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ABSTRACT. Let 0 ..;; r < 00. A C' Nash function on R" is a C r function whose graph 
is semialgebraic. It is shown that a C' Nash function is approximated by a C W Nash 
one in a strong topology defined in the same way as the usual topology on the space 
sPof rapidly decreasing COO functions. A C' Nash manifold in R" is a semi algebraic 
C' manifold. We also prove that a C' Nash manifold for r :;. 1 is approximated by a 
C W Nash manifold, from which we can classify all C' Nash manifolds by C r Nash 
diffeomorphisms. 

1. Introduction. Let r = 0, ... ,00 or w. A submanifold of Rn is called a C r Nash 
manifold if it is semialgebraic and of class cr. A C r map from one C r Nash manifold 
to another is called a C r Nash map if the graph is semialgebraic. We define similarly 
a C r Nash vector field. For a C r Nash manifold M, let Nr(M) denote the ring of all 
C r Nash functions on M. As a Coo Nash manifold and a coo Nash map are 
automatically of class C W (Proposition 3.11, [14]), we assume r "* 00. 

Our purpose is to approximate a C r Nash manifold and a C r Nash map between 
C W Nash manifolds by C W Nash ones. If the manifolds are compact, the problem is 
easy (see [7 and 8]). In fact a c r map between C W compact Nash manifolds is 
approximated by a C W Nash map in the C r topology, and for a compact C r Nash 
manifold M c Rn (r ;:;. 1) there exists a C r Nash imbedding T of M in Rn arbitrarily 
close to the identity in the C' topology such that T(M) is a C W Nash manifold. 

When we consider the noncompact case, the compact-open or uniform C r 

topology on Nr(M) is too weak to apply approximation theorems (indeed, for 
example, polynomial approximation works only in the compact-open C r topology 
and is not useful to investigate noncompact manifolds). So we use a stronger 
topology defined as follows. Let fk E Nr(M), k = 1,2, .... We define fk ~ 0 when 
VI ••• vr1 uniformly converges to 0 for any C r Nash vector fields VI" .. , Vr' with 
00 > r' ~ r. When M = Rn and r = 00 this coincides with the usual topology on!/' 
(the space of rapidly decreasing Coo functions [3]). Namely fk ~ 0 if and only if 
xOl.D f3fk(X) uniformly converges to 0 for any multi-indices a and f3. We remark that 
Nr(M) in this topology is not a linear topological space since af does not converge 
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to 0 as a E R ~ 0 unless the support of f is compact. In this paper we always treat 
this topology and we call it simply the C' topology. 

THEOREM 1. Let Ml and M2 be C W Nash manifolds and f: Ml ~ M2 a C' Nash 
map. Then f can be approximated by a cw Nash map in the C' topology. Moreover 
assume the restriction off to a given compact CW Nash submanifold M3 of Ml to be of 
class Cwo Then we can approximate f fixing on M 3. 

COROLLARY 2. Let Ul and U2 be open semialgebraic sets in Rn with U1 c U2 and let 
f be a CW Nash function on U2. Then there exists a CW Nash function g on Rn such that 
glu, is an approximation offlul in the CW topology. 

Efroymson [2] stated Corollary 2 in the CO topology and the author is greatly 
inspired by that paper. To prove Theorem 1 we use a partition of unity by C' Nash 
functions, whose existence is shown in §2 and it clarifies a difference between Nash 
functions and polynomials or rational functions. 

THEOREM 3. Let M c Rn be a C' Nash manifold with 1 .::;; r < 00. Then there exists 
a C' Nash imbedding 7" of M in Rn arbitrarily close to the identity in the C' topology 
such that 7"(M) is a CW Nash manifold. Moreover for any compact CW Nash manifold 
Ml contained in M we can choose 7" so that 7"1 M, = ident. Another additional property 
is: Given a C' Nash manifold M2 contained in M but not necessarily closed in M, we 
can require that 7"(M2) is of class CW Nash. 

If r = 0, then 7"(M) becomes a PL manifold [12] and the interior of a compact PL 
manifold possibly with boundary is of class CO Nash. 

Let Nl , N2 and N3 be the C' Nash diffeomorphism classes of all compact C' Nash 
manifolds possibly with boundary, the C' diffeomorphism classes of the same ones 
and the C' Nash diffeomorphism classes of all C' Nash manifolds respectively. Then 
we have natural maps i l : Nl ~ N2 and i 2: Nl ~ N3 defined by i2(M) = M - aM. 

COROLLARY 4. i l and i2 are bijective. 

This in the case of r = w or r = 0 is proved in [9, 12], respectively, from which, 
along with Theorem 3, the case 0 < r < w follows immediately. 

§3 proves Theorem 1 and Corollary 2, and applying Theorem 1 we study C' Nash 
manifold structure in §4. In §4 we also show the unique existence of C' Nash vector 
bundle structure on a CO vector bundle over a C' Nash manifold, which we see 
without any trouble in the case of compact base space. 

2. Partition of unity. Let X c Rn be an algebraic set. We shall construct a CW Nash 
function on Rn which is an approximation of 0 outside a small semialgebraic 
neighborhood of X and of 1 in another one. The function is required to hold a useful 
well-known property of a coo partition of unity (Proposition 2.5). Let f E N'(Rn) 
and e(x) = 1/(C + IxI 2k ), where C is a positive number, k is a positive integer and 
Ixl2 = xl + ... + x~. We write e as eC•k when we need to emphasize C and k. Let 
U c Rn be an open semi algebraic neighborhood of f -1(0). Put 

VI = {x $. U:f(x) > o}, V2 = {x $. u:f(x) < O}. 
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LEMMA 2.1. 

F= ((/2 + e)I/2 + 1)/2 ~ {~ 

in the Cr topology as C and k ~ 00 satisfying k2k ~ C. 

PROOF. We can assume r < 00. As the problem is to prove (F + e)I/2 ~ Ilion 
VI U V2, it is sufficient to consider the convergence on VI' We prove it by induction 
on r. 

Case r = O. Let e be a Nash function of the same form as the above e. Put 

I/I(t) = inf{/(x): Ixl= tandx E VI}' 
Then by the Tarski-Seidenberg Theorem, 1/1 is a positive upper semicontinuous 
semialgebraic function on the closed semialgebraic set W = {lxI: x E Vd (here a 
semialgebraic function means that the graph is semialgebraic). Hence it follows from 
Lojasiewicz' inequality [5] and the stereographic projection that there exist CI, 
k l > 1 such that for any C ~ CI and k ~ kl 

e(t)l/I(t) ~ l/(C + t 2k ) fort E W, 
where e(t) is defined so that e( Ix D = e( x), in other words 

e(x)/(x) ~ eC.k(x) for x E VI' 
Hence we have 

0< (/2 + e)I/2 - 1= e/((F + e)I/2 + I) < e/2/~ e/2 on VI' 

which proves Case r = O. 
Assume (/2 + e)I/2 ~ 1 in the C r- l topology, to be precise, for any e as above 

there exist C2, k2 ~ 1 such that for any C ~ C2, k ~ k2 with k2k ~ C and a 
multi-index a with lal ~ r - 1 

IDa(/2 + eC.k)I/2 - Dall ~ e on VI' 

We need to prove this inequality for all a with lal = r. Let a be such a one. 
Obviously 

Dae = Da{((/2 + e)I/2 - 1)((/2 + e)1/2 + I)} 
= {Da((/2 + e)I/2 - 1)}{(/2 + e)I/2 + I} 

+ L {DP((F+e)I/2-/)}{DY((F+e)I/2+/)} 
fi+y=a 

y"O 

and we have constants do, ... ,dr - l which depend on r but not on C nor k such that 

IDae(x)1 ~ L dik rlxl(r-i)(2k-I)-i/( C + IxI 2k r-HI . 
O~i<r 

Easy calculations show 

krlxl(r-i)(2k-Il-i/( C + Ix l2k ) r-i ~ 1 
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by k ..:;; k 2k ..:;; c. Hence we have 
r-1 

IDael..:;; L die, 
i=O 

which, together with the induction hypothesis, implies 

ID a ( (P + e )1/2 - f)1 

..:;; {de + f:1 0<~,;;(,1Da(U2 + e)1/2 + f)I}/((P + e)1/2 + f) on VI 

for any f:1 as f: and sufficiently small e with k2k ..:;; C, where d = r,;:Jdi. Therefore 
by the same argument as the case r = 0, choosing small f:l we obtain C3 , k3 ~ 1 such 
that for any C ~ C3 and k ~ k3 with k2k ..:;; C 

IDa( (P + e )1/2 - f)l..:;; f: on VI' 

which proves the lemma. 
DEFINITION. We call the argument for r = 0 in the above proof Argument 2.1. 
Let 00 > r' ..:;; r and let cp be a polynomial on R such that cp(O) = ... = cp(r')(o) = 

O. Then 

cp {(If I + f)/2} 
is a cr' Nash function r'-flat at f- 1(0) (i.e. Dacp{(lfl + f)12) == 0 on f- 1(0) when 
lal ..:;; r'). 

LEMMA 2.2. cp(F) -> cp{(lf 1+ /)/2} in the cr' topology as C and k -> 00 satisfy-
ing k2k ..:;; C, where F is defined in Lemma 2.1. 

PROOF. Put f1 = (If I + /)/2. Let a be a multi-index with lal ..:;; r'. Obviously if 
lal> 0 

Dacp(F) = cp'(F)DaF + cp"(F) L DPFDYF + 
fJ+y=a 
fJ, r"O 

{
o onf -1(0), 

DaCP(fl) = cp'(fl)D afl + CP"(fl) fJ+~=a DPflDYfl + 
fJ, Y"O 

outside f -l( 0). 

Hence, for any open semi algebraic neighborhood U of f- 1(0), the convergence 
Dacp(F) -> DaCP(fl) on Rn - U in the CO topology follows from Lemma 2.1. So it 
suffices to prove the following. 

Let a l , ... ,a, > 0 be multi-indices with lall + ... + la,1 = rtf ..:;; r', and let f: be a 
Nash function of the same form as e. Then there exist C l , kl ~ 1 and an open 
semialgebraic neighborhood U of f-l(O) such that for any C ~ C1 and k ~ kl with 
k2k < C 

Icp(l)(F)DaIF··· Da'FI < f: on U, 

ICP(/)(fl)Da1fl ... Da1fll < f: on U - f-1(0). 
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As the existence of U which satisfies the second inequality is trivial, we consider 
only the first one. By assumption, cp(l)(F) = Fr"-I+\j;(F) for some polynomial "'. 
Hence, by Argument 2.1 it suffices to prove 

IF r"-l+lD"-IF··· D"-'FI < e on U, 
which is equivalent to 

I/t- I+1D"-I(j2 + f) ... D"-'(j2 + f)l < e on U, 

where 12 = (/2 + e )1/2, because of 12/2 < I F I < 12' Moreover, by induction on r" 
(see below) and Argument 2.1, this inequality is reduced to 

IJt-I+1D"-1/2 ... D "-'/2 I < f on U. 

Case r" = O. Put 

U = {x E Rn : II ( x ) I < f ( x) 12 } , 

U'= {(X,t)E UXR:(J2(x)+t2)1/2<e(x)}. 

Then U' is an open semi algebraic set containing 1-1(0) X O. Hence, by Argument 
2.1, for arbitrarily small e, U' contains the graph of e(x)1/2 on U, consequently 

(P(x) + e(x»)1/2 < e(x) 

Thus Case r" = 0 is proved. 
Case r" > O. By Case r" = 0 and the equality 

on U. 

I 

It-1+ 1D"-1/2 ... D"-'/2 = 12 D/i"",1- 1D"-'/2 
;=1 

it is enough to prove globally 

lJi"-,1- 1D"-'/21 ~ C2 + Ixl 2k2 

for each i, some C2, k2 and arbitrarily small e with k2k ~ C. Now 

ID"-'/21 ~ C L 1(J2 + e )1/2-k DP1(J2 + e) ... DPk(J2 + e)1 
P1 + ... +Pk =,,-, 

Pj>o 

for some constant C > O. Hence we only need 

1(J2 + e) IPj l/2-1 DPj (J2 + e)1 < C2 + Ix1 2k2 . 

But this is trivial if 1,8) > 1, and if 1,8) = 1 this follows from the inequality 
IDPjel ~ doe in the proof of Lemma 2.1. Hence the proof is completed. 

Given C1, k1' C2 and k2 put e1 = eC1 'k1 and e2 = eC2 .k, Let 00 > r' ~ r and let cp 
be a polynomial on R such that cp(O) = 0, cp(1) = 1 and cp' = ... = cp(r') = 0 at 0 
and 1 if r' ~ 1. Put 

F1 = (13 - 1-/!-111+ 3 - 1-11- 11)/4, 

F2 = ({ (3 - 1- {(j - 1)2 + e1} 1/2f + e2 f/2 + 3 - I - {(j - 1)2 + e1} 1/2);4. 

Then CP(F1) is a C' Nash function such that cp = 0 on {! ~ 2} and = Ion {! ~ I}. 
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LEMMA 2.3. Choosing small e1 and e2 we can approximate cp(F1) by CP(F2) in the cr' 
topology. 

PROOF. At present fix e1. Put 

F3 = {13 - 1-(U-1)2 + e 1f/21+ 3 - 1-(U-1)2 + e1f/2}/4. 
Then CP(F3) is a cr' Nash function and Lemma 2.2 tells us CP(F2) ..... CP(F2) in the cr' 
topology as C2 and k 2 ..... 00 satisfying qk2 ~ C2 • Hence it suffices to prove 
CP(F3) ..... cp(F1) in the cr' topology as C1 and kl ..... 00 satisfying klkl ~ C1. 

The case r' = 0 follows from Lemma 2.2. So assume r' > O. We want an 
inequality 

(1) 
for small e1, where a is a multi-index with 0 < 10'1 ~ r' and f is a given function of 
the same form as e. If 10'1 > 0 we have, like in the proof of Lemma 2.3, 

{
o on Y3 , 

D"'cp(F3) = cp'(F3)D"'F3 + cp"(F3) {3+~=", D{3F3DYF3 + 
{3, y",O 

outside Y3 , 

where Y1 = {f = I}, Y2 = {f = 2}, and Y3 = {3 = 1 + «(f - 1)2 + e 1)1/2} = {f 
= 2 - e 1/4}. Now Argument 2.1 says that for sufficiently small e 1, Y3 is contained 
in a given semi algebraic neighborhood of Y2 • Hence for (1) we only need to find 
open semialgebraic neighborhoods U1 and U2 of Y1 and Y2 , respectively, and ClO , klO 
such that for each 0'1"" ,a, > 0 with lad + ... + 10',1 ~ r' and any C1 > ClO and 
kl > klO with klkl ~ C1, 

(2) Icp(l)(F3)Da1F3 ... D"'IF31 < f on U1 U U2 - Y3, 

(3) Icp(l)(F1)DalFl ... DalF11 < f on U1 U U2 - Y1 U Y2, 

(4) Icp(I)(F3)D"'lF3 ··· D"'IF3 - cp(l)(F1)DalFl ... DalF11 < f 

on Rn - U1 U U2 • 

Here we can replace Fl and F3 by 

FlO = (3 - 1-11- 11)/2 and F30 = (3 - 1-(U-1)2 + el)1/2)/2, 

respectively, because 

Fl ( x) = {~!0 ( X ) 

F3(X) = {~30(X) 

if FlO(X) > 0, 
otherwise, 

if F30(X) > 0, 
otherwise, 
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and because FlO(X) > 0 if and only if F30(X) > 0 for x E Rn - U1 U U2 and small 
e 1• Let (2)0' (3)0 and (4)0 denote the respective replaced inequalities. 

At first (3)0 is trivial for some small U1 and U2 because 

for some polynomialI/;. Next Lemma 2.1 implies F30 ~ FlO on Rn - U1 in the C r ' 

topology as C1 and kl ~ 00 satisfying klkJ ~ C1, which, together with (3)0' proves 
(2)0 on U2 and (4)0' (2)0 on U1 is reduced, in the same way as the proof of Lemma 
2.2, to 

where fl = «(f - 1)2 + e1)1/2. But this is the same as an inequality desired in the 
proof of Lemma 2.2. Hence the lemma is proved. 

Let Xc Rn be an algebraic set, I the ideal of R[x1, ... ,xnl defined by X, namely, 
consisting of polynomials vanishing on X, and h the square sum of finite generators 
of I. Putf = h r /e3, where C3, k3 > 1 and e3 = eCJ.k, Let e 1 , e2' r', <p, Fl and F2 be 
the same as stated just before Lemma 2.3. 

PROPOSITION 2.4. <p(F1 ) and <p(F2) are C r ' and C W Nash functions respectively. Let 
U be a semialgebraic neighborhood of X. Then, for small e3, <p(F1 ) = 0 outside U and 
= 1 in another neighborhood. Fix e3. Then <p(F2) is an approximation of <p(F1) in the 
C r ' topology for small e 1 and e 1• 

PROOF. The first statement is clear by definition; the second follows if we can 
choose e3 so that U:::) {h < 2e3}, but this is possible by Argument 2.1; and the last 
is Lemma 2.3. 

PROPOSITION 2.5. Let Y c X be a connected component of X - Sing X (= the set of 
Singular points of X) and let V be a semialgebraic neighborhood of X - Yin Rn. Let g 
be a cr Nash function on Rn r'-flat on Y. Then g<p(F1 ) ~ 0 on Rn - V in the C r' 
topology as c3 , k3 ~ 00 satisfying k?kJ ~ C3• 

PROOF. Let E E NW(Rn) be of the same form as e and a a multi-index with lal ~ r'. 
Then we have to see 

(1) 

for large C3 and k3 with qkJ ~ C3 . We will reduce (1) to plainer inequalities. As 
<p(F1 ) = 0 outside W = {f ~ 2}, it suffices to consider (1) on W - V. Moreover we 
can replace (1) by 

(2) IDa(g<p(2 - 1))1 ~ E on W - V 

because of 

IDa(g<p(2 - 1))1 ~ !Da(g<p(F1 ))! globally. 
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Now we have 
Da(gcp(2 - j)) = L Df3gDYcp(2 - j), 

f3+y~a 

DYcp(2 - f) = cp'(2 - f)DY(2 - j) + cp"(2 - j) 
X L DO(2 - j)Dr(2 - j) + 

if Iyl > 0, Hence (2) follows from 

o+.I~Y 
8,.1*0 

(3) IDf3gDa1f" . Da'fl ~ e on W - V, 
where 1m + lall + ... + la,1 ~ r', because cp'(2 - f), ... ,cp(r'l(2 - f) are bounded 
on W. Furthermore (3) can be reduced to 

(4) IDf3gD alH ... DalHDYl e3 ... DYke3/e~+11 ~ e on W - V 

by an easy calculation, where 1,81 + lad + ... + la,1 + IYll + ... + IYkl ~ r' and 
H = hr'. Here if 1=0, then k = -1. Recall the inequality IDY'e31 ~ de for some 
constant d in the proof of Lemma 2.1, by which we only need to prove 

(5) IDf3gDalH .. · Da'H/HI ~ e on W - V - Y, 
where 1,81 + lall + ... + la,1 ~ r' and I ~ 1, and 

(5)' IDf3gl ~ e on W - V, 
where 1,81 ~ r'. Here we used the inequality H ~ 2e3 on Wand the hypothesis 
Df3g = 0 on Y. 

Consider the sets 

Z = {x ERn: IDf3gDYIH .. . DY'H(x)1 ~ e(x )H(x)}, 

z' = {x E Rn : IDf3g(x)l~ e(x)}. 
Then they are semialgebraic and contain Y. Hence Argument 2.1 tells us that it 
suffices to prove Z and Z' are neighborhoods of Y. That is trivial for Z'. For Z, let 
X o be a point of Y and consider a small neighborhood of x o' We can obtain a COO 
local coordinate system (y, z) = (Yl"" ,Ym , zm+l"" ,zn) around X o such that (y, z) 
= 0 at X o and h(y, z) = yf + ... + y~ and Y = {Yl = ... = Ym = O} (see the 
proof of Lemma 4.11 in [10]). By hypothesis we have 

ID!g(y, z)1 ~ d'lyl r '+l-If31 

in a neighborhood of 0 for some constant d'. Hence it follows 
ID!gD;lH ... Dxa'H(y, z) 1 ~ d"ly(+1-1f31+ 2r'-la11 + ... +2r'-lall ~ d" lyI 2r'+1 

in a neighborhood of 0 for some constant d". Thus Z contains a neighborhod of xc' 
which completes the proof. 

3. The approximation theorem for Nash mappings. Assume r < 00 in this section. 
In [2] Efroymson stated Corollary 2 in the CO topology, and he gave a key lemma to 
it. For the proof of Theorem 1 we shall need the lemma in a more general form 
(Lemma 3.1). But, unfortunately, [2] has several mistakes in the proofs. So we shall 
give a complete proof. 



APPROXIMATION THEOREMS FOR NASH MAPPINGS 327 

Let h E NW(Rn), X = h-1(0), U c X a connected CW Nash manifold open in X 
and g E NW(U). A minimal polynomial P(z, x) for g means a polynomial in n + 1 
variables such that P(z, X)IRXU"$ 0, P(g(x), x) == 0 on U and the degree in z is 
minimal. We say the pair (g, P) has Property (AI) if p-l(O) (J (ap-1/az)(0) (J R X 
U = 0, P is of constant degree in z at every point of U and {P-\O) U 
(ap-1/az)(0)} (J R X Uis the disjoint union of the graphs of C W Nash functions on 
U. Moreover, by induction, if the pair of each CW Nash function on U whose graph 
is contained in (ap-1/az)(0) and some minimal polynomial for it has Property (A 
k - 1), then we say (g, P) has Property (Ak) for k> 1. Write simply Property 
(Am) as Property (A) for m = degree in z of P. Let (g, P) have Property (A). Then 
we say (g, P) is of height 0 if (ap-1/az)(0) (J R X U = 0 and, inductively, (g, P) 
is of height I if it is not of height I - 1 and the pair of each CW Nash function on U 
defined by (ap-1/az)(0) and some minimal polynomial for it is of height ~ 1- 1. It 
is clear that if (g, P) has Property (AI) we can extend g uniquely to some 
semialgebraic neighborhood of U in Rn satisfying P( g( x), x) == O. We write the 
extension as gpo We will not specify the domain of gpo 

LEMMA 3.1. Let D C Rn be a closed semialgebraic set contained in U. Assume the 
pair of g E NW(U) and a polynomial P has Property (A). Then there exists a closed 
semialgebraic neighborhood b of D in Rn such that gp is defined on band gpl b can be 
approximated in the C W topology by the restriction to b of a C W Nash function on Rn. 

PROOF. At first we can assume D is connected for the following reason. By 
Theorem 1 in [9] U is C W Nash diffeomorphic to the interior of a compact CW Nash 
manifold possibly with boundary. Hence consider in place of D the compact 
manifold-an open collar. Next applying the Mostowski separation theorem [6] to D 
and X - U, we have hi E NW(Rn) such that hi > 0 on D and hi < 0 on X - U. Put 
Dl = {x E X: h1(x) ~ O} and let D2 be the connected component of Dl containing 
D. Once more by the separation theorem there exists h2 E NW(Rn) such that h2 > 0 
on D2 and h2 < 0 on Dl - D2. Hence 

D2 = {x E X: hi (x) ~ 0 and h 2 (x) ~ O}. 

For C and k > 1, put 

DC,k = {x ERn: ho(x) = eC,k(X) - h 2(x) ~ 0, h1(x) ~ 0, h2(x) ~ O}. 

We shall define b so that it will be contained in the interior of this DC,k for some 
large C and k. Here we remark every semialgebraic neighborhood of D2 contains 
DC •k for some C and k by Argument 2.1. 

The present subject is to prove the lemma in the CO topology by induction on the 
height of (g, P). Let P(z, x) = amz m + ... + ao, am =1= O. Then the minimality and 
the constancy of degree of P show am> 0 on U or am < 0 on U, hence assume 
am> 0 on U. 

Case height = O. By definition and by assumption, ap /az and am are positive on 
R X U and DC,k for some C, k respectively. Hence we can choose DC,k so that 
ap /az > 0 on R X Dc, k and, consequently, gp is defined on DC,k' Fix such C and k. 
By Argument 2.1 we have polynomials CPl(X) and CP2(X) on Rn such that CP2 > gp > CPl 
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on DC,k and CP2 > CPl on Rn. Clearly P(CPl(X), x) < 0 and P(CPl(X), x) > 0 on DC,k' 
Put 

2 

HC,k' = L ((h~ + eC ,k')1/2 - hi)' 
i=O 

for polynomials U l and U2 on Rn. Then for some large Ul, U2 and for any C', k' we 
have 

PC,k'(CPl(X), x) = P(CPl(X), x) - ulHc,k' < 0 on Rn , 

PC,k'( CP2(X), x) = p( CP2(X), x) + u2Hc ,k' > 0 on Rn , 

3PCk' 3P() (u 2 + ul)Hck' ( ( ) -3-'- (z, x) = -3 z, x + ' > 0 for CPl x) .::; z .::; CP2 X . 
Z Z CP2 - CPl 

Fix such u l and U2. Then Pc,dz, x) = 0 has the unique solution gC,k'(x) on Rn 
such that CP2 > gC,k' > CPl' Trivially gC,k' is of class CW Nash; and Proposition 3 in 
[2) whose proof is easy and complete implies gc k,1 D ~ gpl D in the CO topology 

• C,k C,k 

as C, k' ~ 00, because the coefficients of the z-polynomial P - PC,k' converge to 0 
on DC,k in the CO topology as C', k' ~ 00 by Lemma 2.2. Thus we have proved the 
case height = O. 

By induction assume height(g, P) = I> 0 and the lemma in the CO topology in 
the case height .::; I - 1. We define CPl E NW(Rn) like in the case height = 0 as 
follows. If every root of (3P j3z)( z, x) on U is larger than g( x), then let CPl be a 
polynomial on Rn such that g > CPl on D2 • In the other case let g' E NW(U) be the 
largest root of (3P j3z)(z, x) with g > g' on U. Then, by definitions of Property (A) 
and height we have a minimal polynomial P' for g' such that (g', P') has Property 
(A) and is of height < I. Hence, by the induction hypothesis there exist CP'l E NW(Rn) 
such that CP'dDz is an approximation of g'ID2 in the CO topology. Choose a positive 
CW Nash function cp'{ on Rn so small that 2cp'{ < g - g' on D2, and take the above 
approximation closely enough. Then CPl = CP'l + cp'{ satisfies 

3P az- (z, x) > 0 for CPl (x) .::; z .::; g( x) and x E D 2 • 

We remark'(l) holds true in the previous case too. We also define CP2 E NW(Rn) so 
that 

3P 
az-(z, x) > 0 for g(x).::; z .::; CP2(X) and x E D2. 

If necessary, adding to CP2 a C W Nash function of the form UHC,k' for large 
U E NW(Rn), C' and k', we can assume, moreover, CPl < CP2 on Rn. Hence gathering 
(1) and (2) we have 

CPl < CP2 onRn , CPl < g < CP2 onD2 , 

(3) 3P az- ( z, x) > 0 for cP 1 ( x) .::; z .::; CP2 ( x) and x E D2 • 
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As the second and last inequalities in (3) hold in a semialgebraic neighborhood of D2 
in Rn, (3) implies for arbitrarily large C and k 

(3)' 

Hence the case height = I follows in exactly the same way as the case height = O. 
Thus, in any case, gpl D is approximated by gc k,1 D in the CO topology where 

Ck • C,k 

gC.k' is a root of PC.k' which is of the form 

where a~, a~ E NW(Rn). 
Let 0 < rand b be a closed semialgebraic neighborhood of D in Rn contained in 

the interior of DC,k' What is left is to show gc,k,1 b -+ gpl b in the C r topology as C' 
and k' -> 00 satisfying k,2k' ~ C'. We will work by induction on r. So assume this 
convergence in the C r - 1 topology. By Lemma 2.1 we already know HC,k' -> 0 on b 
in the c r topology as C' and k' -> 00 satisfying k,2k' ~ C'. 

Let a be a multi-index with lal = r. Trivially we have 

0= Da{p(gp(x),x)} 

= (Dap)(gp, x) + ~~ (gp, x )Dagp 

+ " a2p ( _ )DP- DY-£... -2 gp, X gp gp + 
p+y=a az 
p,y>O 

By (3)', 

~~ (gp(x), x) > 0 for x E b. 

Hence, by Argument 2.1, l/(apC,k'/az)(gC,k'(x), x) is a C W Nash function on an 
open semialgebraic neighborhood of b for arbitrarily large C' and k', and 
l/(apc ,k,/az)(gCY(x), x) -> l(ap /az)(gp(x), x) on b in the CO topology as C' 
and k' -> 00. Therefore the above equalities and the induction hypothesis imply 
DagC',k' -> Dagp on b in the CO topology as C' and k' -> 00 satisfying k,2k' ~ C', 
which completes the proof. 
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3.2. Reduction of Theorem 1 to the case Ml = Rand M2 = R. Let M2 be contained 
in Rn,. By Lemma 7 in [9] there exists a CW Nash tubular neighborhood V2 of M2 in 
Rn, (i.e. V2 is a CW Nash manifold and the projection Pz: V2 ~ M2 is of class CW 
Nash). If F: Ml ~ Rn, is a C W Nash approximation of f in the cr topology such that 
F(Ml ) c V2, thenP2 0 Fis a required approximation. Hence we can assume M2 = Rn, 
and, hence, M2 = R. 

As [9] pointed out, we can assume Ml is closed in Rn. Let PI: VI ~ Ml be a CW 
Nash tubular neighborhood of Ml in Rn. By the separation theorem and the 
argument just before Lemma 2.3 we have cp E Nr(Rn) such that cp = 1 on a 
neighborhood of Ml and cp = 0 on a neighborhood of Rn - VI. Consider (f 0 Pl)CP 
E Nr(Vl). This is extensible to Rn and the restriction to Ml is equal to f. Hence it 
suffices to approximate the extension by a CW Nash function on Rn. 

3.3. There exist a stratification {~j }O<;;i<;;n; 1 <;;j<;;m, of Rn, polynomials hik on Rn for 
all i and k with 1 ~ k ~ i, fija E NW(~j) for all i, } and a E N i with lal ~ r, and 
minimal polynomials Pija for fija such that the following is satisfied. (Here NO means 
{O}.) 

(3.3.1) Each ~j is a connected CW Nash manifold of dimension n - i. 
(3.3.2) For each i, Bi = Ui';.i; kj<;;m,'~'j is an algebraic set and each ~j consists of 

nonsingular points of Bi. 
(3.3.3) For each i, ) and all k, hik vanishes on ~j and grad hik span the normal 

vector bundle of ~j in Rn. 
(3.3.4) (fija' Pija ) have Property (A). 
(3.3.5) For each i and},J - L1al<;;r!jap,}Ohf is r-flat on ~i' where hf means nk~lhfk 

for a = (a l ,··· ,ai). 
PROOF OF 3.3. As (3.3.5) requires fijo = flu,} for any i and}, we define it so. We 

construct ~j' hik' fja and Pija by double induction on i and lal. Let 0 ~ s ~ n. 
Assume we already have an algebraic set Bs c Rn of codimension s, a stratification 
{~j }O<;;i<S; 1 <;;j<;;m, of Rn - Bs' h ik' fij and Pija for 0 ~ i < s such that (3.3.1)-(3.3.5) 
are satisfied (here Bi in (3.3.2) is modified to be Ui';.i; l<;;j<;;mi'~'j U Bs and we put 
Bo = Rn). We shall define an algebraic set Bs+l (c Bs) of codimension < n - s as 
the Zariski closure of B;+l U B}+l U ... , where B;+l will be semialgebraic sets 
defined one after another; and we shall let u,j'} = 1, ... , m s' be the connected 
components of Bs - Bs+ 1 so that we shall be able to define h sk' fsja and Psja· 

It is elementary to find polynomials hSk' 1 ~ k ~ s, so that they vanish on Bs and 
the set of points of Bs where grad h sk' 1 ~ k ~ s, are linearly dependent is of 
dimension < n - s. Denote the set by B;+l. Then (3.3.3) will be satisfied for 
whatever USj . 

Let E be the graph of f on Bs. As E is semialgebraic, it admits a semi algebraic 
stratification [5]. Hence we have a semialgebraic set E' (c E) of dimension < n - s 
such that E - E' is a CW Nash manifold of dimension n - s. Let E" (c E - E') be 
the set of points where the projectionp: E - E' ~ Rn is not Coo regular (E" = 0 if 
r ~ 1). Then it is easy to see by the Tarski-Seidenberg Theorem that E" is a 
semialgebraic set of dimension < n - s, and Bs - peE') - p(E") is a CW Nash 
manifold on whichfis of class CWo Put B}+l = peE') U p(E"). 
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We will define Isja and Psja by induction on lal. 
Case a = O. Let W be a connected component of Bs - B;+l - B}+l and Pw a 

minimal polynomial for I w = I I W· Apply the above argument to P i1}(O). Then we 
have a semialgebraic set W' c W of dimension < n - s such that P i1}(O) n R X 
(each connected component of W - W') is the disjoint union of the graphs of CW 
N ash functions. Here we remark the minimality of P w implies 

Hence, in the same way as above, we can choose a semialgebraic set W" c W of 
dimension < n - s so that 

3P-1 
Pi1}(O) n ~(O) n R x(W - W' - W") = 0 

and (3P- 1/3z)(O) n R X (each connected component of W - W' - W") is the 
disjoint union of the graphs of CW Nash functions. Considering minimal polynomi-
als for these CW Nash functions and repeating this argument, we obtain a finite 
number of semialgebraic sets W', W", ... such that, for each connected component 
U of W - W' - W" - ... , (f I u, P w ) has Property (A). Hence we define PSjO = P w 
if USj C W - W' - .. , and we put 

B; + 1 W = W' u W" u and B;+l = UB;+lW' 
w 

Case lal = I > O. By induction assume we already have semialgebraic sets 
B;+l"" ,B;1i of dimension < n - s, the connected components OJ'} = 1,2, ... , of 
Bs - B;+l - ... - B;1Lfjf3 E NW(O) for all} and 13 E N S with 1131 < I and minimal 
polynomials ljf3 for fjf3 such that (fjf3, Pjf3 ) have Property (A) and, for each }, 
FjI-1 = 1- L 1f31<llf3P h~ is (1- I)-flat on OJ' Then there exist fja E NW(OJ for 

# - ~ 
each) and all a with lal = I such that FjI-1 - Llal~/fjah~ is I-flat on OJ wherefja are 
any COO extensions of lia for the following reason. Consider a local coordinate system 
of Rm of class CW Nash around each point of OJ such that the system contains 
h sl" .. , h ss. Then OJ is a linear subspace in this coordinate system. Hence the 
existence of la of class Coo follows immediately, moreover the uniqueness of fja 
follows. This uniqueness, together with the fact that a derivative of a CW Nash 
function is of class CW Nash, implies thatfja are CW Nash functions. 

For all} and a with lal = I, apply to fja the argument in the case a = O. Then we 
obtain a semialgebraic set B;1i of dimension < n - s, the connected components 
0/, j' = 1,2, ... , of Bs - B;+l - '" - B;1i, fj'a E NW(O/) for all j' and a with 
lal = I and minimal polynomials lj,o. for fj,o. such that (fj'a' Pj'a) have Property (A) 
and, for each}', FjI-1Io;, - Llal~/l'aPJ,.h~ is I-flat on 0;, where} is such that OJ :::) 0t· 
If lal < I we put fj'a = fjalo;" Pi'a = Pja for some} with OJ:::) 0;'. Hence we can 
define by induction Isja and Psja for all a with lal ~ r. Thus we have proved the 
statement for s + 1 at the beginning of the proof. Therefore the proof is completed 
by induction on s. 
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Let 0 <;;; s <;;; nand e be of the same form as e. Under the same notations as 3.3 
3.4.s. For all i and j with i ~ s there exist Hij E Nr(Rn) and arbitrarily small open 

semialgebraic neighborhoods V;j C V;~ of U;j such that 
(3.4.s.1) 

H. = (1 
IJ 0 

on V;j - W;~l' 

on Rn - (V;~ - W;+l)' 

where W;+l = Ui<i';l.;;)'.;;m"V;'j" W;~l = Ui<i';l';;j'.;;mi,V;:j'; 
(3.4.s.2) we can approximate Hij by CW Nash functions on Rn in the cr topology; 
(3.4.s.3) Li~s;l';;j.;;miHij = Ion U',; and 
(3.4.s.4) for each i and j, Llal.;;Ji)aPiJ.h~Hi) is an e-approximation of fHi) of order r, 

i.e. 

IDIl{fH - L j; P haH}1 <;;; e on Rn 
IJ IJiX. /jo. I IJ 

I"'l<:;;r 

for all f3 with 1f31 <;;; r. 
PROOF OF 3.4.s. We work by downward induction on s. If s = n, 3.4.s follows 

from Propositions 2.4 and 2.5 and (3.3.5). Hence assume 3.4.s + 1. It suffices to 
consider 3.4.s on one [J.j because we require, moreover, v,j n v,~, = 0 for j *' j'. 
Put 

G = 1 - L Hi)' and p = L 1sjap'J.h~. 
i>s lal<:;;r 

l~j'~ml 

Then G = 1 on Rn - U','+l by (3.4.s + 1.1), G = 0 on U',+l by (3.4.s + 1.3) and 
p - f is r-flat on [J.j by (3.3.5). Apply the separation theorem to [J.j - U',+l and the 
complement of its small open semialgebraic neighborhood and apply Lemma 2.3 to 
the resultant separation function. Then there exists H:j E Nr(Rn) such that H:j = 0 
outside a small semialgebraic neighborhood of USj - U',+l' H:j = 1 on another one 
and we can approximate H:j by a C W Nash function on Rn in the C r topology. 
Hence, by Propositions 2.4 and 2.5 we have H:; E Nr(Rn) such that H:; = 0 outside 
an arbitrarily small open semi algebraic neighborhood of Bs ' H;; = Ion another one, 
H;; can be approximated by a CW Nash function on Rn in the C topology, and 
pGH:jH;; is an e-approximation of fGH;jH;; of order r. Therefore HSj = GH;jH;;, 
together with some arbitrarily small v,j and v,j, satisfies 3.4.s. Clearly we can 
choose v,j's so that v,j n v,j. = 0 for j *' j' when we repeat this argument for 
every [J.j" Hence 3.4.s follows for all s. 

3.5. PROOF OF THE FIRST HALF OF THEOREM 1. Keep the same notations as 3.3 and 
3.4.0. For each i, j and a choose V;~ small enough, then by (3.4.0.1), Lemma 3.1 and 
Argument 2.1 there exists an e-approximation of !japi}.Hij of order r of the form 
fi~aHi)' where fi~a is a CW Nash function on Rn (to be precise, we have to construct 
/;~a by downward induction on i because V;~ depends on U;j - W;+l). It also follows 
from (3.4.0.2) and Argument 2.1 that we have a CW Nash e-approximation gija of 



APPROXIMA nON THEOREMS FOR NASH MAPPINGS 333 

/;)"Hij of order r of the form/;)"Gij for Gij E NW(Rn). Hence gij" is a 2e-approxima-
tion of f)·"p Hi)· of order r. Put 'JO 

g = L gij"h~. 
l"l~r 

i. j 

Then by (3.4.0.3) and (3.4.0.4) we see 

ID.B(j-g)I~LID.B{IHij- L gij"h~}1 
I. } l"l~r 

~ '" ID.B{ fH - '" 1 p haN} I i...J j.J IJ i...J J 'if}. IJa. I Ij 

i.j lal~r 

+ L ID.B{ fjaP')Oh~Hij - gijahn I 
lal<r 
i. j 

~ Qe 
for all 13 with 1131 ~ r and some polynomial Q on Rn which does not depend on e. 
Hence, diminishing e we can approximate I by the CW Nash function g in the C r 
topology. This completes the proof of the first half of Theorem 1. 

3.6. PROOF OF THE LATTER HALF OF THEOREM 1. Let io = codim M3 in Rn. By 
Corollary 5 in [9], we have 10 E N,o(Rn) such that 10 = Ion M3• Hence, considering 
1-10 in place of I, we can assume I == 0 on M3• Recall Corollary 6 in [9] which 
states that M3 is CW Nash nonsingular, namely there exist (Jl" .. A E NW(Rn) such 
that (Jl1(0) n ... n (J/-l(O) = M3 and grad (Jl" .. , grad (J/ span the normal bundle of 
M3 in Rn. Put (J = L;_l(J/' Then we can add to 3.3 the following conditions: there 
exist, moreover, A a subset of {(i, j): 0 ~ i ~ n, 1 ~j ~ mi}'/;ja E NW(ll;) for all 
(i, j) fE A and a E N i with lal ~ r, and minimal polynomials Pija for /;ja such that 

(3.3.6) M3 = U(i.j)EAll;j; 
(3.3.7) if (i, j) E A we can replace in (3.3.3) and (3.3.5) io functions of {hid k-l •..• i 

by some (Jk'S and we use the notations Oiijd k-l ...• i for the new family, here we 
assume hijl , ... ,h ijio to be the replaced ones; 

(3.3.8) (/;ja, Pija ) have Property (A); _ 
(3.3.9) for each (i, j) fE A,f /(J - Llal~JjaPiJ h~ is r-flat on ll;j. 
As the proof of the above proceeds in the same way as 3.3 we omit it. We remark 

only that (3.3.7) implies that if we choose a local coordinate system at each point of 
ll;j c M so that {h ijk} k-l •...• i is its part, then M3 and ll;j become linear subspaces. 

Recall g in 3.5 which was the required approximation function. We modify gas 
follows: 

g = L gijah~(J + L gij)i~j' 
(i.j)~A (i.jlEA 
lal~r l"l~r 

where gija are approximations of /;jaP,)OHij defined in the same way as gija in 3.5. It 
is obvious by definition that g is a C W Nash approximation of I and the first part of 
g vanishes on M 3 • Hence we need only 

(3.6.1) gija == 0 for (i, j) E: A and a l = ... = aio = O. 
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For this it suffices by 3.5 that 
(3.6.2) Pija(z, x) == z for the same i, j and lX, 

which is equivalent to 
(3.6.3) !ja == 0 on U;j for the same i, j and lX. 

But this is clearly possible by the above remark and the method of proof of 3.3. Thus 
we have proved the latter half and, hence, Theorem 1. 

REMARK 3.7. In Theorem 1 we do not need the compactness condition on M3 if 
any C W Nash function on M3 is extensible to Ml and M3 is "C w Nash nonsingular" 
in the sense in 3.6. The reason for this is clear by 3.6. 

3.8. PROOF OF COROLLARY 2. Let 0 ~ r < 00 and U3 be a semi algebraic set such 
that Vi C U3 and V3 C U2 • Let cp E Nr(Rn) such that cp = 1 on Vi and cp = 0 on 
Rn - U3, and apply Theorem 1 to cpf E Nr(Rn). Then we obtain the required 
g E NW(R"). 

4. The approximation theorem for Nash manifolds. Let 0 ~ r ~ w. A vector bundle 
~ = (E, p, B) is called a cr Nash vector bundle if the total space E and the base 
space Bare C r Nash manifolds, B is covered by a finite number of semialgebraic 
coordinate neighborhoods and all the coordinate functions and the projection pare 
of class cr Nash. A cr Nash bundle map is naturally defined, and we call a C r Nash 
invertible bundle map a C r Nash isomorphism and two C r Nash vector bundles cr 
Nash isomorphic if there is a C r Nash isomorphism between them. Let 1 ~ k ~ n 
and Gn . k denote the Grassmannian of k-linear subspaces in Rn , put 

En •k = {(A, x) E Gn •k X Rnlx E A} 

and let Pc: En,k ~ Gn.k be the projection. Then the bundle ~c = (En.k, Pc, Gn,k) 
naturally has a C W Nash vector bundle structure [8]. 

PROOF OF THEOREM 3. Let k denote the codimension of M in Rn. Let 7T: M ~ Gn,k 
denote the C r-l Nash map defined by 7T( x) = the normal vector space of M in Rn at 
x, 7T' a close C W Nash approximation of 7T in the CO topology (Theorem 1), and 
7T'*~C = (7T'*En,k' PM' M), the induced bundle of ~c by 7T'. Here we remark that 
7T'*~G is a Nash vector bundle of class cr. Let us regard M and Gn,k as subsets of 
7T'*En,k and En,k' respectively, through the zero cross-sections. Define a c r Nash 
map cp: 7T'*En,k ~ Rn by 

cp(x, y;z) = x + z, (x, y, z) E 7T'*En k C M X En k C M X Gn k X Rn. , , , 

Then we see easily (cf. the proof of Lemma 7 in [9]) that there exists a c r Nash 
tubular neighborhood V of M in 7T'*En,k such that cplv is an imbedding. Put 
W = cp(V) and I/; = q 0 cp-l: W ~ En,k' where q: 7T'*En,k ~ En,k is the bundle map. 
Then PM 0 cp-l: W ~ M is a C r Nash tubular neighborhood of M in Rn , I/; is 
transversal to Gn,k and l/;-l(Gn,k) = M. Apply Theorem 1 to I/; and let 1/;': W ~ En,k 
be a resultant C W Nash approximation in the c r topology such that 1/;' is transversal 
to Gn.k' It is then easy to see that M' = 1/;,-l(Gn,k) is a C W Nash manifold, T: 
M ~ M' defined by T(X) = (PM 0 cp-1Iw)-1(X) n M' is a C' Nash diffeomorphism 
and, moreover, T ~ identity as 1/;' ~ I/; in the C r topology. 

For the second part of the theorem, just use the latter half of Theorem 1. 
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PROOF OF THE LAST PART OF THEOREM 3. By the first part we can assume M is a 
C W Nash manifold in Rn. Let p: V -4 M be a C W Nash tubular neighborhood in Rn. 
Apply the first part to M2 C Rn Then we have a C r Nash imbedding 'IT: M2 -4 Rn 
arbitrarily close to the identity such that 'IT(M2) is of class C W Nash. Moreover the 
above proof says that 'IT can be extended to a c r Nash diffeomorphism 1f of Rn. 
Hence choosing 'IT and, hence, 1f close enough to the identity we obtain a required C r 

N ash imbedding p 0 1f I M' Therefore Theorem 3 is proved. 
Theorems 1 and 3 tell us the following. 

COROLLARY 4.1. Let 1 ~ r < 00. Then the C r Nash diffeomorphism classes of all C r 

Nash manifolds is identical with the C W Nash diffeomorphism classes of all C W Nash 
manifolds. 

REMARK 4.2. In spite of Corollary 4.1 there is a definite difference between the C r 

Nash category for 1 ~ r < 00 and the C W Nash category as shown in [11]. An 
abstract c r Nash manifold means a manifold with a finite system of coordinate 
neighborhoods of class c r Nash. To distinguish this we call a usual c r Nash 
manifold affine. As [1,8 and 11] pointed out, an abstract C W Nash manifold is not 
necessarily affine. But if 0 ~ r < 00, then an abstract c r Nash manifold is always 
affine [11]. 

PROOF OF COROLLARY 4. We already know the corollary in the cases r = w [9] and 
r = 0 [12]. Hence by Corollary 4.1 it suffices to prove the following. Let 1 ~ r < 00 

and let M be a compact C r Nash manifold with boundary. Then 
(1) Mis C r Nash diffeomorphic to some C W Nash manifold with boundary. 
For the proof, consider the double DM of M with naturally defined abstract C r 

Nash manifold structure. Regard M c DM. Then, by Remark 4.2, M c DM can be 
contained in some Euclidean space as C r Nash manifolds. Hence considering the 
pair (DM, aM) we obtain (1) by the last statement in Theorem 3. 

THEOREM 4.3. Let 0 ~ r ~ w. Let K = (£, p, M) be a CO vector bundle over a C r 

Nash manifold M. Then K has a unique C r Nash vector bundle structure up to a C r 

Nash isomorphism. 

PROOF. As the case of compact M is easy, we assume M is not compact. By 
Corollary 4 we regard M as the interior of a compact c r Nash manifold M with 
boundary. We also regard K as the induced bundle f*~G of ~G by some CO map f: 
M -4 Gn,k for some n, where k = dim K [13]. We know [13] that iffis homotopic to a 
CO map g, then f*~G is equivalent to g*~G' So for the existence of c r Nash vector 
bundle structure on K we only need to find a C r Nash map g: M -4 Gn k which is 
homotopic to f. Now f is homotopic to the restriction to M of a CO map 1:' M -4 G n, k 

because M has a collar. But by Theorem 1, f is approximated by a C r Nash map g: 
M -4 Gn,k' Hence choosing the approximation close enough we obtain the required 
g = giM' 

PROOF OF THE UNIQUENESS. Assume C r Nash vector bundles Kl = (£1' PI' M), 
K2 = (£2' P2' M) and a bundle map '1': Kl -4 K2 of CO equivalence are given. Then 
we have to obtain a C r Nash isomorphism Ill: Kl -4 K2 . 
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Put E3 = UxEML(Pl1(x), P21(X)) and ~3 = (E3' P3' M), where L ( ,) means the 
space of linear maps and P3: E3 -> M is the projection. We want to give naturally ~3 
a C r Nash vector bundle structure. Let {Va}aEA and {Vp}pEB be finite systems of 
sernialgebraic coordinate neighborhoods of ~1 and ~2 respectively. Then for each Va 
and Vp, (p:;l(Va n Vp), P3' Va n Vp) has the trivial vector bundle structure. Hence 
the coordinate transformations of ~1 and ~2 give ~3 an abstract C r Nash vector 
bundle structure in the sense of Remark 4.2, namely E3 becomes an abstract C r 
Nash manifold. Therefore if r < 00, ~3 is a C r Nash vector bundle by Remark 4.2. 

Consider the case r = w. Assume E1, E2 C Rn and regard Me E1 and Me E2 
through the zero cross-sections. For each x E M let f1(X) and f2(X) denote the 
tangent vector spaces of Pl1(x) and P21( x) at x respectively. Then we see easily that 
f1'/2: M -> Gn,k are C W Nash maps and thatf1*~G andf2*~G are C W Nash isomorphic 
to ~1 and ~2 respectively. Hence we consider f1*~G andf2*~G in place of ~1 and ~2' Put 

and let q: F -> Gn,k X Gn,k be the projection. Then 'I) = (F, q, Gn,k X Gn,k) is a C W 

Nash vector bundle (see the C W Nash manifold structure on Gn,k in [8]), and 
(f1' f2)*'I) is CW Nash isomorphic to h Thus we have given ~3 a C Nash vector 
bundle structure in any case. 

Let E4 be the subset of E3 consisting of linear isomorphisms and P4 the restriction 
of P3 to E4. Then E4 is an open semialgebraic subset of E3 and ~4 = (E4' P4' M) is a 
C W Nash fibre bundle with fibre GL( k, R). Now what we have to prove is that if ~4 
has a CO global cross-section 1/;, then it has a C r Nash one cpo 

Let us regard M as contained in Rn so that M is compact and M - M consists of 
one point a (see [9]). Then by [4] there exists a semialgebraic triangulation of M 
compatible with {a} U {Va n Vp}aEA;PEB' i.e. a finite simplicial complex KeRn 
and a semi algebraic homeomorphism 7': IKI -> M such that a or each Va n Vp is the 
image of a union of some open simplices of K. Put W" = 7'( a) - a for a E K. Then 
{W,,} "E K is a finite closed covering of M, moreover refining {Va} and {Vp} if 
necessary we can assume ~41 Wo is C r Nash trivial for each a. 

Put 

K'= {aEKI7'(a)3a}, K"=K-K', 

M' = U W" and M" = U W" = M - M' . 
"EK' aEK" 

For the construction of cp, at first, we will define by induction a CO Nash 
cross-section cp" of ~4IM'" If a E K" is of dimension 0 we put cp"(W,,) = I/;(Wa)' So 
assume we have already defined cp" on Udima</W" so that it is homotopic to the 
restriction of I/; to Udim,,<1 Wa' Then for each a E K" with dim a = I, the restriction 
of the homotopy to aw" can be extended to W" so that the extension of cp" is of class 
CO Nash by the triviality of ~4Iw' the Alexander trick and by Theorem 1 (see [12] for 
the Alexander trick). Hence weohave globally cp" on M". Next extend cp" to a CO 
N ash cross-section CPo of ~ 4 by induction on dim a for a E K' - 7' -1( a) in the same 
way as above. Hence the case r = 0 is proved. 
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Assume r> O. For each x E M let Px denote the orthogonal projection of a 
sernialgebraic tubular neighborhood ofpil(X) in Rn. Put P(x, y) = pAy). Then P is 
a C r- 1 Nash map from an open sernialgebraic set X in M X Rn to £4' Furthermore, 
approximating Px by a C r map in the same way as the proof of Theorem 3 we can 
assume P is of class C r Nash. Regard <Po as a map from M to £4 and apply Theorem 
1 to <Po' Then we have a c r Nash map x: M ~ £4 such that the graph of X is 
contained in the domain of P, and, hence, <p = P(x, X(x)) is a required cross-
section. 

Problem. Let M be a C r Nash manifold. We call a vector bundle over M an 
abstract C r Nash vector bundle if the total space is an abstract C r Nash manifold and 
the same conditions on coordinates as a C r Nash vector bundle are satisfied. As 
pointed out in Remark 4.2, an abstract C r Nash vector bundle over M is always 
affine if r < 00. Is this the case for r = w? 

ADDED IN PROOF. D. Pecker corrected the proofs of [2] in his thesis Fonction: 
approximation, extension, factorisation. 
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