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FUNCTIONAL EQUATIONS FOR CHARACTER
SERIES ASSOCIATED WITH n x n MATRICES

BY
EDWARD FORMANEK!

ABSTRACT. Let A be either the ring of invariants or the trace ring of r generic
n X n matrices. Then A has a character series x(A) which is a symmetric
rational function of commuting variables z1,...,z,. The main result is that
if r > n?, then x(A) satisfies the functional equation

x(A) .z = (D ez )Y x(A) @, ),
where d is the Krull dimension of A.

1. Introduction. Let K be a field of characteristic zero, and let U, = (u;;(r))
(1<4,7<n, r=1,2,...) be n X n generic matrices over K. Let

R(n,r) = K-algebra generated by Uy,...,U,
= ring of generic matrices.
C(n,r) = K-algebra generated by the traces of elements of R(n,r)
= ring of invariants of R(n,r).
R(n,r) = R(n,r)C(n,r) = trace ring of R(n,r).
Each of the above rings A(n, r) is multigraded by N" and has a character (or Hilbert
or Poincaré) series

x(A(n, ) (1, .. 2) = Eaaz‘l’“ coex2 € Iz, .-, 2]y

where « varies over N" and a, is the K-dimension of the homogeneous component
of A(n,r) of multidegree o = (ay,...,a,).

The above rings are all GL(r, K)-modules, where the action of GL(r, K) is in-
duced by its standard action on the K-vector space spanned by the generic matrices
Ui,...,U,. We use the name character series because x(A(n,r)) is also a formal
power series 1+ x(A;) + x(A2) + - - -, where x(A;) is the character, as a GL(r, K)-
module, of the homogeneous component of A(n,r) of total degree . For more
details, see [1, §§4-6].

This article was motivated by a recent result of Le Bruyn [4], who showed that
for r > 3, the character series of R(2,r) satisfies the functional equation

X(}_Z(z, T))((L‘i-l, s ,x:l) = ——(.’131 e fl)r)4X(R(2, T))(zlv ey zT)‘
Our main results are Theorems 13 and 22, which assert that
—_— _ — 2 p—
XCn, ) (e, ...,z ") = (=) ¥z1---2,)" x(Cln,7)) (1, ., 20)
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648 EDWARD FORMANEK

if r > n? — n, and that

XEBm,r) (=7l ..z = (=D %zy - 2)” x(R(n, 7)) (21, - ., )

if 7 > n2. In both formulas d = (r — 1)n? + 1, the Krull dimension of C(n,r) or
R(n,r).

The proof, in outline, is as follows. Since C(n,r) is the fixed ring of SL(n, K)
acting homogeneously on a polynomial ring over K, results of Hochster-Roberts [2]
and Murthy [6] imply that C(n,r) is a Cohen-Macaulay, Gorenstein UFD. Since
C(n,r) is Gorenstein, a result of Stanley [10] implies that its character series sat-
isfies a functional equation of the above form but with an unspecified exponent
on (z1 ---z,). The determination of x(C(n,r)) as a formal power series of Schur
functions [1] is then used to show that the exponent is n2, provided that r > n2—n.
Finally, the functional equation for the character series of R(n,r) is obtained by
exploiting the close relationship between C(n,r) and R(n,r).

These results suggest that there are canonical presentations for C(n,r) and
R(n,r), and I hope that they provide some hints toward finding them.

2. C(n,r) is a Cohen-Macaulay, Gorenstein UFD. Suppose that G is a
reductive group acting homogeneously on a polynomial ring over K. Then the
ring of invariants is Cohen-Macaulay by a fundamental theorem of Hochster and
Roberts |2, Main Theorem]. They further observed [2, Corollary 1.9] that if G is
connected (has no nontrivial finite homomorphic images) and semisimple (and thus
has no nontrivial homomorphisms into K*), then the ring of invariants is a UFD,
and hence Gorenstein, using a theorem of Murthy [6] that a Cohen-Macaulay UFD
which is a homomorphic image of a Noetherian regular local ring is Gorenstein.

Let K[u;;(r)] be the commutative polynomial ring generated by the rn? en-
tries of the n x n generic matrices Uy,...,U,. There is a homogeneous action of
GL(n, K) on K[u;;(r)] induced by the simultaneous conjugation of Uy,...,U, by
g € GL(n,K), (Uy,...,U;) — (gUig™%,...,gU,g7 1), and C(n,r) is the ring of
invariants of this action |7, Theorem 1.3]. Although GL(n, K) is not semisimple,
SL(n, K) is connected, semisimple and reductive, and has the same ring of invari-
ants since K* - SL(n, K) is Zariski dense in GL(n,K) and K* acts trivially on
K[u;;(r)]. Thus we have

THEOREM 1. C(n,r), the ring of invariants of r generic n X n matrices, 1s
Cohen-Macaulay, Gorenstein, and a UFD. O

3. Stanley’s Theorem. Let A be a K-algebra multigraded by N7, with
dimg(A,) finite for all @« € N7. Then A has a Hilbert series

F(A) = E{dimK(Aa)z‘{“ ez a = (0q,...,0,) €N}

which lies in the formal power series ring Z[[z1, . .., z,]]. We use the name character
series and write x(A) when each A, is a GL(r, K)-module, as in the introduction.
In that case x(A) is a formal power series of symmetric polynomials in z1,...,2,.
DEFINITION. Let f € Z[[z1,...,2,]]. One says that f satisfies a functional
equation if
(1) f is a nonzero rational function (i.e., there exist nonzero g, h € Z|zy, ..., z,|
such that hf = g).
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(2) (g/h) (271, .., 27 Y) = £(x8 - -z27)(g/h)(zy,. . ., z,) for some ay,...,ar €

Z (as an equation in Q(z1,...,z,)).
We have made this definition explicit to emphasize the point that the substitution
of ;! for z; must take place in Q(z1,...,Zn). A term-by-term substitution in a

formal power series does not make sense.

THEOREM 2 (STANLEY [10, THEOREM 6.1(i)]). Let A be a commutative K -
algebra, multigraded by N7, with Ay = K and dimg(A,) finite for all a =
(o1,-..,0,) € N". Suppose that A is Gorenstein and has Krull dimension d. Then
its Hilbert series satisfies a functional equation

FA) it = (13 22 P(A)(a, . 20)
for some ay,...,a, € Z. O

If A is assumed to be a Cohen-Macaulay domain, Stanley proves a converse [10,
Theorem 6.1(iii)]: A is Gorenstein if and only if F(A) satisfies such a functional
equation.

By Theorem 1, C(n,r) is Gorenstein, so Stanley’s theorem applies to it. As noted
above, we write x(C(n,r)) instead of F(C(n,r)), and it is a formal power series
of symmetric functions, so the monomial z{! ...z% is symmetric and therefore a
power of z1 - - - z.. Thus we have

THEOREM 3. The character series of the ring of invariants of r generic n X n
matrices satisfies a functional equation

X(é(n,r))(zl_la ey x:l) = (_l)d(zl ce IT)QX(ﬁ(nWT))(xl,' . ax'l‘)-
for some o € Z, where d 1s the Krull dimension of C(n,r). O

The Krull dimension of C(n,r) is (r— 1)n?+1 (Kirillov, Procesi, see [8, p. 197]),
but this is never a major factor in any argument.

4. Polarization of symmetric functions. We follow the notation of [5,
Chapter I| for symmetric functions; a resume can be found in (1, §2]. Thus z;,zo, ...

are commuting indeterminates, and for each r = 1,2,..., the symmetric group S,
permutes z1,...,z, and so acts on Z[zq,...,z.|. Then
A =Zlzy,..., 2|5 =Zle,. .. e]
is the ring of symmetric functions in r variables, where ¢; = ¢;(z1,...,z,) is the
tth elementary symmetric function.
For s > r, the obvious retraction p(s,r): Z[z1,...,zs] — Z[z1,...,z,] induces a

surjection p(s,r): As — A,. The inverse limit, as graded rings, of the inverse system
{Ar,p(s,7)} is called the ring of symmetric functions in infinitely many variables
and is denoted A; the canonical projections are denoted p(r): A — A,; but if f € A
we will usually write f(zy,...,z,) rather than p(r)(f) for the image of f in A,.

The ring A is a polynomial ring in countably many variables ey, e, ..., and
ei(T1,...,2), 1<i<r,
plre) = { il mh LS

We use A only as a notational device which permits symmetric functions to be
expressed independently of the number of variables involved.
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To avoid excessive notation, we adopt the convention that if it can be inferred
from the context that f is a function of z1,...,z,, then the variables z1, ..., z, will
usually be omitted; for example p(s,r)(e1) = e1 means that p(s,7)(z1+ - +z;) =
1+ + Ty

With each partition A = (A1, Ag,...) is associated a Schur function S, € A,
and the Schur functions form a Z-basis for A. If X is a partition, the length
of A, denoted I(}), is the largest r such that A, # 0. For any nonnegative in-
teger r, Sx(z1,...,z,) = 0 if and only if {(A\) > r, and the Schur functions
{Sxr(z1,-.-,2)[l(A) < r} form a Z-basis for A,. The notations (Ay,...,A,0,...),
(Ay.-.yAr,0,...,0) and (Aq,...,A,) will all denote the same partition.

We let [A,] and [A] denote, respectively, the completions of A, and A relative to
the gradings which give each z; degree one and each e; degree i. The canonical
projections induce projections p(r): [A] — [A,]. Elements of [A] will be expressed
as formal power series of Schur functions; note that if A = (A1,...,\,), then Sy
is homogeneous of degree |\|, where |A\| = A1 + -+ + A,. Elements of [A,] will
be expressed variously as formal power series of Schur functions, as elements of
Z([z1,..., )], or (if possible) as rational functions of z,...,,.

One definition of the Schur functions is via generalized Vandermonde determi-
nants [5, p. 24]. Suppose that A = (A,..., ;) is a partition of length < r. Set

ay = ax(zy,...,2,) = Z (signa)a:ﬁzl) . azgz‘n)
o€S,
zi\l s
=det| : .
and let 6 =6(r) = (r—1,7—2,...,1,0). Then
Sa(z1,...,2.) = arss(z1, ... 2r) fas(T1,. .., Ty).

If s > r, Si(zy,...,z5) is obtained by identifying A with (A1,...,A,,0,...,0)
(s — r zeros) and using é(s) = (s — 1,s — 2,...,1,0) in place of §(r). If ¢ <
r, Sy(z1,...,24) = Sa(z1,...,24,90,...,0) (r — q zeros).

One consequence of this definition is a formula for Sy(zi,...,Z,+1) in terms of
Sx(z1,...,z,) provided, of course, that I(A) < r:

r+1 [ r+1 I
SA(zl,...,er):Z H L S)‘(.”L‘l,...,:il,...,:ltr+1).
=1 i=1 Ti = o
1#1
(As usual, f(z1,...,%1,...,%y+1) stands for f(z1,...,2—1,%141,...,Zrs1).) We

use this formula to motivate a definition.
DEFINITION. Let Q([A,]) be the field of quotients of [A,]. The map ®,: Q([A,])

— Q([Ar41]) given by

r+1 [ r+1
x; «
q>’r(f):§ Hz,_@x f(xla"wxla"'axr-l-l)
=1 Z;} i l

is called the polarization map.
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The polarization map is not a ring homomorphism. Note that since ®, is degree
preserving on A, it can be computed term by term on [A,]:

®,(fo+ fi+ fa+-) =@ (fo) + Pr(f1) + r(f2) + .
It is also clear that ®, carries rational functions to rational functions; i.e., ®,.(Q(A,))
C Q(Ar+1). Thus we have the following observation, which is used implicitly in
several future calculations.

LEMMA 4. Suppose that P =) p(A)Sy s a formal power series of Schur func-
tions in [A] and p(A) = 0 of I(A) > r. For each s, let p(3)(P) = Ps = Pys(z1,...,Zs).
Then P,y1 = ®,.(P;), and if P, is a rational function, so s Pry1.

5. The action of polarization on A,[e;!]. The purpose of this section is to
prove some technical lemmas needed later. They involve calculating the action of
$, on

K, =2z, ..., 5 = A e ).
We will sometimes use an alternative notation for partitions [5, p. 1]. The parts of
A= (A1,..., A ) are A\i,..., A, and writing A = (1™12™2 _..) means that exactly

m; of the parts are equal to ¢. In particular, (a”) = (a,...,a) (r times).
Recall the following facts about A,:
(1) The Schur functions Sx(z1,...,z,), as A varies over all partitions (Ag,...,A;)

of length < r, form a Z-basis for A,.

(2) Sury =21 Zr =€r; S(ar) = (T1---T,)* = (&)

(3) For any A= ()‘15 ceey /\1‘)’ eTS/\ = S(/\+(l'))' Iftu’ = (’\1"/\1" oo aA'r—l_A'r’O))
then Sy = (e,)* S,.

(4) The set of all (e,)%S,, a=10,1,2,..., p= (1, -, r-1,0), ph1 > p2 > -+ >
ir—1 > 0, forms a Z-basis for A,.

It is clear that a Z-basis for A, is obtained by allowing a € Z in (4) above. How-
ever, future computations involving A, are best facilitated by introducing semipar-
titions and semi-Schur functions.

DEFINITION. A semipartition of length 7 is an r-tuple A = (Ay,...,A,), where
Xi € Zand Ay > Ay > -+ > A.. The semi-Schur function associated with A,
denoted S or Sx(z1,...,z,), is (er)*"S,, where p = (A1 — Ar, ..., Arc1 — A, 0).

Note that a semi-Schur function is only defined as a function of exactly r vari-
ables. With this new terminology the analogue of (4) for A, takes the following
form.

LEMMA 5. The set of all semi-Schur functions S =_S)‘(z1, ..., Ty), aS A varies
over all semipartitions of length r, forms a Z-basis for A.. U

If \ = (\1,..., ) is a semipartition of length 7, the determinant definition of
S\ remains valid: Sy = ax+s/as, where ay has the obvious definition. We cannot
expect that ®,(Sy) = S», essentially because (A, ..., Ar,0) is not a semipartition
unless A\, > 0 () is a partition). Instead

i R
gttt ghy!
®,(S)) =det | : : as(z1,. .. Tri1)” L,
Ar+1 Ar+1
) * $r+-+1_

1 o 1
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and by putting the sequence (A; +7, A2 +7 — , Ar +1,0) into descending order,
the value of ®,(S)) is easily ascertained. The concluswn is

THEOREM 6. Let ®,.:Q(A,) — Q(Ary1). Suppose that A = (Ay,...,\) 15 a
semipartition of length r and consider the strictly decreasing sequence

MFAr>de+r—1>A3+r—2---> A\ 1+2> A+ 1.

If zero occurs in the sequence (1.e., if \;+r — 1+ 1 =0 for some 1), then

0
If/\+r-—z+1>O>)\z+1+7‘—1f0T80me2(1Slﬁr 1), then
)= (=178, where p = (A1,..., N, — 7 Xip1 + 1, +)

4) If0 > A+, then @,(Sy) = (——l)TSu, where u = (—r,/\1+1 JAL+1). O

If A = (Xq,...,A;) is a semipartition, let |A\| = A1 +---+ A, € Z. Then S, is
homogeneous of degree |\|, where A, is Z-graded in the obvious way. The following
consequences of Theorem 6 are immediate.

COROLLARY 7. Under the same hypothesis as Theorem 6

(1) ®,(S») is either zero or £8S,, for some semipartition p of length r + 1.

(2) For each semipartition u of length r + 1 there is at most one semipartition A
of length v such that ®,(S)) = £5,.

(3) Ifa > 0, ®,((e;)"%A,) C (eyr1) %A,y1. Hence ®,(A,) C A,y and
@, ([A][e, 1)) € [Ar+1”er_—|{1]~

(4) ®,:X, — A, ;1 preserves the degree of homogeneous elements. [J

1)

S .

2) If A\, +1>0, then ®,(S5) = Sy, where pp = (A1,..., A, 0).
3)

S

LEMMA 8. Suppose r > m, and A = (A1,..., m,0,...,0) is a partition of
length < m, written as a semipartition of length r (there are no zeros if r = m).

Then 0 f A 0
N B , i Am = U,
<I)7((e,.) S)\) = { (_l)r—m(er+l)m—rs/\*, Zf Am ?é 07

where A* = (A — 1,...,An — 1,0,...,0).
PROOF. (e,)™ 7~15, = §,, where
=M1 sNmy--,0r) = (A1+m—r—1,... Ap+m—-r—1,m—-r—1,... ., m—r—1).

Note that
() 77m+7'_m+1:/\m20a
E3
Mme1t+r—(m+1)+1=-1<0 (ifr>m).

If r = m, apply parts (1) and (2) of Theorem 6 to (*); if r > m apply parts (1) and
(3). In either case the conclusion is

e 0, if A, =0,
(pr((er)m " IS)‘):{(—I)T—mSW if A > 0,
where py = (M +m—-r—1,..., A, +m—-r—1m-r,...,m—r). Since S, =

(€r41)™ " Sx+, where A* = (A\; — 1,..., A\, — 1,0,...,0), the lemma follows. [J

The next two theorems are the main technical results which will be applied
to obtain conclusions about the character series of C(n,r) and R(n,r). If P =
>-p(A)Sx is a formal power series of (semi-) Schur functions in [A,] or [A], the
support of P is the set of Sy for which p(A) # 0.
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THEOREM 9. Let P =) p(A)Sy be a formal power series of Schur functions in
[A], and for each integer r = 1,2,... let P, = > p(A\)Sx(z1,...,2,) € [A;]. Suppose
that

(A) IF1(3) > m, p(A) =0,

(B) For all partitions A = (A1,...,Am) of length < m, p(A1 +1,...,Am +1) =

p(/\l,. - ,/\m)
(C) There are arbitrarily large integers a such that S(qm-1y lies in the support of

p.
(D) Each P, 1s a rational function which satisfies a functional equation

P(z(Y,. .o = (g - 2.)* D Po(ay, ... z,)
1 r

for some a(r) € Z.
Then a(m) = m.

PROOF. Hypotheses (A) and (B) imply that
(1= em)Pm = > _{pPN)Sa(z1,...,2m)I(}) <m -1}
and hence that
(1) (1-em)Pm = @m—_1(Pm-1)-

Since both sides of (1) are rational functions (hypothesis (D)), we can substitute
z; ! for z; and simplify using the functional equations of (D) as follows:

(1 - €m)Pm(£131,. . .,Zlfm) = <I>m_1(Pm_1)(z1,. e ,Im)

m
T .
:_E II Pm——l(xla"'yxla"‘axm)’
T — T

(1—er‘nl)(em)a(m)Pm(xl"”’zm)::t(em)m_li ﬁ “

1=1 \ =1 T T
x(zl---a‘:l--‘xm)“(m‘l)_m m—1(T1y ooy Ely e ey Tm)-
(2) (1= em )P = £(em)™ ™ @1 ((em—1)* ™D ™ Boy).
Combining (1) and (2),
(3) @1 (Pro1) = (em)™ ™M &y 1 ((em-1)* ™"V Ppy).

We now regard (3) as an equation of formal power series in [An][e;,!], where
®,,_1 is applied term by term. This is justified by Corollary 7(3). By hypothesis
(C) there is an integer a > |a(m — 1) — m| such that p((a™~1)) # 0. Then
for w =a+a(m—-1)—m >0, Sym-1)) is a (true) Schur function which lies
in the support of (ep_1)*™~V~™P,,_;. Since S((wm-1y) is a Schur function,
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@ 1(S((wm-1))) = S((wm-1)) (Theorem 6(2)), and so the semi-Schur function
(em)m“a(m)S((wm-l)) = 8, lies in the support of the right-hand side of (3), where
(4)  w=W1,. . pm) =(w+m—alm),...,w+m-—a(m),m—a(m)).

But the support of the left-hand side of (3) contains only Schur functions of par-
titions of length < m — 1. Thus (4) implies that 0 = p,, = m — a(m), or
a(m)=m. O

THEOREM 10. Let P =Y p()\)Sy be a formal power series of Schur functions
w [A], and let P, =) p(A)Sa(z1,...,2,) € [A;]. Suppose that

(A) Ifl(A) >m, p(A) =0.

(B) For all partitions A = (A1,...,Am) of length < m, p(Ay +1,..., A + 1) =

p(/\l, ce ,/\m).
(E) Py, s a rational function which satisfies the functional equation

Po(zit . zn) = (=% - 2n) " P (21,5 -+, T )-
Then for allr > m, P, s a rational function which satisfies the functional equation
P.(z7Y,... 27t = (=)0t 0= (g o )™ Po(ay, ..y 3.

PROOF. The proof is by induction on r > m, with the case r = m given by
hypothesis (E). The inductive hypothesis is that

(1) P.(z7Y, .. z7Y) = (=10t 0=mIm (g o ) P2y, ).

Note that since r > m, P,,; has no partitions of length > r + 1 in its support by
hypothesis (A), so

(2) Prp1 = 8,(P)).

As in the proof of Theorem 9, we substitute z; ' for z; in (2) and simplify, using

(1):

r+1 [ r+1 fl)_l
-1 -1y _ 7 -1 ~—1 -1
PH-I(:I:I ""?zr+1)"z H——T_'_—_l PT(zl IRRRRE ""3zr+1)
LT —1
=1 i=1 V3 1
il

r+1 [ r+1 1

e S T L

=1 i=1
i#l

Xz[(xy T Trp1) " Pe(T1y oy Ely oy Trga)

r+1 [ r+1

= (=1 a+(r—-m)m-+r r Ty
-1 v S5 | T2
- i#l

X (1‘1 .. .jl .. .$T+1)m_T—1P,.(:1)1, .. .,Iil, . .,IE7-+1)-

(3) Prya(z7t,. .. 20ky) = (~1)2tC=mmEr(e )T (emT1P,).

Let A = (A1,...,Am,0,...,0) be a partition of length < m, written with r
coordinates (i.e., there are r — m zeros to the right of A,,), and let \* = (A —
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1,...,Am — 1,0,...,0), written with r + 1 coordinates (i.e., there are r —m + 1
zeros to the right of A,,, — 1). By Lemma 8
m—r—1 _ O, if )‘m = 0,
(4) Qr((e'r) S)\) - { (_l)r—m(er+l)m—rs)‘_, lf )\m Z 1.
By hypothesis (B),
(5) DS < m} =D {p(N)Sx-[l(A) = m}.

Using (4), (5) and the fact that ®,((e™~"~1)P,) can be computed term by term
gives

Il

& ((e)" 'R = Y p(N&((e)™ 1Sy

(A)<m
= (1™ 3 pA)(er)™ S
(6) I(\)=m
= (~1)"™err)™" S p(N)Sa-

I(A)=m
= (=1 (er+1)" " Pry1-
Finally, substituting (6) into (3) gives
P1'+1(zl_1’ v 73::—:1) = (__1)a+(1+1—m)m(er+1)mpr+1
= (—1)2H =M (g g )M P (2, T,

which completes the inductive step. [

(7)

6. The functional equation for x(C(n)). By Theorem 3, the character
series of C(n,r) satisfies a functional equation with an unspecified exponent a on
(z; - --z,). The goal of this section is to show that if r > n? —n, then a = n%. The
condition r > n% — n comes from the fact that as an element of [A],

x(C(n)) = ﬁ(l —z;)") p(A)S = (Z S(i)) Y (NS,

i=1 i>0

where )" p())Sy satisfies the hypotheses of Theorem 9 with m = n? — n.

We will now derive a formula for x(C(n)) which is a slight modification of the
formula of [1, Theorem 12]. The derivation will only be sketched since it closely
follows (1, pp. 199-203].

We introduce a new set of commuting variables y1,...,yn. There is an inner
product ( , ) defined on K,(y) = Z[yil,...,yE!]5", relative to which the semi-
Schur functions form an orthonormal basis [see 1, pp. 184, 188-189]. The formula
of [1, Theorem 12] is

(1) x(C(n,7) = (S (wy; 1), DS (21, .., 7),
A

where Sx(yiy; ') signifies the substitution of the n? values {yiy; 1 <4,5 <n}in
Sx(2i5), and {z;§|1 < ¢,5 < n} is a set of n? independent variables. The summation
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is over all partitions A, but only partitions of length < n? make a contribution since
Sx(2i5) = 0 if {(A) > n%. Formula (1) is obtained from the expansion

(2) II G=wmyi'z)™t = D> Sa(wiy;)Sx(ze)
1<i,5<n 1<i,5<n
i<k<r i<k<r

by “integrating over y”-i.e., by replacing S,\(y,-yj_ 1) with (S,\(yiyj_ 1),1). However,
ifi =y, yiyj“1 = 1, so there is a total of nr factors (1 —zx)~! (k=1,...,r) in the
left-hand side of (2) which do not involve yy, ..., y,. They can be “pulled out from
under the integral sign” to give a slightly different formula for x(C(n,r)), namely,

THEOREM 11.
= [T -2)™) (Sawiy; ), VSa(a1, ... 20),
k=1 A

where Sy, (y,-y;l) denotes the evaluation of Sx(z;|1 < 2,7 < n, © # J) at z; =
iy, 1 Consequently, only Schur functions of partitions of length < n? —n are in
the support of the rightmost summation. [

LEMMA 12. Let P = ), p(A\)Sx € [A], where p(A) = (S,\(y,-yjfl),l) (1
1,7 <n, © #7J) as in Theorem 11, n > 2, and for each r = 1,2,..., let P,
YA P(A)Sx(z1,...,z,). Then P satisfies hypotheses (A)—(D) of Theorem 9 with
m = n? — n, and thus also satisfies hypothesis (E) of Theorem 10. Hence for all
r > n? —n, P, satisfies a functional equation

IRV

Pzl oY) = +(zy 2,V B2y, . .., T0).

PROOF. The number of y,-yj_1 is n? —n, s0 p(A) = (SA(yiyj_l), ) =0if I(A) >
n? — n, and hypothesis (A) holds.
Since S(1n2—n)(yiyj_l) = enz—n(yiyj_l) =1,

SA+(1n2_n)(yiy;1) = Sk(ytyj—l)

and p(A + (1"2‘")) = p()\) for any partition A of length < n? — n, so hypothesis
(B) holds.
Fort = 0,...,n% —n, et(yiy; = enz_n_t(yiyj_l); fort <Oort > n?—n,
et(yiy; Y = ep2 _n_t(y,yJ 1) = 0. The formula for Sy as a determinant of e;’s [5,
p. 25] shows that

S(a) = det(e14i—5|1 < 1,5 < a),
S(anz_,,_.l) = det(enz_n_1+,-_jll < Z,j < a).
Hence S(a)(ui; ") = S(gnz-n-1)(viy; ") and p((a)) = p((¢"" 1)) for all a =
0,1,2,...
Note that p((a)) is the coefficient of ¢ in P;(x;). It is classical (see [9, p. 10])
that C(n,1) (the ring of invariants of a single n X n generic matrix U;) is a poly-
nomial ring in n variables of degrees 1,...,n, the coefficients of the characteristic
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polynomial of U;. Hence

1 1 1
-z 1—22 """ 1—2a}’
1-— T 1—1)1
1-z2" ""1—2}’

x(C(n, 1)) =

Py(z1) = (1 - 21)"x(C(n, 1)) =

By hypothesis n > 2, so Pi(z;) is not a polynomial, and there are arbitrarily large
integers a such that p((a))-and hence p((a™ ~"~1))-is not zero. This establishes
hypothesis (C).

Finally, x(C(n,r)) satisfies a functional equation by Theorem 3, and
[T{(1 = z&)™|1 < k < r} satisfies a functional equation by inspection, so P, =
[1(1 = zx)™x(C(n,)) also satisfies a functional equation, which is hypothesis (D).
O

The final conclusion of Lemma 12, that P, satisfies a functional equation with
exponent n —n on (z; - - - 2, ), is also valid for n = 1 (i.e., for 1 x 1 generic matrices),
since then P, = 1.

Since x(C(n,r)) = [[{(1 —zx) ™1 <k <r}P.,and [[{(1 —zx) ™1 < k <7}
satisfies a functional equation with factor (z;---z,)™ for all r, while P, satisfies a
functional equation with factor (z;--- :zcr)"2 —" for all r > n? — n, we have

THEOREM 13. Ifr > n? —n, the character series of the ring of invariants of r
generic i X n matrices satisfies the functional equation

xC(n, )@t 27Y) = (=) ¥z1 - 2)" X(C(n,7) (21, ., 20),
where d is the Krull dimension of C(n,r). O
(Theorem 3 implies that the sign is (—1)%.)

7. The functional equation for x(R(n)). In this section we use the func-
tional equation satisfied by x(C(n,n?)) to show that x(R(n,n?)) satisfies the same
functional equation. The proof is based on the fact that the generic matrices
Ui,...,Uyn: generate a free C(n,n?)-module, as does their dual basis. This is the
only place where the structure of RB(n,n?) as a noncommutative ring plays a role.
The functional equation for x(R(n,r)), r > n2, then follows by applying Theorem
10.

From here until Theorem 21, we specialize to the case of n? generic n X n ma-
trices Uy,...,Up2, and write C,R,x(C),x(R) instead of C(n,n?), etc. We let
Q(C) denote the field of fractions of C, and Q(R) = Q(C)R. The discriminant
of Uq,...,Up,2 is denoted A. It is the determinant of the n? x n? matrix whose
rows are Up,...,Uy2, written as 1 x n? row vectors (see [1, pp. 209-211] for a
discussion of A). Our point of view is that x(C) and x(R) are character series
which encode the structures of C and R as GL(n? K)-modules, where the ac-
tion of GL(n2, K) is induced by its standard linear action on the K-vector space
spanned by Uy,...,U,2. Thusif C = K+ C;+ Ca + -+ as an N-graded ring,
then x(C) =1+ x(C1) + x(C2) + -+~ in [A, 2] C Z[[z1,...,Zp2]], where x(C,) is a
homogeneous symmetric functions of degree 1.
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Let V denote the standard module for GL(n?, K), let V* = Hom(V, K) be its
dual (or contragredient) module, and let (det)* (z € Z) denote K as a GL(n? K)-
module with action g(v) = (det g)*v. Their respective characters are

X(V) =Z1+ "+ ZTp2z =€,
x(V¥) =z 4+ 425 =en2_1/en,
x((det)?) = (z1 -+ Tp2)* = (en2)".

THEOREM 14. (1) Q(R) s a central simple algebra of dimension n? over Q(C).

(2) Uy,...,Up2 are a basis for Q(R) over Q(C).

(3) Let Wy,...,Wy,2 be a dual basis to Uy,...,Uy,2 relative to the trace (i.e.,
T(UW;) = é;5), and let Y; = AW;, where A s the discriminant of Uy, ..., Uy:.
Then Yq,...,Y,2 € R.

(4) As GL(n? K)-modules, KA = det,span{U;} = V,span{W,;} = V*, and
span{Y;} = (det) ® V*. Hence their respective characters are e,z,€1,€p2_1/€nz2,
and e,2_;.

PROOF. (1) is a special case of Posner’s theorem (see 8, pp. 53, 176]).

(2) is clear since Uy, ..., U,2 are generic matrices.

(3) The n? x n? matrix which expresses Wy, ...,W,2 as linear combinations of
Upy...,Upz is (T(U;U;)) "1, which has entries in Q(C). Hence Wy, ..., W, lie in
Q(R). Let U be the n? x n? matrix whose rows are Ui, ..., Uy,z2, written as 1 x n?
row vectors. Then Wy,...,W,2, written as n? x 1 column vectors, are the columns
of UL, Since A = det U, the entries of AU ! lie in K[u;;(r)], the polynomial ring
generated by the entries of Uy, ...,U,2. By [1, Lemma 9],

R = Q(R) N My (K[usj (r))).
Hence AWy,...,AW, liein R.

(4) [1, pp. 209-210] shows that KA = det. The remaining assertions are clear.

O
Given formal power series of Schur functions we will write Y p(A)Sx <Y q(A)Sa
if p(A) < g(}) for all partitions X\. Thus x(M) < x(N) if M is a GL(n?, K)-

submodule of N. In particular, x(C) < x(R).
Now consider the bases U;,W;,Y; for Q(R) over Q(C). If Z € R,

(1) Z=T(ZW)Ui+ -+ T(ZWy,2)U,:,
AZ = T(Zyl)Ul + 4 T(ZYnz)Unz € @—Ul + o+ 6Un2.

Hence there are inclusions

(2) RACCU + - +CU,2 CR.
By reversing the roles of the U; and Y; we obtain the dual equation
(2) RA§6Y1+"'+€Yn2§F.

Moreover, (2) and (3) are inclusions of GL(n?, K)-modules. In fact, as GL(n?%, K)-

modules
@ RjAzR'cbde_t, 6UL+~--+6Ungé®V,
CY1+ - +0Y,22C® (det) @ V™.
Translating (2)-(4) into inequalities of character series using Theorem 14(4),
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we have

LEMMA 15. As formal power series of Schur functions in [An2], x(C) =
x(C(n,n?)) and x(R) = x(R(n,n?)) satisfy the inequalities

en2X(R) < e1x(C) < x(R), en2x(R) < en2-1x(C) < x(R). O

In the statement of Lemma 15 we have repeated the standing hypothesis that
the number of n X n generic matrices is exactly n?. The lemma is false for r > n?
generic matrices since then e; x(C(n,r)) has Schur functions of partitions of length
n? + 1 in its support, but x(R(n,r)) does not. The difficulty is related to the
fact that Uy, ..., U, are linearly dependent over C(n,r) if r > n2. Thus, although
C(n,r)Uy +---+C(n,r)U, is a GL(r, K)-submodule of R(n, ), it is not isomorphic
to C(n,r) ® V(r), where V(r) is the standard GL(r, K)-module.

The first part of the next lemma is part of Theorem 12 of [1]; the second part
is proved in the course of proving Theorem 16 of [1]. It is valid for any number of
n X n generic matrices, and so will be stated in terms of [A], without reference to
the number of matrices. The notations C(n) and R(n) mean that the number of
n X n generic matrices is arbitrary (or infinite).

LEMMA 16. Let x(C(n)) = Y. c(A)Sx and x(R(n)) = > r(A)Sx, both formal
power series in [A].
(1) If I(X) > n?2, then c(A) =r(A) =0.
(2) If A= (M1,- .., An2) has length < n?, then
cAr+1,.. 02 +1) =c(My- .., An2),

and
T(/\1+ 1,...,/\n2+1) =r()\1,...,/\n2). O

Recall the maps p = p(n?,n? — 1) and ® = ®,,2_; of §4:
%
(An2_a] " [An2].
D
If A= (A1,...,An2) is a partition of length < n?, then

_J S if I(A) < n?
20($H) = { 0,  ifi(A)=n

Hence 6(f) = f — ®p(f) defines a projection operator on [A,2] which satisfies

0( > P(’\)SA) = > p(NS.

1(A)<n? 1(A\)=n?
Consider the inequalities
(1) en2X(R) < e1x(C) < x(R), en2x(R) < €n2-1x(C) < x(R)
of Lemma 15. By Lemma 16,
(2) 8(en2x(R)) = enax(R) = 0(x(R)).
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Since 6 preserves inequalities of power series of Schur functions, (1) and (2) yield

LEMMA 17.

(1) en2X(R) = 0(e1x(C)) = e1x(C) — ®p(e1x(C)).
(2) en2X(R) = 0(en2-1x(C)) = €n2-1X(C) — ®p(en2-1x(C)). O
Since x(R) and x(C) are both rational functions of z1,...,z,2, the substitution

of z;! for z, is possible in Lemma 17(2). Then we can simplify, using the known
form of the functional equations satisfied by x(C) and p(x(C)) given by Theorem
13.

en2X(R) = en2_1x(C) — ®p(en2_1x(C))

n2

TL2
R €T, N
:CnZ_IX(C)— E I I z_lz (zlzl$n2)
=1 'zt 1 l

B X X(C)(x1y.. 20y Tn2),
(en2) 'x(R)(z7h ... 27) = enaoi(al .., 2 )X(C) (27 Y.z

X X(U)(Jll, .. .,.’;31, N ,:l:nz)

= —e1(ns)” X(C) = (en2)™ T @((en2-1) " A(x(D))).
Multiplying by e, 2, we have
LEMMA 18.
XR)(e1, . 5d) = —(en2)™ {e1X(C) + @((en2—1) "'p(x(C)))}. O
LEMMA 19. Let A = (A1,..., \n2_1) be a partition of length < n?2 — 1. Then

n A,,lz,
e1 CI)(S)\) - @(615)\) = ey,2 @((enz_l)_ls,\).

PROOF. By Theorem 6(1),(2),

1 _ 0, if /\n2_1=0,
(%) en2®((en2-1)7"8y) = {6n2 Sy, if A2y > 1,

where A\* = (\; — 1,..., 21 — 1).

In order to evaluate e;®(S») — ®(e1S») we use Young’s rule [3, p. 88], which
implies that in A; (heret =n?—1lort= n?), e; Sy is the sum of all Schur functions
Sy such that [(p) <t, |u| =|A|+1, and A < p, where A < y means that each part
of A is < the corresponding part of p.
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Case I. \,2_; = 0. Then exactly the same S,’s arise whether €S} is computed
in Ap2_; orin A,2. Hence ¢;®(S)) — ®(e15,) = 0, which agrees with ().

Case II. \,2_1 > 1. Then exactly one more Schur function arises if e;S) is
computed in A, instead of A,2_;, namely S,, where p = (A1,...,Ap2-1,1) =
E\*)-i- (17%). Hence e;®(Sy) — ®(e1S2) = S = €n2 53+, which again agrees with

x). O
Suppose that A is a partition of length < n2. Then

N T S if [(A) <n?-1,
p(S) = {0, if I(\) = n2.

Using Lemma 19 in the first instance and the fact that 0 = 0 in the second instance
gives

(1) e1®p(Sx) — @(e1p(52)) = €n2 ®((en2-1) ' p(Sh))-
Applying (1) term by term to x(C) =Y ¢(X)Sx gives

(2) e18p(x(C)) — B(e1p(x(C))) = ez ®((en2-1) " 2(x(C)))-
By Lemma 16 and the subsequent remarks

3) @p(x(C)) = (1 - €n2)x(C).

Substituting (3) in (2) and simplifying gives
LEMMA 20.
e1x(C) — @(e1p(x(C))) = e {e1x(C) + &((en2-1)"'p(x(C)))}. O
Since p: [An2] — [An2_1] is a ring homomorphism and p(e1) = ei, e1p(x(C)) =
p(e1x(C)). Combining Lemmas 18, 20 and 17(1) yields
XR)(at, - s2) = ~(ems)™ {erx(C) + B((en-1) " p(X(C))}

= —(en)"" " Herx(C) - ®(e1p(x(0)))} = —(en2)™ x(R).
Thus we have

THEOREM 21. x(R(n,n?)) satisfies the functional equation
XRB(n,n2) (it z0) = (~1)(21 - 2n3)™ X(R(n,n?)) (21, .., Tn2). O

Note that the sign in Theorem 21 is correct since R(n,n?) has Krull dimension
n2(n? — 1) + 1. Finally, for r > n?, Theorem 10 applies to x(R(n,r)). Hypotheses
(A) and (B) follow from Lemma 16, while hypothesis (E) follows from Theorem
21. The sign is (—1)1+(—7"n” = (=1)¢, where d is the Krull dimension of R(n,r),
since

d=(r-1)n?+1=1+4(r-n%n? mod 2.
Therefore we have

THEOREM 22. If r > n2, the character series of the trace ring of r generic
n X n matrices satisfies the functional equation

X(}_z(na T))(Ifla R x:l) = (—l)d(zl e x'r)nZX(R(n, T))(zlv LR zr)a
where d is the Krull dimension of R(n,r). O
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8. Remarks and examples. In case r < n? —n, x(C(n,r)) still satisfies a
functional equation, by Theorem 3. We have not shown that y(R(n,r)) satisfies
a functional equation for r < n?, although it seems very likely that it does. This
section consists mostly of speculation on the exponent of (z; - - - z,) in the functional
equations.

A few general statements are possible. As noted in the proof of Lemma 12,

C(n, 1) is a polynomial ring in n variables of degrees 1,2, ...,n, the coefficients of
the characteristic polynomial of U;. Hence
— 1 1 1
(1) XOm 1) = = 1o o
and
2l -1 n (ngl) re]

(2) x(C(n,1))(z7") = (=1)"z; * "x(C(n,1))(z1).

Similarly, R(n, 1) is a polynomial ring in n variables of degrees 1,1,2,...,n— 1.

It is an integral extension of C(n,1) of degree n and has a transcendence basis
consisting of U; and all the coefficients of the characteristic polynomial of U; except
the determinant, as can be seen by examining the characteristic polynomial of U;.
Hence,

_ 1 1 1
(3) X(R(nil)): (1—1:1)21—12% “'l_z.,l-,,__ly
(4) x(E(n, 1)(z1Y) = (1)) X (B, 1) (1),

Assuming that x(R((n,r)) satisfies a functional equation, then for n > 3 the
argument of §6 shows that for r > n? — n, the exponent of (z; - --z,) is n?. The
argument breaks down for n = 2, and the exponent is actually smaller for r = 2,
as we will see below.

For n = 1, the exponent of (z;---z,) is always one for both x(C(1,r)) and
x(R(1,7)). In fact C(1,7) = R(1,r). The only nontrivial case for which the char-
acter series are known is n = 2 [1, p. 221], where

1+e3—ereq—el

(5) X(U(2a4)) = MO=z)d -z )2(1— z:i7;)’
— _ 1- €4
(6) X(R(274)) - H(l _ l'i)?(l _ zixj) ’

In both denominators the products are over 1 <7< 4and 1 <7< 75 < 4. The
character series for C(2,r) and R(2,r) for r = 1,2,3 can be obtained from (5) and
(6) by specializing the appropriate variables to zero. This amounts to applying
p(4,7):[A4] — [A;]. The exponent of (z;---z,) in the functional equations of

C(2,r) and R(2,7) can then be read off easily:
(7 Exponent of (z; - - - z,) in the functional equation of

z(C(2,7)) =z(R(2,7))
r=1] 3 2
r=2 4 3
r=3 4 4
r>4 4 4
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The experimental evidence given by n = 1 and n = 2 does not seem adequate
to justify a conjecture on the exponent of (z; --- z,) in the functional equations of
x(C(n,r)) and x(R(n,r)) forn > 3,r <n?—n.

ADDED IN PROOF. In a recent Nagoya University preprint. The ring of invari-
ants of matrices, Y. Teranishi has independently obtained the functional equation
for x(C). His proof is entirely differrent and much shorter than the one given here.
His method is to apply Cauchy’s integral formula to the Molien-Weyl expression for
x(C) as a multiple integral. He shows that the exponent in the functional equation
is n? as soon as the number of matrices is at least two, which answers the question
raised in §8 of this paper. His method can no doubt be applied to give the same
result for x(R), except for the case of two generic 2 x 2 matrices, when the exponent
in the functional equation is 3 instead of 4.
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