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VOLUME OF MIXED BODIES
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ERWIN LUTWAK

ABSTRACT. By using inequalities obtained for the volume of mixed bodies and the
Petty Projection Inequality, (sharp) isoperimetric inequalities are derived for the
projection measures (Quermassintegrale) of a convex body. These projection mea-
sure inequalities, which involve mixed projection bodies (zonoids), are shown to be
strengthened versions of the classical inequalities between the projection measures of
a convex body. The inequality obtained for the volume of mixed bodies is also used
to derive a form of the Brunn-Minkowski inequality involving mixed bodies. As an
application, inequalities are given between the projection measures of convex bodies
and the mixed projection integrals of the bodies.

0. Introduction. In [24] it was shown that the Petty projection inequality [26] will
yield extensions of the known isoperimetric inequalities between the volume of a
convex body and its projection measures (Quermassintegrale). In this article we show
that the Petty projection inequality can be used to obtain (sharp) isoperimetric
inequalities (Corollary (5.20)) which are strengthened forms of the classical inequali-
ties between the projection measures of a convex body. This is accomplished by
using the so-called mixed convex bodies introduced by Firey [17]. Geometric
inequalities are derived for the volume of mixed bodies (Theorems (4.1) and (4.3))
which, when combined with the Petty projection inequality, yield inequalities
involving projection bodies (zonoids) which are related to the inequalities between
the projection measures of a convex body. The inequalities for mixed bodies are also
used to obtain a version of the Brunn-Minkowski inequality (Theorem (4.2))
involving mixed bodies. Also derived are inequalities between the volume of convex
bodies and their associated mixed projection integral (Theorems (6.4) and (6.4*)),
that are extensions and improvements of some previously established inequalities.

Since some of our results concern projection bodies, a topic of interest to workers
outside the area of geometric convexity, we have restated a few basic definitions and
standard results from the field of geometric inequalities. In §1 we collect for quick
reference some well-known results concerning mixed volumes and mixed area
measures which will be required later. References for material presented in this
section are Bonnesen and Fenchel [7] (for mixed volumes), Busemann [9], and
Leichtweiss [20]. The original works of Aleksandrov [1-4] and Fenchel and Jessen
[15], supplemented by the survey of Schneider [28], are recommended references for
mixed area measures. §2 contains introductory material regarding Blaschke addition.
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(For a nice application of Blaschke addition, see Firey and Grinbaum [16], or
Grubaum [18, Chapter 15.3].) Mixed bodies are introduced in §3 where a few basic
properties are listed. Nothing in §§2 and 3 is original. Most of the material presented
is that of Firey [17], which is the recommended reference for both sections. In §4 we
examine the volume of mixed bodies. Here inequalities are obtained for the volume
of mixed bodies (Theorems (4.1) and (4.3) and Proposition (4.4)). As an application,
a version of the Brunn-Minkowski inequality (Theorem (4.2)) involving mixed bodies
is given. One of the upper bounds for the volume of the mixed body of a convex
body and a ball, obtained in §4 by using the Minkowski inequality, can be
significantly improved (inequality (5.13)) by appealing to the Petty projection
inequality. This is accomplished in §5. Here, new isoperimetric inequalities (Theorem
(5.16)) for the volume of mixed projection bodies are obtained which are improve-
ments of some similar inequalities obtained in [24]. Recommended references for
projection bodies are the surveys by Bolker [6] and Schneider and Weil [30]. A good
reference regarding mixed brightness and girth functions, which are considered in
§5, is Chakerian [10]. In §6 inequalities involving mixed projection integrals are
presented. The mixed projection integrals (introduced in [23, 24]) are similar to
means considered previously by Chakerian [11-13], Chakerian and Sangwine-Yager
[14] and the author [21,22] (see also Burago and Zalgaller [8, pp. 170-171]). The
inequalities (Theorems (6.4) and (6.4*)) obtained here are improved versions of those
derived by the author in [24].

1. Mixed volumes and mixed area measures. By a convex figure in Euclidean
n-space, R" (n > 2 is assumed throughout), we mean a compact convex subset of
R". The term convex body will be reserved for convex figures with interior points.
The Minkowski sum of the convex figures K, ..., K, is defined by

Ki+ - +K,={x;+ - +x,:x,€K,...,x,€K,}.

For a convex figure K and a nonnegative scalar A the Minkowski scalar product A K
is {Ax: x € K }. Associated with a convex figure K is its support function, A(K, -),
defined on R” by

h(K,x)=Max{x-y: ye K},

where x - y is the usual inner product of x and y in R”. If K is a convex body that
contains the origin in its interior, then we also associate with K its radial function,
p(K, -), defined on the unit sphere centered at the origin, S" !, by

p(K,u)=Max{A>0: Aue K}.

We shall use B to denote the unit ball in R” and w, to denote its volume.

If K,,..., K, are convex figures and A,,..., A, are nonnegative real numbers,
then of fundamental importance is the fact that the volume of A K, + - -+ +A K, is
a homogeneous polynomial of degree n in A ,..., A, given by

VMK, + - +0,K,) = DN, - A V(K K, ),
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where the sum is taken over all n-tuples of positive integers (i, ..., i,) whose entries
do not exceed r. The coefficient V(K,,..., K, ) is called the mixed volume of
K,,..., K, and is uniquely determined by the requirement that it be symmetric in
its arguments. If s and ¢ are nonnegative integers whose sum does not exceed n, K
and L are convex figures, and ¥ is the (n — s — t)-tuple of convex figures
(Cy,...,C,_,_,), then V(K,s; L,t; %) will be used to denote the mixed volume
V(K,...,K,L,...,L,Cy,...,C,_,_,) in which K appears s times and L appears ¢
times. The mixed volume V(K,n — i; L,i) is usually written V,(K, L). If L = B,
then V,(K, B) is just the ith projection measure (Quermassintegral) of K, W,(K).
We recall that Wy (K) is V(K), nW;(K) is the surface area of K, S(K), while
2/w,)W,_,(K) is the mean width of K.

The Aleksandrov-Fenchel inequality [3] (see also [9 or 20]), in the form most
suitable for our purposes, states that

(1.1) VS(K,s+ t;€)V(L,s+t;¢) < V' (K,s; L,t;%).

The equality conditions in the Aleksandrov-Fenchel inequality are unknown unless
very restrictive assumptions are made on the bodies in question (see Schneider [29]
for a discussion, conjectures, and partial results). A special case of this general
inequality, for which the equality conditions are known, is the Minkowski inequality
which states that if K and L are convex bodies in R”, then

(1.2) VY K)(L)< V'(K,L),

with equality if and only if K and L are homothetic. If K,,..., K, _, are convex
bodies in R”, then by repeated applications of the Aleksandrov-Fenchel inequalities,
with final applications of the Minkowski inequality, one obtains

(1.3) V(K,) - V(K,) < V"(K,,....K,),

with equality if and only if the K, are homothetic.

Associated with the convex bodies K, ..., K,_; in R” is a unique (positive) Borel
measure on S"°!, S(K,, ...,K,_;; ‘), called the mixed area measure of
K,,...,K,_,, with the property that for any convex figure K in R" one has the
integral representation

1
(1.4) V(K,,...,K, ,K)= ;fsnfl h(K,u)dS(K,,....,K, ,;u),

where the integration is with respect to the measure S(K,,..., K, ;) on S" L
The mixed area measure S(Kj,..., K,_;; -) is symmetric in its (first n» — 1) argu-
ments. It is invariant under translations of the K,. If K, is replaced by K, + L,
then from the corresponding property for the mixed volumes and the uniqueness of
the mixed area measure one has,

(1.5)
S(Ky+ L,Ky,....K, ;) =S(Ky.....K, ;) +S(L.Ky..... K, _13-).
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From the corresponding property of the mixed volumes it also follows that

(1.6)  S(MKy oo Ay 1 Kyrs )= Ay Ay S(Kpsee o Ky ).

n—1

The mixed area measure S(KX,..., K, B,..., B; -), with i copiesof K and n — i — 1
copies of B, is usually written S;(K, -). The mixed area measure S,_,(K, -) is called
the surface area measure of K and is denoted by S(KX, ). For K = B, the surface
area measure is just ordinary spherical Lebesgue measure on S” !, for which we
write S(-) rather than S(B, ).

A uniqueness theorem of Aleksandrov [2] and Fenchel and Jessen [15], of which
we make frequent use, states that if K and L are convex bodies in R” such that,
for some i > 0, S,(K, -) = S;(L, -), then K and L must be translates of each other.
The theorem of Aleksandrov and Fenchel and Jessen is, in fact, more general than
this (see, for example, [28, p. 43]). We shall, however, require only the stated version.
This theorem often will be the basis for concluding the equality (up to translation) of
two convex bodies. Throughout this article, a statement about the equality of two
convex bodies should always be interpreted to mean equality up to translation.

An important fact (see, for example, [15, p. 24]) that we require about the mixed
area measure S(K;,..., K,_;; -), of the convex bodies K,..., K,_, in R”, is that
the measure is not concentrated on any great sphere of S”!, and has the origin as
its centroid (when viewed as a mass loading on " 1!); i.e.,

(1.7) f wdS(K,,....K, ;;u) = 0.
Sn*l

2. Blaschke sums. Minkowski’s existence theorem (which in the form used here is
due to Aleksandrov [3, 5] and Fenchel and Jessen [15]) states that corresponding to a
(positive) Borel measure p on S$"~!, which is not concentrated on any great sphere
and which satisfies

[, wdn(w) =0,

there exists a convex body K in R”, unique up to translation, such that p = S(KX, -).

If K,, K, are convex bodies and A, A, are nonnegative scalars (not both 0), then
since S(K,, -) and S(K,, -) satisfy the hypothesis of Minkowski’s theorem, so does
A S(Ky, -) + A,S(K,, +). Hence, by Minkowski’s theorem there exists a convex
body, unique up to translation, which we denote by A;-K; + A,-K,, whose surface
area measure is given by

(2-1) S(}\l'Kl+>‘2'K2,')=>\15(K1,')+)\2S(K2s')-

The addition and scalar multiplication defined in this manner are called Blaschke
addition and scalar multiplication. From (1.6) and the uniqueness theorem of
Aleksandrov and Fenchel and Jessen, one sees that the relation between Blaschke
and Minkowski scalar multiplication is

A-K = N/0-DK.
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It is trivial to verify that Blaschke addition is both commutative and associative
and that

1-K =K,
A (K, +K,)=AK, +AK;,
(2-2) (>\1}‘2)'K=>‘1'(7\2'K),

(A +X,)-K=A"K+ X, K.
From (1.4) and the definition of Blaschke addition and scalar multiplication it
follows that for convex bodies K,, K,, C, and nonnegative scalars A, A,, one has
(2.3) Vi(A:K, + X,K,,C) = NVi(K,,C) + N,V (K, C).

3. Mixed bodies. It has already been noted that the mixed area measure
S(K,,...,K,_; -) satisfies the hypothesis of Minkowski’s existence theorem. Thus,

corresponding to the convex bodies K, ..., K,_; in R”, there exists a convex body,
unique up to translation, which we denote by [K}, ..., K, _,], whose area function is
S(Ky,.... K, ;) 1e,

(3.1) S(IKys- K] ) = S(Ky K ).

From the (previously stated) properties of mixed area measures and the unique-
ness theorem of Aleksandrov and Fenchel and Jessen it follows that [K,,..., K, _4]
is symmetric in its arguments, and that if the K, are replaced by homothetic copies,
the resulting mixed body will be homothetic to the original. It also follows that
[K,..., K] = K, where, as previously noted, such equalities are assumed to mean up
to translation.

From (1.5), (1.6), definition (2.1), and the uniqueness theorem of Aleksandrov and
Fenchel and Jessen, it follows that,

(32) [Ky+L,K,,....K, 1 ]=[K,K,,....,K, 1] +[L,K5,....K, 1],

n

and that
(3.3) MK A, K= (A - N2y [ Ky K-

As an immediate consequence of (1.4) and the definition of a mixed body one has
(3.4) Vi(lKy,.... K, 1], K,) = V(K,,...,K,_|,K,).

For the mixed body [K,..., K, L,..., L], with i copies of L and n — i — 1 copies
of K, we write [K, L],. For the case where L = B, we write [ K ], rather than [K, B],.
We note that [K], = K, while [K],_; = B.

Obviously K + L=[K+ L,..., K+ L]. If we use (3.2), (2.2) and the fact that a
mixed body is symmetric in its arguments, we get

n—1
(3.5) K+L=Z(”;1)~[K,L],-,

i=0
where the sum on the right denotes a Blaschke sum. This was obtained by Firey [17]
using a slightly different approach.
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4. Volume of mixed bodies. If X,..., K,_; are convex bodies in R", then since
V(Koo Ky i) = V([ Kyoeo o Ky LK K, ),
we can use (3.4) to conclude that
V([Kl’ ) Kn—l]) =V(Kp, oo Ko [Kps o K]

If we use inequality (1.3) with K, = [K},..., K, _,], we get

(4.1) THEOREM. If K,,..., K, _ are convex bodies in R", then

V(K)) - V(K,_) < V'K, K, ])s

with equality if and only if the K, are homothetic.

As an aside, we note that from the Aleksandrov-Fenchel inequality (or the
isepiphanic inequality) one easily obtains an inequality which gives an upper bound
for the volume for [K,..., K,_]:

wV(Kp..., K, )" < VH(Ky,...,K,_1, B).

We note, also as an aside, that from the Aleksandrov-Fenchel inequality, it is easy to
obtain the counterpart of Theorem (4.1) for surface area rather than volume:

n—1

S(Ky) -+ S(K, ) < S([Ky..... K, 1))

The Brunn-Minkowski inequality states that if K and L are convex bodies in R”,
then

vVn(K)+ VY"(L)<s VV"(K+ L),
with equality if and only if K and L are homothetic. From Theorem (4.1) we obtain

(4.2) THEOREM. If K and L are convex bodies in R", then

n—1

1/(n—1)
L("; 1)V([1<,L1,-><"*>/"] <VVr(K+ L),
i=0

Vi/n(K) + VY/"(L) <

with equality, in either of these inequalities, if and only if K and L are homothetic.

PROOF. Suppose C is an arbitrary convex body. From (3.5) we have

£ ) wse)

V(K+L,C)=V,

and, hence, from (2.3) we get

V(K + L,C) = 'g(” Tk 1.0,

The Minkowski inequality (1.2) can now be used to conclude that

VI(K'F L,C) > ’fil(n 'l" 1)V([K,L],-)(n_l)/nV(C)l/n
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with equality if and only if [K, L], is homothetic to C for i = 0,1,...,n — 1. For
equality to occur it is necessary that [K, L], = K and [K,L],_, = L both be
homothetic to C. However, the requirement that K and L be homothetic to C is
sufficient to conclude that [K, L], is homothetic to C for i = 0,1,...,n — 1. If we
now take C to be K + L, our last inequality becomes

n—1
V(K+L)" V"> % (” : 1)V([K,L],.)‘"‘”/",
i=0

with equality if and only if K and L are homothetic. From Theorem (4.1) it follows
that

n—

n—1 1 . .
Z (n 7 1)V([K’L]i)(n~1)/n > Z (n 7 I)V(K)(n‘l-l)/nV(L)l/"’
i=0 i=0

with equality if and only if K and L are homothetic. Since the right side of this
inequality is just

(V(K)"" + v(L)/")"

the proof is complete.
For convex bodies K, L in R”, the Kneser-Suss inequality (see [7, p. 124]) states
that
V(K)(n—-l)/n + V(L)(n‘l)/n < V(K+ L)(n—l)/n’

with equality if and only if K and L are homothetic. We observe that if one were to
start with the Kneser-Suiss inequality and Theorem (4.1), then by applying the
Kneser-Suss inequality to (3.5) and then using Theorem (4.1), one would im-
mediately get the Brunn-Minkowski inequality, along with the conditions for equal-

1ty.
A better result than Theorem (4.1) is possible for the case where K, = --- =
K, ,,=Kand K, ,= --- =K, , =B:

(4.3) THEOREM. If K is a convex body in R" and 0 < i < n — 1, then
/MW (K) 0 S (KT < W (K,
with equality, in either inequality, if and only if K is a ball.
PRrOOF. Since V([K],) = V1({K1,,[K];), from (3.4) it follows that
V([K],)=V(K,n—i—1;B,i;[K],).

The Aleksandrov-Fenchel inequality (1.1), with L = [K],, s=n—i—1and t =1,
can be used to conclude that

V(IK),on — i3 B,i)V(K,n - is B,i)" " < V([K],)"".
However, from (1.3) we have

o/ "V([K1)" " < V([Kin — i3 B, i),
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with equality if and only if [K'], is a ball. If we combine the two inequalities above,
we obtain the left inequality of our theorem. To obtain the right inequality we
combine the observation that

W, (K)=V(K,n—i—1;B,i;B)
with (3.4) to conclude that
Wo(K) = V([K].B).
The Minkowski inequality (1.2) will then yield

o ([K])"" < W (k)"

with equality if and only if [K'], is a ball. This is the right inequality of our theorem.
In both of the inequalities of our theorem equality occurs if and only if [K], is a
ball, or equivalently, if and only if S,_, (K, )= S,_,_(B’,-) for some ball B’.
Since i < n — 1, the uniqueness theorem of Aleksandrov and Fenchel and Jessen
shows that this is possible if and only if K itself is a ball.

We observe that the inequality between the left and right quantities in the
inequality of Theorem (4.3) is the well-known inequality between consecutive
projection measures of a convex body (see, for example, Aleksandrov [2]).

Before stating our next result we recall that if K and L are convex bodies in R”,
then K is called an i-tangential body of L if L C K and every (n — i — 1)-extremal
support hyperplane of K is also a support hyperplane of L.

(4.4) PROPOSITION. If K is a convex body in R" and 0 < i < n — 1, then

V(ILK])" < W2(K)/V(K),

with equality if and only if K is an (n — i — 1)-tangential body of a ball.

PRrOOF. Since W;(K) = V(K,n — i — 1; B, i; K), it follows from (3.4) that W,(K)
= Vi([K],, K). From the Minkowski inequality we get V([K],)" '"V(K) < W(K),
with equality if and only if [K']; and K are homothetic. The conditions for equality
reduce to S,_,_;(K,-)=AS(K, ) for some positive A, and Schneider [27] has
proven that this is possible if and only if K is an (n — i — 1)-tangential body of a
ball.

5. Mixed projection bodies. If K is a convex body in R” and u € S$"~, then we
use K“ to denote the orthogonal projection of K onto the hyperplane E, that passes
through the origin and is orthogonal to u. If X, ..., K, _; are convex bodies in R”

and u € S""!, then the (n — 1)-dimensional mixed volume of K},..., K" | in E,
is written v(K{, ..., K} ;) and called the mixed brightness of K,,..., K, _; in the
direction u. If K, = --- =K, ;, ;=K and K,_,= --- =K,_, = B, then the

mixed volume v(KY,..., K ) is just the ith projection measure of K“ in E; it
will be denoted by w,(K*) and is called the (n — i — 1)-girth of K in the direction
u. The (n — 1)-dimensional volume of K* will be written v(K"), rather than
wo( K *), and is called the brightness of K in the direction u.
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The projection body of a convex body K, IIK, is the centrally symmetric body
whose support function on S”! is given by

(5.1) h(IIK,u) = v(K").
If K,,...,K,_, are convex bodies in R”, then the mixed projection body of

K,,...,K,_; is the centrally symmetric body (see, for example, [7 or 24]) whose
support function on $""! is given by

(5.2) h(II(K,,...,K,_;),u) =v(K{,...,KX ).
We note that I1(X,..., K) = [IK.

The mixed projection body II(K,...,K,L,..., L), with i copies of L and
n — i — 1 copies of K, will be denoted by II,(X, L). II,K = II,(K, B) is the ith
projection body of K. (We note that our indexing differs from that used in [30].)
From our definition of II,K it follows that

(5.3) h(I1,K,u) = w(K"),
and II,K = IIK.

If K is a convex body that contains the origin in its interior, we will write K* for
the polar body of K with respect to the unit sphere centered at the origin; i.e.,

(5.4) p(K* u)=h(K,u)".
For the polar bodies of II(K,,...,K,_;), II,K, and IIK we will write
I*(K,,...,K,_1), II*K, and II*K, rather than (II(X,,..., K,_,))*, (II,K)*, and
(IIK)*.

An important inequality involving polars of projection bodies was obtained by
Petty [26] (see [24] for an alternate proof) by using an inequality for centroid bodies
[25]. The Petty projection inequality states that for a convex body K in R”",

(5.5) V(K)" 'WV(IT*K) < (w,/0, 1),

with equality if and only if K is an ellipsoid. It was shown in [24] that either directly,
or as a consequence of the Petty projection inequality, one can obtain the following
general projection inequality for the convex bodies K,,..., K,_; inR™

(5.6) V(Ky) - V(Kn—l)V(H*(Kl»--w Kn—l)) < (@,/@,-1)",

with equality if and only if the K, are homothetic ellipsoids. For the case where the
K, are equal, (5.6) will, of course, reduce to (5.5). If K, = --- =K, _, ;= K and
K, ,= - =K, ;=Bfor0<i<n— 1, then (5.6) reduces to

(5.7) Wi V(K)"TTI(IK) < wp

with equality if and only if K is a ball. It was shown in [24] that (5.7) can be viewed

as an extension of the well-known inequalities between the volume and the projec-

tion measures of a convex body. A stronger inequality than (5.7) will soon be given.
The following preliminary result will be needed.

(5.8) ProPoOSITION. If K, ..., K, _; are convex bodies in R", then
v([Ky,.... K, 1]") = v(K{ . K2 ).
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PrROOF. The (n — 1)-dimensional mixed volume of K}, ..., K} _; is related to an
n-dimensional mixed volume involving K, ..., K, _; (see, for example, [7, p. 45]) by
(5.9) v(K{, ... K )=nV(Ky,...,K,_1,{(u)),
where (u) denotes the closed line segment {Au: |A| < 1/2}. From (5.9) it follows
that for a convex body C in R" one has

v(C*) = nVy(C,{u)).
If we take [K,,..., K, _;] for C we get

U([Kl’ o K1) = ni([Kys L Ky ().
To complete our proof we need merely observe that, by (3.4), the right side of this
equation is the same as the right side of (5.9).
For the case where K, = --- =K, _;

;1=K and K, ;= --- =K, , =B,
Proposition (5.8) becomes

i n—1
o([K])) = w(K").

As an immediate consequence we obtain

(5.10) PrOPOSITION. A convex body K in R" is of constant (n — i — 1)-girth if and
only if [K, is of constant brightness.

Proposition (5.10) was obtained by Firey [17] (for i = n — 2).

From (5.1), (5.2), and Proposition (5.8) it follows that the projection body of the
mixed body [K}, ..., K, _;]is just the mixed projection body of K, ..., K,_;:

(5.11) ProPposITION. If K ,..., K, _, are convex bodies in R", then

Mn[K,,....K, ;1 =1(K,,...,K,_;).
We note that Proposition (5.11), in corjunction with Theorem (4.1), is yet another

way that one can obtain the general version of the Petty projection inequality (5.6)
from the Petty projection inequality (5.5).

For the case where K, = -+ =K, , ;=K and K,_,= --- =K,_, =B,
Proposition (5.11) states that
(5.12) [k, =I,K.

The right inequality of Theorem (4.3) is
VK1) " < w0/ "W (K.

The Petty projection inequality (5.5), when combined with (5.12), immediately yields
the stronger result

(5.13) V(K1) < (w,/0, ) V(ITK)

To see that (5.13) is a stronger inequality, and for later use as well, we recall the
Kubota formulas (see, for example, [20, p. 184]):

-1/n

(5.14) oy War(K) = [ () dS(w).

The Kubota formulas can be derived easily from (1.4) and (5.9).
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Consider now the p-mean of the (n — i — 1)-girth function of K, which, for real
p#0,is

1 o~ 1/p

[;Z’——/; w.(K*)” ds(u)

For p = -0, 0, or oo one can, in the standard way, define the p-means by a limiting
process (see [19] for details).

From Jensen’s or the Holder inequality [19, p. 140] it follows that unless K is a
body of constant (n — i — 1)-girth, the p-means of the (n — i — 1)-girth function of
K are monotone increasing in p.

From (5.3) and (5.4) one has

P(H?‘K’ “) = Wi(Ku)_l~

Thus, from the polar coordinate formula for n-dimensional volume, we have
1 -n
* = — . u
V(II*K) " '/;"_1 w,(K*) "dS(u).

This, when combined with the fact that the p-means of the (n — i — 1)-girth
function of K are nondecreasing in p, shows that, for p > —n,
1/p
V(s )y o | L Y

(5.15) W/ (1K )" < [W" fsn_] w(K*)"ds(u)|
with equality if and only if X is of constant (n — i — 1)-girth.

If we look at (5.14), and (5.15) with p = 1, it is easy to see that inequality (5.13) is
indeed stronger than the right inequality of Theorem (4.3).

We note, as an aside, that the Petty projection inequality, in conjunction with
Proposition (5.8), will give a better upper bound (in light of [24, Corollary (5.3)]) for
V(K,,...,K, )" ! than V"(K,,...,K,_;, B)/w,. Specifically, one gets

V([Kl,...,K,,_l])""s( ©n )n[lfsn_lv(Kl“,.,.,K,f‘_l)'"dS(u) —1.

w,_1 n

If (5.13) is combined with the left inequality of Theorem (4.3) we get
(5.16) THEOREM. If K is a convex body in R" and 0 < i < n — 1, then
o "W(K)"TV(ITK) " < (0,/0,0)"
with equality if and only if K is a ball.

It is easy to see (from the inequalities between the volume and projection
measures of a convex body) that this is a stronger result than the general projection
inequality (5.7).

We recall that the inequalities between consecutive projection measures of a
convex body (see, for example, Theorem 4.3) are

(5.17) (W (K)/0,)" 00 < W (KD fa,
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If (5.15) is combined with Theorem (5.16) we get
(5.18) COROLLARY. If K is a convex body in R",0 <i <n — 1, andp > —-n, then

(n=i=1)/(n—i) 1
wn—«l(pVi(K)/wn) < [_’I

/p
[, () as@)|
Sn—l

with equality if and only if K is a ball.

In light of (5.14), we see that for p =1, this reduces to (5.17), while for
-n < p <1, the inequalities of Corollary (5.18) are strengthened forms of the
inequalities between consecutive projection measures of a convex body (5.17).

The classical inequalities between the projection measures of a convex body are
easily obtained by repeated applications of (5.17). They state that for a convex body
KinR" andforO0<i<j<n-1:

(5.19) (W(K)/w,)" 70 < W (K) fw,
From Corollary (5.18) we have

(5.20) COROLLARY. If K is a convex body in R", 0 <i<j<n-—1, andp > -n,
then

VV;(K (n—j—1)/(n—i) 1 1/p
wn_l(—)) <o [ wk?as] 7

w, nw,
with equality if and only if K is a ball.

The case i = is, of course, just Corollary (5.18), while the cases where i <
follow directly from Corollary (5.18) if we use (5.19).

From (5.14) it follows that the case p = 1 of Corollary (5.20) reduces to the
known inequality between the projection measures of a convex body (5.19), while the
cases of Corollary (5.20) with —n < p < 1 are strengthened forms.

The case i = 0 of Corollary (5.20) is found in [24].

6. Mixed projection integrals. For convex bodies K, ..., K, in R” and an integer
r such that 0 <r <n, the rth mixed projection integral of K,,...,K,,
I(Ky,...,K,),is defind by

wn—~r-2

LKy Ky) = S [ (K)o w(K) dS(w).

In [23] for r = 0, and in [24] for 0 < r < n — 1, it was shown that
(6.1) [V(Ky) - V(K] < (K. K

with equality if and only if the K, are balls. For the cases 0 <r <n — 1, a better
result is now possible.
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A simple application of the Holder inequality [19, p. 140] will yield (see [24, p.
104))
(6.2) [%f MEACSOREE w,(K:)]"dS(u)] < V(1K) - V(IZK,),
N
with equality if and only if the (n — r — 1)-girth functions of the K, are propor-
tional to each other.
From the Schwarz or Holder inequality one gets

(63) nep ™ < @il (Kio K,) [ Do(KE) o (K] dS ().
If (6.2), (6.3) and Theorem (5.16) are combined, the result is
(6.4) THEOREM. If K, ..., K, are convex bodies in R" and 0 <r < n — 1, then
[W(Ky) - WK <ol (K K) T
with equality if and only if the K, are balls.

That the inequalities of Theorem (6.4) are improvements of (6.1) follows im-
mediately from the known inequalities between the volume and projection measures
of a convex body, viz. (5.19).

It is possible to obtain more general results by considering more general mixed

projection integrals. For convex bodies K,..., K, in R” and nonnegative integers
Fis--.,r, < n— 1, we define the mixed projection integral J(K, ry;...;K,,r,) by

J(Ky,r;.. K, 1) = ———f w, (K{) -+ w, (K¥)dS(u).
For convenience we introduce the constant B(r, ..., r,), defined by

n
B(ry,....r,)=w;" TTwln—rim /0=,
i=1

In the same way that Theorem (6.4) is established, one gets

(6.4*) THEOREM. If K, ..., K, are convex bodies in R" and r,, ..., r, are nonnega-
tive integers less than n — 1, then

I W, (K)" Y < By r )T (Kyy 5K ),

with equality if and only if the K, are balls.

Clearly, Theorem (6.4) is the special case of Theorem (6.4*) where all the r, are
equal.
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