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CLASSIFICATION OF METABELIAN p-GROUPS

BY

WU-NAN CHOU

ABSTRACT. Let G be a two-generator metabelian group of exponent p with

class of nilpotence c, where c < p — 1 and p is an odd prime. In this paper,

we shall consider the classification problem when IG2/G3I = p, IG3/G4I = p2

and |G4/G5| <p2.

Introduction. Our starting point is the set of metabelian two-generator groups

of exponent p and nilpotence class c, where c < p — 1 and p is an odd prime.

A specific group must be introduced. Set F = (x,y). Assume that F is

metabelian, of exponent p, and has nilpotence class p — 1. Let F2,..., Fp be the

lower central series for F. Set

«(*) J) = [y, x, ^ , x, y, c^>, y]
i-l-j j

for i = 2,..., p - 1 and j = 0,..., i — 2. Note that

F = (u(t,0),u('¿, l),...,u(i,i-2),Fi+1)

for ¿ = 2,... ,p — 1. Furthermore if we assume that the commutator subgroup F2

is free then the set of all u(i,j) is a basis for F2, {u(i, 0), u(i, 1),..., u(i, i — 2)} is a

basis for F¿ modulo F¿+i, and |F¿/F¿+2| = p7_1 for i — 2,... ,p — 1.

The group F described in the preceding paragraph will be called the free-

metabelian group of exponent p and class p — 1. The word "free" refers to the

fact that the commutator subgroup F2 is free. The group F will serve as a frame

for our discussion for if G is any metabelian two-generator group of exponent p and

class at most p - 1 then G = F /M where M is a normal subgroup of F that is

contained in F2.

In the above, and in what follows, we assume the reader is familiar with the

elementary theory. Chapters 1 and 3 of Huppert [1] are the basic references for our

work.

The isomorphism classes for our groups are given by

THEOREM 1. Let F be the free two-generator metabelian group of exponent p

and nilpotence class p — 1 where p is prime and p > 3. Let F2 be the commutator

subgroup of F and fi be the set of normal subgroups of F contained in F2. Let

GL(2,p) be the set of nonsingular 2x2 matrices whose entries are elements of

the field p elements. Let Ö be the set of isomorphism classes of the two-generator

metabelian groups of exponent p and class c < p—1- Then GL(2,p) is a permutation
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group on fi and the set of orbits o/GL(2,p) on fi is in one-to-one correspondence

with the elements of &.

If F = (x,y) and 6 = (°¿ ) is in GL(2,p) then the action of 6 on fi is given as

follows. Define an automorphism ç of F by x? = xay® and y? = x1y6, so

u{i,j)s = \yt,xs, <^,,xs,y<)<^,ys],

i-l-j j

Then if N G fi and 6 is in GL(2,p), the action of 9 is given by N0 = {g?: g G N}.

See [3] for the proof of Theorem 1.

Theorem 1 is, at the present time, too general to give specific information. The

quantities that arise there are, in principle, easy to compute. However, in practice,

they are quite intractable. Thus we shall consider a special case in this paper.

To describe that case, let G2,... ,GC be the lower central series for the group G.

We shall study those groups G where

|G2/G3| = p,        |G3/G4|=p2,        |G4/G5| = p2.

These assumptions are drawn to eliminate known cases and lead to nontrivial

ones. For let G = (y, x) and u = [y,x]. We then have

G2 = (u,G3).

Since G is of exponent p we must have IG2/G3I — p. Next, since G is metabelian

G3 = ([u,x],[u,u],G4>.

Thus IG3/G4I < p2. If IG3/G4I = p then G is of maximal class. These groups were

classified in [2]. Consequently, we assume that IG3/G4I = p2. Finally

G4 = ([u,x,x],[u,x,y],[u,u,u],G5),

so IG4/G5I < p3. Thus the assumption that IG4/G5I = p2 gives us one nontrivial

commutator relation at this stage.

The following result is the first step in the classification of our groups.

THEOREM 2. Let G be a two-generator metabelian group of exponent p and class

c where c < p — 1. Suppose that IG4/G5I = p2. Then there is, up to multiplication

by scalars, one nontrivial relation of the form

u(4,0)au(4,l)bu(4,2)c = 1    modG5.

In addition, we may assume this relation has one of three forms:

(a) u(4,2) = 1 modG5,

(b) u(4,l) = 1 modGs,
(c) u(4,0)~du(4,2) = 1 modGs where d is a quadratic nonresidue modulo p.

Finally, relations (a), (b), and (c) split the groups G into three disjoint classes

with no two groups from two distinct classes being isomorphic.

Theorem 2 is one of the two main guidelines for our classification. The second

consists of the fact that if G satisfies the hypothesis of Theorem 2 then the factor

groups Gi/Gi+i satisfy one of two conditions: either

(i)   \Gi/Gi+i\ = p2, i =  4,...,c,
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or there is an integer r < c such that

(ii) \Gi/Gi+i\ = p2, ¿ = 4, ...,r- 1, and |Gí/G¿+i| = p, i = r,...,c.
We shall make a detailed study of the following cases. First, we assume condition

(a) or (b) of Theorem 2 and condition (i) above hold. The detailed results for this

case are given in §3. Second, we assume that the groups satisfy (ii) in the paragraph

above and that r < c. The specific results for this case are given in §4.

A review of those specific results shows two persistent ideas. First, "most of

the time" the groups under consideration have a pair of characteristic subgroups of

index p in the full group. Second, if the groups do not have a pair of characteristic

subgroups of index p then they are subject to a number of side conditions which,

in turn, lead to the desired solution.

1. We shall prove Theorem 2 in this section.

In what follows K is the field of p elements, p > 3.
DEFINITION. Let (a, b, c) be a triplet with a,b,c G K. Let ~ be the equivalence

relation defined on the set of nonzero triplets by (a, b, c) ~ (ä, b, c) if and only if

there is a nonsingular matrix (Q ¿ ) with entries in K and a nonzero constant A G K

such that
( a\ la2 a-y 72   \   / a

6     = A    laß    a8 + ß1    2^8

v ß2 ß8 82

The fact that ~ is an equivalence relation follows from the fact that the map

V' V

a Q7 7

2aß    a8 + /3-y    2^8

ß2 ß6 S2

is an antiautomorphism.

DEFINITION. Let

F2lx,y} = {a.x2 + bxy + cy2: (a,b,c) ± (0,0,0)}.

on F2 [x, y] by f(x, y) ~ g(x, y) if and only if there

is a nonsingular matrix (" f ) and a nonzero constant A such that

Define an equivalence relation
'a 0'

(1) g(x,y) = Xf(ax + ßy,~ix + 8y).

LEMMA l.l.   Setg(x,y) — äx2 + bxy + cy2 and f(x,y) = ax2+bxy + cy2.  Then

(1) holds if and only if

a\

b

)

a a-y Y

I  2aß    ab + ß-i    2-y¿

ß2 ß6 82

PROOF. This can be verified by a straightforward computation.

LEMMA 1.2. Let f(x,y) = ax2 +bxy + cy2. Ifb2-4ac~0modpsetD(f)=0.
If b2 — \ac 5a 0 let D(f) = 1 when b2 — Aac is a quadratic residue and D(f) = — 1

when it is not. Then the equivalence relation defined above on F2[x, y] splits F2[x, y]

into three equivalence classes E{ where

Ei = {f(x,y):D(f)=i\,        ¿ = -1,0,1.
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PROOF. We first consider the case where D(f) ^ 0.

We have f(x, y) = ax2 + bxy + cy2 with, since D(f) ^ 0, a ^ 0 or c ^ 0. We

may assume a ^ 0. If not, interchange x and y. Next we may assume o = 1. The

operations leading to the normalization "a = 1" do not affect the value of D(f).

To continue, since D(f) ^ 0 the polynomial /(x, 1) = x2 +bx + c has two distinct

roots ri,r2 in Zp(\[d) where d is any quadratic nonresidue. Thus we have

/(x, y) = (x - rfv)(x - r2y)       r, ¿ r2.

The argument now splits into two cases. Suppose first that ri,r2 € Zp. That

is, D(f) — +1. We may suppose that 72 ^ 0. Set ß = r28 and 8 = -l/(r2 - rt).

Then

f(x + ßy,8y) = (x-y)x.

Consequently all polynomials with D(f) = +1 are equivalent to (x - y)x.

Suppose next that D(f) = — 1. Then

7i = u + v\d,        r2 = u — v\/d,        v^0

where u and v are in Zp and d is a quadratic nonresidue. Set ß = 8u and ¿ = Y v.

Then
f(x + ßy,8y) = x2 -dy2.

Thus all the polynomials with D(/) = —1 are equivalent to x2 - dy2.

The case where D(f) = 0 remains. We have

f(x, y) = ax2 + bxy + cy2

with (a, 6, c) ^ (0,0,0) and b2 — 4ac = 0. Under these assumptions we must have

a ^ 0 or c t¿ 0, so we may assume that o = 1. Thus /(x, u) = x2 + bxy + cy2 with

62 — 4c = 0. Since c = 62/4 we have

f(x,y) = (x+ -y\   .

But then

fix- ^y,yj =x2,

which completes the proof of Lemma 2.2.

Proof of Theorem 2. Since

G4 = ([y,x,x,x],[y,x,x,y],[y,x,y,y],G5)

and IG4/G5I = p2 there is—up to multiplication by scalars—exactly one nontrivial

relation among the commutators modulo G5, say

(2) [y,x,x,x]a[y,x,x,y]b[y,x,y,y]c = 1 modG5.

We work modulo G5 in what follows.

Let {x, y} be another pair of generators of G. Then there is a nonzero triplet

(ä, 6, c) such that

(3) [y, x, x, x]a[y, x, x, y]b[y, x, y, y]c = 1.

In addition
x = xayß,        y = x~*y6

where a8 - ß-/ = A / 0.
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Now [y,x] = [y, x]Ag where g G G3. Thus, from (3),

{[y, x],xayß, x VÑ[y, s], i V, x V]5{[î/, «], *V, *V]e = 1-

If we expand this by the usual commutator rules and compare the result with (2)

we obtain

'a2 cry 72 \   / a \ la

laß    a8 + ßi    27¿ \\b \ = X \ b     .

{ ß2 ßS 82 J \c) \c)

Consequently the three-tuples (a,b,c) split into three equivalence classes. We

can choose (0,0,1), (0,1,1) and (— d, 0,1) where d is a quadratic nonresidue, as

representatives of these classes. This gives us the defining relations of Theorem 2.

2. We shall introduce a convenient basis for the commutator subgroup F2 of F

in this section. In addition we shall list several known results that will be employed

in the sequel.

Let S™ be a Stirling number of the first kind. It is defined by
n

(x)n = X(X - 1) • ■ • (X - U + 1) =   Y^  Su*™-
m = 0

Let o(m,n) = (ml/n\)S™ and

s(i,j,q,r) =0(3 + l,r + l)o(i - 3 - l,q-r-l).

Define U(i,j) by

U(iJ) = fl   I]   «(9.r),(i','1«'r).
q=i    r—j

Note that since s(i,j,i,j) = 1 we have U(i,j) = u(i,j) modG¿+i. Consequently

the set of all U(i,j) form a basis for F2 and {U(i, 0),..., U(i, i - 2)} is a basis for

F¿ modulo Fi+f. We shall also see that if v is the map from F to F defined by

xv = xa and yv = ys then U(i,j) = U(i,j)3{l'j) where s(i,j) = ai~i-x8i-2.

More generally, we have

LEMMA 2.1. Let F be the two-generator, free-metabelian group of exponent p

and class p — 1. Let v be the automorphism of F defined by

xv = x V,      yv = y8-

Let U(i, j) be defined as above.  Then for i — 2,..., p — 1 and 3 = 0,..., i — 2,

U(i,j)v =Pfll[U(q,ry^^
q=i r=j

where

f(i,j,q,r) = afl-'-iF-W+^iij^r),

g(i,J,Q,r)= \q~JrZ\ )%>*')- S
\q J m=0

8(q,i) is Kronecker 's delta and Bm is the mth Bernoulli number.
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See [4] for a proof.

Incidentally, the Bernoulli numbers Bm are defined by Bq — 1 and

n R

y_et_= o

for n > 1.

There are two particular values of the functions f(i,j, q, r) that we shall need.

LEMMA 2.2.   We have

f(i,3,q,j) = 6(q,i)ai~i-16> + 1

and

f(i,j,q,3 + 1) = [(q-j - 1)«(9, t) - Bq^\a"~^2P+2ß

where 8(q, i) = 1 if i = q and 8(q, i) — 0 if q ̂  i.

This follows directly from the definitions.

LEMMA 2.3.   Suppose U(i,j) is defined as in the introduction and

U(q,r)^YlUU^j)B{l'3)
i       j

where q,r, the (i,j) and the B(i,j) are arbitrary fixed integers. Let M be any fixed

nonnegative integer.  Then

(1) U(q + M,r) = HHu(i + M,3)Bil'j)

and

(2) U(q + M, r + M) = [J [J U(i + M,j + M)B^.
i      3

We do not specify the range of the indices, i and j, in Lemma 1.1 because the

result holds for any finite range one might select.

3. In this section we shall study those groups where IG2/G3I = p and

|Gt/G,+1| = p2,        7 = 3,...,c.

We shall consider the subcases of Theorem 2 where u(4,2) = 1 mod G5 and u(4,1) =

1 modGo.

Our first result treats the case where u(4,2) = 1 modGs. Passing from the

u(i,j) basis to the U(i,j) basis of F2 we have

THEOREM 3.1. Suppose that G — (x,y) satisfies the hypothesis of Theorem 2,

\Gi/Gi+f I = p2 for i = 4,... ,c, and u(4,2) = 1 mod G5. Set H = (y,Gi). Then H
is a characteristic subgroup of index p in G. Let U(i,j) be defined as above. Then

Gi = (U(i,0),U(i,l),Gi+1)

for i = 4,... ,c.  Thus

U(4,2) = flflU(i,3Y™
i=kj=0
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where k is some integer > 5 defined by the condition [A(k),B(k)] =/= (0,0). Next:

(a) Suppose there is an integer q with k < q < 2k - 5 such that A(v, 0) = 0 for

v < q — 1 and A(q, 0) ^ 0. Then there is an x in G such that G = (x,y), where

H = (y, G2), and such that A(q, 1) = 0.

(b) Suppose that A(v, 0) = 0 for v = k,..., 2k - 5. Set

v+i-k

B(v) = (v-2)A(v,0)+   ^  (m-Z)A(m,l)A(u + 4-m,l)
m=k

for v > 2k — 4. Suppose there is an integer q with 2k — 4 < q <3k — q such that

B(u) = 0 for v < q — 1 and B(q) ^ 0. Then there is an x in G such that G = (x, y)

and such that A(q, 1) = 0.

(c) Suppose that B(v) = 0 for v = 2k —4,... ,3k —q. Suppose also that 3k —8 < c.

Then there is an x in G such that G = (x, y) and A(3k — 8,0)= 0.

To continue, if in (a) and (b) (or (c)) X is the set of elements x such that G = (x, y),

where H — (y,G2), and such that A(q, 1) — 0 (or A(3k - 8,0) = 0) then (x,G2)

is a characteristic subgroup of index p in G. Finally if G is a group satisfying the

assumptions of Theorem 3.1 and is defined in terms of the parameters A(i,j) then

G is isomorphic to G if and only if there are integers a and 8 with (a8, p) = 1 such

that
82-iA(i,3) = al-i-2A~(i,j)

for j = 0,..., 1 and i = fc,..., c.

In Theorem 3.1 we assume that [7(4,2) ^ 1; thus k < c. There is also one group

where .7(4,2) = 1.

As for the case where U(4,1) = 1 modGs, we have

THEOREM 3.2. Suppose that G = (x, y) satisfies the hypothesis of Theorem 2,

\Gi/Gi+i | = p2 for i = 4,..., c and u(4,1) = 1 mod G5.  Then

Gl = {U(i:0),U(i,i-2),Gl+i)

for i — 4,..., c. Consequently

U(4,1) = J] U(i,0)A^U(i,i - 2)ß«.
i>5

Next, let G be a group that satisfies the hypothesis of this theorem. Then G is

isomorphic to G if and only if one of the following two conditions hold.

(a) There is a pair of integers a, 8 with (a8: p) = 1 such that 8A(i) = al~3A(i),

aB(i) = 8l-3B(i),i = 4,...,c.

(b) There is a pair of integers 7, ß with (7/3,p) = 1 such that ßA(i) — 71~3B(z),

1ß(i) = ß*-3A(i),i = h;...,c.

The statement that the subgroup H of Theorem 3.1 is a characteristic subgroup

is easy to prove. We have

u(4,2) = (\y,x],y,y) = 1 modG5.

Let xv — xayl3,yv = x~<ys be an automorphism of G. Setting these values in

the relation above we find that we must have 7 = 0. Thus H — (y,G2) is a

characteristic subgroup of G.
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Next, since u(4,2) = 1 modGs we have u(i,j) = 1 modG¿+i for i > 4 and

j = 2,... ,7 - 2. Thus Gt = (u(i,0),u(i, l),Gi+i). Since U(i,j) = u(i,j) modG¿+i

it follows that G% = (U(i,0),U(i,l),Gl+1).

LEMMA 3.1. Let A(i,j) be as in Theorem 3.1. Set A(i,j) — 0 when (i,j) is

not in the range i = k,... ,c;j = 0,1. Let

9 + 1 q+l—a

Ef(m,q,v,j) = Yj   J2   ^2^2A(xf,j-r)A(x2,2-i2)---A(xa,2-i2)
a—2    r=0       i       x

where the summation is on those i = (i2,... ,ia) and x = (xi,... ,xa) where i2 +

■ • ■ + ia — q - r and Xf + ■ ■ ■ + xa = v - m + 4a. Let

E(m,q, u,j) = A(v - m + 4,j - q) + Ef(m,q, v,3).

Then for q>0 and m > q + 4

i

(7(m,2 + c7) = n      II      U(u,jf^"^l
j=0 v>m+k—4

PROOF. This follows by induction from the value of (7(4,2) given in Theorem

3.1. Further details on the proof can be found in §1 of [4].

In what follows G = (x, y) and G = (x, y) are groups that satisfy the assumptions

of Theorem 3.1. We suppose that

Ü(4,2) = YlflV(t,j)Á^l
i>kj=0

We also suppose that v is the map from G to G defined by xv = xayß, yv = y .

LEMMA 3.2.   Set
v — fc+4 m — 4

L(",j)=   £    ^/(4,2,m,c? + 2)F(m,c7,i.,j).
m=4    q=0

Then

rj(4,2r = Yii[u(^j)L^.
;=Oi/>fc

PROOF. To start, apply Lemma 2.1 to get

m—4

£7(4,2)" = ] [ U(m,2 + q)^4'2'm'2+<l).

m>4 q=0

To finish, apply Lemma 3.1.

LEMMA 3.3.   Set
V

fioH = E^'0'I/'0)^¿'0)
i — k

and

Ri H = £W' i- », W. 1) + /(l, 0, v, l)A(i, 0)].
i=k
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Let, for j = 0,1,

m = k    q=0 i = k t=0

Then

ri ii^^iT)^=ri n u(v,iïR^+°^\
.7=0 i=ic J=0 ^>fc

PROOF. By Lemma 2.1, the left side above is equal to

1 m-2

nn n ii mm,^^^.
i>k j=0 m>k r=j

This can be written as

n%o^M[]%i)ñiMn n %.2+g)Tw+,)
i/>fc i/>fc q>0m>k

where
m      1

T(m, 2 + q) = ̂ 2J2 /(», Í, m, 2 + ?)3(», i).
i=fc t = o

To complete the proof apply Lemma 3.1.

LEMMA 3.3*.   Suppose that G is isomorphic to G.  Then for v = k,..., 2k — 5,

a83A(v,0) = au-18A~(v,0)

and

cx63A(v, 1) + J2 /(4,2, i/ + 4 - 7,3) A(i/, 0)
i = k

v

= a»-282A(v, 1) + ]T /(», 0, v, l)A(i, 0).

PROOF. This follows from Lemmas 3.2 and 3.3*.

As for the details, when v < 2k — 5 we have E(m, q, u,j) = A(u — m + 4, j — q)

so
is — k+4 m — 4

L(v,j)=   Y    E/(4<2'TO',? + 2)A(I/-m + 4,j-<7).
m=4    q=0

When j = 0 we obtain

iz-fc+4

L(i/,0) =   X!   /(4>2,m,2)A(i/-m + 4,0)=/(4,2,4,2L4(i/,0).
m=4

Then, by Lemma 2.2, /(4,2,4,2) = a83. When jf = 1,

V

L(v, 1) = }(4,2,4,2)A(i/, 1) + Y, /(4,2, i/ + 4 - t, 3)A(«/, 0).

This gives us the left side of our equations. The right side comes from Lemma 3.3.
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LEMMA 3.4. Suppose there is an integer q with k < q < 2k — 5 such that

A(is,0) = 0 for v < q - 1 and A(q,0) ¿ 0.  Then a83A(q,0) = a9_1O(g,0) and

a83A(q, 1) = aq-x82A(q, 1) + (q - 2)aq-28Ä(q,0)ß.

PROOF. This is a direct consequence of Lemma 3.3*.

Part (a) of Theorem 3.1 follows from Lemma 3.4. First we normalize by taking

A(q, 1) = 0 = A(q, 1). Then we must have ß — 0. Thus we obtain the specified

characteristic subgroup.

LEMMA 3.5.   Suppose that A(i,0) =0 for i = fc,... ,2fc-5. Then for v < 3k -9,

E1(m,\,v,j) = Y        A(xf,j)A(x2,l)
Xi+X2=f — m+8

and Ef (m, q, u, j) = 0 for q > 2.

PROOF. By our definitions

9-1

Ef(m,q,u,j) = Y Y A(xf,j -r)A(x2,l)
r=0 Xi+i2=^ — m+8

when v < 3k — 9. Furthermore if the sum is to be nontrivial we must have j — r = 1

and q — r = 1. Since j = 0 or 1 this occurs only when q = 1 and j = 1.

LEMMA 3.6.   Suppose that v < 3fc - 9. Then

L(u,l) = a83A(v,l)

u-2k+8

+    Y    /(4<2,m,3)
m=4

and

A(v-m + 4,0)+ Y A(xi,l)A(x2,l)
xi+X2=v — m+&

L(v,0) = a83A(v,0).

PROOF. This follows from the definitions and Lemma 3.5.

LEMMA 3.7.   Suppose that v < 3k - 9. Let Sj(v) be defined as in Lemma 3.3.

Then S0(v) = 0 and

v—fc+4   m

m=k   i=k

PROOF. By definition

v — fc+4 m—4  m

m = fc    <J=0 ¿ = fc t=0

Now if t = 0 here we have i/-fc + 4>m>z>rC>2rC-4, so^>2fc-8.

Consequently

v — fc+4 m — 4   m

^'H= 13 Y^f(i>i>m>Q + 2^t)[Mv-™ + 4J-q) + Ei(™,q,v,J)}-
m=k    q=0i=k



CLASSIFICATION OF METABELIAN p-GROUPS 161

Now, referring to that part of the sum corresponding to A(u — m + 4,j — q):  if

q > 1 then v - m + 4 > 2k - 4, so v > 3k - 8. Thus

v — k~\-4   m

5»=    £   £/(U,™,2)ÄMA(i,-m + 4,.?)
m=k   i — k

v~k+4   m

+   E   E/(í'1'm'(? + 2)^'í) E A(Xf,j)A(x2,l).
m=fc   i = k xi+i2 = ^-m + 8

Finally, in the last sum, we have ¡/ — m + 8 = xi + x2 > 2k so it too is trivial.

LEMMA 3.8.   Suppose that G is isomorphic to G and A(i, 0) = 0 for i < 2k —5.
Then for v = k,..., 3/c - 9

a63A(v,0) = a^êAfaO)

and

a83 A(v,l)+   Y   /(4,2,i/ + 4-7,3)
t=2k-4

- ^-2*2^,

A(i,0) +      Y      A(xf,l)A(x2,l)
Xl+X2=¿ + 4

av~282A(v,l)+   Y   f(iAv,l)A(i,0)
¿=2fc-4

v—fc+4  m

+ E Ytti>l>m>yA^-m+4>v~Ä(hi)-
m=k   i=k

PROOF. This follows from preceding results.

Lemma 3.9.

Y   /(4,2,1/+ 4 - t, 3)
t=2fc-4

i/-l

A(i,0)+      Y      A(xf,l)A(x2,l)
Xi+x2=%+4

A(i,0)+      Y      A(xf,l)A(x2,r
X] +12=1 + 4

Y   Bu_2a-*o3ß
¿=2fc-4

PROOF. By Lemma 1.2,

/(4,2, v + 4 - i, 3) = [(t/ + 1 - i)6{y + 4-7,4)- B^a^H3 ß.

Lemma 3.10.
v

Y   f(i,0,v,l)A(i,0) =   Y   \(y-^(v,i)-Bv_f\av-Hz
i — Olr — A ■i — OU — A

:ßA(i,0).

i=2k-4 ¿=2fc-4

PROOF. First, by Lemma 1.2,

f(i, 0, v, 1) = \(v - l)8(v, i) - Bv_x\^-28ß.

Then, by Lemma 3.8

8A(i,0) = a~l+283A(i,0).



162 WU-NAN CHOU

Lemma 3.11.

f—fc+4   m

m=fc   ¿=fc

= ¿3/3      £      (x2-3)A(x1,l)A(x2,l)
Xi +X2=f + 4

i^-1

-   £   S^a^cT2/?      Y      A(xi,l)A(x2,l).
¿=2fc —4 xi + X2 = i^+4

PROOF. The initial sum can be rearranged as

V

Y        J2      f(x2,l,x2+iy-i,2)A(xf,l)A~(x2,l).
i = 2k — 4 xi+X2=t+4

Then taking i — v we get the first sum of the conclusions. The second sum comes

from those i < v — 1.

LEMMA 3.12.   If G is isomorphic to G we have, for v = k,..., 3k — 9,

a83A(v,0) = av~HA(v,0)

and

a83A(is,l) = au-282A~(is,l)

+ 83ß(v-2)A(v,0)+      Y      (x2~3)A(xf,l)A(x2,l).
Xl+X2=l^ + 4

PROOF. This follows from the last four lemmas.

Part (b) of Theorem 3.1 now follows from Lemma 3.12.

LEMMA 3.13.   We have

E(m, 0,3Â; - 8,0) = A(3fc - 4 - m, 0).

For q > 1 and m > 4, E(m, q, 3k — 8,0) = 0 except in the case m = 4 and q = 1.

In this case E(4,1,3k - 8,0) = A(2k - 4,0)A(k,l).

PROOF. By our definitions

E(m, q, 3k - 8,0) = A(3fc -4-m,0-q) + F,(m, q, 3k - 8,0)

with

9+1

Ef(m,q,3k-8,0) = Y      E       E A(xi,0)A(x2,2 - i2) ■■ ■ A(xa:2 - ia)
a=2ii-\-\-ia=q    x

where x = (xi,..., xa) with xi + • • • + xa = 3k - 8 - m + 4a.

Taking q = 0 we get the first quantity of Lemma 3.13. Taking q = 1 we obtain

Ef(m,q,3k-8,0)=        Y        A(xf,0)A(x2,2 - q).
zi +X2=3fc — m

The only time this is not zero is when q = 1 and m = 4.
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LEMMA 3.14.   We have

L(3k - 8,0) = /(4,2,4,2)A{3k - 8,0) + /(4,2,4,3)¿(2fc - 4,0)¿(fc, 1).

PROOF.   This follows from the definition of L(v,j) given in Lemma 3.2 and

Lemma 3.13.

LEMMA 3.15.   We have

Ro(3k - 8) = f(3k - 8,0,3k - 8,0)A~(3k - 8,0)

and

S0(3k - 8) = f(k, 1, k, 2)A(2k - 4,0)A(k, 1).

PROOF. This follows from Lemmas 3.3 and 3.13.

LEMMA 3.16.   Suppose that G is isomorphic to G.   Then for v = 3k - 8 and

j = 0 we have

a83A(3k - 8,0) = a3k~98A(3k -8,0) + (k- 3)ak-382ßA(2k - 4,0)A(k, 1).

PROOF. This is a consequence of the last two lemmas.

Part (c) of Theorem 3 follows from Lemma 3.16. Since

B(2k - 4) = (2k - 6)A(2k - 4,0) + (k - 3)A(k, l)A(k, 1) = 0

and since A(k, 1)  ^ 0 we have A(2k — 4,0)  ^ 0.   Thus we can normalize the

A(3k — 8,0) parameter.

This completes the proof of Theorem 3.1, so we turn to the proof of Theorem

3.2.

LEMMA 3.17.   Suppose that G = (x,y) satisfies the hypothesis of Theorem 3.2.

Let G(x,y) be a group isomorphic to G and

xv = xayß,        y" = xV

fee the connecting isomorphism.  Then /3 = 7 = 0 or a — 8 ~ 0.  That is, v has one

of two forms:  xv = xa, yv = y8 or xv = y®, yv = x1.

PROOF. By assumption, u(4,1) = 1 modG5.  Thus if we let A = a8 - ß~i we

have

u(4,l) = [uA,xV,za/] = 1 modG5.

Thus
[u,x,x]^[u,x,y]^s+^[u,y,y]Sß = 1 modG5.

Since IG4/G5I = p2 and u(4,1) = [u,x,y] = 1 modGs we must have 07 = 0 and

8ß = 0. Thus /3 = 7 = 0ora = c5 = 0.

LEMMA 3.18.   Suppose that G satisfies the hypothesis of Theorem 3.2.  Then

Gi = (U(i,0),U(i,i-2),Gi+1)

for i = 4,..., c.

PROOF. Since u(4,1) = 1 modG5 and |G¿/Gí+i| = p2 for i > 4 we have

Gi = (u(i,0),u(i,i-2),Gi+1).

In addition, U(i,j) = u(i,j) modG¿+i.
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LEMMA 3.19. Let F = (x,y) be the free-metabelian group of exponent p and

class p — 1. Let v be the automorphism of F defined by xv = yß ,yv = x1.  Then

U(i,j)v = U(i,i-2-3)-T^

where r(i,j) = y> + 1ßl~:,~l.

PROOF. By our definitions

u(i,j)v = U fl [[/.n^,^,**,/, ^> y]-»ü+i.'+iw<-i-i.9-r-i).
9>î    r-j r q-2-r

Second, by the definition of the U(i,j),

3+Q-i

U(i,i-2-j) = l        '  u(ç,9-2-r)rjk'+1'r+1Vl'-'-1-9-r-1>.

q>i    r=j

Thus, if we define 9 on F by xe — x'1, ye = y13 then

U(i,3f^(U(i,i-2-3)6)-1.

Finally, for maps of the form 9

U(i,i-2-3) = U(i,i-2-j)T^\

Theorem 3.2 now follows from Lemmas 3.17 through 3.19.

4. In this section we shall consider those groups G where IG2/G3I = p,

|G¿/Gn[=p2,        7 = 3,...,r-l,

|G¿/Gí+i[ = p,        i = r,...,c,

and r < c. Our main results are stated as Theorems 4.1 through 4.4.

THEOREM 4.1. Let G be a metabelian, two-generator group of exponent p and

class c where c < p — 1. Suppose that IG2/G3I = p, |G¿/Gt+i| = p2 for i =

3,..., r — 1, |Gi/Gt+21 = P for i = r,..., c and r < c. Let H be the largest subgroup

of G such that \H,Gr] < Gr+2. Then H is a characteristic subgroup of index p in

G. Furthermore if H — (y,G2) and G = (x,y) then'

Gi = (U(i,0),Gi+1)

for i = r,...,c.

THEOREM 4.2.   Let G be the group described in Theorem 4.1. Suppose that

c

[/(r, 1) = I] [/M)6lM
J/=I

where I > r + 1 and bf(l) / 0. Suppose also that for t > 2

U(r,t)=   f[   U(v,0)b<^.
v=r + l

Then for u = r + 1,..., c — 1,

°t{v)=     Y     bf(xi)---bi(xt)
(zi,...,x()
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where the summation is on those (xi,...,xt) where xi + • ■ • + xt = v + (t — l)r.

The assumption, in Theorem 4.2, that bf(l) ^ 0 for some I < c is made for the

sake of convenience. If U(r, 1) = 1 then bt(u) = 0 for t > 2 and v < c— 1. It should

be noted that 6i(/),..., 6t(c) and bt(c) for t — 2,... ,r — 2 are the independent

parameters here. The bt(v) where t > 2 and v < c — 1 are functions of the bf(v).

THEOREM 4.3. Let G be a group that satisfies the hypothesis of Theorem 4.1.

Then G has one of two forms. First, we may have Gi — (U(i, 0), U(i, 1), G¿+i) for

i — 3,..., r — 1 and

c

i/(4,2) = l[U(i,0)A^U(i,l)BW
i=k

where k > 5 and B(i) = 0 for i > r. In addition for v = r + 1,..., c

A(y-r + 4) + YB(i)bi(j) = b2(y)

(«■¿)

w/iere i/ie summation is on those (i,j) with i + j = v + 4.  Second, we may have

G, = (U(i,0), U(i,i- 2), Gi+i) /or i = 3,...,r-l and

C

■7(4, i)=n tf (*. °)^(t) y(*.* - 2)ß(i)
i=fc

tü/iere A; > 5 and B(i) = 0 /or i > r. In addition for v = r + 1,..., c

¿(i/ - r + 4) + £ B(i)bi-2(j) = h (u)

(i,j)

where the summation is on these (i,j) with i + j — v + 4.

The summations in Theorem 4.3 are made with the usual conventions; e.g., the

parameters ^4(7) are zero unless i is in the range k < i < c.

THEOREM 4.4. Suppose that G satisfies the hypothesis of Theorem 4.3. Then
G = (x, y) where H — (y, G2) and, except in one case, (x, G2) 7S a characteristic

subgroup of index p inG. In the exceptional case all of the following three conditions

must hold: (i) 21 - r > c, (ii) 63(c) = ••• = 6r_2(c) = 0, (iii) (r - 3)62(c) =

(/ - 2)h(b, (I))2 where h = l if 21 - r = c and h = 0 if 21 - r > c.

The characteristic subgroup (x, G2) of Theorem 4.4 is obtained by normalizing a

parameter: When 21 — r < c — 1 we choose A so that 61 (21 — r) = 0. When 2/ — r > c

we set b'2 = (r-3)b2(c) - h(l -2)(6.(0)2 and b'u(c) = b^c) for v ^ 3,... ,r-2. We

suppose there is a g such that b'q(c) ^ 0 and b'v(c) = 0 for u — q + 1,..., r — 2. We

then choose x so that 6g_i(c) = 0. In both cases, if X is the set of x such that the

appropriate parameter is zero then (x, G2) is a characteristic subgroup of index p

inG.
Further information on the normalization of the parameters mentioned above is

given in Lemmas 4.8 through 4.11.

The isomorphism problem for those groups of Theorem 4.3 which are not one

of the exceptional groups of Theorem 4.4 is quite simple. Any isomorphism v

between such groups must be of the form x" = xa,yv = ys and, consequently,
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U(i,j)v = U(i,j)£('l'iï where e(i,j) — a1 J 1¿J+1. Applying these results to the

defining relations of the groups we obtain the isomorphism equations.

The isomorphism problem for the exceptional groups is also fairly straightfor-

ward. If G is a group of the first type mentioned in Theorem 4.3 then, upon dividing

through by Gr, we obtain a group of the type considered in Theorem 3.1. Thus,

"most of the time", G will have a pair of characteristic subgroups of index p. Fur-

thermore if it does not—a case that occurs only when the parameters take on a

very particular set of values—it will still have one characteristic subgroup and the

isomorphism equations can be obtained from Lemma 2.1.

If G is a group of the second type mentioned in Theorem 4.3 then G/Gr is a

group of the kind considered in Theorem 3.2. Since G has a characteristic subgroup

H = (y, G2) of index p and since, by Theorem 3.2, the isomorphisms of G/Gr have

a given form the isomorphisms of G will be of the form xv = xa, yv = ys. This, as

usual, gives us the classification.

We now turn to the proofs of these theorems.

LEMMA 4.1. Suppose that |G¿/G¿-)-i| = p for i = r,...,c and r < c. Let H

be the largest subgroup of G such that [H,Gr] < Gr+2. Then H is a characteristic

subgroup of index p in G.

PROOF. First, we may assume that Gr+2 = {1}- Then Gr is a subgroup of

order p2. Second

G/CG(Gr) = Q

where Q is some subgroup of the automorphism group of Gr. Since |AutGr| =

(p2 - l)(p2 - p) it follows that |G/GG(Gr)| < p. Thus we take H = CG(Gr).

LEMMA 4.2. Suppose that |G¿/Gí+i| = p for i = r,r + l,...,c, r < c and

G = (x,y) with [Gr,y] < Gr+2-  Then

Gi = (u(i,0),Gl+1),        i = r,...,c.

In addition u(i, v) G G¿+i for i > r and v > 1.

PROOF. Consider first those u(i, v) where i > r + 1 and v > 1. If we set

7 = r + 1 + í we have

u(i, v) - [u, x,    ^^   ,x,7/,^>,y]

r—1+t—v v

= [u,x, ^^ ,x,y,<^,y,y,x,<^/,x\

r—l—u v~l t

= [u(r,v - l),y,x,^^,x\ G Gr+2+t = Gl+i.

t

Thus Gt = (u(7,0),u(7, l),...,u(7,7-2),Gî+1) = (u(i,0),Gl+i) when i > r + 1.

When i = r we have Gr = (u(r,0),u(r, 1),... ,u(r,r-2),Gr+i) and \Gr/GT+i\ =

p. Thus Gr = (u(r, ^),Gr+i) for some v, 0 < v < r - 2. We shall show that we

must have v = 0.

Consider a nontrivial relation of the form

(1) u(r, 0)o(0)u(r, l)a(1) • • • u(r, r - 2)a(r-2) = 1 mod Gr+1.
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If we take the commutator of this with x and apply the result of the previous

paragraph we have

u(r+l,0)a(0) = lmodGr+2.

Since Gr+i = (u(r + l,0),Gr+i) and |Gr+i/G,-+2| = p it follows that o(0) = 0.

So suppose that Gr — (u(r, v), Gr+i) for some u > 1. We would then have

u(r,0)=u(r,uf^Gr+f.

This is a nontrivial relation of the form (1) with a(0) ^ 0, which is a contradiction.

Consequently, Gr — (u(r,0),Gr+i).

Finally, u(r, v) G Gr+f for v > 1. If this were not the case we would have

u(r,i/)=u(7,0)aGr+1

where a ^ 0.   Thus, again, we have a nontrivial relation of the form (1) with

a(0) ¿ 0.

LEMMA 4.3.   Let U(i,j) be defined as in the introduction.  Then

Gl = (U(i,0),Gl+1)

for i = r,...,c.

PROOF. This follows from Lemma 4.2 and the fact that

U(i, j) = u(i, j)   mod G,+i.

The above results give us Theorem 4.1.

LEMMA 4.4.   Suppose that

(2) U(r,l) = J[U(v,0)b^

U>1

where I > r + 1 and 6i(Z) ̂  0. Set

(3) U(r,t)=   J]   U(u,0)b^\
u>r + l

Then for v = r + 1,... ,c — 1

bt(v)=     Y    °i(xi)---bf(xt),
(xi ,...,xt)

the summation being on those (x\,... ,xt) where Xf + ■ ■ ■ + xt  = v + (t — l)r.

Furthermore for i> r + 1 and t > 1

(4) U(i,t)=       Yl      U(v,0)bt^-l+rK
u>i+(l—r)t

PROOF. By Lemma 2.3 and (3)

U(r + l,t)=   "[I   U(u,0)bt^-l\

v>r + 2

That is for t = 1,..., r — 3

(5) U(r + l,t + l)=   Yl   U(v,0)bt+l(u-1).
u>r+2



168 WU-NAN CHOU

Next, from (2) and Lemma 2.3

U(i,l)=     Yl    U(v,0)bi^-l+r)
i/>í+i—r

for 7 > 1.

Consequently, by Lemma 2.3 and (3)

(6) U(r + l,t + l)=   J}   U(v + l,l)b^=   Yl   U(is,0)s^
iv>r+l u>l+2

where
v-l+r

S(v)=   Y  bi(v-i + r)bt(i-l).
i=r+2

Comparing exponents in (5) and (6) we obtain

l^-i+r+l

6t+i(i/)=     Y    bf(u-i + r+l)bt(i-l)
i=r+2

fort— 1,..., r — 3 and v = r + 1,..., c — 1. This equation can be written as

(7) bt+1(u)=      Y      bdxi)bi(x2)
xi+X2=^+r

for t > 1 and u = r + l,...,c — 1. Thus, by the recursive properties of (7)

btW) = Y bf(xf) ■ ■ ■ bf(xt)
xi-|-|-xt=^+(t-l)r

for í > 1 and v < c — 1.

Next, since 6i(x) = 0 for x < / we must have v > r + (I — r)t to have nonzero

terms in the defining sum for bt(v). Consequently

c-l

(8) U(r,t)= U{v,0)btM   U(c,0)bt(c).

v>r+(l—r)t

If we apply Lemma 2.3 here we obtain (4).

Theorem 4.2 now follows from Lemma 4.4.

Lemmas 4.5 through 4.11 deal with the proof of Theorem 4.4. In what follows

we assume that G = (x, y) is isomorphic to G = (x, y) under v where xv = xayß

and yv = y6. We also use the fact that since [Gr,H] = Gi the integer / is an

isomorphism invariant. Thus we have, in G,

ÏÏ(r,l) = n^0)SlW.
U>1

We shall be working modulo G2¡-r+i- The following list of relations will be

needed for our computations.
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LEMMA 4.5.   We have

(a) For i > 7,
c

(7(7,1) =     Yl    U(u,0)b^+r-1l
v—l+i—r

(b) If2l-r <c- 1, then

U(r,2) = U(2l-r,0)b^2l-r)G2l-r+i-

If2l-r>c, then
[/(r,2) = [/(c,0)i,2(c).

(c) Ift>3, then

U(r,t) = U(c,0)b^G2l.r+f.

(d) Ifi>r+1 andt>2, then

U(i,t) = l    modG2¡-r+i-

PROOF. Part (a) follows from the t = 1 case of (8). If we take í = 2 in (8) we

obtain, for 21 — r < c — 1

U(r,2) = U(2l - r,0)62(2i-r)<7(c,0)Mc)    modG2;-r+i.

Since c > 2/ - r + 1 this gives us the first part of (b). The second part of (b) and

the balance of Lemma 4.5 follows from similar considerations.

LEMMA 4.6.   Let s = 1 when 21 - r < c - 1 and s = 0 for 21 - r > c. Set

A(s) = s62(2'-r)/(r,l,r,2)

and
r-2

B(s) = (l-s)Yf(r,l,r,t)bt(c).
t=2

Then, modulo G2i-r+f,

U(r,l)v=     ]lU(iy,0)bl^ U(2l-r,0)A^U(c,0)B^.

PROOF. By Lemma 2.4 and part (d) of Lemma 4.5,

TJ(r, l)v = Yl U(i, îyi*'1*1) Yl D"(r,t)/(r'1'r'*J.
i>r t>2

„"-2x2By Lemma 2.2, f(r, 1, i, 1) = 8(i, r)an~282. Thus the first product in the line above

is equal to U(r, l)/(r>1>r>1) which, in turn, is equal to the product of Lemma 4.6.

The balance of the result follows from Lemma 4.5.

LEMMA 4.7.   We have

Yl(V(u,0)V) = YI U(v,Of*^a"~ls • £7(2/ - 7,0)6'W*»O/(70,7i)    modQ2l_r+1.
V>1 V>1

Proof. Set

S(v,t) = Yb1(i)f(i,0,v,t).
1=1
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Then, by the usual arguments,

n(^(*.o)v)si{<)=nn^,,'t)s(,',t)
i>l u>lt>0

= YlU(v,0)s^YlU(v,l)s^1].
V>1 V>1

In addition

S(v, 0) = Y bi (»')/(»', 0, v, 0) = If (u)f(u, 0, i/, 0)
i=l

and

S(U) = h (l)f(l, 0,1,1).

These results give us Lemma 4.7.

LEMMA 4.8.   Suppose that 21 -r < c - 1. Then

(a) Foru = l,...,2l-r-l

bf(v)ar-282 = bf(v)au-x8.

(b) For u = 2l-r

bf(2l - r)ar~282 = 5i(2/ - r^2'"'"^ + (J - r + l)(6i(Z)) V"3¿2/3.

PROOF. Part (a) is obtained by comparing exponents in the products of Lemmas

4.6 and 4.7.

As for part (b), Lemmas 4.6 and 4.7 give us, when u — 21 — r

bf(2l - r)ar-282 + b2(2l - r)f(r, l,r,2)

= 5i(2* - r)a2l-r-l8 + bf(l)bf(l)f(l,0, ', 1).

Then, by Lemma 4.4, 62(2Z - r) = bf(l)bf(l). By Lemma 2.2, /(r, 1,7,2) =
(r - 3)c/-3ß82 and /(/,0,/,l) = (I - 2)al-2ß6. Finally, by part (a) of Lemma

4.8, &i(Z)ar-262 = ¿(Z)«'-^. These results give us part (b).

Lemma 4.8 gives us a second characteristic group of index p when 2Z — r < c — 1.

We shall now assume that 21 - r > c. Then, by (8) for t = 2,..., r - 2

(9) f7(7,i) = >7(c,0)bt(c).

LEMMA 4.9.   Suppose 21 — r > c and, for t > 2,

ÏÏ(r,f.)=77(c,0)"6t(c).

Then, for t = 2,... ,r - 2

r-2

ac-1<56t(C) = ^/(r,i,r,l/)^(C).

f=t

PROOF. By Lemma 2.1

m-2

77(r,r.r= fj JJ r/(m,i/)/(r,t'm^.
m>r v = t
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Next, equation (9) implies that U(i, v) — 1 when i > r + 1 and v > 1. Thus

r-2 r-2

V(r,t) = J] U(r,^r^r'^ = I] Z7(c,0)6-(c)/(r't'r-I/).

v=t v=t

Similarly
m-2

TJ(c,0)v= Yl   II U(m,q)f^°'m'"'>
m>c 9=0

= U(c,0)f{c'°'c'q) = t/foO)«*0-1«.

LEMMA 4.10.   Suppose that b„(c) =0 for v = q + 1,...,r-2.  Then bv(c) - 0

/or i/ = q + 1,... ,r — 2. /n addition

ac-l8bq(c) = ar-q-l8q+%(c)

and
ac-x8bq-f(c) = ar-q8%q-i(c) + (r-q- l)ar-"-16'!+1ßbq{c).

PROOF. This follows directly from Lemma 4.9.

If for some q > 3 we have bq(c) ^ 0 then, once again we have a second charac-

teristic of index p in G. It is obtained by the normalization Z?q_i(c) = 0.

To continue, we suppose that 63(c) = • • • = br-2(c) = 0 in what follows.

LEMMA 4.11.   Suppose that 21 — r > c and

Z>3(c) = 64(c) = --- = 6r_2(c) = 0.

Set
. _ Í 1    if2l-r = c,

[0    if2l-r>c.

We then have
ac'l8b2(c) = a'"-3é362(c)

and

ac-Hbf(c) - \(r - 3)b2(c) - h(l - 2)(bf(l))2\c/-382ß = ar-2¿52o2(c).

PROOF. The first equation is a consequence of Lemma 4.10. Next, by Lemmas

4.7 and 4.6,

bf(c)ac~l8 + hbf(l)bf(l)f (1,0,1,1) = bf(c)ar~282 + f(r, 1, r, 2)b2(c).

This gives us the second.

We now turn to the proof of Theorem 4.3. This is given in Lemmas 4.12 through

4.19.

LEMMA 4.12.   Suppose that

\Gi/Gt+1\=p2,        i = q,...,r-l.

Then, for i = q,... ,r — 1, the basis of G% modulo G¿+i has one of two forms:

(a) /n the first case there is a X, with 1 < X < q — 2 such that

Gz = (u(i,0),u(i,X),Gl+1),        1 = 0, ...,r- 1.
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In addition there are integers b(i, t) such that

u(i,t) = u(i,v)b{i't)    modG¿+i,        t = 1,... ,i - 2.

(b) In the second case we have

Gi = (u(i,0),u(i,i - 2),Gi+i),        i = q,...,r-l.

In addition

u(i,t) = l    modG¿+i,        t — 1,... ,7 — 3.

There are several steps to the proof. We start with

LEMMA 4.13.   Suppose that \G{/Gl+i | = p2 for i — q,..., r — 1 and y is chosen

so that [Gr,y] < Gr+2. Suppose that

u(i, 0)a{o)u(i, l)a^ ■ ■ ■ u(i, i - 2)a(*-2> = 1    mod Gi+i.

Then a(0) — 0. In particular u(7,0) ^ G¿+i.

PROOF. The proof is similar to the proof of (1) in the proof of Lemma 4.2.

LEMMA 4.14.   There is a v with 1 < v < q — 2 such that

Gq = (u(q,0),u(q,v),Gq+i).

PROOF. Consider the vector space of dimension 2

Gg/Gg+i = (u(q, 0)Gq+i,u(q, l)Gq+i,...,u(q, q - 2)Gq+i).

By Lemma 4.13, u(q, 0)Gg-|-i is a basis element. Next, since the dimension is 2, there

is a v > 1 such that u(q, v)Gq+f ^ Gq+\. Finally, by Lemma 4.13, u(<7,0)Gg+i and

u(q, v)Gq+i are linearly independent.

LEMMA 4.15.   Suppose that

Gq = (u(q,0),u(q,X),Gq+f)

where X < q — 3. Then

Gi = (u(i,0),u(i,X),Gl+i)

for i = q,... ,r — 1. In addition, for t / 0

u^'.^^ui?^)6^-"    modGI+i.

PROOF. By the proof of Lemma 4.14, there is a bt such that

(1) u(o,i) = u(o,A)btGg+1

for t = 1,2,..., q — 2. Taking the commutator of this by x we get

(2) u(q+l,t) = u(q+l,X)bt    modGg+2

for t < q - 2.
Next set t = q - 2 in (1) and take the commutator of the result by y to get, by

(2)

(3) u((7 + l,q-l)=u(o+l,A+l)b'-2 = u(q + 1, A)6'-*6^1    modGq+2.

Thus by (2) and (3),

Gq+i = (u(q+l,0),u(<j+l,A),Gg+2)-

The proof now proceeds by induction.
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LEMMA 4.16. Suppose that G „ = (u(q,0),u(q,q - 2),G„+i). Then G i =
(u(i,0),u(i,q - 2),Gi+i) for i = q,...,r~l or Gi = (u(i,0),u(i,i - 2),Gi+i)

for i — q,... ,r — 1.

PROOF. We have

u(q, t) = u(q,q- 2)bt    modGg+i.

Thus, fort = l,...,q-2

u(q+l,t) = u(q+l,q-2)bt    modGq+i.

Consequently

gg+i = (u(q,0),u(q + l,q - 2),u(q + l,q - l),Gq+2).

This implies that there is a nontrivial relation of the form

(5) u(q+l,q-2)au(q+l,q-í)b = í    modGq+2.

Consider the case where 6^0. We then have

u(q+l,q-l) = u(q + l,q-2f    modGq+2

for some number ä. The proof in this case now follows the proof of Lemma 4.15.

Suppose next that, in (5), b = 0. We then have

u(q+l,q-2) = l    modGg+2.

Thus
Gq+1 = (u(q + 1,0),u(q + l,q - l),Gq+1).

So suppose, inductively, that

Gi = (u(i,0),u(i,i-2),Gi+i)

with

u(i,t) = 1    modG¿+i

for t = 1,..., i — 3. We then have

u(i + 1, t) = [u(i, t), x] = 1    mod G¿+2

for t = 1,... ,7 - 3 and

u(i + 1,7-2) = [u(i, i — 3), y] = 1    mod G¿+2.

That is, the inductive step follows.

This completes the proof of Lemma 4.12.

We now return to our assumption that IG2/G3I = p, |G¿/G¿+i| = p2, i =

3, ...,r — 1 and |G¿/GI+i| = p for i = r,...,c. By Theorem 2 we have three

possible relations modulo G5:

u(4,2) = l,        u(4,l) = l,        u(4,0)-du(4,2) = l.

By (1) of the proof of Lemma 4.1, the last is impossible. Thus there are two

relations to consider. The case where u(4,2) = 1 corresponds to part (a) of Lemma

4.12; part (b) corresponds to u(4,1) = 1.

We now turn to the consistency problem. We have one defining relation
c

(6) U(r,t)=   Yl   U(v,0)b^
i/=r+l

for t = 1,... ,r — 2 and will introduce another. The relations must be consistent.
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LEMMA 4.17.   Suppose that

Gi = (U(i,0),U(i,l),Gi+l),        7 = 3,...,r-l,

and

Gi = (U(i,0),Gi+1),       i = r,...,c.

Suppose that

c

(7) U(4,2) = Yl U(i, 0)A^U(i, l)B(î)
i=k

where k > 5, (A(k),B(k)) £ (0,0), and B(i) = 0 for i > r.   Then (6) and (7) are

consistent and only if the following two sets of conditions both hold.

(a) For v — r + 1,.. ,,c,

A(v-r + 4)+       Y       B(xf)bf(x2) = b2(v).
Xl+x2=f + 4

(b) For v = r + 1,..., c and í > 1

Y      (bt(xf)A(x2) + bt+f(xf)B(x2)) = bt+2(u).
Xl+12=^ + 4

PROOF. If we apply Lemma 2.3 to (7) we have, for t > 0,

Z7(r,i + 2)=     Yl     U(u,t)A^~r+^     Yl     U(iy,t+l)B^'r+4\
v>r+k — 4 v>k-\-r — 4

Now, for t > 0

U(r,t + 2)=   Yl   U(u,0).
v>r+l

In addition

Yl     <7(M + l)s("-r+4) =     [I     U(u,0)s^^
v>k+r-4 u>k+r-3

where

St+i{u)=       Y      bt+1(xf)B(x2).
Xl+X2=^ + 4

Lemma 4.17 follows from these results. If we take t = 0 we obtain part (a); part

(b) follows from the t > 1 case.

LEMMA 4.18.   If the equations in part (a) of Lemma 4.17 hold then so do those

in part (b).

PROOF. This follows from the identity

bt+f(u)=       Y      bf(xf)bt{x2),
Xi+x2=^ + r

which appears in the proof of Lemma 4.4.
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LEMMA 4.19.   Suppose that

Gt = (C7(t,0), U(i,i - 2), Gi+i),        i = 3,..., r - 1,
Gi = (U(i,0),Gi+1), i = r,...,c

and

c c

(8) £7(4,1) = [] £7(7,0)A« Yl U(i, i - 2)B«
i=k t=fc

where k > 5, (A(k),B(k)) ¿ (0,0) and B(i) = 0 fori>r.  Then

(a) For v = r + 1,.. .,c,

A(z/-r + 4)+      ^      6X2_2(xi)S(x2) = 6i(^).

Xl+X2=^ + 4

(b) For i/ = r + 1,..., c ond £ > 1,

^     (6i(xi)yl(x2) + 63;2_2+i(2;i)ß(x2)) = 6t+i(i/).

Xl+12=^+4

PROOF. By the customary arguments

E7(r,l + Í)=     Yl     U(v,t)A^-r+A)U(u,u-r + 2 + t)B{~v-r+i\

v>k+r-4

£7(r,l + i)=   Yl   U(u,0)bt^\
u>r + l

and

]^[     U(v,v-r + 2 + t)B^-r+^=     Yl     U(u,0)T^
v>k+r-4 i/>fc+r-3

where

T(u)=       Y      bX2-2+t(xi)B(x2).
xi+x2=v+4

In addition if t > 1 then

Yl     U(v,t)A^-r+V =     Yl     U(is,0f^
v>k+r-4 u>k+r-3

where

S(v) =       £      6t(x!)A(x2).

Xl+X2=f + 4

Lemma 4.18 follows from these results.

As in the previous case the validity of the equations in part (a) implies the

validity of those in part (b).
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