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THE ASSOCIATIVE FORMS
OF THE GRADED CARTAN TYPE LIE ALGEBRAS

ROLF FARNSTEINER

ABSTRACT. This paper determines the Cartan type Lie algebras that possess a
nonsingular associative form.

0. Introduction. The structure of Cartan type Lie algebras has been extensively
studied for several years. Derivation algebras and isomorphism classes of Cartan
subalgebras are well known and it is the objective of the present paper to determine
those graded Cartan type Lie algebras which possess a nonsingular associative form.

In contrast with trace forms, general nonsingular associative forms do not play an
eminent role in the classification theory of simple Lie algebras of prime characteris-
tic. Their significance primarily rests on cohomology theory. Nonsingular associative
forms allow the study of central extensions of Lie algebras by means of derivations.
We will employ a slight generalization of this known interrelation in a forthcoming
paper.

The introductory remarks of the first section are followed by a brief investigation
of Cartan subalgebras of graded Lie algebras. Our results generalize those of M.
Frank (cf. [8]). §3 establishes general properties of associative forms of graded
simple Lie algebras and provides the basic tools for the study of the graded Cartan
type Lie algebras.

The author would like to express his gratitude to Professor Helmut Strade for
many helpful suggestions as well as to the referee for proposing Proposition 3.4 and
the resulting simplifications in §4.

1. Graded representations of graded Lie algebras. In the sequel, L = @ i’; L,
k = 1, denotes a graded Lie algebra over an arbitrary field F. A representation T
L — gl(V) is said to be graded if V= @/__ V; and T(x)(V}) C V,,; for every
x € L; and -s <j < /. Note that each of the V; is an Ly-module. We will always
assume that /, s> 1. We consider the subalgebras L*:= @* L, and
L := ei'_‘_,_ L,. Using the P-B-W Theorem it can be readily verified that we have
U(L) = U(L™)YU(Ly)U(L*) = U(L*)U(Ly)U(L") for the respective universal en-
veloping algebras.
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LEMMA 1.1. Let V = & ;,-ij be a graded L-module. Suppose that W C V; is a
subspace. Then
/ Jj-2
UL"YWCW+LW+ Y V, and UL YWCW+L W+ Y V.

i=j+2 ’ i=-s
PROOF. Put X:= W+ LW +Xl_ .,V It is clear that x - X C X for every
x € L™, This shows that X is U(L™)-invariant. Let 4 be the set of all x in U(L™")
such that x - W C X. By the above, A4 is a subalgebra of U(L™) containing L*.
Consequently, 4 = U(L*) and U(L*)W c X. The proof of the second assertion is
completely analogous.

PROPOSITION 1.2. Suppose that V = & j(=_s V. is an irreducible L-module. Then the
following statements hold:

(1) V_, and V, are irreducible L,-modules.

QV. =LV ,Vi_ =L,V

Q) LYV =V, LV, =V,

PROOF. Let W be a nonzero Lymodule of V_.. Consider the subspace
X=Xl LW.As LW =0 for j < 0 we see that U(L,)U(L)X C X. If X = 0 we
obtain L - W =0 and the irreducibility of V entails V= W = V__ which con-
tradicts our general assumption pertaining to /. By 1.1 we obtain

/
V=ULX=UL)X=LW+LW+ Y V.
i=-s+2

This proves V_ = LW C W as well as LW = V__,,. Hence properties (1)-(3)
follow and the assertions pertaining to V, are obtained analogously.

In the sequel we are going to apply the above results to the situation where V
equals L.

DEFINITION. Let L = @ _ L, be a graded Lie algebra. L is said to be admissi-
bly graded if L_, = C,(L_,), where C,(L_,) denotes the centralizer of L_, in L.

COROLLARY 1.3. Suppose that L is simple and such that [L_,,L])=L,_, for
i < 1. Then L is admissibly graded.

PrOOF. Consider the graded Lj-submodule V' = C,(L_;) of L. We propose to
verify that V;:= V' N L, is U(L")-invariant. By definition, we have L_,V,=0.
Suppose that for some j < -1 the equation L;¥; = 0 holds for —r < i < k. Then

L, WV,=[L, L] -VicL,-(L¥)+L,-(LV,)=0.

This proves by induction that LV, =0 for j < -1 and —r <i < k. Hence ¥, is
U(L™)-invariant and in the case of ¥V, being nonzero we obtain L = U(L)V, =
UL*W,c V,+ X5 L.Hencei=-randV=V =1L_,.

g

REMARK. It is noteworthy that the condition [L_,, L,]= L, ,, i < -1, is auto-
matically fulfilled in the case r < 2. If r equals 2, we can, by virtue of 1.2 only have
[L,L,]=L_, or[L_,L_;]=0. The latter alternative implies L = U(L)L_, =
U(LYYL , c Zj;_l L o @ contradiction. As a result, every simple, graded Lie algebra
L= @k L, withr<2isadmissibly graded.
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2. Cartan subalgebras of graded Lie algebras. In this section we will generalize a
result attributable to M. Frank that deals with Cartan subalgebras of graded Lie
algebras. Our Theorem 2.2 will be useful in the study of certain Cartan subalgebras
of the Lie algebras of Cartan type.

THEOREM 2.1. Let L = eai’;_, L, be a graded Lie algebra of finite dimension. Then
the following statements hold:
(1) If H is a Cartan subalgebra of L, then

Q = {x € L; foreveryh € H there isn(h) € N: ad}"(x) = 0}

is a graded Cartan subalgebra of L.
(2) If L is restricted and centerless, then L is a p-subalgebra of L and every
maximal torus T of L is a maximal torus of L.

PrROOF. (1) Note that @ is the Fitting O-component of L relative to H. We now
apply Theorem 1, p. 135 of [14] in order to see that Q is a Cartan subalgebra of L. It
iseasytoseethat @ = @X QN L,

(2) As L is centerless, we have L!?!c L, for every integer j. We consider
Q:= C.(T). Note that Q is graded. Let x be an element of Q. Then there exists a
positive integer m such that x{?1” is semisimple. Consequently, x!?)" is contained in
T and ad?"(2) = 0. This shows that €, acts nilpotently on £. We now apply the
Lemma on p. 134 of [14] in order to see that £ is nilpotent.

Note that & is a p-subalgebra with Slj[."] C Q,,. The center C(Q) is also graded.
Let x be a semisimple element of . As € is nilpotent, x is central in € and we
write x = X% _ x, where the elements x, are contained in C(2) N, Hence
xtPI" =3k xIP" for every natural number n. Consequently, there is m such that
xtP)" = x[P)". As x is semisimple, we obtain x € Q,. The maximality of T now
implies that x is contained in T.

Let T, be a maximal torus of L containing 7. Then 7, € @ and our above
considerations show that T, C T. This concludes the proof of our theorem.

Let V' be a finite dimensional vector space over F. We call an endomorphism f:
V — V semisimple if it becomes diagonable after some base field extension.

The following result is a generalization of [8, Theorem 1.4].

THEOREM 2.2. Supose that L = @* L, r, k > 1, is a finite dimensional admissi-
bly graded Lie algebra such that [L_,L]]= L, , for i <-1. Let HC L, be a
Cartan subalgebra such that ad,: L_, — L_, is semisimple for every h € H. Then the
following statements hold.:

(1) H is abelian.

(2) ad, is semisimple for every h in H.

(3) The centralizer C,(H) is a Cartan subalgebra of L.

PROOF. (1) Consider the representation I': L, — gl(L_,) which is induced by the
adjoint representation. Then I'(H) is an ad-semisimple Lie algebra in the sense of
[6]. Hence I'(H) is abelian. Since L is admissibly graded, T is faithful. Conse-
quently, H is abelian.
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(2) Suppose first that F is algebraically closed. Then I'(H) is simultaneously
diagonable. Consider the root space decomposition L = & __ . L of L relative to
H. We obtain L, = @__,L'"NL, and L'"N L, = H. According to 2.1, @ =
@* LN L,is a Cartan subalgebra of L. Our assumption implies

L9NL,={x€L_;[h,x]=a(h)xforeveryh € H}.
We are going to show inductively that
(%) L9NL={xe€L;[hx]=a(h)xforeveryh € H}

for every i. Suppose that () holds for some i > -1. Let x be an element of
L™ N L_, for some a € RU {0}. Suppose that y is an element of LA N L, .
Then [x, y] € L***A N L, and we obtain for h € H

[X, [h’ y] - B(h)y] = [X, [h» y]] _B(h)[x» y]
[[x. 21 y] + [k, [x, p1] = B(R)x, y]

—a(h)[x, y] +(a + B)(h)[x, y] - (B)(n)[x, y] = 0.
Since L is admissibly graded the above yields [4, y] = B(h)y. This proves () for
-1<i<k
Suppose that (*) is valid for some i€ {-r +1,...,-1}. Then the equation
L,_,=1[L_,, L] entails
L9nL_ = Y [L®nL,LYNL]

B+y=a

which shows that (x) is valid for ; — 1. We have therefore proved (2). In the general
case, let F be an algebraic closure of F and consider L:= L ® . F as well as
H:= H ®F. It is easily seen that the pair (L, H) fulfills the conditions of the
theorem and we obtain (2).

Assertion (3) is an immediate consequence of (2) and 2.1.

3. Associative forms on simple graded Lie algebras. Let L be a Lie algebra over F
and let ¥ C L be an F-subspace. A symmetric bilinear form f: L X L — F is called
V-associative if f([x,v], y) = f(x,[v, y]) Vx, y € L Vv € V. An L-associative form
is referred to as associative.

We recall some basic facts concerning associative forms. The subspace
rad(f):= {x € L; f(x,y)=0Vy € L} is an ideal of L, called the radical of f. If
L is simple, then either f = 0 or f is nonsingular, i.e. rad(f) = 0. Suppose that L is
finite dimensional and that L = @ __.L, is a root space decomposition of L
relative to a nilpotent subalgebra H. Then f(L,,Lg)=0 for a, B € R and
a + B # 0. If f is nonsingular, so is its restriction to L, X L_, Va € R. The latter
fact is frequently referred to by saying that L, and L_, are dually paired.

We finally note that given a symmetric bilinear form f the set H:= {z € L:
f(x.,z]), ) = f(x,[z, y]) Vx, y € L} is a subalgebra of L.

Throughout this section L= &% L, k, r>1, is assumed to be a finite

i=-r

dimensional simple graded Lie algebra over F.

PROPOSITION 3.1. Suppose that \: L X L — F is an associative form. Then we have
AL,L)=0fori+j#k—r.
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PROOF. As rad(A) is an ideal of L, we either have A = 0 or rad(A) = 0. In the
latter case A induces an isomorphism ¢: L — L* of L-modules. As L* is graded by
(L*);:== {fe L* f(L;)=0 for j# -i}, Hom (L, L*) is graded and we write
¢ =Xy, deg(y,) = i. Let j be an index such that y; # 0. Then kery, is properly
contained in L and the simplicity of L enforces ¢, to be injective. Hence ¢/,(L,) # 0
for I =-r, k. As L* = &®]__,(L*), this implies -k <j —r, j+ k < r. Conse-
quently, j=r—kand ¢ =¢,_,.

Let x, y be elements of L;, L, respectively. Since ¢ is defined by A, we obtain
A(x, y) = ¢(x)(p) with $(x) € (L*),,,_- This shows that A(x, y) =0 if j+ —i
+ k—r.

COROLLARY 3.2. Suppose that H C L, is a nilpotent subalgebra of L with root space
decomposition L = &, g L, and assume that \: L X L — F is a nonsingular associa-
tive form. Then the following statements hold:

(1) If H is a Cartan subalgebra of L, thenr = k.

(2) A is nonsingularon L, X L, fori + j =k — rand dimgL, = dimpL,_,_,.

(3) A is nonsingular on L, N L, X L, L_, fori+j=k—rand dimgL,N L,
=dim L,_,_,N L_, for every a € R.

PROOF. (1) As A is nonsingular and H is a Cartan subalgebra, we have A\(H, H)
# 0. Thus 0 = kK — r by 3.1

(2) This follows directly from 3.1.

(3) Since H is contained in L, we obtain a decomposition

k

L=@® @ LnL,

i=-r a€R
Our assertion now follows from (2) and our introductory remarks.

COROLLARY 3.3. Suppose that H C L is a Cartan subalgebra of L. If L possesses
a nonsingular trace form, then H is a Cartan subalgebra of L and k = r.

PROOF. By virtue of Theorem 2.1 there is a graded Cartan subalgebra £ contain-
ing H. Since L has a nonsingular trace form, Q operates on L by semisimple
endomorphisms (cf. [2]). Consequently, @, = 0 for i # 0, thus & = H. We now apply
the preceding result in order to see that k = r.

Let S: U(L) — U(L) denote the antipode map on U(L), i.e. the antihomomor-
phism on U( L) satisfying S(1) = 1 and S(x) = -x Vx € L.

PROPOSITION 3.4. Suppose that there is a nondegenerate L -associative bilinear form
fonL_,XL,. Extendftof;: LXL,— Fbyfi(L,L,)=0, i+ —r. Assume that
forany u € U(L™), v, w € L, we have

(%) Hw,w) = £,(S(u)w,v).

Then f, extends to a nondegenerate symmetric associative bilinear form A on L X L.

PROOF. Note that f, is Lj-associative and that
(1) f(S(u)v,w) = fy(v,uw) Vu e U(L,).
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We first show that if u, u" € U(L™+ L), v € L, and uv = 0, then

(2) fi(S(u)u'v,v) =
As U(L™+ Ly) = U(L")U(L,) and as (2) is linear in u’ it is sufficient to prove this
in case u =X, uul’, u' = u"_up, where u', '€ U(L") and uf’, uj € U(L,).
Then

fi(S(u)u'v,v) = Efl(S (u)S(u)u’ ugp, v)

= X A(S(u®)uluip, uf’v)  (by (1))
= L A(S(u)uuffv, uip) - (by (x))

= (S )w, uip) = 0
Fix a nonzero element v € L,. The results of §1 entail L = U(L™+ L;) - v and we
put
Auwv,uw) = f1(S(u)u'v,v), u,u' € U(L+ L,).

Note that (2) ensures that A is well defined. We see from (*) and (1) that A is a
symmetric bilinear form which extends f,. It is clear that A is (L™+ L,)-associative.
We claim that A is L;-associative. To see this let x € L,, y € L, and z € L,,
where —r < j, b < k. We must show A([x, z], y) = A(x,[z, y]). Note that the result
is trivially true unless j + b = —r. Then since j, b > —r we may assume j, b < 0.
As A is symmetric and (L™ + L)-associative we have

A[x, 2], ) = Az [x, »]) = -MIx, y]. 2) = AM(x, [z, y]),

as required. Thus A is L,-associative and hence L-associative.
As L is simple and f is nondegenerate the nondegeneracy of A follows.

4. The associative forms of the graded Cartan type Lie algebras. Let n be a positive
integer and let M = (m,,...,m,) be an n-tuple. We consider the subalgebra
A(M, n) of the algebra of divided powers in n variables which is generated as a
vector space by the monomials x(*, where x(®:= x{®) ... x{®) and 0 < a, < p™i.
For every n-tuple a we define |a|:= £7_, ;. In addition we order n-tuples by a < 8
iff a; < B; Vi. The letter 7 will represent the n-tuple (p™ — 1,..., p™ — 1).

We will follow Kostrikin and Safarevi& [11] as regards notation. In this section we
are going to determine those algebras among W(M, n), S(M,n), H(M,n) and
K(M,n) that admit a nonsingular associative form. These simple, graded Lie
algebras are known to be “transitively” graded, i.e. [L_;,L,]=L,_;,-r<i<k.In
the following F is assumed to be a field of positive characteristic p.

The following lemma shows in combination with Theorem 4.2 that simple Lie
algebras which do not possess nondegenerate associative forms may very well admit
L~-associative forms.

LEMMA 4.1. Let a,: A(M,n)— F be the linear map which is given by
o, (Xo < <. B;x) = B,. Then the bilinear form X which is given by the equation
}\(x“)Bi,x")aj) = a, (x®x®)
is a W(M, n)_,-associative form such that \(W(M,n);, W(M,n);) =0 fori+j+ k
- 1.
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PROOF. The bilinear form A is obviously symmetric. Since
)\([x“)a,.,a,], x(’)aj) = —)\(x“_")a,-,x("aj) = —(-1)F " %a (xCatD)
= (1), (x07*0) = A(x;, [3, x3)])

the assertion concerning the associativity follows. The particular property of A is a
direct consequence of the definition.

THEOREM 4.2. The generalized Jacobson-Witt algebra W(M, n) admits a nonsingu-
lar associative form if and only if n = 1 andp = 3 0orn =2 andp = 2.

ProoF. We put k:=X7_;(p™ — 1) — 1 and note that according to [11, p. 250]
W(M,n) = 9/;-1 W(M, n), is a simple, transitively graded Lie algebra. The alge-
bra H:= ({x;0; 1 <j < n}) is a Cartan subalgebra of W(M, n), = gl(n, F). For
0 < s <7 we define linear forms s: H — F by means of s(x;d,)=s,. Since
x99, € W(M,n),_,,where e, = (5,)), ¢, <, We Obtain

WM =Y ¥ W(Mn). ..

i=1 0<s<rT

Suppose that W(M, n) admits a nonsingular associative form A. By virtue of
statement (3) of 3.2 we see that W(M,n), N W(M,n), +0. As W(M,n), C
& W(M,n),_,, weobtain & = 7 — ¢, for some i. This entails n =1 and p =3
orn=2and p = 2.

Now assume that n = 1 and p = 3. Consider the bilinear form A of 4.1. We have

A(x D9, x9) = (<1)'8(i + j, p™ — 1).

By virtue of our introductory remarks it will be sufficient to prove that A is
(W(M,1)_, ® W(M,1),)-associative. The W( M, 1)_;-associativity follows from 4.1.
Since A is symmetric and A(W(M,1);, W(M,1);) =0 for i +j + k — 1, it will
suffice to verify the equation

A([xa, x7"-3],3) = A(xa, [x7"=1a,3]).

The left-hand side is equal to —2, while the right-hand side gives 1. As p = 3, we are
done.

Finally, we assume n = 2 and p = 2. Consider the bilinear form f: W(M,2)_, X
W(M,2), — F which is given by f(9,, x'™9,) = i + j, i, j < 2. Then f is nondegen-
erate and an elementary computation reveals that f is W(M, 2)-associative. Noting
that condition (*) of 3.4 is linear in u, we see that we may assume that u =
a,;’"l—lag'"z“l‘ Since S(u)=u and ux"d; =9, (+) follows. We now apply 3.4 in
order to conclude the proof of our theorem.

REMARK. The following result is a generalization of a theorem due to R. Block
who proved the assertion in the restricted case (cf. [1]).

s—g;°

THEOREM 4.3. Suppose that n > 3. Then the special algebra S(M, n) possesses a
nonsingular associative form if and only if n = 3.

PROOF. According to Proposition 1 on p. 254 of [11] S(M,n) is a simple,
transitively graded Lie algebra. We write S(M,n) = @f  S(M, n), with
k:=Y' (p™ —1)—2. Note that S(M,n)_;, = W(M,n)_, = {{9,,...,0,}).
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Hence dim S(M, n)_, = n. It can be readily verified that
{Dij(x(”); 1<i<j<g n}, D, (x¥) =23,(x*)d, - 9;(x)9,,
is a basis of S(M, n),. Consequently, dim S(M, n), = n(n — 1)/2. Suppose that
S(M, n) possesses a nonsingular associative form. By virtue of 3.2 we obtain
n=dim;S(M,n)_,=dim.S(M,n), =n(n-1)/2.
Hence n = 3.

In order to prove the existence of an associative form in case of n = 3, we first
recall the following formulas:

(1) [ak’ Dij(f)] = Dij(ak(f)) vfe A(M,n),
2
+b—¢€ —¢

[Dij(‘x(a))’ Dik(‘x(h))] _ (a " Z; e_/)Dik(x(a+b—e,—e,-))

J

a+b—2g a+b—¢—c¢
(a+b-2¢) i k (a+b—¢;—¢)
A Y e A L
For any mapping o: {1,...,n} = {1,..., n} we define the signature
sn(o):= ] 2 =00)
i<j i -..1

Note that sgn(o) = 0 if o is not a permutation. We define a bilinear mapping f:
S(M,3)_, X S(M,3), — F by means of

f(a/’ Dij(‘x(f))) = sgn(l, i, j).
In order to show that f is S(M, 3)-associative we will have to verify the equation
(3) £([8g2 Du(x)]. D,y (x)) = £(8,, [Du(x®), D, (x)]) for|b] =
We may assume that /# k and i # j. Hence we have (i, j} N {lLk} # &. As

Dy (x®) = =D (x?) and D;;(x") = — D, (x”) we may assume without loss of
generality that / = i. Using (1) we see that (3) is equivalent to
(4) ‘f(x(h_e'_e")ak’ Dij(x(f))) =f(aq’ [D'_k(x(b))’ Dij(x(f))])'

Formula (2) now shows that both sides of (4) vanish unless b, > 1. Hence we may
assume that b = ¢, + ¢,.
In that case (2) implies

[Dik(x(h))» Dij(x(”)] = sktDji(x(f)) + 8i1ij(x(T)) + Serik(x(T))-
Consequently, we obtain
£(8: [Pa(x®), D(x7)]) = 8,,58n(g, Ju i) + 8,580, k. j) + 8, sen(q. i, k).

If k = j, then both sides of (4) are readily seen to vanish. Otherwise |{i, j, k}| =3
and the right-hand side of (4) equals

8,8, sgn(k, j,i)+8,8,sgn(i,k,j)+8,8, sgn(j,i,k)
= —sgn(k,i, j)8, (8, + 8, +8,)=-sen(k,i, j)8,.

The last expression, however, coincides with the left-hand side of (4).
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Since f is clearly nondegenerate, we may conclude the proof by verifying
condition (*) of 3.4. For s = (s,, 5,, 53) we put d°:= 97195203*. The P-B-W Theorem
then implies that it suffices to check (*) for u,:= 377%.

Using (1) we obtain u,D,;(x(™) = D, (x*) = §,9, — 9,8, while S(u;,) = —u,
Condition (*) now follows from the succeeding identities:

F(u D (x), Dyp(x™)) = —8,sgn(j, i, k)

= 8ysen(k, i, j) = f(S(u,) D, (x7), D,;(x™)).
Throughout the remainder of this paper we assume p > 2.
We proceed by recalling some basic facts pertaining to the hamiltonian algebra
H(M,2r).For j€{1,...,2r} we put

. it 1<j<r,
J = j—r, r+1<j<2r,
as well as
N L 1<j<r,
O(J)'_{—l, r+1<j<2r.
For f € A(M,2r) we define D, ( f) by means by
2r
Dy(f)= X o(j)aj(f)aj"
j=1

It is well known (cf. [11, 13]) that B:= {D,(x'"); 0 <s <)} is a basis of
H(M,2r) over F. We also recall the formula

(4.3.1) [Dn(f)’ DH(g)] = DH(DH(f)(g)) Vf, g€ A(M,2r).

The proof of the following result was communicated to the author by H. Strade. The
result was first proved by Block in a special case (cf. [1]).

THEOREM 4.4. The hamiltonian algebra H(M,2r) possesses a nonsingular associa-
tive form.

ProOOF. Consider the linear map a,: A(M,2r) — F which has been defined in the
course of the proof of 4.2. We define a bilinear form by means of

F(Dy(x9), Dyy(x))i= @, (xOx®).
The form f is obviously symmetric and nontrivial. By virtue of (4.3.1) we have

(432) Dy(Du(xO) (D)) = [Dy(x), Dy(x™)] € Dy @ Fx®).

s<T

Note that
Dy (x)(x0x") = Dy (x)(xD)x + xOD,, (x)(x").
Since ker Dy; = F (4.3.2) yields

(% ")aDa(x)x+) = 0

and we therefore obtain
@, (Dp(x9)(x)x") = Dy (x)(x7)x ).
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This shows that
F([Du(x), Dy(x )], Dy(x)) = &, ( Dy (x)(x?)x ")

= —a,(Dp(x9)(x)x®) = a,(Dy(x")(x)x")

= -a,(Dy(x")(x)x) = -f([ Dy(x"), Dy(x")], Dy(x*))
F(Du(x), [Dy(x®), Dy(x)]).

Hence f is associative.
The contact algebra K(M,2r + 1) is defined by means of the mapping
A(M,2r +1) »> W(M,2r + 1),
D, := 2z
K f=Dy(f)+ X XDy (f) +2f85,41.

Jj=1

For f, g € A(M,2r + 1) we put
(f,8)=Dx(f)(8) — 283;,.1(f)-

It is well known that

DK(<f’ g)) = [DK(f)’ Dk(g)]'
We define
Y Fx®), n+3=0mod(p),

K(M,2r +1):= { s<7
A(M,2r + 1), otherwise.

We put ||s||:= |s| + 5,,,, — 2. Let K(M, n);:= {({x®; ||s|| = i}) wheren = 2r + 1.
Then K(M,n):= & i"_:_ ,K(M, n), is a simple, transitively and admissibly graded
Lie algebra with

n
Y (pm=1)+pm™—4, n+3=0mod(p),
ki={ "
Y (p™ —1)+p™ — 3, otherwise.
i=1
THEOREM 4.5. The contact algebra K(M, n) possesses a nonsingular associative
form if and only if n + 5 = 0 mod( p).

PrOOF. Noting that K(M, n), = ({x,x;; 1 <i,j<n} U {x,}) we see that
Hy:= Y Fx;x; + Fx,
j=1
is a Cartan subalgebra of K(M, n),which operates on
K(M,n)_yi={{xy,....,x,_1 })
by semisimple endomorphisms. The definition of the multiplication gives rise to
(4.4.1) (X, XD =2 |lx .

Consequently, Q:= Cyu . (H,) is contained in &, K(M,n),.

= O0mod(p)
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Suppose that K(M, n) has a nonsingular associative form. Then 3.2 ensures that
Q intersects K(M, n),_, and we obtain k — 2 = 0 mod( p). The condition stated in
the theorem is therefore necessary.

Now assume conversely that n + 5 = 0 mod(p). Then K(M,n)= & _, Fx(®,
We define a bilinear form f on K(M, n)_; X K(M, n), by means of f(1, x‘”) = 1.
The condition n + 5 = 0 mod( p) ensures that f({1,x,), x") = f(1,{x,, x7)).
The equation f({1, x;, x;), x”) = f(1,{x,x;, x(7}) follows from the identities

(4.4.2) (1, xy = 2x7e),

(4.4.3) (x;x;,x(My = 0.

In order to verify () of 3.4 we note that

(4.44) (x;,xy =0o(j)x"" ) +(1; + )xU"=*%),  1<j<n—1

Let y*:= xi' - -+ x;»-{1° in U(K(M, n)~). The P-B-W Theorem then shows that (*)
only needs to be verified for u:= y". Note that 17"~ 1x(" = x(*) with a, = 0. It is
then easy to see that ux(” = 1. Since S(u) = x?",""! -+ x™ 17"~ the same
reasoning proves that S(u)x‘™ = 1. This establishes (*).

REMARK. One can show that the uniquely determined associative form A extend-
ing f is given by A(x), x(?) = a (xFx V).
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