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EQUIVARIANT MINIMAL IMMERSIONS OF §? INTO S2™(1)
NORIO EJIRI

ABSTRACT. We classify the directrix curves associated with equivariant minimal
immersions of S? into $2”(1) and obtain some applications.

0. Introduction. Minimal immersions of the 2-sphere $? into the standard n-
dimensional unit sphere S”(1) in the euclidean space R"*' were studied by O
Boruvka [1], E. Calabi [6], S. S. Chern [7], J. L. M. Barbosa [2], and R. L. Bryant [5].
On the other hand, K. Uhlenbeck [16] handled equivariant harmonic maps of S2
into $"(1) as completely integrable systems.

In this paper, we study equivariant minimal immersions of S? into S”(1) of type
(mgy,...,m,,) (see §3) by using Chern and Barbosa’s method [7, 2]. That is, we
classify directrix curves associated with equivariant (generalized) minimal immer-
sions of S? into S2™(1) of type (m,, ..., M ,,). We see that the volume of the
generalized minimal immersions is equal to 47r(m(1) + -+ +m,,) and the regular-
ity of the generalized minimal immersions is equlvalent to mq, =1, which gives
another proof of [16]. In particular, examples constructed by Barbosa [2] are
equivariant minimal immersions of type (1,..., m — 1, k). Furthermore, in §4, we
investigate minimal immersions of the real projective 2-space P? into the standard
2m-dimensional real projective space P2™(1) and show that there is no full minimal
immersion of P? into $2@™~1(1). We classify equivariant minimal immersions of
P? into P*™(1) of type (mgy,...,m,,) and prove that an equivariant minimal
immersion of P? into P2"(1) of type (my,, ..., m,,) is unique. Hence we note that
a minimal immersion with volume m(m + 1)# is the standard minimal immersion
P%(2/m(m + 1)) - P2™(1). Using this fact, we obtain an application to P. Li and
S. T. Yau’s inequality [12]. In §5, we show that the minimal cone of a full minimal
immersion of S$? into §2™(1) is stable. The minimal cone of the holomorphic
immersion of S? into $%1) with almost complex structure defined by Cayley
numbers has the parallel calibration » [11] and hence is homologically volume
minimizing. Conversely we prove that the full minimal immersion of S? into $2™(1)
whose minimal cone has a parallel calibration is holomorphic in $¢(1). Using this
equivalence, we classify equivariant holomorphic immersion of S? into S6(1). On the
other hand, it is known that 3-dimensional totally real submanifolds in Sé(1) are
minimal [8] and their minimal cones have the parallel calibration *» and hence are
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106 NORIO EJIRI

homologically volume minimizing [13]. In §7, we prove that some tubes in the
direction of the first and second normal bundle of holomorphic curves give 3-dimen-
sional totally real submanifolds in S6(1). Using this fact, we see that circle bundles of
S? of positive even Chern number (> 4) are minimally immersed in S°(1). In
particular, the minimal immersion of S3(i) into S8(1) is constructed by the above
method as well as the holomorphic immersion of S*(%) into S¢(1).

The author is grateful to Professor K. Ogiue for his useful criticism.

1. Higher fundamental forms. Let M"(c) be an n-dimensional Riemannian
manifold of constant curvature ¢. We denote by ( , ) and ¥ the metric and the
covariant differentiation of M"(c), respectively. Let M be an m-dimensional
manifold immersed in M"(c), x the immersion and v the covariant differentiation
of M with respect to the induced metric. Then the second fundamental form o, of M
is given by

0 (X,Y) = VyY = vyY
and satisfies
6,(X,Y)=0,(7, X).
Let N (M) be the normal space at x. We call the subspace N;(x) of N.(M)

spanned by o0,(X,Y) for all X,Y € T.(M) the first normal space at x and we
denote U, . ,, N;(x) by N;(M). Let M, be the subset of M defined by

{x € M: dim N,(x) = Max dim Nl(x)}.
xeM

Then, by the definition of M;, M, is open in M. Since the restriction N,(M,) of
N, (M) to M, is a subbundle of N(M,), we can define the third fundamental form o,
by
05( X,, X,, X;) = the component of ¥ Jo,(X,, X;)
which is orthogonal to N, (M, ),

where vV is the normal connection of N(M).

It is easy to see that o, is a 3-symmetric tensor. Continuing this process, we can
define the (s + 1)st fundamental form o,, ;, the sth normal bundle N (M,) (M, =
M) and the open set M, for s > 1. Furthermore we have the fact that o,,, is an
(s + 1)-symmetric tensor. We set r, = rank N,(M,). If there is an s, such that
r,, = 0, then by [10], N(M, ) has the Whitney sum decomposition:

Nl(Mso) + +Ns0—1(Ms0) + P,
where N,(M; ) is the restriction of N,(M;) to M, and P is the bundle which is
parallel with respect to v ~. By J. Erbacher [10], we obtain

x( MSO) C a totally geodesic submanifold of codimension dim P.

2. Minimal immersions of S? into S”(1). In this section, we review necessary
results on minimal immersions of $? into $"(1) € R"*1.
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If $? is fully immersed in S”(1), then n is an even integer (= 2m). Moreover the
higher fundamental forms o, for s = 2,..., m satisfy
2

Z os(ei, ei, Xl’ Xz,..., Xs—2) = 0
i=1

o.(X,..., X,Y) is orthogonal to o,( X, ..., X),
lo(X,.... X) [ =llo,(X,...., X, Y) || =1y,

where {ey,e,) is an orthonormal basis and X, Y are orthonormal vectors of

T(S2_,). Since the immersion is full and analytic, we obtain /,,...,/,_; # 0 on any
open subset. For an orthonormal local cross section es, ..., e,,, of N(M,,_,) defined
by

1
€25-17 7 o er,....e1), ey = i o,(ey,...,e1,€3),
s—1 s—1

we set E, = e,,_, + ie,, for 2 < s < m. Then we have
(21) VEs = _Ks—1¢Es—1 - ins—l,2sEs + Ks¢Es+1’
w2s—-1.23 = sw1_2 + 0:—1’ os =d° IOg(Kl’ IR K_\.),

where k, =1/l (ly=1), ¢ =, + iw, such that w,, w, are the dual frames of
{e,e,), kg =0,d°=i(d — 9),and

w1 2(X) = (Ve er), wys-1,25(X) = <€Xe2s—1?82s>'
We have the following relations among k, ..., k,,:

k2=11-K), «,=0,

m

2.2
(22) 1Alog(ky,..., k) + k2 — k2, - s+ 1)K=0,

where K is the Gauss curvature of M. These results are given in [7]. Moreover we
note the following [3, 7]:

M — M,,_, consists of isolated points and the sth normal bundle is defined over
isolated points.

Next we review Barbosa’s result [2].

Let z be an isothermal coordinate of S? and ( , ) the symmetrical product of
C?m+1 je. the complex linear extension of the euclidean product of R2”*!. Then

we construct vector valued functions G, G4, .. .,G,, as follows:
GO =X Gl = 57(,
(2.3) . = =
=3 - XY a{G,, G,=3"x— X alG,
j=1 Jj=1

where the af are chosen in such a way that (G, C_fj) = 0for j < k.
Barbosa obtains the following

LeMMa 2.1 (BARBOSA [2]). (1) 3G, = G, + (31og|G,|»)G,,

() 3G, = —|G\|*G_1/1G-1l* fork > 0,
(3) 9G,, = (310g|G,,|*)G,,.
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Note the fact that ¢ = G,,/|G,,|* is holomorphic and
(2.2) (£,¢6)= - =(¢"L¢m ) =0,

where £¥ = 9%¢. We call ¢ the associated holomorphic map of x. Furthermore

LEMMA 2.2 (BARBOSA [2]). £ has only isolated singularities with poles and ¢ gives a
holomorphic map = of S? into a 2m-dimensional complex projective space P, ,,.

We call the above holomorphic map = the directrix curve of the immersion x. We
define y by
Y=EAE A AETTIAEAE A AETT,

which is a map into A2"C2™*! and define § by

= [ if m is even,

v = { —iy if mis odd.
Regarding A2"C2™*! as C?™*! we note that v is parallel to x. Conversely let = be
a holomorphic curve of S? into P,,, which is not contained in any hyperplane of
P,,,. Using an isothermal coordinate z and the inhomogeneous coordinates of P,,,,
we have a local expression £(z) of Z(z) into C?™*!. Assume that ¢ satisfies (2.2).
Then we can construct ¥ as above and we have the following

PROPOSITION 2.1 (BARBOSA [2]). The function {/|{| is independent of the particular
local coordinates used, and so it defines a global map x from S? into S*"(1).
Furthermore, we have, relative to a local coordinate z, that (dx,dx) = 0, 85)( is
parallel to x and

(3%.3%) =61 A s | /160 [
where £, | =& ANE A - AEMTL

Proposition 2.1 implies that x is a generalized minimal immersion (see, for
example, [2]). Let = be a holomorphic map of S into P,,, which is not contained in
a hyperplane and whose local expression £ satisfies (2.2). Then we call = a totally
isotropic curve. Consequently we obtain

THEOREM 2.1 (BARBOSA [2]). There exists a canonical 1-1 correspondence between
the set of generalized minimal immersions x: S* — S2™(1) which are not contained in
any lower dimensional subspace of R*™*' and the set of totally isotropic holomorphic
curves Z: S* — P,, which are not contained in any complex hyperplane of P,,,. The
correspondence is the one that associates with minimal immersion x its directrix curve.

By the definition of G, and E;, we obtain
LEMMA 2.3. G; = M/2k, - -+ «;_,E;, where N dz dz is the metric tensor.

3. Equivariant minimal immersions of S2 into S>™(1). Let p and p be a circle
action of S? and a one-parameter subgroup of isometries of S$?™(1), respectively. Let
x be an equivariant minimal immersion of S into $2™(1) which is not contained in
any hyperplane of R?"*! and satisfies

(3.1) x(p(8)x) =p(8)x(x).
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Since p(#) is a circle action and gives a conformal transformation of S2(1), there
exists an isothermal coordinate z defined by the stereographic projection of S?(1)
onto R? such that

p(8): z > ez
Choosing orthogonal coordinates (x', y',..., x™, y™, u) of R>™*1, we have positive
integers 0 < m ) < my < -+ < m,, such that

p(8)(xt, ¥, ..., x™, y™, u)
= (, xkcosm ;0 — y*sinm 0, x*sinm ;0 +y"cosm(k)0,...,u).

The equivariant minimal immersion is said to be of type (m;y, ..., m,,)).
X gives the same vector valued functions G; as (2.1). Let D; and F; be the vector
valued functions defined by x - p, p - X, respectively. Then we have

LemMMA 3.1. D;= e'U9G,- p and F,= j - G,.
PROOF. From the definition of D;, we have
D, =3(x-p)=e"G,p(2).
Assume D, = ‘UG, - p for j < k. Then

k+1 zk: 9k+1 _ D,
D = — . _ —_— . s D
k+1 82k+1(x p) 1-1(32k+1(x p) 1)||D1"2
= —(xop) = X | e 4 =7 |(e2), 670G, - p | ————=
9zk*1 1=1 ozk+! IG, - pll?

=e **DG .. -p(z). QE.D.
Since p - x = x * p, we obtain

Dm _ Fm
D12 I E?

which implies
(32) e"™%(p(2)) = p(8)£(2).
Conversely, we have the following

LEMMA 3.2. Let x be a full minimal immersion of S* into S*™(1) and = the
directrix curve. Let z be an isothermal coordinate of S* defined by the stereographic
projection of S*(1) onto R? and £(z) the expression of . If £(p(8)z) is parallel to
p(0)£&(2), then X is an equivariant minimal immersion.

PRrROOF. From the definition of y, we get
¥(p(0)2) =£(p(8)2) A - AE™ Y (p(8)2)

AE(p(8)z) A--- AE™T(p(8)2) .
It follows from (3.2) that

¥(p(0)2) =5(8)4(2) A -+~ AB(0)E77(2)
AB(0)6(z) A -+ AB(8)E™N(2).
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Since p acts on A*"C?*™*1 we have y(p(8)z) = p(8)¢(z). This, together with
x = ¥/||¥|, implies that x is an equivariant minimal immersion of S? into S2"(1).
Q.E.D.

Hence, by Theorem 2.1, the study of equivariant minimal immersions of type
(mgy,...,m, ) reduces to that of totally isotropic curves whose expression §
satisfies (3.2). Then, since £ has no essential singularity at z = 0, it can be written in
some neighborhood of 0 as

!
£(z) = X a2,
a=k

where a, € C?™*! and k is the degree of poles at z = 0. Setting £/(z) = ¥, 47z
we obtain
'@ mAL~Y = A2 \cosm 0 — A¥sinm 0,
e@=mig2i = 42~ 1gn m ;0 + AJJcosm ;0.

We note that 42/71, 42/ # 0 holds if and only if

. 2
_ Li(a—m)8 .2 -
(cosm(j)ﬂ e ) + sin“m ;)0 = 0.
= — = 2j = j42%/-1 2j =
Th.enz-jq1 m—mg ozr‘_clx m +2m_({) and Am_m(n A,,f_m( " Am+mu,
—zAmf+,r,(/). Wedenote 47/~ “and 4/, 'byA, and B;, respectively. By (§, §) = 0,
we obtain

£2'"+l(z)2 + ]

43 AjBA)ZZ'" =0

Jj=1

§2m+1(2)=i 426}2’"’
b Jj=1

where C; = 4/B’. Setting k = /427", C;, we have
(33) £(z) = (..., Az™ "m0 + Bz Mo id 2" "0 — iBiz™ Mo, ikz™).

and hence

By (3.3), my, < --- <m,, holds, because £(z) is not contained in any subspace
of C2™*1 Let a;, b; be the vectors of C>"*! defined by

a;=A/(ey;_ +ie,;) and b = B/(ey;_, — ie,y;),
where ¢, = (0,...,0,1,0,...,0) (one in the kth position). Then (a;, b;) = 2C; for
1 < j < m clearly holds, and § can be written as

m—1
£(z) = z_'"+m<m){am + b, z?"m 4 Y, az"
j=1

m—1
m,, +m : mg,
+ Y bz 0+ ike,,, 2™ >}.
Jj=1
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Let n(z) be the terms in { - - - }. Then £(z) is totally isotropic if and only if 7(z) is.
7'(2) is given by
zm(m_mm—”_1{'2’”<m)bmzm‘"’+m‘"”—1 (M) = M 1)) G
+(m(,,,) + m(m_l))bm_lzzm(m—l) +(m(m) - m(j))ajz'"(m)""m
+(m(,,,) + m(j))bjz”'<m—n+mu) +(m(m) — ma))alz'"(m—n""m
+ (M + M) byz MmO + 1K (@30 127D

We denote the termsin { - - - } by 1,. Then

(n,m)= - = (nT_z’nT—z) =0
holds. Continuing this process, we obtain holomorphic curves 7(z),71,,(2),
-« sN(m-1)(2) such that

("l»"’) = ("7(1)"7(1)) = = ("l(m—l)"’l(m—l)) =0,
which is equivalent to the fact that § is totally isotropic. Thus we get

LEMMA 3.3. ¢ is totally isotropic if and only if

(1) C,+ - +C, = ixk?
(2)
2 2 2 2 2 2 2 2
(’"(m) - mm) (m(j+1> - "’(j))cj + kZ (’"(m) - m(k)) T (’”<j+1> - m(j))Ck
<Jj
= ik’mi, - mi,, foreachj<m—1.

We can solve the equations (1) and (2), that is, we get
LEMMA 3.4. The unique solutions C; of (1) and (2) are given by
¢=(-1"

K2y - MG ymE_y - MG,

4('”3,..) - ’"fj)) T (’"fjﬂ) - m%j))(m%j) - ’"%j—l)) T (’"ff) - m%l)) '

PROOF. It is easy to see that the solutions Cy, ..., C,, are unique. We prove that the
above C; satisfy (1) and (2). (2) holds if and only if
(3.4)

Z (-1

1 (mfnn - ’”31)) e (”’fk) - ’"<2k+1>)m<2k>(m<2k) - ’"fk—l)) T (’"fk) - ’"(21))

_ 1
m<21) TMmg,
For each k > |/,
1
(’"(Zk) - ’"<2n) (’"<2k> - ’"<2k+1>)'”(2k>('"<2k) - '"<2k—1)) (’"fk) - ’"(2“) (’"(zm - ’"(21))
1

+
(may = mgy) - (mgy = my) - (mey = mgan)mgy (mgy = mg_y) - (mgy = m)



112 NORIO EJIRI

converges to some value if m, — m . Therefore the left-hand side of (3.4)
converges to some value even if m,, — m . Choosing the common denominator,
we note that the numerator has the divisor:

(m; - ’"(j—l)) T (mu) - ’"m)(’"u—l) - m<_i—2))

emoy = may) - (mgy = my,).
Thus the left-hand side of (3.3) is given by
L
mep - mg,
up to a real number L. We can easily prove L =(—1)/"! by induction and
m,;, = oo. Since (3.3) holds for j = m, we have (1). Q.E.D.

LEMMA 3.5. Let x be an equivariant minimal immersion of S* fully into S*™(1) of
type (m,,...,m,). Thenm,...,m,,, and the associated holomorphic map & of
X is given by

£(z) = (, Azmmmo + Bz" M0 Az Mo — Bz Mo L ixz'”),

where A;B,(= C,) are given by Lemma 3.4.

Choose an arbitrary pair of antipodal points over S2, say p, and p,, and take
isothermal coordinates z and w defined by the stereographic projections at these
points. Consider the holomorphic curve Z: §? — P,, defined by £(z) and {(w),
where {(w) = w2™£(1/w) and each of the local functions is supposed to represent =
in the corresponding coordinate neighborhood. Then Theorem 2.1 and Lemma 3.2
imply that = is the directrix curve for an equivariant minimal immersion of certain
type (m,, ..., m,,). We remark that the example constructed in [2, p. 101] is an
equivariant minimal immersion of type (1,2,...,m — 1, k), because the directrix
curve is given by 7(z).

Next we study the volume and regularity of the minimal surface x defined by £ in
Lemma 3.5.

Let S be a unitary matrix of degree 2m + 1 given by

2j -1 2j

-1 | iz i

Y —ifN2 =12
............. ‘~.~l:0 ‘l.
Then ¢ = S - £ is given by
_2j-1 V2 Bz
¢(Z)_2J _‘/fiAjzm—m(”
ixz™

and hence £,,_,(z) = S™'¢,,_,(2). Considering ¢,,_, a holomorphic curve in Pimery
with holomorphic sectional curvature 2, by Proposition 2.1, we see that

volume(¢,, ;) = volume(x)



EQUIVARIANT MINIMAL IMMERSIONS OF §? INTO $2™(1) 113

and that ¢,,_, is regular if and only if x is. We need the following lemma to decide
the regularity of ¢,,_;.

LEMMA 3.6. For real numbers |, I,,...,1,, we have
Jjth
(1=1) (1= 1,~(k = 1)
(1=1) (1= ,=((m=1)-1)
=(h=0) - (h=1) (= 1)

(3.5) det

ProOF. The result follows from the fact that the left-hand side of (3.5) has
common divisors (/; — /). Q.E.D.
Let {e; A --- Ae; ,1<j; <j, < -+ <J,, <2m + 1} be the basis of A" C?"*1.

Then there are polynomial functions A4 o Ay such that
(3.6) Sm1(2) =LA, 05 Nep A oe Ae
It is clear that
min {degAjl,,,j (z)} >m?—ml,— - —mg —im(m-1),
h< " <Jm ”

max {degd, . (2)} <m?+mgy+ - +mg —im(m - 1).

N<- " <Jm

By Lemma 3.6, the equalities hold. Thus we see that
volume(x) = 4m(mgyy + -+ +m,,).
It is easy to see that the regularity of ¢,,_; is equivalent to
2
(3.7) [nms A o] #no1l 4
|61
(see, for example, [2]). By Lemma 3.6,

bno1(2) = (=V20)74; -+ A, (mgy—my) -+ m,

szz_mm_ —m(,,.)—m(m—l)/Ze2 AegA - Ney A -+ Ney,,

+(=vZi)" likd, - Ay (mgy—me) - (mgy = m,)m,

(may—meg) - (may—me,)me -+ m,

szz—m(z,— —m(,.,)-m(m—l)/2e4 ANegA - Ney Ao ANeygu A€y + e

Since we note that
z=(mtmmay = e m(m=1/2g(2) | + 0.

(3.7) is equivalent to

(3.8) 7m0/ D (2) A ¢, (2) # 0.
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By the calculation of ¢,,_,(z) A ¢,,_,(z), we see that ¢,,_, is regular if and only if
m, = 1. That s, ¢,,_; has two poles at 0 and o of degree m,,,.

THEOREM 3.1. Let x be an equivariant generalized minimal immersion of S* fully
into S*™(1) of type (mgys-vosmyy). Then
(1) the directrix curve for x is given by

£(z) = (, Ajz'""”m + sz'"”’m, iAj.z""""/' —‘isz”'*'"m,...,iz"’),
where
AB =(-1)""
. Mimy " MMy 1y 0 m,
4(’"<2m> - m(zj)) e (m<21+1> - ’"(2,->)(’"<2,~) - m(zj—l)) T (’”(2/) - m(zn) ’
(1) its volume is dm(my + -+ +m,),

(iil) x is an immersion if and only if m ;, = 1.

REMARK. (1) In the case that m ;) =1,...,m,_,,=m — 1, m,, =k, Barbosa
[2] shows that volume(x) = 27(2k + m(m — 1)) and x is an immersion.

(2) The regularity condition m ,, = 1 is proved in [16].

Let A be the element of SO2m + 1,C) given by

~
~

a, bj
b
—b, a;

~

where a} + bj2 = 1. Then A£(z) also gives a directrix curve of a certain minimal
immersion of S into $2"(1) [2]. Hence the coefficients A4}, B/ of A£(z) are given
by

A;=(a;+ib)A,, B/ =(a,— ib)B,.

This implies that this action on equivariant minimal immersions of type
(m,,...,m,,) is transitive and hence the class of equivariant minimal immersions
of type (my),..., m,,)is equal to (R,)™.

4. Minimal immersions of P2 into P2™(1). The deck transformation of S which
gives P? is given by w,
w:z—> —1/z.
Let % be a minimal immersion of P2 fully into P2™(1). Then there exists a minimal
immersion x of S? fully into $2™(1) such that

SZ i SZm(l)
L7 i

P2 i‘, P2m(1)

is commutative and x(w(z)) = x(z) or —x(z).
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Case 1: x(w(z)) = x(z). This case implies that there exists a minimal immersion
of P2 into S2™(1).

By the same method as in (2.1), we construct vector-valued functions G; and F;
from x and x - w, respectively. It is easy to show that

F(2) = G, (-1/2) /2°%.
It follows that £ = G,,/|G,,|* satisfies

(4.1) £(z)=2""¢(-1/2) .
Case 2: x(w(z)) = —x(z). Similarly we obtain
(4.2) £(z) = —22"¢(-1/z).

In both cases, we get
V() =EE@) A AT AEE) A A ET(2)

=12 E@) A 5 @) Ao A () A E()
A ;_%é’(w) A A %{-”"_l(w)

=21 "R () A e AN 0) AE@) A e A £ (@)
=124 -D "y - 5
Using Proposition 2.1, we obtain x(z) = —x(—1/Z) if m is odd, x(z) = x(—1/2)
if m is even, which implies

PROPOSITION 4.1. Let X be a minimal immersion of P fully into P*™(1). Then Case
2 occurs if m is odd and Case 1 occurs if m is even.

Next we study equivariant minimal immersions of P2 into P2™(1) of type
(myy,...,mg,). .

Case 1. By Theorem 3.1, we have B, =(—1)"""»4; and hence C; =
(=1)"*™»|A4;|%. Furthermore we see that if j is even, then so is m + m ;) and if j
is odd, then so is m + m;,. Let X be another equivariant minimal immersion of
type (~m(1), <.y m,,) with the diref:tﬁx curve given by ¢ whose coefficients are A ¥
and B,. By Theorem 3.1, there exist nonzero complex numbers a; for 1 <j < m
such that
B.

. = 1
A;=a;A; and B;= 01_,- .
Since Ej = (- 1)"‘""0').7]., we have «a j;j =1, which together with Theorem 3.1
implies that X is congruent to x.

Case 2. Similarly, we see that if j is even, then m + m ;) is odd, and if j is odd,
then m + m j) 1s even, and the same result holds as for Case 1.

PROPOSITION 4.2. Let x be an equivariant minimal immersion of P?* fully into
P2™(1) of type (my,. .., m,,) with the directrix curve given by § as in Theorem 3.1.
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If m is even, then
J: even > m + m;: even,
Jiodd > m+mg: odd.

Conversely, for (m,...,m,,) as above, there exists a unique equivariant full
.. . . 2 . 2 . 2

minimal immersion of P* into S*™(1) and hence into P "(1) of type (my), ..., M)

If mis odd, then

J: even > m+ m: odd,
J:odd > m+ m: even.

Conversely, for (m(l),.z..,m(mz,) as above, there exists a unique equivariant full
minimal immersion of P~ into P="(1) of type (m ), ..., m ).

By Calabi [6], the volume of P2 minimally and fully immersed in P2™(1) exceeds
m(m + 1)7. Next we study a minimal immersion x of P? into P2™ such that the
volume is equal to m(m + 1) .

The directrix curve Z of x is given by the associated holomorphic map §:

22mE(-1/z) if m is even,
£(z) = 2mel 11 /=) . .
-z*"¢(-1/z) if misodd.
¢ is one expression of the directrix curve = and it is a meromorphic function in
C2m*1 Following Barbosa [2], we have another expression 1 of = such that

n(z)=ag+az+ - +a,,z*"#0,

because the volume is equal to m(m + 1)7. Then we note that n(z) is proportional
ton(—1/z) and hence there exists a nonzero constant 8 such that

8(ag+ ayz + -+ +a,,22") = (=1)""a,, + --- + agz’".
Since 7 is totally isotropic, we get (a;, a,) = (a,, ay) for j <k and j + k =2m.
Put

a,+ a, a, — a if m is even,

b= ——F—, ck=—ak and dm={

m

2 2
Then {b,,...,b,, ¢r...,Cm, d,,} is a basis of R*"*! and the planes spanned by

s “ms

{b,,c,} and d,, are orthogonal to each other. Let e, ..., e,,,,, be an orthonormal
basis of R?"*! such that

by =o€y 1+ Biears €= Vi€a 1+ 846y and ey, =d,/|d,|.

Therefore we get

—ia,, if misodd.

m

n(z)= X {(ak + i) 2" (=) (e - iYk)sz_k_l}eZk—l
k

=1
+ 2 {(Bk +i8)z+! +('-1)k_l(Bk - isk)zzm_k}ezk +Az7e54 1,
k=1

where A = |d,,| if m is even and A = i|d,,|if m is odd. Since (n,7) = 0, we get
(o, + i8,)° + (B, + ive) = 0.
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We may assume B, + id, = i(a, + iy,) so that n gives an equivariant minimal
immersion of S? into $2™(1) of type (1,2,..., m) by Theorem 3.1. It follows from
Proposition 4.1 that x is unique. It is clear that the standard minimal immersion of
P2(2/m(m + 1)) into P2"(1) has volume m(m + 1).

COROLLARY 4.1. Let x be a full minimal immersion of P* into P2™(1) with volume
m(m + 1)7. Then x is the standard minimal immersion.

P. Li and S. T. Yau prove the following

PROPOSITION A [12]. For any metric ds? on P2, X, - Vol < 127, where A, is the
first eigenvalue of the Laplacian of ds*. Equality implies there exists a subspace of the
first eigenspace of ds* which gives an isometric minimal immersion of P? into S*(1) if
A =20

PROPOSITION B [12]. If M is a compact surface in R" homeomorphic to P?, then
[|H|* > 6m, where H is the mean curvature vector of M. The equality holds only when
M is the image of a stereographic projection of some minimal surface in S*(1) such that
the first eigenvalue of the Laplacian of M is equal to 2.

Normalizing A; = 2, we know that the volume < 6. If the equality holds, then
the metric is standard by Corollary 4.1, because the real projective space of
volume = 67 is minimally immersed in $*(1). Thus we get the following

COROLLARY 4.2. For P2, if \, - volume = 127, then the metric is standard.

COROLLARY 4.3. If [ |H|* = 6 holds for P? immersed in R", then the surface is the
image of a Veronese surface by a stereographic projection.

5. Minimal cones of minimal immersions of S? into S2™(1). Let x be a full

minimal immersion of S? into S2™(1). Then the cone Cy is given by
{sx(x) € R**!: s € [0,1] and x € S?}.
It is well known that Cx is minimal in R2™*! and hence is called a minimal cone.

Using the fact [8] that the first eigenvalue of the Jacobi operator of minimal
immersions of S? fully into S*™(1) is equal to —2, by the method of J. Simons [15],
we see that Cyx is stable for variations which fix the boundary of Cx.

It is interesting to consider whether Cx is homologically volume minimizing. With
respect to this problem, an interesting result is known that the cones of the
holomorphic curves in S® with the almost complex structure constructed by Cayley
numbers are homologically volume minimizing. The proof is given as follows.

Let (S%1), J, {,)) be the Tachibana space (nearly Kaehler manifold) con-
structed by using Cayley numbers and w(X,Y, Z) the parallel 3-form defined by
(X,Y - Z) on R’, where - is the product on R’ defined by Cayley numbers. Then

w(any 3-plane) < 1
holds. For the cone Cx of a holomorphic curve S? in S%(1), we get w(T(Cx)) =1,
where T(Cx) is the tangent bundle (see, for example, [4, 13]). It follows from Stokes’
formula that Cx is homologically area minimizing. It is known that there exist many
holomorphic curves of $? in S%(1) [4, 14].
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Therefore it is natural to pose a problem:
Classify minimal immersions of S* into S*™(1) with the property such that there
exist a parallel 3-form W which satisfies

(5.1) W(T(Cx)) =1 and W(any 3-plane) < 1.
We give the answer to this problem.

THEOREM 5.1. A full minimal immersion of S* into S*™(1) satisfies (5.1) if and only
if m = 3 and k, = %. If this is the case, there is an orthogonal transformation T of R’
such that T - x is a holomorphic curve and W is T *w.

ProOOF. We use the notations in §2. Let {x,e,,e,,...,€,,,_1,€,,,} be an orthogo-
nal basis. Then {x, e, e,} spans the tangent space of Cx. Since w attains its
maximum at {x,e,e,}, that is, W(x,e;,e;) =1 and W(any 3-plane) <1, we
obtain

W(e,, e, e;) =0, W(x,e,e,)=0 and W(x,e,e,)=0 fora> 3.

We rewrite these in terms of x, F s E,, etc., as follows:

(5.2) W(x, E,, E,) = —2i,
(5.3) W(E, E,E)=0 fora>2,
(5.4) W(x,E,,E,)=0 fora>2,
(5.5) Ww(x,E,E,)=0 fora>2.
Differentiating (5.3) by E,, E, and using (2.1), we obtain
(5.6) W(E,,E,,E,) =0 fora>2,
(5.7) w(E,, E,,E,)=0 fora>2.
For (5.4), we have

(5.8) W(x,E,,E,)=0 fora> 2.
Differentiating (5.5) by E, and using (2.1), we have

(5.9) W(x, E,, E,) = —2i,
(5.10) W(x,E,,E,)=0 fora> 3.
For (5.6), we get

(5.11) W(E,,E,E,)=0 fora>2,
(5.12) W(E,,E,,E,)=0 fora>2
Differentiating (5.7) by E,, we obtain

(5.13) W(E,, E,, E,) = 2i/k,,
(5.14) Ww(E,, E,, E,)=0 fora>3.

If m = 2, (5.13) implies that there exists no W which satisfies (5.1). Hence assume
that m > 3. Differentiating (5.8) by E;, we get

(5.15) W(E,, E,, E,) + 26,W(x, E5, E,) =0 for a > 3.
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For (5.10) differentiated by E,, the case @ = 3 implies

(5.16) W(x, Es, Ey) = i/(x,)" = 2i.
Differentiating (5.11) by E,, we obtain
(5.17) W(E,,E;,E,)=0 fora> 4,
(5.18) - W(x, Es, E,) + x;W(E, E,, E,) =0 fora> 3.
Differentiating (5.12) and (5.13) by E,, we have
(5.19) W(E,,E;,E,) =0 fora> 3,

2i = 2

T o bkik = _(ws,s(El) - “’3,4(E1) - wl,Z(El) + 2"3W(E1’ E, E4)-
(x5) 2

Since, by (2.1), we have w54 — w34 — w;, = d°logk,,

(5.20) W(E,, E,, E) = 2iEx,/(x,) ks
holds. Differentiating (5.4) by E,, we get
(5.21) W(E,, Eq, Ey) = (—i/(x,)" + 4i) /x5,
(5.22) - W(x, E;, E,) + k;W(E,,E.,E,) =0 fora> 4.
Differentiate (5.16) by E, and (5.17) by E,, E,, respectively. Then we get
(5.23) W(x, E,, E5) = - 12 (Eixy),

Ky) Ky
(5.24) W(E,,E,,E,)=0 fora> 4,
(5.25) W(E,,E,,E,)=0 fora> 4.
Differentiating (5.19) by E,, we have
(5.26) W(E,, E,,E,) =0 fora> 3.

When we differentiate (5.21) by E,, using (5.26), we get

E,

%3-(— (Ki )2 + 4i)) = i{wm(El) - ws,s(El) - wlz(El)}

1 i . -
X{"_s(_ ) + 41)} +2x,W(E,, E,, E,),

which, together with (2.1), implies

E,

1 i . . .
—(— > +41)) = i{w,5(E,) + iE, logk, )

3 (x,

X{-l_(—7—l—2 +41) +2K3W(E1,E4’E4)’
“3 (k3)

119
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If L =(—i/(x,)*+ 4i)/x; = 0, then
w,(E) = iiL{ElL - 2x,W(E,, E,, E;)} + iLE, logk,.

The right-hand side is determined by the value of E,, E, at each point. Let é,, &, be
other orthonormal vector fields tangent to S2 such that e;(x) = ¢&;(x) at a fixed
point x. Then we obtain

(Vxer€) =(Vxé,6,) atx

and hence w,, = 0. This implies that S? is flat, which contradicts (2.2) or [7]. Thus
we obtain L =0. If m > 4, then k, = 3. Differentiating (5.20) by E,, we get
k5 = 0, which contradicts the fact that the immersion is full. Therefore m = 3, and
(5.21) implies k, = 3. Furthermore, we know values of W for a basis { x, e, ..., €4},
i.e.,

W(x’el’ 32) = W(X,e3,e4) = W(X,esv ‘—’5) = W(el’ 93,66)

= W(ey,es.e,) = W(ey, e5,e5) = Wi(e,,e6,€4) = 1

and other values are zero. For x € S§%, T,(R") has a product defined by
(5.27)

X e e, e, e, es €
X 0 e, —e,; e, —e, —eg es
e, —e, 0 X € —es e, —ey
e, e -x 0 —es —eg ey e,
e, —e, —eg es 0 X —e, e,
e, e, es € —X 0 —e; —e,
es € —ey —e; e, e, 0 —Xx
€ —eg e, —e, —e, e, X 0

This product is the same as the product “-”. Under an appropriate orthogonal
transformation, the two products are equal. Consequently we obtain W = ( , -) at
x. Since W is parallel, W = (,-) on S%

Conversely let x be a minimal immersion of S? into S®(1) with k, = 3. For
x € S2, there is a 3-form W on T (R") which satisfies (5.27). (2.1) implies that W is
a parallel form on S2 and hence we may consider W = (,-) and that S? is a
holomorphic curve in $%(1). Q.E.D.

6. Equivariant minimal immersions of S? into S®(1) with x, = . Let x be an
equivariant minimal immersion of S? into S5(1) of type (m;, m,, m;) and £ =
G,/|G,|* which gives the directrix curve of x. Then by the definition of G,, G,, G,
E,, E,, E;, we have

A A2 A

G, =3E, G,= 7x1E2, G; = ?K1K2E3
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and hence
G,, G,
——( 2 _3) = N3
(65, G,)
Since ¢ = G,/|G;|?, we get

€16, =1 and w@f—meH%I%aﬁaU

It follows from Lemma 2.1 that 3G, = —|G;|’G,/|G,|* and hence |9G;|> =
|G5]*/|G,|?. Consequently we obtain

1 2,2 Z\ 2 _ 2
Nid = Elq(lﬁl |o&[* ~ |(0¢, £)|) = dd1og |¢]".
On the other hand, Proposition 2.1 yields A = 293 log |£,|% Thus

(6.1) k, = 3 if and only if ddlog |¢|' = 8510g|§2|2.
Note that |§|* =|¢|* and |£,|> = |¢,|> for ¢ constructed in §3. By a simple
calculation, we get

2 2
(6.2) lol” = 2][4,z|
2
+2]4,]] 2]

6—2m, 6+2m,

2
+2[By[]z|

6—2m,, |2|z|6+2m(2)

+2|B,

6+2m;,

#2452 + 20 B2 2
By using Lemma 3.6, the coefficients 4, of (3.6) are functions of |z|%. Furthermore
we have

jIZIklEI{deg A, with respect to |z l} —myy—mg —mg),

Max {deg 4, , with respect to =6+m,y +m,y+m
j<k</{ 8 Ajx P |z |} @ @ 3)-

Comparing |¢|* with |¢,|> for degrees of |z|> and using (6.1) and Liouville’s
theorem for harmonic functions on a complex plane, we get
(6.3) mg = mg, + mg
and hence a positive real number & such that

4 2
(6.4) elo] =l¢,| "
By a simple but long calculation, we see that (6.4) is equivalent to

|B\%1By> _ |4i%14,)

|B;|? |45

1, 2 lBll |Bz| 2
Zl"l m%3) |B, |2 ( m(z)) ,
1, 2 2 |Aﬂ |Bs| 2
Tkl mog=——"—"—(my+m ,
4 | l 2 |B2|2 ( @) (3))

1 2 |4,%|B,)? 2
ZIKI m(21)= TBI|23 (m(2)+ m(3)) s
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which gives the following

THEOREM 6.1. Let x be an equivariant minimal immersion of S? fully into S®(1) of
type (m,, m, m ). Then k, = 5 is equivalent to the following:
Q) may=mgy, + mg,

(2) there exist real numbers a > 0, B <0, y > 0 such that a« - B = —y and
2
2 K™mM )M 3)
|A1| - 4 _ ’
0‘(’"(2) m(l))(m(l) + m(3))
2
4 |2_ _ KoM qyM s
2l = )
43(’"(2) - m(l))(’"(z) + m(s))
2
2 KM q)M )
|A3| =

dy(mgy +mg)(mg +mg)’

PROOF. Setting B, = ad,, B, = fA, and B, = yA4, for complex numbers a, 8,
and vy, we have Theorem6.1. Q.E.D.

COROLLARY 6.1. For positive integers m, < m,, there exists an equivariant
holomorphic immersion of S* fully into S°(1) of type (m 1y, m ), m ;) + m ).

7. Totally real submanifolds in S°(1). Let x be a full holomorphic immersion of S?
into S°(1). Note that the first and normal bundles are well defined on S2. Therefore
we can construct the tubes of radius y (0 < y < #) in the direction of the first and
normal bundles. Except at isolated points of S? where an s, exists such that l,, =0,
points of S? each have an open neighborhood U where an orthonormal basis
e, ...,es can be constructed by the method described in §2. Using this basis, the
tube of radius y (0 < y < #) in the direction of the second normal bundle on U is
given by

F,: UX S'(1) - S%(1),
(x,8) > (cosy)x(x) +(siny)((cos@)es +(sinf)eg).
By (2.1), we obtain
F,.(e;) = (cosy)e, — k,(siny)(cos@)e; — k,(siny)(sinf)e,
~(siny)(sinf) wsg (e, ) es + (siny)(cos ) wsg(ey) e,
and F.(ey)= -+, F,.(3/30) = --- .t follows from (5.27) that
JFY‘(el) = F . F.Yn(el)

= —(siny)age(e)x +[(cosy)* =k (siny) e,
+(k, + 1)(siny)(cosy)(sinf)e;
— (K, + 1)(siny)(cosy)(cos@)e,
+(siny)(cosy)(cos#) wss (&) es
+ (siny)(cosy)(sinf) wse(e,) eq, etc.
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The condition that F, gives a totally real submanifold is equivalent to (tany)? = £,
because k, = 3.

Next, let x be the holomorphic immersion of S$2($) into S°(1). Then k; = /5/12.
By the same calculation, we see that the tube of radius y in the direction of the first
normal space of x gives a totally real submanifold if and only if y satisfies

(7.1) 27(cosy)’ + 5(cosy)® — 15(cosy) — 5 = 0.
Consequently we obtain

THEOREM 7.1. Let x be a full holomorphic immersion of S* into S8(1). Then the tube
of radius y such that (tany)? = % in the direction of the second normal space of x

gives a totally real submanifold in S°(1).

THEOREM 7.2. Let x be the holomorphic immersion of S*(%) into SS(1). Then the
tube of radius y which satisfies (7.1) in the direction of the first normal space of x gives
a totally real submanifold S%(1).

We can calculate the Chern number ¢; of the second normal bundle of a full
holomorphic immersion of S? into S$¢(1). By (2.1),

Therefore the curvature of the second normal bundle of x is given by 3 which
implies

¢, = ZI; volume(S?).

Using Corollary 6.1 and Theorem 3.1, we obtain a full holomorphic immersion S?
into $®(1) with ¢, = 2k for a positive integer k > 3. Similarly, we see that the Chern
number of the first normal bundle of S%(%) —» S%(1) is 4.

COROLLARY 7.1. There exists a minimal (totally real) immersion of the circle bundle
of S? with positive even Chern number > 4 into S%(1).

Bryant [4] gives a holomorphic map of any Riemann surface into $°(1). Since they
have the same properties as a full holomorphic map of S2 into S°(1), we obtain
many 3-dimensional totally real submanifolds in $®(1) with singularities.

In [8], we construct the totally real (minimal) immersion of S°(%) into Sé(1).
Calculating the curvature tensor of the tube in the direction of the second normal
bundle of the holomorphic immersion of S2(}) into S6(1), we obtain the minimal
immersion S3() into Sé(1).

REMARK. Let T, be the tube of radius y (0 <y <) in the direction of the
second normal bundle of a full holomorphic immersion of S? into $°(1). We denote
by 7, the mean curvature vector of T,. Then we easily see

1)

|7 | = (siny)(cosy)((cotany)® — 5/4)
' (cosy)® +(siny)’/4 :

(2) 7, is not parallel for the normal connection.
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(3) 7, is the scalar multiple of the variation vector field in the direction of y.

(4) T, (not minimal) are Chen submanifolds [17] in S(1).

(5) Let V' be the 4-dimensional submanifold defined by attaching the totally
geodesic submanifold S2(1) for each point of the holomorphic immersion of S2 into
S6(1), where the tangent space of S?(1) is spanned by the second normal space of
the holomorphic immersion. Then V is minimal in $¢(1) and contains T.

(6) We obtain the analogous result for some holomorphic curve in the 3-dimen-
sional complex projective spdce (in preparation).
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