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SYMMETRIC SEMICONTINUITY IMPLIES CONTINUITY
BY
JAROMIR UHER

ABSTRACT. The main result of this paper shows that, for any function, symmetric
semicontinuity on a measurable set E implies continuity a.e. in E and, similarly,
that symmetric semicontinuity on a set residual in R implies continuity on a set
residual in R. These propositions are used to prove more precise versions of the
fundamental connections between symmetric and ordinary differentiability.

In this note we employ the main idea from [9] to study the problem of measurabil-
ity of functions with some “regular” symmetric behaviour. Our method leads
immediately to a proof of continuity or differentiability properties of such functions.

The fundamental connections between symmetric and ordinary differentiability
and between symmetric and ordinary continuity for measurable functions have been
established by Khintchine [4] and Stein and Zygmund [8]. To prove similar results
for general functions seemed to be a much harder task. Charzynski [2] has shown
that a finitely symmetrically differentiable function is differentiable a.e., Fried [3]
and Preiss [6] proved that any symmetrically continuous function is continuous on a
residual set and on a set of full measure, respectively; and Belna [1] proved that a
function symmetrically continuous on a measurable set E is continuous a.e. in E.
Finally, Uher [9] in a rather complicated paper showed that functions possessing a
symmetric derivative (possibly infinite) a.e. are differentiable a.e.

The main idea of [9] was to use symmetric semicontinuity, which follows from the
existence of the symmetric derivative, while symmetric continuity does not. Here we
shall see that the strange mixture of differentiability and continuity properties in [9]
is not necessary. Namely, we show that symmetric semicontinuity a.e. already
implies continuity a.e. (See Theorem 1, which gives a considerably more general
result.) A similar result is also proved with sets of measure zero replaced by sets of
the first category. (See Theorem 1 again.) This basic connection between symmetric
and ordinary properties is then used to prove more precise versions of the results
mentioned above.

Recall that the upper symmetric derivative of a function f at x € R is
pf(x +h)—f(x—h)

2h

f5(x) = limsu
h—0
and that the lower symmetric derivative is
f(x+h)—=f(x—h)
2h )

f*(x) = liminf
- h—0
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If f5(x)= f’(x), the common value, finite or infinite, is called the symmetric
derivative of f at x. A function f defined on R is said to be upper (lower)
symmetrically semicontinuous at x if

limsup f(x + h) — f(x — h) <0 (lim%)nff(x +h)—f(x—h)> 0).
h—0, -0,

It is said to be symmetrically semicontinuous at x if it is upper or lower symmetri-
cally semicontinuous at x. We shall also use the usual notations Df(x), Df(x),
D*f(x), D f(x), D*f(x), and D f(x) for ordinary, one-sided, upper, and lower
derivatives. If M is a subset of the real line, we denote by |M]| its outer Lebesgue
measure,

p(M)=|xer: tim MO—hx+n)] |
o 2h

and, finally, a(M) is the union of all open intervals intersecting M in a set of the
first category.

Since we do not want to repeat practically the same proofs in the case of sets of
Lebesgue measure zero and in the case of sets of the first category, we shall define
families of exceptional sets fulfilling certain properties. Hence, in the following text,
 will be a family of subsets of R givenby 9= {4 C R; b(A)= @}, where bisa
map associating with each set 4 C R a set b(A) C R satisfying the following
conditions.

(1) If A C B, then b(A) C b(B).

(1) IfUP_, 4, = A, then b(A)\UX_, b(4,) € T.

() If A\ B €J and B\ 4 € 7, then b(A) = b(B).

(iv) b(b(A)) = b(A) for each 4 C R.

(v) A\ b(A) € T foreach 4 C R.

(vi) b(a + BA) = a + Bb(A) foreach 4 C R and «, B € R.

For convenience, we shall call a set A C R measurable if b(4)\ 4 € . We shall
also assume that the following three conditions hold.

(vii) Each open set A C R is measurable.

(viii) If 4 is measurable, then b(A) N b(B) = b(A N B) for every B C R.

(ix) If at least (k — 1) sets among A,,..., A, are measurable and if 0 € b(4,)
for each i =1,...,k, then for every p > 0 there is A > 0 with the following
property:

Whenever § € (0,A), I C (-4, 8) is an open interval with length at least § /p and
whenever |a,| < 6 fori = 1,..., k, then

k
INN(a,+4,)eT.
i=1
REMARK 1. (a) From conditions (i), (ii) and (iv) we easily see that 7 is a o-ideal.
(Recall that a set J of subsets of R is called a o-ideal if {A4,}5., € Z implies
© 14, €7 andif A €7 and B C A4 then B € J.) Moreover, & € .7, since (ii)
implies that 7 is nonempty.
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(b) Measurable sets form a o-algebra of subsets of R. Since R is measurable
according to (vii) and since (ii) implies that a countable union of measurable sets is
measurable, it suffices to verify that the complement of a measurable set is again
measurable. But this follows from (viii) and (v), since for any measurable set 4 we
have

b(R\A)\(R\A)=b(R\A)NAC (b(R\A)Nb(A4))U(4\b(4))
=b((R\NA)NA)U(A\b(A4)) = A\ b(A).

(c) Using condition (iv), we immediately see that for each 4 C R the set b(A) is
measurable.

(d) From (vi), (ix) and from the measurability of one-point sets we deduce that
one-point sets belong to J; hence .7 contains all countable sets.

(e) Putting p > 1 in (ix) we see that (0,8) NN*_(a; + 4,) € I and (-6,0) N

K (a,+4)eT.

(f) As usual, whenever P is any property of points in R, we shall say that P holds
almost everywhere in A (or at almost every point of A) if there is a set B € J such
that P holds at every point of 4 \ B.

If we want to study sets of measure zero, we define b(A4) as the set of all outer
density points of 4. Then J is precisely the o-ideal of sets of Lebesgue measure
zero and the measurable sets coincide with the Lebesgue measurable sets. The
properties (i)—(viii) are well known and condition (ix) follows easily from the
definition of the density and of the outer density.

If we want to study sets of the first category, we define b(4) = R\ Closure(a(A4)).
Now 7 is the o-ideal of sets of the first category and the measurable sets are
precisely the sets with the Baire property. Proving (i)—(viii) is easy and to prove (ix),
it suffices to choose 8§ > 0 (independent of p) such that (-28,28) C b(4,) for each
i=1,..., k.

LEMMA 1. Assume that f is a real-valued function defined on the real line, € and 1
are positive numbers and E C R. Assume further that f(t + h) — f(t — h) > —¢ for
every t € E and h € (0,7m) and that f is symmetrically semicontinuous at a.e. point of
b(E). Then liminf, _,, f(x)> f(z)— Se for each z € b(E).

PrOOF. Considering, if necessary, the function f(t) = 1f(t/m), we see that it
suffices to assume that ¢ = 5 = 1. Moreover, it also suffices to prove the statement
in the special case when 0 € b(E) and z = 0.

To this end, we use condition (ix) with k =5, 4, = 2E, A4, =A,=0b(E), A,
= 3b(E), As = 3b(E)and p = 4 to find A € (0, 1) having the following property.

Whenever 8 € (0,A), I C (-8, 8) is an open interval with length at least § /4 and
laj| < 8fori=1,...,5 then INN_ (a;+ 4;,) & T.

We intend to finish the proof by showing that f(x) > f(0) — 5 for each x € (0, A).
To prove this, we consider some fixed x € (0, A) and put

A=QE - x)Nn(b(E)+ 3x)Nb(E)N(3b(E) + 5) n(3b(E) + 3x) Nn(3x, x).
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We already know that 4 & 7. To obtain more useful information, we first denote,
form=1,2,...,

E,={z€b(E);0<h<x=f(z+h)—f(z—h)> -1},
and

E,={z€b(E);0<h<x=f(z=h)—f(z+h)>-1}.

From the symmetric semicontinuity of f at a.e. point of b(E) and (ii) we see that
b(E)\UZ_,(E} U E,) € 7. Since (vi), the measurability of b( E) and (viii) imply
Ac (b(E)+ 3x)nb(E)=b((E+ 3x)Nb(E))

and since
o0
(E+3x)nb(E)\ U [B(E+3x)nE;)Ub((E+2)NnE;)]eT
m=1
according to (ii), we see that
An U [b((E+3x)nE;)Ub((E+ 3x)NE;)] es.
m=1
Thus there is y € A4 and a natural number ¢ such that
yeb((E+3x)NES)Ub((E+ 3x) NE;).
Put

00 o0
Ct=(E-x+3y)n U E;, ¢ =(E-3x+3y)n U E,,
m=1

m=1
and let 8(¢) = min(s;, 3) foreach t € (E,; U E, )\ (E,;_, U E, _,). Denote also
C= U (t-8@),1]u U [r,r+8()).
teCc* teC”
We will show that
(*) 2(y = ix) € b(C).
Since b(E) is measurable and b(E)\UZ_,(E} U E,)<€.7, (i), (vii) and (vi)
imply that
b(C) 2 b((E - 3x + 3y) Nb(E)) = (b(E) - ix + 3y) N b(E).
Thus (*) holds, since 2(y — 3x) € b(E) follows from y € (3b(E) + 3x) and
2y — 3x) € (b(E) - 3x + %y) follows from y € (3b(E) + 3x).
Since y € (3x, x), we may find 8 € (0, min(1/q, x/4)) such that (y — B,y + B)
C(Gx,x).Let D=(E; N(y =B, y)V(E; N (y,y+ B)).If
yeb((E+ ix)nE})
then, since $C + 2x is measurable and y € b(3C + 2x) (which follows from (x)),
we see from Remark 1(e) that
(BC+ix)N(E+3x)NE; n(y—B,y)+ 2.
Similarly, when y € b((E + 3x)NE 7 )» we may prove that
(3C+3x)N(E+3x)NE; N(y,y+B)+* 2.
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Hence, in both cases,
((C+3x)N(E+3x)nD+ &,

and we may find u € (3C+ 2x)N(E + 3x) N D. Then 7= 2(u — 2x) € C and
consequently 7 € (¢ — 8(¢), t] forsomet € C*torr € [t,t + 8§(¢)) forsomet € C™.
Now we are ready to estimate the difference

f(x) =£(0) = (f(x) =f(») +(F(y) = fQu = y))
+(fQQu—-y) - fQ2t-1))
+(f(@2t = 1) = f()) +(f(r) = £(0)).

Since y€ 4 € 2E — x) N (3x,x) there is a v € E such that y = 2v — x and
hence f(x) — f(y) > -1.

If u<y then u€ E; (since u € D) and, since y —u < B <1/q, we get
f(y)—fQu — y)> -1. Similarly, if u >y, then y € E; and f(y) — fQu — y) >
-1. To estimate the third term, we note first that, since 1 = 2(u — 3x),

H(Qu-y)+Qr—1)) =1+ 3x - 2y
Since t € C*U C~C E — 3x + 1y, the center of the rotation is in E. Moreover,
since u € (3x,x), lu—y|<B, |t — 1| <8(1)< %xand
H(Qu-y)-@2t—-1))=3(u-71)+3(u—-y)-(t - 1)
=3(@x—u)+3(u—y)-(r-1),

we see 0 < 3(Qu —y)— (2t — 7)) < 3x < 1. Hence fQRu — y) — f(2t — 1) > -1.
The inequality f(2¢t — 7) — f(7) > -1 is obvious from the choice of ¢. Finally,
f(r) = f(0) > -1, since 47 = u — 3x € E (because u € E + 3x). Summing up, we
get f(x) — f(0) > -5 and hence the statement of the lemma.

THEOREM 1. Let f be a real-valued function defined on the real line R. Then f is
continuous at almost every point of the set

R\ b({x € R; fis not symmetrically semicontinuous at x }).
PROOF. Let

F = R\ b({x € R; f is not symmetrically semicontinuous at x }).

For each natural n and £ we denote
re={xe€F,0<h<l/n=f(x+h)—f(x—h)>-1/k}

and

E ,={x€F0<h<l/n=f(x—h)-f(x+h)>-1/k}.
From (i) we see that

L{(b(E:.k) U b(E,,)) C b(F)

and therefore, since F is measurable, f is symmetrically semicontinuous at a.e. point
of U, ((b(E; ) U b(E, ).
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For each pair n and k of natural numbers we use Lemma 1 twice, first, to the
function f and the set E,, and, second, to the function —f(-7) and the set —-E,/ . In
this way we prove that

-5/k + limsup f(x) < f(z) < liminf f(x) + 5/k

for every z € b(E, ;). Hence

limsup f(x) < f(z) < liminf f(x)
for every z € N_, U b(E, ).
Since the set of all points z € R at which either
limsup f(x) # limsup f(x), or liminf f(x) # liminf f(x)

xX—=z_ x—z,

is countable (see, e.g., Young [10]) and since countable sets belong to 7, f is
continuous at a.e. point of N¥_; U¥_, b(E, ;). Similarly, applying Lemma 1 to the
function —f and the set E,, and to the function f(-) and the set —E, ", and again
using Young’s theorem, we see that f is continuous at almost every point of the set
2 Ui b(E, ).
Finally, since F\ UY_(b(E, ) U b(E, ) € T for every k,

o0

FN N U (B(ES ) Vb(E, L)) €T
k=1\n=1
Consequently, f is continuous at a.e. point of F.
The next two corollaries follow immediately from Theorem 1. The first, concern-
ing Lebesgue measure, has recently been proved by Belna [1] and the second was
proved in 1937 by Fried [3].

COROLLARY 1. If a function f is symmetrically continuous at almost every point of a
measurable set E C R, then f is continuous almost everywhere in E.

COROLLARY 2. If a function f is symmetrically continuous on a set residual in R,
then f is continuous on a set residual in R.

Theorem 1 also gives us a new way to deduce the results of [9]. In the proofs of
these results, we make use of the fact that the existence of the symmetric derivative
implies symmetric semicontinuity. An immediate consequence of this is

COROLLARY 3. If a function f has a symmetric derivative almost everywhere in R,
then f is measurable.

Now it is also very easy to prove the main lemma from [9] for measure as well as
for category.

LEMMA 2. Let f be a real-valued function defined on the real line, K € R and let
E=b({z€R; f'(2) > K)\b({z €R; [ is not symmetrically semicontinuous at
x}). Then Df(z) > K at almost every point z € E.
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PrOOF. From Theorem 1 we see that the function f is continuous almost

everywhere in E. Let us denote
E ={z€E;0<h< L fxh) —fz=h) >K}
" n 2h

and let z € b(E,) be a point of continuity of f. We can assume z = 0. If we put in
(ix) A, =2b(E,), A,=2E,, a0, =0, a, = -x,and p=2 we finda A €(0,1/n)
such that for each x € (0, A) the set 2b(E,) N (2E, — x) N (0, x) does not belong
to 7. Hence there are u € b(E,) N (0, x/2) and v € E, N (0, x) for which 2u = 2v
— x and therefore f(x) — f(2u) > (x — 2u)K. As u lies in b(E),), there exists a
sequence {t,}2, C E, N (u,2u) with lim, , (¢, = u. From 0 <2u — ¢, <1/n and
t; € E, it follows that

fQu) —f(2t,— 2u) > 22u — 1,)K
and hence
flx)=f(2t,—2u)> (x +2(u—1,))K.

Since lim; t, = u and since f is continuous at 0, we immediately obtain

i—o00 "i

7(x) = £(0) = lim (£(x) = f(2t, = 2u)) > xK.

This inequality holds for each x € (0, A), hence D*f(0) > K. Using the above result
for the function —f(-t), we prove that D~ f(0) > K and thus Df(0) > K. Since
E\U%®_, E, €7 and hence E\U%_, b(E,) € 7, and since f is continuous a.e. in
E, Df(z) > K at almost every point z € E. This completes the proof of the lemma.

The next theorem (proved in [9]) is a generalisation of Khintchine’s theorem from
[4]). In its formulation we consider the case of sets of Lebesgue measure zero. Thus
b(A) denotes the set of all outer density points of A4.

THEOREM 2. Let f be a real-valued function defined on the real line. Let E be a
measurable subset of

b({xER;f_s(x) < +ooorfi(x)> —oo})

at almost every point of which f is symmetrically semicontinuous. Then f is differentiable
at almost every point of E.

PROOF. Let E} = {x €R; f(x)> -n}, E;, = {x€R; f(x)<n} and 4 =
{x € R; f is not symmetricall)-l semicontinuous at x }. Using the preceding lemma,
we see that Df > —co at almost every point of each of the sets b(E, )\ b(A4), and
that Df < + oo at almost every point of each of the sets b(E, )\ b(4). From [7, p.
171, Theorem 3] we deduce that f is differentiable at almost every point of
U>_(b(E) U b(E;))\ b(A). Hence it is differentiable at almost every point of the
set bUP_(E,;; U E;))\ b(A), which completes the proof.

Corollary 4 follows immediately from Theorem 2, or it is also a consequence of
Corollary 3 and Khintchine’s theorem mentioned above.

COROLLARY 4. If a function f is symmetrically differentiable almost everywhere in R,
then f is differentiable almost everywhere in R.
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In the case of category, we deduce a similar result from Lemma 1. In its
formulation b(A) means the set R \ Closure(a(A)).

THEOREM 3. If f is a real-valued function defired on the real line, then f is
differentiable on a set residual in the open set E = b({x € R; f°(x) exists})\
Closure(b({ x € R; fis not symmetrically semicontinuous at x })).

PrOOF. Let R, (R, respectively) denote the set of all rational numbers (positive
rational numbers, respectively). For each r € R, and each s € R;" we denote

B(s)={x€E; f(x)>s},
B(-s)= {x€E; f(x) < -s}, and
B(r,s) = {er;r<_f’(x)<f‘(x)<r+s}.
Using Lemma 2 we see that
b(B(s))\{x € E; Df(x) >s} €7,
b(B(-s))\{x € E; Df(x)< ~s} €7,
b(B(r,s))\{x€ E; r<Df(x)<Df(x)<r+s} e,

and using (vi) also that

b( U B(r,s))\{x € E; Df(x) - Df(x)<s} €T.

re€R,
Evidently
Cc= ) B(s)u N B(-s)u N U B(r,s)> {x € E; f(x) exists)
seR; sER] sER{ rer,

and hence b(C) D E. Using (vi) once again we obtain
b(C)\(b( N B(s)) ] b( N B(—s)) U b( n U B(r,s))) eq.
s€R} seR{ SER; reRr,
From the preceding relations we see that

b( N B(s))\{xEE; f(x)=+o0}

s€R}

=b( N B(s))\ N {x <€ E; Df(x) > s)

s€R} seRy

- U (b( N B\ (x < E: Dr(x) > )
PER s€R}
belongs to J . In the same way we deduce that

b( N B(—s))\{er; f(x)=-w0}eT

sERf



SYMMETRIC SEMICONTINUITY IMPLIES CONTINUITY 429

and

b( n u B(r,s)) \{x € E; f'(x) exists and is finite} € .
s€R]{ reR,

These facts immediately imply that E\ {x € E; f’(x) exists} belongs to .7, which
completes the proof of Theorem 3.

We note that some measurability assumptions in our results are necessary. For the
case of measure, the corresponding example was given first by Ponomarev [5] and in
the case of category another one was mentioned by Belna [1]. The following
example, which includes the case of measure as well as the case of category, was
communicated to us by D. Preiss.

ExaMPLE. Let R, denote the set of all rational numbers and let R;(A4) (for
A C R) denote the set of all finite linear combinations of elements of A with
rational coefficients.

Let y be the first ordinal having cardinality 2%° and let { F,, @ < vy} be the family
of all uncountable Borel subsets of R. By transfinite induction we shall define a
sequence { x,, @ < v} of points of R. Let x, be an arbitrary irrational element of F,.
Whenever {x,, a < B} have been defined and R, N R, ({x,,a < 8}) = &, we note
that

card( R, (R, U{x,,a < B})) < max(R,,card B) < 2% = card Fj.
Hence it is possible to choose x; € Fz which does not belong to
R,(R,U{x,a<pB}); ie. RiNR({x,a<B})=02.

Having thus constructed the sequence {x,,a <y}, we put H = R,({x,a <v})
and note that H N R, = @, every uncountable Borel subset of R meets H and H is
symmetric in the sense that x € H and x + h € H imply x — h € H. It follows that
the characteristic function of H is symmetrically continuous (and even symmetri-
cally differentiable) at every point of H, but it is discontinuous everywhere.
Moreover, H is full in the sense of measure as well as in the sense of category since
every Borel subset of R\ H is countable.
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