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A CONVERGENT SERIES EXPANSION FOR 
HYPERBOLIC SYSTEMS OF CONSERVATION LAWS 

BY 

EDUARD HARABETIAN1 

ABSTRACT. We consider the discontinuous piecewise analytic initial value problem 
fOT a wide class of conservation laws that includes the full three-dimensional Euler 
equations. The initial interaction at an arbitrary curved surface is resolved in time by 
a convergent series. Among other features the solution exhibits shock, contact, and 
expansion waves as well as sound waves propagating on characteristic surfaces. The 
expansion waves correspond to the one-dimensional rarefactions but have a more 
complicated structure. The sound waves are generated in place of zero strength 
shocks, and they are caused by mismatches in derivatives. 

1. Introduction. We consider the initial value problem for a system of conservation 
laws given by 

d 

u t + L Cf;(u»x, = 0, 
(1.1) 

;=0 

and satisfying the following: 

Xo> S(x1,,,,,Xd)' 

Xo < S(x1,· .. , x d), 

(1) /;, S are analytic, u+, u_ are analytic across S; however, u(O, X o,"" x d ) may 
have a small jump discontinuity or a jump in derivatives, not necessarily small, at S. 

(2) Equation (1.1) is hyperbolic in the following sense: If we let 
d 'Of; 

M(w,u) = ;~o w;au' wE Rd+1 - (OJ, 

then M has real eigenvalues A1(W,U) ~ A2(w,u) ~ , ... , ~ An(w,u) and a basis of 
eigenvectors r1 (w, u), ... , rn( w, u). We denote left eigenvectors by 1;( w, u). 

(3) Equation (1.1) has either genuinely nonlinear or linearly degenerate fields, i.e., 
either 'V uA; • r; =F 0 or 'V uA; . r; == 0 

for u in a neighborhood of u(O, xo,"" Xd) and Iwl = 1. 
(4) If M has multiple eigenvalues, then the corresponding field must be linearly 

degenerate. 
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384 EDUARD HARABETIAN 

Our object is to obtain a power series representing a distribution solution to (1.1). 
The conditions (2)-(4) are in part dictated by the properties characterizing the 

Euler equations. For a polytropic three-dimensional gas flow they are given by 

p pu pv pw ° pu pu 2 + P PUV puw ° pV + PUV + pv 2 + P + pVw ° pw puw pVw pw 2 + P ° e u( e + p) v( e + p) y w( e + p) ° x 

with p = (y - l)(e - (p(u 2 + v2 + w2 )/2» where p = density, u, v, w = velocities, 
e = total energy, and p = pressure [2]. 

The eigenvalues of M, in this case, are 
wou + WjV + w2w - C < wou + WjV + w2W < wou + WjV + W2w + C 

where c = / dp / dp is the speed of sound in the medium. The first and third fields 
are genuinely nonlinear and the corresponding eigenvalues simple. The second field 
is linearly degenerate with the eigenvalue of multiplicity 3. There is, however, a basis 
of eigenvectors so (2)-(4) are satisfied. 

As a preliminary step we change variables to make the initial surface of discon-
tinuity flat. If 

then from (1.1) 

(1.2) 

i=1,2, ... ,d, 

d 

U/ +(/o(u,y)L + L (/;(U»)Yi = 0, 
;=1 

(0 ) = {u + (x, y), 
U ,x, y () u __ x,y , 

x> 0, 

x < 0, 

where by definition fo(u, y) = ,,£f=of;(u)v;(y), with v(y) normal to S. 
The variables t and x will play the major role in our expansion with y; as 

parameters varying in the compact set IYI ~ Ro for some Ro. The first term in the 
expansion will be given by the solution to the Riemann problem 

u/ + (/0 ( u, y») x = 0, 
(1.3) (0 )={u+(O,y), 

u ,x,y (0) u_ ,y, 
x> 0, 
x < 0. 

If the system is strictly hyperbolic and the initial jump is small, the solution to the 
Riemann problem, due to P. D. Lax, is given in [1]. His proof involves the 
construction of the map U(y, E], ... , En): Rn ~ Rn, with y as a parameter, 
U(y, 0, ... ,0) = u_(O, y). U(y, Ej , ... , En) represents the state obtained by starting 
from u _ (0, y) and travelling E; time increments along the appropriate shock, 
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rarefaction, or contact curves. Lax obtains the solution by showing that U is 
invertible near f = 0. The solution u can be expressed as u(t, x, y) = h(x/t, y) with 
h(Al(U_), y) = u_ and h(An(u+), y) = u+. The result immediately extends to the 
case with multiple eigenvalues in linearly degenerate fields if there is a basis of 
eigenvectors. 

Our result in this paper is 

THEOREM 1. Given u_(x, y), there exists f. > ° small and C > ° large, depending 
only on U_, /;' such that if u+(O, y) = U(y, f l , .•. , fn)' U(y, 0) = u_(O, y) satisfies 

(a) If;(Y)1 ~ f., i = 1,2, ... , n, 
(b) ifp is a genuinely nonlinear field then either (1) eiY) *' 0, for Iyl ~ Ro, or (1') 

f/Y) == 0, for Iyl ~ Ro, and 

IIp(u_(O,y)) '(u_L(O,y) - Ip(u+(O,y) .(u+)X<O,Y)I~ Ce., 
then we can construct a convergent power series which is a distribution solution to (1.2). 

The solution consists of regions of analyticity separated by shock, contact, and 
rarefaction waves corresponding to the ones in the Riemann problem as well as 
sound waves corresponding to shocks of zero strength in the Riemann problem (the 
case fp == 0). It therefore gives a precise description of the singularities propagating 
from the initial discontinuity (see Figure 1.1). 

Condition (b) prevents shocks or rarefactions in the Riemann problem from 
degenerating to waves of zero strength within the parameter domain Iyl ~ Ro, 
unless they are identically of zero strength. The difficulty with transitions to sound 
waves is caused by the fact that the two flat characteristic surfaces joining together 
in the Riemann problem will not necessarily ensure that the two curved characteris-
tic surfaces in the full problem will likewise overlap one another. 

One can distinguish between two types of regions, the ones in the "gaps" between 
waves where the solution is analytic in x and t and the ones in the rarefactions 
where it is analytic in the variable x/to However, unlike the rarefactions in the 
Riemann problem, this last region is not a simple wave, in that characteristics are 
not flat and the solution is not constant along them. 

1st field 
shock 

2nd field 
rarefaction 

Riemann problem 

3rd field 
no wave 

1st field 2nd field 

shock rarefaction 

,;' 
/' 

/ 

full problem 

FIGURE 1.1 

"" 

3rd field 
sound wave 

/ 
/ 

/ 
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The regions are separated by unknown surfaces where we impose the following 
boundary conditions: At rarefaction and sound surfaces we impose continuity across 
and given the existence of the coefficients of the expansion derive that the surfaces 
are characteristic as formal power series. Here we need condition (b )(1') to be able to 
determine the sound surface coefficients uniquely. At shock surfaces we impose the 
Rankine-Hugoniot conditions. At contacts we impose continuity of Riemann in-
variants and that the contact surface is characteristic. If the contact has a multiple 
eigenvalue, there will be less than n equations imposed. Nevertheless, it can be 
shown that they imply all the Rankine-Hugoniot conditions across the contact. 

The problem (1.1) with piecewise HS initial data restricted to ensure the formation 
of only one shock has been previously studied by A. Majda in [5] where the first 
stability and existence result for such systems with discontinuous initial data is 
given. 

Theorem 1 answers a conjecture of R. D. Richtmyer on existence of solutions to 
hyperbolic systems of conservation laws with piecewise analytic initial data [6]. 

The proof consists of two parts. First, the coefficients are determined and 
estimated and, last, the expansion is shown to converge. In the first part we make 
appropriate changes of variables (§2) which in the end only amount to rearrange-
ments of power series. One could, just as easily, determine the coefficients of the 
original variables uniquely, but he would face enormous difficulties at the conver-
gence step. To obtain the coefficients, we must solve algebraic equations in the gaps, 
(n - 1) linear ordinary differential equations coupled with one algebraic equation in 
rarefactions and coupling boundary equations at the shock, contact, rarefaction, and 
sound surfaces. This is accomplished in §3. To show convergence we use the 
estimates in §3 to carry out the majorization argument in §4. 

2. Expansions. Differentiating in (1.2) we obtain 
(2.1) ut+A(y,u)ux+B(u).uy=O 
with A = a/o/au, B = (all/au, ... , 'Old/au), uy = (uYJ"'" uy). 

Let A have m distinct eigenvalues Al < A2 < ... < Am and let Ap " i = 1, ... , s, 
have multiplicity ILi and correspond to the linearly degenerate fields. We choose a 
basis of eigenvectors so that V' A p . rp = 1 in the genuinely nonlinear fields and 
Irp,l = 1 in the linearly degenerate fields. If ILi > 1 then there is a choice to be made 
in picking a basis for that eigenspace. We will adopt the following convention: In a 
linearly degenerate field, rp, will refer to any of the eigenvectors rp,.1' ..• ,rp""" that 
span the eigenspace. Similarly, in the expansion u = 1:1'=1 aj'j, ap,rp, = 
1:t'=l ap,.krp"k' and ap, will refer to any of the components ap"l"'" ap,."", 

Consider a gap (Figure 2.1) bounded on the left and right by 
00 00 

</>(t, y) = Acj>(y)t + L </>m(y)tm and I/I(t, y) = AI/-(y)t + L I/In(y)t n 

m=2 n=2 

respectively. We change variables as follows: 
x=</>(~,y)+I/1(.",y), t=~+.", y =y, 

where ~. '11, yare the new gap variables. 
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t 

x - <P 

x = 1/1 

'-------------~x 

FIGURE 2.1 

As shown in Figure 2.1 x = </>, x = tf; are mapped into 1/ = 0, ~ = 0, respectively. 
We obtain that 

a ( x, t, y) ( </>~ tf; ." </>y + tf;y) 
= 1 1 0 a(t1/,Y) 0 0 I ' 

with a(x, t, y)/a(t 1/, y) the Jacobian derivative, and therefore 

d ( a(x,t,y) ( )) '\ '\ 
et a(~,1/,Y) O,O,yo = 1\4> - I\.p =1= O. 

Letting unewa, 1/, y) = Uold(x, t, y), from (2.1) 

(2.2) (tf;."I-A +(tf;+</»y·B}uE 

+ (-</>EI + A -(tf; + </»y. B}u." +(tf;." - </>~)B· uy = O. 

The end gaps, the first and the (m + l)th (Figure 2.2) are bounded by only one 
unknown surface. 

Let A. be a fixed number depending on u_ and /;, i = 0, ... , d. We will later 
specify how large A. is. 

1st gap 

FIGURE 2.2 

1jJ 

~+l)thgap 
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In the first gap we let 

x = cp('I/, y) + A.t 
Similarly in the (m + 1 )th gap 

x=""(ty)+A.'I/, 
We obtain from (2.1) 

t = '1/, 

t = t 

y =y. 

y =y. 

(2.3) uTI + (I/A.)(A - CPT/ - cpv· B)u~ + B· uy = 0 
and 

(2.4) U~ + (l/A.)(A - ""~ - ""y. B)uT/ + B· uy = O. 
For a rarefaction bounded on the left and right by cP and "", respectively (Figure 

2.3), we change variables as follows: 
x-cp(t,y) 

s= cP_"" ' t = t, y =y. 

REMARKS. The Riemann solution was an analytic function of x/t in rarefactions. 
Expanding the formula for s above we get 

so s behaves very much like x/to 
The transformation above maps x = cP, x = "" to s = 0, s = 1, respectively. 
In the new variables, 

(2.5) ("" - cp)ut + {A -(cpt + s("" - cpL) -(cpy + s("" - cp)y). B}us 

+(",,-cp)B·uv=O. 
REMARKS. As before unew(s, t, y) = uold(x, t, y). Also, in (2.5), A = A(u, y). 
The solutions to (2.2), (2.5) are linked by boundary conditions. There are four 

types of boundaries: rarefaction, shock, sound, and contact. 

t 

o 1 s 

FIGURE 2.3 
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4>('t',y) 

FIGURE 2.4 

At a rarefaction surface we impose continuity, uold(cp(-r, y), T, y) = 
voId ( cp( T, y), T, y). In the new variables we get 

U(O,T,y) = V(O,T,y), 
u(l,T,y) = W(T,O,y) (see Figure 2.4). 

(2.6) 

At a shock surface we impose the Rankine-Hugoniot conditions. For v and U on 
the left and right of a shock surface cP, they are 
( 2.7) CPT (u - v) - Uo ( y, u) - 10 ( y, v )) + CPy U ( u) - 1 ( v)) = ° 
with u = u( T, 0, y), v = v(O, T, y). 

At a sound surface we impose continuity. For u and v as above and cP a sound 
surface, we get 
(2.7a) U(T,O,y) = V(O,T,y). 

Consider now a contact surface cp(t, y) = Ap/ + ... in the linearly degenerate 
field Pi- To obtain weak solutions we should impose (2.7); however, if J.Li > 1, we 
expect that not all of the n equations in (2.7) are independent. 

For each T, y we form the normal flux -/0 + cp.J and the corresponding map 
U("l"'" "m), analytic in" and built from rarefaction and contact curves only, such 
that U(O, ... , 0) = u( T, 0, y). then v (0, T, y) is connected to u( T, 0, y) through a Pi 
contact if and only if v(O, T, y) = U(O, ... , "Pi' 0, ... ,0) for some "p, = 
("Pi. l"'" "Pi'''). A Riemann invariant for the Pith field is a function R(u) such that 
V" uR . rp , == ° or equivalently R( U(O, ... ,0, "p,' 0, ... ,0» = constant. There are 
exactly n - J.Li independent Riemann invariants. To obtain one such set we consider 
Zl (u), . .. , Zn( u) the coordinates of the inverse function of U and let R j = Zj' 
j "* Pi- Furthermore, we see that V" R j . rk = 8jk at u = U(O,O, ... , 0) and j, k "* Pi-

LEMMA 1. The n - J.L i + 1 conditions 

(2.7b) 
(i) CPT = Api( U, y, CPy), 

(ii) Rj(u,y,cpy) = Rj(v,y,cpy), 

imply that Api( u, y, CPy) = Api( v, y, CPy) and that the Rankine-Hugoniot relations (2.7) 
hold. 
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REMARKS. Api(U, y, w) is the Pith eigenvalue of -A(y, u) + w . B(u). R/u, y, w) 
is the jth Riemann invariant for the flux -/o(Y, u) + w . /(u) and hence analytic in 
all of its arguments. 

PROOF. Fix 'T, Y and let v = v(O, 'T, y). Then v = U(E1, ... , Em) for some E1,··., Em; 
consequently, (2.7b)(ii) ~ Ej = 0 for j "* Pi. This means v is connected to u through 
a Pi contact. Therefore A Pi( u, y, 4>.v) = Api( v, y, q,y) and Api( u - v) = (-/o(Y, u) + 
q,IJ(u» - (-/o(Y, v) + 4>.vf(v». The result follows from (2.7b)(i). 

The Euler equations have two well-known Riemann invariants for the middle 
field. They are the pressure P = (y - l)(e - (p(u 2 + v2 + w2 )/2» and the normal 
velocity u = ~xu + ~yV + tw with (~x, ~y, t) the normal to the surface. If, as 
before, the surface is given by x = q,(t, y, z) we have the following three conditions 
at the middle contact 

(i) 

(ii) 

q,t = -Uo + q,yVO + q,zwo, 

-uo + q,yVO + q,zwo = U1 + q,yVl + q,zw1, 

p(po, Uo, vo, wo, eo) = P(P1' u1, VI' WI' e1), 

with (Po, uo, vo, wo, eo), (PI' u1, VI' WI' e1) the left and right states. One easily verifies 
that (i) and (ii) above lead to the Rankine-Hugoniot conditions for the Euler 
equations. A tedious computation gives the eigenvectors 

1 1 
u - ~xc U + ~xC 

'1 = V - ~yC, , '3 = V + ~yC 
W - ~zc W + ~zc 
H- uc H+ uc 

corresponding to Al = U - c, A3 = U + c, where the total enthalpy H = (e + p)/p 
and the sound speed c = ,jdp/dp. It can now be easily verified that 

is invertible. 

( "VU.'l "VU.'3) 
"Vp ·'1 "VP·'3 

We seek power series solutions of the following form: In gaps 

(2.8) 

whereas in rarefactions 

(2.9) 

ua, 1/, y) = L umn(y )~m1/n 
m.n~O 

u(s, t, y) = L uk(s, y}tk. 
k~O 

The first term in both series is obtained from the Riemann solution h (s, y). In (2.8), 
uoo(Y) = h(Acf>' y) = h(A"" y) since h is constant in its first variable in gaps. In 
(2.9),uo(s, y) is the solution to 

(A(uo, y) -(A</> + S(A", - Acf»))(Uo}s = 0 
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which is the zero order relation obtained from substituting (2.9) into (2.5). It follows 
that 

Uo = h(S(A.p - A",) + A.p, y), o ~ S ~ 1, 

and that if we have a p rarefaction 
(2.10) Ap(Uo,y) = A.p + S(A", - A.p), 
The various unknown surfaces have expansions of the form 

I/>a,y) = A.p(Y)~ + L I/>k(y)~k, 
k~2 

tH TJ, y) = A",(Y)TJ + L th(Y)TJk. 
(2.11) 

Substituting (2.8) and (2.11) into (2.2) and collecting terms for ~mTJn, we obtain the 
following recursive relations 

[A", - A(uoo)](m + l)um+1,n + [-A.p + A(uoo)](n + l)um,n+1 = Fmn 
with 

Fmn = -[{(1/I'I- A",)I-(A(u) -A(uoo» +(1/1 + l/»yB}ut 

(2.12) +{(A.p -I/>€) +(A(u) -A(uoo » -(1/1 + l/»yB}u'I 

+(1/I'I-I/>~)B. uytn' 
REMARKS. Fmn contains coefficients of u of order ~ m + n where by definition 

the order of umn is m + n. 
If we let umn = 2:7'=1 (a;)mn(Y)';(u oo, y), we obtain 

(2.13) (m + 1)[A", - A;)(a;)m+1,n +(n + 1)[-A.p + A;)(a;)m,n+l = (F;)mn 
where (F;)mn = I; . (F)mn, i = 1,2, ... , m, and l;(uoo, y), ,;(uoo, y), A;(UOO ' y) are 
the left and right eigenvectors and eigenvalues of A(uoo , y). For the end gaps (2.3) 
and (2.4) we obtain 

(2.14) (n + 1)(a;)m,n+l +(m + 1)(I/A.)[A j - A.p](aj)m+l,n = (F;)mn 
with 

(2.15) (F;)mn = Ij[(l/A.){ (A.p -1/>'1) +(A(u) - A(uoo» -l/>yB} u~ + BUy] mn' 
(m + 1)(aj)m+l,n +(n + 1)(I/A.)[A; - A",](aj)m,n+1 = (F;)mn 

with 

(F;) mn = -/;[ (l/A.){ (A", -1/It) + (A(u) - A(uoo » -1/IyB} u'l + Buy Ln' 
REMARKS. The reader will note the omission, for simplicity, of an index on the L's 

and F's signifying the gap we are in. 
To obtain the equations in rarefactions we substitute (2.9) in (2.5) and collect the 

terms involving t k to get, for k ~ 1, 

(A", - A.p)kuk + {A(uo) -(A.p + S(A", - A.p))}(UkL + A'(uo)uk(uO). (2.16) 
-(k + 1)(l/>k+l + S(1/Ik+l -1/>k+1»(UO). = Fk 
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with 

Fk = -[((~ - AI/;t) -(cf> - A</>t)}Ut +(A(u) -A(uo))(u - uoL 

(2.17) +(A(u) -A(uo) -A'(uo)(u - uo))(uoL 

-(cf>t - A</> + s((~t - AI/;) -(cf>t - A</»)(U - uoL 

+ ( ~ - cf» Bu y - ( cf>y + s ( ~ - cf» y ) ) Bu s] k· 
REMARK. ~ k' cf> k and Uk -1 are the highest order coefficients occurring in Fk· 
If we substitute uk(s, y) = L;"=l (a;h(s, y)r;(uo, y) in (2.16) and use (2.10), we 

obtain 

(AI/; - A</»k(a;)k +(A;(UO) - Ap(uo)}(a;)k 
m 

(2.18) + L {(A;-Ap)/;.rj,+I;.(A'(uohuo,}}(aj)k 
j=l 

-(k + 1)(cf>k+1 + S(~k+1 - cf>k+l))(AI/; - A</»8;p = (F;)k· 
To simplify (2.18) we note that, by differentiating Arp = Aprp with respect to ur ' 

multiplying on the left by I;, on the right by rj and summing 

t;(A'(uo)rjuo,) = (AI/; - A</>)(Ap - A;)/Jrprj + (AI/; - A</»8;p"\1Ap. rj 
with Jrp = arp/au, the Jacobian derivative. Since 

I;· drj/ds = l;. JriuoL = (AI/; - A</»/;(Jrj)rp, 
instead of (2.18), we now have 

(2.19) (A; - Ap)(a;)k + k(AI/; - A</>)(a;)k + (AI/; - A</» L !1Ii a)k = (F;)k' 

i =1= p. 

where 

!1IiJ = (A; - Ap)/; . ((Jrj)rp -(Jrph)· 
REMARKS. Note that !1I;p = 0 which is why we let j =1= P in the sum in (2.19). Since 

ap does not appear in (2.19) we have a partial decoupling which will prove to be 
helpful. 

We now tum to expansions at boundaries and use equations (2.6), (2.7), (2.7a), 
(2.7b). For rarefactions, from (2.6), 

uk(O, y) = VOk(Y)' uk(l, y) = wkO(y)· 
For shocks we substitute series for u, v, cf> into (2.7) and collect the coefficient of 'Tk 

to obtain for k ~ 1 
(2.21) (k + l)cf>k+l(UOO - voo ) + A</>(UkO - VOk ) 

-(A(uOO)ukO - A(vOO)vOk ) = gk 
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with 

(2.22) gk = -{(CPT - A</>)(U - Uoo ) -(V - Voo)) 

- [(to(U) - fo(u oo ) - A(uoo)(u - uoo )) 

- (to ( v) - foe voo) - A( voo)( V - voo))] + CPy(t( u) - f( v))} k· 

REMARKS. The zero order coefficient of T is 

A</>(U OO - voo ) -(to(uoo ) - fo(voo )) = 0 

which is the Rankine-Hugoniot condition for the zero order Riemann solution. 
To simplify (2.21) we recall that for a p shock Uoo = U(el, ... ,ep, 0, ... ,0) and 

Voo = U( el , e2 , ••• , ep_l' 0, ... ,0) with (djdep)U( el , ... , ep_l' 0, 0, ... ,0) = rp( voo ) 
[1]. As a result we have 

(i) 1;( voo ) . r/ uoo ) = O( ep) if i 01= j; 
(ii) 1;( voo ) . r;( uoo ) = 1 + O( ep); 
(iii) I p( voo ) . (u oo - voo ) = ep + O( e;); 
(iv) l;(voo ) . (u oo - voo ) = O(e;) if i 01= p. 

By substituting 

UkO = L (a) kori uoo ), VOk = L (pJOk'j( voo ) 
i j 

in (2.21) and using (i)-(iv) above, we get 

and 

Since 

we get 

(k + l)CPk+P(e;) + (A</> - A;(uoo))(a;)ko(l + O(ep)) 
+O(ep) L (A</> - Aiuoo))(a)kO 

(k + l)CPk+l(ep + O(e;)) + (A</> - Ap(uoo ))(ap)ko(l + O(ep)) 
+O(ep) L (A</> - Aj(uoo))(a)kO 

(k + l)CPk+lO(e;) + (A</> - A;(voo))(a;)kO -(P;)Ok) 
+O(ep)S; ·(a)kO = (g;)k' i 01= p, 

(k + l)CPk+l( ep + O( e;)) + O(ep)Sp ·(ap) kO + O(ep)T ·(Pp)Ok = (gp) k 
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where Sj = (Sjl' Sj2"'" Sjm), j = 1, ... , m, T = (Tl, ... , Tm) are vectors bounded 
independent of Ep near zero. Sand T will change in the next equations, but they will 
remain bounded. Solve for (k + l)<Pk+l in the second equation to get 

1 
(2.23) (k + l}<Pk+l = Sp ·(a}kO + T . (f3)Ok + ( 2) (gp) k' 

Ep + 0 Ep 

Substitute in the first equation and divide by A.p - A;( voo) to get 
(2.24) 

(a;}kO -(P;}Ok + O(Ep}S; ·(aho + O(Ep}T . (f3)Ok = P; .(g}k> i '* p, 

where P; are bounded independent of Ep as well. 
Let us now consider a sound surface <P = A.pt + "', where A.p = Ap(Uoo ) = 

Ap(Voo ) and X and 1/1 are neighboring surfaces (see Figure 2.5). Expanding (2.7a) we 
simply get UkO(Y) = vOk(Y) which in coordinates, since U oo = voo, gives 

(2.24a) 

The surface coefficients <Pk can be recovered from the gap relations (2.12). 
Focusing on the pth equation, if we first let m = n = ° in (2.12), (2.13) we get 

(AI/- - Ap)(ap}lO = -(AI/- - A.p)lp· B(uoo)(uoo}y-

Similarly, in the left gap 

(Ap - Ax)(PP)Ol = -(A.p - Ax)lp' B(voo)(voo}y-

Since uoo(Y) = voo(Y) it follows that (apho = (Pp)Ol is satisfied as a result of the 
gap equations. Next, letting m = k - 1 > 0, n = 0, note that from (2.12) 

Fk-l,O = k<PkUOl + k<PkBOuOOY + Fk-l,O 

where Fk -1,0 contains only lower order coefficients of <p. Hence, from (2.13) 

k(AI/- - Ap)(ap}kO = k<pklp ·(UOl + Bouooy ) + IpFk-1,O' 

x 

FIGURE 2.5 
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Referring to the original variables, x and t, for a moment 

lp' UOl = Ip . [u/(O. 0) + AI/-UJO, 0)] 

= lp' [-A(uoo)ux(O.O) + AI/-UJO,O) - B(uoo)uooy] 

= (AI/- - Ap)lp . Ux - Ip' Bouooy 

where we denote Ux = ux(O.O) in the gap. Hence, 

(2.24b) (AI/- - Ap)(k(ap)kO - k4>kip' uJ = Fk- 1•O· 

Similarly, in the left gap 

(2.24c) (Ap - Ax)(k(Pp)Ok - k4>k1p' vJ = FO.k- 1• 
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Therefore if liux - vx) =F 0 the boundary condition (apho = (Pp)Ok will determine 
4>k' To establish lp(uoo)(ux - vx) =F 0 we let 4> be a shock surface, for example, and 
w the function in the gap to the right of u. Expanding the shock relations 

4>t( w( 4>, t) - u( 4>, t» -[!o]jump at </> + 4>Ag ]jump at </> = 0 

and collecting first order terms we easily obtain 

lp(uoo)ux = l/woo)wx + O(E.). 

Crossing a rarefaction will yield the same estimate by switching the sides and 
therefore reducing it to the shock case. Crossing a sound surface u( 4>. t) = v'4>. t), 
again gives the estimate above and, therefore, going through all the boundaries 

lp(uoo)ux = Ip(u+{O,O»)(u+t + O(E.). 

Ip(voo)vx = Ip(u_(O.O»(u_)x + O(E.). 

If C is large enough in (b)(l') of Theorem 1, we obtain the desired condition. 
It remains to expand at contacts in (2.7b). Equation (2.7b)(ii) yields 

where 
(2.25a) 

"V URj(uoo, y, 0) . UkO - "VvRi voo, y. O)VOk = (LJ k 

(LJk = -{(RAu,y,4>y) -Rj(uoo,y,O) - "VRj(uoo,y,O)(u - uoo») 

- (RAv, y, 4>y) - Ri voo , y, 0) - "VRi voo, y,O)( v - voo ») L· 
Here we used the fact that R/uoo, y, 0) = R/voo, y, 0), i.e .• the initial data are 
connected through a contact. If we let UkO = I:(a;hor;(uoo), VOk = I:(P;)Okr;(VOO) 
and use formulas (i)-(iv) derived for the shock expansions we get 

E "VRj(uoo)' r;(uOO)(a;)kO -(P;)Ok) + O(Ep)Si.B)ok = (Lj ) k 
j?-Pi 

with Sj bounded independent of EPi --. O. Since ("V R j( uoo) . ri( uoo», i, j =F Pi' is 
invertible, 

(2.25b) 
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with Si' Pi bounded matrices and (Lh = «L)k' j =1= p;). From (2.7b)(i) 
m 

(2.25c) (k + l)CPk+l = L (V-UApi(UOO'Y'O). r/uOO))(a)kO +(LpJk' 
j=l 

(LPJk = {Api(U,y,cpy) -Api(UOO'y,O) - V'UApi(UOO'Y'O) ·(u - uoo )} k 

for k ~ l. 
At this point we should be able to show that all coefficients can be uniquely 

determined from the formulas established so far. We will do it in the next section. 
To conclude this section, we derive from the conditions already imposed that the 
rarefaction and sound surfaces satisfy a characteristic equation. 

We have 

LEMMA 2. Suppose there is a unique formal power series solution. If cP is either a 
p-rarefaction surface or a p-sound surface, then 

(2.26) 

with u, v the solutions near cpo 

PROOF. We give the argument for rarefactions, the one for sound surfaces 
following the same lines. 

Suppose u is the function in the rarefaction to the right of cp and v is in the gap 
on the left. Let 

Uo1d(X, t, y} = H(x/t, t, y), Vold(X,t,y) = G(x/t,t,y). 

Then unew(s, t, y) = H(s«cp - I{I)/t) + cp/t, t, y) and H(a, t, s), G(a, t, y) satisfy 

(2.27a) tHt +(A - aI)H" + tBH.y = 0, 

(2.27b) tGt +(A - aI)G" + tBGy = 0, 

and H( cp/t, t, y) = G( cp/t, t, y). Differentiating and multiplying by t 

tH, + H,,(cpt - cp/t) = tGt + G,,(cp, - cp/t), 
HYi + H"cpy/t = GYi + G"cpy/t. 

Using (2.27a) and (2.27b) with s = cp/t the first equation leads to 

H,,(cpt- CP/t) -(A - cp(t,y)/t)H" - tBHy 
= G,,(cpt - CP/t) -(A - CP/t}G" - tBGy. 

The second equation, after multiplying by tB; and adding, yields 

CPyBH" + tBHy = cpyBG" + tBGy. 

Hence we obtain 

(cpt - A + CPyB)H" = (cpt - A + cpyB)G". 

Multiplying on the left by 1/ H( cp/t, t, y), y, CP) = 1/ G( cp/t, t, y), y, CPy), we get 

(cpt- Ap(u,y,CPy))lp ·(H" - G,,) = O. 
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Now (lp' (H(J - G(J»o = '/h(A"" y), y) . h(J(A"" y) = 1, where h«(J, y) = 
H(A""O, y) is the Riemann solution, and since G is in the gap (G(J)o = G(J(A""O, y) 
= O. Also h(J(A"" y) = r/h(A"" y), y). Therefore, since 

k-l 
(<I>,-Ap(H,y,<I>Y))k+ L (<I>,-Ap)p.(!p.(H(J-G(J)L_p.=o 

1'=0 

and (<I>, - A p) 0 = 0, our claim (2.26) follows by induction. 
REMARK. Note that H(<I>/t, t, y) = u(O, t, y). 
Expanding (2.26) we get 

A", + 2</>2t + 3</>3t2 + ... +(k + l)</>k+ltk + ... 

= Ap(UO' y,O) + VuAp ·(u - uo) + Lp(u, y,</>v) 

where Lp( uo, y, 0) = 0 and Lp is quadratic in (u - uo). Hence, for k ~ 1, we get 
m 

(2.28) (k + l)<I>k+l(y) = L (VuAp(O,y) .rJ(aJk(O,y) +(Lp)k 
i=l 

REMARK. (L/u, y, </>y)h contains Uk+l' </>k as highest order coefficients. In fact 

(2.29) (Lp) k = (Ap(U, y,<I>J - Ap(UOO ' y,O) - VuAp(U oo , y,O) ·(u - uoo )) k' 

Formulas (2.28), (2.29) are, in fact, expansions valid for rarefactions, sound, as well 
as contact surfaces (see (2.2Sc». 

3. Linear estimates. In this section we derive a priori estimates for the linear 
system of equations satisfied by the kth order coefficients with inhomogeneous 
terms depending on lower order coefficients. These estimates will help in determin-
ing the coefficients uniquely and subsequently in showing the series converges. 

In (2.13), to obtain coefficients of order k, we take m + n + 1 = k (k ~ 1). As 
(2.20), (2.23), (2.2Sc) suggest, we would expect to determine </>k+ 1 for shocks, 
contacts, and rarefactions at the same time we determine ak's. For sound surfaces 
we can only determine <l>k from the boundary conditions, but (2.28) shows that, once 
determined, the coefficients <I> k can be estimated at the previous step. 

Consider the diagram in Figure 3.1 showing the m fields with the gaps between 
them. We let dotted lines signify the various waves. For example, in Figure 3.1 we 
collapse a p-rarefaction to a dotted line with arrows pointing at corresponding faces. 

2 P 
P / a Ok 

akO '\ L/1 IV \ , /ID , \ / , \ './ 

'\/ 
./ / 

FIGURE 3.1 
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We now want to consider the coefficients in the gaps at the boundaries of the 
gaps. From (2.8), ako are the coefficients of the expansion at 11 = 0, the left 
boundary of the gap. Similarly, aOk are the coefficients at the right boundary. In the 
first gap we only consider aOk' at the right boundary and in the (m + l)th gap akO' 
the left boundary. 

Since there are m boundaries, each with 2n components on both sides, we get a 
total of 2mn unknown boundary components. They satisfy a linear system of 
equations given by the gap equations (2.13)-(2.15) and by boundary equations: 
rarefactions (2.20), shocks (2.24), sound (2.24a), and contacts (2.25b). Note that the 
pth equation at each boundary determines the surface coefficient. For example, at a 
sound surface, <Pk is determined from the pth equation at the boundary and, in view 
of (2.24b), (2.24c), it can be solved in terms of lower order terms and hence 
substituted back into the equations (2.12) for the neighboring gaps. (For k = 1 the 
pth equation is satisfied automatically.) As a second example, the pth equation at 
the boundary of a rarefaction region (the continuity condition) determines 
(aph(O, y), (aph(l, y). They, in turn, determine <Pk+l and I/tk+l by evaluating 
(2.20) at s = 0 and s = 1. Fortunately, as we mentioned in the remark after (2.20), 
we can solve (2.19) independent of (apho. We may therefore only consider the 
n - /L p equations at the p boundary. If p is a genuinely nonlinear field, /Lp = 1 and 
we have n - 1 equations. The total number of equations for the 2mn unknowns is 

L~l n - /Li) +(m + l}n = 2mn. 

The first term above gives the total number of equations from boundaries, the 
second one gives the total number from gaps. To show the system has a unique 
solution it suffices to prove the linear mapping is one to one. This will follow from 
the estimates ahead. 

We now divide the unknowns into two groups iik and bk • If we are at the pth 
boundary (dotted line), we count (a1, ... ,ap - 1) in the gap on the left and 
(ap + 1,' .. ,am) in the gap on the right as part of ii and ii consists of exactly these 
components. The rest forms b (see Figure 3.2). It follows that ii has n' (m - 1) 
components and b has n . (m + 1) components. 

We will be able to estimate ii from the boundary equations and b from the gap 
equations. In rarefactions ap is the characteristic component satisfying the algebraic 

FIGURE 3.2 
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relation in (2.20). Note that since the boundary values of ap belong to b and not ii, 
they will be estimated from the gap equations and not from (2.20). 

(A) Estimates from gaps. We consider the gap between the pth and (p + l)th 
fields bounded by surfaces <p and", on the left and right, respectively. Lax's entropy 
conditions give Ap+ 1(uoo) ~ A", > Acp ~ Ap(UOO )' We get equalities at the ends for 
sound or rarefaction surfaces. From (2.13) we get 

i~p+1. 

Let 

i ~p, 

i~p+1. 

Then there exits p independent of E. near zero but depending on u_(y), /; such 
that 0 < p;(y) ~ p < 1 for ly;1 ~ Ro where u+(y) = U(E1' E2"'" Em) and IE;I ~ E., 
with E. to be chosen. We claim we have 

() _ m+1(m+n+1)( ) a; m+1.11 - p; n a; Ok 

m. (n + l)(n + 2) ... (n + m) 1 (F) 
+ p; (+ 1) 2 1 '\ '\ ; O,m+1I m . m . . .. 1\", - 1\; 

(3.1a) m-1 (n + 1) ... (n + m - 1) 1 
+ P; . (m + 1) . m ... 2 A", - A; (F;)1.m+n-1 + ... 

(n + 1) 1 1 1 
+P;(m + 1). m A", - A; (F;)m-1,n+1 + A", - A; m + 1 (F;)m,n 

for i ~ P 

and 

( a.) = p~+1(m + n + 1 )(a.) 
I m,n+1 . I m I kO 

(3.1b) n(m + l)(m + 2) .. · (m + n) 1 
+p; (n + 1) ···2·1 A; - Acp (F;)m+n,o 

1 1 
+ ... + A; - Acp (n + 1) (F;)m,n for i~ p + 1. 

This can be proved inductively on m, say, by substituting formulas (3.1a) for 
(a;)""l1+1 into the recursion formula for (a;)m+1,n' 
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For notational convenience we let (ff;)mn be the sums involving the F;'s on the 
right-hand side of (3.1a) and (3.1b). Hence (3.1a) and (3.1b) can be written as 

(a;)m+l.n = p;"+l(m + ~ + 1 )(a;)O,k +(ff;)m.n' i ~p, 
(3.1c) 

(a;)m.n+l = p7+ l ( m +:, + 1 )(a;)k,O +(ff;)m.n' i ~ P + 1, 

which gives 

(3.2) 

(3.3) 

(a;)k.O = p~(a;)O,k + (ff;)k-l.O' i ~ p, 

(a;}O.k = p~(a;)k.O + (ff;)O,k-l' i ~ P + 1. 
In the end gaps we have 

1st gap unew(O,ty) = UOld(A*tO,y) = u_(A*~,O,y), 
(m + l)thgap UnewCI/,O,y) = Uold(A*'IJ,O,y) = u+(A*'IJ,O,y). 
Let(u±(A*~,O, y)h = L(a±,hr;(u±oo) with u±oo = u ± (O,O,y). Then from (2.14) 
and (2.15) we get the following relations for the end gaps, 1st gap, and (m + l)th 
gap, respectively: 

(3.4) (a.) = pn+l( m + n + 1 )(a ) + (ff) all i, 
I m~n+l I m -i k I m.n 

(3.5) (a;)m+l.n = p;"+l(m + ~ + 1 )(a+)k +(ff;)m.n all i. 

Here p; = (A</> - A;)/A* and it follows that if we pick A* large enough, depending 
only on u_(y), f;, we have ° < Ip;1 ~ p < 1. Hence it follows that 

(3.6) (a;}O.k = p~(a_)k + (ff;)O.k-l' 1st gap, 

(3.7) 

Let ~k-l denote the vector containing all ff; 's from all gaps (3.2), (3.3), (3.6), (3.7). 
We note that the components on the left-hand side of (3.2), (3.3), (3.6), (3.7) together 
form the whole of bk and the ones on the right-hand side of (3.2), (3.3) next to the p7 
form the whole of Ok' 

Hence (3.2), (3.3), (3.6), (3.7) give us 

(3.8) Ibkl ~ pklokl + I(a+)kl + I(a_)kl + I~k-ll 
where Ibkl = max; {Ib;kl) denotes the max norm. 

REMARKS. I~k-ll = max;IF;'sl and by ff;'s we understand (~)kO or (ff;)Ok as the 
case may be. 

(B) Estimates from rarefactions. We consider (2.19) with ° ~ s ~ 1. Let 

A;(a, y) = (A",(y) - A</>(y»)/(Ap(a, y) - A;(a, y»), i ~ P - 1, 

A;( a, y) = (A", - Acf,}/{A; - Ap), i ~ P + 1. 

Then if Ep = Ep(Y) is such that u+(y) = U(y, El"'" Ep"'" Em) we have E/Y) = 
A",(y) - A</>(y) and hence 

(3.8a) 0< EO ~ A; ~ COE*, ly;1 ~ R, 
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with EO = inf{ Ai' IYil ~ Ro} > ° by (b)(l) of Theorem 1, and Co dependent on u_, 
Ii only. For i ~p -1 we use exp(kJ/Ai(o,y)do) as an integrating factor. For 
i ~ P + 1 we use exp(kJo Ai(o, y) do). We obtain 

~ [(ai)kexp( k t Ai)] - Aiexp( k t Ai)8Bi(a)k 

=A.~A exp(kt Ai)(F;)k, fori~p-l 
IpS 

and 

~ [(a;)kexp( k { Ai)] + Aiexp( k { Ai )8Bi · ak 

= A. ~ A exp(k t Ai)(F;)k for i ~ P + 1. 
I P 0 

Integrating, we get 

(a;)k(s,y) = (a;)k(l,y)· exp(-k t Ai) 

+ t exp( -k t' A;) A;8Bi . ak ds' 

+ 11 exp(-kt' Ai) A ~ A(F;)k ds ' 
sSp I 

(3.9) i~p-l, 

(a;)k(s,y) = (ai)k(O,y)exP(-k{ Ai) 

+ { exp( -k { A;) A;8B; . ak ds' 

+ t exp(-k 1: A;) A ~ A (F;)k ds ', o SIp 
i~ P + 1. 

It follows from (3.9) and (3.8a) that 

l(a;)k(s,Y)I~I(a;)k(I,Y)I+coE* sup 18B;·akl 
O~s~l 

(3.10) i~p - 1, 

+ sup I(~) kl, i~ P + 1, 
O~s.:s:;l 

where 

i ~ P - 1, 

i ~ P + 1, 
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p 

p + 1. 

FIGURE 3.3 

and since ~iP = 0 by (2.20), ak = « (1)k,· .. , (ap - 1)k' (ap + 1)k" .. , (am)k)' Now the 
boundary condition (2.6) gives us (see Figure 3.3) 

with 

where we have 

(aJk(l,y) = (Yi)kO(Y)' 
(aJk(O,y) = (UOk(Y)' 

i ~ p - 1, 

i ~ P + 1, 

by the continuity of the Riemann solution in rarefactions. Now 

Y kO (y ), i ~ P - 1, 

belong to our vector bk • 

We will now adopt the convention that Co will denote a constant depending only 
on u_, Ii' but it will get larger from equation to equation. With this, from (3.10) we 
obtain 

For E* < 1/2eo we get by absorption 

suplakl~ 2lbkl+ 2sup 1(,~k)1 
s s 

where as before ~k = (.%lk' .%w . .. ). Using this in (3.10) we obtain 

l(aJk(O,Y)I~lbkl+ COE*(2I bkl+ 2 S~pl(~k)l) + s~pl(%;)kl, 

I( aJ k (1, y) I ~ I bk 1 + COE*( 21 bk 1 + 2 sup I( ~k) I) + sup I( %;) k I, 
s s 

i ~ p - 1, 

i~p+l. 
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Now, by the boundary conditions, 

(a;)k(O,y) = (UOk' 
(aJk(l, y) = (Yi)kO' 

i ~ p - 1, 

i;;:o p + 1, 
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with ~O,k' i ~ P - 1, and Yk,O' i;;:o p + 1, belonging to ak. In fact, counting all 
rarefactions, they are the part of ak on the faces of rarefactions boundaries. We call 
them a R' Hence we get 

(3.11) 

(C) Estimates Irom shock, sound, and contact boundaries. The ak's occurring on 
the faces of shocks aSK' sound aSD' and contact surfaces ac are handled by (2.24), 
(2.24a), (2.25b). From (2.24), 

l(aSK)kl ~ l(bsK)kl + O(€*)IS(aSK)kl + O(€*)IT(bsK)kl + Ip(g)kl 
which, for €* small depending on u_, /;, implies that 

l(aSK)kl~ (1 + O(€*))I(bsK)kl+ COI(g)kl. 
Similarly, from (2.25b), 

I(adkl~ (1 + O(€*))I(bcLI+ Col(L)kl, 
and from (2.24a), 

l(aSD ) k 1= l(bsD ) k I· 
This together with (3.11) gives us 

(3.12) lakl~ (1 + Co€*)lbkl+ CO(I(g)kl+I(L)kl+ sup I~kl). 
s 

Combine this with (3.8) to get 

lakl ~ (1 + co€*)llakl 

+ Co( I(a+) k 1+ I(a_) kl + I~k-ll + I(g)k 1+ I(L)kl + sup I~kl). 
s 

By choosing €* smaller, but depending only on u _, Ii' we can make (1 + Co€*)p ~ t. 
Hence the above together with (3.8) yield our main linear estimate 

I~ 

(3.13) I~: ~ co(l(a+)kl+l(a_)kl+l~k-ll+lgkl+I(L)kl+ O~~~l I~kl) 
which holds for our choice of €* and for Co depending on U_, Ii only. Nowak' bk 
satisfy a linear system 

where Ji'k comprises of all the inhomogeneous terms (a+h, (a_)k' ~k-l' (Lh, gk' 
~k' The estimate (3.13) shows that the 2mn X 2mn matrix A is invertible. Formulas 
(3.1), (3.4), and (3.5) will give directly the rest of the coefficients in the gaps. Given 
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the initial values (a;h(O, y) we can solve the O.D.E. (2.19) for ° ~ s ~ 1, i =/= p. We 
can finally recover the rest of the unknowns, ap in rarefactions and the surface 
coefficients, from the pth equation at each boundary. 

4. Convergence. In this section we prove the convergence of the power series 
constructed in the previous sections by employing a variant of the technique of 
majorization. To carry out this process we must consider our variables s, y complex 
with 

Y E Oy = {y; E C, d(y;, [-Ro, RoD < 8, i = 1, ... ,d}, 

s E Os = {s E C, d(s, [0,1]) < 8}. 

REMARKS. 8 is a small number less than 1 to be chosen later and d(s, [0, 1]) 
represents the distance from s to [0,1]. 

If we begin with complex analytic initial data u ± and complex analytic coeffi-
cients in our equation (1.2), it is clear that all our equations will hold for y and x 
compiex. 

(A) Auxiliary lemmas. We define 

Hk = (U(S, y) analytic in Os x 0y, sup (d(s, O~') . d(s, nn)k1u(s, y) 1< 00). 
SEns 
yEn, 

It follows that Hk are Banach spaces with norm 

lulH = sup (d(s,O~') .(s,On)klu(s,y)l. 
k SEns -

yEn" 

We will use the notation ds = d(s, O~'), dy = d(y, O_~) and note that ds' dy ~ 1 if 
8 ~ 1. Hence lulH ~ lul H. k+l k 

LEMMA 1 (HORMANDER [3, P. 117]). 

(4.1) 

for u E Hk. 

PROOF. It suffices to consider u(s), s E Os, and show the first inequality. Fix 
s E Os and let e < d s • Then Cauchy's inequality gives 

lu'(s)I~_e-l sup lu(nl~e-l(ds-erkluIHk. 
1!'-sl<;;' 

Choosing e = dsl(k + 1) we obtain 

lu'(s) I ~ (k + 1)(1 + k-l)kds-k-lluIHk ~ (k + l)eds-k-lluIHk· 

The lemma results by multiplying through by d: + 1 and taking sup over s E OS" 

LEMMA 2. Let C > 0. Then there exists 8* = 8*( C) such that 

eTC ~ 8/( 8 - r) for ° ~ r < 8, 8 ~ 8*. 
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PROOF. Let f(r) = erc - ~/(~ - r). Then 

f(O) = 0 and f'(r) = Cerc - ~/(~ - rf. 

We have Cerc ~ Ce BC ~ 1/~ if ~ < 1/Ce = ~*(C), and since 1/~ < ~/(~ - r)2, 
f'(r) < 0 forO ~ r <~, ~ < ~*(C). Hencef(r) ~ Of orO ~ r <~. 

LEMMA 3. Given N > 0, there exists ~*(N) such that 

~ - r 
InT-- ~ -N(r - p), 

()* - p 
o ~ p < r < ~*. 

PROOF. Let x + r - p and e = ~* - r. It suffices to show 

or x- 1 ln(1 + x/e) ~ N. 
There exists ~o( N) such that x -lln(l + (N + l)x) ~ N, 0 < x ~ ~o. Take ~* = 

min(~o, l/(N + 1». Then x-1 ln(1 + x/e) > x-1 ln(1 + (N + l)x) > N since l/e 
> 1/~* ~ (N + 1) and x < ~* ~ ~o. 

LEMMA 4. Define 

1';u = {I.: exp( ~k I.: A,(., y) d. )u(s', y) d<', 

10 exp ( -k L Ai ( (J , y) d (J ) u ( s " y ) ds', 

foru E Hk - 1, k ~ 1. 
Then there exists ~*' dependingly only on u_, h' such that 

(4.2) 

(4.3) 

l1'; u IHk _ 1 ~ Col U IHk-1' 

l1'; u IHk _ 1 ~ (l/k)(Co/eo)l u IHH , 

for ~ ~ ~*' with Co, eo as in (3.8a). 

i ~ P - 1, 

i ~ P + 1, 

PROOF. (3.8a) will hold for s, y E Os X Oy if ~ is small depending only on u_, h. 
It suffices to consider the i ~ P + 1 case only. Fix s E Os and let s* be the point on 
[0,1] closest to s. Let r = Is - s*l. (See Figure 4.1.) 

G 
o s 

FIGURE 4.1 



406 EDUARD HARABETIAN 

Then if Sf E [0, S*] 

~ exp( -k(s* - s')lOo)exp(krColO*) by (3.8a). 

Hence 

Applying Lemma 2, for ~ < ~*( COlO*) we get 

exp( ~COlO*) 1 1 
~ -- --(1 - exp(-keo))luIHk - 1 since s* ~ 1. 
(~_ r)k-l d.:- 1 keo 

Next, let s = s* + re ifJ and s' = s* + pe ifJ• Then 

~ exp(rco::~ IUI:~~1 [ exp((k _ l)[{r _ p )COlO* + In(: = r )]) dp. 
(~-r) dy 0 p 

If we let N= 1 + ColO*, the integral above equals 

I: e-<k-l)(r-p)exP((k -l)[(r- p)N+ In(: = :)])dP. 

Using Lemma 3, for ~ < ~*(N) we get 

~ l r e-(k-l)(r-p)dp = {(k - 1fl(l - e-<k-l)r), k ~ I, 
o r, k - 1, 

~ (e/k)(l - e- kr ) for k ~ 1 

since r ~ 1. Hence, for ~ < ~* with ~* depending on u_, /; only, 

ITu(s) I ~ I + I ~ lulHk - 1 [e 8CoE •. ~(1 - e- keo ) + ~(1 - e- k8 )]. 
I 1 2 ()k-l ke k dsdy 0 

The inequality (4.3) follows immediately. The inequality (4.2) follows by observing 
that x- l (l - e- Xc ) ~ C for x, C > O. 
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(B) The majorant. Ultimately, we want to show that 
1 

l{a;)kIHk _ 1 ~ { )2o,k' 
k+1 

(4.4) 
l{a;)mnIHk _ 1 ~ {m: 1)2 (n ~ 1)2(m: n)o,k' 

for i = 1, ... , m, m + n = k, k ~ 1. 
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Here cJ> denotes any boundary surface and o,(z) = o,lZ + o,2Z2 + ... , o,j> 0, will 
be a convergent power series. We are not yet ready to say what o,(z) is. The o,k'S will 
satisfy a recursive relation which will be determined during the course of majoriza-
tion. 

REMARK. We define 

l{a;)mnIHk _ 1 = sup (8dy )k- 11{a;)mn{y)l, 
yenv 

where (a;)mn(Y) is regarded is a function of sand Y with s = O. 
Let ao > 0 be an upper bound for all zero order coefficients I(a;)o(s, y)l, 

l(a;)oo(Y)I, 1cJ>I(y)1 = IA</>(Y)I, as well as their derivatives los(a;)ol, lo/a;)ol, 
lo/a;)ool, IOycJ>ll with s, Y E Os X Or 

We now state the Main Majorization Lemma, which will be proved in (C), and use 
it for the rest of (B). 

MAIN MAJORIZATION LEMMA. Suppose we have ao, 0,1"'" o,k-l' k ~ 1 so that 
(4.4) is satisfied up to and including the index k - 1. Then 

(4.5) 

k+1 
1{F;)kIH_ ~ 2(Ql{o,{Z»+zR1{o,{z),Z»)k' 

k I (k + 1) 

I{ F) 1 (m + n + 1)! 1 1 (Q R) 
; mn Hk _ 1 ~ m'n' { )2 { )2 2 + z 2 k' .. m+1 n+1 

l{g;)kIHk _ 1 ~ {Q3 + zR 3)k' 

I{L;)kIHk _ 1 ~ {k + 1}-2{Q4 + zR 4)k' 

m + n = k - 1, 

with (F;h, (F;)mn' (g;h, (L;)k from (2.17), (2.12), (2.22), (2.25a) and (2.29) 
respectively. 

In (4.5) Q/ 0,) = Qj2o,2 + Qj3o,3 + ... , j = 1,2,3,4 is a convergent power series 
beginning with quadratic terms and R /0" z) is analytic at (0,0) bearing no relation 
to the Riemann invariants introduced before. 

REMARK. Qj' Rj will, as expected, involve majorants of the coefficients A, B, L, ... 
of the original equation. We note that (Ql + zR1) + (Q2 + zR 2) = (Ql + Q2) + 
Z(RI + R 2). Hence sums of functions of this form have the same form, and we will 
simply denote them all by Q + zR in spite of the fact that they may differ from 
equation to equation. 
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Assuming the lemma, we now prove (4.4) for the index k. 
We consider (.%;)"In from (3.1a), (3.1b). For i ~ p, by (4.5) 

j(n+1)(n+2)···(n+j) 1 I(E). I 
P, (m + 1) . m ... (m - j + 1) IAo/ - Ail I m~}.n+} Hk - 1 

j (n+l)···(n+j) (m+n+l)! 
~ P Co -,--'--_-'----:--''---''--''---c-

I (m + 1) ... (m - j + 1) (m - j)!(n + j)! 

·(m - j + If2(n + j + 1)-2 .(Q + zR)k 

= Co( m + ~ + 1 )(m + If2(n + 1)-2p~(Q + ZR)k 

• j (m + 1)2(n + 1)2 
Pi2 2 2 (m-j+l)(n+j+1) 

where Pi = Pil . Piz and Pi l ' Piz < 1. The expression 

j (m + 1)2(n + 1)2 
P 

'2 (m - j + 1)\n + j + 1)2 

is bounded independent of m, n, j since we write it as 

and 

is bounded by 4, by considering j < ml2 and j> m12. This gives 

(4.6) I(ff) I ~ Co (m + n + 1)(Q + zR) 
i mil Hk _ 1 '" (m + 1)2(n + If n k 

~ Co (m + n + 1 ) (Q + zR) k for i ~ p. 
(m + 1f(n + If n 

Similarly, 

(47) I(ff) I ~ Co (m+n+1)(Q+zR) fori~p+1. 
. I mil Jh -I '" ( )2( )2 n k m+l n+1 
REMARK. In all of the above, m + n + 1 = k. 
We now estimate (~h's in rarefactions from their formulas given after (3.10). 

Using the first estimate in (4.5) and (4.3) of Lemma 4, 

(4.8) 1(.%;)kIH ~ Co 1 2(Q+zR)k. 
k-I EO(k+l) 

We are now ready to get an estimate on ak , bk from (3.13). 
For k ~ 1, since a ± is analytic, 



A CONVERGENT SERIES EXPANSION 

where A o' C, C1 are appropriately chosen and C < C1• Hence 

l(a±)kIHk1 ~ (k + 1f\zR(z»k 
for R(z) = AoLi;;'OC{Zi analytic at z = 0. Also (4.8) implies 

C 1 
8k- 1d:- 1 sup I~k I ~ ---.!!. 2 (Q + ZR)k' 

. 0.;s.;1 fO (k + 1) 

This, together with (4.5) -{4.7), applied to the right-hand side of (3.13) implies 

(4.9) 

with C depending on u_, /; as well as fa. 
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To estimate the remaining coefficients in the gaps we consider (3.1c). We get, by 
using (4.9), 

I m+l( ) I m+1 (m + 1)2(n + 1)2 C ( ) 
Pi a i Ok H'_l ~ Pi ( )2 . ( )2( )2 Q + zR k' m+n+1 m+1 n+1 

Letting C, which depends on EO, u_, fi' get larger from equation to equation, as we 
did with Co' we get 

~ c(m + I)-2(n + 1)-2(Q + ZR)k' 
Using (4.6) as well, we obtain from (3.1c) 

(4.10) l(aJm+lnIH ~ ~ 2(m+n+1)(Q+zR)k fori~p. 
, H (m+1)(n+1) n 

Similarly, 
(4.11) 

l(a;)m,n+lIH, ,~ ~ 2(m+~+1)(Q+zR)k fori:;"p+1 . 
. (m+1)(n+1) 

REMARKS. Formula (4.10) holds for the (m + l)th gap too, and (4.11) holds for 
the 1st gap (see (3.4) and (3.5». 

To get estimates for the rarefaction coefficients we consider (3.9) with (s, y) E Qs 

X Qy. Letting H:~l = Hk- 1 X ... XHk_1, (n - 1) times, we introduce the map !T 
defined by 

(aJk(l,y)eXP(-k{ Ai) + T;(A/Jdi · u) 

(!TV)i = 

+T;(Ap~Ai(r:)k)' i~p-1, 
(aJk(o,y)eXP(-k f Ai) + T;(A/Jdi · v) 

+T;(Ap~>.}r:)k)' i:;"p+1, 

for v E H:~r 
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REMARKS. Since in (2.20), !!Ii,p = 0, in the formulas above, 

!!Ii = (!!Ii.l, ... ,!!Ii,P-l' !!Ii,p+l ... !!Ii,m) ERn-I. 

1";'s are the maps defined in Lemma 4. Note that (3.9) means g-(ah = (ah. We 
want to show that g- is a contraction mapping some ball in H::~l to itself. This will 
give us a fixed point in the ball. 

Using (4.3a) with s' = 0, and (4.9) we obtain 

I( a;) k(O, y )exp( -k f Ai) I ~ (k ~ 1)2 (Q + zR) k . d;-l ( er~o •• r-lerco ••. 

Applying Lemma 2 we obtain 

(4.12) la;(o,y)eXP(-k[Ai)1 ~ C 2(Q+zR)k' 
o H k - 1 (k + 1) 

Similarly, 

(4.13) 

Since 

by (4.2), 

(4.13a) 

la;(l, y)eXP(-k t Ai) I ~ C 2 (Q + zR)k' 
S Hk - 1 (k+1) 

As always, Co depends only on u_, Ii' We choose E. small enough so that COE. < 1. 
Using the first inequality in (4.5) and (4.3), we get 

1
1";( X ~ X(F;)k) 1 ~ Co 2 (Q + zR)k' 

p I Hk - 1 Eo(k + 1) 
In conclusion, adding allthe estimates above, 

C 
19-(a)kIH;::::-/ = max 1(g-ak);lH._ ~ 2 (Q + zR)k + CoE.I(a)kIH;::::-/. 

i • I (k + 1) 

Choose D so that C + CoE.D ~ D, which is possible since COE. < 1. Thus 

19-(a)kIH;::::-/ ~ D(k + 1r2(Q + ZR)k 
if 

Now 

I( g-v); - (g-u); IHk - 1 = 11";( A;!!I; . (v - u») IHk - 1 ~ CoE.1 v - u I HZ:::-/ 
with COE. < 1 as in (4.13a). Hence g- is a contraction, which has a fixed point (ah 
satisfying 

(4.14) 
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REMARKS. D tends to infinity as eo tends to zero since C does, which means that 
the radius of convergence of our series approaches zero as rarefactions degenerate. 

In (4.14), (a)k = « a1h, ... , (ap-1h, (ap + Ih, ... ,( amh). As a fixed point of !T, 
a k is the solution to the rarefaction O.D.E.'s (2.19). In §3 we could have obtained 
the existence of (a)k by solving the initial value O.D.E. in the complex domain. 
However, in this chapter we were able to obtain the estimate (4.14) in addition to the 
existence. 

Although the rarefaction surface coefficients could be obtained from (2.20), we 
cannot prove the desired estimate on them from the equation because of the (k + 1) 
factor in front of the (a ph term. Formula (2.20) is not adequate for bounding 
derivatives of cf> or 1/;. Fortunately, we have (2.25), (2.28) which were derived as a 
consequence of cf> being characteristic. 

From (2.28), using (4.9) and (4.5) we obtain 

(4.15) 

which holds for rarefaction and sound surfaces. By (2.25c), using (4.9) and (4.5) 
again, it clearly holds for contact surfaces as well. 

We now go back to (2.20) to obtain the estimate on a/s, y). We use (4.5) to 
bound (Fp)k and (4.14), (4.15) to obtain 

(4.16) l(ap}kIHH ~ C(k + 1)-2(Q + ZR)k' 

REMARKS. To get (4.16) we needed to estimate 

sup l(dsd}Y-111cf>k+l + S(1/;k+l - cf>k+l) I 
sEn.~ 
"EQ, 

Finally, the shock surfaces coefficients from (2.23) satisfy 

(4.17) 

REMARKS. To get (4.17) we used (4.5) to bound (gp)k and (4.9) to bound (a)kO, 
(/3)Ok from (2.23). Also, l/(ep + O(e;» ~ Co/eo is incorporated into the constant 
C. 

Consider the sum of all C(Q + zRh's from (4.10), (4.11), and (4.14)-(4.17) and 
call it Q + zR as agreed. Now set 

(4.18) k ~ 1. 

REMARKS. (Q + zRh in (4.18) contains coefficients of a of order less than k. By 
the implicit function theorem the equations 0,(0) = 0, 0,= Q(o,) + zR(o" z) have a 
unique arialytic solution o,(z) whose coefficients satisfy (4.18). 

With this definition of o,k' (4.10), (4.11), (4.14)-(4.16) imply (4.4) for the index k. 
Assuming the Main Majorization Lemma we have thus proved (4.4) for all k ~ 1. 
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REMARKS. When k = 1 the Main Majorization Lemma implies (4.5) with Q; == 0 
and R; depending on ao only. 

(C) Proof of the Main Majorization Lemma. 

LEMMA 5. 

mIl K 
" ~ 0 l... 2' 2"'" 2' ",=0(m-p.+1) (p.+1) (m+1) 

m ~ 0, 

with Ko a fixed numerical constant. 

PROOF. We let [x] be the integer part of x. Then 

mIl [mj2] 1 
L 2 2~2L 2 2 

",=0 (m - P. + 1) (p. + 1) ",=0 (m - P. + 1) (p. + 1) 
(by symmetry) 

2 00 1 8 00 1 
~ L ~ L 

(m - [mI2] + 1)2 ",=0 (p. + 1)2 (m + 1)2 ",=0 (p. + 1)2' 

LEMMA 6. 

PROOF. Consider m1 + m 2 objects. Then the left-hand side represents the number 
of ways we can choose n1 objects out of the first m1 and n2 out of the remaining 
m 2 • The right-hand side represents the number of ways we can choose n1 + n 2 out 
of m1 + m 2 with no restrictions. Hence, the inequality in Lemma 6 becomes evident. 

Lemmas 5 and 6 are among the tools used for a proof of the Cauchy-Kovalevsky 
Theorem in [4]. 

LEMMA 7. Let 

u(t1},Y) = L u",.(Y)~"1}·, 
",;;.0 
p;;;;'O 

w(t1},Y) = L w",.(Y)~"1}·, 
",;;.0 
.;;.0 

va, 1}, y) = L v",.(Y )~"1}', 
,,;;.0 
.;;.0 

and suppose that for positive constants T;, i = 0, ... ,2, we have 

1 ~ p. + v:s;; m + n, 

1 ~ p. + v ~ m + n, 

o ~ p. + v ~ m + n, 
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C{z) = L CiZ i, Ci ~ O. 
i~O 

If IUooI Ho' IWool Ho are also bounded by Toa o, T1bo respectively, ao, bo ~ 0, then 

(4.19) I{u· W)mnIHm+,,_1 
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~ KJ;oTl 2(m ~ n)((a{z) + ao)(tf{z) + bO))m+n' 
(m + 1) (n + 1) 

with m + n ~ 1. 

(4.19a) In case Uoo = 0 = ao or Woo = 0 = bo then we get (4.19) under the weaker 
hypothesis that w/LV' u/LV' respectively, satisfy their estimates for 1 ~ p. + v ~ m + n -
1 only. 
(4.20) 

I I KJToTl (m + n + I)! [( () ) ( )] 
{u· v)mn Hm+n ~ { )2{ )2 m'n' a Z + aO C Z m+n' m+1 n+1 .. 

m + n ~ O. 

(4.20a) In case Uoo = 0 = ao we get (4.20) with I(u . V)mnIHm+n_1 as the left-hand 
side, m + n ~ 1, under the weaker hypothesis that v/L.' satisfies the estimate for 
o ~ p. + v ~ m + n - 1 only. If, in addition, Voo = 0 = Co' the hypothesis on u/L.v 
could be weakened to 1 ~ p. + v ~ m + n - 1. 

PROOF. We have 

111 
{p. + 1)2 {m - p. + 1)2 {v + 1)2 
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The second term above is 
m+I1-1 (m 1 1) 

~ ToT1 L (m: n)a1tm+I1 _1 L 2 2 
1=1 p.=0 (p, + 1) (m - p, + 1) 

( 
11 1 1) . L 2 2 

v=O (p + 1) (n - P + 1) 
T TK2 m+I1-1 

& 010 (m+n) " t 
"" 2 2 n £..., a/ m+n-/' 

(m+1)(n+1) 1=1 
The estimate (4.19) follows. The result in (4.19a) follows from the fact that the 
right-hand side of (4.21) will not have a Wmn or U mn term in case uoo , respectively 
woo' is zero. 

In case m = n = 0, (4.20) follows immediately. Hence, we assume m + n ;;:> 1. 
Since d v < 1, 

(4.22) !(di~)m+n(u. v)m.n! ~ (dv8)m+n-llum,nllvo.ol +(dv8)m+l1lvm,nlluool 

Since 

+ L I I(d 8)P.+V-11 I(d 8)m+n-<p.+v) up..v y Vm-p.,n-v y 

p.,. 
p.+v""O.m+n 
ToT2 1 (m+n+1)! 

~ ( )2 ( )2 m'n' [cOam+n + cm+nao] m+1 n+l .. 

+ To T2 L (p, ; P) ( m + n ~ (~ ; p) + 1 ) . (m - p, + 1) 
p.,. 

p.+v""O,m+11 
1 

• 2 2 2 2ap.+vcm+n-(p.-v)· 
(p, + 1) (m - p, + 1) (p + 1) (n - P + 1) 

(p, ; P)( m + n ~ (~ ; p) + 1 )(m - p, + 1) ~ (m + ~ + 1 )(m + 1) 

(m + n + I)! 
m!n! 

(4.20) follows. The result in (4.20a) follows since the right-hand side of (4.22) will 
not have the (dy8)m+nvm.nuoo term in case ao = O. Therefore, (4.22) will be valid 
with I(dv8)'n+n--l(u . v)mnl as left-hand side. The rest of (4.20a) is immediate. 

COROLLARY 1. Let ui = E(ui)p.v(Y )~P.11", i = 1, ... , n, satisfy the hypothesis of U in 
Lemma 7. Then, for a = (al'" ., an), a multi-index 

I( <» I & (KoTo) 1<>1 (m + n)( + )1<>1) 
U m,n Hm+n-I '" (m + l)\n + 1)2 n a ao m+n' 
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PROOF. Follows from Lemma 7 (4.19) by induction on lal. 

COROLLARY 2. Let u = (u1, ... ,un) as in Corollary 1. Let a(u, y) = 
La",(U OO' y)(U - uoo)'" be analytic in the variables u, y E {Iu - uool < E} X Oy. Sup-
pose, by letting uoo(y) = u(O,O, y), we have 

L la",(uoo(y),Y)I~iil' yEOy,I~O. 
1"'1=1 

(in this case we say ii majorizes a). Then 
I( a(u(t 1/, y), y») mn IHm + o - 1 

~ 12 1 2(m~n)(ii(KoToa(z»))m+n' 
(m + 1) (n + 1) 

m+n~l. 

PROOF. By Corollary 1, 
( ) 1"'1 

I(u - uOO)"'tnIHm+o_1 ~ (m +~~(n + 1)2(m ~ n)(a(z»I"'lt+n 

since (u - uoo)oo = O. Hence, 
00 

(d~.8)m+Il-1Ia(u,Y)m.nl~ L L la",(uoo,y)ll(u-uoo):,nIH.,+n_1 
1=0 1"'1=1 

~ (KoTo)1 (m + n)( ') "I ( )1 
~ t... ( )2( )2 n a m+n t... a", Uoo, Y 

1=0 m + 1 n + 1 1"'1=1 

~ ! 2(m~n)(ii(KoToa»)m+n' 
(m + 1) (n + 1) 

Weare now ready to prove the second inequality of the Main Majorization Lemma 
(see (4.5)). 

We consider the terms that enter in (F;)mn from (2.12). By the remark following 
(2.12) and by the hypothesis of the Main Majorization Lemma, u, cp and I/; in these 
terms satisfy (4.4). In what follows, m + n = k - 1 ~ 0 and JL ~ m, P ~ n. 

First, we remark that 
m m 

U,.v = L (a;),.vr;(u oo ), U,.(s,y) = L (a;},.r;(uo), 
;=1 ;=1 

so that IU,.vl ~ Tola,.vl, lu,.1 ~ Tola,.1 with To = To(u_, /;). By (4.4), 

I( 1/;11 - A.r.) IH . = I(JL + 1)I/;"+1IH ~ 1 2 a.. for 1 ~ JL ~ m. 
.. ,. ,-I .. ,-I (JL + 1) .. 

Since t/; does not depend on ~, (1/;11 - A,p),.v = 0 if P > O. Therefore, 
(4.23a) 

I( 1/;11 - A,p) IH,+._I ~ (JL ~ 1)2 (p : 1)2 (JL; P)a,.+v for 1 ~ JL + P ~ m + n. 

Similarly, 
(4.23b) 

I(A.p - cp~) IH,+._I ~ (JL ~ 1)2 (P: 1)2 (JL; P)a,.+v for 1 ~ JL + P ~ m + n. 
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Let ej be the jth unit vector in Rn. Let 0 be a majorant to 
1;(uoo)(A(u,y) -A(uoo,y»)ej for i = 1, ... ,m, j = 1, ... ,n, 

in the sense of Corollary 2. Then 0 is analytic in some neighborhood of 0 and 
0(0) = O. 

By Corollary 2, 

(4.24) IU;(A(u) - A(uoo»)ej)l'vIH~+'_l 

1 1 (P.+P)(_ ) ~ 2 2 o(KoToa) I'+V 
(p.+1) (p+1) P 

for 1 ~ p. + P ~ m + n. 

From (4.4), 

1(p.+p+1)(1/I+<I»l'vIH~+>_2~( 1 )2( 1 )2(P.;P)al'+V-l 
p.+1 p+1 

for 2 ~ p. + P ~ m + n, 
since if both p. > 0, P > 0, the left-hand side is O. By Lemma 1 and the above, 

1(1/1 + <I»yJl'vIH'+'_l ~ e(p. + P + 1)1(1/1 + <I»l'vIH.+'_2 

~ e (P. + P)a +v 1 = e (P. + P)(za)l'+v 
(p. + 1)2(p + 1)2 P I' - (p. + 1)2(p + 1)2 P 

for 2 ~ p. + P ~ m + n. 
Since 1« 1/1 + <I> )v)l'vl ~ 00 if p. + P = 1 we obtain 

(4.25) 1(1/1 + <I»Y,)I'VIH~+>_I ~ (p. + l)~~P + 1)2 (P.; P)(za + zOo)l'+v 

for 1 ~ p. + P ~ m + n. 
REMARK. If P. + P = 1, say p. = 1 and P = 0, then (4.25) is simply 

I( 1/IY,}11 ~ (2e/22)00, 

which holds by definition of 00' 

Let b be a majorant to 1;(uoo)Bq = ej for all i, j, q. By Corollary 2, 

(4.26) IU;BqeJ IH ~ ; 2 (P. + P)b{KoToa )I'+v I'V .+,-1 (p. + 1) (p + 1) P 
for 1 ~ p. + P ~ m + n. 

Also IU;Bqe) 00 1 ~ boo Next, 

(4.27) l(ujE)I',vIH.+, = (p. + l)I(Uj)l'+l.vIH~+, 

( ) 1 1 (P.+p+1) ~Top.+1 2' 2 al'+v+l 
(p.+2) (p+1) P 

~ To 1 (P.+P+1)!('!'a) , 
(p. + 1)2 (p + 1)2 p.!p! z I'+V 

for 0 ~ p. + P ~ m + n - 1. 
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Similarly, 

(4.28) I( ) I To 1 (p. + " + 1)! (1 ) 
uj'l p. .• H~+, ~ (p. + 1)2 (" + 1)2 p.!"! ~o, p.+' 

for 0 ~ p. + " ~ m + n - 1. 

Finally, 

(4.29) I a~ (Uj)p..1 ~ e(p. + ,,+ l)l(u)p.,.IH~+'_l 
q Hp,+" 

and I(a/ayq)(u)o,ol ~ ao' 
We now have 

( ) To (P.+") ~ e p. + " + 1 2 2 o,p.+' 
(p.+1)("+1) " 

eTo (p. + " + 1)! 
(p. + 1)2(" + 1)2 p.!"! o,p.+' 

for 1 ~ p. + " ~ m + n, 

1(1; {(l/J'I - A1/-) -(A(u) -A(uoo )) +(l/J + cf»yB}eJp..IH~+'_l 

1 (P.+") 
~ (p. + 1)2(" + 1)2 " 

X { s~.p I/;ej lo,p.+. + ii( KoToo,) p.+' + 2ed . ( zo, + zao)b( KoToo,)) p.+.}, 
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for 1 ~ p. + " ~ m + n, 

where we used (4.23a), (4.24)-(4.26) and (4.19) and summed over q = 1 to d. Also 
note the left-hand side term is 0 when p. = " = O. Hence by (4.20a) applied to (4.27) 
and the above, summing over j, we obtain 

(4.29a) 1(/;. (first term in (2.12))) mn IHm+n 

where 

Co (m + n + 1)! 
~ , 

(m + 1)2(n + 1)2 m.n! 

. _0,2 + -a' ii(KoToo,) + - .(0, + aoz)· b(KoToo,) { 1 1 1 -} 
z z Z m+n 

1 (m+n+1)! 
2 2 " (Q(o,)+zR(o"z))m+n+l' 

(m + 1) (n + 1) m.n . 

Q(o,) = Coo,2 + o,' ii(KoToo,), 

R(o"z) =0,.(0,+ ao) ·b(Kotoo,). 
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Similarly, 

(4.29b) II; . (second term in (2.12»mnIHm +n 
1 (m + n + I)! ( R) 

..;;; ( )2( )2 mIn' Q + z m+n+l' m+l n+l .. 

It remains to bound the last term in (2.12). From (4.23a) and (4.23b), 

/( 1/1" - tP~)"P/H"+V_l ..;;; (JL: 1)2 (V: 1)2 (JL ~ V)a,,+. 

for 1 ..;;; JL + v ..;;; m + n, 
and I( 1/1" - tP~)ool ..;;; 2ao. Hence by (4.19) and (4.26), 

1((1/1,,- tP~)/;Bqej)"pIH"+'_l 

..;;; ~J 2(JL+V)(a+2ao)/j(KoToa»),,+p 
(JL+l)(v+l) v 

for 1 ..;;; JL + v ..;;; m + n, 

and 1« 1/1" - tP~)/;Bqe)ool ..;;; 2ao!Jo' 
Applying (4.20) to (4.29) and the above and summing, we obtain 

(4.30) 

II; . (last term in (2.12» mn IHm+n 

Co (m + n + I)! ( -) 
..;;; 2 2 , , (a + ao)(a + 2ao)b(KoToa) m+1l 

(m + 1) (n + 1) m.n . 

1 (m + n + I)! 
2 2 " (zR(a(z),z»m+n+l 

(m + 1) (n + 1) m.n . 

with R = Co(a + ao)(a + 2ao)b. The estimate (4.30) holds for m + n = 0 as well 
by the definition of ao' Now, (4.29a), (4.29b), and (4.30) together yield the second 
estimate in (4.5). 

REMARKS. When m = n = 0 the last term in (2.12) is the only nonzero term and 
(4.30) gives a bound for it. 

Also, we have not considered the terms in the end gaps (2.15) separately since they 
have the same form as (2.12). 

LEMMA 8. Let 

u(s, t, y) = L um(s, y)tm, i.e. U o = 0, 

v(s,t,y)= L vm(s,y)tm, w(s, t, y) = L wm(s, y)tm. 
m;,.O m;,.O 

Consider the following estimates: 

(i) m ~ 1, 



(ii) 

( iii) 
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IwmIH .. _1 ~ (T1/(m + 1)2)tm' m ~ 1, 

IvmlH .. ~ (T2(m + l)/(m + 1)2)cm, m ~ 0, 

with am. t m, Cm ~ 0, IWol Ho ~ T1bo. Then 
(A) If (i) holds for 1 ~ m ~ k and (ii) holds for 1 ~ m ~ k - 1 then 

(4.31) I( uw) k IHk - 1 ~ (ToT2KJ/(k + 1)2)[( a(z»( t( z) + bo)] k. 

If (i) holds for 1 ~ m ~ k - 1, then 

(4.31a) l(u 2hIHk _ 1 ~ (T02KJ/(k + 1)2)(a2 (z»)k. 
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(B) If Case 1: (i) holds for 1 ~ m ~ k and (iii) holds for ° ~ m ~ k - 1; or Case 
2: (i) holds for 1 ~ m ~ k - 1 and Vo = ° = Co and (iii) holds for 1 ~ m ~ k - 1 
then 

(4.31b) 

(C) If U 1 = ° = 0,1 and (i) holds for 2 ~ m ~ k and (iii) holds for ° ~ m ~ k - 2, 
then 

(4.31c) 

PROOF. The results in (A) and (B) follow from Lemma 7(4.19a), (4.20a), respec-
tively, by considering only one index, say JL ~ m, m = k, v = n = 0. Part (C) is 
almost immediate: 

= ToT1KJ(k+1)(a.c)k ifal=O. 
(k + 1)2 

COROLLARY 3. Let u = (u1, ••• , un) with ui(s, t, y) = Lm;., 0 u;js, y)t m and uim 
satisfy (i) of Lemma 8 for 1 ~ m ~ JL. Let a(u, y) = L"a,,(uo, y)(u - uo)" be an 
analytic function in the variables (u, y) and suppose 

L la,,(uo(s,Y),Y)I~al' (s,y) E Os X 0y' 
1"1=1 

where uo(s, y) = u(s, 0, y). Then 

l(a(u(s,t,y),y»,.IHk _ 1 ~ (JL + 1f2(a(KJToa(z»)),.. 

PROOF. 

Corollary 3 follows. 
REMARKS. If lal ~ 2 it follows by (4.31a) that 

T,I( K2)'-1 
I(u - UO)")I'IH~_1 ~ ~JL +0 1)2 (al(z»),. 
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under the weaker hypothesis that (u;)m satisfies (i) for 1 .;;; m .;;; p. - 1. Therefore, if 
aa = 0 for lal < 2, Corollary 3 is valid under this weaker hypothesis. 

We now focus our attention on (2.17), the inhomogeneous term in rarefactions. 
We let a(z) be as in the hypothesis of the Main Majorization Lemma. 

We have from (4.4) 
1 

(4.32) I(a;) IH = (p. + l)!(a;)I'+l!H .;;; (p. + 1) 2a/L+l 
I /L • • (p. + 2) 

for 0 .;;; p. .;;; k - 2. 

(4.33) 

for 2 .;;; p. .;;; k, 

and (0/ - Ao/1)o = (0/ - Ao/th = O.Similarly, 

(4.34) I( q, - o/</>t )/LIH'~l .;;; (p. : 1)2 (za)/L for 2.;;; p. .;;; k. 

Using (4.31c) on (4.32)-(4.34) we obtain 

(4.35) 1(((o/-Ao/t)-(q,-A</>t))a;)kIH .;;;Co(k+~)(a2)k' 
I k~l (k+1) 

From Corollary 3, 

!(I;.(A(u)-A(uo»eJ!H';;; 1 2ii(Coa)1' for1.;;;p..;;;k-1 
I' .~l (p.+ 1) 

with ii a majorant for I;(A - A(uo»ej and Co = K~To in this case. Also, 

!(u,. - u, ) ) IH .;;; e(p. + l)l(uJ. - uJ.) IH .;;; Co (p. + 1)2 a ., 
. . () S /L • 0 /L .~ 1 (p. + 1) ~ 

for 1 .;;; p. .;;; k - 1. 

Using (4.31b) Case 2 in Lemma 8 applied to the above two estimates and summing 
over j, we obtain 

( 4.36) 

Note that ii(O) may be taken to be zero. 
Since 

A(u) -A(uo) -A'(uo)(u - uo) = L Aa(uo)(u - uor, 
lal;;.2 

if we let iiQ = Lj;;' 2 iijZ< we then have that iiQ is a majorant for 

1;(A(u) - A(uo) - A'(uo)(u - uo»)ej . 
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Hence, Corollary 3 and the remark following it imply 

(4.37) 1(li(A-A(uo)-A'.(u-uo»)uo)kIH ~ Co 2i'lQ(COa)k' 
, k-l (k+1) 

where Co here is also a bound for Iuo). 
Since 

I( CPt - A.p) I' IH~_I = I(IL + l)CPI'+lIH~_1 ~ (IL ~ 1)2 al' for 1 ~ IL ~ k - 1 

and since 

(4.37a) 

by Case 2 of (B) in Lemma 8 we obtain 

I[(cpt - A.p + s((l/;t - At) -(cpt - A.p)))li(u - uo>.] klHk _ 1 

(4.38) 

Corollary 3 implies 

(4.38a) IUiBqeJ I' IH~_1 ~ (IL + 1)-2(b( Coa») I' for 0 ~ IL ~ k - 1 

with b a majorant for (Bqep Also, 
2 4 

(4.38b) I(l/; - CP)I'IH~_l ~I(l/; - CP)I'IH~_2 ~ 3 al'-1 ~ ( )2 (za)1' 
IL 1L+1 
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for 2 ~ J.L ~ k. 
Since I( l/; - cP hi ~ 2ao, we obtain 

4 
(4.38c) I( l/; - cP )I'IH -I ~ 2 [(za + 2aoz)L for 1 ~ IL ~ k 

~ (1L+1) 
and (l/; - cp)o = O. Also, as in (4.29), 

(4.38d) 

with 1(3/3yq)(u/s, Y))ol ~ ao. Applying Case 1 of (B) in Lemma 8 to (4.38d) and 
(4.38c) we get 

I ( 3) I Co (J.L + 1) (l/;-CP);r-u j ~ 2 [(a+ ao)(za+ 2aoz)] I' 
Yq I' H~_l (IL + 1) 

for 1 ~ IL ~ k. 
Applying Case 1 of (B) in Lemma 8 one more time to (4.38a) and the above, and 
summing over q and j, we obtain 

(4.39) 1(liB(l/;-cp)uv)kIH ~ Co(k+~)[b(Coa).(a+ao)(za+2aoz)]k . 
. k-l (k+1) 
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Since using Lemma 1 and then (4.4), 

I(cf>l'q + s(~ - cf»YJI'IH~_l ~ e(p. -1)lcf> + s(~ - cf»I'IH~_2 

Co(p. - 1) 1 Co ( ) 
~ . -Zal'-l ~ 2 Za I' 

p. P. (p.+ 1) 
for 2 ~ p. ~ k, 

and since K cf>v + s( ~ - cf» v hi ~ Coao, we obtain . q • q 

(4.40) I( ~Vq + s( ~ - cf» yJ I'IHp _ 1 ~ Co(p. + If2(za + aoz)1' for 1 ~ p. ~ k. 

Also, 

I a I Toe(p. + 1) a-(uj)1' ~ 2 (a + ao)1' forO ~ p. ~ k - l. 
s H~ (p. + 1) 

Applying Lemma 8, part (B), Case 1 to (4.40) and the above, we obtain 

II( cf>r +s(~-cf»v)(uJ')] I ~ Co(p.+:) [(a+ ao)(za+ aoz)] I' 
. q • q s I' H~-l (p. + 1) 

for 1 ~ p. ~ k. 
Applying Lemma 8 one more time to (4.38a) and the above, and summing over q 
and j, we obtain 

(4.41) /(/;. B ·(~v + s(~ - cf»y)US)k/Hk _ 1 

~ Co(k + :) [(a+ ao) ·(za+ aoz) ·b(Coa)t. 
(k + 1) 

Collecting the results from (4.35)-(4.39) (4.41), we obtain the first estimate in (4.5). 
We consider (2.22) next. From (4.4), 

/(cf>t - A.p)I'/H~_l ~ (p. + If2al' for 1 ~ p. ~ k - 1, 

I«u - uoo) - (D - Doo»I'IH~_l ~ 2To(p. + I)-2a l' for 1 ~ p. ~ k - l. 

Hence Lemma 8 (4.31a) implies 

(4.42) 

Next, using Corollary 3, we obtain 

(4.43) II; [(Jo( U, y) - lo( Uoo, y) - A( uoo)( U - uoo » 

- (Jo( D, y) - lo( DOO' y) - A( DOO)( D - DOO»] IHk - 1 

~ 1 2 (JoQ ( Coa(z») k 
(k + 1) 

- - 1 -where 10Q = 1:/> dOlz with 10 a majorant for I; ·10 at Uoo and Doo· 
REMARKS. Since I~ = A the left-hand side of (4.43) is quadratic in (u - uoo). 
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Using Corollary 3 we also get 

!(/i . (Jq(u) - fq(V)))}L!H._ , ~ (~ + 1)-2)(j(Coa(z)))}L forO ~ ~ ~ k - 1 

where j is a majorant for Ii . f q , q = 1, ... , d. Since 

(4.43a) 1(<I>v) IH ~ Co 2(za+aOz)}L for1~~~k (see(4.40)) - }L .-1 (~ + 1) 

by Lemma 8 (4.31) 

(4.44) I(l;(f(u) - f(v))· <l>Y)kIHk _ 1 ~ Co(k + 1)-2(j(Coa(z)) ·(za + aOz))k' 

Putting (4.42)-(4.44) together we obtain the third estimate in (4.5). 
The expressions for LJ, and Lp from (2.25a) and (2.29), respectively, are similar so 

it suffices to restrict our attention to Lp in (2.29). Let 

;\(u,Y,<I>J = L(ApL)uoo,Y,O)(u - uoor<l>~· 
a,j 

Then 

(4.45) Lp(u,Y,<I>v) = L (AP)a.o(u-uoor+ L (Ap)".J.(u-uoo)a<l>j. 
lal;;.2 a J=O J;;.l 

Let Xp(z, w) be a majorant of Ap, that is Llal=/I(Ap)a,/UOO(Y)' y)1 ~ (Xp)',J' 
Y E Qy. Since 

!( <1>1) }L!H.- 1 ~ Cd(~ + 1)-2( (za + aoz r)}L for 1 ~ ~ ~ k, 

(see (4.43a) and Lemma 8 (4.31a» and by Lemma 8 (4.31a) 

I«u - uOO)a)}L!H._ 1 ~ CJal(~ + 1r2(a lal )}L forO ~ ~ ~ k - 1, lal;;:, 0, 

we obtain by Lemma 8 (4.31) 
. lal 

1(u-uoor<l>j)kIH ~ CdCo 2(a lal (za+a Oz)J)k' 
H (k + 1) 

Hence we may estimate the terms in (4.45) by 

= 1 2ZCo[L(Xp)/.J+lCdC6(al(Za+aoz)J)] 
(k+l) J;;'O 

1;;.0 k 

= (k + 1)2(zR(a,z))k' 
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Finally, we estimate the first term in (4.45): 

I(,.~, (X,to ·(u - uoor ) 1 , ~ 
The fourth and last estimate in (4.5) follows. 
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