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A CONVERGENT SERIES EXPANSION FOR
HYPERBOLIC SYSTEMS OF CONSERVATION LAWS
BY
EDUARD HARABETIAN!

ABSTRACT. We consider the discontinuous piecewise analytic initial value problem
for a wide class of conservation laws that includes the full three-dimensional Euler
equations. The initial interaction at an arbitrary curved surface is resolved in time by
a convergent series. Among other features the solution exhibits shock, contact, and
expansion waves as well as sound waves propagating on characteristic surfaces. The
expansion waves correspond to the one-dimensional rarefactions but have a more
complicated structure. The sound waves are generated in place of zero strength
shocks, and they are caused by mismatches in derivatives.

1. Introduction. We consider the initial value problem for a system of conservation
laws given by

d
u, + Z (fi(u)),, =0, u, f,eR",
(1.1) =0
w(0.x x,) = U (xgy--0sxg), xo>S(x1,...,%,),
PO U_(XgseeerXy)y  Xo < S(Xq5.-05%y4),

and satisfying the following:
(1) f;, S are analytic, u_, u_ are analytic across S; however, u(0, x, ..., x,) may
have a small jump discontinuity or a jump in derivatives, not necessarily small, at S.
(2) Equation (1.1) is hyperbolic in the following sense: If we let

d
of.
M(w,u) =Y, w,—a—fl;', we R - {0},
i=0

then M has real eigenvalues A (w, u) < Ay(w,u) < ,..., <A, (w,u) and a basis of
eigenvectors ri(w, u), ..., r,(w, u). We denote left eigenvectors by /;,(w, u).
(3) Equation (1.1) has either genuinely nonlinear or linearly degenerate fields, i.e.,
either VA, -r,#0 or VA,-r,=0
for u in a neighborhood of u(0, x, ..., x,) and |w| = 1.
(4) If M has multiple eigenvalues, then the corresponding field must be linearly
degenerate.
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384 EDUARD HARABETIAN

Our object is to obtain a power series representing a distribution solution to (1.1).
The conditions (2)-(4) are in part dictated by the properties characterizing the
Euler equations. For a polytropic three-dimensional gas flow they are given by

P pu pv pw 0
pu pu’+p puv puw 0
pv | + puv +| pv?2+p + pow =10
ow puw puow ow? +p 0
e |, u(e+p) |, |v(e+p) y w(e+p)|. 0

with p = (y — 1)(e — (p(u® + v* + w?)/2)) where p = density, u, v,w = velocities,
e = total energy, and p = pressure [2].
The eigenvalues of M, in this case, are
Wold + W0+ ww — ¢ < WU + W+ ww < wol + W T wWw + ¢

where ¢ = y/dp/dp is the speed of sound in the medium. The first and third fields
are genuinely nonlinear and the corresponding eigenvalues simple. The second field
is linearly degenerate with the eigenvalue of multiplicity 3. There is, however, a basis
of eigenvectors so (2)—(4) are satisfied.

As a preliminary step we change variables to make the initial surface of discon-
tinuity flat. If

x=xy— S(x1,...,%,),
Y= X i=1,2,...,d,
t=t,
then from (1.1)
d

u, +(f0(u7 y))x + Z (fi(u))y, =0,
(12) ( ‘=1) .
u(0,x, y) = UAX T SR

u_(x,y), x <0,
where by definition f,(u, y) = X%, f,(u)v,(»), with »(y) normal to S.

The variables ¢ and x will play the major role in our expansion with y; as
parameters varying in the compact set |y| < R, for some R,,. The first term in the
expansion will be given by the solution to the Riemann problem

u, +(f0(u» y))x = 07

_fu (0,y), x>0,
u(o, xa y) - {u_(o’y)’ x < O

(1.3)

If the system is strictly hyperbolic and the initial jump is small, the solution to the
Riemann problem, due to P. D. Lax, is given in [1]. His proof involves the
construction of the map U(y,é¢,...,¢,): R* = R", with y as a parameter,
U(y,0,...,0)=u_(0, y). U(y,¢,,...,¢,) represents the state obtained by starting
from u_(0, y) and travelling ¢, time increments along the appropriate shock,
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rarefaction, or contact curves. Lax obtains the solution by showing that U is
invertible near ¢ = 0. The solution u can be expressed as u(z, x, y) = h(x/t, y) with
h(A(u_), y)=u_ and h(A,(u.), y) = u,. The result immediately extends to the
case with multiple eigenvalues in linearly degenerate fields if there is a basis of
eigenvectors.

Our result in this paper is

THEOREM 1. Given u_(x, y), there exists e, > 0 small and C > 0 large, depending
onlyonu_, f;, such thatifu (0, y) = U(y,¢,...,¢&,), U(y,0) = u_(0, y) satisfies

@V <&, i=12,...,n,

(b) if p is a genuinely nonlinear field then either (1) e,(¥) # 0, for |y| < Ry, or (1)
e,(y) =0, for |y| < Ry, and

|1,(u_(0, y)) - (u_) (0, y) = 1,(u,(0,y)) -(u,) (0, y)| > Cey,

then we can construct a convergent power series which is a distribution solution to (1.2).

The solution consists of regions of analyticity separated by shock, contact, and
rarefaction waves corresponding to the ones in the Riemann problem as well as
sound waves corresponding to shocks of zero strength in the Riemann problem (the
case ¢, = 0). It therefore gives a precise description of the singularities propagating
from the initial discontinuity (see Figure 1.1).

Condition (b) prevents shocks or rarefactions in the Riemann problem from
degenerating to waves of zero strength within the parameter domain |y| < R,,
unless they are identically of zero strength. The difficulty with transitions to sound
waves is caused by the fact that the two flat characteristic surfaces joining together
in the Riemann problem will not necessarily ensure that the two curved characteris-
tic surfaces in the full problem will likewise overlap one another.

One can distinguish between two types of regions, the ones in the “gaps” between
waves where the solution is analytic in x and ¢ and the ones in the rarefactions
where it is analytic in the variable x/z. However, unlike the rarefactions in the
Riemann problem, this last region is not a simple wave, in that characteristics are
not flat and the solution is not constant along them.

2nd field
rarefaction 1st field 2nd field 3rd field

shock rarefaction sound wave

1st field 3rd field
shock no wave /
/
/
7
e
7
7
Riemann problem full problem

FIGUurRe 1.1
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The regions are separated by unknown surfaces where we impose the following
boundary conditions: At rarefaction and sound surfaces we impose continuity across
and given the existence of the coefficients of the expansion derive that the surfaces
are characteristic as formal power series. Here we need condition (b)(1’) to be able to
determine the sound surface coefficients uniquely. At shock surfaces we impose the
Rankine—Hugoniot conditions. At contacts we impose continuity of Riemann in-
variants and that the contact surface is characteristic. If the contact has a multiple
eigenvalue, there will be less than n equations imposed. Nevertheless, it can be
shown that they imply all the Rankine-Hugoniot conditions across the contact.

The problem (1.1) with piecewise H* initial data restricted to ensure the formation
of only one shock has been previously studied by A. Majda in [5] where the first
stability and existence result for such systems with discontinuous initial data is
given.

Theorem 1 answers a conjecture of R. D. Richtmyer on existence of solutions to
hyperbolic systems of conservation laws with piecewise analytic initial data [6].

The proof consists of two parts. First, the coefficients are determined and
estimated and, last, the expansion is shown to converge. In the first part we make
appropriate changes of variables (§2) which in the end only amount to rearrange-
ments of power series. One could, just as easily, determine the coefficients of the
original variables uniquely, but he would face enormous difficulties at the conver-
gence step. To obtain the coefficients, we must solve algebraic equations in the gaps,
(n — 1) linear ordinary differential equations coupled with one algebraic equation in
rarefactions and coupling boundary equations at the shock, contact, rarefaction, and
sound surfaces. This is accomplished in §3. To show convergence we use the
estimates in §3 to carry out the majorization argument in §4.

2. Expansions. Differentiating in (1.2) we obtain

(2.1) u,+ A(y,u)u, + B(u)-u,=0
with 4 = 9f,/9u, B = (3f,/u,...,3f,/3u), u, = (u,,...,u,).
Let A have m distinct eigenvalues \; <A, < --- <A andletA,,i=1,....,5,

have multiplicity p; and correspond to the linearly degenerate fields. We choose a
basis of eigenvectors so that VA, -r, =1 in the genuinely nonlinear fields and
|r,,| = 1 in the linearly degenerate fields. If p, > 1 then there is a choice to be made
in picking a basis for that eigenspace. We will adopt the following convention: In a
linearly degenerate field, r, will refer to any of the eigenvectors r, i,...,r, , that
span the eigenspace. Similarly, in the expansion u =ZX7,ar, a,r, =

Lk, a, i7, x> and e, will refer to any of the components @, ;,...,a, , .
Consider a gap (Figure 2.1) bounded on the left and right by
oo} e}
¢(r.y) =AW+ X ¢, (»)r™ and (1, y) =M, (y)t+ X ¥,(»)”
m=2 n=2

respectively. We change variables as follows:

x=¢(&y)+y¢(ny), t=£&+m,  y=y,
where £. 1, y are the new gap variables.
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FIGURE 2.1

As shown in Figure 2.1 x = ¢, x = ¢ are mapped into n = 0, £ = 0, respectively.
We obtain that

a(x,t,y)_ ¢€ 4’*1 ¢y+¢y

Wy |y o 7 )

with 9(x, ¢, y)/3(&, 1, ¥) the Jacobian derivative, and therefore

3(x,t, )
det| ———=(0, 0, =X, — A, #0.
a(Em,y) OO =R m Ay

Letting unew(g’ LB y) = uold(x9 f )’), from (21)
(22) (¢, I-A+(y+9), By,
+(~¢ I +A4—-(y+¢), B)u,+(y, - ¢;)B-u,=0.

The end gaps, the first and the (m + 1)th (Figure 2.2) are bounded by only one
unknown surface.

Let A, be a fixed number depending on u_ and f,, i =0,...,d. We will later
specify how large A, is.

¢

1st gap
(m + 1)th gap

FIGURE 2.2
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In the first gap we let

x=¢(n,y)+Ng  r=m,  y=y.
Similarly in the (m + 1)th gap

x=y(&y)+Na, =& y=y.
We obtain from (2.1)
(2.3) u, +(1/A)(4 — ¢, — ¢, - B)u, + B-u, =0
and
(2.4) ug + (/N (A4 =Y, =¥, B)u, +B-u,=0.

For a rarefaction bounded on the left and right by ¢ and ¢, respectively (Figure
2.3), we change variables as follows:

=-————x_¢¢_(t¢’,y), t=t, y=y.

ReMARKS. The Riemann solution was an analytic function of x /¢ in rarefactions.
Expanding the formula for s above we get

coXt=e/t 1 x Ay
t

(o)t A=Ayt A=A + o),

s Ny

so s behaves very much like x /.

The transformation above maps x = ¢, x = ¢ tos = 0, s = 1, respectively.
In the new variables,

25) (v=-¢)u+{4—(o,+s(y—9)) (s, +s(¥—¢),) B}u,
+(¢y—¢)B-u,=0.

REMARKS. As before u ., (5,2, y) = u q(x,t, y). Also, in (2.5), 4 = A(u, y).
The solutions to (2.2), (2.5) are linked by boundary conditions. There are four
types of boundaries: rarefaction, shock, sound, and contact.

FIGURE 2.3



A CONVERGENT SERIES EXPANSION 389

d(T,y)
' v(t,y)
u
v w
FIGURE 2 .4

At a rarefaction surface we impose continuity, u g (¢(7, y), 7, y) =
Uoa(@(7, ¥), 7, ¥). In the new variables we get

u(0,7,y)=0(0,1,y),

2.6
(2:6) u(l,7,y) =w(r,0,y) (seeFigure2.4).

At a shock surface we impose the Rankine—~Hugoniot conditions. For v and u on
the left and right of a shock surface ¢, they are
(2.7) ¢ (u = v) = (fo(y,u) = fo(y,0)) + ¢,(f(u) = /(v)) = 0
with u = u(7,0, y), v = v(0, 7, ).

At a sound surface we impose continuity. For u and v as above and ¢ a sound
surface, we get
(2.7a) u(r,0,y)=0(0,7,y).

Consider now a contact surface ¢(z, y)=A,t+ --- in the linearly degenerate
field p,. To obtain weak solutions we should impose (2.7); however, if p; > 1, we
expect that not all of the n equations in (2.7) are independent.

For each 7, y we form the normal flux —f;, + ¢,f and the corresponding map
U(ey, ..., ¢,,), analytic in. ¢ and built from rarefaction and contact curves only, such
that U(0,...,0) = u(r,0, y). then v(0, 7, y) is connected to u(7,0, y) through a p,
contact if and only if v(0,7,y)=UQ,...,¢,, 0,...,0) for some ¢, =
(&) 10ee-s8p ) A Riemann invariant for the p,th field is a function R(u) such that
v.,R-r, = 0 or equivalently R(U(O,...,0, ¢,, 0,...,0)) = constant. There are
exactly n — u, independent Riemann invariants. To obtain one such set we consider
Z,(u),..., Z,(u) the coordinates of the inverse function of U and let R, =Z,
Jj # p;. Furthermore, we see that VR, - r, = §;, at u = U(0,0,...,0) and j, k # p;.

LEMMA 1. The n — ; + 1 conditions
(i) & =2, (u.2.9,),
(i) Ry(w7.9,)=R(0.0.8,). J#p.

imply that X, (u, y,9,) = A, (v, y,$,) and that the Rankine—Hugoniot relations (2.7)
hold.

(2.7b)
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REMARKS. A, (4, y, w) is the p;th eigenvalue of ~A(y,u) + w - B(u). R;(u, y, w)
is the jth Riemann invariant for the flux —f;(y, ¥) + w - f(u) and hence analytic in
all of its arguments.

PrOOF. Fix 7, y and let v = v(0, 7, y). Thenv = U(g,,...,¢,,) for some ¢, ..., €,,;
consequently, (2.7b)(ii) = ¢; = 0 for j # p,. This means v is connected to u through
a p, contact. Therefore A, (u, y,¢,) = A, (v, y,¢,) and A, (u — v) = (-fo(y,u) +
o, f(u)) — (—fo(y,v) + ¢,f(v)). The result follows from (2.7b)(i).

" The Euler equations have two well-known Riemann invariants for the middle
field. They are the pressure p = (y — 1)(e — (p(u? + v?> + w?)/2)) and the normal
velocity @t =&, u+ &p + &w with (§,,£,,§,) the normal to the surface. If, as
before, the surface is given by x = ¢(¢, y, z) we have the following three conditions
at the middle contact
(i) . ¢, = —ug + vy + P.Wp,

—ug + oy + dW = U + o v, + dwy,
P(pos g, V9, Wy, €0) = p(py, Uy, vy, Wi, €q),

(ii)

with (pg, Ug, Ugs Wgs €9), (P15 Uy, U1, Wy, 1) the left and right states. One easily verifies
that (i) and (ii) above lead to the Rankine-Hugoniot conditions for the Euler
equations. A tedious computation gives the eigenvectors

1 1
u—=§.c u+é.c
n=|v=§c |, r=|v+ic
w—§.c w+§.c
H - ac H + ué

corresponding to A, = &t — ¢, A; = @ + ¢, where the total enthalpy H = (e + p)/p
and the sound speed ¢ = \/dp/dp . It can now be easily verified that

Vit-ry, Vi-n

Vp-r Vp-n

is invertible.
We seek power series solutions of the following form: In gaps

(2.8) u(b,m, )= X u,,(y)Em”

m,n>0

whereas in rarefactions

(2.9) u(s,t,y) = kzo u,(s, y)ek.

The first term in both series is obtained from the Riemann solution A(s, y). In (2.8),
ug(y) = h(Ay, y) = h(A,, y) since h is constant in its first variable in gaps. In
(2.9), uy(s, y) is the solution to

(A(“O’ y) —(>‘¢ +s(A, - )‘¢)))(”0)s =0
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which is the zero order relation obtained from substituting (2.9) into (2.5). It follows
that

u0=h(s(}\¢—>\¢)+}\¢,y), 0<s<1,
and that if we have a p rarefaction
(2~1O) Ap(“m )’) = )\¢ + S(}\\Iz - 7‘4:)’ (”o)s = (M« - 7\¢)"p("0, }’)-

The various unknown surfaces have expansions of the form

(£, y) =N, (»)E+ X o (r)Er,

k>2

Y(my)=A)n+ X ¥ (y)nh.

k>2

(2.11)

Substituting (2.8) and (2.11) into (2.2) and collecting terms for £”7", we obtain the
following recursive relations

[Ny = ACugo)|(m + Dtyyr, + [Ny + A(ge)](n + Dty i1 = Fpy
with

Fp = =[{(¥3 = AT = (A(u) = A(ur0)) + (¥ +¢), B} ug
(2.12) +{(Ay = &) +(A(u) = Aug)) = (¥ + ¢),B }u,

+(¥y— ¢)B-u,], .
REMARKS. F,, contains coefficients of u of order < m + n where by definition
the order of u,,, is m + n.
Ifwelet u,, = X" (a;) (Y1 (1o, ¥), We obtain

(213) (m+ I)P‘xp - }\i](ai)m+1,n +(n+ 1)[—}‘4» + )\i](ai)m,nﬂ = (Fi)mn
where (F) ., =i+ (F)pn i = 1,2,...,m, and 1,(uggy, ¥), ri(Ugg ¥), A;(t4gy, y) are

the left and right eigenvectors and eigenvalues of A(ug,, y). For the end gaps (2.3)
and (2.4) we obtain

(214) (n + 1)(ai)m,n+l +(m + 1)(1/)\*)[A1 - A¢1>](ai)m~!--1,n = (E)mn
with
(215) FImn = WlAAD (A = 00) +(A() = A(uw)) = 4,B}uc + Bu, .
(m+ 1)(ai)m+1,n +(n+ 1)(1/A*)[}‘i - }‘xp](“i)m,nn = (F)
with
(E) pn = ~L{A/AD{ (A = ¥¢) +(A(w) ~ A(up)) ~ ¥, B} u, + Bu,] .

REMARKS. The reader will note the omission, for simplicity, of an index on the L’s
and F’s signifying the gap we are in.

To obtain the equations in rarefactions we substitute (2.9) in (2.5) and collect the
terms involving ¢* to get, for k > 1,

(}W - }\¢)kuk + {A(“o) —(7\¢ + s()\.p - >\¢))}(uk)s + A'(ug)up(uo),

(2.16) —(k+1)(op4; +s(Ypey — éi1))(uo), = F,
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with
F,= '[{(‘P - AJ) ~(¢ — }‘M)}”z +(A(u) = A(ug))(u — ug),
(2.17) +(A(“) = A(ug) = A'(ug)(u - “0))(“0)s
= (& =N+ s((w = Ay) = (8, = X)) = ug),
+(y - ¢)Bu, — (¢, + s(¥ — ¢),)) Bu,] .
REMARK. ¢, ¢, and u, _; are the highest order coefficients occurring in F,.

If we substitute u,(s, y) = XL, (a,) (s, y)r(uy, y) in (2.16) and use (2.10), we
obtain

(>‘¢ - )\cb)k(ai)k +(7\i(“0) - >\p(uo))("‘i:)k
(2.18) + ;1 {(Ai - >‘p)li ot l; '(A’(“o)"j“os)}(aj)k

_(k + )iy + 5(Ppiq — ¢k+1))(>‘¢ - }\qb)sip =(F),.

To simplify (2.18) we note that, by differentiating Ar, = A ,r, with respect to u,,
multiplying on the left by /;, on the right by r, and summing

l,.(A’(uO)rjuox) = (A=A )N, =N +(N, = A,)8
with er = 8rp /du, the Jacobian derivative. Since
l;~dryds =1,- Jrj(uo)s = ()\\, - }\¢)l,(Jrj)rp,
instead of (2.18), we now have
(2-19) (}\i - }\p)(aix)k + k(}‘\p - )\¢)(ai)k +(}\¢ - >‘¢) Z gj(aj)k = (Fi)k’

Jj*p

iy >‘p ol

I #p.
(220) (k+ 1A, =2 )(a,), +(A, = x,) X (WA, r)(a),
J#p
—(k + 1)(}‘¢ =N )(Dpsr + 5(Ypsr — bps1)) = (Fp)ka
where
gij = (>\1 - Ap)[i ((Jrj)rp _(er)rj)‘

REMARKS. Note that %;, = 0 which is why we let j # p in the sum in (2.19). Since
a, does not appear in (2.19) we have a partial decoupling which will prove to be
helpful.

We now turn to expansions at boundaries and use equations (2.6), (2.7), (2.7a),
(2.7b). For rarefactions, from (2.6),

u (0, ¥) = v, (¥), ur (1, 5) = weo(»).

For shocks we substitute series for u, v, ¢ into (2.7) and collect the coefficient of 7%
to obtain for k > 1

(2.21) (k + 1) ¢ss1(uo0 — voo) + Ay (ur0 — vox)
_(A(uoo)uko - A(Uoo)UOk) = 8k
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with
(222) g, = _{(¢r - >‘¢)((“ ~ Ugy) —(v~- Uoo))
- [(fo(u) = folugy) = A(uge)(u — ”00))
_(fo(U) = fovge) — A(vge) (v — Uoo))] + ¢v(f(") "f(U))}k-
REMARKS. The zero order coefficient of 7 is
>\4>(“00 — Ugg) _(fo(uoo) _fo(voo)) =0
which is the Rankine—~Hugoniot condition for the zero order Riemann solution.

To simplify (2.21) we recall that for a p shock uy, = U(ey, ..., e,0,..., 0) and
Voo = U(el,sz,...,epwl, 0,..., 0) with (a'/dx»:p)U(zs1 ..... €1 0,0,...,0)= rp(voo)
[1]. As a result we have

(1) /;(vgo) - ri(ug) = O(¢,) if i # j;

(i) /;(vgo) - ri(uge) =1 + O(e,);

(i) 1,(000) - (100 = Vo) = €, + O(e2);

(i) 1,(vg0) * (ttgo = vgo) = O(E2) if i # p.

By substituting

Upo = Z (aj)ko'}’(uoo), Vok = Z (Bj)Ok’}(Uoo)

J
in (2.21) and using (i)—(iv) above, we get
(k + 1)¢k+10(8}27) +(}\¢ - }\i(uOO))(ai)kO(l + O(Ep))
+0(8p) Z (>\tp - }\j(uOO))(aj)ko

J*Ei

_(>\¢—}\i(000))(l8i)0k= (&) I#p,

and
(k + 1)¢k+1(£p + 0(512:)) +(A¢ - Ap(”OO))(ap)ko(l + 0(81)))
+O(Ep) Z (>\¢ - Aj(uOO))(aj)ko
_(Aqs - )\p(UOO))(BP)Ok = (gp)k'
Since
Mo (to0) = A (000) + O(8,). Ay = A, (tg0) = —= + 0(2).
M= A (0) = 2+ 0(e2) (1]
we get

(k + 1)¢k+10(8§) +(>‘¢ - Ai(Um))((“z‘)ko —(B)ox)
+0(5p)Si'(0‘)k0= (gi)k’ i #p,
(k +1D)¢eii(e, + O(e2)) + 0(g,)S, - () o + O(£,)T-(B,),, = (g,),
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where S; = (S, Sj25---»Sjm), J=1,...,m, T =(Ty,...,T,) are vectors bounded
independent of e, near zero. S and T will change in the next equations, but they will
remain bounded. Solve for (k + 1)¢, ., in the second equation to get

(2.23) (k+1)¢p1 =S5, ()0t T-(Box + )(gp)k’

1
g, + 0(8;

Substitute in the first equation and divide by A, — A, (vg) to get
(2.24)
(@) ko = (B)ox + O(e,)S; - (a) ko + O(e,)T - (B)ox = P (&) x> iI#p,
where P; are bounded independent of ¢, as well.
Let us now consider a sound surface ¢ =A ¢+ ---, where A, = A (ug) =

A ,(vg) and x and ¢ are neighboring surfaces (see Figure 2.5). Expanding (2.7a) we
simply get u,,(y) = vy, (y) which in coordinates, since uy, = v, gives

(2.242) (@)= (Bi)Ok'

The surface coefficients ¢, can be recovered from the gap relations (2.12).
Focusing on the pth equation, if we first let m = n = 0in (2.12), (2.13) we get

(Axl« - }‘P)(aP)IO =-(A\, - >‘¢)lp “ B(ug) (1) -
Similarly, in the left gap
(>‘P - Ax)(Bp)ol = —(Ad: - Ax)lp ) B(UOO)(UOO),V'

Since ug(y) = vgo(y) it follows that (a,),o = (B,)¢ is satisfied as a result of the
gap equations. Next, letting m = k — 1 > 0, n = 0, note that from (2.12)

Fi_10=koyug + ko Boug, + Fe 1o
where F, _, , contains only lower order coefficients of ¢. Hence, from (2.13)

k(}‘-ﬁ - )\p)(ap)ko =koyl, '(“01 + Bo“ooy) + lpﬁk—l,O'

FIGURE 2.5
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Referring to the original variables, x and ¢, for a moment

1, ug =1, [1,(0,0) + A yu,(0,0)]
1, [~A(160)u,(0,0) + A yu,(0,0) — B(ug)ug,
(Ay = A0, u, =1, Byug,

where we denote u, = u,(0,0) in the gap. Hence,

(2.24b) Ny = A ) (K@), — kel - u,) = Fy 1.
Similarly, in the left gap
(2.24¢) (A, - Ax)(k(ﬁ,,)()k — ko, - Ux) = Fp -1

Therefore if /,(u, — v,) # 0 the boundary condition (a,) o = (8,) o, Will determine
¢ To establish /,(ug)(u, — v,) # 0 we let ¢ be a shock surface, for example, and
w the function in the gap to the right of u. Expanding the shock relations

¢!(W(¢’ t) - u(¢’ t)) - [fO]jumpaup + (p_v[g]jump at¢ — 0
and collecting first order terms we easily obtain
lp(uOO)ux = lp(wOO)wx + 0(8*)'

Crossing a rarefaction will yield the same estimate by switching the sides and
therefore reducing it to the shock case. Crossing a sound surface u(¢,t) = v(¢,1),
again gives the estimate above and, therefore, going through all the boundaries

1 (ugo)u, = 1,(u,(0,0))(u,), + O(e),
1,(ve0) v, = 1,(u_(0,0))(u_), + O(es).
If C is large enough in (b)(1") of Theorem 1, we obtain the desired condition.
It remains to expand at contacts in (2.7b). Equation (2.7b)(ii) yields
V.R;(ug, ¥,0) - g — V,R;(vg0, y,0) vy, = (Lj)k
where
(2.25a)
(Lj)k = —{(Rj(u’ )’"Py) - Rj(“om y,0) — ij(u()O’ y,0)(u — uoo))
- (Rj(v’ y’4’y) - Rj(UOO? y,0) - VR/(UOOs y,0)(v — Uoo))} £
Here we used the fact that R (ug, ,0) = R;(vg, »,0), ie, the initial data are

connected through a contact. If we let u,, = X(a,) 0% (Ug0), Vor = L(B;)orri(Voo)
and use formulas (i)—(iv) derived for the shock expansions we get

Z VR;(“oo) "‘i(“oo)((ai)ko "(Bi)Ok) + O(Sp,)Sj(B)Ok = (Lj)k

i#p;
with S; bounded independent of e, — 0. Since (VR (up) - r;(ugo)), i j # p;, 18
invertible,

(2.25b) (ai)ko"(.Bi)ok”' O(Ep,)Si(B)Ok’—’Pi'(L)k
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with §;, P, bounded matrices and (L), = ((L,), j # p;). From (2.7b)(1)

(2.25¢) (k+ 1)y = g(vuxpi(um,y,o).rj(uoo))(a, w+H(Lp)

(Lp,)k = {)\p,(u’ y"py) - )\p,(uOO’ y’O) - Vu}‘p,(uoo’ y’O) '(u - uOO)}k

fork > 1.

At this point we should be able to show that all coefficients can be uniquely
determined from the formulas established so far. We will do it in the next section.
To conclude this section, we derive from the conditions already imposed that the
rarefaction and sound surfaces satisfy a characteristic equation.

We have

LEMMA 2. Suppose there is a unique formal power series solution. If ¢ is either a
p-rarefaction surface or a p-sound surface, then

(226) (¢‘t(t’ Y))k = (Ap(u’ y’¢y))k = (}\P(U’ y’¢.v))k
with u, v the solutions near ¢.

PrROOF. We give the argument for rarefactions, the one for sound surfaces
following the same lines.

Suppose u is the function in the rarefaction to the right of ¢ and v is in the gap
on the left. Let

ugg(x,t,y) = H(x/t,t,y),  vaa(x,t,9) = G(x/1,1, y).
Then u, .. (s,t, y) = H(s((¢ —¢)/t) + ¢/t,t, y)and H(o,t,s), G(o,t, y) satisfy
(2.27a) tH,+(A —ol)H, + tBH, = 0,
(2.27b) 1G,+(A4 — ol )G, + tBG, =0,
and H(¢/t,t, y) = G(¢/1,¢t, y). Differentiating and multiplying by ¢
tH, + H,(¢, = $/1) = (G, + G, (¢, — ¢/1),
H, + Hg,/t =G, + G, /1.
Using (2.27a) and (2.27b) with s = ¢ /¢ the first equation leads to
H,(¢,— ¢/t) = (A4 - ¢(t,y)/t)H, — tBH,
= G,(¢ — ¢/1) =(4 = ¢/1)G, — 1BG,.
The second equation, after multiplying by ¢B; and adding, yields
¢,BH, + tBH, = ¢ BG, + (BG,.
Hence we obtain
(¢, — A+ ¢,B)H, = (¢, — A + $,B)G,.
Multiplying on the left by /,(H(¢/t,1, ), ¥, ¢,) = 1,(G(¢/1, 1, y), y, $,), We get
(¢, = A (u.5.9,))1,-(H, - G,) = 0.
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Now (I, - (H, = G,))o = L,(h(Ag, ), y) - ho(Ay, y) = 1, where h(o, y) =
H(A,,0, y) is the Riemann solution, and since G is in the gap (G,), = G,(A,,0, y)
= 0. Also n,(A,, y) = r,(h(A,, »), ). Therefore, since

k—1
(¢I - )‘p(H’ y’d)y))k + Z—:0 (‘1’1 - Ap),;(lp '(Ho - Ga))k—p =0

and (¢, — A ,), = 0, our claim (2.26) follows by induction.
REMARK. Note that H(¢/t,¢t, y) = u(0, ¢, y).
Expanding (2.26) we get

Ay + 2050 + 3517 + oo +(k + 1) th + -
=X, (ug, »,0) + VA, - (u—ug) + L,(u,y.9,)

where L,(ug, y,0) = 0 and L, is quadratic in (u — u,). Hence, for k > 1, we get

m

(228)  (k+Dépi(y) = X (9.4,00,9) - 7)(e), (0, ) +(L,),

i=1

REMARK. (L,(u, y,¢,)), contains u, 1, ¢, as highest order coefficients. In fact
(2.29) (LP)k = (}\p(u,y,qby) = A, (ugg, y,0) = VA, (1, »,0) - (u — uoo))k-

Formulas (2.28), (2.29) are, in fact, expansions valid for rarefactions, sound, as well
as contact surfaces (see (2.25¢)).

3. Linear estimates. In this section we derive a priori estimates for the linear
system of equations satisfied by the kth order coefficients with inhomogeneous
terms depending on lower order coefficients. These estimates will help in determin-
ing the coefficients uniquely and subsequently in showing the series converges.

In (2.13), to obtain coefficients of order k, we take m +n + 1=k (k > 1). As
(2.20), (2.23), (2.25c) suggest, we would expect to determine ¢,,; for shocks,
contacts, and rarefactions at the same time we determine a,’s. For sound surfaces
we can only determine ¢, from the boundary conditions, but (2.28) shows that, once
determined, the coefficients ¢, can be estimated at the previous step.

Consider the diagram in Figure 3.1 showing the m fields with the gaps between
them. We let dotted lines signify the various waves. For example, in Figure 3.1 we
collapse a p-rarefaction to a dotted line with arrows pointing at corresponding faces.

2 p /

; \’k\o \\\ . . /] L/f/

N B
\\// /

FiGURE 3.1
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We now want to consider the coefficients in the gaps at the boundaries of the
gaps. From (2.8), a,, are the coefficients of the expansion at n =0, the left
boundary of the gap. Similarly, a,, are the coefficients at the right boundary. In the
first gap we only consider a,, at the right boundary and in the (m + 1)th gap «,,,
the left boundary.

Since there are m boundaries, each with 2n components on both sides, we get a

total of 2mn unknown boundary components. They satisfy a linear system of
equations given by the gap equations (2.13)-(2.15) and by boundary equations:
rarefactions (2.20), shocks (2.24), sound (2.24a), and contacts (2.25b). Note that the
pth equation at each boundary determines the surface coefficient. For example, at a
sound surface, ¢, is determined from the pth equation at the boundary and, in view
of (2.24b), (2.24c), it can be solved in terms of lower order terms and hence
substituted back into the equations (2.12) for the neighboring gaps. (For k = 1 the
pth equation is satisfied automatically.) As a second example, the pth equation at
the boundary of a rarefaction region (the continuity condition) determines
(a,)(0, y), (@,),(1, y). They, in turn, determine ¢, and ¢, ., by evaluating
(2.20) at s = 0 and s = 1. Fortunately, as we mentioned in the remark after (2.20),
we can solve (2.19) independent of (a,),o- We may therefore only consider the
n — p, equations at the p boundary. If p is a genuinely nonlinear field, p, = 1 and
we have n — 1 equations. The total number of equations for the 2mn unknowns is

m
(Z n—=u
i=1

The first term above gives the total number of equations from boundaries, the
second one gives the total number from gaps. To show the system has a unique
solution it suffices to prove the linear mapping is one to one. This will follow from
the estimates ahead.

We now divide the unknowns into two groups @, and Ek. If we are at the pth
boundary (dotted line), we count (ay,...,a, ;) in the gap on the left and
(a41,---,,) in the gap on Ehe right as part of @ and 4 consists of exactly these
components. The rest forms b (see Figure 3.2). It follows that d has n-(m — 1)
components and b has n - (m + 1) components.

We will be able to estimate @ from the boundary equations and b from the gap
equations. In rarefactions a, is the characteristic component satisfying the algebraic

+(m+ 1)n=2mn.

P

> >

\ (al,...,ap)eb (ot,...,ap)ea
~—

N ' ~—"
[T )eia> > ~
1 p-1 _/ \ p+1,...,am)e; (ap+1""’um)€} ~

(a
N/ S—

> ~
(ap,...,am)eb \/ \ //
N~

FIGURE 3.2

pt+1
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relation in (2.20). Note that since the boundary values of «, belong to b and not a,
they will be estimated from the gap equations and not from (2.20).

(A) Estimates from gaps. We consider the gap between the pth and (p + 1)th
fields bounded by surfaces ¢ and ¥ on the left and right, respectively. Lax’s entropy
conditions give A, (ug) > Ay > Ay > A, (ug). We get equalities at the ends for
sound or rarefaction surfaces. From (2.13) we get

n+ 12— A 1 1 ,
(@) psrn = (m " 1)(>\ — )(a )mons1 mm(ﬁ)m,m i<p,
A—Ay 1 1
YD) )(a)m+1n+mm(1’,~)m.n,
izp+1.

m+1
(ai)m‘n+1 - ( n+1 )

Let
_ (>‘¢_7\i)/()\¢“>‘i)’ i<p,
i (>‘i-)\\b)/(7\i—>‘¢), izp+ 1.

Then there exits p independent of e, near zero but depending on u_(y), f; such
that 0 < p,(y) < p < 1for |y| < R, where u_(y) = U(g,, &5,...,¢,,) and |g;]| < &,
with &, to be chosen. We claim we have

(ai)n1+l;1-p;n+1(m+n+ 1)(“:’)0/(

m n+Dn+2)---(n+m) 1

+poi (m+1)-m SCRE] >‘¢,_}‘i(Fi)O'm+n

(n+1)---(n+m-—1)
(m+1)-m---2

(n+1) 1 1 )
(m + 1) m >\ — )\ (E)m—l.n+1 + mm(ﬂ)mn

m— 1
(312\) + p; L. >\¢ _ }\.(E)l,m+n—l +oe

fori<p
and
(al)m n+l p7+1(m tndt 1)(a )kO
,,(m+1)(m+2) -(m+n) 1
(31b) + ( T 1) .21 }\, _ A¢(Fi)m+n,0

1 1
NN, ) P

+ - forizp+ 1.

This can be proved inductively on m, say, by substituting formulas (3.1a) for
(@;) . +1 1nto the recursion formula for (a;) 1 -
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For notational convenience we let (%,),,, be the sums involving the F;’s on the
right-hand side of (3.1a) and (3.1b). Hence (3.1a) and (3.1b) can be written as

(ai)m+l,n=p1m+1(m+n+ 1)(ai)0,k+(‘9‘;i)m,n’ ISP’

(3.1c) "
(@) = (AN @) g +(F) e izp 1
which gives
(32) ()0 =0 (a)os +(F) 10 i<p,
(3.3) ()0 = pi(a) o+ (Fosors i>zp+1.
In the end gaps we have
1St gap unew(o’ 5’ y) = uold(A*£’07 y) = u—()\*g’o’ }’)»

(m + l)th gap unew(nﬁo’ y) = uold(x*n’o’ y) = “+(>\*”'1a0, y)

Let (4, (A48,0, »)), = E(a, )ir(uyo0) With u oo = u £ (0,0, y). Then from (2.14)
and (2.15) we get the following relations for the end gaps, 1st gap, and (m + 1)th
gap, respectively:

(3.4) (@) nsr = 02 (@), +(),,,, alld,
(3.5) (@) ot n = p;n+1(m +':z + 1)(“+,)k +(#),,, ali.

Here p, = (A, — X;)/A4 and it follows that if we pick A, large enough, depending
only on u_(y), f;, wehave 0 < |p,| < p < 1. Hence it follows that

(3.6) (@)o4 = pf(a_‘)k +(F)osk-1> 1stgap,
(3.7) (a)4o= Pf(a+,)k +(‘g;i)k—1,0’ (m + 1)st gap.

Let %, _, denote the vector containing all #,’s from all gaps (3.2), (3.3), (3.6), (3.7).
We note that the components on the left-hand side of (3.2), (3.3), (3.6), (3.7) together
form the whole of Bk and the ones on the right-hand side of (3.2), (3.3) next to the p*
form the whole of a@,.

Hence (3.2), (3.3), (3.6), (3.7) give us

(3.8) IBk|<Pk15k|+|(“+)kl+[(a—)k|+|'?—k~1|

where |b,| = max,{|b,|} denotes the max norm.

REMARKS. | %, _,| = max | F;’s| and by %,’s we understand (%), or (%), as the
case may be.

(B) Estimates from rarefactions. We consider (2.19) with 0 < s < 1. Let

Ao, y) = (A (») =2 (»))/(N (0. y) =A(0,¥)), i<p-—1,
Ai((”y):(}\\#_}\q))/(}\i_)\p)’ i>p+l'

Then if e, = g,(y) is such that u,(y) = U(y,&,...,¢,,...,¢€,) we have ¢,(y) =
Ay(») — Ay(y) and hence

(3.8a) 0<e <A <Cex, [nl<R,
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with g, = inf{ A}, |y,] < Ry} > 0 by (b)(1) of Theorem 1, and C, dependent on u_,
f, only. For i < p — 1 we use exp(kf! A,(o, y)do) as an integrating factor. For
i>p+ 1weuseexp(kf;A;(o, y)do). We obtain

ad;[(ai)ke"p(kfsl A,.)] - Aiexp(kj;1 A,»)gi(")k

1 .
}\pexp(kl Ai)(F,.)k, fori<p-1

and

[(a )kexp(kf )] +A exp( fo A,.)ga*, Cay

1 .
=%z )\pexp(k[ )F)k fori>p+1.

Integrating, we get

(a)(5.9) = (2, (1.5) -exp( -k [* A
+ f‘ exp(_kfs' A,)A,% o, ds’
(3.9) +/ exp( kf ) ok (F)ds i<p -1,
()45, 7) = (), 0. )exp( - [ 2,
+fs exp(-kff A,.)A,.Q?,. -, ds’

+f exp( kf A'))\ (F)kds i>p+1.
It follows from (3.9) and (3.8a) that
|(ai)k(sa)’)|<1(ai)k(1a)’)|+ Coes sup |5, - ay|

0<s<l
(3.10) + osup [(F)el,  isp-1,
0<s<l1
|(af)k(s,)’)|s'(ai)k(O,J’)I+Coe*osuPl|gi‘ak1
+ sup |(F)ls izp+1,
0<s<l1

where

1 s’ 1
(#)e= [ e[k [ A )T (B)a, i<p-1,
=/ f X, = A,k

N

S S 1
F),. = [ ex (—k A,.)——F,. ds’, i>p+1,
(F)e= [ el k[, A )g—=5(FEuas’s izp
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pt+1l.

FIGURE 3.3

and since %;, = 0 by (2.20), a; = ((a) 4, ---»(@p_1) g (a4 1) 45 - - -5 (@), )- Now the
boundary condition (2.6) gives us (see Figure 3.3)

() (1, ) = (v) wo(¥), i<p-1,
()0, ) = ($)or(¥), izp+1,
with

Wn = L W mas0%00): U = Z (6) i (000),

where we have
woo = to(1, »), Voo = (0, y)
by the continuity of the Riemann solution in rarefactions. Now
(), i<p-1, Luly), izp+1,

belong to our vector b, .

We will now adopt the convention that C, will denote a constant depending only
on u_, f, butit will get larger from equation to equation. With this, from (3.10) we
obtain

|(ai)k(S,Y)|<‘Bk|+COE*SUPM/(["”SUP“%/({’ i#p.

For g, < 1/2C, we get by absorption

sup |, | < 2|Bk|+ 2sup l(fk)l

where as before Z, = (%1, %5, .. ). Using this in (3.10) we obtain

(e;), (0, p) | <|by| + Cos*(2|5k|+ 2 sup!(é’k)l) +sup|(F) |, i<p-1,

() (1. )| <|Be| + Coe*(2|BkI+ 2sup|(£"k)|) rsupl(£),],  isp+l.
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Now, by the boundary conditions,
()00, ) = (&)oe> i<p-1,
(af)k(l,J’)=(Yi)k07 izp+1,
with {,,, i<p—1, and y,4, i > p + 1, belonging to d,. In fact, counting all

rarefactions, they are the part of @, on the faces of rarefactions boundaries. We call
them a,. Hence we get

(3.11) [(@r) | < (1 + 2Coes)| By |+ Cosup | Z, .
(C) Estimates from shock, sound, and contact boundaries. The d,’s occurring on

the faces of shocks @, sound dg,, and contact surfaces @ are handled by (2.24),
(2.24a), (2.25b). From (2.24),

[(ESK)kI<|(BSK)k{+ O(E*)lS(ESK)kI_'- 0(5*)|T(BSK)/<|+|P(3)1<|
which, for ¢, small depending on u_, f,, implies that
(@sk )< (1 + 0(£*))|(BSK)1<'+ Gol(g)«l-
Similarly, from (2.25b),
[(@c) el < (1 + 0(2))|(Be) |+ Gol(L) ],
and from (2.24a),

I(@sp) il = |(BSD)k|‘
This together with (3.11) gives us

(312) 1@< (1 + Goea) B+ Go([(8)al (L) el + sup [ £,1).

Combine this with (3.8) to get
l‘_ikl < (1 + Coe*)Pklﬁk‘

+Gofl(@) e+ 1)l +1Zea |+ (@)el +1(L) + sup |, ).

By choosing &, smaller, but depending only on u_, f;, we can make (1 + Cye,)p < 3.
Hence the above together with (3.8) yield our main linear estimate

dy

-

(3.13) <C0(|(0‘+)k|+'("‘—)ki+!fk—1‘+lgkl+|(L)k|+ sup l‘?kl)

0<sxl1

k

which holds for our choice of ¢, and for C; depending on u_, f; only. Now g, b,
satisfy a linear system

by

where 5, comprises of all the inhomogeneous terms (a_ ), (a_) g, Fi_1, (L) ks &
&, The estimate (3.13) shows that the 2mn X 2mn matrix A4 is invertible. Formulas
(3.1), (3.4), and (3.5) will give directly the rest of the coefficients in the gaps. Given

i)
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the initial values («,),(0, y) we can solve the O.D.E. (2.19) for 0 < s < 1, i # p. We

can finally recover the rest of the unknowns, «, in rarefactions and the surface

coefficients, from the pth equation at each boundary.

4. Convergence. In this section we prove the convergence of the power series
constructed in the previous sections by employing a variant of the technique of
majorization. To carry out this process we must consider our variables s, y complex
with

yeQ, = {y;€C, d(y,[-Ro,Ry]) <8,i=1,....,d},
seQ ={seC, d(s][0,1]) <8}.

REMARKS. § is a small number less than 1 to be chosen later and d(s,[0,1])
represents the distance from s to [0, 1].

If we begin with complex analytic initial data u, and complex analytic coeffi-
cients in our equation (1.2), it is clear that all our equations will hold for y and x

compiex.
(A) Auxiliary lemmas. We define

H, = {u(s, y) analyticin @, X Q,, sup (d(s,Qc) - d(s,Qg))klu(s, )< o).
T oseQ ’
yeqQ,

It follows that H, are Banach spaces with norm

el = sup (d(5,95)(5,2)) (s, )],
_ver,.

We will use the notation d, = d(s,{), d, = d(y,{;) and note that d, d, <1 if
8 < 1. Hence |u|y, < |uly.

LEMMA 1 (HORMANDER [3, p. 117]).
(4.1) luln,,, <e(k+Dlul,, luly, <e(k+Dlul,,
forue H,.

Proor. It suffices to consider u(s), s € @, and show the first inequality. Fix
s € Q, and let ¢ < d,. Then Cauchy’s inequality gives

w(s)[<e sup |u(§)|<e(d, = &) luly,.
1§ —s|<e

Choosing ¢ = d,/(k + 1) we obtain
lw(s)|< (k+ D)+ &) a7 ul, < (k+1)ed*Hul,
The lemma results by multiplying through by d%*! and taking sup over s € Q..

LEMMA 2. Let C > 0. Then there exists 8, = 8,(C) such that
e C<8/(8—r) forO<r<38,8<8,.
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PROOF. Let f(r) = e’ — §/(8 — r). Then
f(0)=0 and f'(r)= Ce—8/(8—r)".

We have Ce’C < Ce®C < 1/8 if § <1/Ce = 8,(C), and since 1/8 < §/(8 — r)?,
f'(r)y<O0for0<r<3$é,8 <8,(C) Hence f(r)<O0for0<r<3é.

LEMMA 3. Given N > 0, there exists 8,(N) such that

8 — 1
In*
8 —p

<-N(r—»p), 0<p<r<i,.

PROOF. Let x + r — p and ¢ = 8, — r. It suffices to show

ln(1+1x/8)<—Nx, 0<x<6,,0<e<dy,
or x 'In(l + x/e) > N.

There exists 8,(N) such that x'In(1 + (N + 1)x) > N, 0 < x < §,. Take §, =
min(8,,1/(N + 1)). Then x'In(1 + x/e) > x'In(1 + (N + 1)x) > N since 1/e
>1/8, > (N + 1)and x < §, < 4§,

LEMMA 4. Define

flexp(—kfs, A,.(o,y)do)u(s’,y)ds’, i<p-1,

N

Tu =

f exp(—kfs A, (o, y)do)u(s’, y)ds', izp+1,
0 s’

forue H _,, k> 1.
Then there exists 8, dependingly only on u_, f,, such that

(4.2) Tl < Coluly, -
(4.3) Tl < (k) (Coseo)uly, s

for & < &, with C,, g, as in (3.8a).

PROOF. (3.8a) will hold for s, y € @ X &, if § is small depending only on u_, f.
It suffices to consider the i > p + 1 case only. Fix s € Q_ and let s* be the point on
[0,1] closest to s. Let r = |s — s*|. (See Figure 4.1.)

=y ]
o}
‘ "

FiGURE 4.1
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Then if s* € [0, s*]

exp(—kf’s Ai)

(4.3a)

exp(—kﬁ* A,.) exp(—k ' A,.)'

< exp(—k(s* — s") ey )exp(krCoe,) by (3.8a).

Hence

I =U0:* exp(—kf/s A,-)u(s’,y)a’s'
|u|H,(,1
(84,)""

exp(rC,e exp(rC,e k=14
pfzk-i’ : ( 2 *)) oo (1= exp(kegs ™))l

N

exp(krCye,) - -fs exp(—k(s* — s")ey) ds’
0

Applying Lemma 2, for § < §,(C,e,) we get

< exp(8Coes) 1 1
< (8 _ r)k-l d}lf_l kEO

(1 — exp(~key))|u|m -1 since s* < 1.
Next, let s = s* + re’ and s’ = s* + pe. Then

fi exp(—kff A,.)u(s’, y)ds’

)

12=

1 luly,

(8—p)k_1 dp dk—l

exp(rCoes) 1Mlm_, ( [ (S—r)])
< k—1D)|(r—p)Coex +1 dp.
T e =

If welet N =1 + Cgg,, the integral above equals

fr e~ (k=Dr=Pexpl (k — 1)|(r — p)N + ln( 0~ r) dp.
0 §-p
Using Lemma 3, for § < §,(N) we get

< fr k=1 g — {(k —1)7 A - e ®), k> 1,
0 r, k = 1,
< (e/k)(1—e*) fork>1

since r < 1. Hence, for § < 8, with 8, depending on u_, f; only,

< for exp(k(r — p)Coes) -

[Tu(s)|< L+ 1, < _ﬂlﬂ—_l__[escoe. . -1_(1 — e~keo) 4 2(1 — e k).
keg k

k—
(dd,)"

The inequality (4.3) follows immediately. The inequality (4.2) follows by observing
that x1(1 — e *“) < C for x,C > 0.
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(B) The majorant. Ultimately, we want to show that

1
'(ai)lek_l < (k + l)zdky
(4.4) @ <1 1L (m+n
l( I)mnll'lk_1 < (m + 1)2 (n + 1)2( n ) k>

I(k + 1)¢k+llHk4 < (k+ 1)_2”%

fori=1,...m m+n=k, k>1.

Here ¢ denotes any boundary surface and 2(z) = @,z + @,z% + - -+, a; >0, will
be a convergent power series. We are not yet ready to say what «(z) is. The 2, ’s will
satisfy a recursive relation which will be determined during the course of majoriza-
tion.

REMARK. We define

(@) il = sup (84,) (@) a(2)],

where (a;),,,(») is regarded is a function of s and y with s = 0.

Let a,> 0 be an upper bound for all zero order coefficients |(a;)y(s, y)}
(@)oo(P 16:()] = Ay(»)], as well as their derivatives [3,(a,)oh 13,(a;)l
19, (@) goh 19,91 With s, y € @ X &

We now state the Main Majorization Lemma, which will be proved in (C), and use
it for the rest of (B).

MAIN MAJORIZATION LEMMA. Suppose we have ay, ay,...,a,_1, k = 1 so that
(4.4) is satisfied up to and including the index k — 1. Then
k+1
[(F) il < m(Qx(d(Z)) + 2R (a(z2),2)),,
(E) o | <(m+n+1)! 1 1
@45y e mint - (m+1)" (n+ 1)

(Q, + zR,),,

m+n=k-—1,
{(gi)k‘Hk,, < (Q; + zR;),,
(L) glr, < (ke +1)72(Q4 + 2Ry) 4

with (F)py (F)pps (81 (L) from (217), (212), (2.22), (2.25a) and (2.29)
respectively.

In(4.5) Q,(2) = szaz + Qj3a3 + ---, j=1,2,3,4is a convergent power series
beginning with quadratic terms and R (2, z) is analytic at (0, 0) bearing no relation
to the Riemann invariants introduced before.

REMARK. Q » R; will, as expected, involve majorants of the coefficients 4, B, L, ...
of the original equation. We note that (Q, + zR,) + (Q, + zR,)=(Q; + Q,) +
z(R; + R,). Hence sums of functions of this form have the same form, and we will
simply denote them all by Q + zR in spite of the fact that they may differ from
equation to equation.
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Assuming the lemma, we now prove (4.4) for the index k.
We consider (%)) ,,, from (3.1a), (3.1b). For i < p, by (4.5)

; (n+D)(n+2)---(n+)) 1
e D oG+ 1) g = A sl

J (n+1)---(n+j)  (m+n+1)
Tm A1) (m—j+ 1) (=)0 + )

(m=j+1)(n+j+1)7-(Q+zR),

= Co(m +r': + 1)(m +1)%(n + 1)~2p/l'(Q + zR),

<

i (m+ 1)°(n + 1)
T(m—-j+ 1) (n+j+1)

where p, = p, - p;, and p,, p,, < 1. The expression
; (m+ 1)%(n + 1)
Tm—j+ ) (n+j+1)

is bounded independent of m, n, j since we write it as

2 2
oi(j + 1)2 (m+1)2(n+1) a (m+1)
(J+ D) (m=j+1)(n+j+1) (j+ D) m—j+1)
is bounded by 4, by considering j < m/2 and j > m/2. This gives
C
46) [(F)ln,_, < L (mHn+1)(Q+ 2R),
(m+ 1) (n+1)
(1+p, 402+ p1)
C
< 2 2(m+”+1)(Q+zR)k fori < p.
(m+1)(n+1) "
Similarly,

G
(m+1)(n+1)

REMARK. In all of the above, m + n + 1 = k.
We now estimate (%;),’s in rarefactions from their formulas given after (3.10).
Using the first estimate in (4.5) and (4.3) of Lemma 4,

G 1 z
(48) (b, < 5 i@ R

We are now ready to get an estimate on a,, Bk from (3.13).
For k > 1, since a , is analytic,

@) [(F) paln, < (mrrtl)Q+zR), forizp+1.

1 ck1
“(k+1) (8d,)

l(a)(¥)|<A4CF <4
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where 4,,, C, C, are appropriately chosen and C < C;. Hence

(@) iln,_, < (k+ 1)2(2R(2))4
for R(z) = A L, ,C{z" analytic at z = 0. Also (4.8) implies

C
B sup |, < 2 (0 + 2R).
T oss<l € (k+1)
This, together with (4.5) —(4.7), applied to the right-hand side of (3.13) implies
(4.9) 1(8,) il 1(@) il , < C(k+1)7(Q + 2R),

with C depending on u_, f; as well as &,
To estimate the remaining coefficients in the gaps we consider (3.1c). We get, by
using (4.9),
m+1)%(n+1)° C
‘p:"+l(ai)0k|fl,_l < P;nﬂ( At 2) : 2 3
(m+n+1) (m+1)(n+1)

(Q + ZR) ke
Letting C, which depends on ¢,, u_, f;, get larger from equation to equation, as we
did with C,, we get

< C(m+1)(n+1)%(Q + zR),.

Using (4.6) as well, we obtain from (3.1c)

C
(4.10) |(a) pirnlm, , <
@) sl (m+1)*(n +1)*

(m+”11+1)(Q+zR)k fori < p.

Similarly,
(4.11)
C .
|(ai)m,n+1 |HA,,, < (m + 1)2(’1 N 1)2(m +’Z + 1)(Q + ZR)k for i Zp + 1.

REMARKS. Formula (4.10) holds for the (m + 1)th gap too, and (4.11) holds for
the 1st gap (see (3.4) and (3.5)).

To get estimates for the rarefaction coefficients we consider (3.9) with (s, y) € Q,
X Q.. Letting H!~! = H,_, X -+ XH,_;, (n — 1) times, we introduce the map J
defined by

(a,-)k(l,y)exp(—-kfsl Ai) + T,(A, %, - v)

1 .
+Ti()\p_)\i(E‘)k)9 lSp—l,

(J0v); = , s
(a). (0. p)exp(k [ A, + T,(8,, - 0)

1

+T }\p_)\i(E)k), i>p+1,

1

n—1
forve H”|.
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REMARKS. Since in (2.20), %, = 0, in the formulas above,
B,=(%,,,.... %, By B, ERL

i i,p—1»
T’s are the maps defined in Lemma 4. Note that (3.9) means J (a), = (a),. We
want to show that 7 is a contraction mapping some ball in H~} to itself. This will
give us a fixed point in the ball.
Using (4.3a) with s" = 0, and (4.9) we obtain

(a0 esp( [ 8| < - Ry 5] e

Applying Lemma 2 we obtain

(4.12) ai(O,y)exp(—k/(; A,.) S (k 7 —=—(Q+
Similarly,

(4.13) a,(1, y)exp| -k [ A, L ST (k naCAEDR
Since

|AB, - 0‘k|HkAl < Coﬁ*‘aklﬂ,:':,‘
by (4.2),
(4.13a) IT.(AZ - &) |n,_, <

As always, C, depends only on u_, f,. We choose &, small enough so that Cye, < 1.
Using the first inequality in (4.5) and (4.3), we get

Ti(x 1 ?\i(F’")*) . fm

In conclusion, adding all the estimates above,

(Q + zR),.

C
|7 (@) i |mp=t = max|(-7ak)i|Hk_, < z—k-i-—l)z(Q +zR),

Choose D so that C + Cye, D < D, which is possible since Cye, < 1. Thus
|7 (o)l < D(k +1)7(Q + 2R),

if
1< D(k+1)%Q + zR),.

Now
‘(fv)i "(-7“)1'|Hk-1 =|T;‘(Aigi (v - u))lH,(_1 < COE*IU —u

with Cye, < 1 as in (4.13a). Hence J is a contraction, which has a fixed point (a),
satisfying

(4.14)

n—1
Hk*l

< D(k +1)%(Q + zR),.
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REMARKS. D tends to infinity as ¢, tends to zero since C does, which means that
the radius of convergence of our series approaches zero as rarefactions degenerate.

In (4.14), (@), = (@) g>- -+ (@) g (@4 1) ks - - -5 (@) ). As a fixed point of T,
a, is the solution to the rarefaction O.D.E’s (2.19). In §3 we could have obtained
the existence of (a), by solving the initial value O.D.E. in the complex domain.
However, in this chapter we were able to obtain the estimate (4.14) in addition to the
existence.

Although the rarefaction surface coefficients could be obtained from (2.20), we
cannot prove the desired estimate on them from the equation because of the (k + 1)
factor in front of the (a,), term. Formula (2.20) is not adequate for bounding
derivatives of ¢ or y. Fortunately, we have (2.25), (2.28) which were derived as a
consequence of ¢ being characteristic.

From (2.28), using (4.9) and (4.5) we obtain

(4.15) I(k + 1)¢4.1lm,_, < Ck +1)%(Q + zR),

which holds for rarefaction and sound surfaces. By (2.25c), using (4.9) and (4.5)
again, it clearly holds for contact surfaces as well.

We now go back to (2.20) to obtain the estimate on a,(s, y). We use (4.5) to
bound (F,), and (4.14), (4.15) to obtain

(4.16) l(a,), |p . < Clk+1)7(Q + zR),.

REMARKS. To get (4.16) we needed to estimate

sug I(dsdy)kul“qbk+1 +5(Yier = dus) |
seQ,
)‘EQ‘..

_ C
< sup (8d_v)k 1|¢k+1 = s(Yper — ¢k+1)l< 2(Q +zR), by (4.15).
s€Q, (k + 1)
reQ,

Finally, the shock surfaces coefficients from (2.23) satisfy
(4.17) |(k + Déynln,_, < Clk +1)7(Q + 2R),.

REMARKS. To get (4.17) we used (4.5) to bound (g,), and (4.9) to bound (),
(B)o from (2.23). Also, 1/(¢, + 0(5’%)) < Cy/¢, is incorporated into the constant
C.

Consider the sum of all C(Q + zR),’s from (4.10), (4.11), and (4.14)-(4.17) and
call it Q + zR as agreed. Now set

(4.18) o, = (0(a(2)) + 2R(a(2),2)),, k> 1.

REMARKS. (Q + zR), in (4.18) contains coefficients of « of order less than k. By
the implicit function theorem the equations z(0) = 0, 2 = Q(2) + zR(a, z) have a
unique analytic solution «(z) whose coefficients satisfy (4.18).

With this definition of a,, (4.10), (4.11), (4.14)—(4.16) imply (4.4) for the index k.

Assuming the Main Majorization Lemma we have thus proved (4.4) for all £ > 1.
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REMARKS. When k£ = 1 the Main Majorization Lemma implies (4.5) with Q, = 0
and R, depending on a, only.
(C) Proof of the Main Majorization Lemma.

LEMMA 5.
“ 1 1 K
2 2 S ° 2° 0,
p=0 (m—p+1)° (p+1)° (m+1)
with K a fixed numerical constant.
PrROOF. We let [ x] be the integer part of x. Then
m [m/2]
1 1 1
<2 (by symmetry)
im0 (m—p+1)° (p+1)° S0 (m—p+ 1) (p+1)°
2 s 1 8 = 1

S m /2l 1 o (h 17 (mA 1) o (et 1)

my\(m, m, + m,
(”1)(”2)< ( "1+”2)'

PRroor. Consider m; + m, objects. Then the left-hand side represents the number
of ways we can choose n; objects out of the first m; and n, out of the remaining
m,. The right-hand side represents the number of ways we can choose n; + n, out
of m; + m, with no restrictions. Hence, the inequality in Lemma 6 becomes evident.

Lemmas 5 and 6 are among the tools used for a proof of the Cauchy-Kovalevsky
Theorem in [4].

LEMMA 6.

LEMMA 7. Let
u(€&m,y) =2 u, (M7, olény)= X u,(y)Er,
n=>0 n>0
v>0 v>0
w(&m,y)= X w,,(»)&n,
p>0
v>0
and suppose that for positive constants T,, i = 0, ..., 2, we have
T 1 TR
]u.,,| < 0 ( )a . l<sp+v<m+n,
pvIiH, (# + 1)2 (V + 1)2 /] pt
T 1 B+
[w, | < 1 ( )é’ Vs lsp+rv<m+n,
pviH, (]J«+ 1)2 (V+ 1)2 v rt
T, (p+»+ 1)

v,, < Cyys Osp+rv<m+n,
| [N l”“+y\ (#+ 1)2(1}+ 1)2 ’L'V' 2 S P =
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with

a(z) =) az', 2,20, £4(z)=) £z, £>0,

i>1 i>1

(z2)=Y ¢z, ¢, >=0.

iz0

If |uool iy 1Wool , are also bounded by Tya,, T b, respectively, ay, by > 0, then

(4.19) [(u-w)mula,, ..,

i e L (HO RN O RN

withm + n > 1.

(4.19a) In case uy, = 0 = a, or wy, = 0 = b, then we get (4.19) under the weaker
hypothesis that w,,, u,,, respectively, satisfy their estimates for1 < p+v<m+n —
1 only.

(4.20)

pr?

(- 0)o i < K¢T,T, (m+n+1)
T (m+ DA(n 1)t min!

[(a(2) +ao)e(2)] ss

m+n>0.

(4.20a) In case uy, = 0 = a, we get (4.20) with [(u - v),,,|y . , as the left-hand
side, m + n > 1, under the weaker hypothesis that v, , satisfies the estimate for
O<p+v<m+n—1onl. If, in addition, vy, = 0 = ¢, the hypothesis on u,,
could be weakenedtol < p+v<m+n—1.

ProOF. We have

421) |(d,8)"""  (uw) 0,

+ Z Z |up.vl(d_va)u-h’*llwm—u,n—vI(dys)m+n_(u+”)‘1(dy8)
p=0 »=0
p+rv#0,m+n

< (d,8)™" Nt Dol +(d,8)™ " o Wy

< TOaOI wm,n H,in-1 + leOIum,an,,,+,,_1

+ Z Iup,,ulH‘“_y_llwm-—u.n——v

(L4
p+rv#0,m+n

H,

m+n—(u—v)—1

I,T, m+n
< (m N 1)2(}1 N 1)2( n )[a0gm+n + bO“m+n]

TR VI (M ”)(m+n ~(p+v- v))

e v n—v
p+v#0,m+n

1 1 1 1
(r+1) (m=—p+1)Y> (»+1)7° (n—»+1)

zay+vgm+n——(p.+v)'
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The second term above is
m+n—1

o 1 1
<Y (M F e, ,,_(z
01@1( n " et o (1) (m—p+1)

( n 1 1 )

) 2 2

v=0(r+1)" (n—»r+1)
TOTlKg (m +n !

- (m+1)*(n+17>" " ) 1§1 s nt
The estimate (4.19) follows. The result in (4.19a) follows from the fact that the
right-hand side of (4.21) will not have a w,,, or u,,, term in case u,, respectively
Woo» 1S ZE€TO.

In case m = n =0, (4.20) follows immediately. Hence, we assume m + n > 1.
Since d, < 1,

(4'22) ‘(d_yva)m+n(u : U)m.n < (d.vs)m+n_1'um,n' IUO,Ol +(d_v8)m+nlvm,nl [uOOI
+ Z luu.vl(dys)”ﬁ-v—livm—p..n—vl(dya)m_kn—(ﬂ*»v)

v
p+rv#0, m+n

< ium,n IH",+,,~1T2"‘0 + IUm.nt”nmnTOaO
+ Z Iup,,vIH‘H_,AIIUm«p,n-vIHmM,_“H,)
p.+v=éﬂ(‘),:m+n
T,T, 1 (m+n+1)

= [cam n+cm na]
(m+1)* (n+1)>  min! O TSm0

+LT, X (M+V)(m+n~(“+y)+l)'(m*ﬂ-l-l)

o 4 n—v
p+v+0,m+n

1
(+1D)’(m-p+1D(r+1)(n-»+1)

2dp.+vcm+n—(p.—v)'

Since
+v +n—(p+vr)+1
(I’-V )(m nn(fyv) )(m—,u+1)<(m+”;+1)(m+1)

_(m4+n+1)
- m!n!

(4.20) follows. The result in (4.20a) follows since the right-hand side of (4.22) will

not have the (dyt‘i)'"’r"v,,,‘nu00 term in case a, = 0. Therefore, (4.22) will be valid

with ](d_VS)"’*"‘l(u - 0),,,| as left-hand side. The rest of (4.20a) is immediate.

b

COROLLARY 1. Let u; = X(u,),,(y)&*0", i = 1,..., n, satisfy the hypothesis of u in
Lemma 1. Then, for a = (ay,...,qa,), a multi-index

(KoT)™  (m+n .
(m+1)(n+ 1)2( " )((“+ a))"™) ...

’(ua)m,nlﬂmw,ﬂ <
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PROOF. Follows from Lemma 7 (4.19) by induction on |a].

COROLLARY 2. Let u = (uy,...,u,) as in Corollary 1. Let a(u, y) =
Ya,(ug, yu — ug)*® be analytic in the variables u, y € {|u — ugo| < e} X Q. Sup-
pose, by letting uy,(y) = u(0,0, y), we have

Y laa(uw(y).y)|<a, yeQ,I>0.

laj=1

(in this case we say a majorizes a). Then

!(a(u(é’ n, )))s y))mn{H,,,ﬂ,_1

< (m :' 1)2 (n -}1- 1)2(m : n)(E(KOToa(Z)))m+n’ m+n>1.

ProOF. By Corollary 1,
I((u - uOO)a)mn

since (4 — uyy) g0 = 0. Hence,

(d8)"" a(s y)mal < & T lau(ton ¥)] (4 = )",

=0 |a|=!

< DL _(mEman, T ()|

(TK)™ _ m+n ;
T (m+1)X(n+ 1)2( M ((CIC) 0 T

Hpvna

Hyin-1

=0 (m+1)*(n+1)° laj=1
< 1 m+n a a .
ST 1)2( ¥ N a(KoTya)) o

We are now ready to prove the second inequality of the Main Majorization Lemma
(see (4.59)).

We consider the terms that enter in (F}),,, from (2.12). By the remark following
(2.12) and by the hypothesis of the Main Majorization Lemma, u, ¢ and ¢ in these
terms satisfy (4.4). In what follows, m + n =k —1>0and p < m, v < n.

First, we remark that

Uy = 2 (@) wri(ue),  wu(s,y)= 2 (), (uo),
i=1 i=1
so that |u,,| < Tyla,,l, |u,| < Tole,| with Ty = Ty(u_, f;). By (4.4),

1
(0 = Al =l + Dyl < G
Since ¢ does not depend on &, (Y, — X,,,),“, = 0 if » > 0. Therefore,
(4.23a)

forl < p<m.

1 1 w+w
(¥, = A,) Hyvor S 1 s 1)2( y )aﬂﬂ forl<p+v<m+n.
Similarly,
(4.23b)
1 1 g+
I(Np - ¢’$) Hypor S (n v 1)2 o+ 1)2( » )apﬂ forlsp+vr<m+n.
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Let e, be the jth unit vector in R". Let @ be a majorant to
[i(ug)(A(u, y) — A(ugy, y))e, fori=1,....m, j=1,...,n,

in the sense of Corollary 2. Then a is analytic in some neighborhood of 0 and
a0)=0.

By Corollary 2,
(424) |(£,(A(w) = A(ugo))e) |y
< P l o : 1)2(“ :- V)(E(KOTOa))u+, forl<p+v<m+n.
From (4.4),
4o+ DO+l < ———— (" T ) ey

(+ 1) (v +1)
for2<p+rv<m+n,
since if both u > 0, » > 0, the left-hand side is 0. By Lemma 1 and the above,

(W + ) ).,  <elw+rr+ DY+ ¢)uln,., ,

€ + v B e +p
) (h+ 1)+ 1)2“ ’ )aw_l (g 1)+ 1)2(“ v )(2“)“”

for2<p+v<m+n.

Since [((y + ¢),),.| < aq if p + v = 1 we obtain

2e Lty
4.25 v ) v < 5 3 ’ zZa+ 2a4) 4,
(425) (¥ +9),) (“H)(HD( ) )

H,H»v—l

forl<p+v<m+n.
REMARK. If p + » = 1, say p = 1 and » = 0, then (4.25) is simply

I(ll/Y,)l ' < (26/22)‘10’

which holds by definition of a,,.
Let b be a majorant to li(ugy) B, = e, forall i, j, q. By Corollary 2,

1 [T AT
St D+ 1)2( ) BTy,

(4.26) |(1,Be;

iPq ]);w

Hy,-q»v-l

forl<p+rv<m+n.
Also [(1Be;) | < by. Next,

(4.27) ](u_lf)#.v Heo o (n+ l)l(uj)”+1‘"

H.,
1 . 1 ([.L+ v+ l)a
(n+2? (v+12 v

- T, 1 (,u+v+1)!(_1_a)
= (n+ 1)2 (v + 1)2 plv! z s’

forO<p+rv<m+n-—1.

<T(p+1)
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Similarly,
T, +v+ 1)
(4.28) I(u,'n),“, H.,, S ‘ 2 : 2 s "j ! ) (la)
. . v (”+ 1) (V+ 1) nvl z p+v
forO<p+rv<m+n—1.
Finally,
d
(4'29) a—)}‘]-(uj)ﬂV H < e([/. + v + 1)|(uj)"'"' Hu+u—l
T, +
<e(p+rv+1) 20 2(”1/ v)a,ﬁp
(p+1)(rv+1)
eT, (p+v+1)
ptv

(p+1)%(r+1)7> »¥
forlgp+rv<m+n,

and |(3/9y,)(u;)opl < ag-
We now have

'([f{(‘l/n - )\,p) —(A(u) _A(“oo)) +(¢’ + ‘p).vB}ej)w

H,H»v—l

< ("}’
(r+D(v+1)
X {sup liejla,., + @(KoTya) ., + 2ed -((za + zaO)B(KOTOQ))W},
¥

forlsp+rv<m+n,

where we used (4.23a), (4.24)—(4.26) and (4.19) and summed over ¢ = 1 to d. Also
note the left-hand side term is 0 when p = » = 0. Hence by (4.20a) applied to (4.27)
and the above, summing over j, we obtain

(4.292) |(/; - (first term in (2.12))) 00 lsr ..

- C, (m+n+1)
T (m+ 1) (n+1)? min!

~<laz + %a -a(KoTya) + %— (a+ayz)- B(KOTOJ)}

z m+n

3 1 (m+n+1)
(m+1)%n+17>  min

(Q(a’) + ZR(@, z))m+n+l’

where
Q(a) = C0a2 +a- E(KOTOa),
R(a,z)=a-(a+ ay)-b(Kytya).



418 EDUARD HARABETIAN

Similarly,

(4.29b) |/, - (second termin (2.12)) ., |x. ..
- 1 (m+n+1)
T (m+1)i(n+1)? min!

It remains to bound the last term in (2.12). From (4.23a) and (4.23b),

B 1 1 wt+v
(o= 0l <77 (y+1)2( e

(Q + ZR)m+n+l'

forl<p+v<m+n,
and |(Y,, — ¢¢) g0l < 2a,. Hence by (4.19) and (4.26),

l(("bn - )lqueJ)

H,H-v—l

< Ky
(b +1)%(v + 1)

(") (@ + 2a0)B(K Ty) .o,

fortsp+rv<m+n,

and [(, — ¢¢)/;Be;) ool < 2a0by
Applying (4.20) to (4.29) and the above and summing, we obtain

(4.30)
|1, - (last term in (2.12)) .. |n

- (o (m+n+1)
T (m+ 1) (n+1)7  min!
_ 1 (m+n+1)
- (m+1)(n+1)° mln!

with R = Cy(a + ay)(a + 2a,)b. The estimate (4.30) holds for m + n = 0 as well

((a+ ap)(a + 2ay)b(K,Tya))

m+n

(2R(2(2),2)) psn+1

by the definition of a,. Now, (4.29a), (4.29b), and (4.30) together yield the second

estimate in (4.5).

REMARKS. When m = n = 0 the last term in (2.12) is the only nonzero term and

(4.30) gives a bound for it.

Also, we have not considered the terms in the end gaps (2.15) separately since they

have the same form as (2.12).

LEMMA 8. Let

u(s,t,y)=Y u,(s,p)t", ie. u,=0,

m>1

(s, 9) = X vu(s. 001", w(s.t,p) = X w(s, )™

m>0 m>0

Consider the following estimates:

(i) lule, , < (To/(m+1))a,, m

\%
=
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(ii) Wl < (T/(m+1))4,,  m>1,
(iii) |Owla, < (T(m +1)/(m +1))e,,  m>0,
with @, ¢, ¢, > 0, |wol y, < T1by. Then

(A) If (1) holds for 1 < m < k and (ii) holds for1 < m < k — 1 then

(431)  (ww)eln,, < (TTKE/(k + 1)) [(a(2))(4(2) + by)] -
If (i) holds for1 < m < k — 1, then
(4.31a) () i), < (TEKE/(k + 1)) (a%(2))

(B) If Case 1: (i) holds for 1 < m < k and (iii) holds for 0 < m < k — 1; or Case
2: (i) holds for 1 <m <k —1 and vy =0 = ¢, and (iii) holds for 1 <m <k -1
then
(4.31b) () 4 lr,_, < (TTiK3/(k + 1)°)(k + 1)(a - ).

(C) If uy = 0 = @, and (i) holds for 2 < m < k and (iii) holds for 0 < m < k — 2,
then

2
(431¢)  [(w)lm_, < (TTK3/(k +1)°)(k + D[a(2) -e(2)]

PrOOF. The results in (A) and (B) follow from Lemma 7(4.19a), (4.20a), respec-
tively, by considering only one index, say p < m, m =k, v = n = 0. Part (C) is
almost immediate:

k 2

T,T,K3(k + 1)

I(uu)k|Hk—l < Z 1um!m—1lvk-m‘k—m < Lot 4
m=2

k
Z Cpli—m

(k + 1)2 m=2
_ T,T,KZ(k + 1)
(k+1)°
COROLLARY 3. Let u = (uy,...,u,) with u(s,t,y) =X, qu; (s,y)t" and u;
satisfy (i) of Lemma 8 for 1 < m < p. Let a(u, y) =X, a,(uy, yXu — ug)®* be an
analytic function in the variables (u, y) and suppose

Z Iaa(“o(S,)’),y)|<5,, (S,y)egs)(ﬂy,
laj=1{

(a-c), ifa,=0.

where uy(s, y) = u(s,0, y). Then

l(a(u(s, 1, ), ¥))ulm_, < (p+ D)7(@(KeTya(2))),.
PROOF.

L_ ¥ a1(k2)'(a(2)),

(a(u, y))uln,, < ——
P (1) 50

Corollary 3 follows.
REMARKS. If |a| > 2 it follows by (4.31a) that

T)(k3)""

eyt

’((u - uO)a)F‘lﬂ 1 <

n—
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under the weaker hypothesis that (u;),, satisfies (i) for 1 < m < p — 1. Therefore, if
a, = 0 for |a| < 2, Corollary 3 is valid under this weaker hypothesis.

We now focus our attention on (2.17), the inhomogeneous term in rarefactions.
We let z(z) be as in the hypothesis of the Main Majorization Lemma.

We have from (4.4)

1
(432) |(a'})ulHu = (p’ + 1)’(ai)u+l H, < (IL + 1) (“ + 2)2du+1
< (’L%ll)z(%a(z))u forO0<p<k-12.
©
@33) (v = Nt), L <0 =2g0),
11 4
<——=a, < ——(za), for2 <p<k,
pop? ! (p+ 1)2 :

and (¢ — A t)o = (¢ — Ayt); = 0.Similarly,
4
4.34 — Yt < ——(ze for2 < p < k.
( ) }((ﬁ Yy )MIH“71<(“+1)2(Z )u for2<p<
Using (4.31c) on (4.32)-(4.34) we obtain
Colk+1
(4.35) ’(((‘P“M’) —(¢ = A,t))e, ), Glk+1)

B (k4 1) (=)

From Corollary 3,

1
‘([i '(A(“) - 1‘1(“0))6‘,)“1,,“_l < ————zc_l(COa),L forl<p<k-—1
(p+1)
with @ a majorant for /,(4 — A(uy))e; and C;, = K 2T, in this case. Also,
p+1
’((u, - u_,())s)F[Hu <e(p+ l)l(uj - ufo)ulh',,,l < Co(———)a

(p+1)* "

forl<p<k-—-1.

Using (4.31b) Case 2 in Lemma 8 applied to the above two estimates and summing
over j, we obtain

- u u—u <£°(L1—) a a)a
(4.36) |(li(A(“) A( 0))( o)s)lek,,\ (k+1)2 ( (Coa) )k'

Note that @(0) may be taken to be zero.
Since

A(u) — A(uy) = A (up)(u — uy) = Z A (ug)(u - uo)a,

la[>2

if welet @, =X, ,a;z/, we then have that @, is a majorant for

1:(A(u) = Aug) = A'(ug)(u = u))e;.
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Hence, Corollary 3 and the remark following it imply

@37) |(1,(4 = Aug) = 4" (u = up))uy ), S ao(Coa)s

< [P —
A =k +1)

where C; here is also a bound for |u, |.
Since

l(¢r - >\¢)P,Hu~1 =|(|u‘ + 1)¢p+1

n  S——75e, forl<p<k-1

(n+1)* "

and since

Go(p+1)
4.37 L= ug) )l < 2T
(4.37a) (2 ))|“<(“+1)

by Case 2 of (B) in Lemma 8 we obtain
l[(¢r - >‘¢ + S((’ﬂbr - )\xl/) —(¢'r - >\¢)))li(u - uO)s] k

(4.38) Glk+1)
< 5 (a )/\"
(k+1)

forl<pu<k-—-1,

i

Hyy

Corollary 3 implies

(4.382)  |(1Be), |, < (n+1)7(B(Ga)), forO<p<k—1

1=qTy
with b a majorant for [;Be,. Also,

2 4
(4.380)  [(¥ = ¢)uln,_, <l(¥ = ¢)uln,_, < R

5 za),
(r+1) (

for2 < p<k.
Since |(Y — ¢),| < 2a,, we obtain

(4.38¢) |(¢_¢)#'H“l<__f4_l?[(m+ 2aoz)]n forl<p<k

(p+
and (Y — ¢), = 0. Also, as in (4.29),
T,
(4.38d) —a—(u,) <% (u+1)a, forl<p<k-1,
0 (w1

with (3/dy,)(u,(s, y))ol < a,. Applying Case 1 of (B) in Lemma 8 to (4.38d) and
(4.38c) we get

C 1
((1!/—(#)5%”“_,-) <M_
q 3

) z
- < " 1)2 [(a + ay)(za + 2a, )]#

forl < p<k.

Applying Case 1 of (B) in Lemma 8 one more time to (4.38a) and the above, and
summing over ¢ and j, we obtain

(4-39) l(liB(\P_‘t‘)u_v)k M—

)13 (a+ ay)(za+ 2a,z
(k+ 1) [6(Cya) (2 + ag)(za + 2a, )] i

=<
Hk—l
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Since using Lemma 1 and then (4.4),
(0, + s =8)s,), ], <e(u=Dlo +s(4=d)ln,,
<M-—15a”_1 % ———(2a), for2<p<k,
B ey
and since |(4qu + s(¢y — 4’)y,,)1| < Gya,, we obtain
(4.40) |(9y, +s(¥ = 9)y,), [, < Colw+ )7 (za+ay2), forl<ps<k.
Also,

QEE(—E—-}-—?-(0+(IO)# forO0<p<k—1.
(v +1)

Applying Lemma 8, part (B), Case 1 to (4.40) and the above, we obtain

Go(p+1) [

(p+1)°

9
as u"""H

(6, +sCv = 0))w),], ], < (a+ ag)(za + ag2)],

forl < p<k.

Applying Lemma 8 one more time to (4.38a) and the above, and summing over ¢
and j, we obtain

(4.41) (7,- B-(0, + s(¥ - 9),)u,),
Co(k+1)[
(k+1)°

Collecting the results from (4.35)—(4.39) (4.41), we obtain the first estimate in (4.5).
We consider (2.22) next. From (4.4),

(6, - >\¢,)M|,’,“_I <(p+1)?%a, forl<p<k-1,

[((u = uge) — (v — v(m)),,|,,'H < 2Ty(p + 1)-2% forl<p<k-1.

kIH

(a+ay) (za+ayz) - b(Coa,)],(

Hence Lemma 8 (4.31a) implies
C
(4-42) Ili[(¢t - A«p)((u - uOO) _(U - UOO))]k .

< —>—(a%),.
B S (k4 1) "

Next, using Corollary 3, we obtain
(4.43) lli[(fo(“’)’) — foluoo, ¥) — A(uge)(u — uoo))
- (fo(U y) ‘fo(Uoo’)’) - A(Uoo)(v - Uoo))]lﬂk_x

(k ) (fog(co“(z)))

where fo, = ¥, ,fo,z' with f, a majorant for /; - f, at u, and vg.
REMARKS. Since f; = A the left-hand side of (4.43) is quadratic in (¥ — uy).
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Using Corollary 3 we also get
(2 (£, = 1,0 |, < (0 + D) (F(Ga(2)), forO<p<k-1

where f is a majorant for /, “fpq=1,...,d. Since

(4.432) |(4,),

0, S —=—(za+ayz), forl<p<k (see(4.40))
(et 1)

by Lemma 8§ (4.31)

(4.44) |(L(f(0) = () - 8,) |, < Colk + 1) (f(Coa(2)) -(za + ao2)) -

Putting (4.42)—-(4.44) together we obtain the third estimate in (4.5).
The expressions for L, and L, from (2.25a) and (2.29), respectively, are similar so
it suffices to restrict our attention to L, in (2.29). Let

}‘p(u’ y7¢y) = Z (}‘p)a'j(uOO’ y,O)(u - uOO)a(p){'

a, j
Then
(445) L,(u,3,0,)= 2 (A,), o(u—ue)*+ X (A,),, (u—uep)d.
Ja|>2 a
j=0 =1

Let -Xp(z,w) be a majorant of A,, that is X, _,[(A,), (ue(¥), ¥)| < (7\},),'/,
y € Q. Since

|(¢.‘{)M|H”_1 < Cf(p+ 1)'2((24 + aoz)j)# forl < p <k,

(see (4.43a) and Lemma 8 (4.31a)) and by Lemma 8 (4.31a)
1((“ - “oo)a)u
we obtain by Lemma § (4.31)

e, < GBI+ 1) (a), for0<p< k=1, Ja>0,

Gy

d(za+ ayz)’) .
(k+1)2( |( +0))k

I((" - um)a¢){)klﬁk_l <

Hence we may estimate the terms in (4.45) by

(2 () (0= )

j=1 kIH

1 - ) ;
<—— Y (},), CiCid'(za+ ayz)’),
(k+1)2 j>1( P)I,j 0 0( 0 )k
>0

1 - , )
= —2C A ), .. CiCi 2 (za+ ayz)’
(k+1)2 0 ,go( p)1.1+1 0 o( ( 0 ) )

>0 k

= (k + 1)*(zR(a, 2)),.
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Finally, we estimate the first term in (4.45):

| 1
X ()0 - u)) | <= (R,0(Ga)),.
(|a|>2 rlap 00 . (k+1)2( pR\ -0 )A
The fourth and last estimate in (4.5) follows.
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