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MAXIMAL FUNCTIONS ASSOCIATED WITH CURVES
AND THE CALDERON-ZYGMUND METHOD OF ROTATIONS
BY
SHUICHI SATO

ABSTRACT. Let §, (1 > 0) be a dilation in R” (n > 2) defined by
8x = (1Mx, 1%x,,..., 17X, (x=(x;,%3,....%,)),

where a, > 0 (i =1,2,..., n)and a; # a; if i #j. For v € R" with || =1, let [}
(0, 00) = R” be a curve defined by T, (¢) = §,» (0 < 7 < 00). Using maximal func-
tions associated with the curves T, we define an operator M which is a nonisotropic
analogue of the one studied in R. Fefferman {2]. It is proved that M is a bounded
operator on L?(R") for some p with 1 < p < 2. As its application we prove the L?
boundedness of operators of the form T*(f)(x) = sup,. ¢|T,(f)(x)|, where T, is an
integral operator associated with a variable kernel with mixed homogeneity.

1. Introduction. Let a = (a;, ,,...,a,) be an n-tuple of positive numbers. We
define dilations §, (¢ > 0) by

8x =8 = (1%xy,t%x,,...,t%x,),

where x = (x;, x5,...,x,) ER" (n > 2).
Set S"~! = {x € R™ |x| = 1}, where |x|is the Euclidean norm of x. For a locally
integrable function f defined on R" and » € S”"~!, we define maximal functions by

M(F)(x) = M) = sup [ f(x = o) .

We set

M) =M ()0 = ([ e fas)

where dv is the element of area of S" 1.
We want to know when M*“ is bounded on L?(R"). R. Fefferman [2] proved the
following theorem.

THEOREM A. Let ay = (1,1,...,1). Then
Il < cpull £l Sorp > 2n/(n+1),

where || - ||, denotes the norm on the Lebesgue space L?(R").

Ifay=a,= --- = a,, then we have M*(f)(x) < cM*(f)(x). Thus in this case
the L? boundedness of M* follows from Theorem A.
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From now on we suppose that a = (a;,a5,...,a,) satisfies that a, # «; if i # j.

Set
7 =min{a,,a,,...,a,}, Y=a +a,+ - +a,.

In this note we will prove the following result.

THEOREM. If

o 2{ny —(n-2)7}
ny —(n—4)r

]

then
”rMa(f) ”P < Cp.a”f”l"

The proof of the theorem follows the same lines as Fefferman’s proof of Theorem
A and depends on the ideas of Stein and Wainger [5].

As an application of the theorem, we will prove the L? boundedness of certain
maximal operators by the method of rotations of Calderon-Zygmund.

2. Preliminaries. For x, y € R", (x, y) is the ordinary inner product in R". Let
|x] = (x, x)"/? (x € R").
For a function f defined on R”, set
fi(x) =17f(8-x)  (£>0).
For x € R"\ {0}, p(x) is the unique ¢ such that |§,-1x| = 1, and let p(0) = 0.
Then p(x) has the following properties:

(2.1) p(x) >0, p(x)=0 ifandonlyif x =0;
(2.2) p(8x)=1tp(x)  (£>0);
(2.3) p(x)=1 ifandonlyif |x|=1.

We need the following elementary result.
LEMMA 1. Let ® be a function defined on R”" such that
@(x)|< (1+p(x)) 7" (xR
Then

sup |®, * f|

>0

<olfl, forp>1.
p

This follows from a result of [3] (see [S, p. 1265)).
Let f € LY(R"). The Fourier transform of f is defined by

7(8) = [ F(x)emrmtxOax.

The inverse Fourier transform of f is defined by (&) = f (¢ (£ R

C§°(R™) denotes the class of infinitely differentiable functions on R” with compact
support.

Finally in this note we often use the same notation for constants which are
different in different occurrences.
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3. Main Lemma. In this section, we prove the Main Lemma below, which is crucial
in the proof of the theorem.
Let 1, ¢ € C§°(R") be such that

(3.1) n(¢)=1 ifp(¢)<1, supp(n)C {£€R" p(£)<2});
(3.2) $(0) = 1.
For a complex number z and f € C°(R"), set

&N = ([ .

1/2
(x) - ¢,*f(X)|dv— ,

where
(NEF) (&) = n(8,8)n,(8,£)1(£) + (8,61 — n(8,8))n,(8£)F(8),
n,(§) =/ e~ 2™ gy

Now we are ready to state the Main Lemma.
MAIN LEMMA. Let 6, = 7/n. If 6,/2 < Rez < o,, we have
ls. ()2 < el f Il
For x = (x1, x,,..., x,) € R", set
m(x) = min{] x|, [xa ..., x,).

The proof of the Main Lemma is based on the following estimate.
LEMMA 2. If v € S"7, then

|n,(&)| < c {1 + m(»)p7(£)}) ™" forallt e R,

where ¢, is a constant independent of § and v.

In order to prove Lemma 2, we need the following three lemmas.

LEMMA 3. Let f, (1) = (8, ¢) for §,v € S"7 ', t > 0. Then

inf{ ; (%)ife_,(t) .

where c is a positive constant independent of v.

<t<g2te S"“} > cem(v),

LEMMA 4. Let f, , be the same function as that in Lemma 3. There exists a positive
integer K depending only on n such that for each f, , (&, v € S"~') there is K points

1<B<B< -+ < ﬁK < 2 satisfying the following conditions:
(1) for each integeri,1 < i < K + 1, there is an integer k,1 < k < n, such that
| £ “(t)l— sup |f(1)| forallt € (B,_y,B,)
1gj<n

(Bo =1,Bx+1=2);
(2) f¢,(2) is monotone in each of the intervals (1, B,), (B,, B,),---,(Bk,2).
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LEMMA 5 (VAN DER CORPUT). Let f be a real-valued function on the interval {a, b).
Suppose that f is j times continuously differentiable (j > 1) on [a, b].

(1) If f'(¢) is monotone, and if there is a positive A such that |f'(t)| = X\ for all
t € [a, b), then

f” e27rif(t)dt) <AL
(2) If j = 2, and if there is a positive p such that |fY)(t)| > p for all t € [a, b],
then

b .
/ esz(t)dt' < ij—l//'

a

Lemma 4 is an immediate consequence of Stein-Wainger [4, Lemma 3]. We omit
the proof.

Lemma 5 is given in Stein-Wainger [5, p. 1258].

PrROOF OF LEMMA 3. We may assume that m(v) > 0. Set

a; (t,v)=w(d/dr)t®
for1 <i < n,1<j<n. Let A(t,v) be the n X n matrix whose (i, j)-component is
givenby a, (¢,v) (1 < i, j < n) A(t,v) = (a,,(1,7)).
For x = (x;, x,,...,x,) € R", define A(t,»)x € R" by

n n n

A(t,v)x = Z a(t,v)x,, Z a, (t,v)x,,..., Z a, (t,v)x,|.

Jj=1 Jj=1 j=1
Then, since det A(¢, v) # 0 (see (3.4) below), we have

-1
inf |A(r,v)¢|< | A(e,») 7| <, inf [A(z,)€]
gesnwl gesnfl

for some positive constants ¢,, ¢,, where || - || is a norm on the space of matrices.
Thus if we prove that
-1 -1
(3.3) sup “A(t,v) “< cm(v) -,
I<ig2

we have that
inf{|A(t,»)¢|: £€ "1 <1<2} > em(v),

which proves Lemma 3.
To prove (3.3), we note that

(3.4) det A(1,p) = - v " 2% oo [ (o, — @)).

i>)
Let adj A(¢, v) be the adjugate matrix of 4(z, »). Then it is easy to see that
. -1
(3.5) sup fladjA(r.») < elw|[v;] -+ [n,Im(v) .

1<r<2
Since A(f,v)" ! = {det A(t,v)} 'adj A(1, ), (3.3) follows from (3.4) and (3.5). This
completes the proof of Lemma 3.
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PROOF OF LEMMA 2. By Lemmas 3, 4 and 5 we have

(3.6) In,(£) < c{1+m(»)E]} "
for all » € S"~! and for all £ € R". Note that
(3.7) p'(§) < clé| for[]> 1.

Lemma 2 follows from (3.6) and (3.7). This completes the proof of Lemma 2.
Here we prove the Main Lemma.
PROOF OF MAIN LEMMA. Set

1(z,0,8) = [ [n(86)n,(88) + p(88)(1 = n(8:£)n,(8£) = $(86) .

Then we have

(3.8) [ e a= [ 17©F [ 1o %) ae
We estimate I(z, 1, &) for |¢) = 1.1f0 < 7 < 1 and |¢| = 1, then

(3.9) z08) = [ |n(88) - $(88) [ dv < ™,

since $(0) = n,(0) = 1.If 1 < r < 100 and || = 1, then

(3.10) I(z,t,¢) < c, forsomec,> 0.

If t > 100 and |§| = 1, we have
Hz.8)= [ 19°(08)m,(8) —$(86) ar.
Note that
Ln_l (1+m)ey Y dv <™/ if u>n.
Thus by Lemma 2 we have, for each u with u > n, that

(3.11) I(z,1,8) < c,t™ 27 '+2Rez jf + > 100 and |¢]= 1.
By (3.9), (3.10) and (3.11) we have

00 dt
sup f I(z,1,¢§) — <, for Rez < —.
Eesn—l 0 t n

By (3.8), this proves the Main Lemma.
4. Proof of the theorem. For a locally integrable function f on R”, set
Nof(x) =7 [P 1= 8p)di (ve s h>0)
h

and

N.f(x) = sup /| L4 f(x) ] dh.
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Let

NOY(x) = sup + [ NS (x) | .
0

e>0 €

Note that N, f(x) = NOf(x)if f € CP(R") (see Stein-Wainger [5, p. 1266)).
In order to prove the theorem we need the following lemmas.

LEMMA 6. There is a positive constant c such that
. 2 )
'/;H {Nymf(x)} dv < c{gf(f)(x) + sup |, * f(x)] }
>0

LEMMA 7. If —y < Rez < —y + 1, then

ves"!

p 1/p
[/ { sup Nv(:)f(x)} dx} <c, Nfll, forl<p<oo.

LEMMA 8. For1 < p < o0, we have

[fw {fsl Nyf(x)dv}pdx}l/p <o llf -

The proof of Lemma 6 is straightforward. We omit the proof (see [S, p. 1265]).
PROOF OF LEMMA 7. Recall that

(4.1) NS (x) = G2 = f(x) + LY * f(x),

where

(UE)(8) = o (§)(1 = n(£))n,(8), (L") (&) = n(&)n,(¢).

Since
L (x) = flzﬁ(x — ) dr,
we have
(4.2) sup |L(x)|<e{l+p(x)) 777N

vesn!

If —y < Rez <0, then

UE(x) = [* o (x - 8p) dr,
1

where v(?) satisfies the inequalities:
o (x)]| < e, {p(x)} """ if |[x|>1,
lo(x)|< e, {p(x)} 7R if|x]< 1

(see Stein-Wainger [5, p. 1279)).
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Thusif —y < Rez < —y + 1, then

(4.3) sup [UC(x)[<e.{l+p(x)} "

IIGS"_l

By (4.1), (4.2) and (4.3), using Lemma 1, we obtain

sup sup | NS |

vesn~! >0

< cp,z“f”l’ fOI'l <P < 0.
p

This completes the proof of Lemma 7.
In order to prove Lemma 8, we need the following lemmas.

LEMMA 9. If —1 < Rez < 1/n, then
z -1/n
INF [, < em(v) N f -
LEMMA 10. There is 0, > 0 such that if 0 < 05 < 0, and —o0, < Rez < —o3, then

INOf < el fllo forl<p< oo,
where c,, . is independent of v.

Arguing as in the proof of Lemma 5-4 of Stein-Wainger [5], and using Lemma 2,
we obtain Lemma 9.

Reading the proof of Lemma 5-5 of Stein-Wainger [5] carefully, we obtain Lemma
10.

PROOF OF LEMMA 8. By Lemma 9 and Lemma 10, using the analytic interpolation
theorem as in [5, §5], we have

(4.4) INf1l, < epm(v) "1y

for 1 < p < oo. Lemma 8 follows from Minkowski’s inequality for integrals and
(4.4). This completes the proof of Lemma 8.

Now we prove the theorem.

PROOF OF THE THEOREM. By Lemma 1, the Main Lemma and Lemma 6 we have

(45) [ L. {Nv‘”f(x)}zdvdxr/z <clfl:

foro,/2 < Rez < o,.
By (4.5) and Lemma 7, using the analytic interpolation theorem with respect to
the mixed norms, we have

/p

(46) [ LAL. (N,f<x))xdv}p/sdx]l <clfl,

if

s<2(°1+Y—’T), 2(01+y—'r)< <2(ol+y—*r)'
Y—171 20, +y—1 Yy—7
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By (4.6) and Lemma 8, via an interpolation theorem, we obtain

(4.7) [ LAL (Nyf(x))de}p/

for

2

1/p
de| <clfl,

220, +y— 1)
> _—_—
4o, +y—1
Note that if f > 0, then
(4.8) M, f(x) < cN,f(x) (seel5,p.1265]).
By (4.7) and (4.8) we obtain the theorem. This completes the proof of the theorem.

REMARK. We omit the technical details in the interpolation argument given in the
proof of the theorem since they are similar to those of Stein-Wainger [5, §5].

5. Application. Let
K.(x,y)=e "N(x.x = y)xpyle(x—y)/e)  (e>0),
where x o, is the characteristic function of the interval [0,1], and N satisfies the
conditions:
N(x,8,y) = N(x,y) forallz>0,

sup |N(x,v)|2dv < 0.
xeRr Vsl

Set

TG = [ SK ) dy TH()(x) = sup |T(1)(x) |

e>0

As an application of the theorem we obtain the following result.

COROLLARY. If
S 2{ny —(n-2)7}
ny —(n—4)r

)

then

IT*() 1l < el fllp-

PROOF. Arguing as in Calderon-Zygmund [1}, we have T*(f)(x) < cM(f)(x).
Thus the corollary is an immediate consequence of the theorem. This completes the
proof.
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