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DERIVATION, L¥-BOUNDED MARTINGALES
AND COVERING CONDITIONS
BY
MICHEL TALAGRAND

ABSTRACT. Let (Q, =, P) be a complete probability space. Let (2,),e, be a directed
family of sub-o-algebras of =. Let (®, ¥) be a pair of conjugate Young functions.
We investigate the covering conditions that are equivalent to the essential conver-
gence of L¥-bounded martingales. We do not assume that either ® or ¥ satisfy the
A, condition. We show that when @ satisfies condition Exp, that is when there exists
an a > 0 such that ®(u) < exp au for each u > 0, the essential convergence of
L¥-bounded martingales is equivalent to the classical covering condition V. This
covers in particular the classical case ¥(r) = 7(log ¢)*. The growth condition Exp on
@ cannot be relaxed. When J contains a countable cofinite set, we show that the
essential convergence of L¥-bounded martingales is equivalent to a covering condi-
tion Dy (that is weaker than Vg). When @ fails condition Exp, condition Dy is
optimal. Roughly speaking, in the case of L!'-bounded martingales, condition Dg
means that, locally, the Vitali condition with finite overlap holds. We also investigate
the case where J does not contain a countable cofinal set and @ fails condition Exp.
In this case, it seems impossible to characterize the essential convergence of
L¥-bounded martingales by a covering condition. Using the Continuum Hypothesis,
we also produce an example where all equi-integrable L'-bounded martingales, but
not all L'-bounded martingales, converge essentially. Similar results are also estab-

lished in the derivation setting.

1. Results. Let J be a directed set filtering to the right, i.e. a set of indices partially
ordered by <, such that for each pair #,, ¢, of elements of J there exists an element
ty such that ¢, t, < ¢;. A subset J, of J is called cofinal if each element of J is
dominated by an element of J,,. Given a finite subset / of J, and ¢ in J, we write I < ¢
if ¢ is greater than each element of 7, and ¢ < I if each element of [ is greater than .

Let (2, 2, P) be a probability space. Sets and random variables are considered
equal if they are equal almost surely. All sets and functions considered are measura-
ble unless otherwise specified. Let X = (X,),, be a family of random variables
taking values in R. The essential upper limit of X, e-limsup X, is defined by

X* = e-limsup X, = essinf ( €ss sup X,)
s

t=s

while the essential lower limit of X is defined by

X, = e-liminf X, = —e-limsup(-X,).
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258 MICHEL TALAGRAND

The directed family X is said to converge essentially if X* = X, a.s. Since no
other notion of convergence is used, we shall at times omit the word “essentially”.
For a family 4 = (4,) of sets indexed by J we define 4* by 1,. = e-limsup/,, .

A stochastic basis (2,) is an increasing family of sub-o-algebras of = indexed by J,
i.e. for s < r we have 2, C 2,. We denote by E’ the conditional expectation with
respect to =,. A process X is a family (X,) of random variables such that X, is
S -measurable for every z. We say that (X,) is L'-bounded if sup, E|X,| < co; and
that it is a martingale (resp. submartingale) if for s < ¢, E°(X,) = X, (resp. > X,). A
family (A4,) of sets is adapted if 4, € 2, for every ¢ € J. A finite adapted family is
an adapted family A4, such that only finitely many of the sets A, are not empty.

An incomplete multivalued stopping time 7 is a collection of sets { 7 = ¢} for each
t € J,such that {7 = ¢t} € Z, and that the set

R(r)={t€J:{r=1}+ o)

is finite and nonempty [8]. The set of incomplete multivalued stopping times is
denoted by IM. Forr € IM,t € Jwewritet < 7if t < R(7), 7 < tif R(7) < t. The
sum function S, of 7 € IM is given by S, = 21,,,, and the excess function e, by
e, =S, — 15, If r € IM and A is an adapted family of sets, we set

A(r) =U({r =1} n4,).

We now recall some classical facts about Orlicz spaces. References can be found
in [12]. Let y: R*— R be left continuous, nondecreasing zero at the origin. We set
W(t)= [y y(u) du. Let ¢ be given by ¢(u) = sup{s: ¢(s) <u} for u> 0. Let
®D(u) = [y ¢(¢) dt. Then (@, V) are called conjugate Young’s functions. For a
measurable function f, let

If e = sup{ E(|/g)): E(®(lg])) < 1}.
We denote by LY the space of those f for which ||f]|y < + 0. Provided with the
norm || - ||y, it is a Banach lattice. We define L? in a similar way. We have LY = L*
if and only if ¥ is always finite.

An essential fact is that conditional expectation with respect to a sub-o-algebra is
a norm-one operator on LY.

We shall use the following facts:

W I Ale < Lliglly < 1. then | E(fg)| < 1.

) I£0 < | flly < oo, then [ @(| A/l fllo) dP < 1.

3)lfle < 1+ (1) dP.

For the simplicity of the discussion, we shall assume that

(4) lim,_, ¢(1) = co.

The only case that this assumption eliminates is the case LY = L*, but this case is
covered by the classical work of Krickeberg [5].

We say that a process (X,) is L¥-bounded if sup||X,||y < co. Since we are
interested in L¥-bounded martingales, we can replace || - || by an equivalent norm.
Hence it is no loss of generality to assume that the following holds:

(5) ¥(t) > 0 and D(¢) > 0 for ¢t > 0.

Without this unrestrictive hypothesis, the formulation of condition Dy, (see Defini-
tion 3) would have to be more complicated.
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It is said that ¥ satisfies the A, condition if the following holds:
(A,) IM>0,Vu>1, ¥Y(Qu)< M¥(u).

Condition A, holds if and only if L* is dense in LY for the norm || - || [6].

We shall need a growth condition that is weaker than condition A,. We say that ®
satisfies condition Exp if the following holds:

(Exp) 3a>0,Vu>0, ®(u)<expau.

Before we describe the covering-type conditions that we shall use, a comment is in
order. The first thought of the reader glancing at these conditions is likely to be that
no natural example of filtration (e.g. in multiparameter processes) seems to satisfy
them. It is actually not a deep fact that a covering condition implies the convergence
of certain types of martingales. Since multiparameter martingale convergences are
deep facts, there is little hope to find easy proofs that the corresponding filtrations
satisfy covering conditions. However, since this paper will show that covering
conditions are actually necessary for martingale convergence, all the natural exam-
ples of filtrations actually satisfy some of the conditions we now state.

DEFINITION 1. We say that the stochastic basis (Z,) satisfies condition V;, if for
each adapted family (A4,) and each € > O there exists 1 € IM with P(A* \ A(71)) < ¢
and|le, |l < &

It is also possible to formulate condition ¥V without using -multivalued stopping
times. In that language, V;, states that, for each adapted family (A4,) and each ¢ > 0,
there exists an adapted family (B,), with B, C 4,, all of the sets B, empty except
finitely many ones, and such that P(4*\UB,) < e and |X1; — 1gllo < & The
other covering conditions can be reformulated in a similar way.

DErFINITION 2. We say that the stochastic basis (2,) satisfies condition FVj, if for
each adapted family A = (4,) and each € > 0 there exist functions (£,),c,, §, > 0,

.= 0 outside 4,, §, bounded, £, is = -measurable, such that only finitely many
functions £, are not zero, and such that [ (X§,) dP > P(A*) — ¢, and |[X§, — 1 A& |l
< e

DEFINITION 3. We say that the stochastic basis (2,) satisfies condition Dy, if one
can write { as an increasing union @ = U,Q,, such that, for each adapted family
(A,), each n and each y > 0, there is 7 € IM with

P((4* nQ,)\A(7)) <v
and [ ®(e,/n) dP < v.

DEFINITION 4. We say that the stochastic basis (Z,) satisfies condition Dy, if for
each € > 0 there is (&) > 0 such that, for each y > 0 and each adapted family of
sets (A,), thereis 7 € IM with P(A*\ A(7)) < eand [ ®(n(e)e,) dP < v.

DErFINITION 5. We say that the stochastic basis (=,) satisfies condition C if for
each ¢ > 0 there is M, > 0 such that, for each adapted family 4 = (A4,) with
P(A*) > g, thereis 7 € IM with P(A* \ A(7)) < eand ||S,||4 < M..

Condition ¥} is classical. C. A. Hayes proved (in the setting of derivation [4]) that
when @ satisfies the A, condition, condition V,, is necessary and sufficient for the
convergence of L¥-bounded martingales. Condition FV,, is a “function” version of
condition Vg, where the functions 1, _,, are replaced by more general functions. It
is weaker than V. Other trivial implications are V, = Dy, = Dy = C,.
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In [10] A. Millet and L. Sucheston introduced a condition C, and they proved that
this condition is sufficient for the convergence of L'-bounded martingales. Our
condition C,, is an obvious adaptation of their idea. They asked whether condition C
is necessary for the convergence of L'-bounded martingales. This question, (com-
municated by L. Sucheston) to which we give a positive answer is at the origin of this
work.

Our first result is of a very general nature.

THEOREM 6. Condition FVy is sufficient for the convergence of L¥-bounded
martingales. If LY + L', condition FVy is also necessary.

This result is not satisfactory, since condition FV;, involves functions instead of
sets, so is not a Vitali-type condition. However, we shall see later that it is not
readily possible to improve upon Theorem 6 without further hypothesis. But the
situation is much better when @ satisfies condition Exp.

THEOREM 7. When ® satisfies condition Exp, condition Vy, is necessary and sufficient
for the convergence of L¥-bounded martingales.

We can also improve Theorem 6 when the structure of J is simple.

THEOREM 8. Condition Dy, (resp. Dg) is sufficient for the convergence of L¥-bounded
martingales. When J contains a countable cofinal set, it is also necessary.

This theorem is proved in paragraph 4. Since the proof is long, we give a simpler
argument for the important case LY = L' in paragraph 5. When @ fails condition
Exp, Dy is the sharpest necessary condition that we know. This condition seems to
be actually very sharp. In the case LY = L!, an example of A. Millet and L.
Sucheston shows that in general one cannot take the sets £, in UZ, [10]. (Such an
example could actually be produced whenever @ fails condition Exp, along the lines
of Theorem 10).

It can be useful to have whenever possible a sufficient condition that is simpler
than condition Dy,

THEOREM 9. Assume that ¥V satisfies the A, condition. Then condition Cg is sufficient
for the convergence of LY-bounded martingales. (When J contains a countable cofinal
set, it is also necessary.)

The proof will show that actually the “function version” of Cy is also sufficient.
We now give results that show that the preceding cannot be readily improved
upon. First, condition Exp in Theorem 6 cannot be relaxed.

THEOREM 10. Assume that ® fails condition Exp. Then there exist a countable index
set J and finite o-algebras (X,),c; of [0,1] such that condition Dy, holds (and hence
LY¥-bounded martingales converge) but that condition Vy fails.

The filtration used in the proof of Theorem 10 is somehow artificial. It would be
interesting to know what happens for “natural” filtrations. The same comment
applies to Theorems 11 and 12.
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It is not possible either to relax condition A, in Theorem 9.

THEOREM 11. Assume that ¥V fails the A, condition. Then there exists a countable
index set J and finite o-algebras (2,),c; on [0, 1] such that condition Cy holds but not
all L¥-bounded martingales converge essentially (and hence condition Dy, fails).

One of the consequences of Theorem 7 is that when @ satisfies condition Exp, the
convergence of L¥-bounded martingales is equivalent to Vj, a covering type condi-
tion. The same conclusion holds from Theorem 8, but this time under the hypothesis
that J contains a countable cofinal set. Does this conclusion always hold? The
weakest useful covering type condition we know of is condition Cy, so the following
seems to show that the answer is no.

THEOREM 12. Assume that ® does not satisfy condition Exp. Then there exist an
index set J and a stochastic basis of finite algebras (Z,),o, on [0,1] that satisfy
condition FVy, but fail condition Cg.

It has been shown by K. Astbury [1] that when J contains a countable cofinal
subset, the convergence of L'-bounded martingales is equivalent to the convergence
of equi-integrable L!-bounded martingales. Using the Continuum Hypothesis, we
show that this is not the case in general.

THEOREM 13. Under the Continuum Hypothesis, there exists a stochastic basis of
finite algebras on [0,1] such that all equi-integrable L'-bounded martingales converge,
but some L'-bounded martingales fail to converge.

It is also possible, using the Continuum Hypothesis, to show that condition FV_
(that is condition FV, for LY = L') is not necessary for the convergence of
L'-bounded martingales, but we shall not do it here.

We now turn to derivation. It is essentially a routine to transform a proof of a
theorem concerning martingales on an index set to a proof of the corresponding
theorem concerning derivation, except that the exhaustion arguments are less
straightforward (but nevertheless a standard technique). In order to keep this paper
at a reasonable length, we have chosen to give only the proofs in the martingale case,
except for Theorem 21, that is proved in §10.

Let (R, Z, p) be a probability space. (We do not consider the case of infinite
measure. Our results can be adapted to this case, but the statements are not so
simple since we no longer have L* c LY¥.) Suppose that for each x in 2, we are given
a family #(x) of Moore-Smith sequences (i.e. families filtering to the right) of
measurable sets of positive measure, such that if a sequence belongs to #(x), the
same holds for each of its cofinal subsequences. The collection % of the families
B(x) is called a derivation basis. For f € L'(p) we set

D*f(x) = sup[limsup -%(%‘i]
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where the limsup refers to a family (4,),.; in %(x) and the sup to the choice of (A4,)
in Z(x). We define D, f(x) in a similar way, using inf instead of sup. We say that #
differentiates f if D*f(x) = D4 f(x) = f(x) p a.e. If H is a subspace of L!, we say
that % differentiates H if it differentiates each fin H.

If for each point x of a (not necessarily measurable) subset X of {2 we are given a
sequence (A4,(x)) of #(x), we say that the collection ¥ of these sequences is a Vitali
cover of X, and we call a #“set any set of the type 4,(x).

Given a finite family % of measurable sets, we denote

ez=21,—-1AY1,; dz=UA.
F F F

DErFINITION 14. We say that % satisfies condition V;, if, for each X C {, each
Vitali cover ¥ of X, and each ¢ > 0, there exists a finite family % of ¥“sets with
lesllo < e and p*(X\ ds) < e.

DEFINITION 15. We say that & satisfies condition FVj if, for each X C Q, each
Vitali cover ¥ of X, and each ¢ > 0, there exists a finite family % of ¥“sets and for
A € % numbers a, > 0, such that if £ =Y za,l,, we have ||§||; > p*(X) — & and
€= EA o <&

DEFINITION 16. We say that & satisfies condition Dy (resp. Cy) if for each e > 0
there is 7 > 0 (resp. M, < o0) such that, for each X C {2, each Vitali cover V of X,
and each y > 0, there is a finite family % of ¥<sets with p*(X\ ds) < ¢ and
| ®(neg) dP < v (tesp. |lesllo < M,).

DEFINITION 17. We say that # satisfies condition D,, if one can write { as an
increasing union of measurable sets §2,, such that for each X C {, each Vitali cover
V of X, and each y > 0, there is a finite family % of ¥“sets with p*((2, N X))\ d»)
< vand [ ®(ez/n) dP < .

We then have

THEOREM 18. Condition FVy, is sufficient for & to differentiate LY. If LY + L', it is
also necessary.

THEOREM 19. If ® satisfies condition Exp, condition Vy is necessary and sufficient for
R to differentiate LY.

THEOREM 20. Condition D, is sufficient for ® to differentiate LY. When ¥ satisfies
the A, condition, condition Cy is also sufficient.

One could think at first that the usual hypothesis that the Moore—Smith sequences
of sets in each #(x) are actual sequences would correspond to the hypothesis that
the index set has countable cofinality in the martingale setting. This is not the case,
as the following shows.

THEOREM 21. Suppose that ® fails condition Exp. There exists a compact metric
space L and a derivation basis #B on L, such that each %(x) consists of the
subsequences of a sequence W, (x) of open sets of diameter going to zero, and such that
B differentiates LY but that condition Cy, fails.
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Let % be a family of measurable sets of © and 8 a function from % to R*. If for
each x € Q, #(x) consists of the sequences (U,) such that x € U, €  and
6(U,) — 0, we say that # is a D-basis [3]. It turns out that D-bases behave like
martingales whose index set have a countable cofinality.

THEOREM 22. Suppose that % is a D-basis. Then condition Dy, is necessary and
sufficient for & to differentiate LY.

ACKNOWLEDGMENT. The author was introduced to these problems by Professor
Sucheston, with whom he had several stimulating conversations.

2. Proof of Theorem 6. The proof that condition FV, is sufficient for the
convergence of L¥-bounded martingales is routine, as will be the proof of the
sufficiency part of Theorems 8 and 9. We reproduce it for completeness.

PROPOSITION 23. Assume that condition FVy holds. Let (X,) be a positive sub-
martingale that is LY-bounded. Let s € J and B € 3. Then for each X\ > 0 we have

P(BO{X*>)\)) <y supE(X]1,).
t

PROOF. Let k be such that || X || < k for each z. Let 0 < 8 < A. For 7 > s, let
A,={X,> B} N Bandlet A, = @ otherwise. The family (A4,) is adapted. We have
{X*=>A}NBCA4*

Let ¢ > 0. According to condition FV;, there is a finite set / C J, and for i € J,
there is a function £, > 0, £, bounded, £, zero outside 4,, where §; is 2 -measurable,
such that [ ¥,§, dP > P(A*) —eand ||{]|p <& where§” =1 A 2,6, 8 =L,§ —
£,

Letr € I with I < t. We can write

P(A*) —& < E(;g,) - E(;gilA,) < %E(gsfxi) < %;E(s,xi)

< %;E(g,x,) = —;—E(;g,x,) = %E(&’X,) + %E(f”X,).
Since ||¢']|., < 1, and § = 0 outside B, we get E(£'X,) < E(X]1p). Since ||§||p < &
and || X ||y < k, we get E(§'X,) < ¢k, so
P({X*>X}NnB)<(1/B)supE(X]1p) + ek/B.
Letting ¢ — 0, and then 8 — A, we get the result.

PROPOSITION 24. Assume that for every L¥-bounded positive submartingale X,, every
s € J, every B € 2 and every A > 0, we have

P(BN{X*>A})<(1/A)supE(X]1p).
Then every LY-bounded martingale converges.

PrROOF. The case of LY = L! will be covered by the more general Proposition 39,
so we assume LY # L1, In this case, an L¥-bounded martingale is equi-integrable, so
is of the type X, = E'(f) for some f€ LY. Let ¢ > 0. There is h € L* with
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Ilf = h|l, < €% so there is s € J, and a bounded g that is = -measurable, such that
IIf — gll < €% Let Y,= E'(|]f — g|). This is a positive martingale, bounded in LY,
and such that E(Y,) < &2 for each ¢, so we have P(Y* > ¢) < &. Since | X, — E'(g)|
< Y,, and since E’(g) = g for ¢ > s, the result follows easily. One should note that if
W fails the A, condition, one cannot in general take g such that || f — g|l¢ <||f]le-
We have proved that condition FV; implies convergence of L¥-bounded
martingales. We now suppose that LY # L!, and start to prove the converse.
Suppose that condition FVj, fails. Then there is an adapted family (4,), an ¢ > 0,
such that for each family (£,) of functions that satisfy the condition
(6)§, =0, £, = 0outside 4,, £, is = -measurable, £, is bounded, only finitely many
functions £, are nonzero, and [ X§, dP > P(A4) — ¢
then we have |[£¢, — 1 A T£,|| > &. We consider the following three subsets of L®.

C, = {&=1X¢&,; (&) satisfies (6) },
G={&¢<1),  G={& ke <e).

These sets are convex. Since Cj is open, C, + C; is open. Also, C; N (C, + C5) is
empty. The theorem of Hahn-Banach implies that there is & € (L®)* such that
h>1lonC andh <1onC, + C;.Sinceh <1 on C,, we have i > 0.

We note that, for a set 4, if P(A4)<1/®(a), we have [ ®(al,) dP <1, so
I1,le < 1/a. At this point we use that ® is always finite, that is L® # L*.) It
follows that h(1,) — 0 when P(A4) — 0, so the finitely additive measure m on =
given by m(A4) = h(1,) is in fact absolutely continuous with respect to P. It follows
that there is f € L', f > 0, such that, for g € L™, we have h(g) = E( fg).

Let g € L®, g > 0, with ||g|| < & For a > 0, let g, be the truncation of g at a.
Since g, € L* and g, € C;, we get

E(fg.)=h(g,) <1
Letting a — oo, Fatou’s theorem shows that E( fg) < 1. This implies || f||y < 1/¢, so
f € LY. Moreover, E(f) = h(1) < 1, since h < 1 on C,.

For + € 2, and a function £, that satisfies £, > 0, §, = 0 outside 4,, E(§&,) =
P(A*) — ¢, &, is 2 ,-measurable, bounded, we have §, € Cy, so E(§,E'(f)) = E(f§,)
= h(¢,) > 1. It follows that E‘(f) > 1/(P(A*) —¢) on A,. If X, = E'(f), we then
have

P(X*>1/(P(A4*) —¢)) > P(4*%).
Since || f]|; < 1, we also have
P(Xy>1/(P(A*) —€)) < P(A*) —e.
This shows that X* # X, and hence (X,) does not converge essentially. The proof
of Theorem 6 is complete.

3. Proof of Theorem 7. The core of the proof will be a random choice argument. It
relies on the following standard inequality:
LEMMA 25. Let Y be a Poisson random variable with E(Y') = p. Then for u > 0,
P(Y > u(1 + ) < exp(~ub(u)n)
where 8(u) = (1 + 1/u)log(l + u) — 1.
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PrOOF. Use P(Y > t) < E(exp(hY — ht)) for h > 0, and minimize over A.
Before we embark on the proof of Theorem 7, we settle a purely technical point.

LEMMA 26. Assume that condition FVy holds. Then for each adapted family (A,) of
sets, each vy > 0, each € > 0, there exists a family (§,) of functions, §,> 0, §,=0
outside A,, &, is bounded, 2 -measurable, only finitely many functions &, are nonzero,
such that if weset§ =L £,6" =6 AN 1,8 =§— &, we have

E(¢)>P(a*)—¢e,  [@(¢/y)dP<e.

PROOF. Let uy> 0 and a > 0 be such that ®(u) > au for u > u,. For any
function f > 0 we have

<t (o dP.
f(m“o}f <Ifa(y)
SO

[1aP <yu,+ X [ @(s/v)ap.

Let 0 < & < 1. There is y, > 0 such that, for y < y,, we have E(f) < ¢/2 whenever
[ ®(f/y) dP < 1. Lety < v,. Condition FV,, shows that there exists a family (£,) of
functions, £, > 0, £, = 0 outside 4,, §, is bounded, 2 ~-measurable, only finitely many
functions £, are nonzero, and E(X£,) > P(A*) —¢/2, ||&'|lo < ey, where £ = £§,,
£ =¢6AN1, 8 =¢—¢" Since [ D(§'/ey) dP < 1, we have [ ®(§'/y)dP < e < 1.
This implies E(§') < €/2, so E(§”) > P(A*) — &. The proof is complete.

We now start the proof of Theorem 7.

First step. Since ® satisfies condition Exp, there is @ > 0 such that ®(u) < exp au
for u > 0. We fixy > 0, b > 0, and we fix an adapted family (A4,) with P(A4*) > v.
Let u, be large enough that

(7) e2bt4 < 2718y 2(Q(uy) —ab); e’ <1+ uy.

Weletn = 1/(u, + 1). We note that 1 depends only on b and y.

Second step. Let t, € J with P(D) < $P(A*), where D is the essential union of
the sets A, for ¢ > t,. Let 4) = A, fort > ¢, and 4, = @ otherwise. Then A™* = 4*.
By Lemma 26, there is a finite set I C J, with 7, < I, and for i € I a bounded
2 -measurable function §,, with §; > 0,¢ ; = O outside 4,, and

(8) E(§) > §P(4*); [ ®(2b8) dP < 27V ny’

where § =3¢, £ =¢6A1, & =§—¢". Since £ =0 outside D, and E(§”)
> 3P(D), we have P(F,)> 1P(D), where F, = {¢” > 3}. In particular, P(F))
> 3P(D) > }P(A*), where F| = A* N F,. Note also that we can assume 0 < £, < 1
for each i.

Forie I,k > 1,1et B, = {(27¥ < ¢, < 27¥"'}. We note that

%2*18,* <¢< %2-“113“.
i, [N
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We fix k, such that if

F=Flm{ Y 2-k131_k>2-3},

iel, k<kg
then P(F) > SP(A*) > v/4.

Third step. We now consider a standard probability space (£’, =, Q). On @', we
consider independent Poisson random variables ¢, ,, for i € I, k < k, such that
E(e, ) = n27%.

On the product @ X ', we consider the random variable Z(w, w’) given by

Z(w,w') = > £i,k(w,)lB,»k(w)'
k<kyiel
We shall bound the integral
S = ®(bZ) dP dQ.
(Z>1)

We fix w € Q. Let p(w) = [ Z(w, w') dQ(w). If L = {i, k; w € B, ,}, we have
p(w) =L, 4y 27X soin particular p(w) < 9é(w); thatis, (1 + ug)p(w) < £(w).

Let us first suppose that 2 < (1 + u,)u(w). Since §(w) > 2, we have

) ®(bZ(w', 0)) dQ(w) < D(b(1 + ug)n(w))
{(Z<sp(w)1+up))

< ®(bt(w)) < D(2b(£(w) — 1)) < ©(2b(w)).

Now o’ — Z(w, w’) is Poisson of parameter pu(w), so, since 8 is increasing, we have
from Lemma 26, for u > u,,

Q({Z > p(w)(1 + u)}) < exp(-8(ug)up(w));

so, with some elementary computations, we get, using (7).

) ®(bZ(', w)) dO(w') = /°° ®(bu)Q(Z > u) du
{Z>p(w)(1+uy)} plw)(1+uy)
< [ exp(abu ~ 0(ug)(u ~ p(w)))du
p(w)(1+uy)

< (0(ug) — ab) ' (meeb+1)HHe)
< (0(uy) — ab) le2eb 2 < 2782y 2,

Suppose now that (1 + uy)p(w) < 2. Then Z > 1 forces Z > 2, s0 {Z > 1} C
{Z > (1 + uy)p(w)}. The second part of the computation above shows that

/;2>1) ®(bZ(w', w)) dQ(w') < /:O exp(abu — 0(uy)(u — p(w))) du

< (8(u,) — ab) " exp(2ab + 0(u)p(w) — 26(u,))
< 772(0(“0) _ ab)e20b+4 < 2—18n2y2

since p(w)@(uy) < 21m0(uy) < 2 and 260(u,) > 2log(l + uy) — 2.

Integrating over  and using (8) we get # < 27 99%y2.
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Let
U= {w’;/ ®(bZ(w',w)) dP(w) < 2'7117}.
(z>1)

From Fubini’s theorem and the majoration # < 27 1n?y2 we get Q(U) > 1 — 27 ny.

Fourth step. Again we fix §. We have

0({¢; Z(w, ) 2 1}) = 1 — exp(-p(w)).
Note that 1 — e * > x/2 for 0 < x < 1. For w € F, we have p(w) > 7273 so
1 — exp(—p(w)) = 1274, so we get
PR Q(A* X QU N{Z>1})>2Tyy.
Let
V= {w’; P(A* N{w; Z(w, w') > l}) > 2'81}7}.

We then have Q(V) > 2 8yy. This shows that UN V # &. Wefixw € UN V.

Definer € IMby {1 =1t} = & fort & I, and fori € I by

{r=1i}= UBi.k
where the union is taken over all the k < k, for which ¢, ,(w’) = 1. Since B, , C 4,,
we have A(7) D B, whenever ¢, ,(w) =1, so {w: Z(w,w’) > 1} C A(7). Since
w' €V, we have P(A(7)N A*) > 2"*ny. We have S (w)< Z(w,w’) and since
w € U, we get

/(I)(be,)dPsf

®(bS,) dP < 27%ny.
{S.>1}

Fifth step. Now let ¢ > 0. In the above construction, let y = ¢/2, b = 2/e. We
have shown that there is § = 2~ %7n¢, depending only on e, such that whenever (4,) is
an adapted family with P(A*) > ¢, there is 7 € IM with P(A(7) N A*) > § and
[®(2e,/€) dP < 8. The conclusion of the proof follows the standard exhausting
procedure. Let us fix an adapted family (A4,) with P(A4*) > e. By induction over the
integer k, we construct 7, € IM such that P(A(7,) N A*) > 8k and [ ®(2e, /¢) AP
< k&. The induction continues as long as P(A*\ A(7,)) > ¢, so it finishes in at
most 1/8 steps. We have just proved the possibility of the first step. Assume now
that 7, has been constructed, and that P(A* \ A(7,)) > &. We can assume {1, =t}
C A, for each t. Let ¢, € I be such that 7, < ¢,. Fort > 1, let A, = A,\ A(7,), and
let A, = @ otherwise. We have P(A'*) > ¢, so there is 7 € IM with P(A'* N A(7))
> 6 and [®(2e,/¢) dP < 6. We define {7, ., =t} = {7, =t} fort <ty {m1 =
t}y={r=1t}\A(7,) fort >ty and {7, =t} = I otherwise, and it is straightfor-
ward to check that 7, satisfies the requirements. When the induction stops, we
have constructed ' € IM with P(A* \ A(7’)) < € and

f ®(2e,./e) dP < P(A* N A(1)) < 1,
so|2e. /€|l < 2 and |le./|| < & The proof is complete.

4. Proof of Theorem 8. We start a series of lemmas that will culminate in the proof
of the necessity of condition Dg when J contains a countable cofinal set. For clarity
we suppose in this paragraph that L® # L*. The case of L'-bounded martingales
will be investigated in the next paragraph.
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LEMMA 27. Let N,, N, be two lattice norms on L®, that are equivalent to the norm
I|  lg- Let I C J be a finite set, and for i € I let A; be a 2 -measurable set. Assume that
for each family (&,),c; of bounded functions, with §; > 0, each &, is 2 -measurable,
&, = O outside A;, and |X, /¢, = 1, we have either N;(X§,) = 1 or N,(X£;) = 1. Then
there exist two functions f,, f, € LY such that for j = 1,2 we have

vge L% N(g)<1=E(lfgl) <1
and that for i in I we have
A, {E'(Hi+ 1) =1}

ProOF. Consider the set C; of functions § = X, ,£,, where the functions §, satisfy
the conditions of the lemma. It is a convex set. Let C, = { g € L®, N;(g) < 1, N,(g)
< 1}. It is a convex open set of L?, and C; N C, = @ by hypothesis. The theorem
of Hahn-Banach gives an 4 in the dual G of L® withh <1on C,and 42 > 1 on C,.
Forj = 1,2, let

M, = {l €G: |I(g)] <1forge L® Ni(g) < 1}.
Let
M={leG:|i(g) <1lforge L Ni(g) <1, N,(g) <1}.

A straightforward use of the theorem of Hahn-Banach shows that M is the convex
hull of M, and M,; that is, we can write & = A;h; + A,h, where A, A, >0,
AM+A,=1Lh eM,h,eM,

For i € I, consider the restriction of h, (resp. h,) to L*(Q, =,, P). Since L® # L>,
we have shown in the proof of Theorem 6 that for j = 1,2 thereis f € L' such that
h(g) = E(f/g) for g€ L. Let f,=|f/|. If g € L® with N(g)< 1, g >0, for
a > 0 its truncation g, at a satisfies N;(g,) < 1, soif g; = g,sign f we have

E(f8,) = E(f/8.) = h(s:) < 1.
Letting a — oo, Fatou’s lemma gives E( f;g) < 1. For g € C;, we have
1< h(g) =ME(f(g) +ME(f2) < E((fi + £)8)
and this shows that 4, € { E'(f, + f,) > 1}, and concludes the proof.
LEMMA 28. Assume that J contains a countable cofinal set. Let €,8 > 0 be fixed.
Assume that for each s € J and each 1 > 0, there is a finite set 1 C J, s < I and

g € LY with [ ¥(g8) dP < n, and P(U,,B,) > ¢/2 where B, = {E'(g) > 1}. Then
there is f in LY such that the martingale (E*( f)) fails to converge essentially.

PROOF. We first note that, for each y > 0, thereisn > 0 such that [ ¥(gd) dP < ¢
implies ||g||; < v. Indeed, there is «, uy > 0 such that ¥(u) — ¥(uy) > a(u — ug)
for u > u,, and hence

Moreover, since we assume (5), we have ¥(u) > 0 for u > 0, so g goes to zero in
measure when [ W(8g) dP goes to zero; so the claim follows.
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Let (s,) be a countable cofinal set of J. By induction, we construct finite sets /,,
with s, < I, sets (4),e,, a decreasing sequence of numbers a, > 0, such that if we
set p, = card I, the following conditions hold:

a,<a,_,/2, and if B€ X, P(B)<a,, then for j <k we have
) -3,
fode <277

(10) [¥1) dP <275 |fil < Inf(27 %, a,_1/8).
(11) P( U A,.> >e/2 wherefori € I,,A,= {E'(f,)>}}.
iel,

Let B, = { f, > 4}. Since || f,|l; < a,_,/8, we have P(B,) < a,_,/2. Let h, =
fidg,. Since E'(f, — h,) < 3 for each i we have 4, C {E'(hy) > §}. Let C;, =
U,.«B;, and g, = h, 1y c,. We note that the functions g, live on disjoint sets. Also,
since P(C,) < a,, we have ||h, — gl <27*°/p,. Soif 4, = {E'(g,) > %) then
P(A\ 4)) < 27%/p,. In particular, we get

(12) P( U {E(g:) > %}) >e/2 — 27K,
el

Let f = ¥, 18- Since g, < f, we have [¥(87'g,) dP < 27X Since the functions g,
live on disjoint sets, we have [ ¥(8!f) dP < 1. In particular, f € LY. Since g, < f.
we have ||g.ll; < 2% %, so|| f|l; <27 %. Let X, = E'(f). It follows from (12) that
P(X* > })>e/2. On the other hand, we have [ X, dP < [ fdP <2 %, so
P(X, > %) < &¢/4. This shows that (X,) does not converge essentially, and con-
cludes the proof.

LEMMA 29. Suppose that J contains a countable cofinite set, and that for each
fe€ LY the martingale E'(f) converges essentially. Let € > 0. Then there is n,,
depending only on &, such that, for each 8 > 0, there are n > 0 and s in J, depending
only on € and 8, such that, for each finite set I with s < I, and each family (A;),c,
" where A; is a 3 rmeasurable set, such that P(UA;) > ¢, there is a family (§,) of
functions, where &, is = -measurable, £, > 0, §; = 0 outside A, |X&,||, = 1 and

(13) [o(nXt)dp<ng, [ @(nX)dP <md.

PROOF. First step. We show that there are 1, and s, such that, for each finite set 1
with s, < 1, and each family (A4,),., of = -measurable sets, with P(U4,) > &/2 there
is a family (§;) of bounded functions, where £, is =,-measurable, £, > 0, §, =0
outside 4, [[X£,l, = 1 and [ ®(4nL&;) dP < n,.

Suppose this fails. So, for each n, > 0 and s, € J, there is a finite set I with
so < I, and a family (4,),c; of 2 -measurable sets with P(UA,) > &/2, such that we
cannot find a family (§;) of functions, where £, is =-measurable, £, > 0, £, =0
outside 4,, |[££,ll; = 1 and [ ®(4n,2&,) dP < m,.
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We now use Lemma 27 with N;(+) = N,(:) = || - ||lo-» Where ®'(u) = ng'®(4nyu).
(The conjugate Young function ¥’ is given by ¥'(u) = ny'¥(u/4).) So there is
f € LY such that E(|fg|) < 2 for ||g|les < 1, and such that 4, € {E(f') > 1}. We
see that || f ||y <2, so [ ¥'(f/2)dP <1, so [ ¥(f/8) dP < n,. The conclusion
follows from Lemma 28 (with § = ).

Second step. We finish the proof. Suppose that the conclusion fails. Then there
exists 8 > 0 such that, for each n > 0 and s > s, there exist a finite set / with s < I
and a family (A4,);., of 2 measurable sets with P(U4,) > £/2, such that for each
family (£,) of functions, where &, is 2 -measurable, £, > 0, £, = 0 outside 4,
122€,1l; = 1, we get either [ ®(n,X&,) dP > ngor [ @(nXE,) dP > né.

We now use Lemma 27 with N(*)=|| - |l¢», No(*) =1 - |lp> where ®"(u) =
151 ®(nou), ® (u) = (8n)"'®(nu). (The conjugate Young functions are given, re-
spectively, by ¥”(u) = n3'¥(u) and ¥ (u) = (81) '¥(8u).) It follows that there
are g, g, With [|g,[l¢~ < 1,][g,ll¢~ < 1 such that 4, < {E'(g; +8)=1).

Let C;= {E'(g,) > 7). Suppose, if possible, that P(UC,) > ¢/2. Then the first
step gives functions §,, £, > 0,§, =0 outside C,, &, is 2 -measurable, |2§,||; = 1, and
[ ®(4nX§,) dP < mg, so [O'(4XE,) dP < 1,50 ||L€,||lo < 3. It follows that E(g,X£,)

< 3. However, since £, is = -measurable,

E(glzg,-) = ZE(glgi) = Z(‘EiEi(gl))
>3 TE(E) >3

since E'(g,) > 5 when ¢ > 0. This contradiction proves that P(UC,) < e/2. Let

= {E'(g,) > %} Since P(UA4,) > € we have P(UA!) > e/2. Since || g,||¢- < 1, we
have [ ¥(8g,) dP < nmé. But Lemma 28 shows this is impossible. This concludes the
proof.

LeEMMA 30. Suppose that J contains a countable cofinite set, and that L¥-bounded
martingales converge essentially. Let € > 0. Then there is n,, depending only on &, such
that for each 8 > O there aren > 0, s € J, y > 0, b > 0, depending only on € and 8,
such that, for every finite adapted famly of sets (A,) with

(14) e<P(Ud)  Zra)<O+np(UA4,).
t>s t>s t2s

there is 1 € IM with v > s such that P(A(1)) > b and

(15) [e(ms)dP<1; [ @(ns,) dP < suP(A4(1)).

PROOF. First step. Let § > 0, and let n, = ny(¢), 1, = 1o/4, and n = n(e, §2°%) be
as in Lemma 29. Since we assumed that lim ¢(z) = oo, there is / € N such that for
u > 2 we have ®(ngu) > 4nqu. Letb = 2773 /(1 + 2),and y = 2772, Let

C={w3i#j,i,j>s5,x€EA,NA}.
Then (14) implies that P(C) < y.Let D = U, 4,.

Second step. Let (§,),<; be as in Lemma 29 but with §27* instead of §, and let

¢ =Y. Wehave [ ;o) € dP < %, and also

[ P < mione) ar <y
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It follows that [, € dP > ;. Foreach -2 <k </—1landi € I, let
Af = {2t < <24
so that A € =, Let , € IM be given by {1, =i} =Afforie€l, {1,=i}= O
otherwise. The rest of the proof consists of showing that for 7 one can take one of
the 7,. We first note that, for each i, we have ¥, 2¥1 (=i < &;s0 we have
(16) Y 2kS, < .
k

Let H=(D\ C)N {{> ;}. Since [\ £ dP > 3, we have [, §dP > ;. For w €

H, there exists a unique i such that £,(w) > 0, so we have §,(w) > 3, so

-1

gl(w)< Z 2k+11{7,‘=1)(w)'

k=-2
Summation over i gives £(w) < Li_',2*7'S, (w). For k € [-2,/ 1], let a, =
[ 2K, dP. Since [, & DP > §, w have ¥,a, > 5. Now from (13), (16) we
deduce that

Z[ (m2ks, ) dP < 2-%6m,

so we have Ya,b, < 27%8n, where b, = a;'[ ®(n2*S, ) dP for a; # 0, and zero
otherwise. Let
= {k; b, >bn/2}.
ThenZkeLaksz soZkelak 3. Let
={ke[-2,1-1];a,>1/16(/+2); k & L}.
We have ZkeL,ak > 27% 1t follows that there is & with b, < 8n/2 and a, >
1/16(1 + 2).
Since the sets Af.‘ are disjoint on H, and since {7 = i} C A, for each i, we get

P(HOA(r))=[ S, dP=2""a,>275/(1+2) = b.
H
Since b, < 81/2, we get 2] ®(n,S,, ) dP < 8na,/2, so, since 27*a, < 2P(A(7)),
we get
f ®(5S, ) dP < §nP(A(7,)).

Moreover,

[@(ns,) dP < [ @(4ng) dP < [ ®(ny) dP < 1
The proof is complete.

LEMMA 31. Suppose that J contains a countable cofinal set, and that L¥-bounded
martingales converge essentially. Let € > 0. Then there is 1, depending only on ¢, such
that, for each 8§ > 0, there are s, € J, y; > 0, b, > 0, depending only on € and 8, such
that for every finite adapted family of sets ( A,) which satisfies

(17) e<r(Uafi  Tray<asmr(Ua,)

1> 1> 1>
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there is T € IM with T > s, such that
(18) P(A(7)) > b, and /cp(nle,) dP < 8P(A(r)).

PROOF. Fix € > 0. Let 7, be as in Lemma 30. We can assume 24 1; < 1. Let§ > 0.
Let s5,v,b,m be as in Lemma 30. Let d = n/2n,. Let k be large enough that
k > 4/m8bd. Let v; < vy be small enough that y,®(n,k) < ndd. Let b, = db/4. Let
s, = 5. Let (4,) be as in the statement of the present lemma. From Lemma 30 there
exists 7/ € IM such that P(A(7")) > b and

(19) /@(nls,,) P <1, [ @(ns,)dP <snP(A(r)).
We can suppose that {7/ =t} C A, for each 1. Let
I={iel;{7=1}+ @}.
Let
C={w;di,jeli#+jwe{r=i}n{r =/}}.

From (17), we have P(C) < v,. Fori € I, let a; = P({7" = i} N C). Since we can
assumey, < b/2, we have Xa, > P(A(7"))/2.

We shall obtain 7 by a random choice. More precisely, let Y = {0,1}/, provided
with the probability Q that makes the coordinate functions &, independent of
expectation d. For y € Y, let 7, be given by {7, =i} = {7 =i} if y(i) =1, and
{7, =i} = @ otherwise. We shall show that, with positive probability, 7, satisfies
(18). For y in Y, we have

P(4(1)) > Te(»)a, = R(»).
We have E(R) = d¥a;. Let U= {y; R(y) > E(R)/2}. Then

1/2

E(R)/2< [ RdQ < Q(U)*(E(R?)
U
Since E(R?) < d(Za;)? we get Q(U) > d/4. And fory € U, we have
P(A(r,)) >dYa,/2 > dP(A(1))/4 > bd/4 = b,.
Let D = {S,. < k}. Since e, = 0 outside C, we get, by the choice of v,,
j;) ®(mye, ) dP < v,®(n k) < ndb.

Letw & D. Let V, = {y € Q;X¢,(y) > 2dS,(w)} where the summation is over the
indexes i for which w € {1’ = i}. For y & V,,, we have ®(n,e, ) < ®(1S,.(w)). For
€ V,, we have ®(nse, ) < ®(n;S,(w)). Let ’

8(w, y) = sup(®(m,e, (@), ®(nS,(w))) = (nS,.(w)).

We have shown that

[ 6(e, ») d2(y) < 2(V,) @ (m,S,()).
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The choice of k implies that Q(V,)) < nddb/4. Integrating over C \ D and using (19)
gives

f 8(w, y) dO(y) dP(w) < nddb/4.
a\D

If V={ye€Q; [p0(w,y)dP(w) <nbb}, then Q(V)>1—-d/4 Fory eV, we
have

fﬂ(nle,y) dp =‘/;<I)(1;1e,y) dp

<[Dq>(me,,) dP+fC\D ®(1S.) dP+fC\D0(w,y) dP(w)
< 218b + n8P(A(7")) < 3nSP(A(7)).
We have Q(U N V) > 0. And fory € U N V, we have
by < P(A(7)) < (4/d)P(A(r,)) = (8n,/n) P(A(r)),

SO

/ ®(ne, ) dP < 24m,8P(A(r,)) < 8P(A4(1))).
The proof is complete.

LEMMA 32. Suppose that J contains a countable cofinite set, and that L¥-bounded
martingales converge essentially. Then given ¢ > 0, there exists 1, = n,(¢), such that
for 8 > 0, there is s, € J, vy, > 0, b, > 0 (depending only on € and §) and a set T C 2
with P(T) > 1 — & — 8 such that, for every finite adapted family of sets (A,) which
satisfy

(20) P( UA,mT);B,

t>s,

(21) L P(4) <+ m)p( U4,

1>, t>s,

there is T € IM with T > s, such that
P(A(7)) > b, and f(I)(nle,) dP < 8b,.

PROOF. Let 1, be as in Lemma 31 and let §’ < 8. For an adapted family 4 = (A4,),
write

£(4,8) = sup{b > 0;3r € IM; P(A(7)) > b, f ®(ne,) dP < 8’b}

- sup{P(A('r)); reIM; [ @(ne,) dP < 8’P(A(1-))}.

This is an increasing function of 8.
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Given ¢,y > 0,5’ € J, let F(¢, v, s’) denote the collection of the finite adapted
families 4 = (A4,) such that the following holds:

4,+ @ =t>s, P(U4,)>¢, LP(4,)<(1+y)P(U4,).
Write
g(e,v,s',8)=Inf{ f(A4,8); A€ F(¢,v',s")}.
This function is increasing in ¢/, ” and s’, decreasing in y’. Let
h(e,8)= sup g(e,y, s, 8).
s'e€i,y' >0
If h(6,8/2) > 0, the result is true. Actually, in this case it is enough to take
b, = h(8,8/2)/2, and s,, v,, with (8, v,, 55, 6/2) > b,.
We now suppose #(8, §/2) = 0. Let

g, = inf{& > 0; V8’ > 0, h(e,8’) > 0}.
Lemma 31 means that, for each 8" > 0, we have A (g, §") > 0, so we have § < g, < ¢.
Since e, — 6/2 < g, there is 8 >0 with A(8, — 8/2,8)=0. Let b, =
h(ey +68/2,8'/4)/4 > 0. Let s, € j, v, > 0 such that

2b, < gley + 8/2,2y,,5,,8'/4) < 4b,.
Since h(e, — §/2,8’) = 0, we have g(e, — 6/2,7,, 5, 8") = 0. So there is B = (B,)
€ F(eqg — 8/2,7,, 55) such that f(B,8’) < b,. Let I = {t; B,# @}. Let U = UB,.
We have P(U)> ¢, —6/2. We have P(U) < ¢y + 6/2, for otherwise B €
F(ey + 8/2,7,, s3), which is impossible because

f(B,8) < by < gleg+8/2,2v,,55,8/4) < gleg + 8/2, 75, 55, 8).
LetT=Q\U,soP(T)>1—¢— 6. Lets, € J withs, > I.
Let A = (A4,) be an adapted family such that (20) and (21) hold. Let 4} = B, for

t€l,A,=A\U=4,NnTfort >s,, and A, = & otherwise. It follows from (20)
that P(U,, 4)) > ¢, + 8/2. Also,

Y P(4;)= L P(B)+ ¥ P(4)

t>5, rel 1>5,

P(U) +P( U A,)] - Y P(4,nU)

t>s, t>s,

<(1+y,)

P(U)+ P( U 4,\ U)

125,

+(1 + yz)P( U4,n U) - Y P(A,NnU)

>3, 1>,

< (1+2y,)P(U4).

<(1+7,)

It follows that
A = (4)) € Feg+ 8/2,27,, 55).
The definition of g(e, + 8/2,2Y,, 55, 8’ /4) shows that there is a ¢ > 0 with
2b, < c< gleg+8/2,2y,,5,,8/4) < 4b,
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and 7’ € IM with
P(A(r) = ¢ > 2b,, f ®(ne,) dP < 8’ /4 < 8b,.

Let 7, € IM be given by {7, =t} ={7"=t} fort €1 and {r, =t} = I other-
wise. We have [ ®(n,e, ) dP < 8b,. Since f(B, 8") < b,, this means that P(B(m)) <
b,. Let T€ IM be given by {r=t}={7"=1t} for t =25, and {r=t}= O
otherwise. Then A’(r") C B(1) U A(7), so we have P(A(t)) > b,. Since
[ ®(n,e,) dP < 8b,, the proof is complete.

We can start the proof of Theorem 8.

PROPOSITION 33. Assume that J contains a countable cofinal set and that L¥-bounded
martingales converge essentially. Then for each € > O there are 1 = n(¢) and a set {,
with P(2,) > 1 — & such that, for each adapted family A = (A,) and each & > 0, there
is T € IM with P((A* N Q )\ A(7)) < 8and [ ®(ne,) dP < 6.

PROOF. First step. Let n = n,(¢/2). According to Lemma 32, for each 5 there are
s(n)ye J, y(n), b(n) >0 and a set T, € 2 with P(T,) > 1 — ¢/2 — 27" such that
for every adapted family of sets (A4,) satisfying

(22) P( U 4,n T,,)zz’”,
t>s(n) /
(23) Y P(4)<(+yvn)p( U 4),
t>s(n) t>s(n)

there is 7 € IM with P(A(1)) > b(n) and [ ®(ne,) dP < 27"b(n).

Let f be a cluster point of the sequence 1, for the weak topology of L*(P). We
havef<land [ fdP>1—¢/2. LetQ . = {f> 3},50P(Q,)>1—e.

Second step. Since L* C LY, all L* bounded martingales converge essentially. So
condition V; of Krickeberg holds [S], that is for each adapted family 4, and for each
v > 0, there is 1 € IM with P(A(7)) > P(A) — vy and|le,|; < V.

Third step. Let A be an adapted family with P(4* N Q,) > 0, and let § > 0. Since
Jasng, fdP > P(A* N Q,)/2, there is n with 27" < §, 2772 < P(A* N Q,) such
that P(A4* N Q N T,) > P(A* N Q,)/2.

By induction over k, we construct 7, € IM such that

(24) P(A(r)) > kb(n),  [®(ne,) dP < k8b(n).

The induction continues as long as P((A* N T,,))\ A(7,)) = 27", so it stops in a
finite number of steps, and produces * € IM with P(A(7)) > P(A* N Q,)/4 and
[ ®(ne,) dP < 8P(A(7)) <.

The second step shows that there is 7/ € IM with P(A(7")N T,) > b(n) and
lle.]l; < y(n). In other words, the family (A}) given by A, = A, N {7’ = t} satisfies
(22) and (23). The existence of 7, follows from the first step.

Assume now that 1, has been constructed, and that P((A4* N T,))\ A(7,)) > 27",
Lets > 7,. Define B, = A,\ A(7,) fort > s, B, = @& otherwise. Then P(B* N T,) >
27", so the second step shows that there 1s 7' € IM with P(B(7") N T,) > 27" and
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lle.l; < y(n). In particular, the family (A4}) given by 4, = 4, N {7’ = t} satisfies
(22) and (23), so there is 7" with P(A'(7")) > b(n) and [ ®(ne,.) dP < 8b(n). We
now define {7, ., =t}={7, =1t} for t<s, {1, =t} ={7"=1t} for t =5,
{7Tc+1 =t} = 2 otherwise, and the induction continues.

Fourth step. Using one more standard exhaustion, that we leave to the reader, we
find that there is 7 € IM with P(A(7)) > P(A* N Q,)— 8 and [ ®(ne,) dP < 6.
This is formally weaker than the property we look for. However, there is s € J and
Cc 3 with P(CNA*N Q)= P(A* N )~ and P(C\ Q,) < & Define B, =
A,N Cfort > s, B,= @ otherwise. The above result applied to B yields a r € IM
with [ ®(ne,) dP < 8 and P((A* N Q,)\ 4(7)) < 38. The proof is complete.

We now prove Theorem 8. The preceding proposition asserts that condition Dy, is
necessary when J contains a countable cofinal set. Since we assume LY # L' we
consider only martingales of the type (E‘(f)) for f € L¥; the fact that condition Dy
is sufficient will follow from the proof of Proposition 24 and the following

PROPOSITION 34. Assume that condition Dg holds. Let f € LY, f > 0. Let X, = E'(f).
Then for A > 0 we have P(X* > A) < E(f)/A.

PrROOF. Let a > 0. There is y > 0 such that [ ¥(fa'y) dP < co. Since we
assume (5), we have ®(x) > 0 for x > 0, so for each u, y = y ¥(uy) is increasing
from zero. Lebesgue’s theorem shows that there is y > 0 such that
[y "(faly)dP < 1. Let A >0, and let 0 < B < A. Let 4, = { X, > B}. Then
P(X* > A) < P(A*). Let 0 < ¢ < P(A*). Then condition Dy, gives n(e) and 7 € IM
such that [ y~!®(n(e)e,) dP < 1 and P(A* \ A(7)) < e. We can assume {7 =t} C
A, for each t. We get

E(S.f) = XE(fl1(,-;y) = LE(X1i,_;)) > BP(A(7)).
On the other hand, y!®(x) and y '¥(xy) are conjugate Young functions, so
Young’s inequality (1) gives
E(em(e)fa) <1, soE(e.f) < a/n(e);
so we get

E(S,f)<E(f)+E(ef)<E(f)+a/m(e)

and

P({Xx*>N\}) < P(4*) < e+ BHE(S) + as/n(e)).
Letting S, ¢ be fixed, we let a go to zero. We then let & go to zero and 8 go to A to get
the required inequality. The proof is complete.

5. Proof of Theorem 9. Since [ ®(e,/n) dP < 1 implies e, || < 2n, condition Dy
implies condition Cy. So we have already proved that when LY # L!, condition Cy is
necessary when J contains a countable cofinal set. Actually using our techniques, the
direct proof that C, is necessary is much easier than the proof that Dy is necessary.
(But, as Theorem 11 shows, C, is not sufficient in general). We suppose now
LY = L}, and we prove in that case that Dy, is necessary when J contains a countable
cofinal set.
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LEMMA 35. Let I C J be a finite set, and for each i € I, let A; be a Z-measurable
set. Let a > 0. Assume that for each family (§,);c; of functions, §; = 0, &, = 0 outside
A;, &, is bounded 3 ~-measurable, and ||, < ,/§,ll, = 1, we have ||X; €]l = a. Then for
each y > O there exists f € L' with || f ||, < 1/a, f > 0, such that, for i € I, we have
P(A\ 4)) < v, where 4] = (E'(f) > 1}.

ProoF. We denote by C; the set of functions X, ,§, where & is bounded,
S -measurable, &, > 0, §, = O outside 4,, |Z€,)l; = 1, |20, < 1/7.

We denote by C, the set of £ with sup § < a/2. Then C,, C, are convex. Moreover,
C, is 6(L>®, L')-compact and C, is o( L*®, L')-closed. The theorem of Hahn-Banach
gives f€ L' with f< $ on C, and f> % on C;. Since f < 1 on C,, we have f > 0
and || f||; < 1/a. Suppose, if possible, that for some i we have P(B;) > y, where
B, = A\ A]. Then the function h = P(B;) "1, belongs to C,, so E(fh) > }. How-
ever, E(fh) = P(B,) [z E'(f) < ;. This contradiction proves the lemma.

LEMMA 36. Assume that J contains a countable cofinite set and that for each f € L
the martingale (E'(f)) converges essentially. Then for each € > 0 there is s € J and
N, > 0 such that, for each finite set I C J with s < I, and each family (A4;),c;, A, is
= -measurable, P(UA,) > ¢, there exist bounded functions §;, &, is 2 -measurable,
§,>0,§ = 0ourside A, |Z&|l, = 1, |[Z€ll < N,

PRrROOF. Otherwise there is € > 0 such that, for each s € J and N > 0, there is a
finite set / C J, with s < I and a family (4,),c; of 2 -measurable sets, with
P(UA,) > &, such that for each family §; of bounded functions §;, §,> 0, §, =0
outside 4,, |IX¢;|l, = 1, then |X¢,||, > N.

Let (s,) be a cofinal sequence in /. Using the preceding statement and Lemma 35,
we construct for each k a finite set I, withs, < I, and f, € L', f > 0, f,|l, < e27%72
such that

(25) P U{E‘(fk)>l} >e—l.

et 2 k

PE g
Let f=Xf,. Then || f ||, < ¢/4. Let X, = E'(f). From (25) we see that P(X* > %)
> e. On the other hand, P(X, > ) < ¢/2, so X* # X,. This contradiction con-
cludes the proof.

LEMMA 37. Assume that J contains a countable cofinite set and that for each f € L!
the martingale (E'(f)) converges essentially. Then for each ¢ > 0 there is M, > 0,
b > 0,s € J andy > 0 such that, for each finite adapted family (A,),

(26) P( UA,) >e, Y P(4)<(1+ y)P( UA,),

t>s t>s t>s

there exists T € IM with P(A(1)) > band||S,||, < M..

€

PROOF. Let N, and s be as in Lemma 36. Let b = 1/4N,, y = 1/2N,. Let (4,) be
an adapted family satisfying (26). We can assume there is / > s such that 4, = @
fort & I. Let

C={w;3i,jeli#j,w€A,NA}.
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Then P(C) < 1/2N,. Let (£,);,c, be the functions given by Lemma 36, and let
¢ = X¢,. Since ||§||, < N,, we have [ £ dP < 3,50 [o\c € dP > 5. It follows that if
H={¢{> ;)3\ C weget P(H)> 1/4N.. For w € H, there is a unique i € I with
£(w)>0,50¢,(w)> 4. Definer € IM by (r=i}=({§ >3} foriel {r=i}
= @ otherwise. We have shown that P(A(7)) > P(H) > b. On the other hand,
S, < 4¢,50)S,||, < 4N.. The proof is complete.

At this point, the fact that condition ¥, holds and the standard exhaustion
procedure make it clear that condition C, is necessary for the convergence of
equi-integrable L'-bounded martingales. The proof that condition Dy, is also neces-
sary follows the line of Lemmas 32 and 33 with some simplifications.

It remains to show that condition C, implies the convergence of L¥-bounded
martingales if ¥ satisfies the A, condition.

PROPOSITION 38. Assume that condition Cy, holds. Let s € J, B € 2. Then for each
positive submartingale (X,) and A > 0 we have

P({X* >N} N B) <e+(2M/A)sup X1l
t

PROOF. We can assume P({X* > A} N B)>e Let 4,={X,>A/2} N B for
t > s. Thene < P({ X* > A} N B) < P(A*). From condition Cg, thereis ar € IM
such that P(A* \ A(1)) < eand ||S,||, < M,. Let ¢ > 7. We have

E(XrSrlB) = ZE(X11{7=1}1B) > ZE(X11(1'=1}(‘\B) = }‘P(A(T))-
On the other hand, E(X,S,15) < || X,1,|l¢ M., so we get
P(A4*) <e+(2M,/N)sup [ X1,
t

PROPOSITION 39. Assume that ¥ satisfies the A, condition. Assume that for every
s € J, every B € X, every positive submartingale ( X,), we have for A > 0

(27) P{X*>X}NB)<e+(2M_/\)sup | X1zl

Then every L¥-bounded martingale converges.

PrOOF. Let f € LY and ¢ > 0. Denote by f, the truncation of f at —a and a. Since
¥ satisfies the A, condition, || f — f,||¢ — 0 when a — oo. It follows that there are
se€Jandg € LY, gis = -measurable, with || f — g||y < e/2M,. Let Y, = E'(|f — g|).
From (27) we get P(Y* > ¢) < 2e. Since |[E'(f) — E'(g)| < Y, and E'(g) = g for
t > s, we see that the martingale (E‘(f)) converges essentiallv. If LY = L', all the
L¥-bounded martingales are equi-integrable, so are of this type. We now investigate
the case LY = L!. Let = denote the union of all the algebras =,. For 4 € Z, let
m(A) = lim, [, X, dP. This is a finitely additive measure of bounded variation. As
in [11], we write m = m, + m, where m, is absolutely continuous and m, is singular.
Let m;(A) = [, f dP. We have shown the convergence of (E‘(f)). It remains to
show that Y, = X, — E'(f) converges essentially to zero. Let Z, =Y, This is a
submartingale. Let ¢ > 0. Let s € J and B € J with P(B) > 1 — ¢ and |m,|(B) <
e/2M,. Since E(Z]1p) < |m,|(B), from (27) we get P({Z* > e} N B) < 2¢, so
P(Z* > €) < 3¢, and this concludes the proof.
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6. Proof of Theorem 10.

LeEMMA 40. If @ does not satisfy condition Exp, for each a > O there is an integer |
with ®(Q21) > a'®(1).

ProOF. If for each n we have ®(2"!) < a?'®(2"), we get ®(2") < a?'®(1) for
each n, so for each u > 1 we have ®(u) < a?“®(1), which implies condition Exp.

We now start the construction. Since the details differ whether ® is always finite
or not, we assume ® always finite, leaving the other (simpler) case to the reader. By
the lemma, there is a sequence (/,,) of integers with

(28) ®(21,) > 2"+ 32X+ HLG(] ).

We can assume /, > co and ®(/,) > 23. Let k, =2"*%, . Let G, = {1,...,k,},
H, = {1,...,1,}. Let U, be the uniform probability on G,. Let M,, = G/*», and Q, be
the power of U, on M,. Let L, = G, U M,. Let b, = 27" /®(l,), so b, < 27" "% On
L,, consider the probability P, given by

P(B)=(1-b)U(BNG,)+bQ,(BNM,).

Fori < k,, let

n’

C,,={iyu{yeM,3peH,;y(p)=i}.

Let L =I1L,, and P be the product probability. Then (L, #, P) is isomorphic to
([0,1], &, A) where % is the Borel o-algebra. We denote by 2, the o-algebra of sets
that depend only on the first n — 1 coordinates. Let B, ;= {z =(z,) € L; z, €
C,.}- We denote by 2, ; the o-algebra generated by 2, and B, . LetJ = {(n,i);i €
H,}. For (n',i") € J, we say that (n, i) < (n’, i’) if either n < n’ or (n, i) = (n’, i’).
The map ¢t — X, is increasing,.

We first show that condition Dy, holds. Let (A4,) be an adapted family of sets. Let
e>0. Let ny with 27" < e. Let A = & if t = (m, i) for m < ny and 47 = 4,
otherwise. Let 47 = 47\ U, 4. For each, let C, = U, 4}, ;. Then the sets C, are
disjoint, and UC, D A*. Let g be such that P(4*\ U, C,) < e. Define 7 € IM by
{r=(ni)} =4, for n<gq, and {7=(n,i)} = & otherwise. Then A(7)=
U,<,Cpso P(A*\NA(T)) < e Letf=Y,cyly ,8,=f—f A1 Thenforx = (x,)
e L, g,(x) =0 except when x, € M,, in which case g, < /,, so [ ®(g,) dP <
b®(l,) < 27" Butonesees thate, < g,on C,. Since C, = & forn < n,, we get

Jole)dp< ¥ [ @(g,)dP<2m<e

n>ng n

so condition Dy holds.

We now show that condition Vj, fails. Let 4, ; = B, ; for each n, i. Then 4* = L.
Let 7 € IM be such that P(A(1)) > 1. We are going to show that |je ||, > 3.

For each n, let

B,= U B,,n{r=1(n,i)}.
ieH,
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We have A(7) = U, B,, so there exists n with P(B,) > 27"~ L. Let % be the family
of atoms Y of =, such that P(Y N B,) > 27" 2P(Y). Then the union of % has
probability > 27""2 Letus fix Y € #. Let / = card K, where

K={ieH;YNB,,c{r=(n,i)}}.
We have

P(YN B,) < P(Y)(b, + (1 = b,)/k,).
Since b, < 27773, it follows that / > 27" 3k, > 2/,. Let

N = {y € M,; the numbers y( p) for p € H, are distinct and in K }.
>

Since / > 2/,, we have
[ 1-1 I=1,+1 / ey
P(N)=>b, R X >b,(1/2k,)" = b,(27""%)".

LetN'={z€ Y;z,€ N}.On N we havee_ > /,. It follows from (28) that
f ®(2¢,) dP > P(N')®(21,) > P(Y)P,(N)®(2/,)
B,NY

> P(Y)(2 ") "b®(21,) > 2"°P(Y).

Summation over Y in # gives [ ®(2e.) dP > 2, 50 |2¢,||p > 1 and |le,||o > 3, and
this concludes the proof.

7. Proof of Theorem 11.

LemMA 41. If ¥ fails condition A,, one can find numbers a,, b, > 0, integers k, > 0
such that the following hold:

(29) b¥(a,) <27,
(30) knanbn = %7
(31) b,®(k,) <

PrROOF. We can find a, such that ¥(a,) < 27"¥(2a,). Let b, = 1/2a,y(2a,).
Then the equality case in Young’s inequality shows that

¥(2a,) + ®(y(2a,)) = 2a,¥(2a,) = 1/b,.

It follows that b,¥(a,) < 27"b,¥(2a,) < 27". Also b,®(5a,b,) < 1. Since a,,b, = 0,
one can suppose 2a,b, < 1 so it is enough to take for k,, the integer part of 1/2a,b,.

We now proceed with the construction. Since b, — 0, we suppose b, < 3 for each
n.Let L, ={0,...,k,}. Let M, = L, \ {0}. On L,, let P, be the probability given
by P,({0})=b, P,({i})=Q1 —=b,)/k,fori <i<k, Let L=IIL,, and P be the
product probability. Then L is a compact metric space, and (L, %, P) is isomorphic
to ([0, 1], 4, A), where A is Lebesgue’s measure and Z is the Borel o-algebra.

For each n, let 3 be the o-algebra of subsets of L that depend only on the first
(n — 1) coordinates. Fori € M, let

B,,={xeL;x=(x,),x,€{0,i}}.
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Let 2, ; be generated by =, and B, ;. We order the algebras 2, ; by inclusion, and
we denote as usual the index set by J,soJ = {(n,i);n € N,i € M, }.

For each n, define f, by f,(x) = a, if x, = 0, f,(x) = 0 otherwise. From (29) we
see that [ ¥(f,) dP < 27". On the other hand, we get that E™'(f,) > k,a,b, > &
on B, . Since P(U;cp B, ;) =1 — b,, we get from Lemma 28 that there is f & LY
such that (E‘( f))does not converge essentially.

We show now that condition Cg holds. Let (A4,) be an adapted family. For ¢t € J,
let 4= A,\U,_.,A4,. This is an adapted family, and U4, > 4*. For each n, let
C,=U,cmA,»s0U4; = UC,. Let e > 0 and let p be such that P(4*\ U, _,C,) < &
For n < p, define {1 = (n,i)} = 4, ; and define {7 = (n,i)} = & otherwise. We
have A4(7) = U, _,C,, so P(4*\ A(7)) < e. Since the sets C, are disjoint,

fcp(e,) dP < 2/ ®(e,) dP.

n<p On

Let Y be an atom of Z,, and / be the number of i in M, such that 4}, , N Y # . For
x € YN C, wehavee (x)=1— 1if x, = 0, and zero otherwise. It follows that

/ ®(e,) dP = P(Y)b®(I — 1) < IP(Y)b®(k,)/k, < IP(Y)/k,.
YNG,
On the other hand, P(Y N C,) > P(Y)1 — b,)l/k, > P(Y)Il/2k, so finally
f ®(e,) dP < 2P(Y N C,).
YN,

By summation over Y, we get [ ®(e,) dP < 2P(C,) and summation over n gives
[ ®(e,) dP < 2,50||e.|l¢ < 3 and this concludes the proof.

8. Proof of Theorem 12. The details of the proof differ slightly depending upon
LY = L' or LY # L, although the ideas are the same. We shall consider only the
case LY # L!; thatis, ®(u) < oo for each u (the case LY = L' is somewhat simpler).

Since ® fails condition Exp, the method of Lemma 40 shows that there is a
sequence (a, ) of integers with

®(2na,)272" *(,/2)""" > ®(na,)
where a, =1 — (1 — 27" %)/(1 — 27" 3))!/". Let k,, be large enough that k «a, >
2n%a, and that 1 — 1/k,)" <1 — 2n/3k,.

Let H, = {1,...,k,} and let U, be the uniform probability on H,. Let M, = H,’,
and let Q, be the power of U,on M,. Let N, = H'%, and let R, be the power of U,
on N,. Let L, =M, UN,. Let b, =2"/®(na,). We can assume ®(na,) > 8, so
b,<2 "3 Ford CL,let

P(A)=(01-b5,)0,(4NM,)+bR,(ANN,).
Let L =1L, and on L let P be the product of the P,. Fori € H,, let D, = B, U C,
where
B={xeM,;3Ir<n x(r)=1i},

C,={xe€N;3ar<n’a,;x(r)=1i}.

1
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We note that

(32)  Q(B)=1-(1-1/k,)", R,(C)=1-(-1/k)"".
Let L, =T11,.,L;, L/ =TI,,,L, and let P, be the product probability on L/. Let
G,=L,xXH,andS,=P, ® U, Let

IJ={T=(T,);vn,T,C G,, S,(T,) = 0}.
We order J by inclusion; thatis, T < 7" if 7,, C T,/ for each n. This order makes.7a
directed set.

We can now define the index set J:

J = {(n,f,i,T);neN,feL;,ieHn,Tef,(f,i)e T,}.
The order on J is defined by (n, f, i, T) < (n', f/,i’, T") ifeithern <n and T < T’
orn=n, TS T, f=f,i=1.

We denote by =, the algebra of subsets of L of the type m,'(A), where 4 C L/,
and =, is the natural projection L — L. For t = (n, f,i,T) € J, we denote by X,
the algebra generated by 2, and { f} X D, X L. It is clear that the map ¢t — Z, is
increasing.

We now show that condition C, fails. For f € L}, i € H,,let F,, = {f} X D, X
Ly Letus fix m. Fort = (n, f,i,T),let A, = F;;if n > m, and 4, = & otherwise.
We first show that P(A*) = 1. Let T € 7 be fixed. It is enough to show that

limP( U Ff‘i) =1.
ONSDET,
Letf € L, be fixed,let V= {i€ H,;(f,i) € T,}, and let/ = card V. We get
P(UE,)=B((s)d,
ievV
where
dy= (1= 5,)(1=(1 = 1/k,)") +b,(1 = (1 = 1/k,)"™™) > 1 = U/k,.
Summation over f gives
P( U F,i) >1- Sn(Tn)’
(f,HET,
and this completes the proof that P(A4*) = 1.

Now let 7 € IM with P(A(7)) > 3. We show that ||S,||s > m/2. For t € J, let
B, = {7 =1} N A, Since 4, is an atom of Z,, we have either B, = 4, 0or B, = @. For
each n, let

I,={(f,i)eL,xH,;3T€T; B = A,wheret = (n, f,i,T)}

={(f.i)e L,x H,;3t€J, B = F,,}.

Let A, =U ,er ;- We have UB, = U, A, so there is n > m such that P(A,)
>2"""2 Let

W= {fe Lin( U b=,

(f.HeT,
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From Fubini’s theorem one gets P/(W)>2"""2 We fix fe W. Let V= {i €
H,;(f,i)eT,},andlet/ = card V. We have

272 <UD = (1 =8)(1=(1 = 1/k)") + 6,1 =(1 = 1/k,)"™)
<1-(1-b)1-1/k)" <1—-(1-2""3)1-I/k,)".

It follows that //k, > a,. The choice of k, implies that k,a, > 2n’a,. We now
estimate

h, = P,,({x eL; Y1,(x)> nzan}).

ieV

We have

ez bR, {3 € N T 1600 >, |
eV

2

i n<a, nzu,,
>bn(2k ) > b,(a,/2)" .

k, k, k,

=bn(il—l. Jone, 4l

It follows thatif G = {f} X L;/_,, we have
2 n-a
[, 2(2 £ 10) ap > b (a2 0 (1))
G iev
Summation for f € W gives
f@(gsT) dP>f<I)(2'- Y o1, )dP
n n - 1
(f.DET,
> 27" (a,/2)" " ®(2na,) > 1.
So|IS;lle = n/2 > m/2.
We now start proving that condition FV holds.

LEMMA 42. Let (A,),c; be an adapted family such that, for each t = (n, f,i,T), A,
is 2, -measurable. Then there is a disjoint adapted family (B,),c;, with B, C A, and

P(UB)) > P(UA)).
ProoF. This is actually almost obvious. Let
J,={(n f,i,T)eJ;fe L, icl, TeT}.
Let &, =U,;4, A, =A\U,,,4,. We have UA, = U4, and the sets A, are
disjoint. For r € J,, let A, =A4,N A, € Z,, so U4, = U4,. We can find a disjoint
family (B,),c;, B, € Z,, B,€ 4; with U;B,=U,4,, so the family (B,),, is
disjoint and has the same union as (4,).

LEMMA 43. Let (A,) be an adapted family such that for t = (n, f, i, T) € J, we have
A, C {f} X Df X L), where Df = L, \ D,. Then for each € > 0 there is a disjoint
adapted family (B,), B, C A,, with P(UB,) > P(A*) — «.
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PROOF. Let m be such that for n > m and i € H, we have P,(D;) <e For
t=(n,f,i,TYE,n=2mletA,={f} XL, ifd,={f} XDf X L}/, and 4, =
@ if A,= & (note that {f} X Df X L;/ is an atom of X, so no other case is
possible). Now 4} € 2, and P(UA}) > P(A*). Lemma 42 gives a disjoint adapted
family B, C A with P(UB/) = P(UA4’), and the proof of Lemma 42 shows that, for
t = (n, f,i, T), B/ is actually 2 -measurable, so either B/ = & or B/ = {f} X L] _,.
Define B, = A, whenever B, #+ &. Since B, C B/, the family (B,) is disjoint. Also,
since P(B,) = (1 — ) P(B/), wehave P(UB,) > (1 — &) P(UA4)) > (1 — &) P(A*), and
the proof is complete.

We now come to the main argument.

PROPOSITION 44. Assume that for each t = (n, f,i,T) € J, either A,= & or
A, = F;;. Then for each m > 0 and each € > 0 there are numbers v, such that if
n = Xyl,, we have [, 1, ®(mn) dP < 1 and P(A* N {n > 1}) > P(A4*) —&.

PROOF. First step. For each n let
I,={(f.i)€L,xH;3T€T, A =F, fort=(nfiT)}
Let 8 > 0. Let
W,(B)={feL,card{i€ H,;(f,i)eT,} > Bk,}.

Let Z,(B)=U{F;(f,i)€ W,(B)}. Let Z*(B)= limsupZ,(B). When B de-
creases, Z*(8) increases. We show that there is a 8 > 0 such that P(4* \ Z*(B)) <

e/2.
Otherwise, if Z* = Ug. (Z*(B), we have P(A*\ Z*) > ¢/2. For each k > 0, let
n, be such that

P( U zn(z-k)\z*(z-k)) < e2 k2

n>ny

Let
z=U U z(@".

k ng<n<ngi,
We have P(A*\ Z') > ¢/4 > 0. For each n, let k(n) be the unique k£ withn, < n <
n,, Let
T,={(f,i)eL,x H;(f,i)€T,, f& W,(27%M)}.
Then S,(7,) < 2°%",s0 S(T,) > 0and T = (T,) € 7.
Consider
A =U{4:t=(nf,i,T); T > T}.

Let (f,i)€ L, X H, such that there exists 7" > T with 4, = F;,, for t=
(n, f,i,T"). Since (f,i)€ T/, we have (f,i)€ T,. Since (f,i)€ I,, we have
fe W,27%™), so F,,c Z,(27%™). It follows that A’ c Z’. This contradicts the
fact that P(A* \ Z’) > 0, and proves the claim. We fix 8 with P(A* \ Z*(B)) < ¢/2.
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Second step. Consider a set V' C H, with / = card V > Bk,. Consider the function
n = (1/nm)L;c1p. We have ||n||, = (//nm)P,(D,), so (32) shows that there is n,
such that, if n > n, we have||n||; > B/2m. Since any collection of n + 1 sets B, has
empty intersection, we have n < 1/m < 1 on M,. Similarly, n < na,/m, so we have

f ®(mn) dP < b®(na,) <
{n>1}

Third step. Let us fix p > n, and let K be an atom of = . Let y > 0. We show that
we can find a finite set / C J and for ¢ € I numbers vy, such that, if n = X,;v1, &,
we have|[nll, > (B/4m)P(Z*(B) N K)and [ ,-,, ®(mn) dP <y

Let p, > p with 2770 < v. For n > p,, we define

z;=U{{f) xL_sfem(B)}n

Z! belongsto2,,and Z,” > Z (B) N K,

(33) Uz'> U2z(B)nKk>Z*(B)NK.
n=po n=py

Let Z, = Z/'\U,.,Z;. The sets Z, are disjoint. Let =, be the natural projection of

LonL),andlet V, = m,(Z)).
Let p’ be such that

P( U IZ,:’);P(Z*(B)OK)/Z
Posnsp

Define n = Z(l/nm)lF where the summation is for p, < n < p’, (f,i) € T,. For
fev, itk = w‘l({f}) the second step shows that

Il > BP(K)/2m, [ @(mm) dP < vP(K'),

and the result follows by summationoverf€ V,,p < n < p’.
Fourth step. By induction over k we show that if K'is an atom of 2, p > n, there
is a finite set 7, and for t € I ay, such thatif n = ¥,v,1, , we have

(34) Il > (1 (1 = B/4m)*) P(2%(B) N K),
(35) f ®(mn) dP < (1 —(1 - B/4m)*)P(Z*(B) N K).

{n>1}

The proof of the proposition will follow by taking k large enough that
(1-e/2)1—-B/am)* >1-¢

and by summation over the atoms of 2, .
The case k = 1 has been proved in the third step. Suppose the result has been
proved up to k. Let K be an atom of 2, and let 7 satisfy (34) and (35). We can

suppose ||n|l, < P(Z*(B) N K). Let g be such that n is 2 -measurable. Let us fix an
atom Fof 2 . Let

dp=(B/4m)(1 — B/4m) P(Z*(B) N F).
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The third step gives a function 1’ such that
(36) 'l > (B/4m)P(Z*(B) N F),
(37) / ®(mn') dP < d.

{

n'>1}

Define np=nlpif n>1on Fand ng=(n+7QA —n)lzif n<1on F. If a,
denotes the (constant) value of n on F, we have

InAly = apP(F) +(1 = ag)linl > apP(F) +(1 = az)(B/4m)P(Z*(B) N F),
SO
(38) P(ZX(B)NF)—|ndy < (1 = B/am)(P(Z*(B) N F) — apP(F)).

Ifn<1lwehaven,>1=17">1,s0
(39)

/
Define 1, = Xny, where the summation is taken for the atoms F on 2, contained
in F. Summation of (39) gives

J

®(mny) dP <f

ety d(m(ar+n(1 —ag))) dP sf ®(mn’) dP.

ng>1} {n'>1}

®(mn,) aP < [

{n>1

®(mn) dP + Y. dy
}

m>1}
< (1= = B/am) ") P(z%(B) N K).

We note that (38) remains true if n > 1 on F, since in that case ||nz||, = apP(F)
> P(Z*(B) N F). Summation over the F C K gives

P(Zz*(B) N F) —Imill, < (1 = B/am)(P(Z*(B) N F) —|nll,)

and this implies

“HP(ZH(B) N F).

il = (1= (1 = B/am)
The proposition is proved.
We now complete the proof that condition FV, holds. Let (A4,) be an adapted
family of sets. If t = (n, f, i, T), let

b=aN(7 M (f)), Ai=A,n({f}xXDfxLy), 4}=A4,NF,,

Let ¢ > 0. It follows from Lemma 42 that there exists 7, € IM with {1, =t} C A4,
for each z, P(A"" \ A'(7,)) < e/3 and e, = 0. Let #, be such that , < #,. For ¢ > 1,
let A, = A%\ A(m) and let A, = @ otherwise. From Lemma 43 there is 7, € IM,
with {7, =1} C 4, for each ¢, P(A*\ 4'(1;))<¢/3 and e, = 0. Let 7, with
T, < t,. For t > t,, let A7 = A3\ (4}(1}) U 4%(1,)) and let A = @ otherwise.
From Lemma 44 there are numbers v, such that, if n = Xy,47, then ||5||, > P(A"*)
—¢/3 and [(,.,, ®(n/e) dP < 1. Define now 7' = n + X1, - + X1, Since
A* C AV U A7 U A%, we have ||n'||; > P(4*) — ¢ and [(,..,, (7' /e) dP < 1, so
IIm" — m" A 1)|p < & This completes the proof of Theorem 12.
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9. Proof of Theorem 13. Let k, = 2" and L, = {0,...,k,}. Let P, be the uniform
probability on L,. Let L =TIL, and let P be the product probability on L. Let
L, =TI,_,L, Leta, be the natural projection of L on L;,. For x € L/, let

H/(x)={y=(y)€L;m(y)=x,y,=0}

and let H, =U ., H,(x),s0o H,={y€L;y,=0}. Let G, =U,_,
that P(H,) = 1/(k, + 1),s0 P(G,) > 0. For x € L}, let x = = '(x).

Let w, denote the first uncountable ordinal. Continuum Hypothesis means that w,
has the power of continuum. So, we can find an enumeration (f,, 1,) <., of all the
couples ( f, n), where f € L'(P), f > 0, and n € N. By induction over a < w,, we
construct a sequence of Borel sets B, such that the following hold:

(40) B, > L\ G, ;

(41) for each n, eachx € L, |, either B, D X\ G,or B, N X C G,;

(42) whenever R is a finite subset of [0, w,[, the set T(R) = N, z B, meets every
set H,(x) forn € N, x € L), in a set with nonempty interior;

@3)ifn>n_,xe L, x;#0fori<n-1,x,_, =0,then

n>

H,. We note

f f, dP < 27"P(%).
N B,

We first construct B,. We can enumerate the sets H,(x) as Z, = H,,,(x(/)). By
induction over /, we construct an increasing sequence ( p(/)) with p(1) > n,, and a
sequence y(/) € L, such that the following properties hold:

(44) p(1) > n(1) + 2;

(45) the component of y(/) of index p(/) — 1 is zero and (/) C Z,;

(46) [31) fo AP < 27/7"DP(Z)).

The construction is easy. There are K = I1(k, + 1) (where the product is for
n(l) <i < p(l) — 1) possible choices of y(/) satisyfing (45), and the corresponding
sets (/) are disjoint. So if p(/) is large enough that K2='""“P(Z,) > || f,|l,, we can
find one of them for which (46) holds.

We now prove (40). Let B, = L\ (G, \ U,5(/)). Since the component of y(/) of
index p(/) — 1 is zero, we have y(/) C G, for each /, so (40) holds, and B, =
(L\G,,) UU,3().

We now prove (41). Let us fix n and x € L/, . Suppose that we have X N\ B, # &.
If x¢ G,, the components of X of index between n, and n are nonzero, so
xN G, =xNG,,s0%\G,=%\G,,and B, XD %\ G, from (40). If x € G, ,
then ¥ N B, = ¥ NU,p(!). If for some / we have X C y(/), then X\ G, C ¥ C B,.
Otherwise let us fix / with (/) N X # &. Then y(/) € % and p(/) > n. Since the last
component of y is zero, we have y(/) € G,, so BN X C G, in that case. This proves
(41).

We now prove (43). Let n > ny, x € L, withx; # 0 fori<n —1and x,_, = 0.
We have X € G, . We have X C G, . Fix [. Suppose X N j(/) # &. We cannot have
p(l) < n, since y(/) has at least two components of index < p(/) — 1 which are zero
(i.e. those of index n(/) and p(/)) while x has at most one. So if (/) N X # T, we
have p(/) > n. Since the component of y of rank n(/) is zero, we have n(/) > n — 1,
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so P(Z,) < P(X). Now (46) implies that

f fodP <27"7'P(Z) < 27" 'P(%)
2Op(l)
and this implies (43).
We now construct the sets B, by induction. Suppose that the sets B, have been
constructed whenever a < 8. We can enumerate as

U= T(R/) N Hn(l)(x(l))

the sets T(R) N H,(x) where R is a finite subset of [0, B[, and x € L. Let
Z,= H,,(x(!)). By induction over /, we construct an increasing sequence ( p(/))
with p(1) > ng and a sequence y(/) € L;,(,) such that (40) holds, together with the
following:

(47) the component of y(/) of index p(/) — 1 is zero and y(/) € U, P(y(I)) <
277P(U));

(48) [;1) fp AP < 2°17nOp(Z).

The construction is very similar to the construction in the case a = 0, so we leave
it to the reader. We set By = L\ (G,,B\U y(1)). To check that (44)—(46) hold, one
proceeds as in the case & = 0. We now check (42). Let R be a finite subset of [0, B[,
and fix n € N, x € L,. We now show that T(R) N H,(x) N By has nonempty
interior. There exists n’ > np, and x" € L, with H,(x’) C H,(x). So we can
actually suppose n > ng, so we have H,(x) C G,,ﬂ. By construction there is / with
y(l)c T(R) N H,(x), so y(I) € T(R) N H,(x) N By. This completes the construc-
tion.

LetM,={1,...,k,}. Forie M, letC,,={y€L;y, €{0,i}}. Let Z, be the
algebra of subsets of L that depend only on the coordinates of rank < n — 1. Let S
be the set of finite subsets of [0, w,[, ordered by inclusion. The index set J is given by

J={(n,i,R):ieM, RES}.

We order it by (n,i, R) < (n,i’, R’) if either n <n’, RCR orn=n',i=1,
R C R’. This order makes J a directed set. For t € J, t = (n, i, R), let Z, be the
algebra generated by = ,, C,;, and the sets B, for « € R. The map ¢ - X, is
increasing. Denote by Z the union of the algebras X,. For x € L, g € N, let

E,,(x)={yeLmn(y)=x,y=0Vn<i<n+gq}.

Let a,= 2""/card L,. From (42) there exists a unique positive finitely additive
measure p,,  such thatp, (L) = a,and

Va < 0)1, p’n,x(Ba) = an’ vq’ #H.X(F"»q(x)) = a"’

Let p = X, ., where the summation is over n and x € L;,. Note that u(L) = 1. For
t € J, we define X = (X,) by X, = u(A)/P(A) on A for each atom A of Z,. Thisis a
positive martingale, and || X,||;, = 1 for each . We show that it does not converge. It
is clear that p is singular; that is, for each ¢ > 0 there is t € J and 4 € =, with
P(A)> 1 — ¢ p(A) < & This shows that X, = 0.
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Now let n € N, and R be a finite subset of [0, w,[. Let y € L with y & G,. Then
from (40) y belongs to T(R). Letz = 7, (y)€ L,,andleti =y,. Theny € 4 =2 N
C,.N T(R)and A4 is an atom of =, for t = (n, i, R). We have

p(4) > p, . (4) > p, . (T(R) N H,(2)) = a,.
On the other hand,

m(A4) <m(C,,;) <2/k,card L), = 2""*! /card L] = 2a,,

so X,(y) > 1. This shows that X* > 3 on L\ G,. Since P(L\ G,) > 0, we have
X* + X,, so (X,) does not converge essentially.

Now let f € L'(P). We show that X, = (E’( f)) converges. By approximation, it is
enough to show that P(X* > A) < || f|l,/A whenf > 0, A > 0.

Let g = Sup,(E(f|Z,)). We know that P(g > A) < || f ||,/A since the sequence
2, is increasing. Let m > 0. Let a < w, with (f, m) = (f,, n,). We show that if
(m,1,{a}) < t=(n,i, R), then X,<c,g +d, on L\ G,, where c,, d, depend
only on m and ¢,, = 1, d,, — 0. This implies X* < g on L, and concludes the proof.
Let y € L\ G,,. Let x = =, (y). It follows from (41) that, for each B € R, either
%\ G, C Bgor(x\ G,) N By = &. Leti =y, It follows that the atom 4 of 2, that
contains y contains (X\ G,,)NC,;, soif z=m, (y), A contains 2\ G,. Easy
computation shows P(:\ G,) > P(%)r,, where r,, =I1,,,(1 —27"), so P(A) >
P(Z)r,.

Since y &€ G,,, we have y € B, from (40),s0 4 € Z U (H,(x) N B,). From (43) it
follows that

izm

J fadP <27"P(H,(x)) = 27"P(2).
H,(x)NB,
So we have
Y /)< | [ ),

<g(y)/rn+ 277/,

The proof is complete.

10. Proof of Theorem 21. We shall perform the construction in the case LY # L'
that is, ® < oo everywhere. The details in the case LY = L' are somewhat simpler.

Since @ fails condition Exp, Lemma 40 shows that there is a sequence (/,) of
integers such that

(49) ®(21,) > 22(2>"+1) "9 (1,).
We can assume ®(/,) > 2. Letb, = 2°"/®(l,), k,, = n2"*1,. Let
H,={(1,....k,} x{1,...,2"}.

Let U, be the uniform probability on H,. Let M, = H", and let Q, be the power of
U,onM,.LetL, = H, U M,, and on L,, let P, be given by

P,(4)=(1-5,)U,(40H,)+b0,(40M,).
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Let L =TIL,, and p be the product measure. Let F, = {x € L; x,, € H,}. For
x =(x,,) € F,, write x,=(p,(x),q,(x)) where P,(x)€ {1,...,k,}, q,(x)€E
{1,...,2"}. Fort € H,, let

C={z=(z)eH"; i<nl:z,=1}.
Let Z C H,. A point x in H» which has all its coordinates distinct and in Z
satisfies X, ;1 (x) > nl,, soif card Z > 2nl,, we get

(50) Q,,({ Yl > nl"}) > (card Z/2card H,)"".

teZ
Also, we note the following:
(51) Any family of n/, + 1 sets C, has empty intersection. For x & F,, let

W,(x) = {)’EL;VQSH,yq=xq}.

Forx € F,let W(x)={y € L;Vq<n,y,= x,, and either y, € H and p,(y) =
P.(x) ory, €M, and y, € C, }. For x € L, define #(x) as the family of subse-
quences of (W, (x)).

We first show that condition C, fails. Let F = NF,, so p(F) > 3. Fix m > 1.
Define a Vitali cover ¥"of F by associating to x € F the sequence (W, (X)) 5 21
Let % be a finite family of ¥<sets with p(F N dz) > §. Fix each n, let

D,=J{A4 € #; Ais of the type W,(x)}.

Since dy= U, ,,D,, there is n > 2m + 1 with u(F N D,) > 27""1. Denote by =,

the algebra of sets that depend only on the coordinates of rank < n. Let G be the
collection of the atoms Y of £, such that

p(FND,NY)>2"u(Y).

Then the union of G has measure > 27" Fix Y in G so that u(F, "D, NY) >
27"u(Y). For x in F N Y, we have easily p(W,(x) N F, N Y) < p(Y)/k,. It follows
that there are at least ¢ = k,27" points x',...,x7 of FN Y such that the sets
W,(x1),..., W, (x9) are distinct and belong to G. Note that ¢ > 2nl,, so (50) shows
that

M({ Ly, > "ln} N Y) > b,(27271) "0 (Y),

i<q

SO

[, ®(es/m) dp > @((nl, = 1)/m)b, (22" u(Y).

By summation over Y € G, from (49) and since (nl/, — 1)/m > 21[,, we get |lez||o >
1.

We prove now that condition FV, holds. Let X € L, ¥" be a Vitali cover of X, and
e > 0. To each x € X is associated a sequence (W,,q( x)) in Z(x). For each n, let

T,={x€ X; nis of the type n,(x) for some g }.

n
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Then for x € T,, W, (x) is a ¥ set. Also, since ¥"is a Vitali cover of X, we have
X C limsup 7,,. For an atom Y of £, and j < k,, let us write
Y,={xeYNFE;p,(x)=7}.

For each n, let G, be the family of the sets Y, for Y an atom of 2, j < k,, such

that
card{r <2,3IxeY,NT,q,(x)= r}>n.
If Y, & G,, we have p*(Y; N T,) < n27"u(Y)). So, if D, is the union of G,,, we have
p(T\D,) < p(L\F,) +n27"< (n+1)27".

This implies that X C limsup D,. Let us fix ¢ > 0 and let m large enough that
2-m*1 < ¢ Forn > m, let

Sn= U F;‘\ U Dr'

m—1l<r<n m<r<n

Let D, = D, N S,. Since S, € Z,, D, is the union of the sets Y, that it contains.
Moreover, PX(X NN, ,,_ F\U,.,.D,) =0,s0 P*(X\U,., D)) <e

For Y, contained in D,, let us pick, n points x,...,x"e Y, N T, such that the
numbers g, (x') are all different for i < n. Let§y ; = (1/n)X,_, 1 (. This function
is one on Y. Let §, denote the sum of the §, ; for Y, € D;. Then §, = 1 on D,. The
point is that (51) implies that ¢, < /,, s0 [ ®(£, — ¢, A 1) dP < b,®(1,) < 27" On
the other hand, £, = 1 on D,. Given ¢ > 0, one can find m’ with

P*(X\ U D,:) <e.
m<n<m’

Since §,, is zero outside D, U (F,_; \ F,), the functions £, have disjoint support, so if
t=Y, cheméwehaveté=1onU,, _, ., D, while [ ®({ - £A1)dP <27 <
e. The proof is complete.

nzm
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