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WEAK TYPE ESTIMATES FOR BOCHNER-RIESZ 
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BY 
SAGUN CHANILL01 AND BENJAMIN MUCKENHOUPT2 

ABSTRACT. We consider the Bochner-Riesz multiplier 

TofW = (1-1~12)tJW, 8> 0, 

where ~ denotes the Fourier transform. It is shown that the multiplier operator 
To is weak type (po, po) acting on LPO (Rn) radial functions, where PO is the 
critical value 2n/(n + 1 + 28). 

1. Introduction. Let ](0 denote the Fourier transform of the function f(x). 
Let B = {e: lei ~ 1}, the unit ball in Rn. For 8 > 0, define the multiplier operator 

T;](e) = (1-1~12)8XB(~)f(~). 
It is well known that these multiplier operators are unbounded on LP (Rn) when 
p ~ 2n/(n+1+28) or p 2': 2n/(n-1-28) for 0 < 8 ~ (n-1)/2. When 8> (n-1)/2 
the convolution kernel ofT8, which is given by In/2H(lxJ)lxl-n/2-8 E £1(Rn), and 
so T8 is bounded on LP for 1 ~ p ~ 00. Here Ja(lxj) denotes the Bessel function of 
order 0:. 

When n = 2, it is known that when 0 < 8 ~ ~, Te is bounded on LP(R2) for 
4/(3+ 28) < p < 4/(1- 28). A proof of this result known as the multiplier theorem 
of Carleson-Sjolin, C. Fefl'erman and Hormander may be found in [3J. Results for 
n> 2 may be found in [1,4,5,8 and 10J. 

We prove here 

THEOREM 1. Let f be radial. Then for A> 0, 0 < 8 ~ (n - 1)/2 and n 2': 2, 

I{x ERn: ITd(x)1 > A}I ~ CA-pollfll~~, 
with Po = 2n/(n + 1 + 28). The constant C does not depend on A or f. 

The case 8 = 0 in Theorem 1 is considered in [5-7 and 2]. Using the interpolation 
theorem of Marcinkiewicz and duality the next theorem follows by considering the 
space offunctions (Jooo If(r)jPrn- 1 dr)l/p. 

THEOREM 2. Let f be radial. Then/orO < 8 ~ (n-1)/2 and2n/(n+1+28) < 
p < 2n/(n - 1 - 28), 

liTe flip ~ epllfllp· 
As pointed out, we obtain Theorem 2 by interpolating the trivial estimate 

IIT8fll2 ~ cllfll2 with that of Theorem 1. Theorem 2 is not new and in fact another 
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way to obtain it is to use the complex interpolation theorem of E. Stein, the result 
of Herz [6] for 8 = 0 and the £1 result for 8 > (n - 1)/2. 

We point out that the motivation for Theorem 1 comes from restriction phenom-
ena for the Fourier transform. In fact for f E crr (Rn) and Ixl --> 00, 

ITcf(x)1 "J cIJ(x/lxl)l/lxl-(n+1+20)/2. 
But for radial f, 

IIJIILoo(sn-l) :::; cllfllpo' Po = 2n/(n + 1 + 28). 
Thus, we expect a weak type result. 

There are natural analogues of Theorem 1 for Cesaro means of series of the 
orthogonal polynomials like the Gegenbauer polynomials. Weak type results can 
be proved at an appropriate critical value for the partial sum operator associated 
to Cesaro means of some order. These results will be taken up elsewhere. 

We use the standard notation for the Hardy-Littlewood maximum function, i.e., 
for x E R, 

1 lX+h !*(x) = sup 2h If(t)ldt. 
h>O x-h 

2. We will now prove the preliminary lemmas from which it will be possible to 
deduce Theorem 1. To do so we need some properties of Bessel functions. These 
may be found in [11]. 

LEMMA (2.1). Let Ja(u) denote the Bessel function of order a. Then for 
s, u > 0 and a ~ 0, 

d a+1 (a) -d (Ja+1(su)) = sJa(su) - --Ja+1(su), 
U U 
d a (b) -d (Ja(su)) = -sJa+1(su) + -Ja(su), 
U U 

(c) IJa(su)l:::; c(1 + su)-1/2. 
LEMMA (2.2). For 8 real, 0:::; s:::; r - 2, any integer j ~ 1 and a,(3 ~ 0, let 

t- 1/(r-s) 
K(s,r) = 10 (1- U2)Oui Ja(su)J{3(ru) duo 

Then, if either (3 = a and j odd or (3 = a ± 1 and j even, we have, 
IK(s,r)1 :::; c(r - s)-0-1(r(1 + s))-1/2, 

with c independent of rand S. 
PROOF. For each mEN, we will show that (2.2) holds for 8 :::; m - 2 by 

induction on m. 
Case m = O. Since a ~ 0 and (3 ~ 0, by (2.1)(c) 

t- 1/(r-s) 
(2.3) IK(s, r)1 :::; cr-1/2 10 (1- U2)OU 1/2(1 + SU)-1/2 duo 

Now let s :::; 1. Then the right side above is bounded by t- 1/(r-s) 
cr-1/210 (1- u2)0 du:::; cr-1/2((r - s)-O-l + 1). 
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But 8 :::; - 2 as m = 0 and r - s 2: 2, thus, 
IK(s,r)1 :::; c(r - s)-c5-1 r-1/2. 

If 8 2: 1, then from (2.3) 
r1- 1/(r-s) 

IK(s,r)1 :::; cr-1/ 2s-1/ 2 10 (1- u2)c5 du:::; c(rs)-1/2((r - 8)-15-1 + 1) 

:::; c(rs)-1/2(r _ s)-c5-1. 

Thus combining the two cases s :::; 1 and s 2: 1, yields that if 8 :::; -2, then 

IK(8, r)1 :::; c(r(l + s))-1/2(r - s)-c5-1. 

The step above is the first step in the induction. We now proceed to the induction 
step itself. Using (2.1)(a), (b), an elementary calculation yields 

d~ (uJ sJCt+1(su)J{3(ru) - ui rJCt (su)J{3+1(ru)) 

= ui (s2 - r2)JCt(su)J{3(ru) + ui-1s(j - a: - 1 + (3) JCt+ 1 (su)J{3(ru) 
+ ui - 1r( -j - a: + (3 + 1)JCt(8u)J{3+1 (ru). 

Rearranging terms and dividing by r2 - s2 we have 

. 1 d [ . . ] uJ Jo (su)J{3(ru) = - 2 2 -d uJ sJo +1(su)J{3(ru) - ti'rJo (su)J{3+1(ru) 
r - s u 

. 1 s(j - a: - 1 + (3) 
+uJ - (2 2) Jo +1(su)J{3(ru) r - s 

i 1 r( -j - a: + (3 + 1) + 'IJ; - (2 2) Jo (su)J{3+d(ru). r - s 
We now substitute the right side ofthe equality above in the integrand for K(s,r). 
Thus IK(8, r)1 is bounded by the sum of the three terms that follow: 
(2.4) 

1 1101- 1/(r-s) d I -2--2 (1- u2 )c5 -d (ui sJo +1 (su)J{3(ru) - ui rJo (su)J{3+1 (ru)) du , 
r - sou 

(2.5) 

and 

(2.6) 

We integrate (2.4) by parts once to get that (2.4) is bounded by the sum of 

(2.7) ~ 1(1 - u2 )c5 ui (sJo+1 (su)J{3(ru) - rJo (su)J{3+1 (ru))I~:~/(r-s)1 ' 
r - s 

(2.8) 
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and 

(2.9) 

We first estimate (2.7) by employing (2.1)(c). We first note that because j ::::: 1, the 
expression (2.7) vanishes at the lower limit. Thus at the upper limit we easily see 
that (2.7) is bounded by 

(r - 8)-0 c(r(1 + S))-1/2 (r + S) ~ c(r(1 + s))-1/2(r - S)-O-I, (r2 - s2) 

which is what is required. 
We now turn to (2.8) and use the inductive hypothesis. If 0 + 1 = /3 or 0 = /3 

the inductive hypothesis applies and (2.8) is bounded by 

cs(r(1 + S))-1/2 
---'-~,------,-::--(r - s)-O ~ c(r - s)-O-I(r(1 + s))-1/2. r2 - S2 

If 0 = /3 + 1 we use the following recurrence formula [11]: 

(2.10) (0::::: 1) 

and break up (2.8) into two pieces by substituting the right side of (2.10) for 
Ja+!(su) in the integrand of (2.8). Thus (2.8) is bounded by 

The induction hypothesis again applies to both pieces, and we again can conclude 
that (2.8) is bounded by c(r(1 + s))-1/2(r - S)-0-1. Note that 0 - 1 = /3::::: 0 and 
so (2.10) is valid. 

The analysis of (2.9) is similar. If /3 + 1 = 0 or /3 + 1 = 0 + 1, the inductive 
hypothesis again applies. If /3 + 1 = 0 + 2, then we use (2.10) once more, i.e., 

Using the above we break up (2.9) into a sum of two pieces analogous to (2.8) 
and apply the induction hypothesis on each piece to get that (2.9) is bounded by 
c(r(1 + s))-1/2(r - S)-O-I. 

We now consider (2.5). If j = 1, then we have 0 = /3, and thus j - 0 - 1 + /3 = 0 
and (2.5) vanishes. So let j = 2. We now have two possibilities, either /3 = 0 + 1 
or /3 = 0 - 1. If /3 = 0 - 1, then because j = 2, j - a-I + /3 = 0, and again (2.5) 
vanishes. Thus we are left to handle j = 2 and /3 = 0 + 1. We first write 

(2.11) 
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and use the above to bound (2.5) by the following 

(r2 ~ s2) 1101
-

1
/(7-8) (1- U 2)0- luJa+1 (su)J[3(ru) dul 

+ (r2 ~ s2) 110 1
-

1
/(7-8) (1 - u2)0-lu3 Ja+1 (su)J[3(ru) dul· 

The induction hypothesis now applies to both pieces and the result follows. We 
now consider the case j ~ 3. So let j ~ 3 and let j be odd. Then a = /3 and thus 
using (2.11) in (2.5), (2.5) is bounded by the sum of the two expressions 

(r2 ~ s2) 1101
-

1
/(7-8) (1 - u2)0-luj -1 Jo+ 1 (su)J[3(ru) dul 

and 

(r2 ~ S2) 1101
-

1
/(7-8) (1- u2l-1uj+1Ja+dsu)J[3(ru) dul· 

Because j -1 and j + 1 are both even and a = /3, the induction hypothesis applies 
to both pieces and again (2.5) is bounded by 

cs (r(1+s))-1/2(r-s)-0 ~c(r(1+s))-1/2(r-s)-0-1. 
(r2 - s2) 

Thus we are left with considering j ~ 4 and j even. Since j is even, /3 = a ± 1. If 
/3 = a + 1, then we again use (2.11) to split (2.5) as a sum of two terms, to each of 
which we apply the inductive hypothesis. If /3 = a-I, we apply (2.10) and bound 
(2.5) by a sum of two pieces, 

(r2 2~ s2) I (j - a-I + /3) 101- 1
/(7-8) (1 - u2)Ouj- 2 Jo,(su)J[3(ru) dul 

+ (r2 ~ s2) I (j - a-I + /3) 101- 1
/(r-8) (1 - u2)Ouj- 1 Ja-dsu)J[3 (ru) dul· 

Now split each term above into two terms by using (2.11), to get 

(T' ~ s') I (j - a - 1 + P) 1'-'/('-') (1 - U')'-' u;-' J. (su)Jp (TU) dul 

+ (r2 ~ S2) I (j - a-I + /3) 10 1- 1
/(7-8) (1 - u2)0-luj Ja (su)J[3(ru) dul 

+ (r2 ~ s2) I (j - a-I + /3) 10 1- 1
/(7-8) (1 - u2)0-luj -1 Jo:- 1 (su)J[3(ru) dul 

+ (T' ~ s') I (j - a - 1+ P) fo 1-1/(,-,) (1 - u')'-'U;+1 J.- 1 (su)Jp (TU) dul· 

The induction hypothesis now applies to each of the four terms, and thus (2.5) is 
bounded by c(r(l + s))-1/2 (r - s)-O-l. 
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The estimation of (2.6) proceeds in a manner analogous to that of (2.5) and 
in fact the necessary modifications are obvious, due to the symmetry in (2.5) and 
(2.6). We have thus completely proved Lemma (2.2). Q.E.D. 

LEMMA (2.12). For8>-1 andnEN, n2:2, let 

k8(S, r) = 101(1 - u2)8uJ(n_2)/2(ur)J(n_2)/2(US) duo 

Then, for Is - rl 2: 2, 

Ik8(s,r)1 ~ clr - sl-8-1((1 + r)(1 + S))-1/2. 

PROOF. With no loss of generality assume r 2: s. This is because k8(r, s) = 
k8 (s, r). Moreover because Ir - sl > 2, it follows that r > !. Thus (1 + r) '" r. We 
split the range of integration to get 

t- 1/(r-s) 
k8(S, r) = 10 (1 - u2)8uJ(n_2)/2(ur)J(n_2)/2(US) du 

+ {1 (1- u2)8uJ(n_2)/2(ur)J(n_2)/2(US) duo 
11-1/(r-s) 

Thus, 

(2.13) Ik8(s,r)1 ~ IK(s,r)1 + It (1- U2)8uJ(n_2)/2(Ur)J(n_2)/2(US)dUI· 
11-1/(r-s) 

Since (r - s) 2: 2, we may apply Lemma (2.2) to the first term on the right above 
to get 

IK(s, r)1 ~ clr - sl-8-1(r(1 + s))-1/2 ~ clr - sl-8-1((1 + r)(1 + S))-1/2. 

Moreover for 0 < u ~ 1, 

(1 + ur)-1/2(1 + US)-1/2 ~ u-1(1 + r)-1/2(1 + 8)-1/2. 

Thus by Lemma (2.1)(c), 

p(n-2)/2(ur)J(n-2)/2(US)/ ~ c(1 + ur)-1/2(1 + US)-1/2 
~ cu-1(1 + r)-1/2(1 + S)-1/2. 

Substituting this inequality in the second integrand on the right in (2.13), we get 

I {1 (1- u2)8uJ(n_2)/2(ur)J(n_2)/2(US) dul 
11-1/(r-s) 

~ c(1 + r)-1/2(1 + 8)-1/2 {1 (1 _ u2)8 du 
11-1/(r-s) 

~ c(1 + r)-1/2(1 + 8)-1/2Ir _ sl-8-1. 

Thus c((1 + r)(1 + s))-1/2Ir - 81-8- 1 bounds both terms on the right in (2.13). 
This proves the lemma. Q.E.D. 
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LEMMA (2.14). Letks(s,r) be defined as in Lemma (2.12). Thenfor8>-1, 

Iks(s, r)1 :s: c((l + r)(l + s))-1/2. 
PROOF. Using (2.1)(c) in the integral for ks(s,r) we see that 

Iks(s, r)1 :s: c 101 u(l - u2)s(1 + us) -1/2(1 + ur) -1/2 duo 

Now for 0 < u :s: 1, (1 + US)-1/2 (1 + ur)-1/2 :s: u-1 ((1 + r)(l + S))-1/2. Thus, 

Iks(s,r)1 :s: c((l + r)(l + s))-1/2 101 (1- u2)S du 

:s: c((l + r)(l + S))-1/2. Q.E.D. 

To prove the next lemma, we need to recall that for the Bessel function of order 
0: :?: 0, IJQ(x)1 :s: cxQ for x :?: O. This may be found in [11]. 

LEMMA (2.15). Let ks(s, r) be defined as in Lemma (2.12). Then for 8> -1, 

Iks(s, r)1 :s: c(sr)(n-2)/2. 

PROOF. Using the fact that /Ja(x)1 :s: cxa, it follows that 

Iks(s, r)1 :s: c(rs)(n-2)/2 101 (1- u2)Sun- 1 du:S: c(rs)(n-2)/2. Q.E.D. 

LEMMA (2.16). Let f be supported in Ixl:s: 2. Then for Ixl:?: 4, 

ITsf(x)1 :s: clxl-(n+1+2S)/211fll Po , Po = 2nj(n + 1 + 28). 

PROOF. From [9, p. 171]3, it follows that 

1 In/2+c5 (Ix - yl) 
Tsf(x) = en f(y) I In/2+c5 dy. 

Rn x-y 
Thus, from Lemma (2.1)(c), 

ITsf(x)1 :s: c f If(y) I Ix - yl-(n+1+2S)/2 dy. J1yl -:5,2 

If Ixl 2:: 4, then Ix - yl ~ Ixl. Thus, 

ITsf(x) I :s: clxl-(n+1+2S)/2 f III dy:S: clxl-(n+1+2S)/211fllPo' Q.E.D. J1yl9 
3. We now proceed with the proof of Theorem 1. 
PROOF OF THEOREM 1. We let s = lxi, r = Iyl and t = I~I. By Bochner's 

formula [9, p. 155], 

J(~) = J(t) = enr(n-2)/2 1000 f(r)J(n_2)/2(rt)rn/2 dr. 

Moreover, 

3Note the statement of the Theorem (4.15) has a misprint. 
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Substituting the expression for /(t) into that for Tof(s), we see that 

T8f(s) = c;s-(n-2)/2 1000 f(r)r n/2 101 t(1 - t 2)8 J(n-2)/2(tS)J(n-2)/2(tr) dt dr 

= c~s-(n-2)/2 1000 f(r)r n/2k8(S, r) dr. 

We first consider the case Po > 1, that is 8 < (n - 1)/2. 
We now consider the situation when s ~ 4. We have 

IT8f(s)1 ~ cs-(n-2)/2 (fo8If(r)lrn/2Ik8(s, r)1 dr + !soo If(r)lrn/2Ik8(S, r)1 dr) 

= cs-(n-2)/2(A + B). 

By Lemma (2.15) when s ~ 4 and r < 8, Ik8(s,r)1 ~ c(rs)(n-2)/2. Thus, 

s-(n-2)/2A ~ c fo8If(r)lrn-1dr ~ cllfll Po • 

Since s ~ 4, we have 

s-(n-2)/2A ~ cs-(n+1+28)/21IfII Po • 

Now consider s-(n-2)/2B. Since s ~ 4 and r > 8, r> 2s, and thus by Lemma 
(2.12), with I/Po + l/qo = 1, we have 

s-(n-2)/2 B ~ cs-(n-2)/2 !soo If(r)lr(n-1)/2-8-1 dr 

~ cs-(n-2)/2 (1000 If(r) IPo rn- 1 dr) 1/po 

( 
[00 ) 1/qo . 11 r-(1+8+(n-1)/2)qo+n-1 dr 

~ cs-(n+1+28)/2I1fllpo' 

Thus for s ~ 4, 

(3.1) 

We now pass to the case s > 4. We make a preliminary reduction. Let f(r) = 
/t(r) + h(r), where /t(r) = f(r)x(r ~ 2). Then, by Lemma (2.16), 

(3.2) ITo It (s)1 ~ cs-(n+1+28)/2111t Ilpo ~ cs-(n+1+28)/2I1fllpo' 

We now estimate T8h(s). We then have 

(l 8/2 128 loo ) IToh(s)1 ~ cs-(n-2)/2 + + Ih(r)lrn/2Ik8(S, r)1 dr 
2 8/2 28 

= cs-(n-2)/2(D + E + F). 



WEAK TYPE ESTIMATES FOR BOCHNER-RIESZ MULTIPLIERS 701 

By Lemma (2.12) ifr < s/2, Ik,s{s,r)1 S s-8-3/2r-l/2. Thus, with 1/po+1/qo = 1, 
we have, 

(3.3) 

s-(n-2)/2D S cs-(n+1+2,s)/2ls/2If{r)lr(n-l)/2dr 

S cs-(n+1+2,s)/2I1fllpo (lOO r-QO (n-l)/2+n-l dr) l/QO 

S cs-(n+1+28)/2I1fllpo· 

For the integral F, since r > 2s, Ik8{s,r)1 S cr-8- 1 {rs)-1/2. Thus with 1/Po + 
1/Qo = 1, 

(3.4) 

s-(n-2)/2F S cs-(n-l)/2 roo If(r)lrn/2-8-3/2dr 
J2s 

S cs-(n-l)/21Ifllp o (l~ r-(n+1+28)Qo/2+n-l dr) l/qo 

S cs-(n+1+2,s)/21Ifllpo , since s > l. 
We now consider s-(n-2)/2 E. We first break up the range of integration for E as 
follows: 

s-(n-2)/2 E S s-(n-2)/2 { If(r)lrn/2Ik,s(s, r)1 dr 
J {s/2<r<2s }n{lr-sl >2} 

+ s-(n-2)/2 { If(r)lrn/2Ik,s{s, r)1 dr. J {s/2<r<2s}n{lr-sI9} 

By Lemma (2.14) 

s-(n-2)/2 { If(r)lr n/2Ik,s(s,r)ldr 
J {s/2<r<2s}n{lr-sl<2} 

SC ( If(r)lx(~ <r<2s) dr 
J 1r-sl<2 

S CUXH.)*(S), 
where Hs = {r: s/2 < r < 2s}. Moreover, by Lemma (2.12) 

s -(n-2)/2 ( If(r)lrn/2Ik,s{ s, r) I dr 
J H.n{lr-sl>2} 

S cs-(n-l)/2 { If(r)llr - sl-,s-lr(n-l)/2 dr 
J H.n{lr-sl>2} 

S { If(r)IXH.{r)lr - sl-,s-ldr 
J 1r-sl>2 

= I: 2- kO (2- k ( If(r)IXH.{r)dr) 
k~O Jlr-sl~2k 

S CUXH.)*(S). 
Thus, 

(3.5) 
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Collecting the estimates (3.1)-(3.5), it follows that 
IT6f(s)1 ~ cs-(n+1+26)/21IfII Po + CUXH.)*(S). 

Thus, letting h = {s: 2k - 1 ~ s < 2k} and Hk = {r: 2k- 2 ~ r < 2k+1}, we have, 

{ sn-1 ds < { sn-1 ds 
1{s: T6f(s)I>>'} 1{s: r(n+l+26)/2I1fll po >>./2c} 

+ { sn-1ds 
1{s: (fxH.)·(s»>./2c} 

~ CA -Po IIfll~ + f: { sn-1 ds 
k=-oo 1{SEh,(fXHk)·(S»>./2C} 

~ CA -Po Ilfll~ + f: 2k(n-1) { ds. 
k=-oo 1{SElk,(fxHk)·(S»>./2C} 

By the weak (AI, AI) estimate for the Hardy-Littlewood maximal function (note 
AI = 1 is possible) we can majorize the expression above by 

CA-Po (1Ifll~ + kJ;oo 2k (n-1) iHk IfIPo dr) . 

Thus by bounded overlaps. 

d-Po (lIfll~ + k'foo 2k (n-1) iHk If(r)IPo dr) ~ cA-Pollfll~· 
We are now left to consider the case AI = lor 8 = (n-l)/2. The only expressions 

we treat differently for this case are the integrals B, D and F. The other parts are 
the same as for the case Po> 1. Thus if 8 = (n - 1)/2, 

Likewise, 

Now, 

s-(n-2)/2 B ~ cs-(n-2)/2 fsoo If(r)lr- 1 dr 

~ cs-n fsoo If(r)lrn- 1 dr ~ cs-nllflI1. 

r/2 
s-(n-2)/2D ~ cs-n 11 If(r)lr(n-1)/2dr 

~ cs-n loo If(r)lrn- 1 dr ~ cs-nllfllt. 

s-(n-2)/2F ~ cs-(n-1)/2 roo If(r)lr- 1 dr 
12s 

~ cs-(n-1)/2 (~~ If(r)lrn- 1 dr) s-n. 

Recalling that s ~ 4, it follows that 
s-(n-2)/2F ~ cs-nllfllt. 

We may now proceed as in the case Po > 1. This completes the proof of the 
theorem. Q.E.D. 
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