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ABSTRACT. Let A be either the ring of invariants or the trace ring of r generic 
n X n matrices. Then A has a character series X(A) which is a symmetric 
rational function of commuting variables Xl, ... ,XT • The main result is that 
if r :::: n 2 , then X(A) satisfies the functional equation 

X(A)(x11, ... , x; 1) = (_l)d (Xl ... X, )n2 X(A)(Xl, ... ,X, ), 

where d is the Krull dimension of A. 

1. Introduction. Let K be a field of characteristic zero, and let Ur = (UiJ (r )) 
(1 :s; i,j :s; n, r = 1,2, ... ) be n x n generic matrices over K. Let 

R( n, r) = K -algebra generated by U 1, ... , Ur 

= ring of generic matrices. 
C(n, r) = K-algebra generated by the traces of elements of R(n, r) 

= ring of invariants of R(n, r). 
R(n, r) = R(n, r)C(n, r) = trace ring of R(n, r). 

Each of the above rings A( n, r) is multigraded by Nr and has a character (or Hilbert 
or PoincarC) series 

x(A(n,r))(xl, ... ,Xr) = I:a",xf 1 ···X~T E Z[[xl, ... ,xrll, 
where 0: varies over Nr and a", is the K-dimension of the homogeneous component 
of A( n, r) of multidegree 0: = (0: 1, ... , O:r). 

The above rings are all GL(r, K}-modules, where the action of GL(r, K) is in-
duced by its standard action on the K-vector space spanned by the generic matrices 
Ul, ... , Ur • We use the name character series because x(A(n, r)) is also a formal 
power series 1 + X(At} + X(A 2 ) + ... , where X(Ai) is the character, as a GL(r, K)-
module, of the homogeneous component of A( n, r) of total degree i. For more 
details, see [1, §§4-6]. 

This article was motivated by a recent result of Le Bruyn [4], who showed that 
for r ~ 3, the character series of R(2, r) satisfies the functional equation 

x(R(2,r))(xl 1, ... ,x;:-1) = -(Xl···xr )4 X(R(2,r))(xl, ... ,Xr). 
Our main results are Theorems 13 and 22, which assert that 

X( C(n, r))(xl 1, . .. , x;:-l) = (-1)d(Xl ... Xr )n\(V(n, r))(xl, ... ,xr ) 
-----

Received by the editors February 13, 1985. 
1980 Mathematics SubJect Classification. Primary 15A72, 16A38. 
Ipartially supported by the National Science Foundation. 

647 

@1986 American Mathematical Society 
0002·9947/86 $1.00 + $.25 per page 



648 EDWARD FORMANEK 

if r ~ n 2 - n, and that 

xCR(n, r))(xi l , ... ,X;l) = (-1)d(Xl ... xr)n\(R(n, r))(xl, . .. ,xr) 

if r ~ n2 • In both formulas d = (r - 1)n2 + 1, the Krull dimension of C(n,r) or 
R(n, r). 

The proof, in outline, is as follows. Since C(n, r) is the fixed ring of SL(n, K) 
acting homogeneously on a polynomial ring over K, results of Hochster-Roberts [2] 
and Murthy [6] imply that C(n, r) is a Cohen-Macaulay, Gorenstein UFD. Since 
C( n, r) is Gorenstein, a result of Stanley [10] implies that its character series sat-
isfies a functional equation of the above form but with an unspecified exponent 
on (Xl" ,xr). The determination of x(C(n,r)) as a formal power series of Schur 
functions [1] is then used to show that the exponent is n2 , provided that r ~ n2 -no 
Finally, the functional equation for the character series of R( n, r) is obtained by 
exploiting the close relationship between C(n, r) and R(n, r). 

These results suggest that there are canonical presentations for C(n, r) and 
R(n, r), and I hope that they provide some hints toward finding them. 

2. C(n, r) is a Cohen-Macaulay, Gorenstein UFD. Suppose that G is a 
reductive group acting homogeneously on a polynomial ring over K. Then the 
ring of invariants is Cohen-Macaulay by a fundamental theorem of Hochster and 
Roberts [2, Main Theorem]. They further observed [2, Corollary 1.9] that if Gis 
connected (has no nontrivial finite homomorphic images) and semisimple (and thus 
has no nontrivial homomorphisms into K*), then the ring of invariants is a UFD, 
and hence Gorenstein, using a theorem of Murthy [6] that a Cohen-Macaulay UFD 
which is a homomorphic image of a Noetherian regular local ring is Gorenstein. 

Let K[Uij(r)] be the commutative polynomial ring generated by the rn2 en-
tries of the n x n generic matrices Ul , ... , Ur • There is a homogeneous action of 
GL(n,K) on K[Uij(r)] induced by the simultaneous conjugation of Ul, ... ,Ur by 
g E GL(n,K), (Ul, ... ,Ur) 1--+ (gUlg-l, ... ,gUrg-l ), and C(n,r) is the ring of 
invariants of this action [7, Theorem 1.3]. Although GL(n, K) is not semisimple, 
SL( n, K) is connected, semisimple and reductive, and has the same ring of invari-
ants since K* . SL( n, K) is Zariski dense in GL( n, K) and K* acts trivially on 
K[Uij(r)]. Thus we have 

THEOREM 1. C(n,r), the ring of invariants of r generic n x n matrices, is 
Cohen-Macaulay, Gorenstein, and a UFD. 0 

3. Stanley's Theorem. Let A be a K-algebra multigraded by Nr, with 
dimK(AaJ finite for all a E Nr. Then A has a Hilbert series 

F(A) = 'L)dimK(Aa)xf1 •• ·x~rla = (al,'" ,ar) E Nr} 

which lies in the formal power series ring Z[[Xl' ... ,xr]]. We use the name character 
series and write X(A} when each Aa is a GL(r, K)-module, as in the introduction. 
In that case X(A) is a formal power series of symmetric polynomials in Xl, ... ,xr . 

DEFINITION. Let f E Z[[Xl,"" Xr ]]. One says that f satisfies a functional 
equation if 

(1) f is a nonzero rational function (i.e., there exist nonzero g, hE Z[xt, ... , xr ] 
such that hf = g). 
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(2) (g/h)(xll, ... , X;l) = ±(Xfl ... x~')(g/h)(xt, ... ,xr) for some at, ... , a r E 
Z (as an equation in Q(xt, ... , Xr)). 

We have made this definition explicit to emphasize the point that the substitution 
of xiI for Xi must take place in Q(Xl,"" xn). A term-by-term substitution in a 
formal power series does not make sense. 

THEOREM 2 (STANLEY [10, THEOREM 6.1(i)]). Let A be a commutative K-
algebra, multigraded by Nr, with Ao = K and dimK(Aa ) finite for all a = 
(aI, ... , ar) E Nr. Suppose that A is Gorenstein and has Krull dimension d. Then 
its Hilbert series satisfies a functional equation 

F(A)(Xll, ... ,X;:-l) = (_1)d(xfl ... x~T)F(A)(Xl,,,,,Xr) 

for some aI, ... ,ar E Z. 0 

If A is assumed to be a Cohen-Macaulay domain, Stanley proves a converse [10, 
Theorem 6.1(iii)]: A is Gorenstein if and only if F(A) satisfies such a functional 
equation. 

By Theorem 1, C(n, r) is Gorenstein, so Stanley's theorem applies to it. As noted 
above, we write x(C(n, r)) instead of F(C(n, r)), and it is a formal power series 
of symmetric functions, so the monomial Xfl ... x~' is symmetric and therefore a 
power of Xl ... Xr . Thus we have 

THEOREM 3. The character series of the ring of invariants of r generic n x n 
matrices satisfies a functional equation 

x(C(n, r))(x11, .. . ,X;:-l) = (_1)d(Xl ... Xr )a X( C(n, r))(xl, .. . ,Xr )' 

for some a E Z, where d is the Krull dimension of C(n, r). 0 

The Krull dimension of C(n, r) is (r-1)n 2 + 1 (Kirillov, Procesi, see [8, p. 197]), 
but this is never a major factor in any argument. 

4. Polarization of symmetric functions. We follow the notation of [5, 
Chapter I] for symmetric functions; a resume can be found in [1, §2]. Thus Xl, X2, ..• 
are commuting indeterminates, and for each r = 1,2, ... , the symmetric group Sr 
permutes Xl, ... , Xr and so acts on Z[Xl,' .. ,xr]. Then 

A,. = Z[Xl' ... ,Xr ]S, = Z[el' ... ,er] 
is the ring 0/ symmetric functions in r variables, where ei = fi (Xl, ... , xr ) is the 
ith elementary symmetric function. 

For s ;::: r, the obvious retraction p(s, r): Z[Xl,"" xs] ---> Z[xt, ... , xr] induces a 
surjectionp(s, r): As ---> Ar . The inverse limit, as graded rings, of the inverse system 
{Ar, p( s, r)} is called the ring of symmetric functions in infinitely many variables 
and is denoted A; the canonical projections are denoted p(r): A -> Ar; but if f E A 
we will usually write f(xl,"" xr ) rather than p(r)(f) for the image of f in Ar . 

The ring A is a polynomial ring in countably many variables et, e2, . .. , and 

1::::: i ::::: r, 
i > r. 

We use A only as a notational device which permits symmetric functions to be 
expressed independently of the number of variables involved. 
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To avoid excessive notation, we adopt the convention that if it can be inferred 
from the context that f is a function of Xl, ... , Xn then the variables Xl, ... , Xr will 
usually be omitted; for example p(s, r)(e1) = e1 means that p(s, r)(x1 + ... + xs) = 
Xl + ... + Xr. 

With each partition A = (A1, A2"") is associated a Schur function S>. E A, 
and the Schur functions form a Z-basis for A. If A is a partition, the length 
of A, denoted l(A), is the largest r such that Ar -# 0. For any nonnegative in-
teger r, S>.(X1, ... , xr) = ° if and only if l(A) > r, and the Schur functions 
{S>.(Xl, ... ,Xr)ll(A) ~ r} form a Z-basis for Ar. The notations (A1, ... ,An O, ... ), 
(A!, ... , An 0, ... ,0) and (A!, .. . , Ar) will all denote the same partition. 

We let [Ar] and [A] denote, respectively, the completions of Ar and A relative to 
the gradings which give each Xi degree one and each ei degree i. The canonical 
projections induce projections p(r): [A] --> [Ar]. Elements of [A] will be expressed 
as formal power series of Schur functions; note that if A = (A!, ... , Ar), then S>. 
is homogeneous of degree IAI, where IAI = A1 + ... + Ar. Elements of [Ar] will 
be expressed variously as formal power series of Schur functions, as elements of 
Z [[Xl, ... , Xr ll, or (if possible) as rational functions of Xl , ... , Xr. 

One definition of the Schur functions is via generalized Vandermonde determi-
nants [5, p. 24]. Suppose that A = (A1"'" Ar) is a partition of length ~ r. Set 

a>. = a>. (Xl, ... , Xr) = L (signlT)X;(l) ... X;(n) 
tIESr 

= det (X:1 X~l) , 
x>'r X>'r 

1 r 

and let 8 = 8(r) = (r -1,r - 2, ... ,1,0). Then 
S>.(Xl, ... , xr) = a>'+8(xl, ... , xr)/a8(Xl, ... , xr). 

If 8 ::::: r, S>'(Xl, ... , xs) is obtained by identifying A with (A!, ... , Ar, 0, ... ,0) 
(s - r zeros) and using 8(s) = (8 - 1, s - 2, ... ,1,0) in place of 8(r). If q ~ 
r, S>.(X1, ... ,xq) = SA(X1, ... ,xq,O, ... ,0) (r - q zeros). 

One consequence of this definition is a formula for S>. (Xl, ... , xr+d in terms of 
SA (Xl, . .. , xr ) provided, of course, that l(A) ~ r: 

S>,(x1, ... ,xr+d = I: (Ii x.:x) S>.(X1, ... ,Xt,"',Xr+1)' 
1=1 i=l' 1 

i;il 

(As usual, f(X1, ... ,XI, ... ,xr+d stands for f(X1, ... ,XI-1,XI+h ... ,xr+d.) We 
use this formula to motivate a definition. 

DEFINITION. Let Q([ArD be the field of quotients of [Ar]. The map <Pr: Q([ArD 
--> Q([Ar+1D given by 

is called the polarization map. 
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The polarization map is not a ring homomorphism. Note that since <Pr is degree 
preserving on Ar it can be computed term by term on [Ar]: 

<Pr(fo + It + h + ... ) = <Pr(fO) + <Pr(ft} + <Pr(f2) + .... 
It is also clear that <P r carries rational functions to rational functions; i.e., <P r ( Q (Ar )) 
~ Q(Ar+1)' Thus we have the following observation, which is used implicitly in 
several future calculations. 

LEMMA 4. Suppose that P = LP(A)S), is a formal power series of Schur func-
tions in [A] and p(A) = 0 if l(A) > r. For each s, let p(s)(P) = Ps = Ps(X1, ... , xs). 
Then Pr+1 = <pr(Pr), and if Pr is a rational function, so is Pr+1. 0 

5. The action of polarization on Ar[e;:-l]. The purpose of this section is to 
prove some technical lemmas needed later. They involve calculating the action of 
<Pr on 

-A - Z[X±l x±l]Sr - A [e- 1] r- 1,'0', r - r r . 

We will sometimes use an alternative notation for partitions [5, p. 1]. The parts of 
A = (A1, ... ,Ar ) are A1, ... ,Ar , and writing A = (1 m1 2m2 ... ) means that exactly 
mi of the parts are equal to i. In particular, (ar) = (a, ... , a) (r times). 

Recall the following facts about Ar: 
(1) The Schur functions S), (x 1, ... , Xr), as A varies over all partitions (A 1, ... , Ar) 

of length S r, form a Z-basis for Ar . 

(2) S(1') = Xl'" Xr = er; S(ar) = (Xl'" Xr)a = (er)a. 
( 3) For any A = (A 1, ... , A r), e r S), = S (A+ (P) ). If J-l = (A 1 - A r, ... , A r - 1 - A r, 0) , 

then S), = (er ),r Sw 
(4) The set of all (er)as!-', a = 0,1,2, ... , J-l = (J-lI, ... ,J-lr-1,0), J-l1;::: J-l2;:::''';::: 

J-lr-1 ;::: 0, forms a Z-basis for Ar. 
It is clear that a Z-basis for Ar is obtained by allowing a E Z in (4) above. How-

ever, future computations involving Ar are best facilitated by introducing semipar-
titions and semi-Schur functions. 

DEFINITION. A semipartition of length r is an r-tuple A = (A!, ... , Ar), where 
Ai E Z and A1 ;::: A2 ;::: '" ;::: Ar. The semi-Schur function associated with A, 
denoted S), or S)'(XI, ... , xr), is (er),rS!-', where J-l = (AI - An"" Ar-1 - An 0). 

Note that a semi-Schur function is only defined as a function of exactly r vari-
ables. With this new terminology the analogue of (4) for Ar takes the following 
form. 

LEMMA 5. The set of all semi-Schur functions S), = S)'(X1"'" Xr), as A varies 
over all semipartitions of length r, forms a Z-basis for Ar. 0 

If A = (A1, . .. , Ar) is a semipartition of length r, the determinant definition of 
S), remains valid: S), = a),+fj / al), where a), has the obvious definition. We cannot 
expect that <Pr (S),) = S)" essentially because (AI," . , Ar, 0) is not a semipartition 
unless Ar ;::: 0 (A is a partition). Instead 
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and by putting the sequence (Al +r, A2 +r -1, ... , Ar + 1,0) into descending order, 
the value of q)r (S.x) is easily ascertained. The conclusion is 

THEOREM 6. Let q)r:Q(A,.) - Q(Ar+d. Suppose that A = (Al, ... ,Ar) zs a 
semipartition of length r and consider the strictly decreasing sequence 

Al + r > A2 + r - 1 > A3 + r - 2· .. > Ar-l + 2 > Ar + l. 
(1) If zero occurs in the sequence (i.e., if Ai + r - i + 1 = ° for some i), then 

q)r(S.x) = 0. 
(2) If Ar + 1> 0, then q)r(S.x) = SJ-i, where J-t = (At, ... , An 0). 
(3) If Ai + r - i + 1 > ° > Ai+l + r - i for some i (1 :S i :S r - 1), then 

q)r (S.x) = (_ly-i SJ-i, where J-t = (Al, ... , Ai, i - r, Ai+! + 1, ... , Ar + 1). 
(4) IfO > Al +r, then q)r(S.x) = (-IYSJ-i' where J-t = (-r, Al + 1, ... , Ar+ 1). 0 

If A = (At, ... , Ar) is a semipartition, let IAI = Al + ... + Ar E Z. Then S.x is 
homogeneous of degree IAI, where Ar is Z-graded in the obvious way. The following 
consequences of Theorem 6 are immediate. 

COROLLARY 7. Under the same hypothesis as Theorem 6 
(1) q)r(S.x) is either zero or ±SJ-i for some semipartition J-t of length r + l. 
(2) For each semipartition J-t of length r + 1 there is at most one semipartition A 

of length r such that q)r(S.x) = ±Sw 
(3) If a 2: 0, q)r((er)-aAr) ~ (er+d-aAr+l . Hence <PrCAr) ~ Ar +l and 

q)r([Ar][e;l]) ~ [Ar+l][e;:-~l]. 
(4) q)r: Ar - Ar+! preserves the degree of homogeneous elements. 0 

LEMMA 8. Suppose r 2: m, and A = (Al, ... ,Am,O, ... ,O) is a partition of 
length :S m, written as a semipartition of length r (there are no zeros if r = m). 
Then 

q)r((err-r-ls.x) = {~~ly-m(er+dm-rs.x., 
where A* = (Al -1, ... ,Am -1,0, ... ,0). 

if Am = 0, 
if Am i= 0, 

PROOF. (er)m-r-lS.x = S'1' where 

'TJ = ('TJt, ... ,'TJm, ... ,'TJr) = (Al+m-r-l, ... ,Am+m-r-l,m-r-l, ... ,m-r-l). 
Note that 

'TJm + r - m + 1 = Am 2: 0, 
'TJm+! + r - (m + 1) + 1 = -1 < ° (if r > m). 

If r = m, apply parts (1) and (2) of Theorem 6 to (*); if r > m apply parts (1) and 
(3). In either case the conclusion is 

q)r((er r-r-l S.x) = {~~ly-mSJ-i' if Am = 0, 
if Am> 0, 

where J-t = (Al + m - r - 1, ... , Am + m - r - 1, m - r, ... , m - r). Since SJ-i = 
(er+d m- r S.x., where A* = (Al - 1, ... , Am - 1,0, ... ,0), the lemma follows. 0 

The next two theorems are the main technical results which will be applied 
to obtain conclusions about the character series of C(n, r) and R(n, r). If P = 
LP(A)S.x is a formal power series of (semi-) Schur functions in [Ar] or [AJ, the 
support of P is the set of S.x for which p(A) i= 0. 
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THEOREM 9. Let P = l:: p(>')S>. be a formal power series of Schur functions in 
[AJ, and for each integer r = 1, 2, ... let Pr = l:: p( >')S>. (Xl, ... , Xr) E [Ar]. Suppose 
that 

(A) If 1(>') > m, p(>.) = O. 
(B) For all partitions>. = (>'1", ., >'m) of length::; m, p(>'l + 1, ... , >'m + 1) = 

p(>'l, . .. , >'m). 
(C) There are arbitrarily large integers a such that S(am-1) lies in the support of 

P. 
(D) Each Pr is a rational function which satisfies a functional equation 

Pr(x11, ... , X;:-l) = ±(X1 ... Xr ),l!(r) Pr(X1, ... , xr ) 

for some o:(r) E Z. 
Then o:(m) = m. 
PROOF. Hypotheses (A) and (B) imply that 

(1 - em)Pm = L {p(>')S>. (Xl"'" xm)ll(>.) ::; m - I} 

and hence that 

(1) 
Since both sides of (1) are rational functions (hypothesis (D)), we can substitute 
xi 1 for Xi and simplify using the functional equations of (D) as follows: 

(1 - em)Pm(x1, .. . , xm) = q,m-1 (Pm-t) (Xl , ... , Xm) 

= f (IT .~ ) Pm- 1(X1, ... ,Xl, ... ,Xm), 
1=1 ;=1 Xt Xl 

;# I 

(
A )o(m-1)-mp ( A ) X X1"'Xl"'Xm m-1 Xl, ... ,Xl,···'Xm· 

(2) (1- em)Pm = ±(em)m-o(m)q,m_1 ((em_do(m-1)-m Pm-d. 

Combining (1) and (2), 

(3) q,m-1(Pm-t) = ±(em)m-o(m)q,m_1 ((em_do(m-1)-m Pm-d. 

We now regard (3) as an equation of formal power series in [A m ][e;;;,l], where 
q,m-1 is applied term by term. This is justified by Corollary 7(3). By hypothesis 
(C) there is an integer a ~ Io:(m - 1) - ml such that p((am - 1)) i- O. Then 
for w = a + o:(m - 1) - m ~ 0, S((wm-l)) is a (true) Schur function which lies 
in the support of (em_do(m-1)-m Pm- 1. Since S((wm-l)) is a Schur function, 



654 EDWARD FORMANEK 

<Pm-l(S((wm-1))) = S((wm-l)) (Theorem 6(2)), and so the semi-Schur function 
(e.n)m-o(m)S((wm_1)) = SI-' lies in the support of the right-hand side of (3), where 

(4) J.t = (J.tl, ... ,J.tm) = (w + m - a(m), ... ,w + m - a(m),m - a(m)). 

But the support of the left-hand side of (3) contains only Schur functions of par-
titions of length::; m - 1. Thus (4) implies that 0 = J.tm = m - a(m), or 
a(m) = m. 0 

THEOREM 10. Let P = LP(A)S>. be a formal power series of Schur functions 
in [A], and let Pr = L p(A)S>.(Xl, ... , xr ) E [Ar]. Suppose that 

(A) If l(A) > m, p(A) = O. 
(B) For all partitions A = (AI"'" Am) of length::; m, p(Al + 1, ... , Am + 1) = 

p( AI, ... , Am)· 
(E) Pm is a rational function which satisfies the functional equation 

Pm(x1l , ... , x;;"t) = (-l)a(Xl ... xm)m Pm(Xl, ... , xm). 

Then for all r 2: m, Pr is a rational function which satisfies the functional equation 
Pr(x1l , ... , x;:-l) = (_l)a+(r-m)m(Xl ... xr)m Pr(Xl, .. " Xr). 

PROOF. The proof is by induction on r 2: m, with the case r = m given by 
hypothesis (E). The inductive hypothesis is that 

(1) Pr(Xll, ... ,x;:-l) = (-l)a+(r-m)m(Xl"'Xr)mPr(Xl,''''Xr), 

Note that since r 2: m, Pr+l has no partitions of length 2: r + 1 in its support by 
hypothesis (A), so 

(2) 

As in the proof of Theorem 9, we substitute xiI for Xi in (2) and simplify, using 
(1 ): 

(
A )m-r-lp ( A ) X Xl'" Xl' .. Xr+l r Xl, ... , Xl, ... , Xr+l . 

(3) Pr+l (X1l , . .. , X;Jl) = (-l)a+(r-m)m+r(er+1t<Pr(e:.n- r- l Pr). 

Let A = (Al, ... ,Am,O, ... ,O) be a partition of length::; m, written with r 
coordinates (i.e., there are r - m zeros to the right of Am), and let A* = (AI -
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1, ... ,Am - 1,0, ... ,0), written with r + 1 coordinates (i.e., there are r - m + 1 
zeros to the right of Am - 1). By Lemma 8 

(4) IPr((e,.)m-r- 1sA) = {~~lt-m(er+dm-rSA*' if Am = 0, 
if Am :::: 1. 

By hypothesis (B), 

(5) I)p(A)SAII(A) ~ m} = I:{p(A)SA*ll(A) = m}. 

Using (4), (5) and the fact that IP r((e;.n-r-1)Pr) can be computed term by term 
gives 

(6) 

IPr((e,. r-r-1 Pr) = I: p(A)lPr((e,. )m-r-1 SA) 
I(A)~m 

=(_1)r-m I: p(A)(er+1)m-rsA* 
I(A)=m 

= (-lr-m (er +l)m-r I: p(A)SA* 
I(A)=m 

= (-ly-m(e,.+1 )m-r Pr+1. 

Finally, substituting (6) into (3) gives 

P ( -1 -1 ) _ (1)a+(r+1-m)m( )mp ) r+l Xl , ... , Xr+1 - - er+l r+l 

(7 _ ( l)a+(r+l-m)m( )mp" ( ) - - XI'''Xr+l r+l XI,···,Xr+l, 
which completes the inductive step. 0 

6. The functional equation for x(C(n)). By Theorem 3, the character 
series of C(n, r) satisfies a functional equation with an unspecified exponent a on 
(Xl' .. xr)' The goal of this section is to show that if r :::: n2 - n, then a = n2 . The 
condition r :::: n 2 - n comes from the fact that as an element of [AJ, 

X(V( n)) ~ g (1 ~ x;) -n ~,>(,\ )8, ~ (~8(;)) n L p('\) 8, , 
where LP(A)SA satisfies the hypotheses of Theorem 9 with m = n2 - n. 

We will now derive a formula for x(C(n)) which is a slight modification of the 
formula of [1, Theorem 12]. The derivation will only be sketched since it closely 
follows [1, pp. 199-203]. 

We introduce a new set of commuting variables Yl, ... , Yn. There is an inner 
product (, ) defined on An(Y) = Z[Ytl, ... ,y~I]Sn, relative to which the semi-
Schur functions form an orthonormal basis [see 1, pp. 184, 188-189J. The formula 
of [1, Theorem 12] is 

(1) x(C(n, r)) = I: (SA (Yiyjl), I)SA (Xl, ... , xr), 
A 

where SA(yiyjl) signifies the substitution of the n2 values {Yiy;tll ~ i,j ~ n} in 
SA (Zij), and {Zij 11 ~ i, j ~ n} is a set of n 2 independent variables. The summation 
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is over all partitions A, but only partitions of length ~ n 2 make a contribution since 
S>.(Zij) = 0 if l(A) > n2 • Formula (1) is obtained from the expansion 

(2) 

by "integrating over y"-Le., by replacing S>.(Yiy;l) with (S>.(Yiy;l), 1). However, 
if i = j, Yiy;l = 1, so there is a total of nr factors (1- Xk)-l (k = 1, ... ,r) in the 
left-hand side of (2) which do not involve Yb ... ,Yn' They can be "pulled out from 
under the integral sign" to give a slightly different formula for X{C( n, r)), namely, 

THEOREM 11. 
r 

x(C(n, r)) = II (1- Xk)-n I: (S>. (Yiy;l), I)S>. (Xl, ... , Xr ), 
k=l >. 

where S>.(yiyjl) denotes the evaluation of s>.(Zij 11 ~ i,j ~ n, i =f j) at Zij = 
yiyjl. Consequently, only Schur functions of partitions of length ~ n 2 - n are in 
the support of the rightmost summation. 0 

LEMMA 12. Let P = 2:>.p(A)S>. E [A], where p(A) = (S>.( yiyj l),I) (1 ~ 
i,j ~ n, i f j) as in Theorem 11, n ;:::: 2, and for each r = 1,2, ... , let Pr = 
2:>.p(A)S>.(Xl, ... ,xr ). Then P satisfies hypotheses (A)-(D) of Theorem 9 with 
m = n 2 - n, and thus also satisfies hypothesis (E) of Theorem 10. Hence for all 
r ;:::: n 2 - n, Pr satisfies a functional equation 

Pr (xii, ... ,X;:-l) = ±(Xl ... Xr )n2-n Pr (Xl, ... ,Xr). 

PROOF. The number of yiyjl is n2 - n, so p(A) = (S>. (yiyjl), 1) = 0 if l(A) > 
n2 - n, and hypothesis (A) holds. 

Since S(ln2_n)(YiYjl) = enLn(YiYjl) = 1, 

SA+(lnLn)(YiYjl) = S>.(yiyjl) 

and p(A + (1n2-n)) = p(A) for any partition A of length ~ n2 - n, so hypothesis 
(B) holds. 

For t = O, ... ,n2 - n, et(yiyjl) = enLn_t(YiYjl)j for t < 0 or t > n2 - n, 
et(yiyjl) = enLn_t(YiYjl) = O. The formula for S>. as a determinant of e/s [5, 
p. 25] shows that 

S(a) = det(e1+i-jll ~ i,j ~ a), 
S(anLn-1) = det(en L n -1+i-jll ~ i,j ~ a). 

Hence S(a)(yiyjl) = S(anLn_1)(YiYjl) and p((a)) = p((an2 - n- l )) for all a = 
0,1,2, .... 

Note that p((a)) is the coefficient of x~ in Pi (xt). It is classical (see [9, p. 10]) 
that C(n, 1) (the ring of invariants of a single n x n generic matrix Ut) is a poly-
nomial ring in n variables of degrees 1, ... ,n, the coefficients of the characteristic 
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polynomial of U1 • Hence 

1 1 1 
x(V(n, 1)) =-1--1 2"'-1 n' - Xl - Xl - Xl 

1- Xl 1- Xl 
Pt(xt) = (1- x1tx(V(n, 1)) = -1 2'" -1 n' - xl - Xl 
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By hypothesis n 2: 2, so P1(X1) is not a polynomial, and there are arbitrarily large 
integers a such that p( (a) )-and hence p( (a n2 -n-1 ))-is not zero. This establishes 
hypothesis (C). 

Finally, X( G (n, r)) satisfies a functional equation by Theorem 3, and o {( 1 - Xk)n 11 ~ k ~ r} satisfies a functional equation by inspection, so Pr = 
0(1- Xk)nX(G(n,r)) also satisfies a functional equation, which is hypothesis (D). 
o 

The final conclusion of Lemma 12, that Pr satisfies a functional equation with 
exponent n2 -n on (Xl" . xr ), is also valid for n = 1 (i.e., for 1 x 1 generic matrices), 
since then Pr = 1. 

Since x(G(n,r)) = 0{(1- xk)-nI1 ~ k ~ r}Pr , and 0{(1- xk)-nI1 ~ k ~ r} 
satisfies a functional equation with factor {Xl'" xr)n for all r, while Pr satisfies a 
functional equation with factor (Xl' .. x r)n2 -n for all r 2: n 2 - n, we have 

THEOREM 13. If r 2: n2 - n, the character series of the ring of invariants of r 
generic n x n matrices satisfies the functional equation 

where d is the Krull dimension of G{n, r). 0 

(Theorem 3 implies that the sign is (_l)d.) 

7. The functional equation for x(R(n)). In this section we use the func-
tional equation satisfied by x{V(n, n2)) to show that x(R{n, n 2)) satisfies the same 
functional equation. The proof is based on the fact that the generic matrices 
U1 , . .• , Un 2 generate a free V(n, n2)-module, as does their dual basis. This is the 
only place where the structure of R{n, n2) as a noncommutative ring plays a role. 
The functional equation for X{ R{ n, r)), r 2: n 2, then follows by applying Theorem 
10. 

From here until Theorem 21, we specialize to the case of n2 generic n x n ma-
trices U1, ... ,Un2, and write G,R,X(V),x(R) instead of G{n,n2), etc. We let 
Q(C) denote the field of fractions of V, and Q{R) = Q(C)R. The discriminant 
of U1,"" Un 2 is denoted A. It is the determinant of the n2 x n2 matrix whose 
rows are U1 , ••• , Un2, written as 1 x n 2 row vectors (see [1, pp. 209-211] for a 
discussion of ~). Our point of view is that X(C) and x(R) are character series 
which encode the structures of G and R as GL{n2, K)-modules, where the ac-
tion of GL{n2 ,K) is induced by its standard linear action on the K-vector space 
spanned by Ut, ... ,Un 2. Thus if G = K + V 1 + V2 + ... as an N-graded ring, 
then X{G) = 1 + X{Gt} + X{(2) + ... in [An2] ~ Z[[xt, ... , Xn2]], where X(Ci) is a 
homogeneous symmetric functions of degree i. 
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Let V denote the standard module for GL(n2, K), let V* = Hom(V, K) be its 
dual (or contragredient) module, and let (det) i (i E Z) denote K as a GL( n 2, K)-
module with action g( v) = (det g) iv. Their respective characters are 

X(V) = Xl + ... + Xn 2 = el, 

X(V*) = XII + ... + x;:} = en Lden 2, 

x((det)i) = (Xl'" Xn2)i = (en2 )i. 

THEOREM 14. (1) Q(R) is a central simple algebra of dimension n2 over Q(C). 
(2) Ul,"" Un2 are a basis for Q(R) over Q(C). 
(3) Let Wl, ... , Wn2 be a dual basis to Ul, ... , Un2 relative to the trace (i.e., 

T(UiWj) = 8ij), and let Yi = ~Wi, where ~ is the discriminant of Ul , ... ,Un2. 
Then Yl, ... , Yn2 E R. 

(4) As GL(n2 ,K)-modules, K~ ::::' det,span{Ui} ::::' V,span{Wi} ::::' V*, and 
span {Yi} ::::' (det) ® V* . Hence their respective characters are en2, el, en2 - d fn2 , 
and en2-l' 

PROOF. (1) is a special case of Posner's theorem (see [8, pp. 53, 176]). 
(2) is clear since Ul, . .. , Un2 are generic matrices. 
(3) The n2 x n2 matrix which expresses WI,"" Wn2 as linear combinations of 

Ul , ... , Un2 is (T(UiUj ))-1, which has entries in Q(C). Hence WI"'" Wn2 lie in 
Q(R). Let U be the n2 x n2 matrix whose rows are Ul,"" Un2, written as 1 x n2 

row vectors. Then Wl, ... , Wn2, written as n2 x 1 column vectors, are the columns 
of U-l . Since ~ = det U, the entries of ~U-l lie in K[uij(r)], the polynomial ring 
generated by the entries of Ul , . .. ,Un2. By [1, Lemma 9], 

R = Q(R) n Mn(K[UiJ·(r)]). 
Hence ~Wl, ... ,~Wn2 lie in R. 

(4) [1, pp. 209-2101 shows that K~ ::::' det. The remaining assertions are clear. 
o 

Given formal power series of Schur functions we will write L p(A)S>. :::; L q(A)S>. 
if p(A) :::; q(A) for all partitions A. Thus X(M) :::; X(N) if M is a GL(n2 , K)-
submodule of N. In particular, X(C) :::; X(R). 

Now consider the bases Ui, Wi, Yi for Q(R) over Q(C). If Z E R, 

(1) 
Z = T(ZWl)Ul + ... + T(ZWn2)Un2, 

Hence there are inclusions 
(2) 
By reversing the roles of the Ui and Yi we obtain the dual equation 
(2) R~ ~ CYI + ... + CYn 2 ~ R. 

Moreover, (2) and (3) are inclusions of GL(n2, K)-modules. In fact, as GL(n2, K)-
modules 

(4) 
R~ ::::' R ® det, CUI + ... + CUn ::::' C ® V, 
CYI + ... + CYn 2 ::::' C ® (det) ® V*. 

Translating (2)-(4) into inequalities of character series using Theorem 14(4), 
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we have 

LEMMA 15. As formal power series of Schur functions in [An2], X( C) 
x(C(n,n2)) and X(R) = x(R(n,n2)) satisfy the inequalities 

en2x(R) S elX(C) S X(R), en2x(R) S enL1X(C) S X(R). 0 

659 

In the statement of Lemma 15 we have repeated the standing hypothesis that 
the number of n x n generic matrices is exactly n2. The lemma is false for r > n2 
generic matrices since then el X(C( n, r)) has Schur functions of partitions of length 
n2 + 1 in its support, but x(R(n, r)) does not. The difficulty is related to the 
fact that Ul, ... , Ur are linearly dependent over C(n, r) if r > n2. Thus, although 
C(n, r)Ul + ... +C(n, r)Ur is a GL(r, K)-submodule of R(n, r), it is not isomorphic 
to C(n, r) @ V(r), where V(r) is the standard GL(r, K)-module. 

The first part of the next lemma is part of Theorem 12 of [1]; the second part 
is proved in the course of proving Theorem 16 of [1]. It is valid for any number of 
n x n generic matrices, and so will be stated in terms of [A], without reference to 
the number of matrices. The notations C(n) and R(n) mean that the number of 
n x n generic matrices is arbitrary (or infinite). 

LEMMA 16. Let x(C(n)) = E C(A)S>. and x(R(n)) = E r(A)S>., both formal 
power series in [A]. 

(1) If l(A) > n2, then C(A) = r(A) = O. 
(2) If A = (Al, ... , An2) has length S n2 , then 

C(Al + 1, ... , An2 + 1) = C(Al, ... , An2), 
and 

r(Al+1, ... ,An2+1)=r(Al, ... ,An2). 0 

Recall the maps p = p(n2, n2 - 1) and cI> = cI>nLl of §4: 
cI> 

[An2-l]2 [An2]. 
p 

If A = (Al"'" An2) is a partition of length S n2, then 

cI>p(S>.) = {S>., 
0, 

if l(A) < n 2, 
if l(A) = n2 . 

Hence B(f) = f - cI> p(f) defines a projection operator on [An2] which satisfies 

B ( L: P(A)S>.) = L: p(A)S>.. 
l(>')~n2 l(>')=n2 

Consider the inequalities 

(1) en2 x(R) S elX(C) S xCR), en2x(R) S en2-1X(C) S X(R) 
of Lemma 15. By Lemma 16, 

(2) 
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Since 0 preserves inequalities of power series of Schur functions, (1) and (2) yield 

LEMMA 17. 
(1) en2x(R) = O(elX(C)) = elX(C) - cI>p(elX(C)). 
(2) en2x(R) = O(enL1X(C)) = enL1X(C) - cI>p(enL1XCC)). 0 

Since X(R) and X( C) are both rational functions of x 1, ••• , Xn2, the substitution 
of X;l for Xi is possible in Lemma 17(2). Then we can simplify, using the known 
form of the functional equations satisfied by X( C) and p(X(C)) given by Theorem 
13. 

x X(C)(X1, ... ,Xl, ... , Xn2) 
= -el(en2)n2-1X(C) - (en2)n2-1cI>((en2_d-lp(X(C))). 

Multiplying by en 2, we have 

LEMMA 18. 

X(R)(x11, ... , x;;}) = -(en2 )n2 {elX(C) + cI>((fn2_d-1 p(X(C)))}. 0 

LEMMA 19. Let A = (Ai, ... , An2 -1) be a partition of length :::; n 2 - 1. Then 
in An2, 

e1cI>(S.x) - cI>(elS.x) = en2cI>((en2_d-1S.x). 
PROOF. By Theorem 6(1),(2), 

where A* = (Ai -1, ... ,An2_1-1). 

if An2_1 = 0, 
if An2-1 ::::: 1, 

In order to evaluate e1cI>(S.x) - cI>(e 1S.x) we use Young's rule [3, p. 88], which 
implies that in At (here t = n2 -lor t = n2 ), el S.x is the sum of all Schur functions 
SiJ. such that l(J.l) ::; t, 1J.l1 = IAI + 1, and A :::; J.l, where A :::; J.l means that each part 
of A is :::; the corresponding part of J.l. 
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Case I. AnL1 = O. Then exactly the same SIl-'s arise whether e1S>.. is computed 
in An2-1 or in An2. Hence e1<I>(S>.) - <I>(e1S>..) = 0, which agrees with (*). 

Case II. AnL1 ~ 1. Then exactly one more Schur function arises if e1S>. is 
computed in An2 instead of An2_1' namely SIl-' where J.L = (A1,"" AnLb 1) = 
A* + (ln2). Hence e1<I>(S>.) - <I>(e1S>.) = SIl- = en2S>,*, which again agrees with 
(*). 0 

Suppose that A is a partition of length::; n 2• Then 

if I(A) ::; n2 - 1, 
if I(A) = n2 . 

Using Lemma 19 in the first instance and the fact that 0 = 0 in the second instance 
gives 
(1) 
Applying (1) term by term to X{C) = I: C(A)S>. gives 
(2) e1 <I>p(X(C)) - <I>(e1P(X{C))) = en2 <I>((enLd-1p(x{C)))· 
By Lemma 16 and the subsequent remarks 

(3) 
Substituting (3) in (2) and simplifying gives 

LEMMA 20. 

e1X(C) - <I>(e1P(X{C))) = en2 {e1X(C) + <I>((en2_d-1p(x(C)))}. 0 

Since p: [An2] -+ [An2-1] is a ring homomorphism and p(e1) = e1, e1P(X(C)) = 
p(elX{C)). Combining Lemmas 18, 20 and 17(1) yields 

X(R)(x11, ... ,x:;;}) = -(en2 )n2 {e1X{C) + <I>((enLd-1 p(xCC)))} 
= -(en2t2-1{elX(C) - <I>(e1P(X(C)))} = -(en2t\(R). 

Thus we have 

THEOREM 21. X( R( n, n 2)) satisfies the functional equation 

xCR(n, n2 ))(x11, ... , x:;;l) = (-1)(X1'" Xn2 t 2 x(R(n, n2 ))(xl,"" Xn2). 0 

Note that the sign in Theorem 21 is correct since R(n, n 2 ) has Krull dimension 
n 2( n 2 - 1) + 1. Finally, for r ~ n 2 , Theorem 10 applies to X(R( n, r)). Hypotheses 
(A) and (B) follow from Lemma 16, while hypothesis (E) follows from Theorem 
21. The sign is (_1)1+(r-n 2)n2 = (-l)d, where d is the Krull dimension of R(n, r), 
since 

d = (r - 1)n2 + 1 == 1 + (r - n 2)n2 mod 2. 
Therefore we have 

THEOREM 22. If r ~ n2 , the character series of the trace ring of r generic 
n x n matrices satisfies the functional equation 

x(R(n, r))(xl1, ... , X;l) = (-1)d(X1'" xr)n2 x(R(n, r))(xl, ... , Xr), 
where d is the Krull dimension ofR(n, r). 0 
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8. Remarks and examples. In case r < n 2 - n, X( C (n, r)) still satisfies a 
functional equation, by Theorem 3. We have not shown that x(R(n,r)) satisfies 
a functional equation for r < n2 , although it seems very likely that it does. This 
section consists mostly of speculation on the exponent of (Xl· .. x r ) in the functional 
equations. 

A few general statements are possible. As noted in the proof of Lemma 12, 
O(n,l) is a polynomial ring in n variables of degrees 1,2, ... , n, the coefficients of 
the characteristic polynomial of U 1. Hence 

1 1 1 
(1) x(C(n,l)) = ----2 ···--n' 1 - Xl 1 - Xl 1 - xl 
and 

(2) 

Similarly, R( n, 1) is a polynomial ring in n variables of degrees 1, 1, 2, ... , n - 1. 
It is an integral extension of C(n, 1) of degree n and has a transcendence basis 
consisting of Uland all the coefficients of the characteristic polynomial of U I except 
the determinant, as can be seen by examining the characteristic polynomial of UI . 

Hence, 

(3) 

(4) 

111 
x(R(n, 1)) = (1 _ Xt}2 1 - xi ... 1- x7 I' 

x(R(n, l))(xll) = (-l)nxF)+lx(R(n, l))(Xl). 

Assuming that X (R ( ( n, r)) satisfies a functional equation, then for n ~ 3 the 
argument of §6 shows that for r ~ n2 - n, the exponent of (Xl ... xr ) is n2. The 
argument breaks down for n = 2, and the exponent is actually smaller for r = 2, 
as we will see below. 

For n = 1, the exponent of (Xl··· xr ) is always one for both X(C(l, r)) and 
x(R(l,r)). In fact C(l,r) = R(l,r). The only nontrivial case for which the char-
acter series ate known is n = 2 [1, p. 221], where 

(5) (0(2 4)) _ 1 + e3 - ele4 - e~ 
X , - I1(1- xi)(l- Xi)2(1- XiXj)' 

1- e4 
(6) x(R(2,4)) = I1 (1 - xi)2 (1 - XiXj)" 

In both denominators the products are over 1 ~ i ~ 4 and 1 ~ i < j ~ 4. The 
character series for C(2,r) and R(2,r) for r = 1,2,3 can be obtained from (5) and 
(6) by specializing the appropriate variables to zero. This amounts to applying 
p(4,r):[14] -+ [A,.]. The exponent of (XI···Xr ) in the functional equations of 
0(2, r) and R(2, r) can then be read off easily: 
(7) Exponent of (Xl··· X r ) in the functional equation of 

r=l 
r=2 
r=3 

x(O(2, r)) x(R(2, r)) 
3 2 
4 3 
4 
4 

4 
4 
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The experimental evidence given by n = 1 and n = 2 does not seem adequate 
to justify a conjecture on the exponent of (Xl ... xr ) in the functional equations of 
x(C(n,r)) and x(R(n,r)) for n ~ 3,r < n 2 - n. 

ADDED IN PROOF. In a recent Nagoya University preprint. The ring of invari-
ants of matrices, Y. Teranishi has independently obtained the functional equation 
for X(C). His proof is entirely differrent and much shorter than the one given here. 
His method is to apply Cauchy'S integral formula to the Molien-Weyl expression for 
X(C) as a multiple integral. He shows that the exponent in the functional equation 
is n2 as soon as the number of matrices is at least two, which answers the question 
raised in §8 of this paper. His method can no doubt be applied to give the same 
result for x(R), except for the case of two generic 2 x 2 matrices, when the exponent 
in the functional equation is 3 instead of 4. 
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