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ON K, OF TRUNCATED POLYNOMIAL RINGS
BY
JANET AISBETT

ABSTRACT. Group homology spectral sequences are used to investigate K, of
truncated polynomial rings. If F is a finite field of odd characteristic, we show that
relative K, of the pair (F[z]/(t9), (t*)), which has been identified by van der
Kallen and Stienstra, is isomorphic to K;(F[t]/(t¥),(t)) when ¢ is sufficiently
large. We also show that Hy(SLZ[t]/(¢*); Z) = Z*~! @ Z,/24 and is isomorphic to
the associated K3 group modulo an elementary abelian 2-group.

1. Introduction. There are relatively few rings whose third algebraic K-groups are
known fully. Group homology spectral sequence techniques, however, have proved a
useful tool, yielding for example K; of the quotient rings of the rational integers
[ALSS]. This paper again applies these methods. Our main results are for £ > 2:

1.1 THEOREM. There are exact sequences
lele.
20202 > KZ[1]/(1*)

=K;ZoZ"® U, - K,Z[t]/(t*) > Z,

where U, , | is an elementary abelian 2-group of rank at most [(k + 1)/2], and 1 = 0
if k is even.

1.2 THEOREM. If F is a finite field of odd characteristic, there is an isomorphism

07 e Ay Ky(FLe]/(229), (1)) /{1 — ar*: w € F ) = K (F[e] /(%) (1))

These theorems use, and sharpen, results of Van der Kallen and Stienstra [S,
VKS]. Stienstra obtains 1.1 modulo information on the torsion group U,; the
theorem with k = 2 has essentially been proved by Kassel. Van der Kallen and
Stienstra define the isomorphism A, onto the relative K-group K,(F[t]/(19), (%)),
whenever ¢ > k and F is a perfect field. Theorem 1.2 with k = 2 and 3 has been
proved by Snaith, Lluis and Aisbett [LS, ALS].

The Hochschild-Serre spectral sequences studied are associated to the reduction
IT*: SL, R[t]/(t*) » SL,R, where R is initially any commutative ring with identity
for which SK;R = 0. More general results than those of Theorems 1.1 and 1.2
would need information on certain E?, terms.
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The remainder of this paper is organized as follows. §2 lists notation, and
introduces Hochschild-Serre spectral sequences from our perspective. §3 recursively
estimates the second homology groups of the kernel of II*, by means of spectral
sequences associated to the reduction ker [I¥ — ker IT*~?; this also gives informa-
tion on the SL, R-coinvariance of the third homology groups. §4 deals with the
integral case, to prove 1.1, and §5 deals with the finite fields to prove 1.2. The
appendix contains constructive proofs of various module structural details needed
elsewhere in the paper.

ACKNOWLEDGEMENT. I am indebted to an unknown referee for his extremely
detailed and patient comments on an earlier version of this paper.

2. Notation and conventions. This section introduces notation, describes differen-
tials in Hochschild-Serre spectral sequences, and determines a formula for the
d *-differential which will cover our applications. There are five subsections.

2.1 General notation and conventions.

2.1.1 R is a commutative associative ring with identity, such that for some N > 4
and all n > N, SK,(n, R) =0 (ie. the elementary matrices generate SL,R) and
K,(n, R) = K,R. Henceforth assume that n > N.

2.1.2 R, is the truncated polynomial ring R[z]/(t%).

2.1.3 Any map = is a homomorphism induced by the reduction R, — R, for
some r < k which the context will indicate. 7* is induced by the reduction
R,—»R,_,.

2.1.4 All diagrams are commutative exact and all sequences are exact unless
otherwise specified.

2.2 Notation for elements and SL, R-submodules of SL, R,.

221SLR=SL_R= liinnSL,, R, where the special linear group SL, R includes

into SL, . ; R as the upper left corner matrices, say. An elementary matrix is denoted
e (a), i#j, a €R. Set ¢ (a)=diagl,1,....1+a,...,0+ a)7,...1) when
(1 + a) is invertible in R; here, the nontrivial entries are in the ith and jth
positions.

2.2.2 a;; is the n X n matrix over R with @ € R in the (i, j)th position and all
other entries zero; &; = a; — @;;. M? is the SL, R-module of zero-trace n X n
matrices over R. (Here and elsewhere, subscript ranges are implied to be {1,...,n}.)

2.2.3 G = ker(m,: SL, R, > SL, R) so that SL, R, = SL, R X GFX. Let i: G} —
SL, R, be the inclusion. The kernel of m,: G¥*! — GF is central in G¥*! and is
isomorphic to M (identify e,;(ar*) with &, ). We denote it M,%(¢*), or sometimes
just M0 Let j: M2(t*) - GF*! be the inclusion.

2.3 Commutator relations in SL, R,: the SL, R-action on M?. If x, y € R, and
x2y2 — 0’

ep(xy), j=a,i*b,
e, -xy), i=b, j#a,

OO e e = e )en(w?), 1=,
0, else.
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If a, B € R, the (left) SL, R-action on M is

_a_[iib, j=a,i#b,

-%aj, a#j,i=b,
s o

af,,— aB,

0, otherwise.

(2.2) (eij a) — 1) By =

a=j,i=b,

(The right action differs only by the sign reversal o — -a.)

2.4 Homology related definitions.

2.4.1 H, X denotes the integral homology group H,( X; Z) of a group X.

242 H,(SL,R; M?)= HH,(R,R), where HH denotes Hochschild homology
[K4, 2.16]. Since R is commutative,

HH,(R,R)=R®R/(a®By—af®y+B®vya:a, B,y ER)
(e.g. [I, p. 108]) and is isomorphic to the R-module of absolute Kahler differentials
Q = QL 5 (e.g [K3).
2.4.3 B,X is the standard normalized bar resolution with Z-basis elements
xolX,] -+ |x,], x; € X. The boundary map dy: By X = B,_ X is

n

8Xx0[x1| |x,,] = xox;[x5] ] - 2 (=1)'xo[2x1] =+ ey, ] o x,)
i=2

+(—l)"x0[x1|x2 e lxn—l]'

2.44 If C is a right Z[ X] coefficient module, and x € C ® 4 B, X, we write {x}
for the class of x with respect to the equivalence relation induced by the boundary

map 1 ® 9.

2.4.5[x N y]denotes[x|y] — [y|x] € B, X; similarly,[x; N x, N --- Nx,_; N x,]
is X(~1)°[ox,]ox,]| - - + |ox,], where the sum if over the symmetric group ¥,. Gener-
ally, if z = zy[zy|- -+ z,] € B, X and z' = zj[z, |- -~ z;,;] € B;X, then [z N e
B, Xis

Z {(“1)6202(1)[20(1)! te lzu(i+j)]: o< zi+j; "_1(1) < 0_1(2) < - < o'l(i)
ando }(i+1) <o '(i+2)< -+ <o M(i +j)}.

(That is, ¢ runs over all (i, j)—shuffles—see [M, p. 243].) Extend [-N -] to a group
homomorphism B, X ® B, X — B, X.

2.4.6 If X is abelian with operation +, N: H;X® H X - H, ;X X X(ib H. X
is the homology (shuffle) product. This operation defines an exterior algebra A*X
which injects into H, X (see [B, p. 123]).

2.4.7 Suppose X, and X, are subgroups of X with [X}, X,]= 1. Identify
x € B;X, and x’ € B, X, with their images in B, X. Then

(2.3) delx N x] = [8,(x) nx] +(=1)"[x N dx(x)].

Note that this is not true for general elements in B, X.
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2.5 Hochschild-Serre spectral sequences. This subsection reviews aspects of
Hochschild-Serre group homology spectral sequences and it introduces more nota-
tion [CE].

i f

2.5.1 Take an extension N » Y -» X, in a category of S-groups with S-equi-

variant maps, say. Identify N with i(N). Let C be a right Y-module. Consider the

spectral sequence

(24) EZ(C) = H(X; Hy(N; C)) = Hy(Y; C)

induced from the bicomplex {C ® ; (B,Y ® B, X)=(C®, B,Y)®, B, X; 0 =d;
+ dy}. ByX is the standard bar resolution, with d;; =9, ® 1 and d(f® g) =
(-)Vf ® dyg. B4Y ® B, X is a left Y-module via diagonal action, and C ® , B,Y is
a right X-module with action ¢ ® y - x = (¢ - ) ® (X7ly) (% is any lifting of x to
Y). This is well defined, since forall nin N, ¢ - X ® 'y =c - 2n ® n~'x71y.

252 1f x € Ef,(C) and 2 < ¢ < a, then d ,x is calculated by choosing repre-
sentatives x, € C®, (B,,,Y ® B,_,X) for 0 <i < ¢, such that x, represents x
and dx; = —-dyx,,; set dj ,x = {dx._,}. Let d; ,x, denote dx _, (of course,
this definition is not unique).

2.5.3 Suppose C is a trivial Y-module. Suppose Y; and Y, are subgroups of Y with
[Y,N]=1,i=1,2,and,if f(Y;)= X,,[X;, X;] = 1. Let u: X —> Y be any set map
section to f with u(X,) C Y,. Suppose

x= Y (1) [xi|xi| -+ 1xi] € B X,
iel
and
o= (-1)’[vf|of| - |vf] € B, X,
JjEJ

represent elements in H,X and y € C ®, B,N is a cycle. Then in the spectral
sequence (2.4),
(2.5)

d2, {yelxnu]}={[d2,(y®x)nov]} +(-1)*{[d2,(y ®v) Nx]}

0 [[ux) ™ wop) ] 0]

o([xt -+ nt] n[ogl - 1u4]]).

Note. (1) In the process of calculating the differential we prove that y ® [x N v]
represents an elementin H, ,(X; H,(N; C)).

(2) The restricted definitions of x, v and y ensure that one can choose differential
representatives on the right-hand side of (2.5) such that the shuffle products are
cycles—again, this comes from the calculation. Indeed, as pointed out by the referee,
if N is central in Y, then the coefficients in (2.4) are trivial and d2 {[(y ® x) N v]}
may be defined using a homology shuffle product

N: H, ,( X5 Hi (N; C)) ® Hy(X,) > H,yyo(X; Hyyy(N; C)).
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PROOF. Use (2.3) to compute d{(y ® [x Nv]) = -dyz forz € (C®y B, Y)®
B,.,_,X, where

B £ 0 [[(utxt) ] o] el - ] ol
+ Y (—1)"+S+j[[(u(v{))_1] ﬂy] ®[x n[ofl - of]].

jeJ
Then

aiz = T ([ ar] @ faxlal - el o]
+g(-1>f[[(u(v{))“] ny] ®[xnayfod - lof]]
3 £ () = Do) ]
~(u(ef) ™ = 1)[ (ul(x)]) ]

®[[xil - xi] nfodl -+ o]
Since (f — Digl— (g - DIf1=0,(/Nngl+[fglf81-[&f gD+
[[f,g]l ~ [[f, g]}, the expression for d;z is equivalent to the class in (2.5).
254 1f x and y are as in 2.5.3 with x = [x; N x, N - -+ Nx,], where [x;, x;] =1
(1 < i, j < a), then repeated application of (2.5) yields

(26) 42 {y@x}= {; (o)) ™ (o)) ]| 01y]

® {xa(3)1 T |xa(a)]}9

where ¢ runs over the alternating group 4.

3. Low dimensional homology groups of G*. This section inductively looks at low
dimensional terms in the spectral sequences

(3.1)(k) H(G¥ 1 HMO(t57Y)) = HGF, k> 2.
The first subsection is concerned with ES5) and E°%. Next, the Eq term in (3.1) is
computed, yielding enough information on H,G¥ to estimate (E37) s, r Tecursively.
This gives us information on the SL, R-coinvariance of the kernel of | H;G*. The
final subsection looks at ker( : (m{H;G\)st g = (H3Gx ™ Msp g)-

3.1 LeMMA. (i) my: H,G} —» (H,G? = M) is an isomorphism, k > 2.

(i) Ifk > r > 2, im(my: H,GF - H,G!) = im(m,: H,G/*' > H,G)).

(i) jx(A*MO(¢%)) = 0 in H,GX*?Y; in particular, j(H,M?(t*)) = 0. For torsion-
free R, in the spectral sequence (3.1)(k + 1), Eg‘* = 0 whenever * > 0 and k > 2.

ProOF. Consider (3.1)(k + 1), k > 2. Forany {i, j} C {1,...,n}, fix m & {i, j}.
For a € R, define b,(a) to be [e,, (1) Ne, (at* )] € Z ® B,G,. Check that
this is a cycle. Let u: G¥ > Gf*! be a set map section to the reduction; it can be
assumed that the elementary matrix e,,(Xa,t™) € G¥ is taken to the matrix of the
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same form in G¥*!. Apply formula (2.6) of 2.5.4 and the commutator relations 2.3 to
compute

‘dzz‘o{bij(“)} {[u(eim(_t))’ u(emj(“atk—l))]}

= {[em(-0). e (-ar* ]}
=q; ifi#j,else-qa,,+ a;
Therefore Eg_ . = 0. Since k was arbitrary this proves (i).

(1) {{b;;(@)}: 1 <i, j < n; a€R} is a set of generators for H,GX/m H,G*1.
But also {b,(a)} € ker(my: H,GY = H,G™"). Thus in H,Gf ™', mH,Gi*' =
7 H,G¥, which implies (ii).

(iii) Consider (3.1)(k + 1), k > 2. By the universal coefficient theorem [M, p. 171]
there is an inclusion H,G¥ ® H,M2(t*) - E},. The proof of (i) shows that
d3o(H,GF) = M2(t%). So, by (2.6), di,(E3,) contains the homology product
MO(t%) 0 A® MO(¢%), which is just A®*IMO(¢%). A2MO(t¥) = HyMO(t*) and, if R
is torsion-free, A*M2(t¥) = H,M2(t*)[B, p. 123]. O

3.2 REMARKS. Let J, = im(m,: H,G* — H,G?), k > 2. (This is independent of &,
by 3.1(ii).) Then (3.1)(3) contains an exact sequence

s d?

(3.2) J, > A2 M2 > M.

Let L, be the associated module defined as ker([ , ]: M2 ® M? — M?), where[, ]is
the composite of the homology product with d2. The identification (2.2.3) of M?
takes the matrix a to 1 + at € SL, R,. Thus if a, b € M?, using definition (2.5)
[a, b] is the commutator of 1 + af and 1 + bt evaluated in SL, R;. Since (1 + ar)™!
=1 — at + a*t? (mod ¢?), this commutator is readily seen to equal 1 + abt? — bat>.
As an element of M, = ker(w*: SL,R; — SL,R,), this is ab — ba; thus [a, b] is the
usual Lie bracket.

¢
Let © » St(R, R) » M be the universal SL, R-central extension of M. [K4,

2.15]. In the Appendix (Lemma A.1(iii)) we show that (M2 ® M?)/I = S(R, R) &
R, where I is the SL, R-submodule generated by 1,, ® 1,5 + 1,3 ® 1,,.
We use this to estimate ker mf *!| H,G¥*, which is the E{S term in (3.1) (k + 1).

3.3 PROPOSITION. (i) There is a commutative diagram
@0

Qo R » St(R,R)@R > M
J troy I

D
(33)(k+1) Q@R/(imd}y)g g > kermf* ' HGHT » MO (k>2),

where d} is the differential in the spectral sequence (3.1)(k + 1) and D is the
restriction of the d2 y-differential in (3.1)(k + 2).
(ii) (kermy "' | HyGf * gy g = imy.

PROOF. Let u be a section to 7: GX*' — G¥ with u(e,; (")) = e,,(t"). Use 3.1 to
identify EZ, with M,) ® M. Use the commutator relations 2.3 to check that

x = _[eIZ(t) Nex(t71) Neg(1)]
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is a cycle in Z ® i« B;Gy. Use (2.6) to compute
(3.4) di{x}= {[[e43(—t),e24(—t"‘1)]] ®[ey(1)]
—[[912(“t)»6’24(“’k_1)]] ® [e43(t)]}
=1,®1y+1,;,®L,€ HG @ M)(t")=M)® M.

So I C imd3,.

As in the proof of 3.1(i), H,G¥*!/m H,G¥*?> = M? and is represented in
kerm{*! = E{5. Moreover by the proof of 3.1(i) and Remarks 3.2, in the spectral
sequence (3.1)(k + 2), dj, |kerm¢*! is induced by the Lie bracket: (E}, = M ®
M) > MP. According to A.1(ii) if St(R, R) is identified with (M ® M?)°/I, then
also ¢ is induced by the Lie bracket. This gives the right square of the diagram in the
proposition statement. Moreover, because kermf*! = E® = (M) ® M?)/imd?%,,
p @ ¢ has kernel isomorphic to im diO/I ; as a submodule of (2 ® R = ker(¢ @ 0)),
imd3,/I has trivial SL, R-action. By Lemma A.1(i) (I)s x = 0 so imd%,/I =
(imd 32,0)SL,, z- This implies the left square of the diagram.

Finally, (S((R, R))s. » = 0 [K4, 1.7 and 1.4]; hence part (ii) is implied by the
isomorphism ker 74 *! = (S(R, R) ® R)/(imd3)g g O

We next want to estimate (HaG,f‘)SL" &- The following lemma will be used in 3.5 to
investigate (E37) g1 -

3.4 LEMMA. For k > 2, SL, R acts trivially on ker(mlo - -+ omf™1: w}lH,GF - J).

Proor. Denote the kernel of mle - -+ 07X by U* when it has domain H,G* and
by U* when it has domain =f*'H,G¥*'. Use (3.3)(k) to fit the sequence
kermf|H,G¥ » U* » U*~! into the following diagram, the top row of which is
therefore exact. (In (3.5), D is the restriction of the d3, differential in the spectral
sequence (3.1)(k + 1).)

(Q‘BR)/(imdsz,o)SL,,R » 7 > U

M e I
(3.5) ker 7k » Uk > [kt

Dy Dy

M) = M,

Inductively assume that both the base and fibre modules in the top row of (3.5) have
trivial action (U? = 0). Therefore, because H,SL, R = 0, ? is also a trivial SL, R-
module. Moreover, the middle column of (3.5) fits into the following diagram, i.e.,
? = U*. This gives the inductive step.

7 > altlHGHD > J,
M M I
Uk HGY > T
Dy 3o ¥

M? = MP m]

n
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3.5 PROPOSITION. In the spectral sequence (3.1)(k + 1) for k > 3,
(1) there is an epimorphism: R - (E{5)s g;
(i1) there is an exact sequence

(3.6) R~ (kerd?,)s, r > (Tor( M2, M) g;
hence for some quotient T of (Tor(M,, M?)) sL, r» there is an exact sequence
(3.7) R ((kerdzz‘l/im di,) = Ez"f’l)SL"R > T.

PROOF. (i) EX is a quotient of EZ, = H\G¥ ® H,M(¢*). By 3.1, H,G} = M,
so El, = M) ® A* M. Use Lemma A.2(iv) to see that (Ef,)g g = R, where a
corresponds to the class of a;, ® 1,313;; (E73)g, & iS @ quotient of this.

(ii) Using the notation and proof of Lemma 3.4, filter U* ® M? as

Dol

(3.8) Uke M? > U@ M » M?® M?,
where in the base group a, ® B,, is the image of {b,,(a)} ® B,, for {b,} as in
3.1(i)(proof). Hence if N is the product M2 ® MY — M2, the composite N o(D ® 1)
induces an epimorphism g: M ® M? » A*M? = Eg,, equivalent to the product
map. This has kernel T'(M?), the Whitehead gamma group which projects onto
M? ® Z/2 with kernel S?M?, the 2-fold symmetric product of M? (see, for
example, [A]). So (I(M))g x is a quotient of (§?°M,)g =R (by Lemma
A.2(ii)). Moreover, (3.8) restricts to

U“® M? > kerNo(D ®1) » I'(M?) = kerg.
Since U* has trivial SL, R-action, (U, ® M,,O)SL” r = 0; soker N o(D ® 1) also has
SL, R-coinvariance a quotient of R. U, is, by definition, ker(m,: H,G¥ — J ), and
D is the restriction of d3,. The above shows that the restriction of d3, to the image
of U, ® M? in H,Gf ® M is onto E,. Hence we have an exact sequence

ker N o(D ® 1) - ker(d?, | H,G¥ ® M?) > J, ® M?.

Apply Hy,(SL,R; -) to this and insert result (J, ® M,?)SL"R =0 from Lemma
A.2(vi) to see that there is an epimorphism: R » (kerd;, | H,Gx ® M)g g

Finally, the universal coefficient theorem provides a sequence H,Gf ® M? » E7,
- Tor(H,G¥, M), because the restriction of d3, to H,Gf ® M is onto EZ,, there
is a sequence

kerd?, | H,G} ® M? - kerd}, » Tor( H,G}, M?).

Apply Hy(SL, R; -) to this and identify H;G* with M to get (3.6). O

3.6 PROPOSITION. Whenever k > 2, there is an exact sequence

Bk [ _ .

(39)  Hy(SL,R: I) = (ndHG) )su, x> (HG\ ™ )su, x> (imdio)st, v
where 1 is the SL, R-submodule of M? ® M? generated by 1,, ® 1, + 1,3 ® 1,,.

PrOOF. Consider the spectral sequence (3.1)(k). There can be no transgressions
from Ej,, as Eg, =0 (proof of Proposition 3.1(iii)). Thus there is a sequence
maH,GY > HG¥~' » imd},. Apply Hy(SL, R; -) to this to get (3.9) except that ¢,
has kernel 3( H,(SL,, R; im d3,)).
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Identify H,G¥™!' ® M2(t*!) with M? ® M? via 3.1(i) and identify I with
{d3,(x)} as in 3.3(proof). As in the last part of the proof of 3.3, imd3,/I is the
trivial SL,, R-module (im df‘O)SL" & So H\(SL, R; imd3,/I) = 0, implying an epi-
morphism: H;(SL,R; I) » H,(SL, R; imd},). 9, is the composite of this epimor-
phismand 0. O

4. K, of truncated polynomial rings over the integers. The first three subsections
refer to general rings R and concern the EY, terms in the spectral sequences

(4.1)(k) “El = Hy(SL,R; H,G¥) = H,SL,R,, k> 2.

Lemmas 4.4 and 4.5 determine H,(SL,Z; A*M?) and H,(SL,Z; I). This and
earlier work yield the main theorem which computes H5SL, Z[t]/(t*), k > 2.

4.1 PROPOSITION. For k > 2 there is an exact sequence
(42) (R + N,)/R - H,(SL,R; HGY) i H,(SL,R; J, = m}H,G?),
where N, is the SL, R-coinvariance of the image of the d3 y-differential in the spectral
sequence (3.1)(k), and R + N, = Rif H/(SL, R; M) = 0 (see Proposition 3.3).

PROOF. Proposition 3.3 provides a sequence N, » £ & R — kerzf » M?, in
which (kermy)g r =im R = (R + N,)/N, (implying the splitting (2 & R)/N, =
(R+ N)/N,)® (2 ® R)/(R + N,)). Application of H,(SL,R; -) to the se-
quence (3.3)(k) yields

(4.3) H,(SL,R; kermf) » H,(SL,R; M?)

=Q->(Q@®R)/N, ~» (ker'”#{()SL,,R = (R + N,)/N,.
Thus H,(SL,R; kerm)) = (R + N,)/R; its image under the map induced by
inclusion is the kernel of

Ty (HI(SL,,R; H,G¥) - H,(SL, R; mfH,GF) - H,(SL,R; J,,)),

where the injection o is implied by Lemma 3.4. O

4.2 ProPOSITION. If H,(SL,R; M?) =0 and s: J, » A*M_ is as in (3.2), then
there is an injection

s¢: Hi(SL,R; J,) > H,(SL,R; H,G? = A*M)).

If H/(SL, R; M?) =0, s is an isomorphism.

PROOF. Apply Hy(SL, R; -) to the exact sequence J, = A?M? > M. of (3.2) and
use the assumption. O

4.3 PROPOSITION. Suppose H,(SL,R; M?) =0 for i = 1, 2. Denote E}, terms in
the spectral sequence (4.1)(k) by E¥4, k > 2. Then m,: KEZ —2E is an injection.

PRrOOF. By 4.1 and the assumption, “EZ, injects into H,(SL, R; J,) which by 4.2
is isomorphic to 2EZ,. If j < 2, m,: H,G¥ — H,G} is an isomorphism (Lemma 3.1)
so that m,: XEJ, —=%E[, is an injection for r > 2. O
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The remainder of this section is devoted to computing K,;Z[t]/(¢¥); two pre-
liminary lemmas are required. Let M°R denote the submodule of zero-trace matrices
in the SL, R-module M, R of n X n matrices over R.

4.4 LEMMA. If n is large and p is any prime,

() Hy(SL,Z/p* MPZ/p ® M)Z/p)=0; H\(SL,Z; M,Z/p ® M,Z/p)=0;
H,SL,Z; M°Z ® M?Z) = 0;

(1) H,(SL,Z; I) = 0, where I is as in 3.2.

PROOF. (i) Take n large and prime to p and to p — 1. Consider the spectral
sequence
(44)  EX(C)=H(SL,Z/p; H(MZ/p; C)) = Hy(SL,Z/p? C),

firstly with C = M?Z/p. The proof of [ALSS, part 1, VI, 1.1] demonstrates an
isomorphism which is dual to d3,. Moreover, M,)Z/p may be viewed as a direct
summand of M°Z/p ® M"Z/p using either of the inclusions

(4-5) o: Qa;; LX_:I ay ® lk,} or O Q;; l:kgl _lkj ® ‘!ik],

where if a® be M,Z/p ® M,Z/p, [a ® b] is its image in M Z/p ® M?Z/p
under the canonical projection (M,Z/p)®* = (M2Z/p ® Z/p)®> - (M Z/p)®>.
(Since p + n, ® and ®7 are split by the Lie bracket.)

Now

Eoz,l(MnOZ/P ® MnOZ/P) = [(Mr?z/p)®3]SL"Z/p

= 0,(E3,(MZ/p)) @ ®L(ES,(M)Z/p)).
from A.2(i) and (iii). Therefore by naturality,

E§\(MYZ/p ® MPZ/p) = d3o(@u(E3o(MPZ/p)) + ®L(E3o(MZ/p))).
The proof of the first equality in part (i) is completed by recalling that
(Elo(M)Z/p ® MYZ/p) = H,(SL,Z/p: MZ/p & MZ/p)) = 0,

dually to [ALSS, part 1, II, 1.4]. Given this, Kassel [K2, 3.4] asserts that the second
equality holds. This then implies that multiplication by p is an epimorphism on
H(SL,Z; M?Z ® M?Z) which, since we are dealing with a finitely generated
abelian group (e.g. [B, p. 217]) means the group is torsion with trivial p-component.
However, for large enough n the inclusion: M?Z — M2, =7 induces isomorphisms

H(SL,Z; M’Z ® M?Z) > H,(SL,. ,,Z; M?,,Z® M?,,Z), m>1

n+m n+m
(e.g. [VK, 85]). Thus for n sufficiently large, H,(SL,Z; M?Z ® M"Z) has no
p-component for any prime p, giving (i).

(i) If 7c MPZ® MPZ is as in 32, I®Z/pc MPZ/p ® MPZ/p is the
SL, Z/p-module generated by 1;, ® 1,; + 1,; ® 1,,, and equation (A.7) (see A.2(iii)
proof) shows that (I ® M,?Z/p)SL" z/» = L/p, generated by the class of 1;, ® 1,,
®1, +1,;®1,®1,. Embed MZ/p into I ® Z/p with the map ® — ®7, then
argue as for part (i). O
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4.5 LEMMA, If n is large and p is any odd prime, H,(SL,Z; N*M?Z/p) = 0;
H,SL,Z; A\°M"Z/2)=17/2; H(SL,Z; \*M?Z) = 0.

PROOF. If p is odd, A>MCZ/p is a direct summand of M°Z/p ® M°Z/p, so the
first equality follows from 4.4(i).

Define ®: M°Z/2 - A*MP?Z/2 to be the composite of ® (defined in (4.5))
with the homology product on H,M?Z/2. The map ®i: E(M.Z/2)—
E3(A*MZ/2) between terms in the spectral sequences (4.4) is an isomorphism, by
A.2. Arguing as in the proof of 4.4, we conclude that Eg,(A*M,Z/2) = 0. Thus the
reduction epimorphism: H,(SL,Z/4; A°MP°Z/2) - H,(SL,Z/2; AN*MPZ/2) is
injective; its image is identified as Z/2 in [ALSS, part 3, 9.16]. Again apply the
Kassel result [K2, 3.4] to conclude that H,(SL, Z; A>M?Z/2) = Z/2.

Now SL, Z acts on A>M*Z /2 via reduction to SL, Z /2. Thus we can use Lemma

A.2 to see that each of the terms in the exact sequence A’M°Z > A’M°Z —»
A*MPZ/2 has SL, Z-coinvariance Z/2. In the long exact sequence obtained on
application of H,(SL,Z; -) to this coefficient sequence, the connecting homomor-
phism H,(SL,Z; A>M°Z/2) — Z/2 must therefore be onto, hence injective.

So multiplying the coefficients in H,(SL, Z; A>M"Z) by two results in an onto
map. Since we are dealing with a finitely generated group, it must be an odd torsion
group. The first equality in the statement of the lemma then implies it is trivial. O

4.6 THEOREM. If k > 2 and n is large there are exact sequences

,”k+l

Z®Z»HSL,Z,,, - HSL,Z, =7Z""'®7/24 > Z,

and

181 .
Z0LZOZL2 > KiZy, =K ZOLZ @ U, , > KL, >,

where U, is an elementary 2-group of rank at most [k /2] and v = 0 if k is even. (Here
Z, denotes Z[t]/(t%).)

PrOOF. Take R = Z. If n > 10, H,(SL,Z; M?) = 0 [K1], and of course, Q =
SZIZ/Z =0. H,(SL,Z; A*M?) =0 by Lemma 4.5, so that by Propositions 3.1 and
4.3, in the spectral sequence (4.1)(k), k > 2, *E5 = 0 and “E7, = 0. Thus there is
an epimorphism, induced by the inclusion of G¥ into SL, R,,

(4.6) it: (HG))s. r » H,SL, R,/H,SL,, R.
Take k > 3. By (4.6), ker 7| H,SL, R, is the quotient of
V= ker(i’;'l oms: (HyGf s, r = H3SLan41)
by kerif. Use (3.9) and Lemma 4.4 to identify
ker( : (W:H3G:)SL,,R - (H3G:_1)SL,,R) =0,
then use this fact in constructing the exact sequence

(4.7) (ker 7| HGX )y z — Vi = ker(if 1 (HGE Vs, =)
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By Propositions 3.5 and 3.1, imo has at most two generators. For the case k = 2, we
have H,SL,Z = Z /24 (e.g. [ALSS, part 1, VI]) and by A.2(v), (H3G,12)SL"R =Z. So
H.,SL,R,<Z®Z/24

Now suppose n = oo. Theorem 2.1 of [A] proposes an exact sequence
(4.8) K,R,®Z/2 - K5;R, > H,SLR, (r>1).

There is a canonical epimorphism: K;Z, » Z*~!, with K;Z, ,/mK,Z, = Z;
hence H,SL, R, =7 ® Z/24 and if k > 3 there is an induced epimorphism:
ker(K;Z, —» K;Z,_,) » Z & Z (Stienstra [S, Theorem 1.13]). As K;R, = H,SLR,
off torsion, an inductive argument from the initial case k = 3 shows that in (4.7),
kerif™' = 0and imo = Z & Z = kern{| H,SL, R,. The first of the exact sequences
in the theorem statement follows.

The theorem for general n is a consequence of the stability of the generators. The
K-theory result is implied by the n = oo part of the earlier statement, and (4.8),
together with the identifications [Ro, Theorem 4] K,Z, =Z/2 & (eai’;z Z/i) and
KZ=17/48. O

5. K, of truncated polynomial rings over finite fields. Throughout this section, R is
a finite field of characteristic p greater than 2, and »n is a large integer. We obtain
KR, by using a van der Kallen-Stienstra result in conjunction with an estimate of
the quotient of group orders #K;R,,,/#K;R,. The latter is obtained from the
spectral sequences and associated maps:

(5.1)(k +1) H,(SL,R,; HM(t¥)) = HSL,R,,,
T (ix:1) T iw (k>2).
(52)(k+1)  Hy (G HMO(t¥)) = H,G: 1

The first subsection reviews various groups H,(SL, R; H;M,) for j < 3. The next
four subsections look at E}, terms of total degree 3 in the spectral sequence
(5.1)(k + 1), from which kermf*1| H,SL, R, ., is estimated in 5.6. Proposition 5.7
determines H,SL,R,/m,H,SL, R, , then obtains the desired quotient of group
orders. Finally, the computation of K,(R q,(t" )) in [VKS] is invoked to give the
main theorem, 5.9.

Our constraints on the dimension » are introduced by Proposition 5.1. The results
of Lluis [ALSS], phrased in terms of the general linear group GL, R and the full
matrix group M, R, hold for large n. By restricting to n relatively prime to p and
p — 1, his results are simply expressed in terms of the respective direct summands
SL, R and M?; however, applying stability theorems such as those in [VK], we need
only assume n to be “sufficiently large”.

5.1 PROPOSITION. (i) H,(SL,R; M?)=0 = H,(SL,R; A*M?) fori =0 or 1.
(i) Hy(SL, R; H3M,)) = (SzMnO)SL,,R @ (A3Mr?)SL,,R =R ®R.

(iii) H,(SL, R; M° ® M°) = 0.

(iv) Hy(SL, R; M?)=R.

PROOF. (1), (ii)) and (iv) are derived from Lluis [ALSS]. The proof of (iii) is
analogous to that used in [ALSS] to prove H;(SL, R; A*’M%)=0. O
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5.2 LEMMA. For k > 2, R = H,(SL, R,; A> M2(t%)).
PROOF. SL, R, = SL, R X G¥, so that for any coefficient module C,

H,(SL,R;; C) = H,(SL, R; C) ® (H,(G*; C))st, -

Set C = A*M? and use 5.1(i), the isomorphism m,: H,GK - M? of 3.1(i), and
A2(iv). O

5.3 LEMMA. For k > 2, jyH;M2(t*) =0 in H,G¥*' and hence iy~ j,H;M?(¢*)
—0inHSL R,

PROOF. The case k = 2 is [ALS, 2.7 and 2.8(iii)]. Take k > 3. Then according to
Proposition 3.1(iii), Eg‘l = 0 in the spectral sequence (5.2)(k + 1). Further, it
implies H,G¥/m H,GX*" is represented in E5.

If B is the homology Bockstein associated to the coefficient sequence Z > Z —»
Z/p,and s > 1, BH,, (MY Z/p) = H M so the lemma is proved by showing that
JeHo(M?; Z./p) =0 in H(GF, Z/p), or, dually, that j*H*(G*; Z/p) = 0. Con-
sider the cohomology spectral sequence

(53)(k +1) H*(GKZ/p)® H¥( MO Z/p) = H*(G**';2/p), k> 2.

Denote terms in this sequence by ¥ " 1E}*.

Dually to the homology results, **!EX! = 0 and im d3"! lies in a direct summand
of H*(GFK; Z/p) which is represented in “EL!. (In (3.3)(k), the map D induced by
the homology differential is split since H,(SL, R; M%) = Q = 0.)

Because d*|A*M ¥ is a derivation with image in the Z /p-vector space H>Gf ®
A *M?*  the injectivity of d3! implies that of d9*|A*M %, Now suppose 8* is the
cohomology Bockstein associated to the coefficient sequence Z/p > Z/p* > Z/p.
Since M is a Z/p-vector space, H*(M?; Z/p) = AN* M?* ® S*(B*M *). Thus
(EY* = kerd*) = S*(B*M¥). We want to show that d22B*M % = M0*.

Observe first that the connecting homomorphism B% commutes with spectral
sequence differentials which are transgressive. (This can be seen from the geometric
description of the transgression of e.g. [M, p. 335].) So d¥B*M%%* = B*d)MO*
modulo im d}.

We claim next that B*d)'M%¥* is represented in “EL? by a submodule isomor-
phic to M 2% To see ghis, at the cochain level apply the Cartan formula, 8%(a ® b)
= (B*a) ® b + a ® B*b, which is a consequence of the definition of the connecting
homomorphism in terms of the cochain boundary maps, which are derivations (see
e.g. [M, pp. 190, 52]). Note that here we are dealing with the cochain bicomplex
underlying the spectral sequence (5.3)(k), not (5.3)(k + 1). If ¥ # 0 in **'E?! and
x # 0 represents d'% in *EJ*, then (1 ® B¥)x represents f%d Y% in “E}?, and is
nonzero because 1 ® 8% |*E¥! is injective. Since there are no higher differentials
hitting “E}* terms, {(1 ® B¥*)x} is nonzero in “EL%. So B#dI'M?¥* = M?# and is
represented in “E12.
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On the other hand, because the differential is a derivation, im d3* is represented
in
(UEL0 UAEL) U (M0 2/p) =43 U HY(M0: 2/p)
or in a lower filtration. Therefore im(8¥d ') N im(d}*) =
We conclude that d? | B¥M ¥ is injective. Hence so is d* | S*(B*M?*). O
5.4 LEMMA. H,(SL,R,; M) < R & R whenever k > 2.

PRrOOF. In the spectral sequence

“D2, = Hy(SL,R; H,(G} M?)) = H,(SL,R,; M), *D} =0

(by 5.1(iii) and 3.1) and D3, = R (by 5.1(iv)). Further, there is a sequence

(5:4)(k)
( Gk ® M )SL R DOZ (H2(Gn’ Z/P) ®M )SL R (TOI'(M M ))SL R>

where the final term is isomorphic to (M,) ® M) .
Take k > 2. Using the notation and proof of 3.4, there are exact sequences

Uk® M2 » HGFo M > J @ M?;, UX® M?» U*® M? > M?® M?,

where SL, R acts trivally on U,. Take SL, R-coinvariance of these and apply
the A2 results (J,® M,)g =0 and (M, ® M) =R to conclude that
(H,G} ® M) is dominated by R. Thus “Dg, < R ® R. When k = 2, the same
result holds because H,G> ® M? = A’M? ® M? and so by A.2(iv) has SL, R-
coinvariance R.

The next lemma shows that there is a surjection im d3; > R. Since

Hz(SLan§ M,?) =D}, ® “Di, ® “Dg,,
it will prove this lemma.

5.5 LEMMA. In tke spectral sequence D3, = H,(SL, R,; M?) of 5.4 (proof),
im d3, maps onto R.

PrOOF. The case k = 2 is covered by [ALS, Theorem 2.2], which shows that
im d3, maps onto (Tor(M,), M0))g .

If k>3, let 71 M2(tk) > M2(t?) be the coefficient isomorphism. The spectral
sequence map myty: “Eg, »2Ej, induces an isomorphism between the terms
(Tor(M°, M 0))SL z and w7, also induces an isomorphism

n?

Hz(SL R; Hl( (’k))) _’Hz(SL R; Hl( 0(12)))

because m: H(Gr, Z/p) = Hl(an; Z/p) by 3.1(i). The lemma, and hence Lemma
5.4, follows. OO

5.6 PROPOSITION. If k > 2, #ker(mf: HSL,R, - H,SL, R, ;) < #(R)*.

Proor. The spectral sequence (5.1)(k) has EJ5 = 0 (by 5.3), EY5 < R (by 5.2)
and E35 < R® R (by54). O
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We next investigate
H,SL,R,_,/mH,SL, R,

to estimate #H,SL, R, /#H,SL, R, _;.

5.7 PROPOSITION. If k > 2, there is an exact sequence

m
kermy > H,SL, R, > H,SL,R,_, > R.

Hence with Proposition 5.6 we have
(5.6) #H,SL, R,/#H,SL, R, , < (#R)".

PROOF. In the spectral sequence (5.1)(k), Eg, = ((H,M(t*))s. z)gx = 0 by
5.1(i). Therefore coker mf = im d3,, and this is E{; because H,SL,R, = K,(n, R)
=0 [DS, 4.4). Finally, E7, = H,(SL,R; M)(t*)) ® (H,G, ® M) = R, fol-
lowing the proof of 5.2 and substituting the isomorphism of 3.1(i) and the results

5.1(i) and A.2(1). O
The main theorem is an easy corollary to 5.7 and the following theorem.

5.8 THEOREM (VAN DER KALLEN AND STIENSTRA). If g > k, there is an isomor-
phism

(5.7) Ayt Ki(Ryp, (1)) /{1 — ar*: a € R} > K,(R,, (1%)).

PRrOOF. This is a special case of [VKS, 4.3], given that K, R, = 0 by the previously
quoted result of Dennis and Stein. O
Note that because K,R, = 0, K;(R,, (t)) = H;SLR,/H,SLR.

5.9 THEOREM. If R is a finite field of odd characteristic p, there is an isomorphism
07 o Ay Ky(Ryy, (1))/{1 — at*: @ € R} > Ky(Ry, (1)),

where Ay is as in 5.8 and 3: K,y(R,, (1)) > K,(R,, (t*)) is the connecting
homomorphism in the long exact K-sequence (q > k).

If n is large then also H;SL, R, /H,SL, R = K,(R,, (1)) under the map induced by
the inclusion SL, R, - SLR,.

PrROOF. If k =2 or 3 the theorem comes from [ALS, Theorem 1.1], given the
stability of the generators used in that proof. Inductive application of (5.6) yields the
group order estimate

#H,SL,R,/H,SL, R < (#R)* 7.
However, the order of the domain of 07'oA, is (#R)2*"% since 9 is onto,
#H,SLR,/H,SLR must be at least as great. This implies the theorem when
n = oo. The general case comes from the stability theorems of, for example, [VK].
O

Appendix. This Appendix investigates the SL, R-structure of various modules
related to M,f’@", i = 2 or 3. There are 2 subsections.
Notation is as in §2.
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A.1 LEMMA. Let I be the SL, R-submodule of M) ® M? generated by 1,, ® 1,; +
1, ® 1, Let (M2 ® M?)° be the kernel of the quotient map of M) ® M) onto its
SL, R-coinvariance R [K3, 3.7]. Let St(R, R) be the additive Steinberg group (defined
in [K4, 1.4]) where by [K4, 2.15] there is an epimorphism ¢: St(R, R) » M2 such that
(St(R, R), ¢) is the universal SL, R-central extension of M°, with kernel Q.

Then

(1) (DL, r= 0.

(i) (M2 ® M"°/I = S{(R, R), and if D% (M2 ® M2)°/I - M? is the map
induced by the Lie bracket, (M? ® M®)°/I, D°) is the universal SL, R-central
extension of M°.

(iii) (M ® M?)/I = S{R, R) @ R.

PrROOF. (i) I is SL, R-generated by (e;s — 1) - (15, ® 1,3 + 1,3 ® 15,) (use the
actions given in 2.3).
(i) We will use the following definitions:

a, B3, v, e and p are arbitrary elements in R;
D: (M?® M?)/I » M is the map induced by [ , ];
- 0 0.
Ej(a’ﬁ) =, ®§ji EM, ®M,;
V:R@R-> (MP®@MP)/Iis: a® B - {Fy(a,B) + Fy(e,B) — Fi5(a,B)}.

The proof is divided into two parts. The first shows that ¥ is equivariant and that
im¥ = ker D, so that (M ® M?)°/I, D%)is SL, R-central; the second shows that
it is universal by exhibiting a map o: (M? ® M?)°/I » St(R, R) with ¢ o6 = D°.

A. Define a group homomorphism g: M° - (M2 ® M?)/I)/im¥ by choosing
for each pair i # j, an m & {i, j} and setting g(a;;) = {1,, ® a,,,}, and, if j > 1,
g(d;;) = {1; ® a;;}. We are going to show that g is an epimorphism. Use 2.3 to
check that imV lies in ker D; hence [ , ] induces an epimorphism

(M2 @ MQ)/I)/im¥ — M,

which is a left inverse to g, so that im¥ = ker D as claimed.

Consider each of the ten elements listed below as representative of the subset of
the canonical Z-basis of M? ® M which can be obtained from (a) the action of the
permutation matrices and (b) switching of the modules M,° which form the tensor
product. (Recall that &,; = &, + &,,; = —&;, m & {i, j}.) The subsets are based on
subscript configurations, and partition the basis. It thus suffices to show that the
projections of these subsets to (M2 ® M?)/I)/im¥ lie in the image of g.

a; ® By 2. a, ® By 3. a, ® By, 4. a;, ® E‘n
5. a ® By 6. a, ® By 7. a, ® By; 8. a;, ® By
0. aef, 10 a,® .

All elements of type 1-5 are zero modulo 1. Look at (e, ;(a) —1) 1, ® 14,
(e,3(B) = 1)-a), ® 13, (e, — 1) - @y ® By, etc.,, and use the symmetry of the
SL, R-action on the modules M forming the tensor product, plus the action of the
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permutation matrices. I also contains elements of the types ya;, ® By; — 714 ® aB,;
and yay; ® By, — a,; ® YB,,—consider (eg,(—a) — 1) - y,4 ® By, etc. Similarly, it
contains elements of type

(A1) Yo, ®523 —a® ZE42((342(“Y) - 1) ay ®§23 + ya,,® 1/542)-

The class of each element of type 6-8 is in im g. As above, ¢, ® p,,; = &,, ® B;;
=q,;® _"jm modulo I, whenever af8 = ep and /, j and m are distinct. The same sort
of reasoning used above, applied to the generator 1,; ® 15, + 1,, ® 1,,, shows that
modulo 7, -1, ® aB,, = a,, ® B, = &, ® B;, = a,; ® B, whenever s, m, i and j
are mutually distinct.

We can now check that ¥ is an equivariant map; e.g. if m & {1,2,3},
(e)n(-¥) = 1) - ¥(a,8)=a;,® ¥B,, — @3 ® By, =0 mod]
and
(enn(=¥) = 1) - (. B) = @ ® (B ~ ¥2)
—ay ;® By —a;® By, =0 modl.

The class of each type 10 element is in im g. Take i # j, {i, j} N {a,b} = & and
aff = ep. Look at (e5 — 1)(ay;3 ® B3, — ay4 ® ¥B,,) and permutations to see that

(A2) "Fia(a‘Y’ B) + F}a(ay’ﬁ) + F;‘b(a"YB) - F}b(a’YB) el
Apply (e;; — 1)tog, ® p,; + a, ® B, to see that
(A3) -F)a(e’”)+F;'a(£’p‘)+Fbi(a’:8)_Fbj(a’B)eI'

Hence modulo I + im¥,
FlZ(E’“) + Fb1(0",8) - sz(a,ﬁ) =0;

e, Fy(a,B)= Fiy(e,p) + Fyy(a, B) = Fy(e, p) + Fy(a, B), by (A.3) so Fy(a, B)
= Fyp(a.B) = Fa(e, f) = Fy,(1,0B) — F,(1,aB), by (A2). Set a = 1.

The class of each type 9 element is in im g. As shown above &, ® B,; — a1, ® By
€ I. Apply (e;; — 1) to it and use the facts that Fy,(a, B) + Fiu(e, B) — Fy(e, B8)
€ (I + im¥), and, modulo I, &, ® By = a3, ® By;. This gives &, ® B3 = —ay
® By, =0in (M2 ® MP)/I)/im¥.

This completes part A.

B. Before going into the main part of the proof, we recall some facts about
Hochschild homology [I].

If S is any associative ring and N is an S-bimodule, the Hochschild homology
groups HH,(S, N) are defined as the homology of the complex C,(S, N) = ((S®*)
® N, §,)), where

8,(5,© - ®s5, ®x)=58® - ®s, _,®5,X
1

m—1 )
+ Y (-1)'5;,® - ®s;5,,,® -+ ®x
i=1

+(-1)"5, ® -+ ®s, ® x5,.
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The Morita equivalence HH,(M?, M°) - HH,(R, R) is induced by the chain
equivalence

(X, ® - ®X,)= Y (x,®ex} e - exi'lexn)
where X, = ), x!, »

ab=1 """
Define f: M? ® M?° - HH/(R,R)=Q by f(a® b) = {Tr(a ® b)}. In
Cy(MP, M?), for any r € SL, R and a, b € M, compute

(A.4)
rar ' ®@rbrl=r®[a,blrl+a®b+8,(rar''®@r®@br!—r®a®brt).

Thus, since Tr is a chain equivalence,
f(rart @ rbr-') = f(r ®[a,b]r ') + f(a ® b).
As a group, St(R, R) = Q@ ® M?. Define o: (M ® M?)° > St(R, R) by
o(a®b)=(f(a®b),[a,b]).
Check that o(1,, ® 1,; + 1,; ® 1,,) = 0. Hence if we can show that o is an
SL,, R-module map, we will have an induced map
(M?® M?)°/I > St(R, R)

which is inverse to the canonical map.

With the identification St(R, R) = @ & M2, the SL, R-action is given by

re(hyu)=(f(r®ur?)+h,rur); reSL,R,heQ ue M

(to check this, one first checks that the action is well defined, then that it is
compatible with the usual description of the action on St(R, R) defined in terms of
the generators y;;(a) [K4, 1.4]). Then because SL, R acts on M by conjugation,
o(r-(a®b))=o(rar ' ® rbr-') = (f(rar™* ® rbr=t), r[a,b]r?)
(A4
= (f®[a,b]r '+ f(a®b), rla,b]r )
=r-(f(a®b),[a,b])=r-o0(a®b).

Thus o is an SL, R-module map.
(iii) This is read from the commutative diagram:

«—

Q > im¥ - ?
M \ Il
(Mo M%)’/ » (MP® M%)/ > R
v D’ ¢ D
MP = M? O

A2 LEMMA. () (M ® MQ)g =R, witha & {1, ® ay),
(i) (A*M)g » = R/2R, and (S*M?)g_» = R,
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(iii) ((M:?)®3)SL,,R =R®R with (¢,f)< {1, ®1,;®ay}+{1,,®1,®
B}

(iv) (A*M,) ® M))g p =R, witha & {11 ® a3},

VN M)) g g =R, witha & {11y},

Vi) (J, ® M))g r=0.

PrOOF. (i) (Kassel [K3, 3.7]) The coinvariance is detected by the equivariant map

T: M°® M? > R, where T(a ® b) = Tr(ab).

(i) A°M? is M? ® M? quotiented by the group generated by {a ® b + b ® q,
a®a;, a, b M,?}, so the map induced by T detects the coinvariance [K3, 3.7].
Similarly S2M? is the quotient of M? ® M by the group generated by {a ® b — b
® a; a, b € M}; again, the map induced by T detects.

(iii) Let I be the SL, R-submodule of M? ® M generated by 1,, ® 1,; + 1,, ®

D
1,,- Lemma A.1(ii) exhibits a sequence im¥ » (M) ® M?)/I » M?, where D is
induced by the commutator map [, ] of 3.2, and SL, R acts trivially on im¥. Since
(Mr?)SL,,R =0,

Dy: (((Mr? ® Mr?)/l) ® MnO)SL,,R - (M) ® Mr?)SL,,R =R

is an isomorphism. We will compute (I ® M,?)SL"R by determining the SL, R-
covariance classes of its generators, { y, (@) = (1, ® 1,3 + 1,3 ® 1,,)® &, a +#
b}, where &, denotes “either a,;; or &~ and y, denotes “either y,; or ;"
Congruence in what follows is with respect to coinvariance class.

If a€& {2,3,4}, choose ¢ & {1,2,4,a}. Then y,(a)= (e,. — 1) y.,(a) (or, if
¢ =b, (e, — 1) y.,(a), say). Apply this sort of argument again, to conclude
(A.5) ifae {2,3,4) orb & {1,2,4}, y,(a)=0.

If a¢ (2,3,4} and b & {1,2,4}, y,(a)= (e, — 1) y(a) + y,(a). This to-
gether with the identities y,,(a) = y,5(a) + Js5,(a) and j,s(a) = js5,(-a), implies
(A.6) V(@) =0 unless {a,b} N{2,4} + @.

Hence we need only consider {a,b} C {1,2,3,4}.

P(i, j) is the permutation matrix e, e, (-1)e,;. Check thatif 1 & {a,b}, y,, =
(es = 1) - (PG5, 1) - yyp) and if 3 & {a, b}, =y, = (€53 = 1) - (P(5,3) - Jp)-

This eliminates classes of all the generating set of I ® M other than { y;;(a)}.
However, the equivariant function on M23, :4 ® B® C — Tr(ABC), takes
y31(@) to a, so there is a copy of R in (I ® M,,O)SL" z- Thus there is a split sequence

¢ D,
(A7) R=(I®MQ)y r— (Mg R,

n

where «(a) is the class of 1, ® 1,; ® a3 + 1,3 ® 1, ® a3, and D;'(a) is the class
of 1); ® 153 ® ay.
(iv) The homology product M?®3 — A2M? ® M, takes y;;(a) to
(N® 1)y (a) =151y ® a3 — Ligly; ® a3 = (e — 1) - (L1l ® ayy).
Dy !(a) maps through 1,,1,; ® a;, € A2M2 ® M t01;, ® ay; in M) ® M. Hence
(A*M)) ® M) pisas described.
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(v) By (iv), the homology product induces an epimorphism R — (A’M,))g; .
Observe this is an isomorphism, since there is an SL, R-invariant function in
(NMH*, 4N BN C - Tr(ABC — BAC), A, B, C € M?, which takes 1,, N 1,,
N as; to a.

(vi) J, is the image under the homology product of L, (see 3.2) whereas A.1(ii)
proves (L,/I = kerD) is SL, R-invariant. Thus, if I’ is the image of I under the
product, it suffices to show that (I’ ® M) = 0. But (I’ ® M)g  is gener-
ated by the class of (N ® 1) y,;(a), and this is the zero class in (I’ ® M,,O)SL" R as
well as in (A’M, ® M) 4.
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