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HP-CLASSES ON RANK ONE SYMMETRIC SPACES
OF NONCOMPACT TYPE. I. NONTANGENTIAL
AND PROBABILISTIC MAXIMAL FUNCTIONS

BY
PATRICIO CIFUENTES

ABSTRACT. Two kinds of HP-classes of harmonic functions are defined on
a general rank one symmetric space of noncompact type. The first one is
introduced by using a nontangential maximal function. The second is related
to the diffusion generated by the Laplace-Beltrami operator. The equivalence
of the two classes is proven for 0 < p < co.

0. Introduction. The aim of the present work is to prove an analogue, for a
rank one symmetric space of noncompact type, of a result due to Burkholder, Gundy
and Silverstein 2] for the Euclidean space R and to Burkholder and Gundy [1]
for R%*'. Our results generalize and extend those of Debiard [5] who did his work
on the generalized half plane equivalent to the hyperbolic ball of C".

In §1 we start with some general background about symmetric spaces of non-
compact type with special emphasis on those of rank one. The reader is referred
to Helgason (8 or 9] and Koranyi [11] for more details. We give then some basic
definitions and illustrate them with an example. We end this section by stating the
main result of this work (Theorem I) that consists in the equivalence of two HP-
classes of harmonic functions (HY and HX,) previously defined. §2 contains several
facts about Brownian motion in a Riemannian manifold that are used later on in
the paper. A general reference for these is McKean [16]. §83 and 4 are devoted
to the proof of each of the two parts of Theorem I. In §3 we prove the inclusion
HRY, C HY following the techniques of (1 and 5] adapted to the symmetric space. It
is remarkable that for this part of the proof we do not need to require harmonic-
ity. In §4 the opposite inclusion is proven. Although we also follow here the path
marked by [1 and 5] the problems that one has to face to extend the results are
more serious. In particular, the techniques to prove Proposition 8 and Proposition
12 are new. Also for the part of Lemma 7 that deals with 0 < p < 1 we had to adapt
to a symmetric space a technique due to De Giorgi (7] for the Euclidean space. The
author is indebted to Dr. Choi of the University of Chicago who showed him De
Giorgi’s method.

The results proven here are, in part, contained in the author’s Ph.D. Dissertation
presented at Washington University in St. Louis in May 1983. The author wishes
to thank Adam Koranyi for his help and encouragement.

1. Symmetric spaces. Definitions. A symmetric space of noncompact type
is a Riemannian manifold of negative curvature that verifies the following property:
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for every point z € X there exists an involutive isometry whose only fixed point is
r. The rank of the space is one if any maximal totally geodesic, flat submanifold
has dimension one. Let X be a rank one symmetric space of noncompact type.
If G is the connected group of isometries of X and K is the isotropy subgroup
of a fixed point 0 € X then G is a semisimple Lie group with finite center and
K is a maximal compact subgroup of G. Denote by g and k the Lie algebras of
G and K respectively and choose a vector subspace p of g such that g = k + p
(direct sum). This type of decomposition of g is called a Cartan decomposition.
The endomorphism # with eigenvalue 1 on k and eigenvalue —1 on p is called the
Cartan involution of the given decomposition.

We fix a maximal abelian subspace of p that we denote as a. In our case (rank
one) this subspace, and its corresponding Lie group, that we denote as A, have
dimension one, and can be identified with R. Let a* be the dual of a; if A € a* we
write

gr={Xeg[H X|=\NH)X, H € a}.

The nonzero elements A for which g, # 0 are called the restricted roots. In the rank
one case we can have two or four roots that we write as {+A} or {+\, £2\}. We will
do all our calculations for the four roots case; the two roots case is always simpler.
From now on we fix an element H € a such that A(H) =1, then a = {sH:s € R}.

The space n = g + g2, is a nilpotent Lie algebra. Its image under the Cartan
involution is I = g_) + g_25. We denote by N and N the analytic subgroups
of G with Lie algebras n and 1 respectively. The group G can be decomposed as
a product G = NAK (Iwasawa decomposition) and every element g € G can be
written uniquely g = nak. Thus, every element r € X can be written uniquely
asna-o, (n € N, a € A) where n = exp(X +Y), (X €g_), Y € g_2,), and
a =exp(sH), (s € R). We will write z = (n, s).

The group A acts on N by conjugation: n® = expsH - n - exp(—sH). We can
define on N a smooth gauge, homogeneous relative to the c0Jugat10n by A, as
follows,

In| = [exp(X +Y)| = (|X|* + 16]Y|?)*/*

where |X| and |Y| denote the canonical lengths of X € g, and Y € gz, in the
Lie algebra g (cf. Helgason [9, p. 414]). This gauge is a C>°-function on N — {e}
verifying the properties |n~!| = |n|, |nn’| < |n| 4+ |n/| and |n°| = e~®|n| and
therefore defines a distance in N (cf. Cygan [4] Haar measure on N is the measure
inherited through the exponential mapping from the Lebesgue measure of fi. It will
be denoted as | - | or dn. This Haar measure is unimodular. The corresponding
LP-norms in N will be written as || - ||,. If b(r) = {n € N:|n| < r} is a gauge ball,
its Haar measure is proportional to r™ where m is the homogeneous dimension of
N defined as follows: let p be the half sum of the positive roots with multiplicities
counted; then m = 2p(H). We have,

|b(r)| = dXdY =cr™

/(IXI“+16|YI2)‘/“<T

In the symmetric space X we denote the volume element as dx and the geodesic
ball of center z and radius r as B,(z). The invariant gradient and the Laplace-
Beltrami operator of X are written as V and A respectively.
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A function F is harmonic in X if it is locally integrable and it verifies the mean
value property

F(g-o)z/KF(gk-x)dk

where dk is the normalized Haar measure of K, g € G, and z € X. A theorem of
Godement (cf. Kordnyi [11, Theorem 1.1 and Remark 3 on p. !i83]) proves that
F is harmonic if and only if AF = 0. Harmonic functions verifying some positive
boundedness condition can be reproduced by Poisson integrals of their boundary
values. Knapp and Williamson have proved [10, Theorem 3.2] that if F' is harmonic
in X and

sup/_|F(n, s)|dn < oo,

seRJN
then

F(n,s) =/NPs(u”1n)du(n)

where v is a finite measure on N. Therefore N plays the role of boundary of
X. A point (n,s) is approaching the boundary when s — oo. The Poisson
kernel P(n,s) = Py(n) = e 2p(H(exp(=sH)n)) verifies the homogeneity property
P,y (n*) = Ps(n)e™ and the normalization [5 Ps(n)dn = 1. We also can ob-
serve that P(e,s) = P, (e) = e 2°(H(exp(-sH))) — ems and this function is invariant
under the action of N, the dual of N under the Cartan involution.

We define next admissible domains in the space X. These domains will play the
same role the nontangential domains play in the Euclidean space. The admissible
domain T',, is defined as

[y ={z=(n39):|n| <ae™®, seR}.
We also define truncated versions of I'y:
I =T,n{(n,s):—0 < s <o}, (o >0).

The region ', can be though of as a cone in X having “vertex” at the boundary
point e € N. We can translate this region, acting with n € N, and obtain the
corresponding cone, n - 'y, with “vertex” at n.

REMARKS. (1) The domains I',, are invariant under the action of the group A:
let t =nexpsH -0 €T,. Then

exps'HnexpsH -0 =n"exp(s'+s)H -0 and |n*|=e % |n| < ae~('+2).

(2) Given a > 0 there exists r > 0 such that I'y C (J,cg expsH - B,(0); just
choose r larger than the distance from o to the “walls” of T',,.

(3) For o’ > a > 0, there exists r > 0 such that for any z € T',, the geodesic ball
B, (z) is contained in I'ys. To see this, it is enough to establish the property at a
fixed level, say s = 0, using a compactness argument and then act with the group
A.

To illustrate some of the concepts that we have just introduced, we consider
the following example. Let D = {(29,21) € C*:Imz — |z;| > 0} and attach
to it the Bergmann metric (i.e., the Hermitian metric that is invariant under all
the biholomorphisms of D). To obtain a transitive group of isometries of D we
consider homogeneous coordinates (zg,21,22). Then D is the set of equivalence
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classes [A(2p, 21, 22)] such that %(2022 —Zoz2) + |21)? < 0. This space is invariant
under the group G of matrices g € SL(3, C) that keep invariant the quadratic form
that appears in the last inequality. Equivalently, if

0 0
J=1 0

1 0 ,
P00
then G = {g € SL(3,C):tgJg = J}. If 2 = (20,21) = (t +i(y + |21]?),21) € D and
y=-e"% s€R, then

20 1 2z t+i|21|2 e 5/2 )
z=|z]1=1]0 1 21 1 -10
1 0 0 1 es/2 1

We write this expression as z = [t, z1]as - 0. The subgroup N = {[t,z;]:t € R,
21 € C} is nilpotent and acts transitively on the boundary of D, 9D = {(29,21) €
C:Im zg = |21|?}, as follows,

0 t+i|21|2
[t,Zl] . 0 = 21
1 1

We can identify N and D in this way.

The subgroup A = {a,:s € R} is abelian and normalizes N. It acts as a
group of dilations on N:as - [t,z1] = ast,z1]a_s = [te™2°,z;e7°]. The dilation
as of magnitude e° is homogeneous of degree 2 on t and of degree 1 on 2;. The
homogeneous gauge |[t, z1]| = (162 + |z;|*)!/* verifies the required properties and
defines a metric in N. For this metric |b(r)] = nr4, therefore the homogeneous
dimension is in this case 4.

The admissible domains for this space are

Ty = {([t, z1],5): (16t% + |21]")V/* < ae ™},
and the Poisson kernel is
1 2
— o=20(H([t.21]) _ RS
Pollta]) =e ()

(cf. Helgason (9, p. 415]).

We define now the two maximal functions that are the object of our study. From
now on F will always represent a function on X.

Given F, its nontangential mazimal function is defined as

N F(n) =sup{|F(z)]:z € n-T4}

for every n € N. We will also use a truncated version, N(g,o)F , defined replacing
') for T,.

Consider the diffusion of paths x;(w) generated by the Laplace-Beltrami operator
of X (cf. §2). The Brownian mazimal function of F is defined as

F*(w) = sup{|F(x:(w))|: ¢ = 0}.
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The function F* estimates F' along the Brownian path.

Using these two different maximal functions we define the corresponding HP-
classes of harmonic functions. The mazimal HP-space is defined, for p in the range
0<p<oo,as

HR ={F:AF =0, N F € LP(N)}.
If F € HY, we define ||[F||gr = [|[NoF||p. A priori the space H?%, may depend on
. We will see soon that this is not the case and that all the “norms” ||F|| gz are
equivalent.

The probabilistic HP-space is defined as

HP = {F: AF =0, sup ‘/V_E(n‘s)[(F*)p] dn < 00}
s€RJN

where E(, ;) represents the mathematical expectation corresponding to the proba-
bility distribution P, 5 (cf. §2). For F € HY we write

1Pl = sup [ Bool(FPldn
* seERJN

The aim of the present work is to prove the following result that asserts the
equivalence of the two HP-spaces defined.

THEOREM 1. Let F be a harmonic function in X and 0 < p < o0o.
(1) There ezists a constant C, independent of p, such that

1F1Ey < CUFIE,

(2) There exists a constant Cp, such that
1Pl < Coll Iy

2. Brownian motion in X. The Brownian motion of the symmetric space is
the diffusion generated in X by the Laplace-Beltrami operator. It can be considered
as a family of probability distributions P, defined on the set {1 of all continuous
paths in X. For each z, P, is supported on the set of paths in ) that start at
z. The density function for this probability, p(t,z,y), is given by the fundamental
solution of the heat equation, du/dt = %Au, with pole at z (cf. McKean [16, pp.
90-91]). This diffusion is then invariant under the action of the group G.

A positive (possibly infinite) real function 7 on Q is called a stopping time if the
event {r < t} is measurable with respect to the family {x,:s < t} for every ¢ > 0.
An example of a stopping time that we will use below is the first hitting time of
the closure of a set B, 7 = inf{t:x; € B}. The diffusion in X verifies the strong
Markov property: if 7 is a stopping time of x; then, conditional on 7 < co and
x, = z, the future, X, is independent of the past, x5, s < 7, and is identical in
law to the motion starting at z (cf. McKean [16, p. 90]).

Debiard, Gaveau and Mazet [6] have proved that the lifetime of this diffusion
is almost surely infinite. Malliavin and Malliavin [15, pp. 196-197] have obtained
limit laws and in particular proved that if we write x; = (n,s;), then, as t — oo,
sy — oo and n; converges to a limit n., that we will also denote as Xo. The
following lemma relates the limit distribution of the Brownian motion and the
Poisson kernel.
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LEMMA 1. The limit distribution of Xeo, P(ns)(Xeoc € U), U C N, defines a
measure on N (harmonic measure) whose density, relative to the Haar measure, is
the Poisson kernel.

PROOF. We will see first that P, 4) (X € U) is a harmonic function in (n, s) €
X. Let (n,s) =g-o0,and 9B, = {b=gk -2 € X:ke K} forg€e G and z € X
fixed. Let 7 be the first hitting time of 0B,. Then 7 < oo, a.s. and by the strong
Markov property we have

Pyo(xeo €U) -——/ Pyo(x, € db)Py(x5 € U),
0B,

where db represents the measure on 9B, induced by dk. Invariance under rotations
(i.e. under action of the group K) gives Py.o(x, € db) = db and therefore

P, (%0 € U) = / Pyor (%0 € U) dk,
K

that is, the mean value property. To finish the proof we show that for every open

set U CN,
. _J1 ifnel,
sll»nolo Pns) (X €U) = {0 otherwise.

Without loss of generality take U = b(r) and n =e. For s’ >0
Pe.s)(Xoo € b(r)) = Plesrs)(Xoo € b(re ™)) < P o151 (Xoo € b(r)).
If limy o0 P(e,5) (X0 € b(r)) = € < 1 then, for s > 1,
1>¢e> P(e,s)(xoo € b('l‘)) = P(e,O) (xoo € b('res))‘

But, because (n;,s;) — Xoo € N a.s., the last term converges to 1 as s — oc.
After this result we can write

P (1.5)(X0 € du) = Py(u™"'n) du.

Given u € N we can define the conditional probability P%* . (U) as the Radon-

(n,s)
Nikodym derivative
P(n’s)(U, Xoo € du)

P(nys)(xoo (S du) '

It gives a measure on the paths in () that start at (n, s) and end at u and is invariant
under the action of the subgroup of G that fixes the point u, namely uAu~!.
The Green function g(z,y) for the operator A can be written, in terms of the

fundamental solution of the corresponding heat equation, as

oo
g(z,y) = /0 p(t,z,y) dt.
It can be interpreted in probabilistic terms, as the average time spent at the point
y by the motion starting at z.

3. HY, C HP. Our first lemma gives the independence of « in the definition of
HR,. 1t is a generalization of Lemma 2.1, p. 330 in Debiard [5].
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LEMMA 2. Given B > a > 0 there exists a constant ¢ depending only on o, 3
and m, such that for every measurable function F the inequality
[{NpF > X}| < c|{NaF > A}|
holds for every A > 0.

PROOF. Fix A > 0 and let ¢ be the characteristic function of the set { N, F' > A}.
Let ¢, be its Hardy-Littlewood maximal function defined as

o= 1 ., o .

We claim that if u = (a/(a + 8))™, then {NgF > A} C {¢. > p}. Let n €
{NgF > )\}. Then there exists (n’,s') € n-I'g such that |[F(n’,s')] > X. Observe
that n’-b(ae™*") C n-b((a+B)e~*) and that n’-b(ae™*") C {N,F > A}. Therefore
we can write

/ __l_ U = Ib(ae‘sl)l = = "
e UL = B )

as claimed. The (1,1) weak type inequality for ¢, (cf. Kordnyi-Végi [14, p. 580])
gives now

C C
{NsF > A} < [{¢. 2 u}| < ;I|¢>II1 = ;|{NaF > A}

as desired.

In order to prove the first part of Theorem 1 we only need to assume that
the function F' is measurable. Theorem 1, part (1) is an easy consequence of the
following proposition.

PROPOSITION 3. There exists a constant c, depending only on «a, such that for
any measurable function F, the inequality

sup /_ Py (F* > N dn < cl{NaF > A}
s€ERJN

holds for every A > 0.

Let us see that integrating both sides of this inequality against an appropriate
measure we obtain part (1) of Theorem I.

1Pl = [ (NaF ()P dn
=/ PAPH{NLF > A}| dA
0
1 oo
> - / AP~ sup / Py (F* > A)dnd)
¢ Jo s€eRJN

1 o0
> —/ / pz\”‘lP(n,s) (F* > X)dAdn
¢JNJo

> [ Bl dn.
N
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Therefore,
1 1
F pp > = n,s F*)P| = - pp
1Pl > 7 sup [ B (7] = LI,

To prove Proposition 3 we need a sequence of lemmas for which the following
notation is given. Let F' be a measurable function. For a > 0 and A > 0 we write
Ay = {N.F > )}, B, = UneAg n - T4, where A is the complement of Ay in N.
The set B, will be the topological boundary of By in X, and B§ will be X — Bj.
The characteristic function of a set U is denoted as xy;. For the remainder of this
section & > 0 and A > 0 are fixed.

LEMMA 4. If |A)| < oo, then
oc=inf{seR:3In€ N, (n,s) € B§} > —oo.

PROOF. If (n, s) € B, then the inclusion {n’ € N:|n"'n’| < ae~*} C A, holds.
Taking measures on both sides we obtain co > |A,| > ca™e™™¢, and therefore

CQx
l"g<|A |>

LEMMA 5. (1) Let 7} = inf{t: s, = s’} and n., the N-coordinate of x,,. Then,
for s < s', the measure v(du) = [ P(n.5)(ns,, € du)dn is Haar measure over N.

(2) For any s € R the measure v(du) = fN Py ) (X0 € du)dn vs Haar measure
over N.

PROOF. (1) Let U be a finite measurable subset of N with finite measure. Then
v(U) 2/_/_P(n,s)(ms, € du)xy (u) dn.
NJN
The invariance of the diffusion under the action of N gives
= L/_P(e,s)(nfsz € du)XU(nu) dn
NJN
= /_/_P(eys)(nfs, € du)xyy-1(n)dn
NJN
= |U|/TV_P(6.S)(nTs/ € du) = IU|

The proof of (2) follows exactly the same pattern. We only need to replace n.,
for x, all along the proof.

Our last lemma of this series gives a lower bound for the probability of the
diffusion that starts on dB), and hits the boundary at the set A,. This lower bound
allows us to estimate, in the proof of Proposition 3, the probability of hitting A,
by estimating the probability of hitting 9B, .

LEMMA 6. There exists a strictly positive constant C(a) such that

elnf P.(xs € A)) > Ca).
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PROOF. Let z = (n,s) € 9B). Then n - b(ae™*) C Ay and by the invariance of
the diffusion under the action of the group G,

P(n,s) (XOO e A)\) 2 P(n,s) (XOO e n: b(ae_s))
= P(e,s)(xoo S b(ae“s))
= P(c,0)(X0 € b()) = C(e) > 0.

Observe that C(a) is strictly positive: as a function of z, P (X € b(a)) is har-
monic and bounded by 0 and 1, and therefore strictly positive in X.

We have now the necessary elements to prove Proposition 3.

PROOF OF PROPOSITION 3. By the definition of Bj, if (n,s) € Bj then
|F(n,s)| < A. Thus, if F*(w) > A, the path w hits (the closure of) B§ and therefore
hits its boundary dB). More formally, if 7(w) = inf{t:x; € dB)} and (n,s) € By,
then

{XO = (n,s), Fr > ’\} - {XO = (n33)7 T< OO}
This implies Py, o) (F* > A) < Py, 5)(T < 00) for (n,s) € By. If [Ax| < 00, let o be
as in Lemma 4. Then for s < 0 and n € N the point (n, s) is in By, and therefore
Lemma 5(2), the strong Markov property, Lemma 6 and the preceding argument
give

|[Ax| = /ﬁp(n,s)(xoo € Ay)dn = /NE(n,s) [X{r<o0}Px, (Xoo € Ax)]dn

> C(a) /ﬁ P y)(r < 00)dn > C(a) /ﬁ P sy (F* > A)dn

which is the desired result for s < ¢. To obtain the proof for every s it will be
enough to show that the function fﬁ P, o) (F* > X)dn is decreasing in s. Let
7, = inf{t: sy = r} and for 7, < co define

(F7)"(w) = sup |F(x;(w))]-

t>7,
Suppose s < r. Then
P(nﬁe)(F* > A) > P(nys)((FT')* > A)

for every n € N (observe that when s < r, P(,, (7, < 00) = 1). This inequality,
the strong Markov property and Lemma 5(1) give

ﬁp(n,s)(F* > A)dn > /_P(n,s)((FTr)* > A)dn
N N
> [ [ P € P (F) > 2dn
NJN
= ﬁ/_P(n,S)(nTr € du)P(y ) (F* > N)dn
NJN

_ /_ Pl (F* > \)du
N
for every s < r, as desired.

4. H? C HY,. In this section we will prove the second part of Theorem I. First
we need to prove several results that will be needed in the main proof.
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LEMMA 7. For every p, 0 < p < oo, there ezists a constant C such that for
every harmonic function F and any x € X the inequality

sup |[F(y)]P <C |F(y)[P dy
yeBa(z) Ba+l(I)
holds for every o > 0.

PROOF. If 1 < p < oo then the maximum principle for harmonic functions and
Jensen’s Theorem for the function | - |P give

(4.1) sup |F(y)|P < sup |F(y)P
yEB, () y€EIB, (z)
1
< sup o |F(y)|P dy
€8, (z) |Br=r| JBp_,(2)
1
|F(y)IP dy.

B |BR—T| Br(z)

For r = 0 and R = o+ 1 we obtain the desired result. To extend it to 0 < p < 1 we
use the following technique due to De Giorgi [7]: Let A = 1 —p/2. From inequality
(4.1) with p = 2 we can obtain

1/2
(42) sup |F(y)| < |Br--|"Y% sup |F(y)]* (/ IF(y)I”dy> :
yEB,(z) yEBRr(x) Br(z)

Let 0;41 = 0; + (4)"*! and 0g = 0. For r = 0; and R = 0, inequality (4.2) takes
the form

1/2
sup |F(y)| < IB(I/Q)i+1|_1/2< sup IF(y)IA) (/ |F(y)IP dy) :
yE€B,, (z) yE€Bs, , (z) Bo,,, ()

Let I = ([ (o) [F )P dy)'/? and F(z) = |F(z)|/I. Then
Tit1

A
sup  F(y) < |B(ijay+ |12 sup F(?J)) :
yeBdi(z) yeBai+l(I)

Iterating we obtain

)\i-}-l

sup Fl(y) < |B1/2l'1/2|3(1/2)2|'m"'|B<1/2)i+1|‘w2< s )F(y)>

yEBs(z) Yy€Bs,

The volume of the geodesic ball of radius R is given by
|Bg| = Co(sinh R)™ (sinh 2R)™* > C; R™ *t™2
(cf. Kordnyi-Taylor [13, p. 172]). Then
|Biya| "2 By jaye| 72 |Bryjayinn |2
< Cl-% Do X (2% Z;zo(k+1)xk>ml+m2
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and this last term approaches C; */2(!7})2(m1+m2)/21-%)" when ; — co. The fact
TH e . . . . - i+1
that F' is bounded in B,+1(z) implies that hmi_.oo(supyEBaiH(z) F(y))* o,
Then we obtain supycp, (5) F(y) < C and therefore the claimed result follows.
Our next result asserts that under certain conditions the maximum of a harmonic

function in a truncated domain does not grow very fast relative to the size of the
truncation.

PROPOSITION 8. Let F be a harmonic function satisfying

sup/ |F(n,s)|Pdn < oo.

s€eRJN
Then, for any p, 0 < p < 00, any a > 0 and any o > 0,
INSVFlp < oo
Moreover, there exists oo > 0 (that may depend on F') such that for any o > o¢ the

nequality
INSSTVFl, < CINEFllp

holds for a constant C depending only on a and p.

PROOF. If lim,_, 00 ||N,§")F||p < oo for some «, then Lemma 2 implies that the

same holds for every a. Suppose that for every a > 0, limy— oo ||N§f’)F||p = 00.
Fix a = 1. Let r > 0 be such that {(n,0) € Ty} C B,(0). If & > o + r, then

I‘(l") C Bs(0) C Bz+1(0). By Lemma 7,

INOF@)P < C / |F(2)|P da.
y:.

u o+1

Integrating over u € N and using Fubini’s Theorem we obtain

/_|N§°)F(u)|pdugc/ /|F(u-x)|pduda:
N B; N

o+1

< C|Bys1sup /_ |F(u, )P du
seERJN

and the first part of the proposition follows.

To prove the second part suppose, as before, that lim,_. ||N¢§”)F||p = oo for
any a > 0. Then there exists 09 > 0 (that may depend on F) such that for any
o > 0p

IN@F|E > sup /~ |F(n, s)[P dn.
seRJN

Let M F(u) = sup{|F(z)|:z € u- (P¥ Y —T{)}. Observe that there exists
r > 0, depending only on a, such that T¥*Y — T ¢ B,((e,0)) U B,((e, —0)),
and therefore

M F(u) < sup{|F(2)|:z € u- (Br((e,0)) U Br((e, ~0)))}-
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Lemma 7 and Fubini’s Theorem now give
/_|Mga>F(u)|Pdu < c/ /_|F(u~x)|pdudx
N Br+1((esa)) N

+C/ /_|F(u~z)|”duda:
B,11((e,—0)) /N

< 2C|Br+1|sup/ |F(n,s)|Pdn.
sERJN

Considering that [NtV )P < NS Fu)|P + | ML F(u)|P we obtain, for o >
00,

INSHOF|E < |NSIF|B+C Sgg/ﬁlF(n,s)lpdn < (C'+ 1)INOF|

where C’ = 2C|B, 1| is independent of o.
Our next aim is to prove a Harnack-type inequality (Proposition 11). Working
in that direction we prove the following two lemmas.

LEMMA 9. Gwen o > o > 0 there exists a constant C such that for every

harmonic function F and everyn € N,
sup [|[VF(z)|| <C sup |F(z)].
zen-I'y zen-Ty

PROOF. Without loss of generality take n = e. Choose r > 0 such that if
g-o €Ty then g- B, C I',. Schauder interior estimates (cf. Courant-Hilbert (3,
p. 335]) provide a constant C, depending only on r, such that

[VF(o)ll <C sup |F(z)].

TE€B,
Let z € I'yr. There exists an isometry g € G such that g- o = z. The function F,
defined as Fy(y) = F(g - y) is also harmonic; therefore,
[VF(z)|| = [VFy(0)|| < C sup |Fy(y)| < C sup |F(y)l.
yEB, yEla

LEMMA 10. Givenr; andrs (0 < ry < rg), there exists a constant C such that
for any two concentric balls By and By in X with radi ry and ro respectively, any
harmonic function F and any two points z,x’ € By we have

|F(z) — F(z)] < Cdist(z,2’) sup |F(y)],
yEB2

where dist(z,z’) stands for the geodesic distance from x to z'.

PROOF. Let v(s) be a geodesic in X joining = to z’. The Schwarz inequality
and the estimates for the gradient given in Lemma 9 give

dist(z,z")
Fa)-F@l=|[ @IV @) ds
dist(z,z )
< C sup |F(y |/ (s)|ds
yEB2

< C sup |F(y)|dist(z,z').
yEB2
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PROPOSITION 11. Fiz a > 0. Given c there exists ro > 0 such that for any
harmonic function F, any o > 0 and any To € u - l"((f),

|F(z) - F(zo)| < eNSSTVF(u) (2 € Bry(20))-

PROOF. There exists r > 0 (depending only on «) such that for any 2o € u-TY,
the ball B, (o) is contained in u- F(QZH) Using Lemma 10 with r; = 27' andry =7
we obtain

|F(z) — F(zo0)| < Cdist(z,z0) sup [F(y)]
yEB.(zo0)

< Cdist(z,20) NSV F(w) (2 € By, (0)).

Take 79 = inf{c/C, 1} to obtain the desired result.

Our next result gives a lower bound for the probability (relative to the diffusion
conditioned to finish at a point on N) of hitting a set of a given size located inside
an admissible region. Such a lower bound will be independent of the ending point,
depending only on the sizes of the admissible region and the set we try to hit.

PROPOSITION 12. Given o > 0 and r > 0 there ezist o1 > 0 and C1 > 0 such
that for anyu € N, any s; € R, any z = (n,s) € u-Ty with s < —(01 — 81) and
any 2o = (no, o) € u- L'y with s > s1 we have that

Pztn s) (Xt hzttmg B (1}0)) > Cl~

PROOF. It is enough to prove the result for s; = 0, because the invariance under
the action of the subgroup uAu~1! will give afterwards the general result. Let u € N
and take r small enough such that if 7o € u- T, then B = B(20) C u - I'2o. This
r is independent of u and «, depending only on the coordinate sp of the point zo.
Denote by 75 the first hitting time of B. We want to obtain a lower bound for

P(n,6) (7B < 00, Xoo € du)
P(n,s)(xoo (S du)

P, o(mB < 00) =
To evaluate the numerator we use the strong Markov property,
P(n,5) (7B < 00, Xoo € du) = /«:«)B P(n,5)(Xrp € db, B < 00)Pp(X0o € du),

and then obtain a lower bound for Py(xo € du) when b € 0B. To evaluate the
denominator we will obtain an upper bound for P, 5)(Xoo € du) when (n,s) € u-T'
and s < —o;. To obtain these estimates we may assume u = e. Let B be a
closed ball with center o containing {(n,0):|n| < 2a}. Then it will also contain
exp(—soH) - B. The Poisson kernel P(n,s) has lower and upper bounds in the
compact B:0 < [ < P(n,s) < L < oo for (n,s) € B. Therefore, if z; = (n1,s1) € B
the point (n, s) = exp(soH)-z1 is in B. We obtain P(n,s) = Py(n) = Pyyys,(n1°) =
P, (n;)e™®, and then le"™% < P(z;) < Le~™%. These estimates provide the

following inequalities:
Py(xo0 € du)

> Je™so
du u—e le
and
P.(xx € du) < Lems
du u=e N
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for z = (n,s) € T,. Both together give
l
P% (g < o0) > zem(SU_S)PI(TB < 00).
To evaluate P, (7 < 00) we use the Green function of the symmetric space
g(z,y) = /0 pt,z,y) dt.
Let g(z, B) = fB g(z,y) dy. Then
o2.8)= [ [Tottsyaray= [ nt
BJo 0
where py(z, B) = [5p(t,z,y) dy. The strong Markov property gives

pt(z,B) =P,(xt € B,7g < o0) = E, / Pt—rp (Xrp,v) dy, 78 < tl .
B

Then

[e o)

pt(zy B) dt = Ez /0 X{rs<t} /Bpt—‘rB (xrgay) dydt‘
= Ez / / X{rg<t}Pt—7p (XTB»y) dt dy\
BJoO

oo
=E; ,/BX{TB<OO}/ pt—‘ra(xrs,y)dtdy'

B

0

=E; /Bg(x‘ra7y) dy, 78 < OO‘

=E; Ig(x'rBaB)a 7B < OOI .

By rotation invariance the function g(b, B) is constant for b € 9B, depending only
on r; therefore g(z, B) = ¢P,(78 < 00). The asymptotic behavior of g(z,y) (cf.
Koranyi-Taylor [13, Proposition 1.2]) implies that g(z,B) ~ ce™™% as d — oo,
where d is the geodesic distance from z to the center of B. When so — s is large
and the points z and ¢ are inside u - ', this distance is of the order of sg — s, and
then

Pi(rg < 00) > c%e’"(sf’_s)em(s‘”) =C.

PROOF OF THEOREM I(2). Let F € HY. Observe that
Fle = sup [ Bug[(F7))dn < o0
s€RJN

implies

sup/ |F(n,s)|Pdn < oco.
s€RJN

Then Proposition 8 implies that, for any o > 0, ||N.§”)F||p < oo, and that, for

o > 0o (where og may depend on F), INSHIR), < Col| NS F||,. The constant
Co, which we will use below, depends only on p and m. We will prove that

IN©F|E = /ﬁ (NF(m)? dn < Casup / E(n.)[(F*)?) dn

i
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with the constant C3 independent of o or F. The result we want to prove will
follow from here by Lebesgue’s monotone convergence theorem. Let
U= {u € N: N F(u) > (1/2Co) /P NSV F(u )} .
A simple calculation (cf. Burkholder-Gundy [1, Lemma 5]) gives
[N R b2 [ (NP,

and then we can find € > 0 such that
(4.3) /_ (N F(w))? du < 2Co / (N F(w)? du

N Ue
where U, = U N b(e). For every u € N take an 29 = (no,S0) € u - I such
that |F(zo)| > %Néa)F(u). Let ¢ = 1(1/2Co)/? in Proposition 11. Then there
exists 7o > 0 such that if z € B, (z9) = B, then |F(z) — F(z0)| < cN(°+1)F(u).
Thus, if u € Us we obtain that for z € B, |F(z)| > 1N(°)F( ), and therefore if
y=(n,s) €u-Ty, with s < —(o1 + o), we have
(4.4) P! (F* > %N},"’F(u)) > Pl(rg < 00) > Cy

where o1 and C; are those of Proposition 12. Observe that given € > 0 there
exists o, > 0 such that for any s < —o. and any u € N with |u| < ¢ the set
{(n,s):|n| < Lae=*} is contained in u-Tq (ju™'n| < |ul + |n| < € + jae™;
take 0. = log(2¢/2a)). If y = (n,s) € ['y/2 with s < min{—0¢, —(01 + o)}, then
y€u-T, for every u € U.. Estimate (4.4) then gives

(4.5)

B o(F*)7) = [ B o [(F*VIP(u™'n) du
/ E(,, 3) F*)?P|Ps(u™'n) du
> <}1> / (N F(w)?P, ) (F* > N(")F(u)> s (u=n) du
Ue 4
14
> (%) Cl/ (N F(u))PP,(u™'n) du
Ue
Integrating over |n| < 3ae~® for s < min{—o¢,—(0o + 01)}, we obtain
/ E(n s)[( p] dn
In|<ae—2/2
P
> (1> a / / (N F(w))P Py (u~ ") xv, (1) du dn
4 Inl<ae-2/2 JN
P
> <‘—11> Cy /_(Né”)F(u))pxuc(u) P,(u"'n)dndu.
N

In|<ae=2/2

We need to estimate flnl <ae—s/2Ps (u~'n)dn uniformly on u € U.. Take s <
min{—5., — (01 + o)} where 7. = log(4¢/a) > 0. Then ¢ < jae™*, and therefore
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if |u| < €, we have

{u'n:|n| < Loe™*} D {v:|v| < lae~s}

and we obtain

/ Py(u™'n)dn > / Ps(n)dn
Inj<ae—s/2 In|<ae~*/4

= / Py(n®)e ™% dn
In|<a/4

= / Po(n)emse_ms dn =C4 > 0.
In|<a/4

From (4.5) and (4.3) we obtain finally

Il > /| Bl
ni<ae—*

v

G)pclc4 /U 5 (N F(w))P du

1\?CCy 1
> [ Z (o) p
2 <4> Co 2 /N(Na F(u))?du
as desired.
REFERENCES

1. D. L. Burkholder and R. F. Gundy, Boundary behaviour of harmonic functions in a half-
space and Brownian motion, Ann. Inst. Fourier (Grenoble) 23 (1973), 195-212.

2. D. L. Burkholder, R. F. Gundy and M. L. Silverstein, A mazimal function characterization
of the class HP, Trans. Amer. Math. Soc. 157 (1971), 137-153.

3. R. Courant and D. Hilbert, Methods of mathematical physics. 11, Interscience, New York,
1962.

4. J. Cygan, Subadditivity of homogeneous norms on certain nilpotent Lie groups, Proc.
Amer. Math. Soc. 83 (1981), 69-70.

5. A. Debiard, Comparaison des espaces HP géométrique et probabilistes au dessus de
l’espace hermitien hyperbolique, Bull. Sci. Math. (2) 103 (1979), 305-351.

6. A. Debiard, B. Gaveau and E. Mazet, Temps d’arret des diffusions riemaniennes, C. R.
Acad. Sci. Paris Ser. A 278 (1974), 723-725.

7. E. De Giorgi, Sulla differentiabilitd a I’analiticitd delle estremali degli integrali multipli
regolari, Mem. Accad. Sci. Torino Cl. Sci. Fis. Mat. Natur. (3) 3 (1957), 25-43.

8. S. Helgason, Differential geometry and symmetric spaces, Academic Press, New York,
1962.

9. ____, Differential geometry, iie groups and symmetric spaces, Academic Press, New
York, 1978.

10. A. W. Knapp and R. E. Williamson, Potsson integrals and semisimple Lie groups, J.
Analyse Math. 24 (1971), 53-76.

11. A. Koranyi, Harmonic functions on symmetric spaces, Symmetric Spaces (W. Boothby
and G. Weiss, eds.), Dekker, New York, 1972, pp. 379-412.

12. , Boundary behavior of Poisson integrals on symmetric spaces, Trans. Amer. Math.
Soc. 140 (1969), 393-409.

13. A. Kordnyi and J. C. Taylor, Fine convergence and admissible convergence for symmetric
spaces of rank one, Trans. Amer. Math. Soc. 263 (1981), 169-181.

14. A. Koranyi and S. Vagi, Singular integrals on homogeneous spaces and some problems of

classical analysis, Ann. Scuola Norm. Sup. Pisa (3) 25 (1971), 575-648.



HP-CLASSES ON RANK ONE SYMMETRIC SPACES 149

15. M. P. Malliavin and P. Malliavin, Factorisation et lois limites de la diffusion horizon-
tale au-dessus d’un espace riemannien symetrique, Théorie du Potential et Analyse Har-
monique, Lecture Notes in Math., vol. 404, Springer-Verlag, Berlin, 1974, pp. 164-217.

16. H. P. McKean, Stochastic integrals, Academic Press, New York, 1969.

DEPARTMENT OF MATHEMATICS, WASHINGTON UNIVERSITY, ST. LOUIS, MISSOURI
63130

Current address: Department of Mathematics, Texas A & M University, College Station,
Texas 77843-3368



