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DERIVATION,L'YBOUNDEDMARTINGALES 
AND COV-ERING CONDITIONS 

BY 
MICHEL TALAGRAND 

ABSTRACT. Let (Q,~, P) be a complete probability space. Let (~, )'EJ be a directed 
family of sub-a-algebras of ~. Let (<II, '1') be a pair of conjugate Young functions. 
We investigate the covering conditions that are equivalent to the essential conver-
gence of L'I'-bounded martingales. We do not assume that either <II or 'I' satisfy the 
112 condition. We show that when <II satisfies condition Exp, that is when there exists 
an a> 0 such that <II(u),::; exp au for each u ~ 0, the essential convergence of 
L'I'-bounded martingales is equivalent to the classical covering condition Vq,. This 
covers in particular the classical case 'I'(t) = t(log t)+. The growth condition Exp on 
<II cannot be relaxed. When J contains a countable cofinite set, we show that the 
essential convergence of L'I' -bounded martingales is equivalent to a covering condi-
tion Dq, (that is weaker than Vq,). When <II fails condition Exp, condition Dq, is 
optimal. Roughly speaking, in the case of Ll-bounded martingales, condition Dq, 
means that, locally, the Vitali condition with finite overlap holds. We also investigate 
the case where J does not contain a countable cofinal set and <II fails condition Exp. 
In this case, it seems impossible to characterize the essential convergence of 
L'I' -bounded martingales by a covering condition. Using the Continuum Hypothesis, 
we also produce an example where all equi-integrable LI-bounded martingales, but 
not all Ll-bounded martingales, converge essentially. Similar results are also estab-
lished in the derivation setting. 

1. Results. Let J be a directed set filtering to the right, i.e. a set of indices partially 
ordered by <::; , such that for each pair 11, 12 of elements of J there exists an element 
13 such that 11, 12 <::; 13, A subset Jo of J is called cofinal if each element of J is 
dominated by an element of Jo. Given a finite subset I of J, and I in J, we write I <::; I 

if t is greater than each element of I, and t <::; I if each element of I is greater than t. 
Let (g, ~, P) be a probability space. Sets and random variables are considered 

equal if they are equal almost surely. All sets and functions considered are measura-
ble unless otherwise specified. Let X = (Xt ) tEJ be a family of random variables 
taking values in R. The essential upper limit of X, e-limsup XI' is defined by 

X* = e-limsup Xt = ess inf ( ess sup Xt ) 
s t~s 

while the essential lower limit of X is defined by 

X* = e-liminf Xt = -e-limsup(-Xt ). 
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The directed family X is said to converge essentially if X* = X * a.s. Since no 
other notion of convergence is used, we shall at times omit the word "essentially". 
For a family A = (At) of sets indexed by J we define A* by 1A* = e-limsup lA, 

A stochastic basis (L I ) is an increasing family of sub-a-algebras of L indexed by J, 
i.e. for s ~ t we have Ls eLI' We denote by EI the conditional expectation with 
respect to L t" A process X is a family (Xt) of random variables such that Xt is 
Lt-measurable for every t. We say that (Xt) is L1-bounded if SUPt EIXtl < 00; and 
that it is a martingale (resp. sub martingale) if for s ,:::; t, P( Xt) = Xs (resp. ~ Xs)' A 
family (At) of sets is adapted if At E L t for every t E J. A finite adapted family is 
an adapted family At such that only finitely many of the sets At are not empty. 

An incomplete multivalued stopping time T is a collection of sets { T = t} for each 
t E J. such that {T = t} E L t and that the set 

R( T) = {t E J: {T = t} =f. 0} 
is finite and nonempty [8]. The set of incomplete multi valued stopping times is 
denoted by 1M. For T ElM, t E J we write t,:::; T if t,:::; R(T), T':::; t if R(T) ~ t. The 
sum function ST of T E 1M is given by ST = L t1 (T E I)' and the excess function e T by 
eT = ST - l{ST;;>l)' If T E 1M and A is an adapted family of sets, we set 

A( T) = U( {T = t} n AJ. 
We now recall some classical facts about Orlicz spaces. References can be found 

in [12]. Let tf;: R + ~ Ii + be left continuous, non decreasing zero at the origin. We set 
'1'(t) = I~ tf;(u) duo Let <j> be given by <j>(u) = sup{s: Hs) < u} for u> O. Let 
<I>(u) = Iou <j>(t) dt. Then (<I>, '1') are called conjugate Young's functions. For a 
measurable functionJ, let 

Ilfll'!' = sup{ E(lJgl): E( <I> (Igl)) ,:::; 1}. 
We denote by L'!' the space of those J for which IIJlI'!' < + 00. Provided with the 
norm II . II'!', it is a Banach lattice. We define L <I> in a similar way. We have L'!" = L 00 

if and only if '1' is always finite. 
An essential fact is that conditional expectation with respect to a sub-a-algebra is 

a norm-one operator on L '!'. 
Vv'e shall use the following facts: 
(1) If IIJlI<I> ~ 1, Ilgll'!' ,:::; 1, then IE(fg)1 ,:::; 1. 
(2) If 0 < IIJlI<I> < 00, then I <I>(IJl/IIJlI<I» dP ,:::; 1. 
(3) II JlI <I> ~ 1 + I <I>(IJl) dP. 
For the simplicity of the discussion, we shall assume that 
(4) lim,~oc <j>(t) = 00. 

The only case that this assumption eliminates is the case L'!' = L oc, but this case is 
covered by the classical work of Krickeberg [5]. 

We say that a process (Xt ) is L'!' -bounded if supil XIII'!' < 00. Since we are 
interested in L'!' -bounded martingales, we can replace II . II'!' by an equivalent norm. 
Hence it is no loss of generality to assume that the following holds: 

(5) '1'(t) > 0 and <I>(t) > 0 for t > O. 
Without this unrestrictive hypothesis, the formulation of condition D<I> (see Defini-
tion 3) would have to be more complicated. 
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It is said that 'I' satisfies the ~ 2 condition if the following holds: 
(~2) 3M> 0, '\;fu > 1, 'I'(2u) ~ M'I'(u). 

Condition ~2 holds if and only if L'YJ is dense in r" for the norm II . II", [6]. 
We shall need a growth condition that is weaker than condition ~ 2. We say that 1> 

satisfies condition Exp if the following holds: 
(Exp) 3a > 0, '\;fu ~ 0, 1>(u) ~ exp au. 

Before we describe the covering-type conditions that we shall use, a comment is in 
order. The first thought of the reader glancing at these conditions is likely to be that 
no natural example of filtration (e.g. in multiparameter processes) seems to satisfy 
them. It is actually not a deep fact that a covering condition implies the convergence 
of certain types of martingales. Since multiparameter martingale convergences are 
deep facts, there is little hope to find easy proofs that the corresponding filtrations 
satisfy covering conditions. However, since this paper will show that covering 
conditions are actually necessary for martingale convergence, all the natural exam-
ples of filtrations actually satisfy some of the conditions we now state. 

DEFINITION 1. We say that the stochastic basis (L,) satisfies condition V<l> if for 
each adapted family (At) and each E > ° there exists T E 1M with P(A* \ A( T» ~ E 
and IleTII<l> ~ E. 

It is also possible to formulate condition V<l> without using multi valued stopping 
times. In that language, V<l> states that, for each adapted family (At) and each E > 0, 
there exists an adapted family (Bt), with Bt C AI' all of the sets Bt empty except 
finitely many ones, and such that P(A*\UBJ ~ E and IIDB, - 1uB,II<l> ~ E. The 
other covering conditions can be reformulated in a similar way. 

DEFINITION 2. We say that the stochastic basis (Lt) satisfies condition FV<l> if for 
each adapted family A = (At) and each E > ° there exist functions (~t)tEJ' ~t ~ 0, 
~t = ° outside At' ~t bounded, ~t is Lrmeasurable, such that only finitely many 
functions ~t are not zero, and such that j (I:~t) dP ~ P(A*) - E, and 11I:~t - 1 /\ ~tll<l> 
~ E. 

DEFINITION 3. We say that the stochastic basis (Lt) satisfies condition D<l> if one 
can write Q as an increasing union Q = UnQ n, such that, for each adapted family 
(AJ, each n and each y > 0, there is T E 1M with 

P«A* n Qn)\A(T)) ~ y 
and j 1>(eT /n) dP ~ y. 

DEFINITION 4. We say that the stochastic basis (Lt) satisfies condition D~ if for 
each E > ° there is 1j( E) > ° such that, for each y > ° and each adapted family of 
sets (AJ, there is T E 1M with P(A* \ A( T» ~ E and j 1>( 1j( E)eT) dP ~ y. 

DEFINITION 5. We say that the stochastic basis (Lt) satisfies condition C if for 
each E > ° there is M, > ° such that, for each adapted family A = (A t) with 
P( A*) > E, there is T E 1M with P( A* \ A( T» ~ E and IISTII <l> ~ Me. 

Condition V<l> is classical. C. A. Hayes proved (in the setting of derivation [4]) that 
when 1> satisfies the ~2 condition, condition V<l> is necessary and sufficient for the 
convergence of L "'-bounded martingales. Condition FV<l> is a "function" version of 
condition V<l>' where the functions 1{T~t) are replaced by more general functions. It 
is weaker than V<l>. Other trivial implications are V<l> = D~ = D<l> = C<l>. 
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In [10] A. Millet and L. Suches ton introduced a condition C, and they proved that 
this condition is sufficient for the convergence of L1-bounded martingales. Our 
condition C<!J is an obvious adaptation of their idea. They asked whether condition C 
is necessary for the convergence of L1-bounded martingales. This question, (com-
municated by L. Sucheston) to which we give a positive answer is at the origin of this 
work. 

Our first result is of a very general nature. 

THEOREM 6. Condition FV<!J is sufficient for the convergence of L'¥ -bounded 
martingales. If L'¥ #- L\ condition FV<!J is also necessary. 

This result is not satisfactory, since condition FV<!J involves functions instead of 
sets, so is not a Vitali-type condition. However, we shall see later that it is not 
readily possible to improve upon Theorem 6 without further hypothesis. But the 
situation is much better when <I> satisfies condition Exp. 

THEOREM 7. When <I> satisfies condition Exp, condition V<!J is necessary and sufficient 
for the convergence of L'¥ -bounded martingales. 

We can also improve Theorem 6 when the structure of J is simple. 

THEOREM 8. Condition D<!J (resp. D~) is sufficient for the convergence of L'¥-bounded 
martingales. When J contains a countable cofinal set, it is also necessary. 

This theorem is proved in paragraph 4. Since the proof is long, we give a simpler 
argument for the important case L'¥ = Ll in paragraph 5. When <I> fails condition 
Exp, D<!J is the sharpest necessary condition that we know. This condition seems to 
be actually very sharp. In the case L'¥ = Ll, an example of A. Millet and L. 
Suches ton shows that in general one cannot take the sets Qn in U~t [10]. (Such an 
example could actually be produced whenever <I> fails condition Exp, along the lines 
of Theorem 10). 

It can be useful to have whenever possible a sufficient condition that is simpler 
than condition D~. 

THEOREM 9. Assume that 'I' satisfies the ~2 condition. Then condition C<!J is sufficient 
for the convergence of L'¥-bounded martingales. (When J contains a countable cofinal 
set, it is also necessary.) 

The proof will show that actually the" function version" of C<!J is also sufficient. 
We now give results that show that the preceding cannot be readily improved 

upon. First, condition Exp in Theorem 6 cannot be relaxed. 

THEOREM 10. Assume that <I> fails condition Exp. Then there exist a countable index 
set J and finite (J-algebras (~t)tEJ of [0,1] such that condition D<!J holds (and hence 
L'¥ -bounded martingales converge) but that condition V<!J fails. 

The filtration used in the proof of Theorem 10 is somehow artificial. It would be 
interesting to know what happens for "natural" filtrations. The same comment 
applies to Theorems 11 and 12. 
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It is not possible either to relax condition il2 in Theorem 9. 

THEOREM 11. Assume that 'Ir fails the il2 condition. Then there exists a countable 
index set J and finite a-algebras (~I)IEJ on [0,1] such that condition Cq. holds but not 
all L 'I' -bounded martingales converge essentially (and hence condition Dq. fails). 

One of the consequences of Theorem 7 is that when <I> satisfies condition Exp, the 
convergence of L'I' -bounded martingales is equivalent to Vq., a covering type condi-
tion. The same conclusion holds from Theorem 8, but this time under the hypothesis 
that J contains a countable cofinal set. Does this conclusion always hold? The 
weakest useful covering type condition we know of is condition Cq., so the following 
seems to show that the answer is no. 

THEOREM 12. Assume that <I> does not satisfy condition Exp. Then there exist an 
index set J and a stochastic basis of finite algebras (~I)tEJ on [0,1] that satisfy 
condition FVq. but fail condition Cq.. 

It has been shown by K. Astbury [1] that when J contains a countable cofinal 
subset, the convergence of Ll-bounded martingales is equivalent to the convergence 
of equi-integrable L1-bounded martingales. Using the Continuum Hypothesis, we 
show that this is not the case in general. 

THEOREM 13. Under the Continuum Hypothesis, there exists a stochastic basis of 
finite algebras on [0,1] such that all equi-integrable L1-bounded martingales converge, 
but some L1-bounded martingales fail to converge. 

It is also possible, using the Continuum Hypothesis, to show that condition FVoo 
(that is condition FVq. for L'I' = Ll) is not necessary for the convergence of 
L1-bounded martingales, but we shall not do it here. 

We now turn to derivation. It is essentially a routine to transform a proof of a 
theorem concerning martingales on an index set to a proof of the corresponding 
theorem concerning derivation, except that the exhaustion arguments are less 
straightforward (but nevertheless a standard technique). In order to keep this paper 
at a reasonable length, we have chosen to give only the proofs in the martingale case, 
except for Theorem 21, that is proved in §1O. 

Let (n, ~, J.L) be a probability space. (We do not consider the case of infinite 
measure. Our results can be adapted to this case, but the statements are not so 
simple since we no longer have L 00 c L'I'.) Suppose that for each x in n, we are given 
a family gj(x) of Moore-Smith sequences (i.e. families filtering to the right) of 
measurable sets of positive measure, such that if a sequence belongs to gj( x), the 
same holds for each of its cofinal subsequences. The collection gj of the families 
gj( x) is called a derivation basis. For f E L1(J.L) we set 
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where the limsup refers to a family (A t) I EJ in .%' (x) and the sup to the choice of (A I) 
in .%'(x). We define D*f(x) in a similar way, using infinstead of sup. We say that.%' 
differentiatesfif D*f(x) = D*f(x) = f(x) Jl a.e. If H is a subspace of Ll, we say 
that.%' differentiates H if it differentiates each f in H. 

If for each point x of a (not necessarily measurable) subset X of Q we are given a 
sequence (AI(x» of .%'(x), we say that the collection Yof these sequences is a Vitali 
cover of X, and we call a Y::set any set of the type At (x ). 

Given a finite family §of measurable sets, we denote 

DEFINITION 14. We say that.%' satisfies condition V<I> if, for each Xc Q, each 
Vitali cover Yof X, and each E > 0, there exists a finite family § of Y::sets with 
Ile.,.II<I> .::;; E and Jl*( X\ d.,.) .::;; E. 

DEFINITION 15. We say that.%' satisfies condition FV<I> if, for each Xc Q, each 
Vitali cover Yof X, and each E > 0, there exists a finite family §of Y::sets and for 
A E §numbers lXA ;;. 0, such that if g = L.,.lXAI A , we have Ilglll ;;. Jl*(X) - E and 
Ilg - g /\ 111<1> .::;; E. 

DEFINITION 16. We say that.%' satisfies condition D~ (resp. C<I» if for each E > ° 
there is 'I) > ° (resp. ME < (0) such that, for each Xc Q, each Vitali cover V of X, 
and each y > 0, there is a finite family § of Y::sets with Jl *( X \ d.,.) .::;; E and 
f .p('I)e.,.) dP.::;; y (resp·lle.,.II<I> .::;; ME)· 

DEFINITION 17. We say that.%' satisfies condition D<I> if one can write Q as an 
increasing union of measurable sets Qn' such that for each X c Q, each Vitali cover 
Vof X, and each y > 0, there is a finite family§of Y::sets with Jl*«Q n n X»\d.,.) 
.::;; y and f .p(e.,./n) dP .::;; y. 

We then have 

THEOREM 18. Condition FV<I> is sufficient for.%' to differentiate L'V. If L'V oF Ll, it is 
also necessary. 

THEOREM 19. If.p satisfies condition Exp, condition V<I> is necessary and sufficient for 
.%' to differentiate L'V. 

THEOREM 20. Condition D~ is sufficient for.%' to differentiate L'V. When 'l' satisfies 
the Ll2 condition, condition C<I> is also sufficient. 

One could think at first that the usual hypothesis that the Moore-Smith sequences 
of sets in each .%'(x) are actual sequences would correspond to the hypothesis that 
the index set has countable cofinality in the martingale setting. This is not the case, 
as the following shows. 

THEOREM 21. Suppose that .p fails condition Exp. There exists a compact metric 
space L and a derivation basis .%' on L, such that each .%'( x) consists of the 
subsequences of a sequence Wn(x) of open sets of diameter going to zero, and such that 
.%' differentiates L'V but that condition C<I> fails. 
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Let 01/ be a family of measurable sets of Q and 8 a function from 01/ to R +. If for 
each x E Q, 86'( x) consists of the sequences (0,,) such that x E Un E 01/ and 
8(Un ) --> 0, we say that 86' is aD-basis [3]. It turns out that D-bases behave like 
martingales whose index set have a countable cofinality. 

THEOREM 22. Suppose that 86' is a D-basis. Then condition D<fl is necessary and 
sufficient for 86' to differentiate Lq,. 

ACKNOWLEDGMENT- The author was introduced to these problems by Professor 
Sucheston, with whom he had several stimulating conversations. 

2. Proof of Theorem 6. The proof that condition FV<fl is sufficient for the 
convergence of Lq, -bounded martingales is routine, as will be the proof of the 
sufficiency part of Theorems 8 and 9. We reproduce it for completeness. 

PROPOSITION 23. Assume that condition FV<fl holds. Let (Xt) be a positive sub-
martingale that is Lq,-bounded. Let s E J and B E ~s. Then for each i\ > ° we have 

P (B n { X* ~ i\}) ~ ~ sup E ( XtI B ) • 
t 

PROOF. Let k be such that II Xtllq, ~ k for each t. Let ° < /3 < i\. For t ~ s, let 
At = {Xt > /3} n B and let At = 0 otherwise. The family (A t) is adapted. We have 
{X* ~ i\} nBc A*. 

Let e > 0. According to condition FV<fl, there is a finite set I c J. and for i E J, 
there is a function ~i > 0, ~i bounded, ~i zero outside Ai' where ~i is ~i-measurable, 
such that f LAi dP ~ P(A*) - e and Ilfll<fl ~ e, where f' = 1 1\ ~J~i' f = LJ~i -
f'. 

Let tEl with I ~ t. We can write 

~ i ~E(~iXt) = iE( ~~iXt) = iE(fXt) + iE(~IIXt). 

Since Ilfll oo ~ 1, and f = ° outside B, we get E(fXt) ~ E(Xtl B ). Since Ilfll<fl ~ e 
and IIXtllq, ~ k, we get E(fXt) ~ ek, so 

p({X* ~ i\} n B) ~ (I//3)supE(XtI B ) + ekl/3. 

Letting e --> 0, and then /3 --> i\, we get the resulL 

PROPOSITION 24. Assume that for every L 'I' -bounded positive submartingale Xt, every 
s E J, every B E ~ s and every i\ > 0, we have 

P (B n {X* ~ i\} ) ~ (1 Ii\ ) sup E ( XtI B ) . 

Then every L 'I' -bounded martingale converges. 

PROOF. The case of Lq, = L1 will be covered by the more general Proposition 39, 
so we assume Lq, i= L1. In this case, an Lq,-bounded martingale is equi-integrable, so 
is of the type Xt = £f(f) for some f E Lq,. Let e> 0. There is h E L OO with 



264 MICHEL TALAGRAND 

III - hill < e2 , so there is s E J, and a bounded g that is ~s-measurable, such that 
III - gil ~ e2. Let J't = Et(11 - gJ). This is a positive martingale, bounded in L"', 
and such that E(J't) ~ e2 for each t, so we have P(y* ? e) ~ e. Since IXt - Et(g)1 
~ J't, and since Et(g) = g for t ? s, the result follows easily. One should note that if 
'I' fails the ~2 condition, one cannot in general take g such that III - gll>¥ < 11/11'1'. 

We have proved that condition FV", implies convergence of L>¥-bounded 
martingales. We now suppose that L>¥ oF L\ and start to prove the converse. 
Suppose that condition FV", fails. Then there is an adapted family (A t), an e > 0, 
such that for each family (~t) of functions that satisfy the condition 

(6) ~t ? 0, ~t = 0 outside AI' ~t is ~rmeasurable, ~t is bounded, only finitely many 
functions ~t are nonzero, and f L~t dP ? peA) - e; 
then we have IIL~t - 1 1\ L~tll", ? e. We consider the following three subsets of L"'. 

C1 = {~ = L~t; (~t) satisfies (6)}, 

C2 = {~; ~ ~ I}, C3 = {~; II~II", < e}. 
These sets are convex. Since C3 is open, C2 + C3 is open. Also, C1 n (C2 + C3 ) is 
empty. The theorem of Hahn-Banach implies that there is hE (L"')* such that 
h? Ion C1 andh < Ion C2 + C3 . Sinceh < Ion C2 , we have h ? o. 

We note that, for a set A, if peA) ~ l/<I>(a), we have f <I>(a1 A) dP ~ 1, so 
IIIAII", ~ l/a. At this point we use that <I> is always finite, that is L'" oF U c .) It 
follows that h(lA) ~ 0 when peA) ~ 0, so the finitely additive measure m on ~ 
given by meA) = h(lA) is in fact absolutely continuous with respect to P. It follows 
that there isl E L\/? 0, such that, for g E L oo , we have h(g) = E(fg). 

Let gEL"', g> 0, with Ilgll", ~ e. For a > 0, let ga be the. truncation of gat a. 
Since ga E L 00 and ga E C3 , we get 

E(jgJ = h(gJ ~ l. 
Letting a ~ 00, Fatou's theorem shows that E(fg) ~ 1. This implies 11/11'1' ~ lje, so 
IE L>¥. Moreover, E(f) = h(l) ~ 1, since h < Ion C2 • 

For t E ~, and a function ~t that satisfies ~t ? 0, ~t = 0 outside AI' Eat) = 

P(A*) - e, ~t is ~t-measurable, bounded, we have ~t E C1, so E(~tEt(f» = E(f~t) 
= hat) ? 1. It follows that Et(f) ? l/(P(A*) - e) on At. If X t = £I(f), we then 
have 

p(X* ? l/(P(A*) - e)) ? P(A*). 

Since 11/111 ~ 1, we also have 
p(X* ? l/(P(A*) - e)) ~ P(A*) - e. 

This shows that X* oF X *, and hence (Xt) does not converge essentially. The proof 
of Theorem 6 is complete. 

3. Proof of Theorem 7. The core of the proof will be a random choice argument. It 
relies on the following standard inequality: 

LEMMA 25. Let Y be a Poisson random variable with E(Y) = /1. Then lor u ? 0, 
P(Y? p.(1 + u)) ~ exp(-uO(u)/1) 

where O(u) = (1 + lju)log(l + u) - 1. 
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PROOF. Use P(Y ~ t) ~ E(exp(hY - ht» for h ~ 0, and minimize over h. 
Before we embark on the proof of Theorem 7, we settle a purely technical point. 

LEMMA 26. Assume that condition FV<t> holds. Then for each adapted family (AJ of 
sets, each Y > 0, each E > 0, there exists a family at) of functions, ~t ~ 0, ~t = ° 
outside At' ~t is bounded, 2:. t-measurable, only finitely many functions ~t are nonzero, 
such that if we set ~ = L~t' g" = ~ 1\ 1, g' = ~ - g", we have 

E(g") ~ P(A*) - E, f «I>(g'IY) dP ~ E. 

PROOF. Let Uo ~ ° and a > ° be such that «I>(u) ~ au for u ~ uo. For any 
functionf ~ ° we have 

so 

f f dP ~ YU o + ~ f «I> (flY) dP. 

Let ° < E < 1. There is Yo> ° such that, for y ~ Yo, we have E(f) ~ E/2 whenever 
J «I>(fly) dP ~ 1. Let y ~ Yo' Condition FV<t> shows that there exists a family (~t) of 
functions, ~t ~ 0, ~t = ° outside At' ~t is bounded, 2:. r measurable, only finitely many 
functions ~t are nonzero, and E(L~t) ~ P(A*) - E/2, 11g'11<t> ~ EY, where ~ = L~t' 
g" = ~ 1\ 1, g' = ~ - g". Since J «I>(g'IEY) dP ~ 1, we have J «I>(g'IY) dP ~ E ~ 1. 
This implies E(f) ~ E/2, so Ea") ~ P(A*) - E. The proof is complete. 

We now start the proof of Theorem 7. 
First step. Since «I> satisfies condition Exp, there is a> ° such that «I>(u) ~ exp au 

for u ~ 0. We fixy > 0, b > 0, and we fix an adapted family (At) with P(A*) > y. 
Let U o be large enough that 

(7) e 2ab +4 ~ 2-18 y 2(8(uo) - ab); 

We let 1/ = 1/(uo + 1). We note that 1/ depends only on band y. 
Second step. Let to E J with P(D) ~ ~P(A*), where D is the essential union of 

the sets At for t ~ to. Let A; = At for t ~ to' and A; = 0 otherwise. Then A'* = A*. 
By Lemma 26, there is a finite set Ie J, with to ~ I, and for i E I a bounded 
2:. r measurable function ~;, with~; ~ 0, t = ° outside A;, and 

(8) E(g") ~ ~P(A*); 

where ~ = L~;, g" = ~ 1\ 1, g' = ~ - C. Since C = ° outside D, and E(g") 
~ tP(D), we have P(Fo) ~ !P(D), where Fo = {g" ~ !}. In particular, P(F1 ) 

~ iP(D) ~ iP(A*), where Fl = A* n Fo. Note also that we can assume ° ~ ~; ~ 1 
for each i. 

For i E I, k ~ 1, let B;.k = {2-k < ~; ~ 2- k + 1 }. We note that 

"2- k1 < ~ ~ "2- k + 11 . '-- B, ,k '-- B/ k 
;, k ;, k ' 
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We fix ko such that if 

then P(F);;:. tP(A*);;:. y/4. 
Third step. We now consider a standard probability space (g', S, Q). On g', we 

consider independent Poisson random variables ci.k' for i E I, k ~ ko, such that 
E(ci k) = TJ2- k. 

On the product g X g', we consider the random variable Z( w, w') given by 

Z(w,w')= 

We shall bound the integral 

.f = f <I>(bZ) dP dQ. 
{Z> I} 

We fix w E g. Let p,(w) = J Z(w, w') dQ(w'). If L = {i, k; wE Bi.k}, we have 
p,(w) = TJL(i.k)EL2-k, so in particular p,(w) ~ TJ~(w); that is, (1 + uo)p,(w) ~ Hw). 

Let us first suppose that 2 ~ (1 + uo)p,( w). Since H w) ;;:. 2, we have 

f <I>(bZ(w', w)) dQ(w') ~ <I>(b(l + uo)p,(w)) 
{Z~Ji(w)(l+uo)} 

~ <I>(bHw)) ~ <I>(2b(Hw) -1)) ~ <I>(2bf{w)). 
Now w' ~ Z( w, w') is Poisson of parameter p,( w), so, since 0 is increasing, we have 
from Lemma 26, for u ;;:. uo, 

Q({Z> p,(w)(l + u)}) ~ exp(-O(uo)up,(w)); 

so, with some elementary computations, we get, using (7). 

f <I>(bZ(w', w)) dQ(w') = foo <I>(bu)Q(Z;;:, u) du 
{Z;;>Ji( w)(l + uo)} 1'( w )(1 + uo) 

~ fOO exp(abu - O(uo)(u - p,(w)))du 
Ji(w)(l + uo) 

~ (O(u o) - abr1(TJeab+l)I'(W)(1+Uo) 

~ TJ 2(O(U O) - abrle2ab+2 ~ 2-18 TJ2 y 2. 

Suppose now that (1 + uo)p,( w) ~ 2. Then Z > 1 forces Z ;;:. 2, so {Z > I} c 
{Z ;;:. (1 + uo)p,( w)}. The second part of the computation above shows that 

f <I>(bZ(w', w)) dQ(w') ~ 100 exp(abu - O(Uo)(U - p,(w))) du 
{Z> I} 2 

~ (O(u o) - abr1exp(2ab + O(uo)p,(w) - 20(uo)) 

~ TJ2( O( uo) - ab )e 2ab + 4 ~ 2- 18 TJ2 y 2 

since p,( w )O( uo) ~ 2TJO( uo) ~ 2 and 20( uo) ;;:. 2log(1 + uo) - 2. 
Integrating over g and using (8) we get.f ~ 2- 16 TJ2 y 2. 
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Let 

U= {W'; f cI>(bZ(w',w)) dP(w) ~ 2-71)Y}. 
{Z>l} 

From Fubini's theorem and the majorationJ1 ~ 2- 16 1)2 y 2 we get Q(U) ~ 1 - 2- 91)Y. 
Fourth step. Again we fix O. We have 

Q({w'; Z(w,w') ~ I}) = 1- exp(-fL(w)). 
Note that 1 - e- X ~ x/2 for 0 ~ x ~ 1. For wE Fl we have fLeW) ~ 1)2- 3 so 
1 - exp( -fL( w)) ~ 1)2-4, so we get 

P ® Q(A* X Q' n {Z ~ I}) ~ 2- 71)Y. 
Let 

v = {w'; p( A* n {w; Z( w, w') ~ I}) ~ 2- 81)Y }. 
We then have Q(V) ~ 2- 81)Y. This shows that Un V*-0. We fix w' E Un v. 

Define T E 1M by { T = t} = 0 for t $. I, and for i E I by 
{ T = i} = UBi,k 

where the union is taken over all the k ~ ko for which fU( w') = 1. Since Bi,k c Ai' 
we have A( T) ~ Bi,k whenever fi.k( w') = 1, so {w: Z( w, w') ~ I} c A( T). Since 
w' E V, we have P(A(T) n A*) ~ 2- 4 1)Y. We have STew) ~ Z(w, w') and since 
w' E U, we get 

f cI>(beJ dP ~ f cI>(bSJ dP ~ 2- 4 1)Y. 
(ST> 1) 

Fifth step. Now let f > O. In the above construction, let Y = f/2, b = 2/e. We 
have shown that there is II = 2- 81)f, depending only on f, such that whenever (At) is 
an adapted family with P(A*) > f, there is T E 1M with P(A(T) n A*) ~ II and 
f cI>(2eT/f) dP ~ ll. The conclusion of the proof follows the standard exhausting 
procedure. Let us fix an adapted family (At) with P(A*) > f. By induction over the 
integer k, we construct Tk E 1M such that P(A( Tk ) n A*) ~ llk and f cI>(2eT/f) dP 
~ kll. The induction continues as long as P(A* \A( Tk)) > f, so it finishes in at 
most I/ll steps. We have just proved the possibility of the first step. Assume now 
that Tk has been constructed, and that P(A* \ A( Tk)) > f. We can assume {Tk = t} 
C At for each t. Let to E 1be such that Tk ~ to. For t ~ to, letA~ = At \A(Tk ), and 
let A~ = 0 otherwise. We have P( A'*) > f, so there is T E 1M with P( A'* n A( T)) 
~ II and fcl>(2e T/f) dP ~ ll. We define {Tk+l = t} = {Tk = t} for t ~ to, {Tk+l = 
t} = {T = t} \A(Tk) for t ~ to and {Tk = t} = 0 otherwise, and it is straightfor-
ward to check that Tk + 1 satisfies the requirements. When the induction stops, we 
haveconstructedT' E 1M with P(A* \A(T')) < fand 

f cI>(2eT/f) dP ~ P(A* n A( T')) ~ 1, 

so 112eT,/fll<!> ~ 2 and IleT,II<!> ~ f. The proof is complete. 

4. Proof of Theorem 8. We start a series of lemmas that will culminate in the proof 
of the necessity of condition D~ when J contains a countable cofinal set. For clarity 
we suppose in this paragraph that L<!> *- LOC!. The case of Ll-bounded martingales 
will be investigated in the next paragraph. 
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LEMMA 27. Let N l , N2 be two lattice norms on LIP, that are equivalent to the norm 
II· IIIP· Let Ie J be a finite set, and for i E I let Ai be a "'2.;-measurable set. Assume that 
for each family aJiEI of bounded functions, with ~i ~ 0, each ~i is "'2.;-measurable, 
~i = ° outside Ai' and IILiEltill = 1, we have either Nl(L~;) ~ 1 or N2(L~;) ~ 1. Then 
there exist two functions fl' f2 E L'l' such that for} = 1,2 we have 

'rig E LIP, N;(g) ~ 1 = E(I.ljgl) ~ 1 

and that for i in I we have 

Ai C {E i (fl + f2) ~ I}. 
PROOF. Consider the set Cl of functions ~ = LiEIL where the functions ~i satisfy 

the conditions of the lemma. It is a convex set. Let C2 = {g E LIP, Nl (g) < 1, N2 (g) 
< I}. It is a convex open set of LIP, and Cl n C2 = 0 by hypothesis. The theorem 
of Hahn-Banach gives an h in the dual G of LIP with h < Ion C2 and h ~ Ion Cl . 

For} = 1,2, let 

Let 

M = {l E G: II ( g) I ~ 1 for gEL IP , Nl ( g) ~ 1, N2 ( g) ~ I}. 

A straightforward use of the theorem of Hahn-Banach shows that M is the convex 
hull of Ml and M 2; that is, we can write h = Alh l + A2h2 where Al, A2 ~ 0, 
Al + A2 = 1, hl E Ml, h2 E M 2. 

For i E I, consider the restriction of hl (resp. h 2) to LOO(g, "'2. i , P). Since LIP =fo L oo , 

we have shown in the proof of Theorem 6 that for} = 1,2 there is.lj' E Ll such that 
h/g) = E(.Ij'g) for g E L oo • Let .Ij = 1.Ij'I. If g E LIP with N;(g) ~ 1, g ~ 0, for 
a > ° its truncation ga at a satisfies N;(ga) ~ 1, so if g~ = ga sign.lj' we have 

E(.ljga) = E(.Ij'g~) = h(g~) ~ 1. 

Letting a ~ 00, Fatou's lemma gives E(.ljg) ~ 1. For g E Cl , we have 

1 ~ h(g) = A1E(t{g) + A2E(t{g) ~ E((fl + f2)g) 

and this shows that Ai C {Ei(fl + f2) ~ I}, and concludes the proof. 

LEMMA 28. Assume that J contains a countable cofinal set. Let 10,8 > ° be fixed. 
Assume that for each s E J and each 1/ ~ 0, there is a finite set I c J, s ~ I and 
g E L'l' with f i'(g8) dP < 1/, and P(UiE1Bi) ~ 10/2 where Bi = {Ei(g) ~ ~}. Then 
there is f in L'l' such that the martingale (Et(f)) fails to converge essentially. 

PROOF. We first note that, for each y > 0, there is 1/ > ° such that f i'(g8) dP ~ 1/ 
implies Ilglll ~ y. Indeed, there is a, U o > ° such that i'(u) - i'(uo) ~ a(u - uo) 
for u ~ uo, and hence 

f g dP ~ 8-l(a- lf i'(8g) dP + P({g8 > u o})). 
{g8> Uo} 

Moreover, since we assume (5), we have i'(u) > ° for u > 0, so g goes to zero in 
measure when f i'(8g) dP goes to zero; so the claim follows. 
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Let (Sk) be a countable cofinal set of J. By induction, we construct finite sets I k, 
with Sk ~ I k, sets (Ak)iEh' a decreasing sequence of numbers ak ;;;. 0, such that if we 
set p k = card I k , the following conditions hold: 

(9) 

(10) 

ak < ak_1/2, and if B E~, PCB) < ak, then for j ~ k we have 

is Jj dP ~ 2- j-3pj-l. 

(11) p( U Ai);;;' EI2 where for i E Ik,A i = {EiUk);;;' t}. 
[Elk 

Let Bk = {fk ;;;. t}. Since Ilfklll ~ ak_1/8, we have P(Bk) ~ ak-1/2. Let hk = 
fJBk Since P(fk - h k) ~ t for each i we have Ai C {Ei(h k);;;. t}. Let Ck = 

U j>kBj, and gk = h k1x/ ck. We note that the functions gk live on disjoint sets. Also, 
since P(Ck) ~ ak, we have Ilhk - gklll ~ 2- k- 3IPk. So if A; = {Ei(gk);;;' t} then 
P( Ai \ A;) ~ 2- kip k. In particular, we get 

(12) p( U {Ei(gk) ;;;. t}) ;;;. EI2 - 2- k. 
[Elk 

Let f = Lk;;.lgk· Since gk ~ fk' we have 1'1'( 8- lgk) dP ~ 2- k. Since the functions gk 
live on disjoint sets, we have 1 '1'(8 -If) dP ~ 1. In particular,! E L 'Y. Since gk ~ fk' 
we have Ilgklll ~ 2- k - 5E, so II f III ~ 2- 5E. Let Xt = EtU). It follows from (12) that 
P(X* ;;;. t);;;. E12. On the other hand, we have 1 X* dP ~ 1 f dP ~ 2- 5E, so 
P(X* ;;;. t) ~ E14. This shows that (Xt) does not converge essentially, and con-
cludes the proof. 

LEMMA 29. Suppose that J contains a countable cofinite set, and that for each 
f E L'Y, the martingale EtU) converges essentially. Let E > O. Then there is 1)0' 
depending only on E, such that, for each 8 > 0, there are 1) > 0 and s in J, depending 
only on E and 8, such that, for each finite set I with s ~ I, and each family (Ai)iE/' 
where Ai is a ~rmeasurable set, such that P(UA) ;;;. E, there is a family (~;) of 
functions, where ~i is ~i-measurable, ~i ;;;. 0, ~i = 0 outside Ai' IIL~illl = 1 and 

(13) 

PROOF. First step. We show that there are 1)0 and So such that, for each finite set I 
with So ~ I, and each family (AJiE/ of ~rmeasurable sets, with P(UAi) ;;;. EI2 there 
is a family (~J of bounded functions, where ~i is ~rmeasurable, ~i ;;;. 0, ~i = 0 
outside Ai' IILUl = 1 and 1 <I>(41)oL~i) dP ~ 1)0· 

Suppose this fails. So, for each 1)0 > 0 and So E J, there is a finite set I with 
So ~ I, and a family (AJiE/ of ~rmeasurable sets with P(UAJ ;;;. E12, such that we 
cannot find a family (0 of functions, where ~i is ~rmeasurable, ~i ;;;. 0, ~i = 0 
outside Ai' IIL~/Ill = 1 and 1 <I>(41)oL~i) dP ~ 1)0· 
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We now use Lemma 27 with N1(·) = N2(·) = II . 11<1>" where 11>'(u) = 1)(/11>(41)ou). 
(The conjugate Young function '1" is given by 'I"(u) = 1)(/'I'(u/4).) So there is 
f E L"" such that E(lfgl) ~ 2 for Ilgll<l>' ~ 1, and such that Ai C {E(fi) ;> I}. We 
see that II f II"" ~ 2, so f 'I"(f/2) dP ~ 1, so f 'I'(f/8) dP ~ 1)0' The conclusion 
follows from Lemma 28 (with 8 = n 

Second step. We finish the proof. Suppose that the conclusion fails. Then there 
exists 8 > 0 such that, for each 1) > 0 and s ;> so' there exist a finite set I with s ~ I 
and a family (AJiEI of ~rmeasurable sets with P(UA,) ;> E/2, such that for each 
family (~J of functions, where ~i is ~,-measurable, ~i;> 0, ~i = 0 outside A" 
1iI:~iI11 = 1, we get either f 11>( 1)oI:U dP ;> 1)0 or f 11>( 1)I:U dP ;> 1)8. 

We now use Lemma 27 with N1(·) = II . 11<1>'" Nk) = II . 11<1>-' where 11>"(u) = 

1)oll1>(1) oU), 11>-(u) = (81)-111>(1)U). (The conjugate Young functions are given, re-
spectively, by 'I'''(u) = 1)ol'l'(U) and 'I'-(u) = (81)-1'l'(8u).) It follows that there 
are gl' g2 with Iig111",,, ~ 1, Ilg211",- ~ 1 such that Ai C {E'(gl + g2) ;> I}. 

Let Ci = {Ei(gl) > ~:}. Suppose, if possible, that P(UC,) ;> E/2. Then the first 
step gives functions ~i' ~i ;> 0, ~i = 0 outside Ci , ~i is ~i-measurable, III:t111 = 1, and 
f 11>(41)I:~,) dP ~ 1)0' so fl1>'(4I:U dP ~ 1, so 11I:~ill<l>' ~ t. It follows that E(glI:U 
~ t. However, since ~i is ~,-measurable, 

E(glL~i) = LE(gl~i) = L(~iEi(gl)) 
1 1 

>2LE(~J;>2 

since E'(gl) > t when ~i > O. This contradiction proves that P(UCi ) ~ E/2. Let 
A; = {Ei(g2) ;> t}. Since P(UA,) ;> E we have P(UA;) ;> E/2. Since Ilg21i",- ~ 1, we 
have f '1'( 8g2 ) dP ~ 1)8. But Lemma 28 shows this is impossible. This concludes the 
proof. 

LEMMA 30. Suppose that J contains a countable cofinite set, and that L'" -bounded 
martingales converge essentially. Let E > O. Then there is 1)1' depending only on E, such 
that for each 8 > 0 there are 1) > 0, s E J, y > 0, b > 0, depending only on E and 8, 
such that, for every finite adapted famly of sets (A t) with 

(14) E < p( UA} LP(A t ) ~ (1 + y)p( UA t ), 

t~s t~s t~5 

there is 'T E 1M with 'T ;> s such that P( A( 'T» ;> band 

(15) 

PROOF. First step. Let 8 > 0, and let 1)0 = 1)O(E), 1)1 = 1)0/4, and 1) = 1)(E, 82- 4 ) be 
as in Lemma 29. Since we assumed that lim <j>(t) = 00, there is lEN such that for 
u;> 2/ we have 11>(1)ou) ;> 41)ou. Letb = 2- 1- 5/(1 + 2), andy = 2- 1- 2. Let 

C= {w;3i*j,i,j;>s,XEAJiAj }. 

Then (14) implies that P(C) ~ y. Let D = Ut>sA t. 
Second step. Let aJiEI be as in Lemma 29 but with 82- 4 instead of 8, and let 

~ = I:~i' We have fCn{~d'} ~ dP ~ t and also 

f ~ dP ~ ~ f 1)0111>( 1)0~) dP ~ ~. 
(!;>2'J 
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It follows that fD\C g dP > t. For each -2 < k .,:;; 1- 1 and i EO I, let 
A7 = {2k < gi":;; 2k+l} 

so that A7 EO ~i' Let 'Tk EO 1M be given by {'Tk = i} = A7 for i EO I, {'Tk = i} = 0 
otherwise. The rest of the proof consists of showing that for 'T one can take one of 
the 'Tk. We first note that, for each i, we have Lk2kl{TA ~i} < gi so we have 

(16) L2kSTA .,:;; g. 
k 

Let H = (D\ C) Ii {g > ±}. Since fD\C g dP > t, we have fH g dP > ±. For w EO 

H, there exists a unique i such that gi( w) > 0, so we have gi( w) > ±, so 
/-1 

gi(W)":;; L 2k+ll(TA~'/w), 
k~-2 

Summation over i gives Hw).,:;; L~-}_22k+ISTJw). For k EO [--2,1- 1], let ak = 
fff 2k+ ISTA dP. Since fff g DP > ±, w have Lkak > ±. Now from (13), (16) we 
deduce that 

L f <1>( 1/2kSTJ dP .,:;; y 481/, 
k 

so we have Lakbk .,:;; 2- 481/, where bk = aielf <I>(1/2 kST) dP for ak =1= 0, and zero 
otherwise. Let 

L = {k; bk > 8n/2}. 
Then LkELak .,:;; y3, so LkELak > t. Let 

L' = {k EO [-2, I - 1]; a k > 1/16(1 + 2); k <E L}. 
We have LkECa k > 2- 4 . It follows that there is k with bk .,:;; 81//2 and ak > 
1/16(1 + 2). 

Since the sets A7 are disjoint on H, and since { 'T = i} c A, for each i, we get 

P(H Ii A( 'Tk )) = f STA dP = 2- k- Iak > 2- 1- 5/(1 + 2) = b. 
II 

Since bk .,:;; 81//2, we get 2kf <I>(1/ 0 ST) dP":;; 81/ak/2, so, since 2- kak .,:;; 2P(A('Tk », 
we get 

Moreover, 

f <1>( 1/ I STJ dP .,:;; f <I>(41/lg) dP .,:;; f <1>( 1/og) dP":;; l. 

The proof is complete. 

LEMMA 3l. Suppose that J contains a countable cofinal set, and that L'¥-bounded 
martingales converge essentially. Let f > 0. Then there is 1/1' depending only on f, such 
that, for each 8 > 0, there are Sl EO J, YI > 0, bl > 0, depending only on f and 8, such 
that for every finite adapted family of sets (A t) which satisfies 

(17) f<P(UA t ); 
t~sl 

L P(A t )":;; (1 + YI)P( U At), 
t~sl t:;?:SI 
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there is 7" E 1M with 7" ;;;. Sl such that 

(18) 

PROOF. Fix € > O. Let '1]1 be as in Lemma 30. We can assume 24 '1]1 ~ 1. Let l> > O. 
Let s, y, b, 'I] be as in Lemma 30. Let d = '1]/2'1]1. Let k be large enough that 
k;;;. 4/'I]l>bd. Let Y1 ~ Y be small enough that Y1<1>('I]lk) ~ nl>d. Let b1 = db/4. Let 
Sl = s. Let (At) be as in the statement of the present lemma. From Lemma 30 there 
exists 7"' E 1M such that P(A( 7"')) ;;;. band 

(19) 

We can suppose that {7"' = t} c At for each t. Let 

1= {i E J; {7"' = I} "* 0}. 
Let 

C= {w;3i,jE1,i"*j,wE {7"'=i}n{7"'=j}}. 

From (17), we have P(C) ~ Y1. For i E I, let a; = P({ 7"' = i} n C). Since we can 
assume Y1 < b/2, we have La; ;;;. P(A( 7"'))/2. 

We shall obtain 7" by a random choice. More precisely, let Y = {O, 1 V, provided 
with the probability Q that makes the coordinate functions €; independent of 
expectation d. For y E Y, let 7"y be given by {7"y = i} = {7"' = i} if y(i) = 1, and 
{ 7"y = i} = 0 otherwise. We shall show that, with positive probability, 7"y satisfies 
(18). For y in Y, we have 

p( A( 7"y)) ;;;. ~~>;(y )a; ~f R(y). 

We have E(R) = dLa;. Let U = {y; R(y) > E(R)/2}. Then 

E(R)/2 ~ f R dQ ~ Q(U)1/2(E(R2))1/2. 
u 

Since E(R2) ~ deLaY, we get Q(U) ;;;. d/4. And for y E U, we have 

P(A(7"y)) > d'La/2;;;. dP(A(7"'))/4;;;. bd/4 = b1. 

Let D = {ST' ~ k}. Since e T , = 0 outside C, we get, by the choice of Y1' 

f <I>('I]leT') dP ~ Y1<1>(rh k ) ~ 'l]l>b. 
D 

Let w rl D. Let Vw = {y E Q; L€;(Y);;;' 2dST ,(w)} where the summation is over the 
indexes i for which w E {7"' = i}. For y rl Vw ' we have <1>( 'I] leT ) ~ <1>( 'l]ST'( w )). For 

y 

y E Vw ' we have <I>('I]leT) ~ <I>(lhST'(w)). Let 

O(w, y) = sup( <1>( 'l]leTy (W)) , <I> ('I]ST'(W))) - <I> ('I]sAw)). 

We have shown that 
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The choice of k implies that Q( VO,) < T/13db / 4. Integrating over C \ D and using (19) 
grves 

1 O{w, y) dQ{y) dP{w) < T/13db/4. 
C\D 

If V = {y E Q; fD O(w, y) dP(w) ~ T/8b}, then Q(V) > 1 - d/4. For y E V, we 
have 

I O{ T/le,) dP = Ie cI>{ T/le,) dP 

~ J cI>{T/le,,) dP + 1 cI>{T/S,,) dP + 1 O{w, y) dP{w) 
D e~ e~ 

~ 2T/8b + 1j8P{A{ T')) ~ 31jSP{A{ T')). 

We have Q(U (J V) > 0. And for y E U (J V, we have 

bl ~ P{A{T')) ~ (4/d)P(A{Ty )) = (8T/l/T/)P{A{T)), 

so 

The proof is complete. 

LEMMA 32. Suppose that J contains a countable cofinite set, and that L q, -bounded 
martingales converge essentially. Then given e > 0, there exists T/l = T/l (e), such that 
for 13 > 0, there is S2 E J, Y2 > 0, b2 > ° (depending only on e and 8) and a set T c ~ 
with P(T) ~ 1 - e - 13 such that, for every finite adapted family of sets (At) which 
satisfy 

p( U At (J T) ~ 8, 
t~s2 

(20) 

(21) L P{At) ~ (I + Y2)P( U Al 
t?J:,S2 t~s2 

there is T E 1M with T ~ S2 such that 

PROOF. Let 1jl be as in Lemma 31 and let 13' ~ 8. For an adapted family A = (At), 
write 

f(A, 8') = sup{ b > 0; 3T ElM; P{A{ T)) ~ b, I cI>{ T/le.) dP ~ 13'b} 

= sup{ P{A{T)); T E 1M; I cI>{1j le.) dP ~ 13'P(A{T))}. 

This is an increasing function of 13'. 
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Given E', Y' > 0, s' E J, let F(E', y', s') denote the collection of the finite adapted 
families A = (At) such that the following holds: 

At =f= 0 = t ~ s', P(UA t ) > E', LP(At) ~ (1 + Y')P(UAJ 

Write 
g(E',y',S',~') = Inf{f(A,~'); A E F(E',y',S')}. 

This function is increasing in E', ~' and s', decreasing in y'. Let 
h(E',~')= sup g(E',y',S',~'). 

s'Ei, y'>O 

If h(~, ~/2) > 0, the result is true. Actually, in this case it is enough to take 
b2 = h(~, ~/2)/2, and S2' Y2' with g(~, Y2' S2' ~/2) > b2· 

We now suppose h ( ~, ~ /2) = 0. Let 
EO = inf{ E' ~ 0; V'~' > 0, h(E', ~,) > O}. 

Lemma 31 means that, for each~' > 0, we have h(E, ~') > 0, so we have ~ ~ EO < E. 
Since EO - ~ /2 < EO' there is ~' > ° with h (~o - ~ /2, ~') = 0. Let b2 = 
h(EO + ~/2, ~'/4)/4 > 0. Lets3 Ej, Y2 > ° such that 

2b2 < g(EO + ~/2,2Y2' S3' ~'/4) ~ 4b2 · 

Since h(EO - ~/2, ~') = 0, we have g(EO - ~/2, Y2' S3' ~') = 0. So there is B = (Bt) 
E F(EO - ~/2, Y2' S3) such that feB, ~') < b2 . Let 1= {t; Bt =f= 0}. Let U = UBt. 
We have P(U) ~ EO - 0/2. We have P(U) ~ EO + ~/2, for otherwise B E 

F(EO + ~/2, Y2' s3)' which is impossible because 
f(B, ~,) < b2 < g(EO + ~/2,2Y2' S3' ~'/4) < g(EO + 0/2, Y2' S3' ~'). 

Let T = Q \ u, so peT) ~ 1 - E - O. Let S2 E J with S2 ~ I. 
Let A = (At) be an adapted family such that (20) and (21) hold. Let A; = Bt for 

tEl, A; = At \ U = At n T for t ~ S2' and A; = 0 otherwise. It follows from (20) 
that P(Ut;;'S3A;) ~ EO + 0/2. Also, 

L P(A;) = L P(Bt) + L P(A;) 

It follows that 

tEl 

~ (1 + Y2)[P(U) + p( t~2At)]- tE2 P (A t n U) 

~ (1 + Y2)[P(U) + PC~2At \ u)] 
+ (1 + Y2)P( U At n U) - L P(A t n U) 

t~s2 t~s2 

~ (1 + 2Y2)P(UA;). 

A' = (A;) E F( EO + 0/2, 2Y2' S3)' 
The definition of g( EO + ~/2, 2Y2' s3' 0'/4) shows that there is a c > ° with 

2b2 ~ C ~ g(EO + 0/2,2Y2' S3' ~'/4) ~ 4b2 
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and T' E 1M with 

P(A'( T')) = c > 2b2, 

Let Tl E 1M be given by {Tl = t} = {T' = t} for tEl and {Tl = t} = 0 other-
wise_ We have J <P( The.) dP .:( 8b2 - Since feB, 8') < b2 , this means that P(B( T1» .:( 
b2 - Let T E 1M be given by {T = t} = {T' = t} for t > S2 and {T = t} = 0 
otherwise_ Then A'(T') C B(T1) U A(T), so we have P(A(T» > b2 - Since 
J <P( The.) dP .:( 8b2 , the proof is complete_ 

We can start the proof of Theorem 8_ 

PROPOSITION 33_ Assume that J contains a countable cofinal set and that L'o/ -bounded 
martingales converge essentialzv_ Then for each e > ° there are 1/ = 1/(e) and a set Q, 
with P(Q,) > 1 - e such that,for each adapted family A = (At) and each 8 > 0, there 
is T E IMwithP«A* II Q,)\A(T».:( 8 and J <P(1/e.) dP.:( 8_ 

PROOF_ First step_ Let 1/ = 1/1(eI2)- According to Lemma 32, for each 1/ there are 
sen) E J, yen), ben) > ° and a set Tn E ~ with P(Tn) > 1 - el2 - 2- n such that 
for every adapted family of sets (A t) satisfying 

(22) p( U At II Tn »2- n , 
Os(n) , 

L P(A t ).:( (1 + y(n))p( U At), 
t;'s(n) t;.s(n) 

(23) 

there is T E 1M with P(A( T» > b(n) and J <P( 1/e.) dP .:( 2- nb(n). 
Letfbe a cluster point of the sequence IT for the weak topology of L 2(P). We 

havef.:( 1 and J f dP > 1 - e12. Let Q, = (j > ~), so P(Q,) > 1 - e. 
Second step. Since L 00 C L '0/, all L 00 bounded martingales converge essentially. So 

condition VI of Krickeberg holds [5], that is for each adapted family A, and for each 
y > 0, there is T E IMwithP(A(T» > peA) - y and Ile.lll.:( y. 

Third step. Let A be an adapted family with P(A* II Q,) > 0, and let 8 > 0. Since 
JA*nn.! dP > P(A* II Q,)/2, there is n with 2- n < 8, 2- n+2 < P(A* II Q,) such 
that P(A* II Q, II Tn) > P(A* II Q,)/2. 

By induction over k, we construct Tk E 1M such that 

(24) 

The induction continues as long as P«A* II Tn) \A( Tk» > 2- n, so it stops in a 
finite number of steps, and produces T E 1M with P(A(T» > P(A* II Q,)/4 and 
J <P(1/eT ) dP.:( 8P(A(T»':( 8. 

The second step shows that there is T' E 1M with P(A( T') II Tn) > ben) and 
Ile.,11I .:( yen). In other words, the family (A;) given by A; = At II {T' = t} satisfies 
(22) and (23). The existence of Tl follows from the first step. 

Assume now that Tk has been constructed, and that P«A* II Tn) \A( Tk » > 2- n. 
Let s :> Tk. Define Bt = At \A( Tk) for t > s, Bt = 0 otherwise. Then P(B* II Tn) > 
2- n , so the second step shows that there IS T' E 1M with P(B( T') II Tn) > 2- n and 
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lIeT,lIl ~ yen). In particular, the family (A;) given by A; = At n {T' = t} satisfies 
(22) and (23), so there is T" with P(A'(T"» > ben) and f <I>(1JeT") dP ~ 8b(n). We 
now define {Tk+l = t} = {Tk = t} for t ~ s, {Tk + 1 = t} = {T" = t} for t ~ s, 
{ T k + 1 = t} = 0 otherwise, and the induction continues. 

Fourth step. Using one more standard exhaustion, that we leave to the reader, we 
find that there is T E 1M with P(A( T» ~ P(A* n Q,) - 8 and f <I>(1JeT) dP ~ 8. 
This is formally weaker than the property we look for. However, there is s E J and 
C c}:s with P(C n A* n Q,) ~ P(A* n Q,) - 8 and P(C\Q,) ~ E. Define Bt = 

At n C for t ~ s, Bt = 0 otherwise. The above result applied to B yields aTE 1M 
with f <I>(l1eT) dP ~ 8 and P«A* n Q,)\A(T» ~ 38. The proof is complete. 

We now prove Theorem 8. The preceding proposition asserts that condition D.., is 
necessary when J contains a countable cofinal set. Since we assume L'¥ i= L\ we 
consider only martingales of the type (Et(f)) for f E L'¥; the fact that condition D.., 
is sufficient will follow from the proof of Proposition 24 and the following 

PROPOSITION 34. Assume that condition D.., holds. Letf E L'¥,f ~ O. Let Xt = Et(f). 
Then for A> 0 we have P(X* > A) ~ E(f)/A. 

PROOF. Let a> O. There is y > 0 such that f 'l'(fa-1y) dP < 00. Since we 
assume (5), we have <I>(x) > 0 for x> 0, so for each u, y ~ y-1'l'(uy) is increasing 
from zero. Lebesgue's theorem shows that there is y > 0 such that 
f y-1'l'(fa-1y) dP ~ 1. Let A> 0, and let 0 < f3 < A. Let At = {Xt > f3}. Then 
P(X* > A) ~ P(A*). Let 0 < E < P(A*). Then condition D.., gives 1J(E) and T E 1M 
such that f y-1<l>(11(E)eT) dP ~ 1 and P(A* \A(T» < E. We can assume {T = t} C 

At for each t. We get 

E(SJ) = LE(j1{T-i}) = LE(X;1{T-iJ) ~ f3P(A( T». 

On the other hand, y-1<l>(x) and y-1'l'(xy) are conjugate Young functions, so 
Young's inequality (1) gives 

E(eTl1(E)fa-1) ~ 1, sOE(eJ) ~ al11(E); 

so we get 

E(STf) ~ E(j) + E(eJ) ~ E(j) + a/l1(E) 

and 

p({X* > A}) ~ P(A*) ~ E + f3-1(E(j) + a/1J(E)). 

Letting f3, e be fixed, we let a go to zero. We then let E go to zero and f3 go to A to get 
the required inequality. The proof is complete. 

S. Proof of Theorem 9. Since f <I>(eT/n) dP ~ 1 implies lIeTII.., ~ 2n, condition D.., 
implies condition C..,. So we have already proved that when L'¥ i= L1, condition C.., is 
necessary when J contains a countable cofinal set. Actually using our techniques, the 
direct proof that C.., is necessary is much easier than the proof that D.., is necessary. 
(But, as Theorem 11 shows, C.., is not sufficient in general). We suppose now 
L'i' = Ll, and we prove in that case that D.., is necessary when J contains a countable 
cofinal set. 
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LEMMA 35. Let I c J be a finite set, and for each i E I, let Ai be a ,£;-measurable 
set. Let a > 0. Assume that for each family (~i) i E I of functions, ~ i ~ 0, ~ i = ° outside 
A;, ~; is bounded '£;-measurable, and IIL;EI~illl = 1, we have IILiEI~;lloo ~ a. Then for 
each y > ° there exists fELl with II f 112 ~ l/a, f ~ 0, such that, for i E I, we have 
P(A i \A;) ~ y, where A; = {Ei(f) ~ !}. 

PROOF. We denote by CI the set of functions LiEI~i where ~i is bounded, 
'£;-measurable, ~i ~ 0, ~i = ° outside Ai' IIL~illl = 1, IIL~illoo ~ l/y. 

We denote by C2 the set of ~ with sup ~ ~ a/2. Then CI, C2 are convex. Moreover, 
CI is a(LOO , L1)-compact and C2 is a(LOO,LI)-closed. The theorem of Hahn-Banach 
givesfE LI withf< ! on C2 andf>! on CI. Sincef<! on C2 , we havef~ ° 
and II f III ~ l/a. Suppose, if possible, that for some i we have P(BJ > y, where 
Bi = A; \A;. Then the function h = P(BJ-11B belongs to CI, so E(fh) > !. How-
ever, E(fh) = P(BJ-1fB, Ei(f) ~ !. This cont~adiction proves the lemma. 

LEMMA 36. Assume that J contains a countable cofinite set and that for each f ELI 

the martingale (EI(f» converges essentially. Then for each e > ° there is s E J and 
N, > ° such that, for each finite set I c J with s ~ I, and each family (AJiEI' Ai is 
'£i-measurable, P(UA;) ~ e, there exist bounded functions L ~i is ,£;-measurable, 
~i ~ 0, ~i = ° outside Ai' IILUI = 1, IIL~illoo ~ Ne· 

PROOF. Otherwise there is e > ° such that, for each s E J and N > 0, there is a 
finite set Ie J, with s ~ I and a family (A;)iEI of '£;-measurable sets, with 
P(UA i ) ~ e, such that for each family t of bounded functions ~i' ~i ~ 0, ~i = ° 
outside Ai' IIL~illl = 1, thenllLUoo ~ N. 

Let (Sk) be a cofinal sequence in I. Using the preceding statement and Lemma 35, 
we construct for each k a finite set 1k with Sk ~ 1k andfk E L\f ~ 0, II fklil ~ e2- k - 2 

such that 

(25) 

Letf= Lfk. Then II f III ~ e/4. Let XI = EI(f). From (25) we see that P(X* ~ !) 
~ e. On the other hand, P( X * ~ !) ~ e/2, so X* =1= X *. This contradiction con-
cludes the proof. 

LEMMA 37. Assume that J contains a countable cofinite set and that for each fELl 
the martingale (EI(f» converges essentially. Then for each e > ° there is M, > 0, 
b > 0, s E J and y > ° such that, for each finite adapted family (A I)' 

(26) P ( U A I) > e, L P ( A I) ~ (1 + y) P ( U A l 
I>s t>s t>s 

there exists T E 1M with P( A( T» > band IISTII 00 ~ Me. 

PROOF. Let N, and s be as in Lemma 36. Let b = 1/4N" y = 1/2N,. Let (AI) be 
an adapted family satisfying (26). We can assume there is I ~ s such that A I = 0 
for t f/. I. Let 

C = {w; 3i, j E I, i =1= j, wE Ai n A j }. 
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Then P(C) ~ 1/2NE• Let (t)iEJ be the functions given by Lemma 36, and let 
~ = L~i' Since II~II 00 ~ NE, we have fc ~ dP ~ t so fQ\c ~ dP ;0 1. It follows that if 
H = {~ > ~} \ C we get P(H) ;0 1/4NE• For W E H, there is a unique i E 1 with 
~i(W) > 0, so ~Jw);o ~. Define T E 1M by {T = i} = Ui;o ~} for i E 1, {T = i} 
= 0 otherwise. We have shown that P(A( T)) ;0 P(H) ;0 b. On the other hand, 
ST ~ 4~, so IISTlloo ~ 4NE • The proof is complete. 

At this point, the fact that condition VI holds and the standard exhaustion 
procedure make it clear that condition Cq, is necessary for the convergence of 
equi-integrable LI-bounded martingales. The proof that condition Dq, is also neces-
sary follows the line of Lemmas 32 and 33 with some simplifications. 

It remains to show that condition Cq, implies the convergence of L'!'-bounded 
martingales if 'I' satisfies the ~ 2 condition. 

PROPOSITION 38. Assume that condition Cq, holds. Let s E J, B E Ls' Then for each 
positive submartingale ( Xt) and;\ > 0 we have 

p({ X* ;0 ;\} () B) ~ 10 + (2MJ;\) sup IIXtIBII'!'. 
1 

PROOF. We can assume P({ X* ;0 ;\} () B) > e. Let At = {Xt ;0 ;\/2} () B for 
t ;0 s. Then 10 < P({X* ;o;\} () B) ~ P(A*). From condition Cq" there is aTE 1M 
such that P(A* \A(T)) ~ 10 and IISTIIq, ~ ME' Let t;o T. We have 

E(XtSTIB);o LE(Xtl{T~i}IB);O LE(Xtl{T~iJnB);o ;\P(A(T)). 

On the other hand, E(XtSTI B) ~ IIXtIBII,!,M" so we get 

P(A*) ~ 10 +(2MJ;\)supllxtI BII'!'. 

PROPOSITION 39. Assume that 'I' satisfies the ~2 condition. Assume that for every 
s E J, every BEL s' every positive submartingale (Xt), we have for;\ > 0 

(27) 

Then every L'!' -bounded martingale converges. 

PROOF. Let f E L'!' and 10 > O. Denote by fa the truncation of f at -a and a. Since 
'I' satisfies the ~2 condition, Ilf - fall'!' -> 0 when a -> 00. It follows that there are 
s E J and gEL'!', g is Ls-measurable, with Ilf - gil'!' < eI2M,. Let l'r = Et(lf - gO· 
From (27) we get P(y* > e) ~ 210. Since IEt(f) - £l(g)1 ~ l'r and Et(g) = g for 
t ;0 s, we see that the martingale (Et(f)) converges essentially. If L'!' "4= Ll, all the 
L'!' -bounded martingales are equi-integrable, so are of this type. We now investigate 
the case L'!' = LI. Let E denote the union of all the algebras Lt. For A E E, let 
meA) = lim 1 fAXt dP. This is a finitely additive measure of bounded variation. As 
in [11], we write m = m i + m 2 where m i is absolutely continuous and m 2 is singular. 
Let ml(A) = fA f dP. We have shown the convergence of (EI(f)). It remains to 
show that 1'; = X t - EI(f) converges essentially to zero. Let ZI = Il'rl. This is a 
sub martingale. Let 10 > O. Let s E J and B E J with PCB) ;0 I - 10 and Im2I(B) < 
eI2M,. Since E(ZtIB) ~ Im 2 I(B), from (27) we get P({ Z* ;0 e} () B) ~ 210, so 
P( Z* ;0 e) ~ 310, and this concludes the proof. 
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6. Proof of Theorem 10. 

LEMMA 40. II <I> does not satisfy condition Exp, lor each a > 0 there is an integer 1 
with <1>(2/) ~ a'<I>(l). 

PROOF. If for each ri we have <I>(2n+1) ~ a 2n<l>(2n), we get <I>(2n) ~ a 2n<l>(1) for 
each n, so for each u ~ 1 we have <I>(u) ~ a 2u<l>(1), which implies condition Exp. 

We now start the construction. Since the details differ whether <I> is always finite 
or not, we assume <I> always finite, leaving the other (simpler) case to the reader. By 
the lemma, there is a sequence (In) of integers with 

(28) 

We can assume In ~ 00 and <I>(ln) ~ 23. Let k n = 2n+4In. Let Gn = {I, ... , k n}, 
Hn = {l, .. . ,In}· Let Un be the uniform probability on Gn. LetMn = GnHn, and Qn be 
the power of Un on Mn' Let Ln = Gn U Mn. Let bn = 2- n/<I>(ln)' so bn ~ 2- n- 5• On 
L n , consider the probability Pn given by 

For i ~ kn' let 

Let L = fl L n, and P be the product probability. Then (L, PJ, P) is isomorphic to 
([0, 1], PJ, ,\) where PJ is the Borel a-algebra. We denote by ~ n the a-algebra of sets 
that depend only on the first n - 1 coordinates. Let Bn i = {z = (zn) E L; zn E 

Cn.;}. We denote by ~n.i the a-algebra generated by ~n and Bn•i • LetJ = {en, i); i E 

Hn}' For (n', i') E J, we say that (n, i) < (n', i') if either n < n' or (n, i) = (n', i'). 
The map t - ~ I is increasing. 

We first show that condition Dtp holds. Let (A t) be an adapted family of sets. Let 
E > O. Let no with 2- no ~ E. Let A;' = 0 if t = (m, i) for m ~ no and A;' = At 
otherwise. LetA; = A;'\Us</A:. For each, let Cn = UiEHnA~.i' Then the sets Cn are 
disjoint, and UCn :::1 A*. Let q be such that P(A* \ UnqCn ) ~ E. Define T E 1M by 
{T = (n, i)} = A~.i for n ~ q, and {T = (n, i)} = 0 otherwise. Then A( T) = 
UnqCn, so P(A* \A( T» ~ E. Let 1= 2:iEH)Bn,,' gn = I - I /\ 1. Then for x = (xn) 
E L, gn(x) = 0 except when Xn E Mn, in which case gn ~ In' so f <I>(gn) dP ~ 
bn<l>Un) ~ 2- n. But one sees that e T ~ gn on Cn' Since Cn = 0 for n ~ no, we get 

f <I>{eJ dP ~ L f <I>(gn) dP ~ 2- no ~ E 
n> no en 

so condition Dtp holds. 
We now show that condition Vtp fails. Let An,i = Bn.i for each n, i. Then A* = L. 

Let T E 1M be such that P(A( T» > t. We are going to show that iieTiitp ~ t. 
For each n, let 

Bn = U Bn i n { T = (n, i)}. 
iEHn 
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We haveA(r) = UnBn, so there exists n with P(Bn);:' 2- n - 1. Let '29'be the family 
of atoms Y of Ln such that P(Y Ii Bn) ;:, 2- n- 2p(y). Then the union of '29' has 
probability;:, 2- n - 2• Let us fix Y E '29'. Let I = card K, where 

K = {i E Hn; Y Ii Bn •i C {'T = (n, i)}}. 

We have 

Since bn ~ 2- n- 3, it follows that I;:, 2- n- 3k n ;:, 21n. Let 

N = {y E Mn; the numbersy( p) for p E Hn are distinct and in K}. 

Since I ;:, 21 n' we have 

( I 1- 1 I - In + 1) In -n-4 In Pn(N) ;:, bn k -k-'" k ;:, bn(t/2k n) ;:, bn (2 ). 
n n n 

Let N' = {z E Y; zn EN}. On N' we have eT ;:, In' It follows from (28) that 

;:, P(Y)(2-n-4)lnbn<p(2/J ;:, 2n+3p(y). 

Summation over Yin '29' gives f <P(2eT ) dP ;:, 2, so 112eTII<I> ;:, 1 and IleTII<I> ;:, -L and 
this concludes the proof. 

7. Proof of Theorem 11. 

LEMMA 4l. If 'It fails condition Ll2' one can find numbers an' bn > 0, integers k n > ° 
such that the following hold: 

(29) 
(30) 
(31) 

PROOF. We can find an such that 'It(a n) ~ 2- n'lt(2a n). Let bn = 1/2an'f;(2an). 
Then the equality case in Young's inequality shows that 

'It(2a n) + <p( tP(2aJ) = 2a n'lt(2aJ = l/bn· 

It follows that bn'lt(a n ) ~ 2- nbn'lt(2a n) ~ 2- n. Also bn<P(~anbn) ~ l. Since anbn ~ 0, 
one can suppose 2anbn ~ 1 so it is enough to take for k n the integer part of 1/2anbn. 

We now proceed with the construction. Since bn ~ 0, we suppose bn ~ ~ for each 
n. Let Ln = {O, . .. ,kn}. Let Mn = Ln \ {O}. On L n, let Pn be the probability given 
by Pn({O}) = bn, Pn({i}) = (1 - bn}/kn for i ~ i ~ k n • Let L = TILn, and P be the 
product probability. Then L is a compact metric space, and (L, !Jl, P) is isomorphic 
to ([0,1], !Jl, "A), where "A is Lebesgue's measure and !Jl is the Borel a-algebra. 

For each n, let Ln be the a-algebra of subsets of L that depend only on the first 
(n - 1) coordinates. For i E M n , let 

Bn •i = {x E L; x = (xJ, Xn E {O, i}}. 
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Let ~n,i be generated by ~n and Bn,i' We order the algebras ~n,i by inclusion, and 
we denote as usual the index set by J, so J = {en, i); n E N, i E Mn}. 

For each n, define fn by fn(x) = an if Xn = 0, fn(x) = 0 otherwise. From (29) we 
see that f 'l'(fn) dP ~ 2- n. On the other hand, we get that En,i(fn) ~ knanbn ~ :t 
on Bn,i' Since P{UiEMnBn,J = 1 - bn, we get from Lemma 28 that there isfE L'Y 
such that (EI(f))does not converge essentially. 

We show now that condition C<I> holds. Let (AI) be an adapted family. For t E J, 
let A; = AI \ US<IAs. This is an adapted family, and UA; ::) A*. For each n, let 
Cn = UiEMnA~,i' so UA; = UCn • Lete > 0 and letp be such that P(A* \ Un,;;;pCn) ~ E. 

For n ~ p, define {'T = (n, i)} = A~,i and define {'T = (n, i)} = 0 otherwise. We 
have A( 'T) = Un,;;;pCn, so P(A* \A( 'T)) ~ E. Since the sets Cn are disjoint, 

f <I>{eJ dP ~ L J <I>{eJ dP. 
n~p en 

Let Y be an atom of ~n' and I be the number of i in Mn such that A~,i n Y =t= 0. For 
x E Y n Cn' we have e,(x) = 1- 1 if Xn = 0, and zero otherwise. It follows that 

f <I>{e,) dP = P{Y)bn<l>{l- 1) ~ IP{Y)bn<l>{kn)/k n ~ IP{Y)/kn, 
YnCn 

On the other hand, P(Y n Cn) ~ P(Y)(l - bn)l/kn ~ P(Y)1/2kn so finally 

f <I>{eJ dP ~ 2P{Y n CJ. 
YnCn 

By summation over Y, we get fen <I>(e,) dP ~ 2P(Cn) and summation over n gives 
f <I>(e,) dP ~ 2, so iie,ii<l> ~ 3 and this concludes the proof. 

8. Proof of Theorem 12. The details of the proof differ slightly depending upon 
L'Y = L 1 or L'Y =t= L \ although the ideas are the same. We shall consider only the 
case L'Y =t= L\ that is, <I>(u) < 00 for each u (the case L'Y = Ll is somewhat simpler). 

Since <I> fails condition Exp, the method of Lemma 40 shows that there is a 
sequence (an) of integers with 

2 

<I>{2naJ2- 2n - 2 { an/2r an ~ <I>{nan) 

where an = 1 - «(1 - 2- n- 2)/(1 - 2- n- 3 ))1/n. Let k n be large enough that knan ~ 
2n 2an and that (1 - l/kn)n ~ 1 - 2n/3kn. 

Let Hn = {l, ... ,kn} and let Un be the uniform probability on Hn' Let Mn = H;:, 
and let Qn be the power of Un on Mn' Let Nn = H;:2an, and let Rn be the power of u" 
on Nn. Let Ln = Mn U Nn. Let bn = 2n/<I>(na n). We can assume <I>(nan) ~ 8, so 
bn ~ 2- n- 3• For A c L n, let 

Pn{A) = (1 - bJQn{A n Mn) + bnRn{A n NJ. 

Let L = DLn and on L let P be the product of the Pn. For i E Hn, let Di = Bi U Ci , 

where 

B. = {x EM' 3r <C n' x{r) = i} I n' ~, , 
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We note that 

(32) 
Let L~ = TIi<nLi' L~ = TIi>nLi and let P; be the product probability on L~. Let 
Gn = L~ X Hn, and Sn = P; ® Un' Let 

Y= {T= (Tn); ';In, Tn C Gn , Sn(Tn) ~ a}. 
We orderYby inclusion; that is, T ~ T' if Tn C T; for each n. This order makesYa 
directed set. 

We can now define the index set J: 
J = {(n, j, i, T); n E N, j E L~, i E H n, T E Y, (f, i) E Tn}. 

The order on J is defined by (n, j, i, T) ~ (n', j', i', T') if either n < n' and T ~ T' 
or n = n', T ~ T',f = j', i = i'. 

We denote by ~n the algebra of subsets of L of the type ?Tn-1(A), where A C L~ 

and ?Tn is the natural projection L ~ L~. For t = (n, j, i, T) E J, we denote by ~t 
the algebra generated by ~ nand {j} X Di X L~. It is clear that the map t ~ ~ t is 
increasing. 

We now show that condition Cet> fails. For j E L~, i E Hn , let Fj,i = {j} X Di X 
L~. Let us fix m. For t = (n, j, i, T), let At = Fj.i if n ;;:, m, and A[ = 0 otherwise. 
We first show that P(A*) = 1. Let T E Ybe fixed. It is enough to show that 

limp( U Fj,i) = 1. 
n (f.i)ETn 

Letj E L~ be fixed, let V = {i E Hn; (f, i) E Tn}, and let I = card V. We get 

p( U Fj.i) = p;({j})dn , 
lEV 

where 

dn = (1 - bn)(l -(1 - llknr) + bn(l -(1 - IlkJn 2an );;:, 1 -ljkn. 

Summation over j gives 

p( U Fj.i);;:' 1 - Sn(Tn), 
(f.i)ET" 

and this completes the proof that P(A*) = 1. 
Now let 'T E 1M with P(A( 'T» ;;:, t. We show that IISTIIet> ;;:, m12. For t E J, let 

B[ = {'T = t} n A[. Since A[ is an atom of ~I' we have either B[ = A[ or B[ = 0. For 
each n, let 

fn = {(f, i) E L~ X Hn; 3TEY; B[ = A[wheret = (n,j, i, T)} 

= {(f, i) E L~ X Hn; 3t E J, B[ = Fj,;}. 

Let d n = U(j,i)ErnFj.i' We have UBI = Un;,mdn, so there is n ;;:, m such that P(d n) 
;;:, 2- n - 2• Let 
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From Fubini's theorem one gets P;(W);;;. 2- n - 2 • We fix fEW. Let V = {i E 

Hn; (f, i) E rn}' and let I = card V. We have 

2- n- 2 ~ Pn( U Di) = (1 - bn)(l -(1 - Ilknr) + bn(l -(1-ljknr 2an
) 

lEV 

It follows that ljkn ;;;' an- The choice of k n implies that knan ;;;. 2n 2an. We now 
estimate 

We have 

( I I - 1 I - n 2a n + 1 ) (I) n 2
a n n 2a 

= bn k n T··· k n ;;;. bn 2kn ;;;. bn(anI2) n. 

It follows that if G = {f} X L~-l' we have 

1 <I>(~ LID,) dP;;;. bn(anI2r'a n<l>(2naJP;({f}). 
G n iEV 

Summation for fEW gives 

SO IISTII<!> ;;;. nl2 ;;;. m12. 
We now start proving that condition FV<!> holds. 

LEMMA 42. Let (At)tEJ be an adaptedfamity such thatJor each t = (n, f, i, T), At 
is '2:. n-measurable. Then there is a disjoint adapted family (Bt)tEJ' with Bt C At and 
P()JBt) ;;;. P()JA t)· 

PROOF. This is actually almost obvious. Let 

In = {( n ,f, i, T) E I; f E L~, i E In' T E S-} . 
Let !::.'n = UtEJnAI' .:In = !::.'n \ Um<n.:l'm· We have U.:l n = UAt and the sets .:In are 
disjoint. For t E In' let A; = At n .:In E '2:. n, so UA; = UA t. We can find a disjoint 
family (Bt)tEJn ' Bt E '2:. n, Bt E A; with UJnBt = UJnAI' so the family (Bt)tEJ is 
disjoint and has the same union as (At). 

LEMMA 43. Let (At) be an adaptedfamity such that for t = (n, f, i, T) E I, we have 
At C {f} X Die X L~, where Dt = Ln \ Di. Then for each E > 0 there is a disjoint 
adaptedfamity (Bt), Bt C AI' with P(UBt) ;;;. P(A*) - E. 
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PROOF. Let m be such that for n ~ m and i E Hn we have Pn(DJ ~ E. For 
t = (n, f, i, T) E J, n ~ m, letA; = {f} X L~_l if At = {f} X D;' X L~, and A; = 
o if At = 0 (note that {f} X D;' X L~ is an atom of ~I' so no other case is 
possible). Now A; E ~n' and P(UA;) ~ P(A*). Lemma 42 gives a disjoint adapted 
family B; c A; with P(UB;) = P(UA;), and the proof of Lemma 42 shows that, for 
t = (n, f, i, T), B; is actually ~n-measurable, so either B; = 0 or B; = {f} X L~-l' 
Define Bt = At whenever B; * 0. Since Bt c B;, the family (Bt ) is disjoint. Also, 
sinceP(Bt) ~ (1 - E)P(B;), wehaveP(UBt ) ~ (1 - E)P(UA;) ~ (1 - E)P(A*), and 
the proof is complete. 

We now come to the main argument. 

PROPOSITION 44. Assume that for each t = (n, f, i, T) E J, either At = 0 or 
At = Fj.;' Then for each m > 0 and each E > 0 there are numbers Yt such that if 
'I) = Lyt1A " we have I{Pl} <I>(m'l)) dP ~ 1 and P(A* n {'I) ~ I}) ~ P(A*) - E. 

PROOF. First step. For each n let 

fn = {(j, i) E L~ X Hn; 3TE.o7, At = Fj,;fort = (n,f, i, T)}. 
Let /3 > O. Let 

Wn(/3) = {f E L~; card { i E Hn; (j, i) E f n } ~ /3k n }. 

Let Zn(/3) = U{ Fj,;; (j, i) E Wn(/3)}. Let Z*(/3) = limsup Zn(/3). When /3 de-
creases, Z*(/3) increases, We show that there is a /3 > 0 such that P(A* \ Z*(/3)) < 
E12. 

Otherwise, if Z* = Up >oZ*(/3), we have P(A* \ Z*) ~ E12. For each k > 0, let 
n k be such that 

p( U Zn(2- k )\Z*(2- k )) ~ E2- k - 2 • 

n~nk 

Let 

Z'=U u 
We have P(A* \ Z') ~ EI4 > O. For each n, let ken) be the unique k with n k ~ n < 
n k + 1• Let 

Tn = {(j, i) E L~ X Hn; (j, i) E fn' f fE Wn(2- k (n»)}. 

Then Sn(Tn) ~ 2- k (n), so Sn(Tn) -+ 0 and T = (Tn) E.o7. 

Consider 

A' = U{A t ; t = (n,f, i, T'); T' ~ T}. 

Let (j, i) E L~ X Hn such that there exists T' ~ T with At = Fj,;, for t = 

(n, f, i, T'). Since (j, i) E T;, we have (j, i) E Tn' Since (j, i) E fn' we have 
f E Wn(2- k (n»), so Fj,; C Zn(2- k (n»). It follows that A' c Z'. This contradicts the 
fact that P(A* \ Z') > 0, and proves the claim. We fix /3 with P(A* \ Z*(/3)) < E12. 
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Second step. Consider a set V c Hn with I = card V;;" /3k n. Consider the function 
1/ = (l/nm)LiE v1D," We have 111/111 = (//nm)Pn(D1 ), so (32) shows that there is no 
such that, if n > no, we have 111/111 ;;" /3/2m. Since any collection of n + 1 sets Bi has 
empty intersection, we have 1/ ~ l/m ~ 1 on Mn- Similarly, 1/ ~ najm, so we have 

f <I>(m1/) dP ~ bn<l>(naJ ~ 2- n. 
{1» 1} 

Third step. Let us fix p > no and let K be an atom of ~ p" Let y > O. We show that 
we can find a finite set I c J and for tEl numbers Yt such that, if 1/ = L 1y t1A, n K' 

we have 111/111 ;;" (/3/4m)P(Z*(/3) n K) and Ie,,>1} <I>(m1/) dP ~ y. 
Letpo > p with 2- Po ~ y. For n ;;" Po, we define 

Z~' belongs to ~n' and Z~' :::> Zn(/3) n K, 

(33) u Z~':::> U Zn(/3) n K:::> Z*(/3) n K. 

Let Z~ = Z~' \ Uq<nZ~'. The sets Z~ are disjoint. Let'lTn be the natural projection of 
L on L~, and let Vn = 'lTn(Z~), 

Let p' be such that 

p( U ,Z~');;" p(Z*(/3) n K)/2. 
po~n~p 

Define 1/ = L(l/nm)lF where the summation is for Po ~ n ~ p', (j, i) E f n • For 
[., 

lEy", if K' = 'lTn-1( {f}), the second step shows that 

J <I>(m1/) dP ~ yP(K'), 
K'n (1» 1} 

and the result follows by summation over IE Vn , P ~ n ~ p'. 
Fourth step. By induction over k we show that if K is an atom of ~P' p ;;" no, there 

is a finite set i, and for tEl a Yt such that if 1/ = LIYt1A" we have 

(34) 111/111;;" (1 -(1- /3/4m)k)P(Z*(/3) n K), 

(35) f <I>(m1/) dP ~ (1 -(1 - /3/4m)k)P(Z*(/3) n K). 
{n> 1} 

The proof of the proposition will follow by taking k large enough that 

(1 - e/2)(1 - /3/4m)k > 1 - e 
and by summation over the atoms of ~no' 

The case k = 1 has been proved in the third step. Suppose the result has been 
proved up to k. Let K be an atom of ~P' and let 1/ satisfy (34) and (35). We can 
suppose 111/lh < P(Z*(/3) n K). Let q be such that 1/ is ~q-measurable. Let us fix an 
atom F of ~q. Let 
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The third step gives a function r( such that 

(36) 

(37) 

111J'111 ~ (f3/4m)P(Z*(f3) n F), 

f <P(m1J') dP ~ dF· 
(')'> I} 

Define 1JF = 1J1F if 1J ~ 1 on F and 1JF = (1J + 1J'(1 - 1J»lF if 1J < 1 on F. If aF 
denotes the (constant) value of 1J on F, we have 

so 

If1J ~ 1 we have 1JF > 1 = 1J' > 1,so 
(39) 

f <P(m1JF) dP ~ f <P(m(a F + 1J'(1 - aF))) dP ~ f <P(m1J') dP. 
{')r>l} {')'>l} {')'>1} 

Define 1J1 = L,1JF' where the summation is taken for the atoms F on };I,' contained 
in F. Summation of (39) gives 

f <P(m1J1) dP ~ f <P(m1J) dP + '[dF 
{ ')1 > I} ( ') > 1 } 

~ (1 -(1 - f3/4m)k+1)p(Z*(f3) n K). 

We note that (38) remains true if 1J ~ 1 on F, since in that case II1JFlll = aFP(F) 
> P(Z*(f3) n F). Summation over the Fe K gives 

P(Z*(f3) n F) -111J1111 ~ (1 - f3/4m)(P(Z*(f3) n F) -111J1iI) 
and this implies 

The proposition is proved. 
We now complete the proof that condition FV<1> holds. Let (At) be an adapted 

family of se;ts. If f = (n, j, i, T), let 

A~ = At \( 'lTn- 1(j)), A; = At n ({ J} X D/ X L~), A; = At n Fn ,;' 

Let e > O. It follows from Lemma 42 that there exists 71 E 1M with {71 = f} CAt 
for each f, peAl' \A l (7l » ~ e/3 and eT] = O. Let 11 be such that 71 ~ fl' For f ~ f1' 
let A; = A? \ Al( 7 1) and let A; = 0 otherwise. From Lemma 43 there is 72 ElM, 
with {72 = f} C At for each f, P(A'* \A'( 72» ~ e/3 and eT2 = O. Let t2 with 
72 ~ 12, For I ~ t 2 , let A;' = A; \ (Al( 71) U A2( 72 » and let A;' = 0 otherwise. 
From Lemma 44 there are numbers Yt such that, if 1J = L,YtA;', then 111Jlll ~ P(A"*) 
- e/3 and 1{'»1) <P(1J/e) dP ~ 1. Define now 1J' = 1J + L,l{Tl~t) + L,1{T2~t). Since 
A* CAl' U A 2* U A 3*, we have 111J'111 ~ P(A*) - e and 1{'!'>l) <P(1J'/e) dP ~ 1, so 
111]' - 1]' 1\ 111<1> ~ e. This completes the proof of Theorem 12. 
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9. Proof of Theorem 13. Let k n = 2 n and Ln = {O, ... ,kn }. Let Pn be the uniform 
probability on Ln' Let L = OLn and let P be the product probability on L. Let 
L~ = O;<nL;. Let '7Tn be the natural projection of L on L~. For x E L~, let 

and let Hn = UXEL~Hn(x), so Hn = {y E L; Yn = O}. Let Gn = Un~mHm' We note 
that P(Hn) = l/(kn + 1), so P(Gn) -> O. For x E L~, let i = '7Tn- l(x). 

Let WI denote the first uncountable ordinal. Continuum Hypothesis means that WI 

has the power of continuum. So, we can find an enumeration (fa' 1Ja)a<wj of all the 
couples (f, n), where f E Ll(P), f;;:. 0, and n EN. By induction over IX < WI' we 
construct a sequence of Borel sets Ba such that the following hold: 

(40) Ba ::) L \ Gna ; 
(41) for each n, each x E L~+l' either Ba ::) i \ Gn or Ba n i c Gn; 
(42) whenever R is a finite subset of [0, W l [, the set T(R) = naERBa meets every 

set Hn(x) for n E N, x E L~, in a set with nonempty interior; 
(43)ifn > na'X E L~,Xi =F Ofori < n -l,xn_ l = 0, then 

f fa dP ~ 2 - np ( i ) . 
xnBo. 

We first construct Bo. We can enumerate the sets Hn(x) as Z, = Hn(l)(x(l». By 
induction over /, we construct an increasing sequence (p(l» with p(l) > no, and a 
sequence y(I) E L;(I) such that the following properties hold: 

(44) p(l) > n(l) + 2; 
(45) the component of y( l) of index p( l) - 1 is zero and.Y( I) c Z,; 
(46) fv(l) fo dP ~ 2-'-n(l)p(z,). 
The construction is easy. There are K = O(ki + 1) (where the product is for 

n(l) < i < p(l) - 1) possible choices of y(l) satisyfing (45), and the corresponding 
sets y(l) are disjoint. So if p(l) is large enough that K2-'-n(/)p(z,) ;;:. Ilfolll' we can 
find one of them for which (46) holds. 

We now prove (40). Let Bo = L \ (Gno \ U,Y(l». Since the component of y(l) of 
index p(l) - 1 is zero, we have y(l) c Gno for each I, so (40) holds, and Bo = 
(L \ Gno ) U U,Y(l). 

We now prove (41). Let us fix n and x E L~+l' Suppose that we have in Bo =F 0. 
If i r:t. Gno' the components of i of index between no and n are nonzero, so 
i n Gno = i n Gno' so i \ Gn = i \ Gno' and Ba n i ::) i \ Gn from (40). If i c Gno' 
then i n Bo = i n U,Y(l). If for some / we have i c y(l), then i \ Gn c i c Bo. 
Otherwise let us fix 1 with y(l) n i =F 0. Then y(l) c i and p(l) > n. Since the last 
component of y is zero, we have y(l) c Gn, so B n i c Gn in that case. This proves 
(41). 

We now prove (43). Let n > no, x E L~ with Xi =F 0 for i < n - 1 and Xn- l = O. 
We have i c Gno' We have i c Gno' Fix I. Suppose i n y(l) =F 0. We cannot have 
pel) ~ n, since y(l) has at least two components of index ~ p(l) - 1 which are zero 
(i.e. those of index n(l) and p(l» while x has at most one. So if y(l) n i =F 0, we 
have p(l) > n. Since the component of y of rank n(l) is zero, we have n(l) ;;:. n - 1, 
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so P(Z,) ~ P(X). Now (46) implies that 

and this implies (43). 

1 10 dP ~ 2- n -'P(Z,) ~ 2- n -'P(x) 
xny(l) 

We now construct the sets Bo. by induction. Suppose that the sets Bo. have been 
constructed whenever a < {3. We can enumerate as 

the sets T(R) n Hn(x) where R is a finite subset of [0, {3[, and x E L~. Let 
Z, = Hn(/)(x(l». By induction over f, we construct an increasing sequence (p(/» 
with p(l) > nf3 and a sequence y(/) E L~(/) such that (40) holds, together with the 
following: 

(47) the component of y(/) of index p(/) - 1 is zero and y(/) c u" P(.Y(/» ~ 
2-'-lp(U,); 

(48) Jy(/) 1f3 dP ~ 2-'-n(/)p(z,). 
The construction is very similar to the construction in the case a = 0, so we leave 

it to the reader. We set Bf3 = L \ (Gnp \ UHf». To check that (44)-(46) hold, one 
proceeds as in the case a = 0. We now check (42). Let R be a finite subset of [0, {3[, 
and fix n EN, x E L~. We now show that T(R) n Hn(x) n Bf3 has nonempty 
interior. There exists n' ~ nf3' and x' E L~I with Hn,(x') c Hn(x). So we can 
actually suppose n ~ nf3' so we have Hn(x) C Gnp' By construction there is f with 
y(/) C T(R) n Hn(x), so y(/) c T(R) n Hn(x) n Bf3. This completes the construc-
tion. 

Let Mn = {l, ... ,kn}. For i E Mn, let Cn.i = {y E L; Yn E {O, i}}. Let Ln be the 
algebra of subsets of L that depend only on the coordinates of rank ~ n - 1. Let S 
be the set of finite subsets of [0, WI [, ordered by inclusion. The index set J is given by 

J = {( n, i, R): i E M n , RES}. 

We order it by (n, i, R) ~ (n', i', R') if either n < n', R c R' or n = n', i = i', 
R c R'. This order makes J a directed set. For t E J, t = (n, i, R), let L t be the 
algebra generated by L n, Cn,;, and the sets Bo. for a E R. The map t ~ L t is 
increasing. Denote by:=: the union of the algebras Lt. For x E L~, q E N, let 

Fn,q(x) = {y E L; '7Tn(y) = x, Yi = O,V'n ~ i ~ n + q}. 

Let an = 2- n/card L~. From (42) there exists a unique positive finitely additive 
measure /In.x such that /In,AL) = an and 

V'a < WI' /In,x(BJ = an' V'q, /In.x(Fn,q(x)) = an' 

Let /l = L/ln,x, where the summation is over n and x E L~. Note that /l(L) = 1. For 
t E J, we define X = (Xt) by Xt = /l(A)/P(A) onA for each atom A of Lt. This is a 
positive martingale, and IIXtll1 = 1 for each t. We show that it does not converge. It 
is clear that /l is singular; that is, for each e > ° there is t E J and A E L t with 
P(A) ~ 1 - e, /l(A) ~ e. This shows that X* = 0. 
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Now let n E N, and R be a finite subset of [0, wl[. Let Y E L with Y $. Gl. Then 
from (40)y belongs to T(R). Let z = '7Tn(y) E L~, and let i = Yn' Theny E A = z Ii 
Cn.i Ii T(R) and A is an atom of};1' for t = (n, i, R). We have 

JL (A) ~ JL n ,z (A) ~ JL n ,A T( R) Ii Hn (Z ») = an' 

On the other hand, 

m(A) ~ m(CnJ ~ 2/kn card L~ = 2- n+ l/card L~ = 2an, 

so XI(y) ~ t. This shows that X* ~ t on L \ Gl. Since P(L \ Gl) > 0, we have 
X* =1= X *, so (XI) does not converge essentially. 

Now letl E Ll(P). We show that XI = (£I(f» converges. By approximation, it is 
enough to show that P(X* ~ A) ~ II I Ill/A when I ~ 0, A> 0. 

Let g = SUPn(£(fI};n»' We know that P(g > A) ~ II f Ill/A since the sequence 
};n is increasing. Let m > 0. Let a < W l with (f, m) = (fa' na)' We show that if 
(m, 1, {a}) ~ t = (n, i, R), then XI ~ cmg + d m on L \ Gw where Cm' d m depend 
only on m and cm -+ 1, dm -+ 0. This implies X* ~ g on L, and concludes the proof. 
Let y E L \ Gm • Let x = '7Tm (y). It follows from (41) that, for each f3 E R, either 
i \ Gm C BfJ or (i \ Gm) Ii BfJ = 0. Let i = Ym. It follows that the atom A of};1 that 
contains Y contains (i \ Gm ) Ii Cm,i' so if Z = '7Tm+ l (y), A contains z \ Gm. Easy 
computation shows P(Z \ Gm) ~ P(Z)rm' where rm = Di;>m(l - 2- i ), so P(A) ~ 
P(Z)rn· 

Since Y $. Gm , we have Y E Ba from (40), so A C z U (Hm(x) Ii Ba)' From (43) it 
follows that 

So we have 

Xt(Y) ~ ~ fa dP /P(A) ~ (~fa dP k(rmP(z») + 2- m/rm 

~ g(y)/rm + 2- m/ rm • 

The proof is complete. 

10. Proof of Theorem 21. We shall perform the construction in the case LV =1= Ll; 
that is, cf> < 00 everywhere. The details in the case LV = Ll are somewhat simpler. 

Since cf> fails condition Exp, Lemma 40 shows that there is a sequence (In) of 
integers such that 

(49) 

We can assume cf>(/n) ~ 2. Let bn = 2- n/cf>(/n)' k n = n2n+ l ln, Let 

Hn = {l,,,.,kn} X {l,,,.,2n }. 

Let Un be the uniform probability on Hn' Let Mn = Hnn\ and let Qn be the power of 
Un on Mn' Let Ln = Hn U Mn, and on L n, let Pn be given by 

Pn(A) = (1 - bn)Un(A n Hn) + bnQn(A Ii MJ. 
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Let L = DLn, and p, be the product measure. Let F" = {x E L; xn E Hn}. For 
x = (x m) E Fn, write xn = (Pn(x), qn(x») where Pn(x) E {l, ... ,kn}, qn(x) E 

{l, ... ,2n}. For t E Hn , let 

Ct = {z = {zJ E Hnnl,,; 3i ~ nln; Zi = t}. 
Let Z c HI!" A point x in H:;I" which has all its coordinates distinct and in Z 

satisfies LIE zl e (X) ;,. nl n' so if card Z ;,. 2nln' we get 
t 

(50) Qn ( {t~Z Ie, ;,. nln} ) ;,. (card 2/2 card Hnr l". 

Also, we note the following: 
(51) Any family of nln + 1 sets Ct has empty intersection. For x $. Fn, let 

Wn{X) = {y E L;Vq ~ n, Yq = x q}. 

For x E Fn, let Wn(x) = {y E L; Vq < n, Yq = x q, and either Yn E Hand Pn(Y) = 
Pn(x) or Yn E Mn and Yn E Cx). For x E L, define .%'(x) as the family of subse-
quences of (Wn(x». 

We first show that condition Crt> fails. Let F = nFn, so p,(F) ;,. t. Fix m ;,. 1. 
Define a Vitali cover j/"of F by associating to x E F the sequence (w,,(X»n;;,2m+l. 
Let§ be a finite family of 1Csets with p,(F n dy;);" i. Fix each n, let 

D n = U {A E §; A is of the type Wn ( X )} • 

Since dy;= Un;;,mDn, there is n ;,. 2m + 1 with p,(F n Dn);" 2- n + l . Denote by ~n 
the algebra of sets that depend only on the coordinates of rank < n. Let G be the 
collection of the atoms Y of ~n such that 

p,(F n Dn n Y) ;,. 2-np,(Y). 

Then the union of G has measure;,. 2- n. Fix Yin G so that P,(Fn n Dn n Y) ;,. 
2-np,(Y). For x in F n Y, we have easily P,(Wn(x) n Fn n Y) ~ p,(Y)/kn. It follows 
that there are at least q = k n 2-n points Xl, ... ,x q of F n Y such that the sets 
W,,(x l ), ... , Wn(xq) are distinct and belong to G. Note that q;,. 2nln, so (50) shows 
that 

p,({L: 1w,,(xJ);" nln} n Y) ;,. bn(2-2n-lrl"p,(Y), 
I~q 

so 

By summation over Y E G, from (49) and since (nln - l)/m ;,. 21n, we get IleS'llrt> ~ 
1. 

We prove now that condition FVrt> holds. Let Xc L, j/" be a Vitali cover of X, and 
E > O. To each x E X is associated a sequence (Wn (x» in .%'(x). For each n, let 

q 

Tn = {x EX; n is of the type n q (x) for some q } . 
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Then for x E Tn' Wn(x) is a ~set. Also, since ~is a Vitali cover of X, we have 
Xc limsup Tn' For an atom Y of ~n and} ,;;:; kn' let us write 

Yj = {x E Y n Fn; Pn (x) = }} . 

For each n, let Gn be the family of the sets Yj for Yan atom of ~n'}';;:; kn' such 
that 

card { r ,;;:; 2 n, 3x E Yj n Tn' q n (x) = r } ? n. 
If Yn $. Gn, we have p.*(Yj n Tn) ,;;:; n2- np.(Yj). So, if Dn is the union of Gn, we have 

p.*(Tn \ Dn) ,;;:; p.(L \ Fn) + n2- n ,;;:; (n + 1)2-n. 
This implies that Xc lim sup Dn. Let us fix f > ° and let m large enough that 
2- m + 1 < f. For n ? m, let 

S = n u 
m~l~r<n m~r<n 

Let D~ = Dn n Sn' Since Sn E ~n' D~ is the union of the sets Yj that it contains. 
Moreover, P*(X n nr;>m-IFr \ Un;>mD~) = 0, so P*(X\ Un;>mD~) < f. 

For Yj contained in D~, let us pick, n points Xl, ... ,xn E Yj n Tn such that the 
numbers qn(x i) are all different for i ,;;:; n. Let gy,j = (1/n)Li~n1wn(x')' This function 
is one on Yj. Let gn denote the sum of the gy,j for Yj c D~. Then gn = 1 on D~. The 
point is that (51) implies that gn ,;;:; In' so f <P(gn - gn 1\ 1) dP ,;;:; bn<P(/n) ,;;:; 2- n. On 
the other hand, gn = 1 on D~. Given f > 0, one can find m' with 

p*( X\ u ,D~)';;:; f. 
m~n:!f:m 

Since gn is zero outside D~ U (Fn- l \ Fn), the functions gn have disjoint support, so if 
g = Lm~n~m,gn' we have g = 1 on Um~n~m,D~ while f <P(g - g 1\ 1) dP ,;;:; 2- m + 1 ,;;:; 

f. The proof is complete. 
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