)+, smoothness of the Xa' uniform boundedness of the 
x a' and error estimates. Our next objective is to show that the smoothness of the Xa 
depends on the smoothness of the giveny E L2[a, b], and that the Xa are uniformly 
bounded in the C~t,k-norm wheny E C~O,k[a, b], where Ll E P and 0 ~ k < 00. The 
selfadjoint operator L*L: ~(L) ~ ~(L), which is bounded under the graph norm 
structure of L, will playa key role. Recall that the range £11 ( L) is closed in L 2[ a, b] 
under the L 2_structure. Hence, by [3, pp. 481-482] the ranges £11 ( L *) and £11 ( L * L) 
are closed in ~(L) under the graph norm structure of L, and £1I(L*L) = £1I(L*) 
and %(L*L) = %(L). Form the generalized inverse Kl = (L*L)+: ~(L) ~ 
~(L), which is given by 

Kl = (L*L)+= [L*LI~(L) 1i%(L)Jl\I- p), 
where P is the L 2-orthogonal projection from L2[a, b] onto %(L). By the Open 
Mapping Theorem the linear operator Kl is bounded under the graph norm 
structure of L. 

Note that %(L*) = £1I(L) = %(L*), and form the generalized inverse of L*, 
(L*)+: ~(L) ~ L2[a, b], which is given by 

(L*)+ = [L*I%(L*)Jl\I - p). 

By the Open Mapping Theorem (L *) + is bounded from the graph norm structure of 
L into the L 2_structure. 

The following theorem concerns a restriction of the linear operator K l' Its proof is 
based on the fact that 
(2.14) K1 = (L*L)+ = L +(L*)+ = (I - P) +(L*L)+ 

which follows from Lemma 2.2. 

THEOREM 2.6. If Ll E P, 0 ~ j < 00, and 0 ~ k < 00, then K 1 : ~(L) Ii 
C;+j,k[a, b] ~ ~(L) Ii C~n+j.k[a, b] and there exists a positive constant Yjk indepen-
dent of Ll such that 

IIKrxllcg+J.k ~ Yjkl:xllcg+J·k for all x E ~(L) Ii C;+j,k[a, b]. 
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Applying Kl to the left-hand side of (2.13) produces (I - P)xa + a 2K 1A*Axa, 
while applying it to the right-hand side yields L +y. Thus, equation (2.13) becomes 

(2.15) 

It will be used to show how the smoothness of x a depends on the smoothness of the 
giveny E L2[a, b). 

THEOREM 2.7. Assume T is an mth-order differential operator with 0 ~ m < n. If 
~ E (fJandO ~ k < 00, theny E C~J,k[a, b) implies that xa E Ct,k[a, b), 

PROOF. Let ~ E (fJ and assume 0 ~ m < n, so that n - m ~ 1. Then (fJx a E 

COO[a, b) ~ can,k[a, b) for 0 ~ k < 00, and y E CaO,k[a, b) implies that L +y E 
Ct,k[a, b) for 0 ~ k < 00. Since Xa E !»(L) ~ Hn[a, b) ~ Can~l,O[a, b), we have 
from Theorems 2.4 and 2.6 that AXa E cp-m)-l,O[a, b), A*Axa E 

can+2(n-m)-1.O[a, b), and K1A*Ax a E can+2(n-m)-1,O[a, b) ~ can,2(n-m)-1[a, b). If 
o ~ k ~ 2(n - m) - 1 and y E CaO.k[a, b), then xa = PXa - a 2K 1A*Axa + L +y 
E Ct·k[a, b). 

If 2(n - m) -1 < k ~ 4(n - m) -1 and y E CaO,k[a, b), then xa = Pxa -
a 2K 1A*Axa + L +y E can,2(n-m)-1[a, b), so that AXa E Ct- m,2(n-m)-1[a, b), 
A*Axa E can+2(n-m),2(n-m)-1[a, b), and K1A*Axa E Ct+ 2(n-m),2(n-m)-1[a, b) ~ 
ct,4(n-m)-1[a, b). Hence, xa E Ct,k[a, b). 

Proceed by induction. Q.E.D. 
Since we have convergence of the xa to X o = L"y in the * -norm by Theorem 1.3, 

we conjecture from (2.15) that xa ~ Pxo + L +y as a ~ 0, where convergence is in 
the Ct· k-norm. We also have 

(2.16) 

and the following consequence of the Schwarz inequality. 

LEMMA 2.8. For ~ E (fJ, 0 ~j < 00, and 0 ~ k < 00, there exists a poslllVe 
constant ajk independent of ~ such that IIPzllcrJ' ~ ajkllzllfor all z E L2[a, b). 

Next we examine the uniform boundedness and convergence of the xa' Equation 
(2.15) will playa key role. Let ~ E (fJ and assume 0 ~ k < 00 and 0 ~ m < n. 
Assumey E C~J,k[a, b), so that xa E Ct,k[a, b) by Theorem 2.7. Also, since Pxo E 

COO[a, b) ~'Can, k[a, b) and L +y E Ct' k[a, b), it follows from (2.16) that Xo E 
Can, k[a, b). Thus, from (2.15), (2.16), and Lemma 2.8 we get 

(2.17) Ilxallc,,·k ~ Ilxa - xollc"k + Ilxollc,k 
~ akllxa - xoll + a21IKIA*Axallc,,·' + Ilxollc,," 

Recall that the Hn-norm, the graph norm of L, and the * -norm are all equivalent 
on f» (L) so that by Theorem 1.3 

(2.18) Ilxa - xoll ~ enllxollcg k a 2 

for 0 ~ lal ~ minO, y'3/2/2TIKil}. 
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Finally, from Theorems 2.6 and 2.4 there exists a positive constant b k independent 
of Ll such that 

(2.19) 

Combining (2.17), (2.18), and (2.19) and choosing 

0< lal ~ min{ t V3 1 2/2ITKIT ,11/2bk }, 

we get 

(2.20) 

for 0 < lal ~ minO, V3 12/2ITKIT, II /2bd and for 0 ~ m < n. 
We now show that the xa converge to Xo in the C~n,k-norm with rate of 

convergence of order a 2 • Indeed, by (2.15), (2.16), Lemma 2.8, (2.19), (2.18), and 
(2.20) we get 

(2.21) Ilxa - xollcg k ~ [aken + 2bk( akell + 1)] Ilxollcg·ka2 

for 0 < lal ~ min { 1, V3 12/2ITKIT, II /2b k } and for 0 ~ m < n. 
We have proved the following 

THEOREM 2.9. Let Ll E 9, let 0 ~ k < 00, and assume y E C~O_k[a, b]. If T is an 
mth-order differential operator with 0 ~ m < n, then the x a E Ct -k [a, b], the x a are 
uniformly bounded in the C~n.k_nOrm, and the Xa converge to Xo = DJy = Pxo + L +y 
in the Ct- k-norm with rate of convergence of order a 2 as a ---> 0, with estimates (2.20) 
and (2.21). 

(E) Ta and its generalized inverse and associated representor. In this section we work 
with the linear operator Ta: f»(L) ---> L2[a, b] EEl L2[a, b] given by Tax = (Lx, aTx) 
= (Lx, aAx), where a "" O. Recall that Ta is one-to-one, the range~(T()J is closed in 
L2[a, b] EEl L2[a, b] under the L2-product structure, and Ta is bounded from the 
graph norm structure of L into the L2-product structure. Consequently, there exists 
an adjoint operator Ta*: L2[a, b] EEl L2[a, b]---> f»(L), which is bounded from the 
L 2-product structure into the graph norm structure of L, given by 

(TaX, z) = (x, Ta*Z)L for all x E f»(L),z E L2[a, b] EEl L2[a, b]. 

Let Qa be the orthogonal projection with respect to the L 2-product structure from 
L2[a, b] EEl L2[a, b] onto %(Ta*) = ~(Ta).l = %(Ta#), and consider the generalized 
inverse Ta+: L2[a, b] EEl L2[a, b]---> f»(L) given by Ta+ = Ta-1(I - Qa). Since the 
range ~(Ta) is closed in L2[a, b] EEl L2[a, b], we know that Ta+ is bounded from the 
L 2-product structure into the graph norm structure of L, or the equivalent * -struc-
ture or Hn-structure. Choose constants an' bn and Cn such that IlxilL ~ anllxll*, 
Ilxll* ~ bnllxllw, and Ilxllw ~ cnllxllL for all x E f»(L). It follows that 

(2.22) 

where we take the operator norms of Ta+ from the L 2-product structure into the 
Hn-structure, the graph norm structure of L, and the * -structure, resp. 
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We are now ready to develop the representor theory for Ta+. For each integer 
) = 0,1, ... ,n - 1 and for each t E [a, b j, define the linear functional 'Ajt on 
L2[a, bj EB L2[a, b] by 

(2.23) 

Then 1'A1tzl « IITa+llwlzl « cnanlzl/lal for ° < lal « 1 by (2.22) and (1.3), where Cn 

and an are independent of t. By the Riesz Representation Theorem there exists a 
representor ~~ = (I'/t, a'/t) E L2[a, b] EB L2[a, bj with 'A1tz = <'§i~' z) for all z E 

L2[a, bj EB L2[a, b], and 

(2.24) 

where cn and an are independent of t. Thus, 

(2.25) 

for all z = (~, 1/) E L2[a, bj EB L2[a, bj, for) = 0,1, ... ,n - 1, and for t E [a, b]. 
We will refer to (2.25) as the generalized Green's function representation of Ta+ . 

Take x E ~(L) = ~(Ta) and set TaX = (Lx, aAx) = (~, 1/) E f!/t(Ta)' It follows 
immediately from (2.25) that 

(2.26) 

for) = 0,1, ... ,n - 1 and for t E [a, bj. Applying L + to Lx = ~,we get 

(2.27) x = L +~ + Px. 

If we set u = Px E N( L), then applying (2.26) to u gives 

(2.28) 

To continue this development, we will need to work with the adjoint operator 
(L +)*: ~(L) ~ L2[a, b], which is bounded from the graph norm structure of L into 
the L 2_structure, and is given by 

We get immediately that 

(2.29) 

and 

(2.30) 

follows from (2.29) and the fact that (L*)+= (LL* + 1)(L*)+ on ~(L). 
Now let G(t, s) = Gt(s) denote the generalized Green's function of L, and for 

) = 0,1, ... ,n - 1 set G/t, s) = Git(s) = (3/3t)iG(t, s). Continuing the above dis-
cussion, we have x(j)(t) - (d/dt)iPx(t) = (d/dt)iL + Lx(t) = (Git , Lx), while from 
(2.26), (2.28), and (2.30) we have 

x(j)(t) -(d/dt)ipx(t) = (li~ + a(L*)+ A*a'/t, Lx). 
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Upon combining these two results, we get 

(t;'+a(L.)+A.ajt-GjI'Lx)=O forallxE~(L). 
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Since the functions I;', (L.)+ A.a;', and Gjt all belong to ~(L) = %(L*)-L, we 
must have 

(2.31) 

for) = 0,1, ... ,n - 1 and for I E [a, b]. 
Finally, for) = 0,1, ... ,n - 1 and for t E [a, bj, we note that '§j~ E %(Ta*)-L = 

~(Ta) by (2.25). Define git = Ta-l'§j~ E ~(L), so that Tagit = (Lgjl'aAgjt) = 
(I;', a;') = ~~. Then from (2.27), (2.31), and (2.14) we get 

(2.32) g;' = Pg;, - a 2K 1A.Agjt + L +Gjt 

for) = O,l, ... ,n - 1 and fort E [a, bj. 
We will use (2.32) to establish global and local smoothness of gjt and to bound 

various of its derivatives. The global smoothness will be established first. Fix an 
integer) with O~) ~ n - 1 and fix I E [a, bj. We know that Pgjt E COO[a, bj, and 
by [17, Chapter IVj Gjt = (a/al)jG(/,·) E Hn-j-l[a, bj, so that L+Gjt E 
H 2n -j-l[a, bj. 

Let ~o E 9"be the trivial partition of [a, bj given by a = 10 < II = b. Then 

c&'/ [a, b] = H j [a, b] n C j + k [a, b] = C j +k [ a, b] 

for all ° ~) < 00 and ° ~ k < 00. Assume ° ~ m < n, so that n - m :? 1. Since 
g;' E ~(L), we know that g;' E Hn[a, bj c::;; en-l[a, b] = Cto-1,0[a, bj by (*). Thus, 
by Theorems 2.4 and 2.6 Aga E c(n-m)-l,O[a bj c CO,O[a bj A Aga E 

, Jt Llo ,- ~o ' , * jt 

c 2n - m .0[a bj c Cn+1,0[a b] and K A Aga E Cn+1,0[a bj = Cn+1[a bj by (.) 
~o ,- Ao " 1 * jt AD' , • 
If 2n - ) - 1 ~ n + 1, then Cn+1[a, b] c::;; Hn+1[a, bj c::;; H 2n -j-l[a, bj, so from 

(2.32) g;' E H 2n -j-l[a, bj. Otherwise, n + 1 < 2n - ) - 1, so that H 2n -j-l[a, bj c::;; 
Hn+l[a, bj and en+1[a, bj c::;; Hn+1[a, bj. Thus, from (2.32), g;' E Hn+1[a, bj c::;; 

Cn[a, b] = c,:.n~O[a, bj by (.), and hence, by Theorems 2.4 and 2.6, Ag;' E 
cn-m,O[a b] c C1.0[a bj A Aga E c 2n - m+1,0[a bj c C n+2,0[a bj and ':'0 '-':'0". Jt':'o '-':'0' 
K1A.Agjt E c,:.no+2,O[a, b] = C n+2[a, bj by (.), 

If 2n - ) - 1 ~ n + 2, then C n+2[a, bj c::;; H n+2[a, bj c::;; H 2n -j-l[a, bj, so from 
(2.32), g;' E H 2n -j-l[a, bj. Otherwise, n + 2 < 2n - ) - 1, so that H 2n -j-l[a, bj 
c::;; H n+2[a, bj and C n+2[a, bj c::;; H n+2[a, bj. Thus, from (2.32), g;' E Hn+2[a, bj c::;; 
Cn+1[a, bj = c,:.n+l,O[a, bj by (*). 

o 
Continuing this" bootstrap" argument, we conclude that 

(2.33) 

for) = O,l, ... ,n - 1, for I E [a, bj, and forO ~ m < n. 
We establish the local smoothness of g;' in a similar fashion. Fix an integer) with ° ~) ~ n - 1, fix I E [a, b j, and let ~ t E 9" be the simple partition of [a, b] given 

by ~t = {a, I, b}. By [17, ChapterIVj we have Gjt E C':'~' OO[a, bj, so that 

(2.34) L +G E Cn,OO[a !J] c Cn-1,oo[a b] 
)1 tlt ' - ~( ,. 
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Assume ° ~ m < n, so that n - m ~ 1. Since git E ~(L), we know that gJi E 

Ct.n,-I,O[a, b]. By Theorems 2.4 and 2,6, AgJi E C1,n-m)-I,O[a, b] ~ Ct.~,O[a, b], 
A Ag" E C 2n - m,o[a b] c Cn+l,o[a b] and K A Ag" E Cn+l,o[a b] c * jt 8.( ,- At " 1 * jt At ' -
C;,-1,2[a, b]. Thus, by (2.32), gJi E C;,-1,2[a, b]. Continuing this bootstrap argu-
ment, we conclude that git E Ct.-I,OO[a, b] or 

(2.35) gJi E COO[a, t] n coo[t, b] n ~(L) 

for} = O,I, ... ,n - 1, fort E [a, b], and forO ~ m < n. 
Our next objective is to bound various derivatives of gJi. Fix an integer j with ° ~ j ~ n - 1, fix ~ E f!lJ, assume t E ~, and assume ° ~ m < n. From (2.35) it is 

clear that glt E Ct.n, k[ a, b] for k = 0,1,2,. ,. and from (2.34) we have that L + Gjt E 

C;,k[a, b] for k = 0,1,2, .... Fix an integer k with ° ~ k < 00. Then by Theorems 
24 and 26 Ag" E Cn-m,k[a b] A Ag" E C 3n - 2m ,k[a b] KIA*Ag)"t E . ")t t. " *)t t. " 
cln- 2m , k[a, b] ~ Ct.n, k[a, b], and 

(2.36) 

Next, let 

I aj+' I Qj'= sup -.-,G{t,s) < 00 for/=0,1,2, .. " 
a~t,s~b atlas 

t if", 

so that 

k 

(2.37) IIGAcg. k ~ L QjI = d k • 
,~O 

From Lemma 2.8, equations (1.3) and (2,24), and norm equivalence we have 

(2.38) 

for ° < 10'1 ~ 1. Then by (2.32), (2.38), (2.36), and (2.37) and Lemma 2.1(ii), 
Ilgitlleg k ~ ekllaf + a 2bkllgi,llcg· k + 13 k d k for ° < lal ~ 1, where ek, bk, 13k and d k 

are independent of ~. In addition, if a satisfies ° < lal ~ II /2b k , then 

(2.39) 

for ° < lal ~ min{l,11 /2b k } for j = 0,1" .. ,n - 1, for t E~, and for k = 
0,1,2, .. " where 'Ik is independent of ~, 

We have the following theorem. 

THEOREM 2.10, Let T be an mth-order differential operator with ° ~ m < n, and let 
gJi E ~(Ta) = ~(L) with TgJi = cgj~ for j = 0,1, ... ,n - 1 and t E [a, b]. Then 
gJi E H 2n -j-l[a, b] n COO [a, t] n COO[t, b] for j = 0,1, ... ,n - 1 and t E [a, b]. 
Moreover, if ~ E f!lJ is any partition of[a, b] and t E ~, then gi, E Ct.n, k[a, b] for k = 

0,1,2, ... , and Ilgitllc"k ~ 'Ikllal2 for ° < lal ~ min{l, II /2bd, for j = 0,1, ... , 
n - 1, and for k = 0,1,2, ... , where'lk is independent of a and ~. 
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REMARK 2.11. Fix t E [a, bj and let 1:::., E 9"be the simple partition of [a, bj given 
by 1:::., = {a, t, b}. Then from (2.39) it follows that 

(2.40) II(g1t)(2nl ll oo ~ Ilg1tllcg;" ~ Yn/l a l2 

for ° < lal ~ min{l, II /2b k }, for} = 0,1, ... ,n - 1, and for t E [a, bj, where Yn is 
independent of a and t E [a, bj. 

(F) Loo-error estimates for x" - x" and X o - x". Fix a function y E L2[a, bj, and 
let X o = D'y be the least squares solution of Lx = y introduced above. Let 
y = (y,O) E L2[a, bj E9 L2[a, bj, and for each a =f. ° let x" = T,,+y be the unique 
least squares solution of T"x = y (see Lemma 1.2). 

Let 9"0 ~ 9"be a family of uniformly graded partitions of [a, bj, i.e., there exists a 
positive constant a such that 
(2.41) hill ~ a for all I:::. E 9"0' 
Throughout, we will assume h < 1 for all I:::. E 9"0' 

For a =f. ° and for I:::. E 9"0' let x" E Sp(2n - 1,1:::., n - 1) n f»(L) be the least 
squares approximate to x"' which is determined by (2.4) or (2.5). 

For x E C n- 1[a, bj and 1:::.: a = to < tl < ... < tN = b in 9o, it is well known 
that there exists a unique spline x E Sp(2n - 1, 1:::., n - 1) satisfying 

(2.42) x(Jl(tJ = x(J)(tJ, ° ~ i ~ N, ° ~} ~ n - 1. 
The function x is the piecewise Hermite interpolate of degree 2n - 1 to x [25j. 

The next theorem establishes superconvergence at the knots for x" - x"' where a 
is fixed and h ~ 0. 

THEOREM 2.12. Assume T is an mth-order differential operator with ° ~ m < n, 
assume ° ~ k ~ n, and let I:::. E 90' Ify E Cdo.k[a, bj, then 

Ix~j)(t) - x~j)(t)1 ~ (yn/lanllxollcg.,h n + k 

for ° < lal ~ rnin{ t f3 12fiITKTf, 1/ /2b k }, for tEl:::., and for} = 0,1, ... , n - 1, 
where Yn is independent of a and 1:::.. 

PROOF. Since x" and x" belong to f» (L), we have by (2.26) that 

(2.43) 

for} = 0,1, ... ,n - 1 and t E [a, bj. Let x" and gJ~ in SN be the piecewise Hermite 
interpolates to x" and gj" resp. By (2.6) equation (2.43) becomes x~j)(t) - x~j)(t) = 
(T"x"-T"x",T,,gj,) for}=O,I, ... ,n-l and tE[a,bj, and by the Schwarz 
inequality, (2.7), and the boundedness of T", we have 

(2.44) 

for} = 0,1, ... ,n - 1 and t E [a, b j, where we work with T" from f»( L) under the 
Hn-structureinto L2[a, bj E9 L2[a, bj under the L2-product structure. For ° < lal ~ 1 
it follows that IT"xI 2 = IILxll2 + a211Axll2 ~ Ilxll~ < b;llxll7t-" for all x E f»(L), and 
hence 

(2.45) 
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Assume ° ~ k ~ n andy E Ct.°.k[a, b], so that Xu E C;·k[a, b] by Theorem 2.7. If 
tELl, then from Theorem 2.10 we have gjl E Ct.n. n[ a, b]. Now by (2.45) and [18, 
Theorem 2.1] equation (2.44) becomes 

Ix~J)(t) - x~J)(t)1 

~ b;(1 + ~)2C~0 Ilx~i) - x~i)lloo }C~J(gftt) - (gjl tl,,} 
~ b;(l + Vb - a )2y2C~0 Ilx~nHtxo hk} C~)(gft)(2n)lloo hn} 

~ Yn21Ix~n+k)lloohn+k by (2.40) 
lal 

for ° < lal ~ 1, for j = 0,1,00' ,n - 1, and for tELl, where Yn is independent of a 
and Ll. 

From (2.20) we have IIx~n+k)IIoo ~ 2(aken + l)IIxoll c".k for ° < lal ~ 
min{ 1, f3 1 2/2TIK1T, II V2bk}' so that (2.46) becomes 

Ix~J)(t) - x~J)(t)1 ~ (YnllaI2)llxollc,,·khnH 

for ° < lal ~ min { 1, f3 1 2v'2!fKIT, I/V2bk }, 

for j = 0,1, ... ,n - 1, and for tELl, where Yn is independent of a and Ll. Q.E.D. 

THEOREM 2.13. Assume T is an mth-order differential operator with ° ~ m < n, 
assume 0 ~ k ~ n,andletLl E90 .Ify E Ct.°.k[a,b],then 

(2.46) Ilx~J) - x~)lloo ~ (YnllaI2)llxollc".khn+k-J 
for ° < lal ~ min{ 1, f3 1 2v'2!fKIT, 1/ V2b k } and for j = 0,1, ... ,n - 1, where Yn is 
independent of a and Ll. 

PROOF. Let Ll E 90 be given by a = to < tl < ... < tN = b, and let Xu be the 
piecewise Hermite interpolate to Xu' By Theorem 2.7 we know that Xu E Ct.n.k[a, b]. 
From (2.1) and (2.42) we get 

N n-l 
Ix~j)(t) - x~J)(t)1 ~ L L Ix~/)(tJ - x~/)(tJII<p~/)(t)1 

;=01=0 

for} = 0,1, ... ,n - 1 and t E [a, b]. Since the support of <pi/is the interval [t i - 1, ti+d, 
it follows from [18, equation 2.5] and Theorem 2.12 that 

,,-1 

Ix~J)(t) - x~J)(t)1 ~ 2 L IYnI21Ixollc".khn+khl-J 
1=0 a 

~ an Ilxollcn.khn+k-J 
lal 2 , 

for ° < lal ~ min{1-,f312v'2!fKIT,l/v2bd, for} = O,I,oo.,n -1, and for t E 

[a, b], where an is independent of a and Ll. Taking the supremum over all t E [a, b] 
in the above inequality, we get 

(2.47) Ilx~J) - x~J)lloo ~ (anllaI2)llxollc".khn+k-J 
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for 0 < lal ~ min{ t 13 12/2IfKIT, II J2bk } and for j = O,l, ... ,n - 1 where an is 
independent of a and Il. 

From [18, Theorem 2.1] and (2.20) 

(2.48) Ilxij) - xij)lloo ~ finllxOllcg.khn+k~j 
for 0 < lal ~ minO, 13 12/2IfKIT, 1/ J2bk } and for j = O,l, ... ,n - 1, where fin is 
independent of a and Il. Let 'In = fin + an' Then combining (2.47) and (2.48) and 
using the triangle inequality, we have the desired result. Q.E.D. 

The next theorem, which follows immediately from Theorems 2.9 and 2.13, and 
the triangle inequality, is the main theorem of this section. 

THEOREM 2.14. Let T be an mth-order differential operator with 0 ~ m < n, and let 
Xo = L"y. Let Il E &>0' and assume y E C~O.k[a, b] so that x" E C;·k[a, b], where 
o ~ k ~ n. Then 

Ilx&j) - xij)lloo ~ '1nllxollcgk [lal2 + hn+k~j Ilal 2] 

for 0 < lal ~ min{tI312/2IfKIT,1/J2bd and j = O,l, ... ,n -1, where 'In is 
independent of a and Il. 

III. Regularization and discrete least squares. 
(A) Introduction of discrete least squares. In this section we work in the Hilbert 

space X = Y = Z = L2[a, b] under the standard inner product and norm. As in §II 
let L be an nth-order differential operator in L2[a, b], and let T be an mth-order 
differential operator in L2[a, b] with m ~ n. We assume that ~(L) ~ ~(T) and 
.;V(L) n .;V(T) = {O}. 

For fixedy E L2[a, b], for fixed a '* 0, and for Il E &>0' lety = (y,O) E L2[a, b] 
® L2[a, b] and let x" E SN = Sp(2n - 1, Il, n - 1) n ~(L) be the continuous least 
squares approximate to x"' which is determined by (2.4), or equivalently, by (2.5). 
Let CPI, ... ,CPM be a basis for SN' where M = n(N + 1) - ko' If we write x" = 

I.j'= ICjCPj' then the coefficients CI , .•• , C m satisfy the linear system (2.8). In the event 
that the functions in (2.8) are even modestly complicated, exact integration is 
impossible, and we must resort to numerical quadrature. This transforms the 
continuous least squares problem to a discrete least squares problem. 

To set the problem in a specific context, let Il E&>o be given by Il: a = to < tl < 
... < tN = b, and for a positive integer I introduce points til"" ,til with t'~l ~ til 
< til < ... < til ~ ti for i = 1, ... ,N. For cP E C[ti~l' ti]let 

I r cp(t) dt::::: L W'JCP(tiJ 
1;-1 j~ 1 

be a quadrature rule with positive weights Wil , ••• , W il which integrates polynomials 
of degree ~ 2n - 2 exactly on [ti~l' tJ Define pseudo-inner products and pseudo-
norms on [ti~l' til and [a, b] by (cp, 1fih, = I.~~IWiJCP(ti)Hti)' IIcpll~, = (cp, cp)K:2, 
and (cp, 1fi)~ = I.~~I(CP, 1fi)~, Ilcpll~ = (cp, cp)}(2, resp., for cP, 1fi E C~o.O[a, b]. Define a 
pseudo-inner product ~nd pseudo-norm on C~o.O[a, b] EI3 C~o.o[a, b] by 
«(f, g), (~, 1))d = (f, O~ + (g, 1)~ and l(f, g)ld = «(f, g), (f, g»J!2, resp., for 
(f, g), (t 1) E C~·o[a, b] EI3 C~·o[a, b]. 
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Assumey E C~,O[a, b], SO thatj> E C~'O[a, b] EB Ct,°,o[a, b]. Define a discrete least 
squares approximate to Xa to be any element xa E SN satisfying the equation 

(3.1 ) 

It will be shown that such an element xa exists, and that conditions exist for which 
X a is unique. 

It is well known that Hn[a, b] is a Banach space under the Hn-norm Ilxllw = 
L7':-~llx(i)lloo + Ilx(n)11 for x E Hn[a, b]. In this section it will also be convenient to 
work with Hn[a, b] under the norm 

It can be shown [17, Chapter II] that these two norms are equivalent on Hn[a, b]. 
For each partition ~ E 9 o we will also work with the Banach space 

Ht' k[a, b] = { x E Hn[a, b ]Ix E Hn+k[t;~l' t;], 1 ~ i ~ N} 

with norm 

(B) Existence 0/ xa' We now establish the existence of a discrete least squares 
approximate xa E SN to x a, which is given by (3.1). It is based on the fact that (3.1) 
is true iff 

(3.2) 

If a discrete least squares approximate xa E SN to Xa exists, then xa = Lj:10fPj' 
and from (3.2) the coefficients a1, ... ,aM satisfy the linear system 

M 

(3.3) L [(L<p;, L<pj)t, + a2 (A<p;, A<pJt,laj = (y, L<PJt" 
)=1 

1 ~ i ~ M. 

In order to show that (3.3) has a solution ~ = [a1 ... aM f, relabel the IN quadra-
ture points as Sl = t1, S2 = t l2 , ... ,Sf = t ll , S'+l = t 21 ,··· ,SIN = tN" and relabel the 
corresponding weights as W 1 =Wn , W 2 =Wl2 , ... ,w,=Wll , W'+1=W 21"",W'N= 

wN ,. Let B = [(L<p;, L<p)t,], an M X M matrix; C = [(A<p;, A<p)t,], an M X M 
matrix; ~ = [a1 ... aMf, an M X 1 matrix; 1 = ley, L<P1)t, ... (y, L<pM)t,f, an 
M X 1 matrix, so that (3.3) becomes 

(3.4) 

LetE = [L<p;CsJ] = [a;), an IN X Mmatrix; letF = [A<pj(sJ] = LBi)' an IN X M 
matrix; let D = [8;jwj ], an IN X IN diagonal matrix (8ij is the Kronecker delta); and 
let / = [y(Sl) ... y(s/N )f, an IN X 1 matrix. Then B = ETDE, C = FTDF, and 
1 =- ETD[, so that (3.4) becomes 

(3.5) [ETDE + a2FTDF]~ = ETDf. 
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Let e = D1!2E, let H = Dl/2F, and let ~ = D1!2f. Then (3.5) becomes 

(3.6) 

It can be shown that the range !J£( e T) ~ !J£( GTe + a 2 HTH). It follows im-
mediately that a solution ~ = [a1 ..• aMf to (3.6) exists, and we have proved the 
existence of a discrete least squares approximate X" E SN to X". 

(C) Uniqueness of x". In this section we state conditions under which a discrete 
least squares approximate x" E SN to x" is unique. Let Ll E 9 0 be given by 
a = to < tl < ... < tN = b, let q;, I/; E SN' and fix i with 1 ~ i ~ N. Clearly Lq;, 
LI/; and Lq; . LI/; belong to H 2n - 1[t;_1' tJ Let (f, g); = f/~J(t)g(t) dt for all j, 
g E L2[a, b] and let A(f) = f/~J(t) dt - Lj~lW;J(t;) for j E H 2n-l[t;_1' tJ 

By the assumptions on our quadrature rule we have A(P) = 0 for all polynomials 
P of degree ~ 2n - 2, and hence, applying the Peano Kernel Theorem [7, p. 70]. 

I(Lq;, LI/;); -(Lq;, LI/;)t>,1 

~ (2n ~ 2)! {~, 1(:gfn-1[Lq;(g)LI/;U)]IIAt[(t - o:n-2]ldt 

where (t - g): equals (t - g)k for t ~ g and 0 for t < g, and At[(t - g):] means that 
A is applied to (t - 0: considered as a function of t with g fixed. But 

I 

I [( )2n-2] 1ft , ( )2n-2 "( )2n-2 At t - g + ~ t; - t;_l dt + L. W;j t; - t;_l 
1;_1 j~l 

( ) 2n-l 
= 2 t; - t;_l , 

and hence, in terms of h = maxk;,.;N(t; - (;-1) we have 

for all q;, I/; E SN. Similarly, for A = TIEC(L) we get 

2h 2n - 1 I( d )2n-l I (3.8) I(Aq;, AI/; L - (Aq;, AI/; )t>;1 ~ (2n _ 2)! {~, I dg [Aq;(OAI/;U)] dg 

for all q;, I/; E SN. 
We are now in a position to establish conditions which guarantee that x" is 

unique. Let q;, I/; E SN" Then by (3.7) and (3.8), 

(3.9) 
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By Leibnitz's rule and the Schwarz inequality, 

(3.10) 

{~1 1(:~)2n-1[Lcp(OLl/;(~)]ld~ 

~ ',~:(2nq-l)k, 1(~rL~WI'd,r 

[r, 1(;,t'-'L>f«)I' d<r 
Fix q with 0 ~ q ~ 2n - 1. Then by Leibnitz's rule and the Schwarz inequality in 
finite dimensions, 

(3.11) 

where Y1 is independent of 11 and q. Similarly, 

(3.12) [ I( d )2n-1- q 12 ]1/2 
{~l d~ Ll/;(O d~ ~ Y111l/;llsJn-1[f,_1,f,], 

where Y2 is independent of 11. Since 0 ~ m ~ n, it can be shown in the same manner 
that 

I( d )2n-1 1 (3.14) {~l d~ [Acp(OAl/;(O] d~ ~ Y31IcpllsJn-l[f,_1,t,111l/;lls3n-l[f;_1,f,J, 

where Y3 is independent of 11. Now utilizing (3.13) and (3.14), the Schwarz inequality 
and the fact that cp, l/; E Sp(2n - 1, 11, n - 1), estimate (3.9) becomes 

I(Tacp, TA> - (Tacp, TA >dl 
~ (2/(2n - 2)!)("12 + Y3(2)h2n-1IicpIIHg.2n 111l/;IIHg· 2n - 1, 

(3.15) 

where Y2 and Y3 are independent of a and 11. Finally, invoking [18, Lemma 3.3, p. 
1156], whiGh follows from Schmidt's inequality [2, pp. 734-736] and Markov's 
inequality [27, pp. 507-515], and using the equivalence of the norms 1IIIsn and IIIIH"' 
we get 

(3.16) 
for all cP, l/; E Sn' where Y4 is independent of a and 11. 

Recall that Ta-1 is bounded from !Ji(Ta) under the L 2-product structure into !!)( L) 
under the Hn-structure, so that by the norm equivalence and (1.3) we have 
IITa-1zll H" ~ ylzilial for all z E !Ji(Ta) and 0 < lal ~ 1, or ITaxl > lalllxll HnIY (y > 0) 
for all x E !!)(Ta) = !!)(L) and for 0 < lal ~ 1. Then it follows from (3.16) that 
ITaCPI~ > [l al2/y 2 - Y4(1 + laI2)h]lIcplI~n for all cP E SN and for 0 < lal ~ 1, where 
Y4 is independent of a and 11 (but dependent on the mesh bound 0'). For all h 
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sufficiently small we obtain 

(3.17) 

for all q; E SN and for 0 < lal ~ 1, where y > 0 is independent of a and~. 
We have the following theorem concerning the existence and uniqueness of x a' 

which follows from (3.2) and (3.17). 

THEOREM 3.1. Let ~ E 90 be given by ~: a = to < tl < ... < tN = b, let y E 

Cao.o[a, b), so that y = (y,O) E Cao.o[a, b) $ Cao,o[a, b), and assume that the quadra-
ture rule associated with the pseudo-inner product ( , )a, integrates polynomials of 
degree ~ 2n - 2 exactly on [t i - 1 , t i ] for i = 1, ... ,N. Then a discrete least squares 
approximate xa E SN to x a' which is given by (3.1), exists and is unique for all h 
sufficiently small. 

(D) The quasi-discrete least squares approximate to xa' In order to obtain error 
estimates for x~P - x~P, we will assume that y E c1,n+k[a, b), so that xa E 

Can. n+k[a, b). This additional smoothness is also required in [1, 8, 9, 18, and 26]. We 
begin by introducing a new spline approximate to xa' Define a quasi-discrete least 

A 
squares approximate to x" to be any element x" E SN satisfying 

(3.18) 

The following equation also characterizes a quasi-discrete least squares approximate 
to x". Let ~ E 9o, and assume y E Cao,o[a, b), so that x" E Can,o[a, b) and TaXa E 

CaO,o[a, b) $ C1,0[a, b). Then for ~" E SN' equation (3.18) is satisfied iff 

(3.19) 

M 

(3.20) 
L [( L q; i' L q;J a + a 2 ( A q; i' A q;j ) a] ~ j 

J=1 

1 ~ i ~ M. 

In a fashion analogous to that used in establishing the existence of x a' the discrete 
A A A 

least squares approximate to x"' it can be shown that !! = [a 1 ... aM] T satisfies 

the matrix equation 

(3.21) 

where 11 = D 1/ 2 [Lx,,(SI) ... LX,,(SIN)f and Ii = D 1/ 2 [Ax,,(SI) ... AX,,(SIN)f. 
The existence of ~ a follows from (3.21) and the fact that the ranges PIl( GT) and 

PIl(HT) are contained in PIl(GTG + a 2HTH). The following theorem states that it is 
unique under appropriate conditions. Its proof is based on (3.19) and (3.17). 
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THEOREM 3.2. Let A E f?JJo be given by A: a = to < tl < ... < tN = b, let y E 

Cao.o[a, b], so that Taxa E Cao,o[a, b] EB Cao,o[a, b], and assume that the quadrature 
rule associated with the pseudo-inner product ( , )a; integrates polynomials of degree 
~ 2n - 2 exactly on [t i- 1, til for i = 1, ... ,N. Then a quasi-discrete least squares 

"-
approximate x a E SN to Xa' which is given by (3.18), exists and is unique for all h 
sufficiently small. 

We now proceed to establish Loo-estimates for the quantities x~j) - ~)j) for 
j = 0,1, ... ,n - 1. This requires superconvergence estimate at the knots of the 
partition, which will follow from the following three lemmas. 

LEMMA 3.3. Let A E f?JJo, let 0 ~ k ~ n, and let x E ~(L) n C;,k[a, b]. ffx E SN 
is the piecewise Hermite interpolate to x, then ITax - Taxld ~ 'Yllx(n+k)llooh k for ° < lal ~ 1, where'Y is independent of a and A. 

PROOF. We have from the definition of our pseudo-inner product and [18, 
Theorem 2.1, p. 1154] that 

2 [2 2] N I 
ITa x - Taxld ~ IILx - Lxll oo + a 211Ax - Axil 00 L L W ij 

i=l j=l 

~ 'Y21Ix(n+k)II~h2k 

for 0 < lal ~ 1, where'Y is independent of a and A. Q,E.D. 

LEMMA 3.4. Let A E f?JJo, let 0 ~ k ~ n, and let y E CaD' n+k[a, b], so that Xu E 
"-

Can, n+k[a, b]. Then IILxa - Lx allcg.n+k ~ ('Y IlaDllxallcg.n+k for all h sufficiently small 
and 0 < lal ~ 1, where'Y is independent of a and A. 

PROOF. Let xa E SN be the piecewise Hermite interpolate to Xa' Then by Leibnitz's 
rule, 

(3.22) 

where 'Yl is independent of a and A. Also, by [18, Theorem 2.1, p. 1154] 
2n-l k 

(3.23) Ilxa - XallCgn+k ~ L 'Y21Ix~2n-l)llooh2n-l-i + L IIx~2n+i)"00 
i=O i=O 

where 'Y3 is independent of a and A, and 

(3.24) 

by [18, Lemma 3.3, p. 1156], where 'Y4 is independent of a and A. 
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Finally, by (3.17), (3.18), and Lemma 3.3, 

(3.25) IIXa - ~ aIIC'-l ~ IIXa - ~ all w 

~ (Y5/1al) [ITaXa - Taxald + ITa~a - TaXalJ 

~ (Y6/I a l)llxallcg·,,+kh n 

for 0 < lal ~ 1 and h sufficiently small, where Y6 is independent of a and Ll. 
Combining (3.22)-(3.25), we get the desired result. Q.E.D. 
The following lemma is proved in a similar fashion. 
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LEMMA 3.5. Let Ll E 9 0, let 0 ~ k ~ n, and let y E C~O,n+k[a, b], so that Xa E 

Ct' n+k[a, b]. Then IIAxa - A ~ allcg.n+k ~ (y Ilal)llxallCgn+k for all h sufficiently small 
and 0 < lal ~ 1, where Y is independent of a and Ll. 

We can now state the following superconvergence result. It requires additional 
precision of the quadrature rule. 

THEOREM 3.6. Let Ll E 9 0 be given by Ll: a = to < tl < ... < t N = b, let 0 ~ k ~ 
n, and let y E C~o, n+k[a, b], so that xa E Ct' n+k[a, b]. Assume that the quadrature 
rule associated with the pseudo-inner product ( , h, integrates polynomials of degree 
~ 2n - 1 exactly on [t i- 1, t;lfor i = 1, ... ,N. Then 

Ix~j)(tJ - ~~)(tJI ~ (Y/l a I3 )llxallcg"+kh n+k 

for h sufficiently small, for 0 < lal ~ 1, for 0 ~ i ~ N, and for 0 ~ j ~ n - 1, where Y 
is independent of a and Ll. 

PROOF. Fix integers i and j with 0 ~ i ~ Nand 0 ~ j ~ n - 1. By (2.26), 

X~j)(ti) - ~~)(tJ = <~~" Taxa - T)a> = <~~" Taxa - Ta~a> + E(tJ, where 
A A 

E(tJ = <~~" Taxa - Taxa> - <~~" Taxa - Taxa>d' Recall that gir, = T-l(§J~' E 

C~n,n[a, b] by Theorem 2.10, and let gjl, E SN be the piecewise Hermite interpolate 
to gir( Then by (3.19), the Schwarz inequality (in a pseudo-inner product space), 
Lemma 3.3, and equations (3.18) and (2.40) we have 

(3.26) I<~I" Taxa - T)a>dl ~ Ylll(gjly2n)lloohnYlllx~2n)lloohn 
~ (Y2/IaI2)llxaI!cg·n+khn+k, 

where Y2 is independent of a and Ll. 
We next investigate the quadrature error E(t;). Since Xa E c~n. n+k[a, b], it 

follows that LXa E C~o, n+k[a, b], so that LXa E C n+k[ti_ 1, til ~ H n+k[t i_ 1, til, and 
AXa E C~n-m,n+k[a, b] ~ C~O,n+k[a, b], so that AXa E cn+k[ti_ 1 , til ~ 
H n+k[t i_1, tJ If cp E SN' then Lcp, Acp E C OO [t i_1, til so that Lcp, Acp E 

H n + k [t i _ 1, tJ By assumption, the quadrature rule is exact for polynomials of degree 
~ n + k - 1. Thus, by the Peano Kernel Theorem [7, p. 70], Leibnitz's rule, and 
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Theorem 2.10 (see the derivation of (3.7)) 

IE(t;)1 ~ r~lIA(Lg~,[LX" - L~,,])I+ a2r~1IA(Ag~i[AX" -A~,,])I 
~ (b - a)y3 hn+k IILx _ L~ II 
"'" (n + k - 1)! lal 2 " " eg· nH 

+ (b-a)y4 hn+kIIAx -A~ II 
(n + k - I)! " " eg·" H • 

Finally, by Lemmas 3.4 and 3.5, we get 

(3.27) IE(t;)1 ~ (Ys/laI 3)llx"II C6,""Hh n + k , 

where Ys is independent of a and A. 
Combining (3.26) and (3.27), we get the desired result. Q.E.D. 
The principal error estimates for x~J) - ~~), 0 ~j ~ n - 1, are established in the 

next theorem. 

THEOREM 3.7. Let A E 9 0 be given by A: a = to < tl < ... < tN = b, let 0 ~ k ~ 
n, and let y E CaO,n+k[a, b], so that x" E Can,n+k[a, b]. Assume that the quadrature 
rule associated with the pseudo-inner product ( , h, integrates polynomials of degree 
~ 2n - 1 exactly on [t;_I' til/or i = 1, ... ,N. Then 

Ilx~j) - ~~t,o ~ (Y/lanllx"lIeg.n+khn+k-J 

for all h sufficiently small, for 0 < lal ~ 1, and for 0 ~ j ~ n - 1, where Y is 
independent of a and A. 

PROOF. Fix an integer j with 0 ~ j ~ n - 1, let X" E SN be the piecewise Hermite 
interpolate to x"' and let {CPrsiO ~ r ~ N, 0 ~ s ~ n - I} be the cardinal basis for 
Sp(2n - 1, A, n - 1). We know that the support of CPrs is [tr-l' tr+d, and (2.1) gives 
us 

N n-l 

x,,(t) = L L x~s)(tr)CPrs(t) 
r~O S~O 

and 

for all t E [a, b]. Then by Theorem 3.6 and [18, equations 2.5] it follows that 

Ix~J)(t) - ~~)(t)1 ~ (Yl/lanllx"lIeg.nHhn+k-J 

for all t E [a, b], so that 

(3.28) Ilx~J) - ~(j)tx, ~ (Yl/l a nllx "lIeg.,,+kh n+k-J, 

where Yl is independent of a and A. The conclusion follows from [18, Theorem 2.1, 
p. 1154], equation (3.28), and the triangle inequality. Q.E.D. 
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. A. 
Thefollowing estimates for the higher order derivatives xi}) - x<j), n ~ j ~ n + k, 

are indirect consequences of Markov's inequality [27, pp. 507-515]. 

THEOREM 3.8. Under the hypotheses of Theorem 3.7, 

for all h sufficiently small, for 0 < lal ~ 1, and for n ~ j ~ n + k, where "y is 
independent of a and~. 

PROOF. The result follows immediately from [18, Theorem 2.1, p. 1154, and 
Lemma 3.3, p. 1156], equation (3.28), and the triangle inequality. Q.E.D. 

A 
(E) L oo-error estimates for x a - xa and xa - x o' In this section we first establish 

LOO-error estimates for ~~) - xi}), where xa is the discrete least squares approxi-
A 

mate to Xa given by (3.1), and Xa is the quasi-discrete least squares approximate to 
Xa given by (3.18). These estimates, combined with those in Theorems 2.9 and 3.7, 
will give the desired estimates for x~;> - x&}). As in (D) we require that y E 

ello. n+k[a, b]. We need the following preliminary result. 

THEOREM 3.9. Under the hypotheses of Theorem 3.7, 

for all h sufficiently small and 0 < lal ~ 1, where "y is independent of a and ~. 

PROOF. We have from equations (3.2), (3.19), and (2.3), 

(3.29) 

From (3.29), the definition of the pseudo-inner product, and the Peano Kernel 
Theorem [7, p. 70], it follows that 

(3.30) 
~ r~lIA([LXa - Y][L~a - LXa]) I + a 2 r~lIA( AXa[A~a - AXa])1 

~ "Y1 hn +k [llxaIICg.n+k + Ilyllcg·n+k] IIL~a - LXallcg.n+k 

+"Y2cx2hn+kIIXallcg.n+kIIA ~a - AXal1 ' cg- n+k 

where"Yl and "Y2 are independent of a and ~. 
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From Lemma 2.1(i), the proof of Lemma 3.4 (see (3.24», and (3.17) we have 

(3.31) 

and 

(3.32) 

for 0 < lal ~ 1 and h sufficiently small, where Y3 and Y4 are independent of a and .l. 
Combine (3.30), (3.31), and (3.32) for the desired result. Q.E.D. 

THEOREM 3.10. Under the hypotheses of Theorem 3.7, 

for all h sufficiently small, for 0 < lal ~ 1, and for 0 ~ j ~ n - 1, where Y is 
independent of a and .l. 

PROOF. The result follows from (3.17) and Theorem 3.9. Q.E.D. 
We now present the main result of §III. 

THEOREM 3.11. Let T be an mth-order differential operator with 0 ~ m < n and let 
X o = Li'y. Let .l E 9 0 be given by .l: a = to < tl < ... < tN = b, let 0 ~ k ~ n, 
and let y E C"o, n + k [a, b], so that x a E C"n, n +k [a, b]. Assume that the quadrature rule 
associated with the pseudo-inner product ( , )"i integrates polynomials of degree 
~ 2n - 1 exactly on [ti~I' til for i = 1, ... ,N. Let xa E SN be the discrete least 
squares approximate to xa given by (3.1). Then 

Ilx~j) - xbj)lloo ~ Y [llxollc"n+k + Ilyllcg· n + k ] [1::2 + h~:lk3~j + la l2] 

for all h sufficiently small, for 0 ~ lal ~ {t 13 12y'2TIKjT, II /2b k }, and for 0 ~ j ~ 
n - 1, where Y is independent of a and .l. 

PROOF. This follows from Theorems 3.10, 3.7, 2.9 and the triangle inequality. 
Q.E.D. 

BIBLIOGRAPHY 

1. U. Ascher, Discrete least squares approximations for ordinary differential equations, SIAM 1. Numer. 
Anal. 15 (1978), 478~496. 

2. R. Bellman, A note on an inequality of E. Schmidt, Bull. Amer. Math. Soc. 50 (1944), 734~ 736. 
3. F. J. Beutler and W. L. Root, The operator pseudoinverse in control and systems identification, 

Generalized Inverses and Applications (M. Z. Nashed, cd.), Academic Press, New York, 1976, pp. 
397~494. 

4. L. Cesari, Nonlinear ana~)'sis, Lecture Notes, C.LM.E., Bressanone, 1972. 
5. __ , Functional analysis, nonlinear differential equations, and the alternative method, Nonlinear 

Functional Analysis and Differential Equations (L. Cesari, R. Kannan and J. D. Schur, eds.), Marcel 
Dekker, New York, 1976, pp. 1~197. 

6. S. D. Conte and C. de Boor, Elementary numerical analysis, 2nd ed., McGraw-Hili, New York, 1972. 
7. P. 1. Davis, Interpolation and approximation, Dover, New York, 1975. 
8. C. deBoor and B. Swartz, Collocation at Gaussian points, SIAM J. Numer. Anal. 10 (1973), 582~606. 



REGULARIZATION FOR BOUNDARY VALUE PROBLEMS 255 

9. 1. Douglas, lr. and T. Dupont, Galerkin approximations for the two point boundary calue problem 
using continuous, piecewise polvnomial spaces, Numer. Math. 22 (1974), 99-109. 

10.1. K. Hale, Applications of alternative problems, Lecture Notes, Brown Univ., Providence, R.I., 1971. 
ll. E. Isaacson and H. B. Keller, Analvsis of numerical methods, Wiley, New York, 1966. 
12. V. V. Ivanov, The theor)' of approximate methods and their application to the numerical solution of 

singular il1legral equations, Noordhoff, Leyden, 1976. 
13. R. Kannan and 1. Locker, Continuous dependence of least squares solutions of linear boundary l'Qlue 

problems, Proc. Amer. Math. Soc. 59 (1976), 107-110. 
14. T. Kato, Perturbation theorv for linear operators, 2nd ed., Springer-Verlag, Berlin, Heidelberg and 

New York, 1976. 
15. D. Kouba, Regularization for nth-order linear boundar), l'Qlue problems using mth-order differential 

operators, Doctoral Dissertation, Colorado State Univ., 1982. 
16. 1. Locker, The generalized Green's function for an nth-order linear differential operator, Trans. Amer. 

Math. Soc. 288 (1977), 243-268. 
l7. ___ , Functional analvsis and two-point differential operators, Lecture Notes, Colorado State 

Univ., Fort Collins, 1982. 
18. 1. Locker and P. M. Prenter, Optimal L2 and LX error estimates for continuous and discrete least 

squares methods for boundarv mlue problems, SIAM J. Numer. Anal. 15 (1978), ll51-1160. 
19. ___ , Regularization with differential operators. 1. General theon', 1. Math. Anal. Appl. 74 (1980), 

504-529. 
20. ___ , Regularization with differential operators. II. Weak least squares finite elemel1l solutions to 

first kind il1legral equations, SIAM J. Numer. Anal. 17 (1980), 247-267. 
2l. ___ , Regularization and linear boundary I'alue problems (to appear). 
22. ___ , Representors and superconvergence of least squares finite element approximates, Applicable 

Anal. (to appear). 
23. M. Z. Nashed, Approximate regularized solutions to improperl)' posed linear il1legral and operator 

equations, Constructive and Computational Methods for Differential and Integral Equations (D. Colton 
and R. P. Gilbert, eds.), Lecture Notes in Math., vol. 430, Springer-Verlag, Berlin, Heidelberg and New 
York, 1974, pp. 289-332. 

24. D. L. Phillips, A technique for the numerical solution of certain integral equations of the first kind, J. 
Assoc. Comput. Mach. 9 (1962), 84-97. 

25. P. M. Prenter, Splines and variational methods, Wiley, New York, 1975. 
26. P. Sammon, The discrete least squares method, Math. Compo 31 (1977), 60-65. 
27. M. H. Schultz, Error bounds for polvnomial spline intelpolation, Math. Compo 24 (1970), 507-515. 
28. A. N. Tikhonov, Solution of incorrectlv formulated problems and the regularization method, Soviet 

Math. Dokl. 4 (1963), 1035-1038. 
29. ___ , Regularization of incorrectlv posed problems, Soviet Math. Dokl. 4 (1963), 1624-1627. 

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, DAVIS, CALIFORNIA 95616 

DEPARTMENT OF MATHEMATICS, COLORADO STATE UNIVERSITY, FORT COLLINS, COLORADO 80523 
(Current address of John Locker) 

Current address (Duane Kouba): Department of Mathematics, Loyola Marymount University, Loyola 
Boulevard at West 80th Street, Los Angeles, California 90045 


	0050233
	0050234
	0050235
	0050236
	0050237
	0050238
	0050239
	0050240
	0050241
	0050242
	0050243
	0050244
	0050245
	0050246
	0050247
	0050248
	0050249
	0050250
	0050251
	0050252
	0050253
	0050254
	0050255
	0050256
	0050257
	0050258
	0050259

