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ABSTRACT. Let 0 < r < o0. A C” Nash function on R" is a C” function whose graph
is semialgebraic. It is shown that a C” Nash function is approximated by a C* Nash
one in a strong topology defined in the same way as the usual topology on the space
& of rapidly decreasing C* functions. A C" Nash manifold in R” is a semialgebraic
C" manifold. We also prove that a C” Nash manifold for r > 1 is approximated by a
C*® Nash manifold, from which we can classify all C” Nash manifolds by C" Nash
diffeomorphisms.

1. Introduction. Let r = 0,...,00 or w. A submanifold of R” is called a C" Nash
manifold if it is semialgebraic and of class C". A C" map from one C” Nash manifold
to another is called a C” Nash map if the graph is semialgebraic. We define similarly
a C" Nash vector field. For a C” Nash manifold M, let N'(M) denote the ring of all
C” Nash functions on M. As a C* Nash manifold and a C* Nash map are
automatically of class C“ (Proposition 3.11, [14]), we assume r # 0.

Our purpose is to approximate a C” Nash manifold and a C” Nash map between
C*“ Nash manifolds by C® Nash ones. If the manifolds are compact, the problem is
easy (see [7 and 8]). In fact a C” map between C“ compact Nash manifolds is
approximated by a C® Nash map in the C" topology, and for a compact C" Nash
manifold M C R” (r > 1) there exists a C" Nash imbedding 7 of M in R” arbitrarily
close to the identity in the C” topology such that (M) is a C* Nash manifold.

When we consider the noncompact case, the compact-open or uniform C”
topology on N’(M) is too weak to apply approximation theorems (indeed, for
example, polynomial approximation works only in the compact-open C” topology
and is not useful to investigate noncompact manifolds). So we use a stronger
topology defined as follows. Let f, € N (M), k = 1,2,.... We define f, = 0 when
v; -+ U.f uniformly converges to 0 for any C" Nash vector fields vy,...,v, with
oo >r’ < r. When M = R" and r = oo this coincides with the usual topology on &
(the space of rapidly decreasing C* functions [3]). Namely f, — 0 if and only if
x“D#f,(x) uniformly converges to 0 for any multi-indices a and 8. We remark that
N'(M) in this topology is not a linear topological space since af does not converge
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to 0 as @ € R — 0 unless the support of fis compact. In this paper we always treat
this topology and we call it simply the C" topology.

THEOREM 1. Let M, and M, be C* Nash manifolds and f: M; - M, a C" Nash
map. Then f can be approximated by a C“ Nash map in the C" topology. Moreover
assume the restriction of f to a given compact C® Nash submanifold M, of M to be of
class C®. Then we can approximate f fixing on M.

COROLLARY 2. Let U; and U, be open semialgebraic sets in R” with U, C U, and let
f be a C* Nash function on U,. Then there exists a C* Nash function g on R" such that
8|y, is an approximation of f |, in the C* topology.

Efroymson [2] stated Corollary 2 in the C° topology and the author is greatly
inspired by that paper. To prove Theorem 1 we use a partition of unity by C” Nash
functions, whose existence is shown in §2 and it clarifies a difference between Nash
functions and polynomials or rational functions.

THEOREM 3. Let M C R" be a C" Nash manifold with 1 < r < co. Then there exists
a C" Nash imbedding T of M in R" arbitrarily close to the identity in the C" topology
such that T(M) is a C® Nash manifold. Moreover for any compact C* Nash manifold
M, contained in M we can choose T so that 7|, = ident. Another additional property
is: Given a C" Nash manifold M, contained in M but not necessarily closed in M, we
can require that 7(M,) is of class C* Nash.

If r = 0, then 7( M) becomes a PL manifold [12] and the interior of a compact PL
manifold possibly with boundary is of class C° Nash.

Let N, N, and N, be the C" Nash diffeomorphism classes of all compact C” Nash
manifolds possibly with boundary, the C” diffeomorphism classes of the same ones
and the C" Nash diffeomorphism classes of all C" Nash manifolds respectively. Then
we have natural maps i;: N; = N, and i,: N; = N, defined by i,(M)= M — M.

COROLLARY 4. i, and i, are bijective.

This in the case of r = w or r = 0 is proved in [9, 12], respectively, from which,
along with Theorem 3, the case 0 < r < w follows immediately.

§3 proves Theorem 1 and Corollary 2, and applying Theorem 1 we study C” Nash
manifold structure in §4. In §4 we also show the unique existence of C” Nash vector
bundle structure on a C° vector bundle over a C" Nash manifold, which we see
without any trouble in the case of compact base space.

2. Partition of unity. Let X C R" be an algebraic set. We shall construct a C* Nash
function on R” which is an approximation of 0 outside a small semialgebraic
neighborhood of X and of 1 in another one. The function is required to hold a useful
well-known property of a C* partition of unity (Proposition 2.5). Let f € N(R")
and e(x) = 1/(C + |x|?*), where C is a positive number, k is a positive integer and
|x|?> = x{ + -+ + x2. We write e as e, when we need to emphasize C and k. Let
U c R” be an open semialgebraic neighborhood of f ~1(0). Put

V,={x¢& U:f(x)>0}, V,={x& U:f(x) <0}.
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LemMMa 2.1.
0 onV,
_ 2 1/2 29
F=((f*+e) +f)/2—>{f on v,
in the C" topology as C and k — oo satisfying k** < C.

PROOF. We can assume r < 0. As the problem is to prove (f2 + e)/?> > | f | on
V, U 1, it is sufficient to consider the convergence on V;. We prove it by induction
onr.

Case r = 0. Let € be a Nash function of the same form as the above e. Put

Y(1) =inf{ f(x): |x|=rand x € ¥, }.
Then by the Tarski-Seidenberg Theorem, ¢ is a positive upper semicontinuous
semialgebraic function on the closed semialgebraic set W = {|x|: x € V,} (here a
semialgebraic function means that the graph is semialgebraic). Hence it follows from

Lojasiewicz’ inequality [S] and the stereographic projection that there exist Cj,
k, > 1such that forany C > C;and k > k,

e(t)y(t) > 1/(C+t**) forte W,
where &(¢) is defined so that e(|x|) = &(x), in other words
e(x)f(x) = ec (x) forx e V.

Hence we have
0< (f2+e)l/z—f=e/((f2+e)l/2+f)<e/2f<£/2 onV,,

which proves Case r = 0.

Assume (f2 + e)!/? - fin the C"~! topology, to be precise, for any ¢ as above
there exist C,, k, > 1 such that for any C > C,, k > k, with k** < C and a
multi-index a with |a| < r — 1

D(f>+ ecy)

We need to prove this inequality for all a with |a| = r. Let a be such a one.
Obviously

Dee = Do{((f2 + )~ f)((f*+ ) + 1))
= {De((r2+ &) = N)H{(12 + &) + 1)
b X DA+ ) = A)D((f + ) 4 1))

B+y=a
y#0

I/Z—D"‘f

<& onl/.

and we have constants d,,, . ..,d,_, which depend on r but not on C nor & such that

o o (r=)2k=1)—i 2k\ r—i+1
|D%(x)|< Y. dk'|x]| /(C+|xl ) )

O<i<r

Easy calculations show

krlx‘("‘")(z’(_l)‘i/(c +‘xl2k)r—i < 1
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by k < k** < C. Hence we have
| |D%| < rildie,
i=0
which, together with the induction hypothesis, implies
[oe((r2+ )" =1
< {de +e X [D((f2+ ) +f)’}/((f2 +e)?+f) on¥,

O<y<a

for any ¢, as ¢ and sufficiently small e with k** < C, where d = L/_}d,. Therefore
by the same argument as the case r = 0, choosing small ¢, we obtain C;, k; > 1 such
that for any C > C; and k > k, withk?* < C

‘D"((f2 +e)”? —f)‘ <e onlV,
which proves the lemma.
DEFINITION. We call the argument for » = 0 in the above proof Argument 2.1.

Let co > r’ < r and let ¢ be a polynomial on R such that ¢(0) = - -+ = ¢"(0) =
0. Then

o{(If1+£)/2}

is a C” Nash function r'-flat at £1(0) (i.e. D% {(|f| + f)/2} = 0 on f~1(0) when
la] < 7).

LEMMA 2.2. o(F) = @{(|f | + f)/2)} in the C" topology as C and k — oo satisfy-
ing k2% < C, where F is defined in Lemma 2.1.

PROOF. Put f; = (|f | + f)/2. Let a be a multi-index with |a| < r’. Obviously if
|la] > 0

D°p(F)= ¢ (F)D*F + ¢"(F) ), DPFDF+ ---,

B+y=a
B,y+0
0 onf~'(0),
D(f,) = ‘P'(f1)Daf1+‘P”(f1) Z Dﬁleyfl"' outsidef‘l(O).
B+y=a
B.y#0

Hence, for any open semialgebraic neighborhood U of f~!(0), the convergence
D°p(F) — D%(f,) on R" — U in the C° topology follows from Lemma 2.1. So it
suffices to prove the following.

Let ay,...,a, > 0 be multi-indices with jay| + --- + |a)|=r" < r’,and letebe a
Nash function of the same form as e. Then there exist C;, k; > 1 and an open
semialgebraic neighborhood U of f ~(0) such that for any C > C; and k > k, with
k2k < C

'tpu)(F)DalF - D"’F| <e onU,
I(p(/)(fl)Dalfl D""fll <e onU~— f0).
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As the existence of U which satisfies the second inequality is trivial, we consider
only the first one. By assumption, ¢”(F) = F""~'*Y(F) for some polynomial .
Hence, by Argument 2.1 it suffices to prove

|Fr"~"*1paF... D¥F|<¢ onU,
which is equivalent to
I =D (fy+f)--- D(f, +f)|<e onU,

where f, = (f? + e)'/?, because of f,/2 < | F | < f,. Moreover, by induction on r”
(see below) and Argument 2.1, this inequality is reduced to

|f2’”"“D“'f2 D“'fz‘ <e¢ onU.
Caser” = 0. Put

U= {xeR":|f(x)]<e(x)/2},

U= {(x,1) € UxR: (f2(x) +12)"" <e(x)}.

Then U’ is an open semialgebraic set containing f ~!(0) X 0. Hence, by Argument
2.1, for arbitrarily small e, U’ contains the graph of e(x)!/? on U, consequently

(f2x) +e(x))”* <e(x) onU.

Thus Case r”” = 0 is proved.
Case r” > 0. By Case r” = 0 and the equality
!

D, - Doy = 11 417D,

i=1
it is enough to prove globally
|fel=Def,| < C, +|x]
for each i, some C,, k, and arbitrarily small e with k** < C. Now
pefl<c B |(fP+e)TIDR(f 4 ) DE(S + o)

Bit o +Bi=q
B>0

2k,

1/2-k

for some constant C > 0. Hence we only need
|(f2 + e)wjl/z_lDB/(fz + e)|< C, +|x|2kz'

But this is trivial if |8 > 1, and if |B|=1 this follows from the inequality
|DPie| < dge in the proof of Lemma 2.1. Hence the proof is completed.

Given Cy, k;, C, and k, pute; = ec , ande, = ec, ;. Letoo > r' < randletg
be a polynomial on R such that p(0)=0, p(1)=1and ¢’ = --- =9 =0at 0
and 1if r" > 1. Put

F=(P-f-lr-1l+3-7-1f-1l)/4,
1/2\2 172 1/2
F2=({(3—f—{(f——1)2+e1}/) +e) 3 f={(f-1)1+e) ) sa

Then ¢(F,) is a C” Nash function such that¢p = Oon { f > 2} and = 1 on { f < 1}.
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LEMMA 2.3. Choosing small e, and e, we can approximate ¢(F,) by ¢(F,) in the C"
topology.

PROOF. At present fix e;. Put
F, = {‘3 —f—((f— 1)2 + e1)1/2’+ 3 —f—((f— 1)2 + 61)1/2}/4.

Then ¢(F;) is a C” Nash function and Lemma 2.2 tells us ¢(F,) = ¢(F,) in the C”
topology as C, and k, — oo satisfying k3%2 < C,. Hence it suffices to prove
@(F;) - @(F,) in the C” topology as C, and k; — oo satisfying k%1 < C;.

The case r’ = 0 follows from Lemma 2.2. So assume r’ > 0. We want an
inequality

(1) D% (F;) - Dp(Fy)| <
for small e, where « is a multi-index with 0 < |a| < r’ and ¢ is a given function of
the same form as e. If |a] > 0 we have, like in the proof of Lemma 2.3,

€

0 onY,,
D(F,) = ¢'(F,)D°F, + ¢"(F,) Y, DPE,D'F,+ --- outside Y;,
()
0 onY,UY,,
D(F) ={9(F)D°F, +¢"(F) Y DPRDF + -+ outsideY, UY,,
5150

where Y, = {f=1}, Y, ={f=2}, and Y, = (3=f+((f- D’ +e)*} = (f
= 2 — e,/4}. Now Argument 2.1 says that for sufficiently small e,, Y; is contained
in a given semialgebraic neighborhood of Y,. Hence for (1) we only need to find
open semialgebraic neighborhoods U; and U, of Y; and Y,, respectively, and C,, k,

such that for each a,,...,a, > 0 with |oy| + -+ + |a;| < r’ and any C; > C;, and
k, > ko with k#k < Cy,
() |¢’(F;)D¥Fy --- D*Fj|<e onU, U U, - Y,

(3) |9 (F)D*F, --- D*Fj|<e onU;UU,— Y, UY,,
@) [¢“(F)DME, - D¥Fy = ¢(F)D"F, --- DYF|<e
onR" - U, U U,.
Here we can replace F, and F; by
Fo=(-7-1f-1)/2 and Fy=(3-f-((/-1*+e)")2,
respectively, because

F(x)= {Flo(x) if Fio(x) > 0,
! 0 otherwise,

Fy(x) = {F30(x) if Fyy(x) > 0,
3 0 otherwise,
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and because F,(x) > 0 if and only if F;;(x) > 0 for x € R" — U; U U, and small
e,. Let (2),, (3), and (4), denote the respective replaced inequalities.
At first (3),, is trivial for some small U; and U, because

(1) =" e = 1)y (o)

for some polynomial ¢. Next Lemma 2.1 implies F;, = F;, on R” — U, in the C”
topology as C; and k; — o satisfying k%1 < C,, which, together with (3),, proves
(2), on U, and (4),. (2), on U, is reduced, in the same way as the proof of Lemma
2.2, to

lfr’—/+1D01f1 Da/f1j< e on U,

where f, = ((f — 1)? + e;)'/. But this is the same as an inequality desired in the
proof of Lemma 2.2. Hence the lemma is proved.

Let X C R” be an algebraic set, I the ideal of R[x,,...,x,] defined by X, namely,
consisting of polynomials vanishing on X, and 4 the square sum of finite generators
of I. Put f = h” /e;, where C, k; > 1 and e; = e, . Let ey, e, 7', @, F) and F, be
the same as stated just before Lemma 2.3.

PROPOSITION 2.4. ¢(F,;) and ¢(F,) are C" and C* Nash functions respectively. Let
U be a semialgebraic neighborhood of X. Then, for small e,, o(F,) = 0 outside U and
= 1 in another neighborhood. Fix e;. Then @(F,) is an approximation of ¢( F) in the
C" topology for small e, and e,.

PrROOF. The first statement is clear by definition; the second follows if we can
choose e, so that U D {h < 2e,}, but this is possible by Argument 2.1; and the last
is Lemma 2.3.

PROPOSITION 2.5. Let Y C X be a connected component of X — Sing X (= the set of
singular points of X) and let V be a semialgebraic neighborhood of X — Y in R". Let g
be a C" Nash function on R" r'-flat on Y. Then go(F,) > 0 on R" — V in the C"
topology as C, ky — o satisfying k3% < C;.

PrROOF. Let e € N“(R") be of the same form as e and a a multi-index with |a| < 7’
Then we have to see

(1) |D*(go(F,))|<e onR" —V

for large C; and k, with k3%: < C,;. We will reduce (1) to plainer inequalities. As
@(F)) = 0 outside W = { f < 2}, it suffices to consider (1) on W — V. Moreover we
can replace (1) by

(2) ID*(gp(2 - f))|<e onW -V
because of

ID*(g9(2 = f))|>|D*(gp(F,))| globally.
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Now we have
D*(gp(2—f))= XL D"D%(2-/),
B+y=a
Do(2-f)=9'Q-f)D"2-f)+¢"(2-f)
x X DQ-f)D2-f)+ -
S+¢{=vy
8,¢#0
if |y| > 0. Hence (2) follows from
(3) |DEgDeif .- Duf|<e on W —V,
where |B| + |ay| + -+ + || < r’, because ¢'(2 — f),...,9")(2 — f) are bounded
on W. Furthermore (3) can be reduced to
(4) |DPgD“H --- D*HD"e, --- D%e,/ef"!|<e onW—V

by an easy calculation, where |B| + |a;| + -+ + |a;| + |yy| + -+ + |v] < r’ and
H = h"'. Here if [ = 0, then k = —1. Recall the inequality |DYe,| < de for some
constant d in the proof of Lemma 2.1, by which we only need to prove

(5) |DPgD*H --- D*H/H|<e onW -V -7,

where |B] + |a;| + -+ +|a)/ < r’and !/ > 1, and

(5) |Dfgl<e onW -V,

where |B| < r’. Here we used the inequality H < 2e; on W and the hypothesis
DPg=0onY.

Consider the sets
Z={xeR":|DFD"H --- D"H(x)| < e(x)H(x)},
Z' = {x € R": [Dg(x)| < e(x)}.
Then they are semialgebraic and contain Y. Hence Argument 2.1 tells us that it

suffices to prove Z and Z’ are neighborhoods of Y. That is trivial for Z’. For Z, let
x, be a point of Y and consider a small neighborhood of x,. We can obtain a C*

local coordinate system (y, z) = (Y1, - >Yms Zms1s- - - 1Z,) around x such that (y, z)
=0 at x, and h(y,z)=y}+ ---+yiand Y=y, = -+ =y, =0} (see the
proof of Lemma 4.11 in [10]). By hypothesis we have

1=

IDfg(y, 2)| < d'ly|
in a neighborhood of 0 for some constant d’. Hence it follows
|DfeDH -+ DiH(y, z)| < d”y|

in a neighborhood of 0 for some constant d”. Thus Z contains a neighborhod of x,,
which completes the proof.

FAL— (B2 — ||+ 27—y 2r+1

<d"lyl

3. The approximation theorem for Nash mappings. Assume r < oo in this section.
In [2] Efroymson stated Corollary 2 in the C° topology, and he gave a key lemma to
it. For the proof of Theorem 1 we shall need the lemma in a more general form
(Lemma 3.1). But, unfortunately, [2] has several mistakes in the proofs. So we shall
give a complete proof.
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Let h € N°(R"), X = h™}(0), U C X a connected C* Nash manifold open in X
and g € N°(U). A minimal polynomial P(z, x) for g means a polynomial in n + 1
variables such that P(z, x)|gxy = 0, P(g(x), x) =0 on U and the degree in z is
minimal. We say the pair (g, P) has Property (A1) if P~1(0) N (0P1/9z)(0) N R X
U= @, P is of constant degree in z at every point of U and {P~}(0)U
(0P1/0z)(0)} N R X U is the disjoint union of the graphs of C“ Nash functions on
U. Moreover, by induction, if the pair of each C“ Nash function on U whose graph
is contained in (3P !/dz)(0) and some minimal polynomial for it has Property (A
k — 1), then we say (g, P) has Property (Ak) for kK > 1. Write simply Property
(Am) as Property (A) for m = degree in z of P. Let (g, P) have Property (A). Then
we say (g, P) is of height 0 if (0P!/0z)(0) "R X U = @ and, inductively, (g, P)
is of height [ if it is not of height / — 1 and the pair of each C* Nash function on U
defined by (3P ! /3z)(0) and some minimal polynomial for it is of height < / — 1. It
is clear that if (g, P) has Property (Al) we can extend g uniquely to some
semialgebraic neighborhood of U in R” satisfying P(g(x), x) = 0. We write the
extension as g . We will not specify the domain of g,.

LEMMA 3.1. Let D C R" be a closed semialgebraic set contained in U. Assume the
pair of g € N°(U) and a polynomial P has Property (A). Then there exists a closed
semialgebraic neighborhood D of D in R" such that §p is defined on D and §p|; can be
approximated in the C* topology by the restriction to D of a C* Nash function on R".

ProoOF. At first we can assume D is connected for the following reason. By
Theorem 1 in [9] U is C“ Nash diffeomorphic to the interior of a compact C* Nash
manifold possibly with boundary. Hence consider in place of D the compact
manifold—an open collar. Next applying the Mostowski separation theorem [6] to D
and X — U, we have h; € N“(R") such that ,;, > Oon D and h; <0 on X — U. Put
D, = {x € X: hy(x) > 0} and let D, be the connected component of D, containing
D. Once more by the separation theorem there exists 4, € N“(R") such that 4, > 0
on D, and h, < 0on D, — D,. Hence

D,={x€ X:h(x)>0andh,(x)>0}.
For C and k > 1, put
Dc, = {x € R ho(x) =ec,(x) —h*(x) =0, (x)>0,hy(x)> O}.

We shall define D so that it will be contained in the interior of this D, for some
large C and k. Here we remark every semialgebraic neighborhood of D, contains
D, , for some C and k by Argument 2.1.

The present subject is to prove the lemma in the C° topology by induction on the
height of (g, P). Let P(z, x) = a,,z™ + -+ + a,, a,, # 0. Then the minimality and
the constancy of degree of P show a,, > 0 on U or a,, < 0 on U, hence assume
a, >0onU.

Case height = 0. By definition and by assumption, dP/dz and a,, are positive on
R X U and D, for some C, k respectively. Hence we can choose D, so that
0P/0z > 0 on R X D, and, consequently, g, is defined on D ,. Fix such C and k.
By Argument 2.1 we have polynomials ¢,(x) and ¢,(x) on R" such that ¢, > g, > ¢,
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on D, and @, > ¢, on R". Clearly P(¢,(x), x) < 0 and P(p,(x), x) > 0 on D ,.
Put

2

Hep= Y ((h12 + eC’,k’)1/2 - hi)’
i=0

PC’,k'(z’ x) = P(Z’ x) +(“2 + ul)(z - ¢1)HC’,k'/((P2 - ‘Pl) —u He o

for polynomials u; and u, on R". Then for some large u,, u, and for any C’, k' we
have

Pep(1(x), x) = P(py(x), x) —uHeyo <O onR?,
PC',k'((Pz(x)’ x) = P(‘Pz(x)’ x) +u,He o >0 onR",

P,

9Pc i _op (uy + w)He e
P (z,x)= P (z,x) +

>0 for x)<z< Xx).
P (Pl() ‘Pz()

Fix such u, and u,. Then P, ,.(z, x) = 0 has the unique solution g..,(x) on R”
such that ¢, > g . > @,. Trivially g ;. is of class C* Nash; and Proposition 3 in
[2] whose proof is easy and complete implies g¢ 4| p., = &plp,, in the C % topology
as C’, k' - oo, because the coefficients of the z-polynomial P — P, ,. converge to 0
on D, in the C 9 topology as C’, k” = oo by Lemma 2.2. Thus we have proved the
case height = 0.

By induction assume height(g, P) = / > 0 and the lemma in the C° topology in
the case height < /— 1. We define ¢, € N°(R") like in the case height = 0 as
follows. If every root of (0P/dz)(z, x) on U is larger than g(x), then let ¢, be a
polynomial on R” such that g > ¢, on D,. In the other case let g’ € N“(U) be the
largest root of (dP/9z)(z, x) with g > g’ on U. Then, by definitions of Property (A)
and height we have a minimal polynomial P’ for g’ such that (g’, P’) has Property
(A) and is of height < /. Hence, by the induction hypothesis there exist ¢} € N“(R")
such that ¢}|, is an approximation of g’|, in the C % topology. Choose a positive
C*“ Nash function ¢} on R” so small that 2¢] < g — g’ on D,, and take the above
approximation closely enough. Then ¢, = ¢} + ¢/ satisfies

(1) ¢, <g onD,, %—f(z,x)>0 for ¢,(x) <z < g(x) and x € D,.

We remark(1) holds true in the previous case too. We also define ¢, € N“(R") so
that

(2) ¢,>g onD,, %Iz:(z,x)>0 forg(x) <z < ¢,(x) and x € D,.

If necessary, adding to ¢, a C* Nash function of the form uH. , for large
u € N°(R"), C’ and k’, we can assume, moreover, ¢, < ¢, on R". Hence gathering
(1) and (2) we have

¢, <¢p, onR", ¢, <g<g¢, onD,,

(3)

%g(z, x)>0 fore,(x)<z<e,(x)andx € D,.
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As the second and last inequalities in (3) hold in a semialgebraic neighborhood of D,
in R", (3) implies for arbitrarily large C and &

¢, <, onR" ¢, <& <9, onD.,,

A3y

2—};(z, x)>0 fore,(x)<z<e,(x)andx € D ,.

Hence the case height = / follows in exactly the same way as the case height = 0.
Thus, in any case, gp|p_, is approximated by gc xlp., In the C° topology where
8¢« 18 aroot of P, ;. which is of the form

pa— ’ ’
Pe =P+ ajHq oz + agHe o,

where ag, a; € N“°(R").

Let 0 < r and D be a closed semialgebraic neighborhood of D in R” contained in
the interior of D ,. What is left is to show g, ,.|p = £&p|p in the C” topology as C’
and k' — oo satisfying k’>*" < C’. We will work by induction on r. So assume this
convergence in the C"~! topology. By Lemma 2.1 we already know He > 0on D
in the C" topology as C’ and k’ — oo satisfying k'*¥" < C".

Let a be a multi-index with |a| = r. Trivially we have

0= D“{P(gl,(x),x)}
= (DP)(g, x) + 5(8, ¥) DBy
i 9%P

2
B+y=a 02
B.y>0

0= Da{ PC’.k’(gC’,k’(x)’ x)}

(&p x)DBgPDng + -

aP.. ..
= (DaPC’,k')(gC’.k" x) + ac'k (8c ks x)D“gC,‘k,

z
BZPC, &
Z > (gcgkr, X)Dﬁgcf‘k,DVgC,'k, 4+ o
B+y=a 32
B.y>0

By (3),

%f—(gp(x), x)>0 forxe D.

Hence, by Argument 2.1, 1 /(3P ;./9z)(8¢ ,(x), x) is a C* Nash function on an
open semialgebraic neighborhood of D for arbitrarily large C’ and k’, and
1/(3P¢ /02X 8¢ 1(x), x) = 1(0P/3z)(gp(x), x) On D in the C° topology as C’
and k' - oo. Therefore the above equalities and the induction hypothesis imply
D°gc. = D°gp on D in the C° topology as C” and k’ — oo satisfying k'>*" < C’,
which completes the proof.
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3.2. Reduction of Theorem 1 to the case M; = R and M, = R. Let M, be contained
in R"2. By Lemma 7 in [9] there exists a C* Nash tubular neighborhood V, of M, in
R™ (ie. V, is a C* Nash manifold and the projection p,: V, = M, is of class C*
Nash). If F: M, — R"2is a C“ Nash approximation of fin the C” topology such that
F(M,) C V,, then p, o Fis arequired approximation. Hence we can assume M, = R"2
and, hence, M, = R.

As [9] pointed out, we can assume M, is closed in R". Let p;: V; » M; be a C¢
Nash tubular neighborhood of M; in R". By the separation theorem and the
argument just before Lemma 2.3 we have ¢ € N'(R") such that ¢ =1 on a
neighborhood of M, and ¢ = 0 on a neighborhood of R” — V. Consider (f° p;)¢
€ N'(V)). This is extensible to R” and the restriction to M, is equal to f. Hence it
suffices to approximate the extension by a C“ Nash function on R”".

3.3. There exist a stratification {U;;}o<i<n 1<j<m, of R", polynomials h;, on R" for
all i and k with 1 < k < i, f;;, € N°(U,)) for all i, j and a € N' with |a| < r, and
minimal polynomials P, for f,;, such that the following is satisfied. (Here N means
(0}

(3.3.1) Each U, is a connected C* Nash manifold of dimension n — i.

(3.3.2) For each i, B; = U,/ .1 ¢;<m Uy, is an algebraic set and each U, consists of
nonsingular points of B,.

(3.3.3) For each i, j and all k, h;; vanishes on U,; and grad h;, span the normal
vector bundle of U, in R".

(3.3.4) (f,ja Pijo) have Property (A~).

(3.3.5) For each i and j, f — Xy <\Jijap, i is r-flat on U,
fora = (ay,...,q,).

PROOF OF 3.3. As (3.3.5) requires f; ;o = f|u,, for any i/ and j, we define it so. We
construct U, hy, f;;, and P,;, by double induction on i and |al. Let 0 < s < n.
Assume we already have an algebraic set B, C R” of codimension s, a stratification
{U;,}o<i<s;i<j<m Of R" = B, h, f,;and P, for 0 < i < s such that (3.3.1)-(3.3.5)
are satisfied (here B, in (3.3.2) is modified to be U, ;.1 ¢j<m U, U B and we put
B, = R"). We shall define an algebraic set B, , (C B,) of codimension < n — s as
the Zariski closure of B!,, U B2, U ---, where B!, , will be semialgebraic sets
defined one after another; and we shall let U, j = 1,...,m,, be the connected

sj°
components of B, — B, ., so that we shall be able to define s, f;, and P,

It is elementary to find polynomials /,, 1 < k < s, so that they vanishjon B, and
the set of points of B, where grad 4, 1 < k < s, are linearly dependent is of
dimension < n — 5. Denote the set by B! ;. Then (3.3.3) will be satisfied for
whatever U, ..

Let E be the graph of f on B,. As E is semialgebraic, it admits a semialgebraic
stratification [5]. Hence we have a semialgebraic set E’ (C E) of dimension < n — s
such that E — E’ is a C“ Nash manifold of dimension n — s. Let E” (C E — E’) be
the set of points where the projection p: E — E’ — R"is not C* regular (E” = & if
r > 1). Then it is easy to see by the Tarski-Seidenberg Theorem that E” is a
semialgebraic set of dimension < n — s, and B, — p(E’) — p(E”) is a C* Nash
manifold on which fis of class C*. Put B, | = p(E’) U p(E").

jo

a i a
where h¢ means [T} _1h{
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We will define f, ;, and P;;, by induction on |a|.

Case a = 0. Let W be a connected component of B, — B!, — B, and P, a
minimal polynomial for f,, = f|,. Apply the above argument to P;'(0). Then we
have a semialgebraic set W’ C W of dimension < n — s such that P;}(0) N R X
(each connected component of W — W’) is the disjoint union of the graphs of C*

Nash functions. Here we remark the minimality of P,, implies

P!
9z

dim| P;}(0) N O NRXW|<n-s.
Hence, in the same way as above, we can choose a semialgebraic set W’ C W of
dimension < n — s so that

-1
P:1(0) nag—z(o) ARX(W =W — W) =2

and (0P~!/3z)(0) N R X (each connected component of W — W’ — W") is the
disjoint union of the graphs of C“ Nash functions. Considering minimal polynomi-
als for these C“ Nash functions and repeating this argument, we obtain a finite
number of semialgebraic sets W', W”,... such that, for each connected component

UotW—- W — W'’ — ---,(fly, Py) has Property (A). Hence we define P, = Py,
ifU;,c W— W — --- and we put
Bl iy=WUW’'U -+ and B}, = UBsznw-
w
Case |a| = 1> 0. By induction assume we already have semialgebraic sets
B}, ,,...,B!T} of dimension < n — s, the connected components O, j = 1,2,..., of
B,— B!, — -+ — B/, fz€ N°(0)foralljand B € N’ with || < /and minimal

polynomials P, for f, such that (f,, Py) have Property (A) and, for each j,
Fy_y=f—Xig<ifigp % is (I = 1-flat on O, Then there exist f;, € N“(0)) for
each j and all @ with |a| = / such that F;,_; — ¥,,,_,f;,h5 is I-flat on O, where f,, are
any C* extensions of f;, for the following reason. Consider a local coordinate system
of R™ of class C* Nash around each point of O; such that the system contains
hg,...,hg,. T:hen O, is a linear subspace in this coordinate system. Hence the
existence of f,, of class C* follows immediately, moreover the uniqueness of f,
follows. This uniqueness, together with the fact that a derivative of a C“ Nash
function is of class C* Nash, implies that f;, are C* Nash functions.

For all j and a with |a| = /, apply to f,, the argument in the case a = 0. Then we
obtain a semialgebraic set B/f; of dimension < n — s, the connected components
0/,j’=12,.., of B,— B!, — --- = Bli}, f,, € N°(O)) for all j* and a with
|a| = I and minimal polynomials {’j,a for f, such that (f;,, P;.,) have Property (A)
and, for each j’, Fj!—1|o;, = X\y=1fyar, i is I-flat on O; where j is such that 0, © o).
If |a| < I we put fi, = fialoys Pya = P, for some j with O; D Oj. Hence we can
define by induction f, ,, and P, for all a with |a| < r. Thus we have proved the
statement for s + 1 at the beginning of the proof. Therefore the proof is completed
by induction on s.
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Let 0 < 5 < n and ¢ be of the same form as e. Under the same notations as 3.3
3.4.5. For all i and j with i > s there exist H;; € N'(R") and arbitrarily small open

semialgebraic neighborhoods V,; C V; of U, such that

(34.5.1)
1 onV, — W/
- - ij i+1
VicViouU,, H;= . ,
0 onR" = (V= W),
—_ ’ —_ 7.
where W, , = Ui<i’;l<j’sm,.Vi'j” i+1 7 Ui<i’;1<j'<m,.Vi'j"

(3.4.5.2) we can approximate H,; by C* Nash functions on R" in the C" topology;
(B4.53)LissncjamHij=10on W; and

(3.4.5.4) for each i and j, L, ,f;)a p, hiH,; is an e-approximation of fH,; of order r,
i.e.

<e onR"

‘Dﬂ{inj - E f;’jal’

ija
la|<r

h;'H,.,}

for all Bwith|B| < r.

PrOOF OF 3.4.5. We work by downward induction on s. If s = n, 3.4.s follows
from Propositions 2.4 and 2.5 and (3.3.5). Hence assume 3.4.s + 1. It suffices to
consider 3.4.5 on one U, because we require, moreover, V, N V), = & for j + .
Put

G=1- Y H, and p= Y f.p hS

i>s la|<r
1gj/<sm;

Then G=1on R"— W/ , by 345+ 11), G=0on W, , by (345 + 1.3) and
p — fis r-flat on U, by (3.3.5). Apply the separation theorem to U;; — W, and the
complement of its small open semialgebraic neighborhood and apply Lemma 2.3 to
the resultant separation function. Then there exists H;; € N'(R") such that H; = 0
outside a small semialgebraic neighborhood of U,; — W, ,, H; = 1 on another one
and we can approximate H;; by a C* Nash function on R" in the C” topology.
Hence, by Propositions 2.4 and 2.5 we have H; € N'(R") such that H] = 0 outside
an arbitrarily small open semialgebraic neighborhood of B, H;7 = 1 on another one,
H{] can be approximated by a C*“ Nash function on R”" in the C" topology, and
pGH;H_] is an e-approximation of fGH H; of order r. Therefore H,;, = GH/;H/,
together with some arbitrarily small V;; and V), satisfies 3.4.s. Clearly we can
choose V/’s so that VN V. = @ for j # j/ when we repeat this argument for
every U, ;. Hence 3.4.s follows for all s.

3.5. PROOF OF THE FIRST HALF OF THEOREM 1. Keep the same notations as 3.3 and
3.4.0. For each i, j and a choose V; small enough, then by (3.4.0.1), Lemma 3.1 and
Argument 2.1 there exists an e-approximation of f;, p,Hij of order r of the form

\iaH; ;> Where f’ is a C* Nash function on R” (to be precise, we have to construct
7« DY downward induction on i because V;; depends on U;; — W,,,). It also follows
from (3.4.0.2) and Argument 2.1 that we have a C* Nash e-approximation g; ;, of
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fi;oH,; of order r of the form f,G, for G,; € N“(R"). Hence g, , is a 2e-approxima-
tion of f, ijap, Hij; of order r. Put
g= Z 8i jah?'
la|<r
iJ
Then by (3.4.0.3) and (3.4.0.4) we see

> |0 s, ~ T guh)

ihJ laj<r

<X

|DA(f - g)|<

Dt~ T fur, B3H,)

la|<r

+ Z |D ljaP aHij - gijah;x}
lal<r
i)

< Qe
for all 8 with |B| < r and some polynomial Q on R” which does not depend on e.
Hence, diminishing ¢ we can approximate f by the C* Nash function g in the C”
topology. This completes the proof of the first half of Theorem 1.

3.6. PROOF OF THE LATTER HALF OF THEOREM 1. Let i, = codim M; in R". By
Corollary 5 in [9], we have f, € N“(R") such that f, = f on M,. Hence, considering
f — f, in place of f, we can assume f = 0 on M;. Recall Corollary 6 in [9] which
states that M, is C® Nash nonsingular, namely there exist 6,,...,6, € N“(R") such
that 6;1(0) N --- N 6,7)(0) = M, and grad @,,...,grad 6, span the normal bundle of
M, in R". Put § = ¥!_,07. Then we can add to 3.3 the following conditions: there
exist, moreover, A a subset of {(i, j): 0 <i<n,1<j<m} [, € N°(Uy) for all
(i, j) € A and « € N’ with |a| < r, and mmlmal polynomials P, ;, for f; ;, such that

(3.3.6) My = Uy, e Ui

(3.3.7)if (i, j) € A we can replacein (3.3.3) and (3.3.5) i, functions of { k. },_,
by some §,’s and we use the notations {h, %} k=1...; for the new family, here we
assume A, e h, Ji, to be the replaced ones;

(3.3.8) (o> Pijo) have Property (A); .

(3.3.9) foreach (i, j) & A, f/0 — Z|a|<,f,jap hiis r-flat on U,

As the proof of the above proceeds in the same way as 3.3 we omit it. We remark
only that (3.3.7) implies that if we choose a local coordinate system at each point of
U,; € M so that (h, kY k=1, ..,;18 its part, then M; and U;; become linear subspaces.

Recall g in 3.5 which was the required approx1mat10n function. We modify g as
follows:

= L B.h0+ L ghi

(i, ))EA (i, ))EA
laj<r laj<r

where g, ;, are approximations of f~, Ja ,,WH,. ; defined in the same way as g, ,, in 3.5. It
is obvious by definition that g is a C“ Nash approximation of f and the first part of
g vanishes on M;. Hence we need only

(361)g,,=0for(i,j)e Aande; = --- =@, =0.
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For this it suffices by 3.5 that

(3.6.2) ?,.ja(z, x) = z for the same i, j and «,
which is equivalent to

(3.6.3) f-,-ja = 0 on U, for the same i, j and a.

But this is clearly possible by the above remark and the method of proof of 3.3. Thus
we have proved the latter half and, hence, Theorem 1.

REMARK 3.7. In Theorem 1 we do not need the compactness condition on Mj if
any C“ Nash function on M, is extensible to M, and M, is “C* Nash nonsingular”
in the sense in 3.6. The reason for this is clear by 3.6.

3.8. PROOF OF COROLLARY 2. Let 0 < r < co and U, be a semialgebraic set such
that U, C U, and U, C U,. Let ¢ € N'(R") such that ¢ =1 on U, and ¢ = 0 on
R" — U;, and apply Theorem 1 to ¢f € N'(R"). Then we obtain the required
g € N°(R").

4. The approximation theorem for Nash manifolds. Let 0 < r < w. A vector bundle
§ = (E, p, B) is called a C" Nash vector bundle if the total space £ and the base
space B are C” Nash manifolds, B is covered by a finite number of semialgebraic
coordinate neighborhoods and all the coordinate functions and the projection p are
of class C" Nash. A C" Nash bundle map is naturally defined, and we call a C" Nash
invertible bundle map a C” Nash isomorphism and two C” Nash vector bundles C”
Nash isomorphic if there is a C” Nash isomorphism between them. Let 1 < k < n
and G, , denote the Grassmannian of k-linear subspaces in R”, put

E,.={(A\,x)eG,, XR'|x €N}

and let p;: E, , = G, , be the projection. Then the bundle §{; = (E, ;, pg, G, +)
naturally has a C® Nash vector bundle structure [8].

PrROOF OF THEOREM 3. Let k denote the codimension of M in R”. Let m: M — G, ,
denote the C"~! Nash map defined by 7(x) = the normal vector space of M in R" at
x, 7’ a close C* Nash approximation of 7 in the C° topology (Theorem 1), and
7"*¢; = (n"*E, ;, pp, M), the induced bundle of §; by 7. Here we remark that
7'*§; is a Nash vector bundle of class C”. Let us regard M and G, , as subsets of
7'*E, , and E, ,, respectively, through the zero cross-sections. Define a C" Nash
map ¢: 7"*E, , = R" by

o(x,y,z)=x+z, (x,y,z)€n*E, ,<CMXE, , CMXG,,xR"

Then we see easily (cf. the proof of Lemma 7 in [9]) that there exists a C” Nash
tubular neighborhood V of M in #’*E, , such that ¢|, is an imbedding. Put
W=9¢{WV)andy =ge@': W— E, ,, where g: n'*E, , — E, , is the bundle map.
Then p),e@™': W —> M is a C” Nash tubular neighborhood of M in R”, ¢ is
transversal to G, , and ¢ (G, ,) = M. Apply Theorem 1 to ¢ and let y": W — E, ,
be a resultant C* Nash approximation in the C" topology such that ¢’ is transversal
to G, . It is then easy to see that M’ = ¢/ (G, ,) is a C® Nash manifold, :
M — M’ defined by 7(x) = (py° 9 *|,) }(x) N M’ is a C" Nash diffeomorphism
and, moreover, T — identity as ¥’ — ¢ in the C” topology.
For the second part of the theorem, just use the latter half of Theorem 1.
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PROOF OF THE LAST PART OF THEOREM 3. By the first part we can assume M is a
C*® Nash manifold in R". Let p: V' — M be a C“ Nash tubular neighborhood in R”".
Apply the first part to M, C R” Then we have a C” Nash imbedding =: M, —» R"
arbitrarily close to the identity such that #(M,) is of class C* Nash. Moreover the
above proof says that # can be extended to a C" Nash diffeomorphism # of R”.
Hence choosing 7 and, hence, # close enough to the identity we obtain a required C”
Nash imbedding p o #|,,. Therefore Theorem 3 is proved.

Theorems 1 and 3 tell us the following.

COROLLARY 4.1. Let 1 < r < 0. Then the C" Nash diffeomorphism classes of all C"
Nash manifolds is identical with the C® Nash diffeomorphism classes of all C* Nash
manifolds.

REMARK 4.2. In spite of Corollary 4.1 there is a definite difference between the C”
Nash category for 1 < r < oo and the C® Nash category as shown in [11]. An
abstract C" Nash manifold means a manifold with a finite system of coordinate
neighborhoods of class C” Nash. To distinguish this we call a usual C" Nash
manifold affine. As [1,8 and 11] pointed out, an abstract C* Nash manifold is not
necessarily affine. But if 0 < r < oo, then an abstract C” Nash manifold is always
affine [11].

PrOOF OF COROLLARY 4. We already know the corollary in the cases r = w [9] and
r = 0 [12]. Hence by Corollary 4.1 it suffices to prove the following. Let 1 < r < o0
and let M be a compact C” Nash manifold with boundary. Then

(1) M is C" Nash diffeomorphic to some C* Nash manifold with boundary.

For the proof, consider the double DM of M with naturally defined abstract C”
Nash manifold structure. Regard M € DM. Then, by Remark 4.2, M C DM can be
contained in some Euclidean space as C" Nash manifolds. Hence considering the
pair (DM, dM) we obtain (1) by the last statement in Theorem 3.

THEOREM 4.3. Let 0 < r < w. Let { = (E, p, M) be a C° vector bundle over a C”
Nash manifold M. Then { has a unique C" Nash vector bundle structure up to a C"
Nash isomorphism.

PROOF. As the case of compact M is easy, we assume M is not compact. By
Corollary 4 we regard M as the interior of a compact C” Nash manifold M with
boundary. We also regard { as the induced bundle f*¢. of ¢, by some C° map f:
M — G, , for some n, where k = dim { [13]. We know [13] that if f is homotopic to a
C° map g, then f*¢ is equivalent to g*¢;. So for the existence of C” Nash vector
bundle structure on { we only need to find a C" Nash map g: M — G, , which is
homotopic to f. Now fis homotopic to the restriction to M of a C® map f: M - G, ,
because M has a collar. But by Theorem 1, f is approximated by a C” Nash map §:
M - G, .- Hence choosing the approximation close enough we obtain the required
g =8&lm-

PROOF OF THE UNIQUENESS. Assume C” Nash vector bundles {; = (E,, p;, M),
¢{, = (E,, p;, M) and a bundle map ¥: {; — {, of C° equivalence are given. Then
we have to obtain a C” Nash isomorphism ®: {; — §,.
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Put E; = U, o, L(p7'(x), p3*(x)) and §; = (E;, p;, M), where L (, ) means the
space of linear maps and p,: E; — M is the projection. We want to give naturally ¢,
a C" Nash vector bundle structure. Let {U, },c4 and {3}z p be finite systems of
semialgebraic coordinate neighborhoods of {; and {, respectively. Then for each U,
and Vg, (p3 Y, n Vs), p3, U, N V) has the trivial vector bundle structure. Hence
the coordinate transformations of {; and {, give {; an abstract C” Nash vector
bundle structure in the sense of Remark 4.2, namely E; becomes an abstract C”
Nash manifold. Therefore if r < oo, {; is a C” Nash vector bundle by Remark 4.2.

Consider the case r = w. Assume E;, E, C R" and regard M C E, and M C E,
through the zero cross-sections. For each x € M let f;(x) and f,(x) denote the
tangent vector spaces of p7'(x) and p5'(x) at x respectively. Then we see easily that
fi» foi M — G, , are C* Nash maps and that f,*{; and f,*{; are C* Nash isomorphic
to ¢, and {, respectively. Hence we consider f;*£; and f,*{ in place of {; and {,. Put

F={(\,p,T)EG,, X G, X LR,R"): TA C p, TA* = 0}

and let g: F - G, ;, X G, , be the projection. Then n = (F, q,G,, X G, ,)isa C*
Nash vector bundle (see the C“ Nash manifold structure on G, , in [8]), and
(f1, f,)*n is C“ Nash isomorphic to {;. Thus we have given {; a C" Nash vector
bundle structure in any case.

Let E, be the subset of E; consisting of linear isomorphisms and p, the restriction
of p; to E,. Then E, is an open semialgebraic subset of E; and {, = (E,, ps, M)is a
C*® Nash fibre bundle with fibre GL(k, R). Now what we have to prove is that if {,
has a C? global cross-section y, then it has a C” Nash one ¢.

Let us regard M as contained in R” so that M is compact and M — M consists of
one point a (see [9]). Then by [4] there exists a semialgebraic triangulation of M
compatible with {a} U {U, N Vg},c4.pep, 1€ a finite simplicial complex K C R”
and a semialgebraic homeomorphism 7: |K| — M such that a or each U, N Vj is the
image of a union of some open simplices of K. Put W, = 7(0) — a for 6 € K. Then
{W,},ek is a finite closed covering of M, moreover refining {U,} and {V,} if
necessary we can assume 4|, is C" Nash trivial for each o.

Put

K'={o€K|1(06)2a}, K'=K-K,
M=\\JW, and M'"= | W,=M-M".
oeK”

ceK’

For the construction of ¢, at first, we will define by induction a C° Nash
cross-section @ of {,| . If 0 € K" is of dimension 0 we put ¢”(W,) = y(W,). So
assume we have already defined ¢” on Uy, ., W, so that it is homotopic to the
restriction of ¢ to Uy, <, W,. Then for each ¢ € K” with dime = /, the restriction
of the homotopy to 9, can be extended to W, so that the extension of ¢” is of class
C° Nash by the triviality of {,| w,» the Alexander trick and by Theorem 1 (see [12] for
the Alexander trick). Hence we have globally ¢”” on M”. Next extend ¢” to a C°
Nash cross-section g, of {, by induction on dimo for 6 € K’ — 77!(a) in the same
way as above. Hence the case r = 0 is proved.
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Assume r > 0. For each x € M let p, denote the orthogonal projection of a
semialgebraic tubular neighborhood of p;*(x) in R". Put P(x, y) = p,(y). Then P is
a C"~! Nash map from an open semialgebraic set X in M X R" to E,. Furthermore,
approximating p, by a C” map in the same way as the proof of Theorem 3 we can
assume P is of class C” Nash. Regard ¢, as a map from M to E, and apply Theorem
1 to ¢,. Then we have a C” Nash map x: M — E, such that the graph of x is
contained in the domain of P, and, hence, ¢ = P(x, x(x)) is a required cross-
section.

Problem. Let M be a C" Nash manifold. We call a vector bundle over M an
abstract C" Nash vector bundle if the total space is an abstract C” Nash manifold and
the same conditions on coordinates as a C" Nash vector bundle are satisfied. As
pointed out in Remark 4.2, an abstract C” Nash vector bundle over M is always
affine if r < oo. Is this the case for r = w?

ADDED IN PROOF. D. Pecker corrected the proofs of [2] in his thesis Fonction:
approximation, extension, factorisation.
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