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ON SIEVED ORTHOGONAL POLYNOMIALS.
III: ORTHOGONALITY ON SEVERAL INTERVALS!
BY
MOURAD E. H. ISMAIL

ABSTRACT. We introduce two generalizations of Chebyshev polynomials. The con-
tinuous spectrum of either is { x: “We /A + )< T(x) < e /(1 + c)}, where ¢
is a positive parameter. The weight function of the polynomials of the second kind is
{1 = (1 + ¢)*/40)T3(x))/2/|U; -\ (x)| when ¢ > 1. When ¢ < 1 we pick up dis-
crete masses located at the zeros of U, _(x). The weight function of the polynomi-
als of the first kind is also included. Sieved generalizations of the symmetric
Pollaczek polynomials and their g-analogues are also treated. Their continuous
spectra are also the above mentioned set. The g-analogues include a sieved version
of the Rogers g-ultraspherical polynomials and another set of g-ultraspherical
polynomials discovered by Askey and Ismail. Generating functions and explicit
formulas are also derived.

1. Introduction. The theory of polynomials orthogonal on an interval is very rich
but very little seems to be known about the theory of polynomials orthogonal on
several intervals. The classical Szegd class consists of polynomials orthogonal on
[-1, 1] with respect to an absolutely continuous measure w(x)dx satisfying

(1.1) (i) w(x)>0 on(-1,1) (ii) ,/:11 |1n(w(x))| 1d_x 2 <o

The prototypes of the polynomials in the Szego class are the Chebyshev polynomials
(1.2) T,(cosf) = cos(nf),  U,(cos@)=sin[(n + 1)8]/sind.

Recently, Al-Salam, Allaway and Askey [3] introduced two sets of sieved ultraspheri-
cal polynomials. The polynomials of the first kind { c}(x; k)} are generated by

ch(xs k) =1, cMxi k)= x,
(1.3) {2xcMxsk) = (xi k) + e, (x; k), ktn,
2(n + N)xe (x; k) = (n+2N)ed, 1 (x; k) + ned,_ (x5 k), n>0,
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and the polynomials of the second kind { B}(x; k }} are defined by
(1.4)

BMx:k)=1, BMx;k)=2x,
2xBMx; k) =B, ((x:k)+ B> [(x:k), ktn+1,

1

2(n 4+ N)xB) _(x:k)=nBN(x; k) +(n+2N)BN _,(x:k), n>0,

where k = 2,3,... is a given integer. Al-Salam, Allaway and Askey formally derived
orthogonality relations for {B}(x;k)} and {c)x;k)} from the orthogonality
relation of the continuous g-ultraspherical polynomials due to Askey and Ismail [4,
5] and Askey and Wilson [8]. Both sets of sieved polynomials are orthogonal on
[-1,1]. The sieved ultraspherical polynomials of the first (second) kind are orthogo-
nal with respect to the weight function w,(x) (w,(x)),

(1.5) w,(x) =|sin(k8) |n/sin0, x = cosf,
(1.6) wy(x) = sinf|sin( k) |2A, x = cos#.

Direct proofs of the orthogonality relations of { BMx; k)} and {¢)N(x; k)} are in
Askey and Shukla [7], Charris and Ismail [11], and Ismail [14]. Observe that both
weight functions in (1.5) and (1.6) vanish at the kK — 1 points x|, x,5,...,x,_|,

(1.7) x, = cos(mj/k), j=0,1,... k.

So the k + 1 points x,...,x, break up the interval [-1,1] to the union of k
adjacent intervals. This suggests that the sieved ultraspherical polynomials are
actually a special case of a more general set of polynomials orthogonal on the union
of k disjoint intervals. The sought after more general polynomials should contain an
additional continuous parameter ¢, say, and as ¢ approaches a critical value ¢, the
disjoint intervals become adjacent.

The purpose of this work is to study four sets of polynomials orthogonal on
several disjoint intervals. Two of these sets are analogues of the Chebyshev poly-
nomials of the first and second kinds and are probably the building blocks of a new
theory that extends the Szegd theory from one interval to several intervals. It turns
out that the continuous spectrum of all the four sets of polynomials is the closure
E(c) of E(c),

(138) E(c)= {x:l—z_:/i < T.(x) <

2/e
o)
When ¢ < 1 the discrete spectrum of our generalization of the Chebyshev polynomi-
als consists of the zeros of U, _,(x). These zeros are located between the components
of E(c). The discrete spectrum is empty when ¢ > 1. The other two polynomials are
generalizations of the polynomials in Chapters 6 and 7 of [6].

In §2, we analyze the polynomials { J,(x; k)} generated by

Jo(x; k) =1, Ji(x; k) = 2x,
(19) (1 +C)x‘lrrk—l(x;k)=‘]trk('x:k)+C‘]n/\*2(X;k)’ l’l>0,
2xJ (x; k) =J, (x; k) +J,_ (x5 k), n>0,if k+n+1,
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where k is a prescribed integer greater than 1. The J’s generalize the Chebyshev
polynomials of the second kind {U,(x)}. The corresponding generalization of the
Chebyshev polynomials of the first kind are the polynomials { /,(x; k)},

Iy(x; k) =1, I(x; k)= x,
(1'10) (l +C)XIllk('x:k)=C1;1k+l(X;k)+1nk—l(x2k)’ n>0’
ZXIn(X; k) = 1n+1(X; k) + In—l(X; k)v n> 0# lf k tn.

The 1,’s will be studied in §4. Generating functions and explicit formulas for
{1,(x; k)} and {J,(x; k)} will be included. The distribution functions for both sets
of polynomials will be computed. In §3 we first state, very briefly, results on random
walk polynomials that will be used in the subsequent sections. The results are due to
Charris and Ismail [11]. We then show that the distribution function of a general set
of sieved random walk polynomials of the second kind is (1 — x?) times the
distribution function of the corresponding set of sieved random walk polynomials of
the first kind.

We now state a result on generating functions that will be used in §2. Let { p,(x)}
be the solution of

(]'11) 2Xpn(x)=a'lp"+1('x)+Bﬂpll(X)+.Yllpl1"l(x)’ n>0’

where

(1.12) a, =7y, =1, B,=0 ifktn+1
and

(1.13) Polx) =1, pi(x) = 2x.

We proved [15]

o

(1.14) Y pous,/ ()" =[U(x) + tU,_,_5(x)] F(x,t), [=0,1,....k—1,
n=0

where F(x, t) is a function of x, ¢ and k but is independent of /.

In §5, we study a generalization of the random walk polynomials of Chapter 6 in
[6]. These new polynomials are sieved analogues of random walk polynomials
associated with a birth and death process with linear transition rates. The original
example (not sieved) was first considered by Selliah [25] and the special case a = 0
was considered earlier by Carlitz [10] and, independently, by Karlin and McGregor
[18]. The sieved example of §5 depends on two parameters a and b. It is orthogonal
with respect to a measure that has an absolutely continuous component and a
discrete part. The absolutely continuous component is supported on E(a) and when
a = 0, the continuous spectrum becomes empty and the polynomials reduce to those
in [11], but when a = 1 the discrete part disappears and the polynomials reduce to
the sieved ultraspherical polynomials of the first kind. When 0 < a <1, b > 0 the
discrete part is infinite. The discrete part has 2k points in certain cases. The
corresponding sieved polynomials of the second kind are also introduced and the
spectral results in §3 are used to compute the distribution function. In §6, we
introduce basic (or g-) analogues of the results of §5. These g-analogues are sieved
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extensions of Chapter 7 in [6]. They include two sieved analogues of the g-ultra-
spherical polynomials. In particular, it contains a sieved generalization of the
g-ultraspherical polynomials of Rogers. Rogers used his polynomials to prove the
Rogers-Ramanujan identities. For a treatment of Rogers’ methods, we refer the
interested reader to Bressoud’s interesting paper [9]. This paper ends with §7 where
relevant remarks and some open problems are mentioned.

2. Sieved Chebyshev polynomials of the second kind. The numerators { J.*(x; k)}
of the continued fraction associated with {J,(x; k)} satisfy the recursion in (1.9)
and the initial conditions

(2.1) J¥(x; k) =0, J¥(x; k) =2.
Markov’s theorem (Szego [28, p. 57)) gives

(2.2) X (x)= nll»n;{%} =f_z ioftt), x & supp(do),

where do(z) is the positive measure the J,’s are orthogonal with respect to.
Furthermore, x,(x) is the periodic continued fraction

with
(2.4) d,=1, ktn+1, d, ,=c¢, n=12 ...
Therefore

2 1 ¢ l
2.5 =l‘"‘|'J‘ o .
(23) X) =py ~py [+ ox - ()

For example
_ 2
2x = ¢/[(1 + e)x = bxa(x)]

Xa2(x)

which leads to
xx3(x) = x,(x)[2x2(1 +¢) +1 = ¢] +2(1 + ¢)x = 0.

For general k, x,(x) will also satisfy a quadratic equation which we shall now
derive. Let us denote the right side of (2.5) by f, /g, and treat the x,(x) on the right
side of (2.5) as a dummy variable x(x) independent of k. Clearly we have

feer 2 28,

81 2x — 3 /8 - 2ng_%fk’

and we discover the recursions

feir = 28, Ske1 = 2x8, — 3y,
or equivalently,
(2.6) foor =28k 2x8c =8 T &k1s k=23....
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The initial conditions are

hH_ 20+ c)x = x(x)
8 201+ ¢)x?—xx(x)—c¢’

that is
(2.7) g, =21 +c)x* - xx(x) —c, g =0+ c)x - ix(x).

It is easy to see that the solution of the recurrence relation (2.6) with the side
conditions (2.7) is given by

(2.8) g = [(1+ )x = Ix ()] Ue_1(x) = cU_y(x).

This and f, ., = 2g, establish

[2(1 + ¢)x = x, ()] Up_(x) = 2¢U;_5(x)

[(1 + e)x = 5x4 ()] Up_i(x) = cUp_p(x)
We used the fact that both U,(x) and T, (x) satisfy

(210)  2xp,(x) = p,ii(x) +p,1(x),  p,(x) = U,(x) or T,(x),
and the identity

(2.9) xi(x) =

(2.11) Up(x) = U, 5(x) = 2T,(x).
Applying (2.10) and (2.11) we obtain
(2.12) FUC(x)xi(x) = [(1 + o) T(x) + 20U, _,(x)]

+(1+ ),y (x) +(1 - ¢)U,_;5(x) =0,

from (2.9). This implies
(2.13)

xe(x) = [(1+ O)T(x) + 20,_3(x) = (1 + T2(x) - 4e | /U, (),

since x,(x) = x ' as x - 0.
Now assume the orthogonality relation is

(2.14) /oo J(x:k)J (x;k)do(x)=r1g

n“m.n-

Since the coefficients in the recurrence relation (1.9) are bounded above and below
by positive numbers, the support of do will be bounded (Chihara [12, p. 109]) and
(2.2) holds. The Perron-Stieltjes inversion formula
(2.15)
. R .
F(z) =f L‘Et) iff u(z,) - p(y) = lim /’2 Fle—ie) = F(t +ie)

4 t e=0+ 7y 2w

shows that ¢’(x), the absolutely continuous component of da(x), is supported on
E(c) and is given by

(2.16) o'(x) = 77"{4(' -1+ c)ZT,\.z(x)}Vz/lUk_,(x)I, x € E(c).
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Note that the zeros of U, _,(x) lie outside E(c) when ¢ # 1. The discrete part of do
coincides with the poles of the continued fraction x,(x). The poles of x,(x) are
among x,...,Xx,_, see (1.7). A delicate analysis of (2.13) shows that x,(x) has no
poles if ¢ > 1, and has poles x,,...,x, _; when ¢ < 1. This analysis is based on the
choice of the sign of the square root in (2.13). The key idea is to observe that

1+ )T (x) - V(1 + o) T3H(x) - 4c <]+ )T () + (1 + )T - 4c

holds outside E(c). When ¢ < 1, the mass at x.j=1..., k — 1, is the residue of
X(x) at x = x; as can be seen from (2.15). The residue of x,(x) at x = X, 1s
(1 -c)1 - x,.z) / k. Hence the orthogonality relation (2.14) becomes

(2.17) f J(x: k)T (x:k)o'(x)dx = 10, , ifc>1,
E(c)
and
(2.18)
AZ12(1 = o)1 —x
o B M (xi k)0 () + B ),f ) ka0
E(¢)
= Tnam.n lf ¢ < ]’
where
) 2cn+l

(219) Tok+1 = C s [=0,1,..., k-2, Tnk+k—l=m’

E(c)1s as in (1.8) and the x,’s are defined by (1.7).
We conclude this section by mentioning generating functions for the polynomials
{J,(x; k)}. Recall that

x(1+ ), (x;k)=Jd,(x; k) + e, _5(x; k), =1,2,....
Multiplying the above recursion by ¢" and adding the results we obtain
(2.20) x(1+0)tG, ((x.1) = Gy(x,1) =1+ ctG,_,(x,1),
where

(2.21) G/xit)= Y J, . (i k)en,  1=0.1,.. k—1.
n=0

Now (1.14) and (2.20) yield
F(x,0) = {1 - 1(1 + )Ty(x) + et®}) 7,
and (1.14) gives

(2.22)
Z Jowei(xs k)" = {U(x) + ’UA—/—z(X)}/{l —t(1 + ) Ty(x) + ct?},
n=q0
/=0,1,..., k — 1. Consequences of the generating functions (2.22) are the curious
evaluations
(2.23)

(X0 k) =c"(-1)"Ul(x,). j=1.2...., k—=1,1=0.1,....k -1,
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and the full generating function

z 1= 2t5T, (x) + t3*
2.24 J(x;0)t" = :
(224) E’O (i) 1 - 2xt +1?

{1 =51+ )T (x) + ctz"'}_l.

Another consequence is
(2.25) ", (xik) = U(x)U,(cosd) + U, _,_,(x)U,_,(cos o),

where

(1+¢)
2.26 CosS¢p = T.(x), 0< ¢ <km.
(2.26) *= o «(x)
Clearly ¢ is real when x € E(c) and is purely imaginary when x & E( ¢). Further-
more, if E,(c), E,(c),... are the components of E(c) ordered such that E,-(c)_is to
the right of Ej“(c), j=1,..., then 0 < ¢ <7mon E(c), 7 < ¢ <27 on E,(c),
and in general (j — 1)7 < ¢ < jmon E(c).

3. Random walk polynomials. A birth and death process is a stationary Markoff
process whose states are the nonnegative integers. Its transition probabilities

Pun(t) = Pr.{x(z) = n| X(0) = m}, t>0.

satisfy
Bt + o(1), n=m+1,
Pon(1) =< 8,8 + 0(1), n=m-1,
1-8,t—8,t+ o0(1), n=m,

as t —> 0+. It is assumed that 6, >0, B8,>0and §,,, >0, n=0,1,.... Associ-
ated with each birth and death process are: a random walk on the state space and a
set of random walk polynomials { R,(x)}. The polynomials { R,(x)} are defined
recursively by
(3.1)

Ry(x)=1, ByR,(x)=x, xR,(x)=B,R,, (x)+D,R,_,(x), n>0,

where

(3'2) BH=B)I/(BH+8")’ D"=8"/(Bn+8n)‘

Charris and Ismail [11] showed how a sequence of random walk polynomials
{ R, (x)} satisfying (3.1) with

(3.3) B, >0, D, >0, B, +D =1, n=0,1,...,

generates two sets of sieved orthogonal polynomials. Given an integer k > 1, the
polynomials of the first kind {r,(x)} satisfy

(3‘4) rO(x)= 1' rl('x)=x* xr"(x)=d,,_1r,,+1(x)+b,,,_1r,,_1(x), n>0‘
with

(3.5) b,=d,=3% ifktn+1, b1 =B

ns

dnk—l =D

n—1-
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The polynomials { S, (x)} dual to { R,(x)} are generated by
(36) SO(x)= 1’ DOSl(x)=x’ XS"(X)=D"S,,+1(X)+B"S"_1(X), n>0.

Charris and Ismail [11] showed that the distribution function p(x) of {r,(x)}
satisfies

(3.7) /x dp(t) = lim ankUA'»rl(X) n— I(TA(X))

- x =1 _"_’x Rn(T/\(X)) 11~2(T/\‘('x))’
and the a,’s are as in (3.9) and (3.10). The support of dp is [-1,1] and p is
normalized by
(38) p(-0) =0, p(x)=tlp(x+0)+p(x=0)]. [ dp(x)=1.

Let
(39) ay=1, a,=2, a,= dod, ---d, »/[byb, -~ b, \]. n>1.

Hence
D,D, ---D,_, 3 2D, -+ D, _,
B,B, --- B s Qg = B, - B , n>00</[<k.

n—1 n—1

(310) A, =

In [11] it was also proved that

(3.11) Zt"a,,k ra(x)=(1-1?) i_c:t”R,,(Tk(x)),
(3.12) a, nA( ) =R, (T,(x)) - R, (T, (x)), n>0,

(3.13) a, ity i(x) = 2T, (x) R, (T (x)) ~ 2T, ,(x)R,_ (T (x)), n =0,
and

(314) X Capm () = 2T(x) — T, ()] 5 R,(Te(x)).

n=0 n=0
for/=1,2,...,k — 1.
The generating functions (3.11) and (3.12) imply

(3.15) 5 tra(x)= (1 - ) LT LW F) & p k),

2
n=0 1—2xt+1t n=0

The connection between birth and death processes and random walks on one
hand and orthogonal polynomials on the other hand was discovered by Karlin and
McGregor [17, 18].

The sieved polynomials of the second kind { s,,(x)} satisfy
(3.16) so(x) =1, s(x)=2x, xs5,(x)=b,s,,,(x)+d,s, (x), n>0,
with b, and d,, as in (3.5). The polynomials { r,(x)} and {s,(x)} satisfy [11],

(3.17) a,r,(x)=s,(x)—s, ,(x), n>0,
if 5_,(x) and s_,(x) are interpreted as zero. We now prove
THEOREM 3.1. If {s,(x)} are orthogonal with respect to a distribution function

o(x), then do(x) = c(1 — x?)dp(x), p(x) being the distribution functions of {r,(x)}
and ¢ is a constant.
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PrROOF. By Christoffel’s formula (Szego [28, §2.5]) it suffices to show that there is a
sequence of constants { ¢, } such that

r(x)  ra(x) n(x)
(3.18) c,(1 = x%)s,(x) =|r,(1)  r,,(1)  r,(1)
I‘"(—l) rn+l(_1) rn+2(_1)

~

Observe that

(3.19) r()=1, r(-x)=(-1)"r(x)
follow by induction on n from (3.4). Therefore (3.18) is equivalent to
(320) C"(l _XZ)S"(X)= 2(—1)"[r,,(x)—r,,+2(x)],

that is, in view of (3.16) and (3.17)
C"S"(X){l - dnbn—l - bndn+l} - Cnbnbn+lsn+2(x) —c,d dn—lsn—Z(x)

n—n

~ \ 1.1 2(-1)" 2(-1)’

- 2(_1) sn(x){a" + an+2} an sn—Z(X) a2 Sn+2(x)'
The choice
(3~21) co =4, Cp = 2(‘1)"1701’1 bn~1/[d0d1 dn]’

satisfies the above identity, hence (3.20) holds and we have established (3.18). This
completes the proof of Theorem 3.1.
In the process of proving Theorem 3.1 we proved

COROLLARY 3.2. The relationship (3.17) has the inverse (3.20) where c, is as in
(3.21).

Let the orthogonality relations of {r,(x)} and {s,(x)} be

1
(3.22) [, 7)) dp () = o
1
(3.23) [ si(x)s,(x) do(x) = 0,8,
-1
If both p and o are normalized as in (3.8) then
_ _ _bO.”bn—l _ dl'”dn
(324) Po = 0y = I, b, = dO e d”_ldnAl’ 9, = b() R bn—l » n>0.

In order to compute the constant ¢ in Theorem 3.1 we note that

1 =f11 aro(x)=cf_‘l (1 - x?) dp(x)

—c~cf r¥(x)dp(x) = c(1 - p) = e(1-3),

hence ¢ = 2. Therefore

(3.25) do(x)=2(1 - x?)dp(x).
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4. Sieved Chebyshev polynomials of the first kind. We choose
(4.1) ,=c¢/(c+ 1), B,=1/(c+ 1),
so the R, ’s satisfy
(4.2) x(c+ DR, (x)=R,. (x)+ R, (x), n>0,
while the S, ’s satisfy
(4.3) x(c+ 1S, (x)=cS,.1(x)+S, (x), n>0.
The initial conditions are
(44) Ry(x)=1, Ri(x)=x(c+1), So(x)=1, S(x)=x(c+1)/c.
It is easy to see that

x(c+1)
/e

In the present case, (3.10) becomes

x(c+1)

x)=c"?
(45)  R,(x) U,,( -

$,(x) = c-"/zu,,(

(46) a,,=(c+Dc" Y n>1, a,.,=2c", n>0,0<[<k,.

Define ¢ (as in (2.26)) by
1+c¢

2V

and require |exp(—i¢)| < lexp(i¢)|. With this convention, we have for x & E(c)

(4.7) cos¢p = T,(x),

c"expli(n + 1)¢]
2ising

R;:(Tk(x)) =
and

c " rexpli(n + 1)¢]
2isin¢ ’

SN(TA(X)) =

Now (3.7) gives

/1 dp(t) _ U, (x)Ve(e+ l)e""’

Xt [ce?® — 1]

which reduces to

(48 [ 2ell) - zcuf_‘(x) . oxe[-1,1].
g ox =t [((-—I)T,‘(x)+\/(1 +C)2Tk2(x)—4c]

We used (4.7) in obtaining (4.8). One can show that the zeros of the denominator of
the right side of (4.8) are double zeros and are among the zeros of U, _,(x). In order
to analyze the right side of (4.8) it is easier to first express it in the form

49) [(c = DT(x) - (1 + T2(x) - 4¢) | /20, (1)1 - x)).
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The inversion formula (2.15) gives

dp(x) _ {4C -(1+ C)ZTkZ(X)}l/z

ax 27(1 = x)’|U,_y(x)|
It can be shown that the expression (4.9) has no poles if ¢ > 1 and has simple poles

when ¢ < 1. These poles occur at the zeros of U, _;(x) with residues (1 — ¢)/k. This
proves the orthogonality relations

(4.10)

, x € E(c).

(4'11) fll IH(X; k)I"l(x; k)p’(x)dx = 0’18"1."’ if 4 > 1’

(4.12) fll L(x; k)1, (x; k)p'(x)dx

1-¢) & .
+ ( ; ) Zl Im(x_/.;k)l,,(xj;k) =03, , ifc<l,
1=

where p'(x) is as in (4.10) and

(413) o =1, ou=¢""/(c+1), n>0, o, =i I>0.
In the case under consideration (4.5) implies
= = w o [ x(c+ 1) 1
R, (x)t" = te)"U, = ,
Eo () ngo( ) ( /e 1 —x(c+ 1)t + ct?

which, when combined with (3.11) and (4.6), yields

Furthermore, (3.14) and (3.15) imply two additional generating functions. Finally,
(3.12), (4.5) and (3.13) give the explicit representations

(4.15) (c+1)e"I, (x;k) = cU,,(ﬂTk(x))
2/
c+1
_[th-Z(ﬁTk(x))7 n>0,
(416) <0721, (k) = T (000 70|
2/e
c+1
- k—/(x)Un—l(ﬁTk(x)), n>0,0</<k.

The continued fraction of the present section and of §2 can be deduced from each
other. One can also use Theorem 3.1, Corollary 3.2 and (3.24) to compute one of the
distribution functions from the other one but we prefer giving two different proofs.
The proof in this section is simple and illustrates the advantages of applying the
results of §3. The proof in §2, although it is not systematic, is nevertheless worth
noting.



100 M. E. H. ISMAIL

S. Some sieved symmetric polynomials. We now analyse the sieved polynomials
corresponding to

(5.1) B,=(n+1)/[b+(a+1)(n+1)],
D,=[b+a(n+1)]/[b+(a+1)(n+1)].

so the R, ’s are generated by
(5.2)
(n+ 1R, (x)+[b+a(n+1)]R

n 1

(x)=x[b+(a+1)(n+1)]R,(x).
and R,(x) =1, Rj(x)= (b + a + 1)x. Using the generating function

(5.3) R(x.t)=iR,,(x)t”,

we transform (5.2) and the initial conditions to the initial value problem

(5.4) aR(x,t)=(b+a+1)x—(2a+7b)1R(X’[) and R(x.0)=1.
ot 1—(a+1)xt+ar®

We shall follow the notation in Chapter 6 of Askey and Ismail’s Memoir [6], so

(5.5) aand Barerootsof 1 + ar* —(a + 1)xt =0. |B]<]al,
b(x —1) A4 B
(5-6) 1+a12—tx(a+1)_f_01+1_.8’
_blx=a) _bx=8)
57 aa— ) PTaBa)

The relationships (5.5)-(5.7) show that the solution to (5.4) is

(5.8) Y R (x) = R(xt) = (1 — /@) (1 1/B)" ",

n=0
hence Darboux’s method (Olver [22, §8.9]) gives

(59) R,(x)= B-"%(l - g)A e F(—%—)(l - g)mn-”,

where we used the well-known relationships
(5.10)

(6),=T(o+n)/T(6) and T(a+n)/T(b+n)=n*" asn— .
We now derive a generating function for the dual polynomials {S,(x)} and then
apply Darboux’s method to determine the asymptotic behavior of { S, (x)}. The S,’s
are recursively defined as follows. Sy(x) =1, S;(x) = (a + b + 1)x/(a + b) and
(5.11)

[a(n+ 1) +b]S,,,(x) +(n+1)S, (x)=[b+(a+1)(n+1)]xS,(x).

It will be more convenient to use

a"(1 + b/a)

(5.12) p.(x)= (n 1! =S, (x).
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In terms of the p’s the recursion (5.11) becomes
(5.13) (n+2)p,i(x) +(b+an)p,_(x) = x[b +(a+ 1)(n+1)] p,(x).

The generating function

(5.14) p(x,t)= oé:p,,(x)t"

transforms the difference equation (5.13) to

t[1+at® = xt(1 + a)]%’—& +{1+(b+a)®—xt(a+b+1)]p(x,1)=1
whose solution, subject to p(x,0) = 1, is

(515) p(x.0) = (1 =1/ ' (= 1/B)" [ (1= /@)™ (1 = u/B) 7,
with 4 and B as in (5.7). Darboux’s method gives

(1-B/a)"(-B),B""" /9(1 _ z)‘“(l - u)_B_ldu.

n! o

p.(x) =

That is, in view of (5.10)
_ (1- B/a)" T AR PR A
(516) p,(x) = S EE5 B fo (1 a) (1 ) du.

The integral in the above formulas is a Hadamard integral [6, Chapter V]. The
asymptotic relationship

s~ e L) )

follows from (5.12) and the asymptotic formula for p,(x) derived above. In this case,
the a,,’s of (3.10) are

[b +(a + l)n]a"(l + b/a)
Gk = b+ an n!

This yields
(5.17)

a,S,_(x)= "(1 - —) (a+1) F( B) /El( ) A_l(l — %)_B—ldu.
Now (5.9) and (5.17) establish

(5.18)
auS,1(x)  _ (-B)(a+1)(1 - B/a) u\AT
R,(x)—R, ,(x) (;-_B 2) 'L ( ;) (1 _E) du.

Recall that B is a root of the quadratic equation in (5.5), hence

x=(1+aB?)B'/(a+1).
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Substituting this value of x in B of (5.7) we obtain

Cpvpepla LtaB | _b(B*-1)
a(a B)B"’[B Bla+ )| Blar 1)
which implies

_B(a+1) _ b _ b

1-8>  aaf(l1-B/a) 1-p/a’
since a8 = 1/a, (5.5). The above analysis and (5.18) give

(5.19) R"(a;;'s_"“('xz ~bf0 (1 ——) (1 —%)—B_ldu,

which, when combined with (3.7) establish
_ray() _ B, u \"H! u \B1
(5.20) X, (x) _[1 o = bU, )/ (1 - —) (1 - B_k) du,

where «,, B,, A, and B, are as in (5.5)-(5.7) with x replaced by T,(x). The
inversion formula (2.15) implies

(5.21)
Y(x) = %U,‘,l(x)gk—kl(l - alk)_Akl(l - Bik)_Brldu, x € E(a).

Note that by (5.7), -Re4 = -ReB = b/2a. When ab > 0 the integral in (5.21)
reduces to an ordinary beta integral. If ab is no longer positive, the Hadamard
integral in (5.21) reduces to a beta integral as long as neither 4 nor b is a
nonnegative integer. This leads to

b2—1 +b/a

dy _
(5-22) d¢ ~ ka(a+ 1)T(b/a)

b ib(1 - a)
.‘F(“2—a+ 2a(a + 1)

. \bya bla—1)( =
[sing| exp{——a(a ) (gb 2)cot¢}

2

cot¢)

and ¢ is as in (2.26) with ¢ replaced by a, that is
(5.23) T (x)=2[Va,/(1 +a)]cos¢, 0<¢<km.

The nature of the discrete spectrum is similar to the discrete spectrum of the
polynomials in Chapter 6 of [6]. Let { x, .} be defined by

n.J
(524) nl>xnl> >xu./\>0’
(b + 2an)
*1.7) [b+(a+ Dn][b+a(a+1)n] "

The polynomials under consideration are orthogonal with respect to a positive
measure if and only if @ > 0, b + a > 0. Table 1 identifies the discrete spectrum in
different regions of the parameter space. These results can be proved along the same
lines as the corresponding results of Chapter 6 in [6]. The only difference is the k
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fold multiplicity of {x, ;} for a given n. The set E(a) is free of discrete masses. The
masses are located at the poles of the continued fraction X,(x) of (5.20). When
X = x,, ; supports a mass, the jump of dy is the residue of X,(x) at x = x, ;. Since
the poles of X, (x) are all simple, we get

lim (x - xn,j)Xk(x)

X=X,

B (x—x,,j) B
w=x, Ti(x) = Ti(x, ) \ET,,[T"(X) Ti(x, ;)] Xi(x)

;) hm [T,\(x) Tk(x,,‘j)]Xk(x)

kU,_,(x
1 .
= E n(‘)l_l'r%(\',,‘,)[Tk(X) - Tk(xn‘j)] Xl(Tk(x))

1

that is
1

(5.25) Res( X, (x); x, ;) = 7Res(X,(»): 3,).
with

(526)  y,= +(b+2an)"*[b+(a+1)n]"?[b+a(a+1)n]2
The residues Res( X;(y); y,) have been computed in Chapter 6 of [6].

TABLE 1
Region Discrete Spectrum
. 0<a<1,b>0 {£x,;ln=01,..., j=12,...,k}
I. 1<a,b>0 Empty
III. a<1,0<a+b<a {tx0,1/=12,. k}
IV. a>10<a+b<a {tx,;ln=12,..., j=12,...,k}

We now derive explicit formulas for R,(x) and then use them together with (3.12)
and (3.13) to derive explicit formulas for the sieved polynomials. Applying the
binomial theorem to (5.8) we obtain
L (1-4);,(1 -B),-,

R,(x)= %

j=0 Jtn =)

B" o,
which, in view of

(5.27) (0)u-; = (0),(-1)’(1 =0 = n),,

implies
(1-8), A ﬁ)
ol

— -n —n,l—
(5.28) R,(x) = 2R 1
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The Pfaff-Kummer transformation (Rainville [24, p. 60])

2F1(a b‘ ) (1-2) 7F( ) |z _Z_Z’<1,
enables us to obtain the alternate representation
_(1-B),,_, B\" .| -n.-n—1—-bsal B
(529) R,(x)="—7""B (1—a) ZFI( B—» m)

from (5.28). We also used 4 + B = -b/a. We now reverse the sum in the

,F; of

(5.29), i.e., replace the summation index j by n —j and apply (5.27). This estab-

lishes

_(2+b/a)n -n nl— a\,
(5.30) R,(x) = =2 ZFI( S e |V g
Similarly

_ (2+b/(l)" -n “I'I,l —A B
(5:31) Ry(x) = =B R 5 0 |1 g )

The explicit formula (5.31) can also be used to give an alternate proof

of the

asymptotic formula (5.9). If we use the notation (5.23), a, 8, A, B become «,, ,,

A, B, as before. Then

e’ 8 e '?
a, = . =,
(5.32) A Va A Va
A =—i+iMcot¢ B =i—iMCOI¢
T 724 T a(ar 1) 0% Y2 a(a+1) T
and (5.30) and (5.31) yield
_ (2+b/a)n —ine -n.1 - B, 2ie
(5’33) R/:(Tk('x)) - n! € ZFl 2+ b/a e
_(2+b/a), . -n,1—A ae
B n! L] I b/a ¢ ’
In the case of the polynomials under consideration, (3.10) is
b+(a+ nl|a"( +b/a), a"(1+b/a),
(534) Ay = [ b+ an ] n! ’ A+ = 2 n!

L}

n > 0, 0 </ < k. Finally, we substitute for R, (T,(x)), a,,, a,,., from (5.33) and
(5.34) in (3.11), (3.15), and obtain generating functions and explicit representations

for our polynomials. Note that when a = 1 our polynomials reduce to the Al-

Allaway, Askey sieved ultraspherical polynomials of the first kind.

Salam,

The sieved polynomials of the second kind can be treated similarly. §3 contains all
the ingredients necessary to obtain their generating functions and explicit represen-

tations. The R,’s are as in (5.33) and the distribution function of the

sieved

polynomials of the second kind follows from (5.25), (5.22) and (3.25). The discrete

spectrum in Region III will be different. The points x,;, = +1 will no

longer
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support masses because the mass at x,, ; is

2(1 = x2 ) Res( X, (x);x, )
so the masses at +1 get annihilated.

6. A basic analogue of §5. We now investigate a g-analogue of the polynomials in
§5. This is a sieved analogue of Chapter 7 in Askey and Ismail [6]. We let

(6'1) Bn= (l _q'1+1)/[b(1 _q)+(a+ 1)(1 ——q"+l)]* n='-1 _Bn‘
As in Chapter 7 of [6], it will be more convenient to use the parameters a and c,
(6.2) c=a+ b(1-gq).

The R’s start as Ry(x)=1, R(x)=a+ 1+ (c—a)/(1 —q) and satisfy the
recursion formula
(6.3)

[c+1-(a+1)g" xR, (x) = (1 = ¢""")R,.i(x) +(c —ag"" )R, (x).
Multiplying both sides of (6.3) by ¢"*! and adding the resulting recurrence relations
we obtain

1—gq(a+ 1)xt + aq?t?

(6.4) R(x.,t)= (e Dt + o R(x,qt),
where
(6.5) R(x,t):= i R, (x)t".

n=0
The initial conditions were also used in deriving (6.4). Iterating (6.4), we obtain
n—1 1 — J+1 + 1) xt + 2/+2,2
R(x.1) = R(x.q"1) [1 [t—g/(at Dxt + ag>20?)
=0 [1=q’(c+ 1)xt + q¥er?]
Asn = o, R(x,q"t) > R(x,0) = Ry(x) = 1. Therefore,
(6.6) R(x,t) = (q1/a;9)(q1/B; 4)/[(1/15 @) (1/7; 4) o]

where a and B are as in (5.5),

n

(6.7)  (059)0=1, (6:9),=[1(01=0q’"), n=00,1,2,3,...,
=1

and

(6.8) u, v areroots of ct> — (¢ + 1)xt + 1 =0, | <lpl.

Applying Darboux’s method to (6.6), we obtain
(6.9) R,(x)=v"(qv/a:4)(qv/B: 4) oo/ [(45 @) (v/1: 9) o]

We now come to the dual polynomials {S,(x)}. They satisfy the initial conditions
So(x) =1, S;(x) =x[1 + (1 — aq)/(c — aq)] and the difference equation
(6.10)

x[e+1=(a+1)g""1]S,(x) = (c—ag"*")S,, \(x) +(1 = g"*")S,_,(x).
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Again, we renormalize the polynomials by
(9:9)ns1/c"
(611) Sn(x)=_—n—pn('x)'
(ag/c;q),
The recursion (6.10) implies the following recursion for { p,(x)}:

x[e+1—(a+1)g" Y p,(x)=(1=g""?)p,.\(x)+(c— ag") p,_,(x).

n+1

Multiplying the above recurrence relation by ¢ and adding for n =0,1,...,
keeping in mind that p_,(x) is acutally zero and p,(x) = 1/(1 — gq), we get

[1=(a+ 1)xt + ar?
[1—(c+1)xt+ e?]

1
1+c?=xt(c+1)’

(6.12) p(x.1)=¢q p(x.qt) +

p(x,t) being the generating function p(x,t) = X7 1"p,(x). By iterating (6.12), we
obtain the solution

AV A N L7 7 I B
(619 p(x’t)_[(l #)(1 v)} 3%( at/w,qt/v |

where the basic hypergeometric function is (Slater [26])

¢(a1»-..,a,+1;q’x)-= ¥ (a;9), - (a,2159), _x"
r+1Er bl""’b n=0 (bl;q)n '..(br;q)" (q;q)".

We again apply Darboux’s method to (6.13) and conclude that

v" v/a,v/B; q, q
=/ qv/p '

(6.14) pa(x) =

In the present case

Appvk = C"(qa/("; q)n[c +1 _((l + l)q”+l]/(q’ q)n+l;
hence, by (6.11) and (6.14)

ank+kSn(x) = (C + l)pn(x) = 1 — V/,LL qV/H

Combining the above asymptotic formula with (6.9) we see that
ankSn—l(x)
Rn(x) - Ran(x)
_ (e + Dpr(g:9)o(v/1:q) o (
- 271
(n = v)(qr/a: q).(qv/B: q).. (1 = »?)

Observe that (6.8) yields pr = 1 /¢, and (6.8) and (5.5) imply

(c+ 1" (V/ﬂ, v/B; q, q)
27Y1 .

(6.15)

v/a, v/B; q, q)
qv/p ’

1 1/(a+1)x+y2
_(e—a) - uz).

a(c+1)

(a—v)(B—v)=aB —v(a+ B)+r:=

1 (atl 5
T a a(c+1)(l+cv2)+v
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Thus, we have (1 — v/a)(1 — v/B) = (c — a)(1 — »?)/(1 + ¢) and, by (6.15)
auSa(x) (e - @ )o(v/mig)e (V/a, v/B; 4, q)
R,(x) = R, 5(x)  c(p—»)(v/a;q0)u(v/B;q)ss * qv/n '

As in §5 we denote a, B, p, v by a,, B4, M1y, ¥, When x is replaced by T,(x) in (5.5)
and (6.8). If ¢ is the distribution function, then (3.7) and the above asymptotic
formula give

_pdy(n) _ 6= @ 9)ee 7/ D)oo
(6.16) X,\.(x) _f x —1 Uil )C(:U'k - v) (v /oy ‘I)w("k/Bk;CI)eo

v/ v/ B 4,
><2¢1( &/ s Vi) By ‘1‘1)

I

qvi/ i
hence
(6.17) Xi(x) = Uk—l(x)Xl(Tk(x))
when ¢ = 0 so —-a = b(1 — ¢q), the continuous spectrum degenerates and becomes

empty and the discrete spectrum consists of the points { +x, ;},

(6.18)
1/2
l1>x,,>x,,> - >x,, >0, T, (x _)=+q"{;>
n,l n2 n.k n,j - 1 _(a + l)qu

Formula (5.25) still holds, i.e.,

1
(6.19) Res( X, (x); x,,) = £ Res(X,(»); »,)
is valid, but now
12 172
—a b(1 — q)
6.20) y, = +q"\ ————) = t¢q" '
(6.20) y, "q{l—(a+l)q"> ‘q{l—q"+b(l—q)q"}

The case a = B, ¢ = 1/ generates a sieved analogue of the continuous g-ultra-
spherical polynomials of L. J. Rogers. The sieved continuous ultraspherical poly-
nomials of the first kind {c,(x; B, k| g)} satisfy

c,(x;B,klq) =T(x), j=0,1,

2xc,(x; B, k|q) = c,i1(x;B.k|q) +c,_1(x; B, k1q),  ktn,

x(1+B)A ~ Bg™)c,u(x:B.k1q) = B(1 = B*q™)Cppsr (x5 B. k1 q)
+(1—g¢")Cioi(x58,k1q),  m>0.

(6.21)

The generating function (6.6) becomes

& (Bgre'®.: q).. (Bgre’; q)
n/2.n — oc o
(622) ’EOB t Rn(Tk('x)) (Ie,-q,; q)oo(te_iq;; q)oo
with
(6.23) T.(x)= 2/B cos®.

1+8
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One can apply (3.12)—(3.15) and (6.22) and obtain generating and explicit relation-
ships for the polynomials {c,(x; B8, k|q)}. The sieved continuous g-ultraspherical

polynomials { B,(x; B, k| q)} are recursively generated by
(6.24)

B (x;B.klq)=U(x), J=0.1,

2xB,(x;B.k|q) =B, (x;B.k|B)+ B,_(x:B.k|B), ktn+1,

x(B+1)(1 = Bg™)B,—1(x;B.k|B) = B(1 = q™)B,,(x;B.k|q)
+(1-8%")B,, (x;B.klqg), m>0.

The case ¢ = 1 gives rise to another sieved g-analogue of the ultraspherical poly-
nomials. The interested reader can derive their properties from the results of the
present section and when a = ¢?* and g — 1 they reduce to the sets of sieved
ultraspherical polynomials.

7. Concluding remarks. The continued fraction of §2 is periodic of period k and
seems to be new. The theory of periodic continued fractions is very old and has
extensive literature, Geronimus [13, §§III, VI]. Although a periodic continued
fraction is always a solution of a quadratic equation, it is usually difficult to
compute the coefficients of the quadratic equation for a periodic continued fraction
of an arbitrary period. On the other hand, if the period is specified, finding the
quadratic equation becomes a routine, but sometimes tedious, exercise in algebraic
manipulations. So, it is quite surprising that one can compute the continued fraction
in §2 (or §4) for arbitrary k. When a set of orthogonal polynomials satisfies a
periodic three term recurrence relation of period k, the corresponding distribution
function will have continuous spectrum consisting of k disjoint intervals. The
discrete spectrum will be finite with at most one mass point per gap in the
continuous spectrum. This is a discrete analogue of the Floquet theory for periodic
differential equations. The example in §2 (and in §4) is extremal in the sense that it
has the possible maximum of one discrete mass in every gap of the continuous
spectrum. This is the case when ¢ < 1. When ¢ > 1, the other extreme case occurs,
and the discrete spectrum becomes empty. The case k = 2 of the example in §2 is in
Chihara’s book [12, p. 91]. Another feature of the polynomials {/,(x;c)} and
{J,(x;c)} is that their generating functions are rational functions of ¢ (for all x).
Certain ultraspherical, g-ultraspherical polynomials and their sieved analogues also
have rational generating functions. This raises the question of characterizing all
orthogonal polynomial sets whose generating functions are rational functions of ¢
for all x. This characterization problem was raised by Ed Saff in a private
communication. This class of polynomials also contains all orthogonal polynomials
associated with periodic continued fractions. Al-Salam and Chihara [2] characterized
a certain subclass of the class of polynomials described by Saff. A solution of Saff’s
problem will be most interesting.

In the past, several variations on the Chebyshev polynomials have been consid-
ered. One such variation is to study polynomials that satisfy

(7.1) po(x) =1, pi(x) = A,x + By,
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and, for n > 0,
(72) xpn(x) =pn+l(x) +pn—1(x)'

Another problem is to define py(x) and p,(x) as in (7.1), then define
pa(x), ..., p,(x) by a recurrence relation

(7'3) pn+1(x) = (Anx + Bn)pn(x) - Cnpn—l(x)7 n= 1*27""j - 1’

with 4,4, _,C,> 0, n=1,2,..., j, in order to ensure orthogonality with respect to
a positive measure. Then define { p,(x): n > j} by (7.2). In effect, one defines p;(x)
and p;_;(x) in a way to be able to go forward via (7.2) and backward to get
P;-2(x), p;_3(x),..., po(x) = 1. One can ask the analogue of the first question for
the I,’s and J,’s, so we use the same recurrence relation of {7,(x; ¢)} or {J,(x;¢)}
but change the initial conditions to (7.1). This problem is very easy and can be
solved as follows. Use the recursion for { 1,(x; c)}; then

pa(x) = 1L,(x;¢) +[(4g = Dx + By L¥(x5¢),  pi(x) = AoLF(x; ),
I *(x; c) being the numerator polynomials. The continued fraction associated with
{Pu(x)}is

AOXk(x)
[(Ao - Dx+ BO]Xk(x) +1°

(7.4)

where x,(x) is the continued fraction associated with {I,(x;c)}. Inverting the
Stieltjes transform in (7.4), we obtain the distribution function. It is clear from (7.4)
that the continuous spectrum will remain as E(c) but the discrete spectrum will
change. The analogue of the second question for { 1,(x; ¢)} (or {J,(x; c)}) seems to
be much harder. This is the question of defining the polynomials { p,(x)}§ by (7.1)
and (7.3), then define { p,(x)}%, by either the recurrence relation of {I,(x; c)} or
{J,(x;c)} when n > j. Now that the polynomials are defined, one would ask what
their distribution function is and what the associated continued fraction is? For a
treatment of these problems, in the case of Chebyshev recursions, we refer the
interested reader to Geronimus’ addenda to Chapters III and VI in the Russian
translation of Szegd’s book [13, §§II1, VI].

In all the examples of sieved random walk polynomials of the first kind which
have been studied in [11] or in the present work, the associated continued fraction

ankSn—l(Tk(x))Uk—l(x)

79) Xl = i R (RG)) - Ry (T, (0)
satisfies

(7.6) Xk (%) = U1 (x)x:(Ti(x))-

In other words

(1.7) fim S () Ri)

n— 0 Rn('x) - Rn—Z(‘x) n—o Rn(x) '
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where { R¥(x)} are the numerators of {R,(x)}, ie., {R,} and {R})} satisfy the
same recursion but R§(x) =0, R¥(x)=1/B,. Recall that R,(x) =1 and R(x)
= x/B,. One can easily show that

(78) an/\Sn~1(X)=Rt(x)mq)n—3(x)’

where @, (x) is a polynomial of exact degree n. As a matter of fact all the examples I
have seen so far indicate that

(7.9) ® (x)=R* (x) asn— oo.

If one can prove (7.9), then (7.6) will follow because the left side of (7.7) will be
equal to

lim Ry(x){1 = Ry_,(x)/R3(x))
n—oc R"(X){l - Rp;—z(x)/Rn('x)} ,

which equals the right side of (7.7) since R*(x)/R,(x) converges to a nonconstant
function off the spectrum of { R, (x)}. It will be very interesting to prove (7.9). Some
restrictions on the asymptotic behavior of B, and D, will have to be imposed.

In the early sixties, Akhiezer wrote a series of papers on polynomials orthogonal
on several intervals, see e.g. [1]. For references, conjectures and the current state of
the art of Padé approximation on the complex plane cut along several slits, we refer
the reader to Nuttal’s interesting article [21]. In particular, note the connection
between the Riemann problem and polynomials orthogonal on [a, b] U [¢,d], a < b
< ¢ < d, with respect to a weight function

(7.10) (~(a—x)(b—x)(c—x)(d-x)}"/p(x),

where p(x) is a polynomial positive on [a, b] U [¢, d]. The classical theory of S. N.
Bernstein and G. Szegd considered the single interval case, say [-1,1] and weight
functions

(7.11) (1= x> /p(x), (1= x)/(1 = x))"/p(x),

Szegd [28, §2.6]. The weight functions in §§2 and 4 generalize (7.10) and (7.11). Our
weight functions are of the type

(7.12)  {7(x)}"?/|p(x)| and {7(x)}"?/[(x = a))(ay — x)| p(x)]].

where 7(x) = -TT’L (a, = x), a; < a, < -+ < a, and p(x)is a polynomial. It is
further assumed that p(x) does not vanish on E = U(,=1[a2j,1, a,,] and the
polynomials are orthogonal on E. In the example of §6, p(x) is not a polynomial.
Here, we assume ¢ < a, ¢ < —-1. The examples of §5 are of a completely different
nature. They are symmetric sieved analogues of the polynomials of Pollaczek [23]
and Szegd [27]. These are different from the symmetric sieved Pollaczek polynomials
of [14]. The difference is that [14] sieves polynomials orthogonal on [-1, 1] while in
§5 we sieve polynomials orthogonal on [-2Ve /(1 + ¢), 2Vc /(1 + ¢)]. The cases
k = 1 can be deduced from one another by rescaling, but that is not the case when
k > 1. The polynomials in [14] are orthogonal on several adjacent intervals.
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