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MAXIMAL FUNCTIONS ASSOCIATED WITH CURVES

AND THE CALDERÓN-ZYGMUND METHOD OF ROTATIONS

BY

SHUICHI SATO

Abstract. Let 5, ( t > 0) be a dilation in R" ( n > 2) defined by

S,x = ( z"'*,, t"ix2.f"X„)        ( x = (x¡, x2,..., x„ )),

where a¡ > 0 (/' = 1,2.n) and a, * <*■ if i * j. For v e R" with \v\ = 1, let T„:

(0, oo) -» R" be a curve defined by T„(t) = Srv (0 < t < oo). Using maximal func-

tions associated with the curves T„, we define an operator M which is a nonisotropic

analogue of the one studied in R. Fefferman [2]. It is proved that M is a bounded

operator on L''(R" ) for some p with 1 < p < 2. As its application we prove the Lp

boundedness of operators of the form T*(f)(x) = supf > o\TF(f)(x)\, where Tt is an

integral operator associated with a variable kernel with mixed homogeneity.

1. Introduction. Let a = (a,,a2, ...,a„) be an zz-tuple of positive numbers. We

define dilations 8, (t > 0) by

8,x = S,°x = (t^Xf,t"ix2,...,ta"xn),

where x = (xx, x2,..., x„) G R" (zz ^ 2).

Set S"_1 = {x g R": |x| = 1}, where |x| is the Euclidean norm of x. For a locally

integrable function /defined on R" and v g S"'1, we define maximal functions by

Mp(f)(x) = M:(f)(x) = sup -f \f(x - 8y)\dt.
^ n   £ Jnr>0   £ •'O

We set

M(f)(x) = M"(f)(x) = [i      |M«(/)(x)| dv

where dv is the element of area of S"~1.

We want to know when M" is bounded on L'XR"). R. Fefferman [2] proved the

following theorem.

Theorem A. Let a0 = (1,1,..., 1). Then

P*a°(/)ll, < c,,J/||,    forp > 2n/(n + 1),

where || • ||   denotes the norm on the Lebesgue space LP(R").

If a, = a2 =  • • •  = a„, then we have Ma(f)(x) < cMa°(f)(x). Thus in this case

the L p boundedness of M" follows from Theorem A.
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From now on we suppose that a = (ax,a2,...,a„) satisfies that a, 4= ay if i + j.

Set

t = min{a,,a2,...,a„},    y = ax + a2 + ••• +a„.

In this note we will prove the following result.

Theorem. //

;   2{zzy-(z!-2)T}

zzy — (zz — 4)t

then

\\rM°(f)\\p^cpJf\\p.

The proof of the theorem follows the same lines as Fefferman's proof of Theorem

A and depends on the ideas of Stein and Wainger [5].

As an application of the theorem, we will prove the Lp boundedness of certain

maximal operators by the method of rotations of Calderón-Zygmund.

2. Preliminaries. For x, y g R", (x, y) is the ordinary inner product in R". Let

|x| = (x,x)1/2(x G R").

For a function / defined on R", set

f,(x) = ry(srix)     (r>o).

For x g R"\ {0}, p(x) is the unique t such that |5,-ix| = 1, and let p(0) = 0.

Then p(x) has the following properties:

(2.1) p(x)>0,    p(x) = 0   if and only if   x = 0;

(2.2) p(8,x) = tP(x)       (/>0);

(2.3) p(x) = 1    if and only if    |x|=l.

We need the following elementary result.

Lemma 1. Let $ be a function defined on R" such that

|$(x)|< {l+p(x)}-yl        (XGR").

77zezz

sup | $, * /
t>0

<cp\\f\\p   forp>\.

This follows from a result of [3] (see [5, p. 1265]).

Let / g L^R"). The Fourier transform of / is defined by

/(£)= ( f(x)e~2"^x'^dx.
Jr"

The inverse Fourier transform of / is defined by /(£) = /( - £) (£ G R").

C^R") denotes the class of infinitely differentiable functions on R" with compact

support.

Finally in this note we often use the same notation for constants which are

different in different occurrences.
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3. Main Lemma. In this section, we prove the Main Lemma below, which is crucial

in the proof of the theorem.

Let T), <j> G C0°°(R") be such that

(3.1) T)U) = 1    ifp(¿)< 1,       supp(r,)c {|GR":p(£)<2};

(3.2) ¿(0) = 1.

For a complex number z and / g C0°°(R"), set

*,(/)(*)« (jf jr.., i^)/(x)-<í»í*/(x)i2^f )1/2,

where

«í/)^«) = l(«,0«,(«,0/(0 + P*(8,t)0- - r,(8¿))nA8¿)ftt),

•'i
2e-2«(V.f)^.

Now we are ready to state the Main Lemma.

Main Lemma. Lei a, = r/n. If ax/2 < Rez < a,, we have

kÁf)h<c\\f\\2.

For x = (x,, x2, ■ ■ ■, x„) G R", set

w(x) = min{|x1|,|x2|,...,|xj}.

The proof of the Main Lemma is based on the following estimate.

Lemma 2. // v e S"~l, then

MO I < ca{l + m(v)prU)}~1/n   M all | g R«,

where ca is a constant independent of £ and v.

In order to prove Lemma 2, we need the following three lemmas.

Lemma 3. Letfu(t) = (8,v, £) for £,i> e S"1-1, < > 0. 77/ezz

i = i
s)'w«): 1 < / «S 2, IgS"^1   ^ cm(»),

where c is a positive constant independent of v.

Lemma 4. Let fiy be the same function as that in Lemma 3. There exists a positive

integer K depending only on n such that for each fiv (|, v G S"1-1) there is K points

1 < /?, < /?2 <  • • •  < ßK < 2 satisfying the following conditions:

(1) for each integer i, 1 < i < K + 1, //zere « zzzz integer k, 1 < & < zz, íizc/z Z/zzz/

1/tWl-   SUP  |/«^(0|   forallt^(ß,_f,ß,)
Kj<n

(ß0 = l,ßK+1 = 2);

(2) /{'„(/) « monotone in each of the intervals (1, ß,), (/?,, ß2),..., (jß^, 2).
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Lemma 5 (van der Corput). Let fbe a real-valued function on the interval [a, b).

Suppose that f is j times continuously differentiable (j ^ 1) on [a, b].

(1) Iff'(t) is monotone, and if there is a positive X such that |/'(0I > A for oil

t g [a, b], then

I   fh  e2nif(l. dt <X i

(2) If j > 2, and if there is a positive p such that |/<y)(0l > P for a^ t G [a, b],

then

\fe2«™dt <c/p"1/>.

Lemma 4 is an immediate consequence of Stein-Wainger [4, Lemma 3]. We omit

the proof.

Lemma 5 is given in Stein-Wainger [5, p. 1258].

Proof of Lemma 3. We may assume that m(v) > 0. Set

atJ(t,v) = vJ(d/dt)'t«l

for 1 < / < zz, 1 <j < zz. Let A(t, v) be the zz X zz matrix whose (i, j)-component is

given by au(t, v) (1 < i, j < n): A(t, v) = (aiJ(t, v)).

For x = (Xf, x2,..., x J g R", define A(t, v)x g R" by

'    n n n \

A(t,v)x=     T, aX/(t,v)Xj,  Y.a2j(t,v)Xj,..., £ anJ(t, v)x¿  .
\j-i j-i j-\ j

Then, since det A(t, v) 4= 0 (see (3.4) below), we have

inf    \A(t, p)£| =g c1||^(í,í')_1||      < c2    inf    \A(t,v)£\

for some positive constants c,, c2, where || • || is a norm on the space of matrices.

Thus if we prove that

(3.3) sup   ||/4(i,i')     ||<czzi(»')    ,
1«SZ«2

we have that

inf{|i4(í,r)É|: £ e S""1,1 < / < 2} > cm(v),

which proves Lemma 3.

To prove (3.3), we note that

(3.4) det A(t,v) = vx --• vnt^-"(n + l)/2ax •■• a„Yl{a,--a,-).
' >j

Let adj ^(/, z») be the adjugate matrix of A(t, v). Then it is easy to see that

(3.5) sup   \\ad)A(t,v)\\^c\vf\\v2\--- \vn\m(vy\
1 < r< 2

Since A(t, v)'1 = {det A(t, p)}~ladj A(t, v), (3.3) follows from (3.4) and (3.5). This

completes the proof of Lemma 3.
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Proof of Lemma 2. By Lemmas 3, 4 and 5 we have

(3-6) KU^ctl + zzzHllir17"

for all v g S"'1 and for all £ g R". Note that

(3.7) PT(£)<c|£|    for|í|>l.

Lemma 2 follows from (3.6) and (3.7). This completes the proof of Lemma 2.

Here we prove the Main Lemma.

Proof of Main Lemma. Set

I(z,t,ï)= f     \V(8¿)np(8tO + Pz(8,0(l - V(8¿))np(8¿) - Ho¿)\2dv.
js„-i

Then we have

(3.8) /   gj(f)(x)dx=f   \f(0\2[r I(z,t,i)^)di.
JR" JR" \J0 '   /

We estimate I(z, t, £) for |£| = 1. If 0 < t « 1 and |£| = 1, then

(3.9) l(z,t,Z)=(      \np(8¿)-4>(8¿)\2dv^ct2\
js„-i

since ¿(0) = «„(0) = 1. If 1 < t < 100 and |£| = 1, then

(3.10) I(z, t, £) < cz    for some cz > 0.

If/ > 100 and |£| = 1, we have

I(z,t,t)= f     |p*(ô,€K(S,Î)-*(«,*) I2¿"-
js„-i

Note that

f      {1 +m(v)tTYVudv < cr2T/u    if h > n.
Jgm-l

Thus by Lemma 2 we have, for each u with u > n, that

(3.11) /(z,/,£)<czr2T"~'+2Re2    if/> 100 and |í |=1.

By (3.9), (3.10) and (3.11) we have

sup
dtz*00 at t

/     I(z,t,£) — K. c,    forRez<-

By (3.8), this proves the Main Lemma.

4. Proof of the theorem. For a locally integrable function / on R", set

N..kf(x) = \fi"f(x - S>v) dt       (" G S-1, h > 0)

and

/V,/(x) = sup - f \NuJ(x)\dh.
e>0   £ y0
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Let

W(x) = sup \f\N^f(x)\dt.
f>o e Jo

Note that NJ(x) = zV„<0)/(*) if / g C0°°(R") (see Stein-Wainger [5, p. 1266]).

In order to prove the theorem we need the following lemmas.

Lemma 6. There is a positive constant c such that

Í      {N^f(x)}2dv < c{g2(f)(x) + sup \4>,*f(x) |2).
Js"-1 \ ,>o I

Lemma 1. If -y < Rez < -y + t, then

f   f   sup   A^/(x)}   dx
1/p

cpJ\f\\p   forl <p < cx>.

Lemma 8. For 1 < p < oo, we have

f   if      NJ(x)dv)   dx
Jo"       Zm-I,Rn    yjs

1/P

zcpUl-

The proof of Lemma 6 is straightforward. We omit the proof (see [5, p. 1265]).

Proof of Lemma 7. Recall that

(4.1) Nffl(x) = Uy*f(x) + L^*f(x),

where

(u^yU) = p'U)(i - n(í)K(í),  (L^yU) = n(«K(i).

Since

L<"(x) = f2u(x-8,v)dt,
Jl

we have

(4.2)

If -y < Rez < 0, then

Uiz'")(x)= f2 v(z)(x-8,v)dt,
Ji

where vU) satisfies the inequalities:

\v<z)(x)\^c:{P(x)}-y-1        if|je|>l,

\v^(x)\^cz{p(x))-y-Re!

(see Stein-Wainger [5, p. 1279]).

sup    |L(,,)(x)|<c{l +p(x)}
-Y-l

if   X   < 1
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Thus if -y < Rez < —y + t, then

(4.3) sup    \U(z'',)(x)\^c::{l + p(x)}
v^S'-'

-Y-l

By (4.1), (4.2) and (4.3), using Lemma 1, we obtain

sup    sup I Nfff |     ^cpz\\f\\p    forl<p<oo.
.^Sn-l     (>0 p

This completes the proof of Lemma 7.

In order to prove Lemma 8, we need the following lemmas.

Lemma 9. // -1 < Rez < t/zz, then

IK^/|2<czm(,)-1/n||/||2.

Lemma 10. There is o2 > 0 such that if 0 < a3 < a2 azzJ — a2 < Rez < — a3, í/zezz

Ku)/L < c,.*ll/l|p   f°rl <P < ».

w/zere c  r is independent of v.

Arguing as in the proof of Lemma 5-4 of Stein-Wainger [5], and using Lemma 2,

we obtain Lemma 9.

Reading the proof of Lemma 5-5 of Stein-Wainger [5] carefully, we obtain Lemma

10.
Proof of Lemma 8. By Lemma 9 and Lemma 10, using the analytic interpolation

theorem as in [5, §5], we have

(4-4) \\NJ\\P<cpm{vyl/n\\f\\p

for 1 < p < oo. Lemma 8 follows from Minkowski's inequality for integrals and

(4.4). This completes the proof of Lemma 8.

Now we prove the theorem.

Proof of the Theorem. By Lemma 1, the Main Lemma and Lemma 6 we have

(4.5) f    f      {N^f(x)}2dvdx
'R"  JS

1/2

<cj|/|

for a,/2 < Rez < a,.

By (4.5) and Lemma 7, using the analytic interpolation theorem with respect to

the mixed norms, we have

(4.6)

if

/   (/      (NJ(x))sdv)P/Sdx
Jw      Jei-l

1/P

2(qt + y - t) 2(0f + y - t)
S < - — , —-;-< p <

<c||/||,

2(ax +y-t)

y - t 2oj + y — t y - t
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By (4.6) and Lemma 8, via an interpolation theorem, we obtain

(4.7)

for

P/2

/     /      (NJ(x))2dv\      dx
JR"   [-'S"-1 I

2(2ax + y - t)

1/p

<cp\\f\

P> 4a, + y — t

Note that if / > 0, then

(4.8) MJ(x) < cNpf(x)    (see [5, p. 1265]).

By (4.7) and (4.8) we obtain the theorem. This completes the proof of the theorem.

Remark. We omit the technical details in the interpolation argument given in the

proof of the theorem since they are similar to those of Stein-Wainger [5, §5].

5. Application. Let

Ke(x, y) = e-m(x, x - y)xlo,i](p(x - y)/e)       (e > 0),

where X[o,i] is trie characteristic function of the interval [0,1], and N satisfies the

conditions:

N(x,8,y) = N(x,y)    for all t > 0,

sup /       \N(x, v)\ dv < oo.

Set

W)(x) = (  f(y)Kt(x, y) dy,    T*(f)(x) = sup \Te(f)(x)\.
JR" F>0

As an application of the theorem we obtain the following result.

Corollary. //

2{zzy — (zz — 2)t}
P>

ny —(n — 4)t

then

\T*U)\\p<c\\f\\p.

Proof. Arguing as in Calderón-Zygmund [1], we have T*(f)(x) < cM(f)(x).

Thus the corollary is an immediate consequence of the theorem. This completes the

proof.
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