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GLOBAL BOUNDEDNESS FOR A DELAY
DIFFERENTIAL EQUATION!

BY
STEPHAN LUCKHAUS

ABSTRACT. The inequality (d¢tu — Au)(t,z) < u(t,z)(1 — u(t — 7,z)) is

investigated. It is shown that nonnegative solutions of the Dirichlet problem
in a bounded interval remain bounded as time goes to infinity, whereas in a
more dimensional domain, in general, this holds only if the delay is not too
large.

0. Introduction. The subject of this article is the population dynamics gov-
erned by Hutchinson’s equation, i.e. the net reproduction rate is modelled by
flu(t),u(t — 7)) = u(t)(l — u(t — 7)). Here all constants except the delay are
normalized to one. For a detailed description see [2]. The question is, does such
a law by itself limit the total size of a population if that population is allowed to
diffuse.

Suppose that we ask the question a little bit differently, demanding that the pop-
ulation u reproduce not with the exact rate f but rather with a rate not exceeding
f, unspecified death terms possibly also existing. Then there is the complete answer
(for slightly more general f).

THEOREM. Suppose u fulfills
(0) u>0,0u—Au< flu,u(-—7,")) mRTxQ,
u=uy n[-1,0]xQ,
where f is such that
fu,v) < u, /\lim lf()\u,)\v):—oo f.a. u,v €RT.

(a) If Q = [0,L] and on 3Q, u < const or dy,u < const, then there ezists
K(f, L, const) independent of ug with

m fu(t, )]l < K.
t—o0

(b) If n =dim(Q?) > 2 and u < g in 0, g € H} (), there ezists 7(n) such that
for 7 < 7(n) and E u? < oo there is again a constant K independent of ug
rJo ™o
such that
Iim [ »2(t,-) < K.

t—oo [
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768 STEPHAN LUCKHAUS

(b”) If in the above case Oyu < g holds in O) instead of u < const, if g € Lo(9N)
and ) 1s locally uniformly Lipschitz—i.e. there 1s o > 0 such that for z,y € IQ with
|z —y| < a, vy -vy > a—1 holds—then there exists T, n) such that for 7 < 7(a,n)
one again gets a constant K independent of ug such that

0
/ / ud < oo implies lim / u? < K.
—rJQ t—oo

(c) On the other hand, givenn > 2, v < 1, f(u,v) = u(l —v) there are 7,R >0
and solutions u of (0) with suppu € Bgr such that

lu(t, )l > €*. O

It should be emphasized that the counterexample (c) shows to what extent the
comparison principle fails, since for radially symmetric solutions of (0) in Bg the
one-dimensional result applies, as becomes clear from the proof. So all symmetric
solutions stay bounded; still there is also an unbounded solution insofar as the
situation differs completely from the otherwise similar equation in (3].

The same kind of theorem can be stated for distributed delays, as becomes clear
from the first step of the proof.

The proofs of parts (a) and (b) of the theorem are in two steps. First, in Lemma
1 boundedness for equation (0) is derived once one knows decay estimates for the
special equation (1) below, where the support is moving according to the law

u(t,z) - u(t — 7,z) = 0.

The appropriate decay estimates are then verified in Lemmas 2 and 3 respec-
tively. The counterexample is also constructed as a function with moving support
in Lemma 4.

ACKNOWLEDGEMENTS. I would like to thank R. Pego and B. Fiedler for helpful
discussions.

1. Reduction to a problem with undetermined free boundary. Here the
problem of getting bounds on solutions of (1) is reduced to getting decay estimates
for a simpler equation.

LEMMA 1. (a) Suppose Q) uniformly locally Lipschitz; i.e. there exists € > 0
such that for z,y € 0Q with |z — y| < €, vy, > € — 1 holds; let T € RT and suppose
that for any solution of

u—Au<u,0<u n(r,T)xQ,
(1) u(t,z)u(t —7,2) =0 n (0,T) x 0,
d,u <0 1n(0,T) x 61,

the inequality
a/ u?(0, ) dz > / u?(T, z) dx
Q 0
holds with some T > 7, a < 1. Then any solution of

Au—Au < f(u,u(-—1,), 0<u mRTxQ,

0
() du<g mRYTx00,
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with
/ u?(0,z) dz < oo, g € Ly(09),
Q

satisfies
lim [ w?(t,z)dz < K

t—oo 0

where K = K(f,¢,a,T, fan g?) does not depend on the initial values.
(b) If O, an arbitrary domain, and 7 € R* are such that only for solutions of
the Dirichlet problem
Ow—Au<u, u>0 1n(0,T) x 0,
(1) u(t,z) u(t—71,2) =0 m( T) x 1,
u=0 m(0,T) x 0Q,

a/ﬂu2(0,z)2/nu2(T,z)

holds with some T > 7, a > 1, then for any solution
O — Au < f(u,u(-—1,-)),0<u nRT xQ,
u<g mRT x0,

the decay estimate

(@)
with [, u?(0,z) < 0o, g € Hy(2) we have
im [ v?(t,z)dz <K
t—oo e

with K = K(f, o, T, ||gl1.2)-

PROOF OF (a). First of all we have for any solution u of (0

—Bt/u Jf-/IVu|2 /u +‘/ \/ u?
80 Ele)
/ u? < eq {/ |Vu]2+/|u|2]
a0 Q Q
so that
(3) at/u2§4/u2+m/ g%
Q 0 a0

Consequently if the theorem does not hold, there has to be a sequence u; of solutions
of (0) in (0,T) x (2 such that

/ u?(0,z)dz =: A\? 1 00
o)

and

and .
/ 22 de > 1202
Q
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Consider v; := u;/ ;. We have
(9{[)1‘ - A'l)i <y in (0, T) X Q,

Byv; < Ai in (0,T) x Q.

As a sequence of positive subsolutions of a parabolic equation, v; is compact in L?;
more precisely, we have v; = vo/\; + U; where
dwo — Avg=vg in (0,T) x (1,
vo(0,z) =0 in (, dvo=g¢g in (0,T) x 9N
and v fulfills
0i(t, z) < e’[E(s)0i(t —s,-)|(z) (VO<s<t)

where E is the evolution operator for the heat equation with Neumann boundary
values. So for 9; we have the inequality

T+t T+r 9 ¢
/@?ge‘s/ dt/ do(2 [ drEG) @t -s )2
T+6 JQ T+6 Q 6 5/2

T4+1-6
T Q

where a compact operator of ¥; appears in the middle. As a result v; is a compact
sequence in L?((8,T) x §1). Let v = lim; v; for a subsequence. By (3) we have

. 1+a .
> 2 < 2,
(4) 1> ltlgl o v(t)*, 5 S tT1¥I~&1—‘r 0 v(t)

Clearly also
Ov—Av<0,v>0 in (0,T) x (,

8,0 <0 in (0,T)x 80,
1 T
—/53(T)+/ /\W)ﬂ
2 Ja - Ja

T T T 1
<fwo+ [ [+ [ o= [ [aga-roanit-n)
Q + Ja r Jaq s Ja A
so that
T r1
‘/ / j\-—f()\,'f),'(t), )\,”f)i(t — T))'lN)i < const < o0
T QN
and by going to the limit a.e.
(t)o(t — 1) =0,

a contradiction to (4) in view of the assumption.
The proof of (b) is exactly the same, except that the test function to be used in
(1) is (u — g)+ instead of u.

2. Decay estimate in the interval. By the reduction effected in Lemma 1,
part (a) of the theorem is now a consequence of the following estimate.



GOBAL BOUNDEDNESS FOR A DELAY EQUATION 771

LEMMA 2. Let u be a solution of

Ou—Pu<uu>0 1n(-7,T)x(0,L),
(1) u(t,z) -u(t—7,z)=0 mn (0,T) x (0,L),
du<0 in(-7,T)x ({0} U{L}),

2 T)//OLu?(O) < exp<2T<l —%F%» .

PROOF. First in one space dimension we approximate u by a Lipschitz function
ue, satisfying the same inequalities as u, and such that d(supp(u.)) is a smooth
manifold. We continue u to (1 — ¢, L + ¢), by reflection and define

Ue,s = 6/dy/d8§< ) < 8y>u(svy)
efta) = [ ays (222 ) utt)

where ¢ € C°(R,R™), [¢ =1, supp(¢) C B1(0). For 4. we have

Ol (t, ) < 65—5/2\// ( )uz(t,y) dy

Ue (1, ) N e (t = 7,2) < —Hs‘lloomm [/B ( )U(t,y), » )U(t—T,y)} -

then

and

Also

Since u(t,-) - u(t —r,-) =0, for s equal to t or s equal to (¢t — 7), u(s,-) has a zero
in B.(z), so by Poincaré’s inequality

52
[ows<aS [ @),
Be(z) T JBe(z)

Consequently
Ue(t,z) At —7,2) < - '/?

and
fes(t, @) Nies(t — 1) < c- (/24 6e7%2).
Now choose § = ¢3, and also choose an £ between 2c,/z and 4c+/z which is a regular
value for @, .s. Then for
ue = max(0, Ue c3_¢z)
we have indeed that u. is Lipschitz, us(t — 7,-) - uc(¢,-) = 0, and J(supp(u.)) is a
smooth manifold.

It clearly suffices to show the estimate for u..

Take a connected component C of the interior of supp(u.) in (0,7T") x (0, L). We
have C N C — (1,0) = & by assumption, and since C is bounded and connected in
R? it follows that also CNC — n(r,0) = &

(The easiest way to see this is as follows: Without loss of generality assume
CNC —(r,0) = . Take (t;,z1) € C with z; = min{z, there is (¢t,z) € C} and
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(t2,22) € C with z, = max{z, there is (t,z) € C}. Define C = CU (1,21 —RM)U

(t2, 22 +RT). R2 x C has two unbounded components U*, U~ ,CNC—-(r,0)=0

s0C—(r,0)cU~,U"—(r,0)c U™, and C — (TO)CU ~(n—1)(TO)CU‘.)
Defining C; = {z (t,z) € C} we have CiNCi_pnr=Dforallne N or

/ G| <r-L ifr<T.
0

We use this inequality, only true in one space dimension, in the Sobolev estimate

) < m (L) o)
2 C: ~Je, ~ \Je, 4|Cy|2

So we have Jensen’s inequality

L @/ [ <ew (QT% (1 4|0|2>> S exp <2T<1‘ 4(457];02))
and finally 2 72
oo/ fo=enlers- 57)
ifr<T.

This proves the lemma.
3. Decay estimate for arbitrary space dimension.
LEMMA 3. (a) Suppose

Ou—Au<u,0<u n(0,T)x Q,
(1) u(t,z) - u(t—71,2)=0 n(r,T) X,
,u<0 wm(0,T)xQ.

Suppose I 1s locally uniformly Lipschitz, i.e. there exists o > 0 such that for

(z,y) € 0N with |z — y| < o we have vy - vy > a — 1. Then there exists a constant
7(n,a) > 0 such that for 7 < 7(n,a),

e"t/ u?(t) < const
Q

with v = ~(r,n,a) > 0.
(b) If 15 arbitrary but u = 0 in O, the conclusion holds with a constant 7(n)
depending on dimension only.

PROOF. We use the following Sobolev estimate in R™. If [{u = 0}NB,|-|B,| ! >
€ > 0, then

(5) /B u? < Cle, n)p? /B V|2

Consider first case (b); then for any ¢,z € (1 either
{u(t,") = 0} N By(2)| B[ > 3

or

{u(t —7,-) = 0} N By (2)] B, 7" > 3.
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On the other hand,

Joio O o= o) L, o2

/B"(I) e PQC( ) /zp(:)(lvul (t) + [Vul(t — 7))

G L)

So
(6)

Integrating over z gives

Bl [ ()
< 1Byl [0 (5. )/uwl 0 +174) (t~r>+( s [0,
[y Bty Ry RV oy e
<=2 f /n Y e (A T
Tresgo(La)er ['on [ o
er/(;/Q <2np20 <£—1n) |Vu?| + 2" (% +1> T@”T[uﬁ)} .

So if one can choose p such that
(v +2)2+1p?e7C(3,n)
1-2n7e7 (1/p2 + 1)

< 2,
one gets

/e”’ 2(t) < const.
0

It is easily seen that this is the case if 7 < 1/2"¢Y™ and

2
7 LI
807(2 +1) < <2"e’7f 7') .
In case (a) the proof changes only insofar as we have to use the Sobolev estimate

(5) in Q instead of R.
If p<a,

Hu=0}nB,NQ||B,NAI" >e>0;

/u2<C(e,a,n)p2/ Vul?,
B B,

P
and the volume fractions are estimated by

|Ba,(z) N Q| |B,(z) N Q™! < C(a,n) for p<

then

in inequality (6).
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4. The counterexample. As in the decay estimates, for the counterexample
we also work with the condition u(t — 7, z)u(t, ) = 0, using the obvious fact that
any solution of (1) is also a solution of (0) for f(u,v) =u(1 —v).

LEMMA 4. Lety < 1, u > 2. Then there exists a ball B C RN and a delay
7 € Rt such that a solution of

Ou—Au<u,0<u R xBg,
u(t —7,z)-u(t,z) =0 1n (r,00) X Bg
with supp(u) € Bg can be constructed which grows like [ B U > et

PROOF. The idea is to prescribe first supp(u), which will be a ball B, moving
spirally in Bg, and then to solve the Dirichlet problem for d;u — Au = v in that
moving domain. If r is large enough and the movement slow enough, the first
eigenvalue of that problem will be as close to 1 as we please. Starting then with
the first eigenfunction as initial value and extending u by zero to all of Bg, one
gets the desired counterexample.

So take a point z¢ in Br with coordinates (pcosp, psing,0,...,0) and move
it with constant angular velocity c. Solving ;u — Au = u in B,(z(t)) is then the
same as solving

O — cO1uzy + cOzuzr; — Au=u

in B,(zp). For cp small and r large the first eigenvalue of this operator is arbitrary
near 1. But that makes 7 large as the condition u(t, z) - u(t — 7, z) identically zero
is fulfilled for 1 — cos(c7) > 7/p.
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