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WEAK TYPE ESTIMATES FOR BOCHNER-RIESZ
SPHERICAL SUMMATION MULTIPLIERS
BY
SAGUN CHANILLO! AND BENJAMIN MUCKENHOUPT?

ABSTRACT. We consider the Bochner-Riesz multiplier
T57(¢) = (1-lgM5fE), >0,

where ~denotes the Fourier transform. It is shown that the multiplier operator
Ts is weak type (po,po) acting on LPO(R") radial functions, where pg is the
critical value 2n/(n + 1 + 26).

1. Introduction. Let f(£) denote the Fourier transform of the function f(z).
Let B = {&: |£| < 1}, the unit ball in R™. For § > 0, define the multiplier operator

Tsf(€) = (1= [€*) x ()£ (8)-
It is well known that these multiplier operators are unbounded on L?(R™) when
p<2n/(n+1426)orp>2n/(n—1-26) for0 < 6 < (n—1)/2. When 6 > (n—1)/2
the convolution kernel of Ts, which is given by J,, /25 (|z|)|z| ~"/2~% € L(R™), and
so T’s is bounded on LP for 1 < p < co. Here J,(|z|) denotes the Bessel function of
order a.

When n = 2, it is known that when 0 < § < %, Ts is bounded on LP(R?) for
4/(3+26) <p<4/(1-26). A proof of this result known as the multiplier theorem
of Carleson-Sjolin, C. Fefferman and Hormander may be found in [3]. Results for
n > 2 may be found in [1, 4, 5, 8 and 10].

We prove here

THEOREM 1. Let f be radial. Then for A >0, 0< 6 < (n—-1)/2 andn > 2,
Kz € R™: |Tsf(z)| > A} < CATP°| fII5e,
with po = 2n/(n + 1+ 26). The constant C does not depend on A or f.

The case § = 0 in Theorem 1 is considered in [5-7 and 2]. Using the interpolation
theorem of Marcinkiewicz and duality the next theorem follows by considering the
space of functions ( f;° | f(r)[Pr™tdr)'/?.

THEOREM 2. Let f be radial. Then for0 < é < (n—1)/2 and 2n/(n+1+26) <
p<2n/(n—1-24),
175 fllp < coll fllp-

As pointed out, we obtain Theorem 2 by interpolating the trivial estimate
ITsfll2 < ¢|| fll2 with that of Theorem 1. Theorem 2 is not new and in fact another
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694 SAGUN CHANILLO AND BENJAMIN MUCKENHOUPT

way to obtain it is to use the complex interpolation theorem of E. Stein, the result
of Herz [6] for 6 = 0 and the L! result for § > (n —1)/2.

We point out that the motivation for Theorem 1 comes from restriction phenom-
ena for the Fourier transform. In fact for f € Cg°(R") and |z| — oo,

IT5£(2)] ~ clf (@/Ia])|/la] ~C-+1+20)/2,
But for radial f,

I flleo(sn-1y < cllfllpss  Po=2n/(n+1+26).

Thus, we expect a weak type result.

There are natural analogues of Theorem 1 for Cesaro means of series of the
orthogonal polynomials like the Gegenbauer polynomials. Weak type results can
be proved at an appropriate critical value for the partial sum operator associated
to Cesaro means of some order. These results will be taken up elsewhere.

We use the standard notation for the Hardy-Littlewood maximum function, i.e.,

for z € R,
z+h

f*(z) = sup 1 |£(t)] dt.

h>0 2h J o p

2. We will now prove the preliminary lemmas from which it will be possible to
deduce Theorem 1. To do so we need some properties of Bessel functions. These
may be found in [11].

LEMMA (2.1). Let J,(u) denote the Bessel function of order o. Then for
s,u>0 and a >0,

(0) (o (o0)) = (o) — 2 (ow),

(b) %(Ja(su)) = st (su) + 2 T o),

() |[Jalsu)| <e(l+ su)‘l/z.
LEMMA (2.2). For é real, 0 < s <r—2, any integer j > 1 and a,3 > 0, let

1-1/(r-s) )
K(s,r) = / (1 — u?)®ud Jo(su)J (ru) du.
0

Then, if either 8 = a and j odd or B = a £ 1 and j even, we have,
K (s,7)] <e(r—8) 07N (r(1+ ) V2,
with ¢ independent of r and s.

PROOF. For each m € N, we will show that (2.2) holds for § < m — 2 by
induction on m.
Case m = 0. Since @ > 0 and § > 0, by (2.1)(c)

1—-1/(r—s)

(2.3) [K(s,7)| < CT_1/2/ (1 —u?)%u'?(1 + su) "2 du.
0

Now let s < 1. Then the right side above is bounded by

1-1/(r—s)
cr‘1/2/ (1-u?ldu<er V(r-s)~"141).
0
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But § < -2asm =0and r —s > 2, thus,
|K(s,7)| < e(r—s)=81r1/2,
If s > 1, then from (2.3)

1-1/(r—s)
|K(s,7)| < cr‘1/2s‘1/2/ (1- uz)‘sdu < c(rs)‘l/z((r - 3)—‘5‘1 +1)
0

<c(rs) V2 (r— )81,
Thus combining the two cases s < 1 and s > 1, yields that if 6 < —2, then
|K(s,7)| <ec(r(1+ s))—l/z(r — s)“s_l‘

The step above is the first step in the induction. We now proceed to the induction
step itself. Using (2.1)(a), (b), an elementary calculation yields

E% (W sJat1(su)Jp(ru) — wWrda(su)Jpi1(ru))
= u!(s2 = r2)Jo(su)Ja(ru) + u? " Ls(j — o — 1+ B)Jar1(su)J g(ru)
+ W (=g — a+ B+ 1)Ja(su)Jg41(rw).
Rearranging terms and dividing by 72 — 5% we have
—1—2 d—d— [uj sdat1(su)Jp(ru) — uera(su)JgH(ru)]
18 —a=1+p8)
4+l ———_(r2 3 Jot1(su)Js(ru)
(-j-a+B+1)
GEFD
We now substitute the right side of the equality above in the integrand for K(s,r).
Thus |K(s,)| is bounded by the sum of the three terms that follow:

W Jo(su)Jg(ru) =

+uj_lr

Jo(su)Jp11)(ru).

(2.4)
1 1—-1/(r—s) s d ) )

2 /0 (1—u®) E&(u’sJaH(su)Jg (ru) — Wrdy(su)Jayr(ru)) dul,
s ) 1-1/(r—s) 05 i1

(25) og|G-a- 1+ﬁ)/0 (1= u2)Pui=1 1 (su)Js (ru) du

and
r ] 1-1(r—s) 05 i1

(2.6) o (—j—a+8+1) (1 —w®)°uw ™" Jo(su)Jg+1(ru) du
- 0

We integrate (2.4) by parts once to get that (2.4) is bounded by the sum of

1 5 l(l — )P (5Jay1 (su)Jp(ru) — 1 (s0) Japr (ru)) | oss/ T2

@) 5

b

(2.8)

1-1/(r—s) )
P B 5/ (1 —u?)= 2?1 T, 4 (su)Js(ru) du
- 0
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and

2r
r2 _ g2

1-1/(r—s) )
(2.9 6/ (1 —u?) 11T, (su)Jas1 (ru) du) .
0

We first estimate (2.7) by employing (2.1)(c). We first note that because 7 > 1, the
expression (2.7) vanishes at the lower limit. Thus at the upper limit we easily see
that (2.7) is bounded by

e(r(1+ s))‘l/z%(r +35) <c(r(l148)"Y2(r— )81,

which is what is required.
We now turn to (2.8) and use the inductive hypothesis. If a +1 = or a =
the inductive hypothesis applies and (2.8) is bounded by

es(r(14s))~1/?

o (r—s)"% <ec(r—s)~0"1(r(14s))" V2

If & = 3+ 1 we use the following recurrence formula [11]:
(2.10) st (su) = i—Z‘Ja () = Ja_r(su)  (a>1)

and break up (2.8) into two pieces by substituting the right side of (2.10) for
Jo+1(su) in the integrand of (2.8). Thus (2.8) is bounded by

2c
2 _ g2

1-1/(r—3s) ]
6/ (1 — w21 J, (su)Jg(ru) du
0

2s

G

1-1/(r—s) ]
6/ (1 —u?)o LI+, i (su)Jg(ru) du
0

The induction hypothesis again applies to both pieces, and we again can conclude
that (2.8) is bounded by ¢(r(1+ s))~1/2(r — s)~¢~1. Note that « —1 = 3> 0 and
so (2.10) is valid.

The analysis of (2.9) is similar. If 84+ 1 =a or 8+ 1 = a + 1, the inductive
hypothesis again applies. If 3+ 1 = a + 2, then we use (2.10) once more, i.e.,

Tosr(ru) = 2 J(ru) — Jo_1 (ru).

Using the above we break up (2.9) into a sum of two pieces analogous to (2.8)
and apply the induction hypothesis on each piece to get that (2.9) is bounded by
e(r(1+8))"V2(r —s)=0-1,

We now consider (2.5). If 7 = 1, then we have o = 3, and thus j—a—14+3=10
and (2.5) vanishes. So let 7 = 2. We now have two possibilities, either § = a + 1
or=a-1. If 3=a—1, then because 7 =2, j —a—1+ 3 =0, and again (2.5)
vanishes. Thus we are left to handle 7 = 2 and 8 = a + 1. We first write

(2.11) (1—u?)® = (1 —u?)! —u?(1—u?)?
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and use the above to bound (2.5) by the following

2s

1-1/(r—s)
s /0 (1= w?) udops (su) Jp(ru) du

23

G

=) 2\6—1,3
/0 (1 —u®)° " u’Jot1(su)Ja(ru) dul .

The induction hypothesis now applies to both pieces and the result follows. We
now consider the case 7 > 3. So let 7 > 3 and let 5 be odd. Then a = 3 and thus
using (2.11) in (2.5), (2.5) is bounded by the sum of the two expressions

cS

1-1/(r—s) A
el (1= )7 g (su)  (ru) du

and
cs

Because j — 1 and 7 + 1 are both even and « = (3, the induction hypothesis applies
to both pieces and again (2.5) is bounded by

T (F(U )72 = o) S elr(1 4 8)) 72 )
Thus we are left with considering 7 > 4 and j even. Since j is even, 3 =a + 1. If
B = a+ 1, then we again use (2.11) to split (2.5) as a sum of two terms, to each of
which we apply the inductive hypothesis. If 3 = a — 1, we apply (2.10) and bound
(2.5) by a sum of two pieces,

1—-1/(r—s) )
/ (1 —u?) 21T, (su)J(ru) du
0

1-1/(r—s) A
(TT{%‘) -o- 1+ﬂ)/0 (1 —u?)8uw =2, (su)Jg(ru) du
1-1/(r—s) ]
+(r—2is_"’) U-a- 1+ﬂ)/0 (1= u?)?u? ™ ooy (su) Jg (ru) dul .

Now split each term above into two terms by using (2.11), to get

2 =) 2\6—1, 52
(r2 — 52 U-—a- 1+5)A (1 —w®)°" ™% Js(su)Jg(ru) du
2m i 1-1/(r—s) o1 g
+ZT2—_S—25 (J—a—1+ﬁ)/o (1 —u?)°" 'l Jy (su)Jg(ru) du
s ) 1—-1/(r—s) 61 i1
+ () (J—a—-1+5) ; (1—u*)? "™ 1 (su)Ja(ru) du
s ) 1-1/(r—s) 61 i1
+ (r? — s2) (J—a-1+p) A (1 —w*)? T o1 (su)Ja(ru) dul .

The induction hypothesis now applies to each of the four terms, and thus (2.5) is
bounded by ¢(r(1 + 8))~1/2(r — s)=¢-1.
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The estimation of (2.6) proceeds in a manner analogous to that of (2.5) and
in fact the necessary modifications are obvious, due to the symmetry in (2.5) and
(2.6). We have thus completely proved Lemma (2.2). Q.E.D.

LEMMA (2.12). Foré>—-1andn€eN, n>2, let

1
ks(s,7) =/0 (1 = u®)Pud(n—2)/2(ur)J(n—2)/2(us) du.

Then, for |s—r| > 2,
|ks(s,)| < elr —s| 0T (1 +7)(1+ ) V2

PROOF. With no loss of generality assume r > s. This is because ks(r,s) =
ks(s,r). Moreover because |r — s| > 2, it follows that r > 3. Thus (1+7) ~r. We
split the range of integration to get

1-1/(r—s)
ki(s,r) = /0 (1= w?)Punoz) 2 (ur) Ty 2 (us) du

1
+ / (1- uz)5uJ(n_2)/2(ur)J(n_2)/2(us) du.
1-1/(r—s)

Thus,

1
(2.13) |ks(s,7)| < |K(s,7)| + /1 (1- u2)5uJ(n_2)/2(ur)J(n_z)/g(us)du .

—-1/(r—s)

Since (r — s) > 2, we may apply Lemma (2.2) to the first term on the right above
to get

|K(s,7)] <clr—s| 751 r(1+3) V2 < efr —s| N1 +7)(1 +5)) " V2
Moreover for 0 < u < 1,
(L+ur) Y2 (1 +us) V2 <u (147 V2(1+5)7 V2
Thus by Lemma (2.1)(c),

IJ(n_g)/g(ur)J(n_2)/2(US)| <c(1+4 ur)‘l/z(l + us)~1/2
<cu l(147)"V2(145)" V2

Substituting this inequality in the second integrand on the right in (2.13), we get

1
/ (1= u?)°ud(n-2)/2 (ur)J(n-2)/2 (us) du
1-1/(r—s)
1
sc(1+r)—1/2(1+s)-1/2/ (1-u2)du
1-1/(r—3s)

<c(l+7)" V21 +8)" 1 2r — g0 1.

Thus ¢((1 + r)(1 + 5))~*/2|r — 5|~%~! bounds both terms on the right in (2.13).
This proves the lemma. Q.E.D.
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LEMMA (2.14). Let ks(s,r) be defined as in Lemma (2.12). Then for § > —1,
[ks(s,7)] < e((L+7)(1+35)) V2
PROOF. Using (2.1)(c) in the integral for ks(s,r) we see that

1
|ks(s,r)| < c/ u(l - u?)8(1 +us) V(1 + ur) V2 du.
0
Now for 0 <u <1, (1+4us)""2(1+ur)™"/2 <u™'((147)(1+s))~"/2. Thus,

1
lks(s,7)| <c((1+7r)(1+ s))‘l/z/ (1—u?)du
0
<e(Q+7r)(1+s)"Y2.  QED.

To prove the next lemma, we need to recall that for the Bessel function of order
a >0, |Ju(z)] < cz® for £ > 0. This may be found in [11].

LEMMA (2.15). Let ks(s,r) be defined as in Lemma (2.12). Then for § > —1,
ks (s,7)| < c(sr)n=2/2,
PROOF. Using the fact that |J.(z)| < cz?, it follows that

1
lks(s,7)] < c(rs)(”_Q)/Z/ (1 —u?)%u" tdu < ¢(rs) (=272, Q.E.D.
0

LEMMA (2.16). Let f be supported in |z| < 2. Then for |z| > 4,
| Tsf(2)] < cla| =22 £, po=2n/(n+1+26).
PROOF. From [9, p. 171]3, it follows that

n/2+5 (Jz —yl)
T5f = cn/ f yln/2+5 dy
Thus, from Lemma (2.1)(c),

Tef@l e [ 1flle—al 2y

lyl<
If |z| > 4, then |z — y| ~ |z|. Thus,

IT5f(z)] < cla|~+1+20)/2 / fldy < cla| "2 7L QED.

lyl<2

3. We now proceed with the proof of Theorem 1.
PROOF OF THEOREM 1. We let s = |z|, r = |y| and t = |£|. By Bochner’s
formula [9, p. 155],

19 = 7 = et [ 7100 a2
0
Moreover,
1
Tgf(s) = cns_(’n—z)/Z/ (1 _ t2)5J(n—2)/2(t8)f(t)tn/2 dt.
0

3Note the statement of the Theorem (4.15) has a misprint.



700 SAGUN CHANILLO AND BENJAMIN MUCKENHOUPT

Substituting the expression for f(t) into that for Tsf(s), we see that

(9] 1
Tsf(s) = cZs™(n~ 2)/2/ f(T)T"/2/ t(1 = t3) 2 J(n_2)2(t8) J(n—2)/2(tr) dt dr
0
=c2s(n— 2)/2/ F(r)r™ ks (s,r) dr

We first consider the case pg > 1, that is 6 < (n — 1)/2.
We now consider the situation when s < 4. We have

ITsf(s)] < es= (=212 ( /0 £ 2 ks(s, ) dr + /8 S ks(s, ) dr)
=cs~("2/2(A 4+ B).

By Lemma (2.15) when s < 4 and r < 8, |ks(s,7)| < c(rs)(®=2)/2. Thus,

8
o n2/24 < C/O ()l dr < e £l -
Since s < 4, we have

s—(n=2)/24 < cs_(n+1+26)/2“f”m

Now consider s~(®~2/2B. Since s < 4 and r > 8, r > 2s, and thus by Lemma
(2.12), with 1/py + 1/go = 1, we have

s-(n=2)/2g ¢ Cs—(n—Z)/2/°° |f ()| (= 1)/2=8-1 gy
8

0o 1/po
<es™ (=22 (/ |f(r)Pormt dr>
0
oo 1/
. (/ T-—(1+6+(n—1)/2)qo+n—l dT) o
1

< csT 2 g,
Thus for s < 4,
(3.1) | Tsf(s)| < cs~ (14202 £,

We now pass to the case s > 4. We make a preliminary reduction. Let f(r) =
f1(r) + f2(r), where f1(r) = f(r)x(r <2). Then, by Lemma (2.16),

(3:2) ITs f1(s)] < es™HH202) fi]]p, < cs™(MTIE2O2 g,

We now estimate Tsf2(s). We then have

1T fa(5)] < es~ (™~ 2)/2(/ / / ()2 s s, r)ldr>

=cs~ " D/XD+ E+F).
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By Lemma (2.12) if r < 5/2, |ks(s,7)| < s~9=3/2p=1/2, Thus, with 1/po+1/q0 = 1,
we have,

s/2

/
s~ (n=2)/2p < CS——(n+1+26)/2/ £ n=D/2 g
2

(3.3) —(n+1+26)/2 - (n—1)/24n—1 /a0
<cs 1 llpo ro® dr
2

< CS_(n+1+26)/2 “pro.

For the integral F, since r > 2s, |ks(s,7)| < cr=4~1(rs)~'/2. Thus with 1/pg +
g =1,

S—(n—Z)/ZF < cs—-(n—-l)/2/oo If(r)|rn/2~6~3/2 dr
2s

1/q
(3.4) < cs’("'l)/2||f|lpo </°O p—(n+1+28)g0 /24n—1 dr) °
2s

< s~ (HIF2O)/2) ) since s > 1.

We now consider s~("~2)/2E. We first break up the range of integration for E as
follows:

s—(n=2)/2F < s—(n—l’)/?/ |f(r)|r™ ks (s, )| dr

{s/2<r<2s}n{|r—s|>2}
) I 2lks(s, )] dr.
{s/2<r<2s}In{|r—s|<2}
By Lemma (2.14)

s~ (=22 / £ P2 ks (s, 7) | dr
{s/2<r<2s}n{|r—s|<2}

< c/|r_s)<2 )f(r)|x(% <r< 25) dr

<c(fxn,)"(s),
where Hy = {r: s/2 < r < 2s}. Moreover, by Lemma (2.12)

sz | SO 2 kst )] dr
H,n{|r—s|>2}
< cs_("_l)ﬂ/ [f(r)] |r = s[“é"lr("’l)/2 dr
HyN{|r—s|>2}

— | dr
<[ VO

= —ké —k T r)ar
=2 (2 [ )ixH,ud)

k>0
<e(fxn.) (s)
Thus,
(3.5) sT(ARE < e(fxm,)"(9),
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Collecting the estimates (3.1)—(3.5), it follows that

|Ts f(s)| < cs™ 1202 £y + o(fXxm,)*(5).
Thus, letting I = {s: 2k~ < s < 2%} and Hy = {r: 2¥~2 <r < 2k*1}, we have,

/ s"lds < / s"lds
{s: Tsf(s)|>A} {s: 8= (n+1+20)/2|| f|| >N /2¢}

+/ s"lds
{s: (fxH,)*(8)>N/2c}

oo

< AP f]Fe + Z / s"lds

k= —oo Y {3€Ik,(fxH,)*(s)>A/2c}
oo
<A m|fm 4 S 2kn-1) / ds.
Pe k;«, {(s€ Lk, (fxay)* () >A/2c}

By the weak (pp,pp) estimate for the Hardy-Littlewood maximal function (note
po = 1 is possible) we can majorize the expression above by

[e o]
o (g + 35 200 [ ).
k

k=—o00

Thus by bounded overlaps.

AP <ufu:;g+ > e

|
k=-o00 Hie

f(r)fPe dr) < eATPIflRe-

We are now left to consider the case py = 1 or § = (n—1)/2. The only expressions
we treat differently for this case are the integrals B, D and F. The other parts are
the same as for the case pg > 1. Thus if § = (n — 1)/2,

oo
s~(n=2/2g < cs_("_2)/2/ |f(r)|r—tdr
8

o0
< Cs—n/ |f(r)lr™~tdr < es™||f]l1-
8
Likewise,

s/2
s—(n=2)/2p < cs—n/ |f(r)lr(n—l)/2 dr
1

< Csnn/ |f(r)lr™~tdr < es™™| flh
1
Now,

oo
3—(n—2)/2F < cs——(n—l)/2/ {f(,r)l,’.——l dr
2s

<o w02 ([T pepnrar) o
23

Recalling that s > 4, it follows that
s~ D2F < o571

We may now proceed as in the case pg > 1. This completes the proof of the
theorem. Q.E.D.
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