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EIGENVALUES BELOW THE ESSENTIAL SPECTRA
OF SINGULAR ELLIPTIC OPERATORS

W. D. EVANS AND ROGER T. LEWIS!

ABSTRACT. A new technique is developed for determining if the number of eigenval-
ues below the essential spectrum of a singular elliptic differential operator is finite. A
method is given for establishing lower bounds for the least point of the essential
spectrum in terms of the behavior of the coefficients and weight near the singulari-
ties. Higher-order operators are included in these results as well as second-order
Schrodinger operators.

1. Introduction. In this paper we are concerned with the qualitative theory of the
discrete spectrum below the essential spectrum for elliptic partial differential opera-
tors which are bounded below. We develop a new technique for determining if the
number of eigenvalues below the essential spectrum is finite as well as estimating the
least point of the essential spectrum /,. Cases of arbitrary order are treated in a
unified manner as well as more extensive and improved results being given in the
second-order case.

Briefly, the mathematical interest in the problem arises from separation of
variables and the subsequent desire for eigenfunction expansions. In nonrelativisitic
quantum mechanical systems the eigenvalues below the essential spectrum, which is
itself typically an interval [/,, o0), have associated eigenfunctions which are
“bounded” states of the system since a particle in such a state cannot leave the
system without additional energy. In the case of general vibrating systems, which
may correspond to higher order operators, the eigenvalues below the essential
spectrum are associated with standing waves. General references for these types of
studies are the books of Reed and Simon [23, 24] and Schechter [26, 28].

Some of the most noted attention which the problem of the finiteness of the
eigenvalues below /, has received is that of Allegretto [3-7], Piepenbrink [19-21],
Moss and Piepenbrink [16], and more recently Schmincke [30]. For a general
discussion of some of this work and its significance, we refer the reader to the survey
article of Simon [31]. These papers have been primarily concerned with the problem
when the only singularity is at infinity, which is not the case in many important
physical problems. Attempts to extend the results to higher-order operators have not
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been successful except in very special cases (see [S]). Using an alternative to the
“nonoscillation condition” of these papers, we have established a new condition for
finiteness of the bound states which simplifies the requirements on the weight and
coefficients, which includes the case of finite and infinite singularities, and which
applies as well to quite general, higher-order, selfadjoint differential operators.

The specific problem of determining if the number of bound states of an N-body
quantum system is finite or infinite is what partly motivates these investigations. The
paper of Simon [31] and the notes in Reed and Simon [23, 24] are excellent places to
begin tracking these particular studies.

An important part of a study such as this is to estimate the least point /, of the
essential spectrum. Much of the earlier work on this problem has been from the
point of view of perturbation theory. We wish to deal with the situations which
cannot necessarily be approached directly from a perturbation theory point of view.
For related work we refer to work of Persson [18], Schechter [27, 28], and [9]. The
methods used here are principally those established earlier by Edmunds and Evans
[8]. For specific results concerning /, in relation to N-body quantum systems we
again recommend to the reader the book of Read and Simon [24] and, in particular,
the HVZ Theorem (named for W. Hunziker, C. Van Winter, and G. Zhislin)
contained therein.

2. The domain . The boundary-value problem to be considered is defined on a
connected open subset (i.e., a domain) £ of R”, rn > 1, which may be either bounded
or unbounded. If Q is unbounded then o is considered to be on the boundary of £
in the sense of a one point compactification of R”. We denote the finite points of its
boundary by 92 and closure by . The boundary conditions to be imposed on 9
involve normal derivatives, and our requirements will be met if we assume that
outside some singular set S, in which the conditions are not necessarily met, 9Q not
only has a normal but is also smooth enough for the usual embedding theorems (o
hold. In this way we can accommodate boundaries 3Q with nasty kinks of arbitrary
severity, such points or subsets of 9Q being included in the set S. Points in S N 9%
also include those values of s € 3Q where the coefficients or weight of the operator
fail to satisfy the requirements presented below. To be more specific we require that
S\ {0} be a closed subset of 3Q. Let I'; = Ng N 0Q and I = 90\ I5;, where Ng
is an open neighborhood of S\ {co} in R". If Q is unbounded then {c0} C S; in
fact, S = {00} is allowed when Q is unbounded.

Before giving the aforementioned smoothness requirements on 92\ S we first
need some notation and background information. Partial derivatives are written in
terms of

D®=Dg - D, D,a.=(8) ’

i 3,
where ay,...,a, are nonnegative integers and a = (ay,...,a,) is a multi-index of
order |a| = @, + a; + - -+ +a,. For m € N, the Sobolev space W ™?() consists of

the set of complex-valued functions u: € — C with distributional derivatives D*u €
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L*(Q) for |a| < m and the norm
1/2
@) o= | £ [10%F]
O<lalsm
when m = 0, W%2(Q) = L*(Q), and we denote its norm by ||ul|g.

Let G be a bounded open set in R". Following Fraenkel [10] we define 3G to be of
class C™, m € N, if (a) 3G = 9G and (b) for each point a € 9G there exists an open
neighborhood U(a) of a in R”, local coordinates y’ = (yy,..., y,_;) and y, with
y=(»,y,)=0 at x = a and a function h = h(-,a) such that 3G N U(a) has a
representation

yv.=h(y), y €¢€(a), he C"(€(a);R)
where €(a) is a convex open neighborhood of 0 in R*~! (cf. Definition 9.2 in [2, p.
128)).

We refer the reader to Fraenkel’s paper for the merits of this smoothness criterion
and a comparison with the multitude of conditions which abound in the literature.
Note that Fraenkel does not require G to be bounded as we assume; for a bounded
G, 3G is of class C™ if and only if it is uniformly of class C™ according to
Definition 3.4 in [10], (see [10, Theorem 3.5]).

If G is a bounded domain with 3G of class C™ the set of restrictions to @ of
functions in C°(R") is dense in W™?(Q) (indeed 3G being of class C is enough for
this—see [10, Remark 5(a)]) and furthermore G has the uniform C™-regularity
property defined by Adams in [1] (see [10, Theorem 4.2]). Consequently, on referring
to [1, Theorem 7.53], the trace operators v;:

9\’

yju=(5;)u|‘ac, j=0,1,...,m—1,
where » is the outward normal to 9G, are defined on W™2(G) and y/ maps
W ™2(G) continuously onto the fractional Sobolev space W™ /~1/21(3G); see [1,
§7.51] and the references therein for a definition of the latter space.

From the Embedding Theroem (see Adams [1]), W™ /~1/22(3G) is continuously

embedded in, L?/(9G) where

=2(n-1)/[n-2(m—j)] ifm-j<n/2,
(2.2) p;{ €[2,0) ifm-—j=n/2,

= o0 ifm—j<n/2.
Thus y; is a continuous map of W™2(G) into L?(dG) and
(23)  lvuliree < Klulne, v W™ (G), j=0,1,....m—1,
for some constant K. Moreover, W™~/~1/22(3G) is compactly embedded in L2(3G);
hence y;: W™%(G) - L*(dG) is compact and on applying [17, p. 137, Lemme 4.1],
given &£ > 0 there exists a positive constant K(¢) such that

2 2 2
(2.4) llvull,s < ellulime + K(e)lule, uew™(G), j=0,1,...,m—1.

We need to remark on three further results before proceeding. First, to say that
9G is of class C is equivalent to saying that G has the segment property (see [10,
Definition 3.2 and Theorem 3.3)). Thus, from [2, Theorem 3.8] if dG is of class C the
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natural embedding map W™?*(G) - L*(G) is compact. Secondly, from [10, Theo-
rem 4.3(B)], if 9G is of class C! it is minimally smooth in the sense of Stein [32, p
189] and hence, from [32, Theorem 5, p. 181] there exists a linear extension operator
E which maps W*?(G) continuously into W*2(R") for all k € N. Thus, if u €
W*2(G), Eu € W*2(R") and there exists a positive constant K such that

(2:5) lulle.o <l Eullir < Kulli.0.
If ¢ € C°(R") we know that (see [11, Theorem 9.3])
(2.6) 9% le < KIv "ol ol j=01,...,m—1,

where

[9%le =X [ 1D%["

lef=/
and K is a positive constant depending only on n, m, and j. From (2.5) and (2.6) it
follows that if 0G is of class C* then for u € W™*(G),

1-j/m .
(2.7) Iv/ulle < Klullmalulle ™, j=0,1,...,m - 1.
On using Young’s inequality we get for any § > 0
) . Jj/m . 2 y1-j/m
(2.8) Iv/ulle < K{8>" Yulme) {8 Vlulc)
T\ s2m-2ji,,112 (’""j) ~2j 2}
<k{[£)or ulin + ("L o2 ulc).

Thus, for any & > 0 there exists a positive constant K (&) such that

(2.9) Iviuls < elvmllc + K(lulle,  j=01,...,m—1.

Finally, from the Embedding Theorem W™ /2(G) is continuously embedded in
L%(G) where

=2n/[n—-2(m—j)] ifm—j<n/2,

(2.10) 9, €[2,0) ifm—j=n/2,
= o ifm—j>n/2,

and hence

(2.11) lullcue) < Kllullm-ic,  ue€ Wm72G).

The above remarks serve to motivate the following smoothness assumptions we
make on 02\ S. Let ©,, k = 1,2,..., be bounded domains in R” which satisfy
() e

(=]

(2.12) i) @\S= L_J (€ nQ,); and

(iii) thereis a k, € N such that for all k > k,
2\, c@n(NyUN,),
where N is the neighborhood of the finite singularities, S \ {c0}, mentioned above,

and N_ = {x: |x| > K} for some K. Our smoothness assumptions on dQ\ S are
the following.
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(A) Foreach k € N

(1) the trace operators y;: y;u = (9/3v)ul a@ngy J=01,...,m—1, are
defined on W™*(2 N Q) and y, maps W™*(Q N Q) continuously into
LPi(3[Q N Q,]) where p; satisfies (2.2);

(2) the embedding W™2(Q N Q,) > L% N Q,) is compact, and

wnI(QNnQ)—> L (2N Q)

is continuous, where g ; satisfies (2.10);

(3) given any & > 0 there exists a positive constant K(e) such that for j =
0,1,...,m—1,

(2.13) 19 7u]ana, < e]v™ullana, + K(e)|u]ane,
and

2 2 2
(2.14) lv;ully@ng,, < el v "ullens, + K(e)|lullana,

for u € Wm™4(Q N Q).

In view of the preceding remarks (A) is satisfied if 9(2 N Q,) is of class C™ for
each k € N. Also note that these assumptions relate to the smoothness of 92\ S
since the boundaries of the £, may be chosen to be as smooth as we please.

3. The operator T. Define the differential expression

m
(3.1) r=wl) Y (—l)jD"aaBDB.
J=0la|=18]=j
Let A,(x) denote the n; by n; matrix (a,s(x)) where n; is the number of distinct
n-tuples of order j, ie., |a|=j. The n-dimensional vector (D"u)y~; Will be
denoted by v/u. For an n-dimensional, complex vector-valued function ® = (¢,)
define

div,® = l;_D" -
af=j
Now, we can rewrite Tu as
(32) ru=w'Y (-1)’div,(4v/u).
j=0

Let L2(R) be the weighted space with norm

N 1/2
Nz = fﬂw|u| dx| .

With sufficient smoothness conditions on the coefficients of 7, an operator T:
9(T) > L%(R) can be defined by Tu = 1u for u € 9(T) C L%(R) and

(33) 9(T) = {u: u=¢1q ¢ € CPRN\T,), ruc L2(Q) and

Fomery(5,D)8(s) + 05)( &) () =0

forse I'yand j=0,1,...,m— l}.

In (3.3), the o; are given functions and the A4/ (s, D) are linear differential operators
of order k on TI';, T’y being noncharacteristic for each A/, (s, D)—see [2, Theorem
10.2].
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Using such an operator T, a sesquilinear form can be defined by
(3.4) tlu,0] = (Tu,v), 2(t)=2(T).

If T is sectorial, then the form ¢ is closable (Theorem 1.27, p. 318 of [13]). By the

First Representation Theorem [13, p. 322], there is associated with the closure 7 of ¢,

a unique operator, the m-sectorial Friedrichs extension T of T for which 2(T) c

2(f) and #[u,v) = (Tu,v) for every u € 2(T) and v € 2(). In the special case

that T is symmetric and bounded below, ¢ will be closable and 7" will be selfadjoint.
In this section we will begin by assuming that we are given a form

m m—1 j i
. 0)/ (2

= B J J i\ 3, 3, g
(3.5) t{u,v] ,E:o'/;l <AIV u,v v> dx + j§0 _/;R ol(ay) u( av) bds
with domain

(3.6) 2(t)={u:u=9¢1q¢cCrR\T)}.

The matrices A » J=0,1,...,m, are assumed to be Hermitian and each o; is
real-valued. Consequently, ¢ is symmetric as well as being densely defined. Here,
{ -, -) denotes the I*(n ;) inner product, the dependence on j being clear and hence
suppressed. We allow for the fact that z might be associated with an operator such
as T above, but this is not required. We will need for ¢ to be closable. The results of
subsequent sections will be related to the spectrum of the operator 7" associated with
f as guaranteed by the First Representation Theorem. The fact that 7 is closable may
either arise from its association with a densely defined, semibounded, symmetric
operator T as above or it may arise from the inherent properties of the form itself.
We illustrate below in Lemma 2 how the latter may occur.

The following will comprise our basic assumptions on the coefficients in (3.5). The
smallest and largest eigenvalue of each A4;(x) is denoted by p;(x) and A (x),
respectively. The norm of each 4, as a symmetric operator in [/ 2(n ;) 1s
|4,(x)1:= max(lu,(x)h A, ().

Assume that

(B)1) p,,>0aeon®, pu;! e L2 N Q) fork €N,

(2) A, is real-valued, for k € N 4, € L*(2 N Q,) and |4;| € L%(Q N Qy),
j=12,...,m— 1, where

=n/2(m—j) ifm—j<n/2,
(3.7) a;{ €(1,00] ifm-—j=n/2,
-1 itm—j>n/.
(C)1) For j =0,1,...,m — 1, assume that o, € L#(I'z) where
=(n-1)/2(m—-j)—-1 ifm—j<n/2,
(3.8) B{ €(1,0] ifm—j=n/2,
=1 ifm-—j>n/2,

@and o> 0, j=0,1,...,m — 1,in Te\ &, for k > k, defined in (2.12).
(D) For a.e. x € Q assume that w(x) > Oandlet w™! € L*(@ N Q,), k € N.
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LEMMA 1. Assume (A)—(D). For each k € N and arbitrarily small positive numbers
€, &, and &, there are constants K (¢,), K(e,), and K(&,) such that for all u € 2(t)
(3.9)

. 2 2
[ 14,0019l dx < el v "ullans, + K (&) uans,
2NQ,

<ef walvruldc+ K(e) [ w(x)lu(x)l dx
2NQ, QnQ,

for0<i<j<m-1,and

o\ I
'/;‘nﬂklojl (5) !

R
(3.10) <ef wlvrulax+K(e) [ lu(x)[ dx
eng, 2N,

ds

<ef wavruldet K(e) [ w(x)lu(x)[ dx.
2Ne, ene,

PrOOF. The exponents «; in (3.7) satisfy 1/2a; + 1 /qzj =1/2, for g; given by
(2.10). Therefore, by (2.11) and Holder’s inequality |4,|'/*|v/u| € L*(Q N Q) for
u € 9(t). Given any ¢’ > 0 we can write |4,| = f;; + f;, where for each k € N and
some K(&") > 0 depending on ¢ and £ N ,,

1.4

Hence, from (B)(2), for u € 2(¢)and0 <i<j<m—1,

L2
j;ka |AjI |V ‘u|" dx <"f},1

L@y < € |f2|<K(¢) onQNQ,.

o2 P2
rxanapllV #llzu@nay + K ()| v 'ullang,

< eK||ulmane, + &V ™ulana, + K()|ulena,

< v ™ulana, + K(&”)|ulane,

N

e[ u,,,IV'"uIde+K(s)f lu|*wdx
2ng, 2N,

by (2.11), (2.13), (B)(1), (D), and the fact that ¢, > ¢ -

Similarly, the exponents g; in (C) satisfy 1 /B; +2/p; =1, for p; given by (2.2).
Hence, for u € 9(t) as above we have (3.10), on using (2.3) and (2.4) and extending
o; as zero on 9%, \ 0%2.

We define f~(x) = min{ f(x),0} and f*(x) = max{ f(x),0).

LEMMA 2. Assume (A)-(D), and that A;20, j=1,2,....m—1, a.e. on Q\
for some k, € Nandall k > k,. If

. Ag(x)
3.11 li f L =ig,> -
(3.11) koo xeth\a, w(x) 907 7%
then t is bounded below and closable in L2().
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PrOOF. By the Principal Axes Theorem each Hermitian matrix A4 »J=01,...,m
is simultaneously similar to and conjunctive to a real diagonal matrix D having
eigenvalues of A4, as the diagonal elements. Consequently, we can write 4, i=Af
Aj where 4 ;' > 0 A; < 0 and each matrix is Hermitian. (Of course, 4,, = 4} > 0)

Let € € (0,1) and u € 9(t). Then for k sufficiently large

m m—1
+ . . _ .2
t[u] > ,2=0fn (A4} viu,vu) dx .§=0 fmgk |4,] |9 7ul dx

- 0\’
+(a0—e)js;\ |u |de+,zo’/l:n (5)u ds
— . 2
3\’
T Lo ol

> iL(AfV’u,V’@dx

Jj=0
(3.12) m1
€ 2 2
-y L Avmuldx + K d
Eo{mfmgknl e+ KGe) [ fulwas)
j 2
+(ag —¢) |u wdx+z ( ) ds
=9, ,aof

s(1-8Y /ﬂ <Aj+vju,vju> dx +(a5 — K(e))|ul 2@
j=0

)

by Lemma 1. From (3.12) we can conclude that ¢ is bounded below by a; — K(e) in
L2(9).

It remains to prove that ¢ is closable. In order to do this we need to show that if
{u,;} € D(t) is t-convergent to 0, ie., u,—> 0 in L2(Q) and t[u,— u,] > 0 as
l,r - oo, then t[u,] » 0as/ - .

First, we will show that

2

ds

+Z/

Jj=0

(3.13) /s; <AJ»+Vfu,,Vfu,> dx >0 asl- o

for j= 0,1,...,m. Let 4(x) have eigenvalues 8;(x) and orthonormal eigenvec-
tors qb, (%) Then

. . a2
(47 9u,v%) = 28"/’|<V1u’¢ij>| :
1
It follows from (3.12) and the fact that {«,} is t-convergent to 0 that

Z-/;z 8,[( v undy) = (v7u,.d,) |2dx =0
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as I,r —» oo. Since L*(;8,,dx) is complete, there exists v;; € L*(£; §,;dx) such
that for each i

'[98,7- <Vju,,&>,~j> - v,.j|2dx -0

as | - oo. Thus, for 9;(x):= L, vij(x)$,.j(x)

A a2

(3.14) ng 8,|(7u,— 0, ,;)| dx - 0

as / = oo. Hence, by (B)(1)

(3.15) Z/ |<Vmul - Am’&,im>|2dx -0
i Qnﬂ,(

as | - oo, for each k. We will now show that §,, = 0 a.e. in @ from which (3.13) will
follow for j = m. By (D) and the fact that u, — 0 in L2(Q), it follows that

[ ubrdx—0 asi— o,
Q
for any ¢ € C§°(Q), or equivalently that
/ D°upydx -0 asl— oo,
Q

for all a with 0 < |a| < m. Thus, if §;=(¢;,...,¥,) with components being
C§°(R2)-functions, then

(3.16) JAvmu by de =0 asi— oo,
Q

By (2.12), suppy,, C @ N, for k sufficiently large. Hence, by (3.15) and the
Cauchy-Schwarz inequality,

L(V“u,,$m>dx=2fﬂ(Vmu,,$im)<@m,$im>dx
> L [ (o) Fims )

= -/;z (l‘)m,nizm> dx.

Thus, on using (3.16) fo(®,., ¥,,) dx = 0 for an arbitrary vector-valued function {,,
with components in C°(2). Hence, v,, = 0 a.e. in @ and (3.13) is proved for j = m.
By (3.9), we can now conclude that the limit in (3.13) holds for j = 0,1,..., m, when
Q is replaced by 2 N Q,. Since suppy ;SN Q, for k sufficiently large and
A} > 0, then by the Cauchy-Schwarz inequality

fﬂ (A,*Vfu,,@j> dx =f

QeNQ,

_ ‘ 1,2 . 1/2
< [/Smk (A7 v u,vu,) dx] []S'mk (479,,%)) dx]
-0

(Afvh,,&,) dx
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as | = oo. However, by (3.14)

,/Q<A Viuy, ;) dx = Zf 8,.(v u,,¢,j><¢j,¢,j>dx
- Z’:/Q 8'}/‘( bj*‘}’i.j>< m> dx
—f <Aj J,\P»>dx.

As above, we can conclude that 49, = 0 a.e. in Q. Since in (3.14)
Z[Q 8, (v7u~ 0,8, dx = L (47 (97 = ).9 7w, = 0) .

then by (3.14), (3.13) is proved.
Since for any u € 9(t)

tlu] < i::o-/;z v u, V’u) dx + Z f

the proof will be complete if we can show that

(3.17) mgo f

-1 o
9\’
+[ L
- rkaj (31') “
Since t[u,—u,] >0 as I,r > oo, by (3.12), there exists v; for each ;=

0,1,...,m — 1, such that

9\’

()

[
I'r

By (3.10) and (3.13) we can conclude that v, =0 a.e. on I'x N §, for each k.
However, Iy = U, (Tx N &,). Therefore, v; = 0 a.e. on T and (3.17) follows. The
proof of Lemma 2 is thus complete.

2
ds,

)

ds -0, asl!/— o0.

4. Lower bound of the essential spectrum of T. The essential spectrum o,(7") of the
selfadjoint operator 7 is defined to be the complement in the spectrum o(7') of T of
the set of isolated eigenvalues of finite multiplicity. Equivalently, it is the set of
points A € C for which there exist singular sequences; {u,} is a singular sequence
for A if |jull,2) =1 #,—0 in L%(Q), and (T — Al)u,; > 0 in Li(R). Our
immediate concern is with the number
(4.1) I,:=inf{A: A € 0,(T)}.

In this section we assume the hypothesis of Lemma 2. From Lemma 2 we may
fPrther assume, without loss of generality, that f[u] > ||u||2L£ @ on 2(t) (and hence
T > 1) and that in (3.11) a, > 0. This property can be effected by the addition of a
sufficiently large positive constant to T which merely translates o,(T). T therefore
has a square root 7'/2 and from the Second Representation Theorem [13, Theorem
VI1-2.23] we have that 9(7) = 2(T'/?) and

(4.2) flu,0] = (T2, TV %) 130) = (4, 0);.
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Furthermore 7 > 1 implies that || - ||; is equivalent to the graph norm of 7'/ on
2(f) and (2(7); | - ||;) is a Hilbert space which is continuously embedded in L2 (Q);
we shall denote (2(7); || - ||;) by H(7). 2(¢) is a dense subspace of H(7).

To determine /, we invoke Theorem 3.3 in [8] with the following choices for the
operators and spaces. The closable operator T in [8] is taken to be T'/%} @(t) and
with Y(2) = L2(Q), the closure of T is T7'/2. X is now the above Hilbert space
H(i), E=92(t), and Q the embedding map H(7) > L3(2). The form of [8,
Theorem 3.3] which is ideally suited to our present needs incorporates the hypothesis
in Remark 3 of [8]. This has the following form in the terminology of this paper:

(H) For each k € N large enough and ¢ € Cy(R"\ T) such that

1, x€Q,
¢(x) = {0, €9,
and 0 < ¢ < 1, we have
(i) ¢v € 2(¢) for every v € 9(t),
(1) if v, € 2(¢) satisfies ||v)||; = 1 and v,— 0 in H(f) then
10 = ¢)v, i <1 +0(1) asi— co.
If hypothesis (H) is satisfied, the conclusion is (see [8, Remark 4]) that

rA(T7%) = Jim Sup{||u||2L£<9\9k>:u € 9(1), |ull: = 1, suppu c @\ &y )
— 0

where r,(T71/2) = {|A|:A € 0(T /%)), the radius of the essential spectrum of
T-1/2, From this and the Spectral Mapping Theorem it will follow that

I,=r2(T?) = lim inf{t[u]:u € 2(¢), |u|z@ =1,
) )= tim inf{[ul:u € 9(2), ul

suppu C @\ 2, }

which is the result we seek. Note that in (4.3) the statement u € 9(¢) and
suppu C 2\ £, means u = ¢ | o for some ¢ € CP(R"\ Q,). It may be the case
that u does not vanish on 99 \ &,.

THEOREM 3. Assume the hypothesis of Lemma 2 and suppose that
A\.EL*(2NQ), keN.
Then
44 1= kl'gxgoinf{z[u]:u € 2(t), |lullzz@ = 1, suppu C @\ 2, }.

PRrOOF. It suffices to prove that hypothesis (H) is satisfied; (4.4) will then follow
from (4.3).

First, (H)(i) is obvious. We proceed then to prove (H)(ii). Let v € D(¢) and take k
to be large enough for p; >0, 0,>0, and 4y/w>a,—¢>0 in Q\Q, for
j=20,1,...,m — 1. Then,

10 =)ol = & [ (4971 - 6)o, 91 - ¢)0) dx
j=0"%

2
ds.

m—1

+Zfaj

j=0 "Tr

(%)j(l = $)v
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For j > 1,
(4971 - $)0,v7(1 - ¢)0) = y %I;aaBDB[(l — ¢)0] De[(1 = ¢)0]
- ¥ aaﬁ{(l —¢)DPo+ ¥ (f)pr(l - ¢)Dﬂ-rv}
ot =181/ 0<r<B
_ )\ sy _ a=8,
x{(l ) D% + 0g@(s)u (1-¢)D }

< (1-¢)(A49%,v%)

j-1 j-1
: . 2
cK@)4){ 195l & [vol+ T 7o
i=0 i=0
by Leibnitz’s Theorem. Here, K(¢) has support in 2, ;\ @, and depends on the
distance between £, and §, . ;. Thus, for arbitrary ¢, ¢, &,,...

(4.5)
L [ (490 - 0)0.5/0 - 0)0) ds

E f 1- ¢) V’v,V’b) dx

j=0"%

m j—1
+K@) L X [ 4]V ol{lvh]+ v} ax
j=1i=

k+1

m—1
AN Ydx — A j, Yd
Eof 70,9 ) dx Eofmgk<,vav>x
m J 1 . . .
KO L L[ |4]Ivel{Ivol+]vio])
Jj=1i=0 k+1

m m—1
) ) 2
Y [ {(avi,vi)dx+ Y A|lvh| d
<j=0js;< 70,V 0) dx ,=0fsznszk| ] dx

m—-1j-1 5 1/2 R 1/2
+K Allvv| d Al|lvh| d
O L[ 1lwora) ([, 1alivera)
22
+ A||Vi| dx
'[n k+1| j“ ' }
m—1 s 1/2 R 1/2
+K(¢) Y {(f |V | dx) (/ |V ™| dx)
i=0 Ny Ny
+ |V'v|2dx}
208 4

m

<Y '/;2 <A v, v’v> + ¢ ||p.‘/2v '"U"?mszm + K(t:‘1)||v||§mszk+1
j=0
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(%)

k)X | o)

i=0 " TRO(Ri 1\ )

from (3.9) and (2.13). Alsofor j =1,...,m — 1,

[ of(&) 10 -] P <[ -o)

2

Consequently,

T L o) 1a- 00
o‘(—) (1-¢)v]| ds

=0 ./;R T\ v
m—1 P2 m—1 -2

v ()
< N == ds — == d:

Eofrk%(ap AT AL F

m—-1j-1

+K($) T XL [ o
j=1 i=0 "TrRN (&1 \%)
m—1 i
9\/
< E o; (—) v
Jj=0 j;‘k |\ dv
on using (3.10). Thus we have proved that
2 2 2 2
(4.6) 10 = 9)olz <lloli + &5l ki?v ™[l ang,., + K(&)lvllang..
From the proof of (3.12) (with a, — ¢ > 0) and (3.10) we can conclude that

2 2 2
@7 Noli=rlo]> A ~e) [ povmoldx—K(e)[ — lol'ds
QN ., QNg, .,

1

ds

(%)
dv v

2
2 2
ds + &, ply*v ™ |ene,.., + K(e)lvlene,.,

and so, on substituting for ||i}/*V "v||§ g, ., in (4.6),

(4.8) 11 = ¢)ols < (1 + e)llolF + K(e,8)]vlang....
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It follows from equations (4.7) and (2.9) that H({) is continuously embedded in
Wm™2(Q N Q,,,) and hence compactly embedded in L2(Q N ;) by (A)(2). Thus
if {v,} satisfies the hypethesis of (H)(ii) we have ||v/|lgng,,, = 0(1) as [ = oco.

Hence, from (4.8)
2
10 = @)ull; <1 +0(1)

since ¢ is arbitrary. Hypothesis (H) is therefore established and the theorem follows

from [8, Theorem 3.3 and Remark 3].

5. Finiteness of eigenvalues below /,. For a form 7 defined by (3.5) and (3.6), it will
be necessary to define an associated form 7, on € N Q, for some k € N. The form

t, is given by

51) ¢t fu,v]= ANVIu,vv)dx
(61) aluol= X [ (49%vh)
m—1
j=0

with domain 9(1,) = {u: u = | gng, ¢ € D(1)).

)\ (3 -
> {j;‘knﬁk 01(5) “(5;) ”d"fmmﬁ Pj<V’u,V’v>ds}
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LEMMA 4. Assume (A)—(D). For some k € N let t, be defined by (5.1) where each
p;, € LB(3Q, N Q) and B, is given by (3.8) for m = 1. Then, t, is bounded below and
closable in L2(2 N Q,).

PrROOF. By extending each p; as zero on 392 N 2, we may regard p; as being in
LP(3(R, N Q)). As in the proof of Lemma 1, given any ¢ > 0 we may write
p; = p;1 + p;, Where |p;,| < K(e) on 3(2, N ) and |Ip; 4]l o3, nay < & Then by
Holder’s inequality with p, given by (2.2) (with m = 1), applying (2.3) and (2.4) to
Yo(V“9), and using (2.9)

.2 o2 .2
f lo;| | V78| ds < &| Vo | Lroa@.nan + K ()| V7] a@.ne
A2NQ)

) 2 2
< &|vo|iene + K(e)(82||V2¢”1,szknsz + K(%)”V@"Q,ﬁﬂ)

2 2
< &V llana + K(es)|¢llana

for any ¢ € 2(¢,). Finally, by (B)(1) and (D) we have that for any ¢ € 2(¢,)
2 2 2
(5.2) f FARKY dssef T vy dx+K(e)f w|o| dx.
90, NQ QN Y, QNQ,

Using (3.9), (3.10), and (5.2) we have that for any ¢ € (0,1), there is a constant
K (¢) such that

2 2
(5.3) tefu]l > (1 - e)fm Bl v "ul"dx = Ko(e€)|ul 22 @ne0
k

for all u € 9(t,). Therefore, ¢, is bounded below in L2(2 N Q,).
The fact that 7, is closable now follows from (5.3) and the proof of Lemma 2. This
completes the proof of Lemma 4.

LEMMA 5. Let the form t defined in (3.5) and (3.6) be bounded below and closable.
Assume that for some integer r € N the hypothesis of Lemma 4 is satisfied. If

(54) tlo] > 1[e]. ¢ €92(1),
then there is a finite dimensional subspace M of L2(Q) such that (Tu,u) > 0 for all
ue qT)nM-+.

PrOOF. By Lemma 4, 1, is closable. Let 7. be the lower semibounded selfadjoint
operator associated with the closure 7, in L2(Q N Q,). Let H(f,) denote the Hilbert
space defined by 2(7,) and the inner product

(u’v)f, = tr[u’v] +(KO + 1)(u’v)9“9r

for K, defined in (5.3). In view of (5.3) and (2.13), the embedding H(7,) —
W ™2(2 N Q,) is continuous. Hence, from (A)(2), H(Z,) is compactly embedded in
L2(2 N Q,). Consequently, 7. has a compact resolvent and thus a discrete spectrum
consisting of isolated eigenvalues of finite multiplicity; we denote these by

IR 2R A SVNSOSVN+1< et > 00,
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each eigenvalue being repeated according to multiplicity. Let {v,: / € N} be an
associated orthonormal sequence of eigenfunctions. By setting them to be zero
outside & N Q, the functions v, can be considered to be in L2(Q).

Let M be the linear span of {v,..., vy} in L2(Q)and let u € 2T)NM*. We
claim that since u € 9(7), then (5.4) is satisfied with ¢ = u. To verify this we need
to show that if {¢,} is F-convergent to u then {¢,! g o} is 7-convergent to
ul g g Clearly, ¢, > uin LL(Q)implies that ¢, [ g g = u | g ng in LZ(2 N Q).
Now, by (5.3) ¢, is bounded below in L2(2 N L,). Hence, by (5.4), t[¢, — ¢,,] = 0
as I,m = oo implies that 1,[¢, — ¢,,] > 0. Therefore, ul o o € 2(7,) and (5.4)
holds forany u € 2(TYNnM*.

By the min-max principle

PN+1 = sup inf{r[‘l’,‘l’]

where the infimum is over all y € 9(7,) N [¢y,...,¢y]" with [[Y[lgng = 1.
Whence, for any u € 9(T) N M+

(Tu,u) = i[u] > 7,[u] > vy luliz@en) > 0,
which completes the proof.

THEOREM 6. Assume (A)-(D), and that t defined in (3.5) and (3.6) is bounded
below and closable. If for r € N sufficiently large, there are functions

p,€LP(32,NnQ), j=0,1,...,m—1,

such that for some number A and all ¢ € 2(t)

Z’o —/sz\a, <Ajv * vj¢> =

oar)'e]

A-/s‘z\b, w|¢| dx,

g, |\

(5.5) + z; { f

QV%Iw}

then the number Ny(T') of eigenvalues of T below \ is finite. Moreover, N(T) <
Ny(T,) where T, is the operator determined by i,.

PROOF. The proof follows directly from Lemma 5 and the Spectral Theorem (cf.
Glazman [12, p. 15)).

In the case of 7 = -A + ¢(x), x € R”, Piepenbrink [19] showed that the conclu-
sion of Lemma 5 holds provided that

~Au+qu>0, x € R”,

has a positive C!-solution v in {x: |x| > R} for some R > 0. The approach above
extends the proof of Piepenbrink. Inequality (5.5) is closely related to inequality
(4.2) in [19]. The function p, is given by v='(3dv/d») in Piepenbrink’s inequality (4.2)
where v is the positive solution required in his hypothesis. Allegretto [3] in the same
year published a paper which showed the equivalence of two types of oscillatory
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behavior of solutions of —Au + qu = 0, x € R". Consequently, a critical question
regarding the existence of positive solutions to the above equation was settled. These
two papers showed an important connection between the positivity of solutions of
these equations and the finiteness of the spectrum below /,. This connection was
developed in subsequent papers—(see Simon [31])—by Allegretto [S—7], Piepenbrink
[20, 21], and Moss and Piepenbrink [16]. However, this approach via oscillation
theory seems to be limited particularly to second-order operators with Dirichlet
boundary conditions. In this paper, the functions p;, j = 0,1,...,m — 1, arise from
an inequality [15], which is related to the Uncertainty Principle Lemma (cf. [23, p.
169)), rather than a positive solution.

6. Applications. In this section we illustrate some applications of Theorems 3 and 6
with particular emphasis given to the Schrodinger operator and, more generally,
second-order operators. Rather general applications are first given for the sake of
completeness, then we present some more specific examples.

We find lower bounds for Ie,(f"2 ), the least point of the essential spectrum, in terms
of the coefficients of the operator T, defined below and the weight w(x). Criteria are
given concerning the coefficients which imply that the number of eigenvalues below
1,(T,) is finite. Finally, applications are given which apply to higher-order elliptic
operators.

For clarity we respecify our operator and assumptions in this case. In the case of
m = 1, we write expression (3.1) as

o al oy 3 KN
61) = w(x) [_.- ) axj(a,j(x) ax,.) + q(x)], xeq.
The n X n matrix A(x):= (a;;(x)) for i, j=1,...,n. The form associated with

(6.1) is
(6.2) tz[u,v]=j9[<Aw,w>+qua]dx+fF o(s)u(s)o(s) ds

for
u,v€P(t,)={u:u=9¢1lg¢€CLR\Ty)}.

The operator which is (formally) associated with ¢ is defined by T,u = nu, T,:
9D(T,) - L%(Q), with the dense domain

D(Ty) = {uu=¢1g¢€ CR'\T), ,u € L(2) and
c(s)3¢(s)/0v, + a(s)o(s) =0, s € Iz}

where d¢/0v, = (V)4 - » with » being the unit outward normal derivative on I'g.
Here c¢(s) and o(s) are assumed not to be simultaneously zero on I'y. Hence, T, is
associated with a mixed boundary value problem on .

The assumptions (A)-(D) of §3 are simplified (and slightly modified) as follows
for the second-order case:

(a) For the Q,’s defined in (2.12) we require that 3(£ N 2,) be of class C! for
each positive integer k.
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(b) The matrix A(x) is Hermitian a.e. on £,
p(x):=minev. A(x)>0 forae. x€Q,

and p,(x)! € L®(Q N Q,) for each k € N.
The potential g(x) is real-valued in £,

)

and for each k € N, g € L*(2 N Q,) where ay = n/2 for n > 2 and ay > 1 for
n=2.

(c) (1) The real-valued function ¢ € LA(T'y) where B, =n — 1 for n > 2 and
By >1forn=2.

(2) Thereis a k, € N such that 6 > 0in Tz \ &, for all k > k.

(d) The weight w > 0 a.e.on €,and w! € L*(2 N Q,), k € N.

For the sake of simplification we further assume

(e) There are Dirichlet boundary conditions at o, i.e., ¢(s) = 0, s € 'y \ @, for
some k sufficiently large and all ¢ € 2(¢).

This condition can be removed in some cases, as is shown in [14]. An example of
how this is done is given in Corollaries 14 and 15.

By Lemma 2, the assumptions (a)—(d) imply that the form ¢ is bounded below and
closable. Analogously to 7 in §4 we let 7, be the unique, lower semibounded,
selfadjoint operator associated with the closure of ¢,. When the form ¢, arises from
T, as in (3.4), T, will be the Friedrichs extension of T,.

A crucial ingredient in the applications to follow will be a Friedrichs-type
inequality which is the next lemma. The lemma is a generalization of the Uncertainty
Principle Lemma [23, p. 169]. A proof can be found in [14 and 15]. The set G C R"
is open and connected with a boundary dG which is smooth enough in order that
the first formula of Green applies.

lim inf
k— o0 x€Q\Q;

LEMMA 7. Let g be an element of W **(G) whose Laplacian Ag is of one sign a.e. on
G. Define n=1 if Ag<0 ae. on G and 7=0 if Ag>0 a.e. on G. If
(Ejag; D912 € W'A(G) then

[, 1881 T 1D%Fax < (-1 ()| T %] as

|la|=j lal=j

+2 |vgl X |D%||vD%|dx

lal=j

< (2] ()| T 10%F)a

led=Jj
. . -1 2 Y
+amin{n, j+1) [ |ag["|vgl’ T |l dx.
la|=j+1

This Friedrichs-type inequality plays here in the higher dimensional case the role of
the related Hardy inequality in the one dimensional case (e.g. see [12]).
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THEOREM 8. Ler (a)—(e) hold and suppose that each a,; € L*( N Q;), k € N.
Assume that for some k € N there are functions g, h € W**(Q\ Q,) which satisfy the
following:

(1) Ag and Ah are each of one sign a.e. on Q\ Q,,
(il) p4(x) > |vg|*/|Ag| fora.e. x € Q\ Q,, and
(iii) w(x) < |Ah] a.e. x € @\ Q,.

Then

(6.3) L(F) > tim |4 e V8L, i 4
k— o0 xeN |Vh| xea\@, W

PRrOOF. Let

= lim inf |V Vvh| and = lim inf .
) kwxeg\ﬂkl gl/|vh| go= lim inf q/w

By Theorem 3 it will suffice to show that for each arbitrarily small § > 0, there is a
K € N such that forany k > K
tlu]l > (T + g0 — 8)ullzze forall u e 2(r)

with suppu C @\ €,. We may assume that g, — 8 is nonnegative, since the
addition of a constant multiplicative operator to 7, will only shift /,(7,) by that
same constant amount. For a given § > 0, k sufficiently large, and suppu C @\ Q,,

|Vg|2|V“|2 ) 2
tlul = —l 4 — = |wl|ul| |dx
[u] js;\szk |Ag| (qo 2) | l]

- [ 2
> [ |ioslivuttul+ (g0 - §)wluf] ax
NG,

[ 8
> 2T -3) [ Ivhlivulluldx +(g0— 3 lulizo
2 )g\g, 2

> (4L + o — 8)llullzzem)

by Lemma 7, which completes the proof.

As illustrated by the examples below, Theorem 8 is sharp in certain cases. We
emphasize the fact that the conditions imposed on the coefficients are only needed in
some neighborhood of the singularities.

Before considering more specific examples of applications of Theorem 6, we
continue with a related corollary of Theorem 6. (Recall that f~(x) = f(x) when
f(x) < 0and f(x) = 0when f(x)>0.)

THEOREM 9. Let (a)-(e) be satisfied. Assume that for some r € N there are
functions f, g € W22(Q\ Q,) which satisfy the following for some real number \:
() pa(x) > |VgI*/1Ag| for a.e x € Q\Q,,
(1) [g(x) — Aw(x)]"= Af fora.e. x € Q\ Q,,
(iii) Ag is of one signon @\ Q,,
(iv) p € LP(3Q, N Q) for p:= (-1)"471y,(g) — v,(f) where n = 1if Ag < 0 and
n=0ifAg>0inQ\9Q,.
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1If

(6.4) lim sup Ivfl < 211-,
k—o ceang, |VE|

then T, has only a finite number of eigenvalues below \.

ProOF. For & € (0, %) choose k € N large enough such that k > r and |Vf| <
47 - §)|vg|forae. x € @\ Q. If ¢ € D(1,), then by Lemma 7

[ la-wllelfdx< [ 1aflleldx
Q\Q, 2O\Q,

N

[ (NNl ds+2f |vflIvells]dx
(L) NG,

<-[  m(Nlelds+@1-28) [ |vgllvelleldx
A(A\DQ,) O\,

k

< (p = (-1)"8v(g))l 0| ds
39,NQ

-1 2 2
+(1-48) [ 18gl Vsl Ivol dx.

Since & can be chosen to be arbitrarily small, the above series of inequalities and the
hypothesis imply that (5.5) holds. Thus, the proof is completed.

Note that conditions (€) can be removed as a requirement in Theorem 9 if we
know that ¢ — p > 0 on Tz \ , for some r. (See Corollary 14.) The problem now
becomes that of finding functions f, g, and h which satisfy the conditions of
Theorems 8 and 9. A natural hope is that of approximating the coefficients and
weight by radial functions, i.e., functions of |x|, in a neighborhood of the singulari-
ties. In some situations it might be more realistic to approximate the coefficients and
weight in a neighborhood of the finite singularities, S\ {o0}, by a function of the
distance from x to S\ {co}. More generally, we might assume our approximating
functions—hence, f, g, and h—to be functions of a single variable r which is a
function of x. For example, if we assume that h = h(r(x)), then the inequality (iii)
of Theorem 8 is satisfied if

w(x) < w(r) <|Ah]
which implies that
(6.5) o(r) <|n(r)lwrl* + (r)Ar].
If g = g(r(x)) then inequality (ii) is satisfied if p (x) > fi(r) > |vg|*/|Ag| and

(6.6) g (Nlvrl’ + g (narla(r) > [g/(n]vrl”
In this case the ratio |vg|/|vh| of Theorem 8 reduces to |g’(7)|/|h’(r)|, provided
|vr| # 0. For Theorem 9 the situation is analogous.

When the portion of the singular set which is of interest is a point—say
s € S—then we may let r(x) = |x — s|. If the singularity is at oo, then r(x) = |x|is
usually appropriate. In either case |vr| = 1 and Ar = (n — 1)/r for which (6.5) and
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(6.6) can be solved easily. In the case that the singular set includes a hyperplane—say
s; = 0—then r(x) = |x; — s,| is appropriate. Here, Ar = 0 and |vr|= 1. Again,
(6.5) and (6.6) follow readily. Finally, suppose that the singular set includes a
portion of the surface of a ball B(x; p) with center x, € R* and radius p > 0.
Further assume that the exterior of the ball intersects £ with 9B N Q2 # &. In this
case the distance r(x) from a point x € Q (near dB) to 0B is given by r(x) = |x —
xo| — p. Here, |Vr|=1 and Ar = (n—1)/|x — xo| = (n — 1)(r + p) from which
(6.5) and (6.6) can be solved. (The singular set S may even be formed by an
unbounded sequence of such balls.)

More generally, (6.5) and (6.6) are easier to solve if we know a priori that |[Vr| > 1
and either

(6.7) Ar> B(r)|vrl’,  x€Q\Q,
or
(6.8) Ar< B(r)vrl,  xeQ\Q,

for some function B(r). In the case of (6.7) and (6.8), it is possible to reduced (6.5)
and (6.6) to linear differential inequalities in »” and g’.

In the case that r represents the distance from x to S\ {o0} in some neighbor-
hood of the singularities, it appears that (6.7) might be a condition concerning the
“shape” of 32 N § in that neighborhood. But, exactly what that condition might be
remains open. Of course, inequalities of this type have been studied by many
investigators, (e.g. see the paper of Redheffer [22]).

We summarize these observations with the following corollaries to Theorems 8
and 9 as well as some examples.

COROLLARY 10. Let (a)—(€) hold and suppose that each a,; € L*(R N Q,), k € N.
Assume that for k sufficiently large:

(i) there is a function r(x) € W X(Q\ Q,) such that (6.7) holds for some function B
and constant ¢ > 0 for which [! B(v) dv is absolutely continuous on (0, 00);

(i) there is a function i such that [2j(s) exp(~[SB(v)dv)ds is absolutely
continuous on (0, 00) and p ((x) > fi(r(x)) forx € @\ Q;

(iii) there is a function W such that for some number d > 0

/: fv(s)exp(f; B(v) dv) ds

is absolutely continuous on (0, 00) and w(x) < w(r(x)) for x € @\ Q,.
Then

(6.9) Ie(Tz) = len:o {4'1xgg{9k [/‘;r(x)w(t)exp(j;’ B(s)ds) dt
-1

x/r(cx) i(t) 'exp (—f: B(s) ds) dt

+ inf 1}.
x€N\Q, W
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PRrOOF. Using (6.5) and (6.6) we define
h(r)= rex(—' dv) 'v’i:sex(s vdv)drdt
(r) = [ exp(~ [ B0} o) [ w(s)exe( [ B()

and

g(r)= fcr exp(—j: B(v) dv)[[ ﬁ(s)'lexp(—fs B(v)dv) ds]_ldt.

c

Now, g(r(x)) and h(r(x)) satisfy the hypothesis of Theorem 8. Hence, the conclu-
sion follows from (6.3).

COROLLARY 11. Let (a)-(e) hold. For k sufficiently large assume (i) and (ii) of
Corollary 10 and that for some real number X there is a function § such that
[4G(s)exp( [; B(v) dv) ds is absolutely continuous on (0, 0) and [gq(x) — Aw(x)] 2>
g(r(x)) fora.e. x € Q\ Q. If

r(x

(6.10) lim sup )|¢7(t)|exp( f’ B(s)ds)dt
k= xeq\g, ’d d

C - -1 t 1
x /,m 0 exp(—fc B(s) ds) dr <y,
then T, has only a finite number of eigenvalues below \.

PrOOF. Define g as in the proof of Corollary 10. The definition of f is the same as
h was defined in the proof of Corollary 10 except |g| replaces w in that definition.
The proof now follows from Theorem 9.

When r(x) = |x — s| for some s € S, then (6.9) and (6.10) reduce to

(6.11) 1(T)) > Jlim {4-1 eig{ﬂ [fd""" It = 5" "w(z) dt

¢ 1-n_ -1 -1 . q
X - 4
L_ﬂ [t —s| () dt] +xelg£9kw}
and
(6.12) lim  sup j"‘“' It = s|"""|g(2) | dr
k—o xeQ\Q,“d
¢ 1-n -1 1
X t—s| Rj(er) dt <~
[, te= sl R e < g
respectively.

EXAMPLE 12. Let © be an open, connected, unbounded subset of R”. Assume that
Q lies on one side of its boundary 0L, which is C! as a submanifold. Define the
form

Alu,v] = AVu, o] d 5(s)ds
[u,v] an Vu,Vu)+ qub) x+/i;Q o(s)u(s)o(s)
for all 4 and v in

D(A)={u:u=9¢1lgq,¢€ C(R"),suppp N N, € 2}
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for some k where N, = {x € R" |x| > k}. We make the following assumptions
regarding the coefficients.

(1) The matrix A is Hermitian a.e. on Q, p,(x) >0 ae. on ©, and p! €
L*(Q\ N,) for each k € N.

(2) Let w > 0 a.e. on © be a weight function for which w=! € L®(Q\ N,) for
each k € N.

(3) The potential g(x) is real-valued in §; for each k € N, ¢ € L%(Q\ N,) for
a =n/2when n > 2and a > 1 when n = 2; and

lim inf {M} > —00.

Ix|—> o0 121> ]x1 | w(2)

(4) The real-valued function 0 € L*(9Q) and ¢ > 0 in 92 N N, for k sufficiently
large.

Let T, be the unique, lower semibounded, selfadjoint operator associated with the
closure of # in L2(Q). Assume that in some neighborhood Ny of co there exist
piecewise continuous functions §(¢), ji(z), and w(z) of a real variable ¢ such that

(5) for some real number A, [g(x) — Aw(x)] 7> §(|x]), x € @ N N,

(6) 1a(x) > fi(|x]), x € @ N Ny, and

(7 w(x) < w(|x]), x € & N Ng.

If each a;; € L*(Q\ N,), k € N, then

(6.13)
[(T)> lim {4-1 inf {fy|t|"_1ﬁz(t)dt/c|t|1_nﬂ(t)'1dt R q(z)}.
ixlwoo | y2ix1|a f 21> x| w(2)
If
. Y n-1, _ ¢ 1-n_ - 1
(6.14) lim sup{j e ao) de [ 1e] u(t)ldt}<z
[x|= 00 > x) \Yd y

then T, has only a finite number of eigenvalues below A.

PROOF. According to the conditions imposed on & we may define each @, in
order that €, D @\ N, and conditions (A)(1)—(A)(3) are met. Conditions (b)—(d)
are met by (1)-(4) of the hypothesis. Corollaries 10 and 11 imply the conclusions
above.

If the limit in (6.13) is oo, then T, has a purely discrete spectrum. This is the
conclusion of Theorem 1 in [14]. In fact, we have shown that condition (11) of
Theorem 1 in [14] is unnecessary as was conjectured in that paper.

Consider the special case of (6.1) and Example 12 in which

nu=-Au+ q(x)u, x € Q,
and
u€D(n)={uu=9¢"g9¢ec CCR"), nue L*(Q)and
c(s)(3¢(s)/9v) + a(s)d(s) =0, s €92},
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where c(s) assumes only the values 0 and 1 is not simultaneously zero with o(s);
furthermore, let ¢(s) = 0 and o(s) = 1 for s € 92 \ N, for some k. Here, g and ¢
are sufficiently smooth in order that (3) and (4) are true and

t,[u,0] = (ru,v), u,v € 9(1,) = 2(1,).

(In this case T, is the Friedrichs extension of 7,.) Using (6.14) we have that for
n>3 A=0,and §(|x|) < ¢7(x)

(6.15) tim inf 2" 7 e lg(e) de > -

|x|= 00 y2|x| 1

implies that 7, has only a finite number of negative eigenvalues. This criterion
compares favorably with the well-known criterion for the two-body problem (Theo-
rem XIIL6 of [24]). Theorem 8 of Schmincke [30] concerning a condition, which
implies that T, (with Dirichlet boundary conditions) has an infinite number of
negative eigenvalues, provides an interesting contrast to condition (6.15).

We now proceed to a higher-order application. To do this we will need to first
prove a corollary to the inequality in Lemma 7 (cf. Corollary 2 of [15]). Recall that
v(s) denotes the unit outward normal at s, |V /$(x)|*:= =) |D%(x)|?, and (s, »)
is the Euclidean inner product with »(s) of the position vector from the origin to
s € 99

COROLLARY 13. Let G C R” be an open, connected set with a boundary 9G which is
smooth enough in order that the first formula of Green applies. Let k be a real number.
If the set G contains the origin, then we restrict k > (2 — n)/2. Define n=1 if
k € (2 — n,0) and n = 0, otherwise. Then

2+n|2

K—2 i—1.12
(616) [ [xl|vs[ ax —4m{n Ty LT el ax
(1)"|n 2+ n| 1
2min{n, j} / (’V)ls vj ¢| ds

forallp € {¢: ¢ =ul 5 u € CP(R")} and integersj > 1.

PROOF. If k # 0, let g(x)=|x|* in Lemma 7. If k =0 and n > 2, let g(x) =
4log|x|/(n — 2). If n = 1, (6.16) is a form of the Hardy inequality.

We note that in the case that 0 € G, (6.16) holds for all « if ¢ =ut g,
u € CL(R"\ {0}). Define I'* and I'~ to be subsets of 0§ where the product (s, ») is
positive or nonpositive, respectively.

COROLLARY 14. Assume the following:
(i) the hypothesis of Lemma 2;
(ii) for some j € (1, ..., m}, and some real number
lim inf |x| yj(x) > b, > 0;

k— oo x€ N\

(iii) there is an integer k., such that one of the following conditions is met:
(a) each ¢ € 2(1) satisfies Dirichlet boundary conditions on 32\ @, , or
(b) n>2j, k€(2j—n,0), and D% =0 on I'*\Q,  for any ¢ € D(¢)
and laj=0,1,...,j— 1, or
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(©) k € (-0,2 = n]U[2j - 2,00), and D% = 0 on I\, for any ¢ €
9(t)and |a|=0,1,...,j—1;
(iv) if 0 € Q\T, we further restrict 2k > 4j — n — 2.

If
. k—2j
(6.17) im i SN T+ A(x)
k=00 xEQNY, w(x)
where
. o kK—2i+n
B(j) = b4~ [] — |

i=1 m.in{n,j+l _l}’
then o(T) N (o0, \) is finite.

PRrROOF. Choose r > max{k,, k,, k,} (for k, defined in Lemma 2 and k, defined
in (C)(2)) in order that p;(x) > b;|x|* and

B()Ix|" + 4,(x) = aw(x), x€Q\Q,
By (i), (C)(2), and Corollary 13, for any ¢ € 2(¢)
2
a J
(5) ¢

m m-—1
E’o/u\n, (4v%.v%)dx+ T | ds
> [ e {bix 9] + 4o(x)lo") dx

9;
j=0 IR,

. k—2j 2 J
> [ BT+ ag(0)]lofax+ L1,
0\, I=1

2 J
>>\/ wiol dx + Y1,
o\g, =1
where there are constants C, according to (6.16) such that
L=Cf (sl THv el s, 1=,
IANR,)

Let p,_,(s) = -C/(s,»)|s|*"* for s €3Q,NQ and [=1,..., j. Otherwise, set
p:(s)=0 for j<i<m—1 By choosing r properly, we can be assured that
0 & 32, N Q. Hence, each p, € LA(3Q, N ©), 0 < i < m — 1. The sign of I, over
02 \ 2, depends on k and the angle between the position vector from the origin to s
and the unit outward normal » at s. By assumptions (iii) and (iv) above this portion
of I, is nonnegative. The hypothesis of Theorem 6 is now satisfied and the
conclusion follows.

Note that in Corollary 14 we are not necessarily assuming Dirichlet conditions at
infinity—see (iii).

For 7, = —A + ¢, above we would let m =1, j =1, w(x) =1, and « = 0. Then,
the corresponding fact for the 2-body problem follows as in Theorem XIII.6(b) of
Reed and Simon [24].
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COROLLARY 15. Assume the hypothesis of Theorem 3, that for somej € {1,...,m}

-K
lim inf |x (x)=>b,>0
k— o0 xEQ\Qk| | "f( ) 4

for some real number k, the hypothesis (iii) and (iv) of Corollary 14. Then, for B(j)
defined in Corollary 14

. k=2j
I(T)> lim inf B()ix| + Ao(x) .
¢ k=00 xENG, w(x)

PROOF. Using Theorem 3, this proof follows similarly to the proof of Corollary 14.

Results similar to Corollaries 14 and 15 can also be proved for operators of the
form (-A)™ + g(x), or more generally

Y A x|" a0 + g(x).

j=1
The essential ingredient would be to replace Corollary 13 with generalizations of
Rellich’s inequality [25, p. 90]. One such generalization can be found in a paper of
Allegretto [4]. We comment here that Rellich’s proof as well as Allegretto’s extension
can be considerably shortened by using Hardy’s inequality [15] on p. 95 of [25]
instead of introducing the function g(r). (This removes the restriction y < 0 in
Allegretto’s extension.) For a rather elegant proof of Rellich’s inequality, using
Hardy’s inequality, and associated references we refer the reader to a paper by
Schmincke [29].

REMARK. After the completion of this paper, the authors became aware (through a
conversation with A. Kufner) of some interesting new results by B. Opic and A.
Kufner [Sobolev weight spaces and the N-dimensional Hardy inequality, Trudy Sem.
S. L. Soboleva, No. 1 (1983), 108-117 (Russian)] in which the inequality of Lemma 7
is extended to include estimates of the type

[ aole()f dx < e L [ alx)

i=1

92 P
ox; dx,

for some constant ¢ > 0 and p € (1, o). Such estimates are sure to lead to a wider
variety of applications similar to ones sketched above.
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